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1. Introduction

If the confrontation of economic theories with observable phenomena is the
objective of empirical research, then hypothesis testing is the primary tool of
analysis. To receive empirical verification, all theories must eventually be reduced
to a testable hypothesis. In the past several decades, least squares based tests have
functioned admirably for this purpose. More recently, the use of increasingly
complex statistical models has led to heavy reliance on maximum likelihood
methods for both estimation and testing. In such a setting only asymptotic
properties can be expected for estimators or tests. Often there are asymptotically
equivalent procedures which differ substantially in computational difficulty and
finite sample performance. Econometricians have responded enthusiastically to
this research challenge by devising a wide variety of tests for these complex
models.

Most of the tests used are based either on the Wald, Likelihood Ratio or
Lagrange Multiplier principle. These three general principles have a certain
symmetry which has revolutionized the teaching of hypothesis tests and the
development of new procedures. Essentially, the Lagrange Multiplier approach
starts at the null and asks whether movement toward the alternative would be an
improvement, while the Wald approach starts at the alternative and considers
movement toward the null. The Likelihood ratio method compares the two
hypotheses directly on an equal basis. This chapter provides a unified develop-
ment of the three principles beginning with the likelihood functions. The proper-
ties of the tests and the relations between them are developed and their forms in a
variety of common testing situations are explained. Because the Wald and
Likelihood Ratio tests are relatively well known in econometrics, major emphasis
will be put upon the cases where Lagrange Multiplier tests are particularly
attractive. At the conclusion of the chapter, three other principles will be
compared: Neyman’s (1959) C(a) test, Durbin’s (1970) test procedure, and
Hausman’s (1978) specification test.

2. Definitions and intuitions

Hypothesis testing concerns the question of whether data appear to favor or
disfavor a particular description of nature. Testing is inherently concerned with
one particular hypothesis which will be called the null hypothesis. If the data fall
into a particular region of the sample space called the critical region then the test
is said to reject the null hypothesis, otherwise it accepts. As there are only two
possible outcomes, an hypothesis testing problem is inherently much simpler than
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an estimation problem where there are a continuum of possible outcomes. It is
important to notice that both of these outcomes refer only to the null hypothesis
—we either reject or accept it. To be even more careful in terminology, we either
reject or fail to reject the null hypothesis. This makes it clear that the data may
not contain evidence against the null simply because they contain very little
information at all concerning the question being asked.

As there are only two possible outcomes, there are only two ways to make
incorrect inferences. Type I errors are committed when the null hypothesis is
falsely rejected, and Type 11 errors occur when it is incorrectly accepted. For any
test we call a the size of the test which is the probability of Type I errors and B is
the probability of Type II errors. The power of a test is the probability of rejecting
the null when it is false, which is therefore 1— §.

In comparing tests, the standard notion of optimality is based upon the size
and power. Within a class of tests, one is said to be best if it has the maximum
power (minimum probability of Type II error) among all tests with size (probabil-
ity of Type I error) less than or equal to some particular level.

To make such conditions operational, it is necessary to specify how the data are
generated when the null hypothesis is false. This is the alternative hypothesis and
it is through careful choice of this alternative that tests take on the behavior
desired by the investigator. By specifying an alternative, the critical region can be
tailored to look for deviations from the null in the direction of the alternative. It
should be emphasized here that rejection of the null does not require accepting
the alternative. In particular, suppose some third hypothesis is the true one. It
may be that the test would still have some power to reject the null even though it
was not the optimal test against the hypothesis actually operating. Another case
in point might be where the data would reject the null hypothesis as being
implausible, but the alternative could be even more unlikely.

As an example of the role of the alternative, consider the diagnostic problem
which is discussed later in Section 7. The null hypothesis is that the model is
correctly specified while the alternative is a particular type of problem such as
serial correlation. In this case, rejection of the model does not mean that a serial
correlation correction is the proper solution. There may be an omitted variable or
incorrect functional form which is responsible for the rejection. Thus the serial
correlation test has some power against omitted variables even though it is not the
optimal test against that particular alternative.

To make these notions more precise and set the stage for large sample results,
let y be a T X1 random vector drawn from the joint density f( y, ) where 6 is a
k X1 vector of unknown parameters and 6 € O, the parameter space. Under the
null § €6, CO® and under the alternative § € ®, €0 with ©,00, =0. Fre-
quently ©, =6 — 6,. Then for a critical region Cy, the size a, is given by:

ar=Pr(yeCrl0 €8,). (1)
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The power of the test is:
7:(0)=Pr(y €Cr|0), forbfe®,. (2)

Notice that although the power will generally depend upon the unknown parame-
ter 6, the size usually does not. In most problems where the null hypothests is
composite (includes more than one possible value of #) the class of tests is
restricted to those where the size does not depend upon the particular value of
6 € 6,. Such tests are called similar tests.

Frequently, there are no tests whose size is calculable exactly or whose size is
independent of the point chosen within the null parameter space. In these cases,
the investigator may resort to asymptotic criteria of optimality for tests. Such an
approach may produce tests which have good finite sample properties and in fact,
if there exist exact tests, the asymptotic approach will generally produce them. Let
C be a sequence of critical regions perhaps defined by a sequence of vectors of
statistics s;( y) = ¢y, where ¢ is a sequence of constant vectors. Then the limiting
size and power of the test are simply

a= Tlim ar;  w(8)= Tlim 7(0), forde®,. (3)

A test is called consistent if w(6)=1 for all § € ©,. That is, a consistent test will
always reject the null when it is false; Type II errors are eliminated for large
samples if a test is consistent.

As most hypothesis tests are consistent, it remains important to choose among
them. This is done by examining the rate at which the power function approaches
its limiting value. The most common limiting argument is to consider the power
of the test to distinguish alternatives which are very close to the null. As the
sample grows, alternatives ever closer to the null can be detected by the test. The
power against such Jocal alternatives for tests of fixed asymptotic size provides the
major criterion for the optimality of asymptotic tests.

The vast majority of all testing problems in econometrics can be formulated in
terms of a partition of the parameter space into two sub-vectors 8 = (67, 6;)"
where the null hypothesis specifies values, 8) for 8,, but leaves 6, unconstrained.
In a normal testing problem, §;, might be the mean and 6, the variance, or in a
regression context, #; might be several of the parameters while 6, includes the rest,
the variance and the serial correlation coefficient, if the model has been estimated
by Cochrane-Orcutt. Thus 8, includes the parameters of interest in the test.

In this context, the null hypothesis is simply:

Hy: 0,=62, 8, unrestricted. (4)
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A sequence of local alternatives can be formulated as:
H:07=00+8/T?, 6, unrestricted, (5)

for some vector 8. Although this alternative is obviously rather peculiar, it serves
to focus attention on the portion of the power curve which is most sensitive to the
quality of the test. The choice of § determines in what direction the test will seek
departures from the null hypothesis. Frequently, the investigator will chose a test
which is equally good in all directions 8, called an invariant test.

It is in this context that the optimality of the likelihood ratio test can be
established as is done in Section 6. It is asymptotically locally most powerful
among all invariant tests. Frequently in this chapter the term asymptotically
optimal will be used to refer to this characterization. Any tests which have the
property that asymptotically they always agree if the data are generated by the
null or by a local alternative, will be termed asymptotically equivalent. Two tests
¢ and £, with the same critical values will be asymptotically equivalent if
plim|§, — £,| =0 for the null and local alternatives.

Frequently in testing problems non-linear hypotheses such as g(#)=0 are
considered where g is a p X1 vector of functions defined on ©. Letting the true
value of 6 under the null be §°, then g(6°)=0. Assuming g has continuous first
derivatives, expand this in a Taylor series:

g(8)=g(6°)+G(8)(0-6°),

where 8 lies between 6 and 6° and G(-) is the first derivative matrix of g. For the
null and local alternatives, § approaches 6° so G(8)— G(68°)=G and the
restriction is simply this linear hypothesis:

Go=Go°.

For any linear hypothesis one can always reparameterize by a linear non-singular
matrix A~'6 = ¢ such that this null is Hy: ¢, = ¢9, ¢, unrestricted. To do this let
A, have K — p columns in the orthogonal complement of G so that GA, = 0. The
remaining p columns of A say A4, span the row space of G so that GA is
non-singular. Then the null becomes:

GO° =GO = GAd = GA,9, + GA,$, = GA, 9,

or ¢, = ¢ with ¢ = (G4,)"'G8°.

Thus, for local alternatives there is no loss of generality in considering only
linear hypotheses, and in particular, hypotheses which have preassigned values for
a subset of the parameter vector.
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3. A general formulation of Wald, Likelihood Ratio, and Lagrange
Multiplier tests

In this section the basic forms of the three tests will be given and interpreted.
Most of this material is familiar in the econometrics literature in Breusch and
Pagan (1980) or Savin (1976) and Berndt and Savin (1977). Some new results and
intuitions will be offered. Throughout it will be assumed that the likelihood
function satisfies standard regularity conditions which allow two term Taylor
series expansions and the interchange of integral and derivative. In addition, it
will be assumed that the information matrix is non-singular, so that the parame-
ters are (locally) identified.

The simplest testing problem assumes that the data y are generated by a joint
density function f(y,8°) under the null hypothesis and by f(y, #) with # € R
under the alternative. This is a test of a simple null against a composite
alternative. The log-likelihood is defined as:

rin \ _ V. £f .. 0\ {r
L\v,y)=10s/1),Y), {6)
which is maximized at a value 4 satisfying:

L , -
g (0, 7)=0.

Defining s(8, y)= dL(0, y)/ 38 as the score, the MLE sets the score to zero. The
variance of # is easily calculated as the inverse of Fisher’s Information, or

V(g)=710)/T,

d°L
o). 1)

#(6)=~E

If 0 has a limiting normal distribution, and if #(#) is consistently estimated by
F(8), then

£y =T(0—-6°)Y7(6)(6-6°) (8)

will have a limiting X? distribution with k degrees of freedom when the null
hypothesis is true. This is the Wald test based upon Wald’s elegant (1943) analysis
of the general asymptotic testing problem. It is the asymptotic approximation to
the very familiar ¢ and F tests in econometrics.

The likelihood ratio test is based upon the difference between the maximum of
the likelihood under the null and under the alternative hypotheses. Under general
conditions, the statistic,

§LR=~2(L(00J’)‘L(9’)’))’ 9)
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can be shown to have a limiting X? distribution under the null. Perhaps Wilks
(1938) was the first to derive this general limiting distribution.

The Lagrange Multiplier test is derived from a constrained maximization
principle. Maximizing the log-likelihood subject to the constraint that 6 = §°
yields a set of Lagrange Multipliers which measure the shadow price of the
constraint. If the price is high, the constraint should be rejected as inconsistent
with the data. Letting H be the Lagrangian:

H=L(6,y)-N(6-20°%),
the first-order conditions are:

dL . 50
20 = A; 0=6°,

s0 A =s(8°, y). Thus the test based upon the Lagrange Multipliers by Aitcheson
and Silvey (1958) and Silvey (1959) is identical to that based upon the score as
originally proposed by Rao (1948). In each case the distribution of the score is
easily found under the null since it will have mean zero and variance #(0°)7T.
Assuming a central limit theorem applies to the scores:

gLMzs'((}O,y)’f1(00)s(00,y)/]*’ (10)

will again have a limiting X? distribution with k degrees of freedom under the
null.

The three principles are based on different statistics which measure the distance
between H, and H,. The Wald test is formulated in terms of §° — 4, the LR test in
terms of L(8°)~ L(), and the LM test in terms of s(#°). A geometric interpreta-
tion of these differences is useful.

With k =1, Figure 3.1 plots the log-likelihood function against 8 for a particu-
lar realization y.
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The MLE under the alternative is § and the hypothesized value is 6°. The Wald
test is based upon the horizontal difference between #° and @, the LR test is based
upon the vertical difference, and the LM test is based on the slope of the
likelihood function at §°. Each is a reasonable measure of the distance between
Hy and H, and it is not surprising that when L is a smooth curve well
approximated by a quadratic, they all give the same test. This is established in
Lemma 1.

Lemma 1

If L=b-1/2(6—0)A(8 — @) where A is a symmetric positive definite matrix
which may depend upon the data and upon known parameters, & is a scalar and 4
is a function of the data, then the W, LR and LM tests are identical.

Proof

AL/30=—(0-0)A=5(0),
L/3030' =~ A=~TF.

Thus:

Ew=(0—0)4(6°-9),
Era=5(0°)47'5(6°)
=(6°—-08)'4(6° - 0).

Finally, by direct substitution:
§r=1(0°-8)4(6°-8). QE.D.

Whenever the true value of @ is equal or close to 6° then the likelihood
function in the neighborhood of 6° will be approximately quadratic for large
samples, with 4 depending only on #°. This is the source of the asymptotic
equivalence of the tests for local alternatives and under the null which will be
discussed in more detail in Section 6.

In the more common case where the null hypothesis is composite so that only a
subset of the parameters are fixed under the null, similar formulae for the test
statistics are available. Let 6 = (6;,6;)" and 8= (6;,0;)" where 6, is a k, x1
vector of parameters specified under the null hypothesis to be 8. The remaining
parameters @, are unrestricted under both the null and the alternative. The
maximum likelihood estimate of 6, under the null is denoted 6, and § = (6%, ;).
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Denote by #!! the partitioned inverse of # so that:

SN = A~ I IR
Then the Wald test is simply:

tw=T(8,—67)'# (6, -0p), (11)

which has a limiting X? distribution with k, degrees of freedom when Hj is true.
The LR statistic,

gin=—2(L(0,y)-L(8,y)), (12)

has the same limiting distribution. The LM test is again derived from the
Lagrangian:

H=L(8,y)-X(6,-6),
which has first-order conditions:
aL
70:(0, y)=A,
JdL
—’%(0’ y) - 0'
Thus:
6, =67,

b =5(0,y)' 7 H(0)s(8,y)/T=5,(8,y)5"5(8,y)/T, (13)

is the LM statistic which will again have a limiting X? distribution with k, degrees
of freedom under the null. In Lemma 2 it is shown that again for the quadratic
likelihood function, all three tests are identical.

Lemma 2

If the likelihood function is given as in Lemma 1 then the tests in (11), (12), and
(13) are identical.

Proof
Ew=1(00—0,) 4 (60~ 4))
(010 - 91)’(1411 - A12A{21A21)(0{) - 91)-
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For the other two tests, §, must be estimated. This is done simply by setting
S,(0,y)=0:

(Sl)=§£=,4(0_‘)= A11(01_6:’1)+A12(02‘9A2) -0
N a6 Ay (0, - 6,)+ 45,(6,-06,)

So, S, =0 implies:

b, —6,=— A45,'4,,(6,-6,).
The concentrated likelihood function becomes:

L=b-4(8,-0,)(A4,— 4,45'4,)(8,-0)),
and hence

Err= (00— 0,)( 4y~ 4,454, )(6) - 6,).
Finally, the score is given by:

51(9) = A“(ﬁlo - 91)+A12(52 - 92)

= (A — A A45'45,)(62 - 6,).

So

Eom= (00~ 8,) (4, — 4,45'4,)(6) - 6,). QE.D.

Examination of the tests in (11), (12), and (13) indicates that neither the test
statistic nor its limiting distribution under the null depends upon the value of the
nuisance parameters ¢,. Thus the tests are (asymptotically) similar. It is apparent
from the form of the tests as well as the proof of the lemma, that an alternative
way to derive the tests is to first concentrate the likelihood function with respect
to #, and then apply the test for a simple null directly. This approach makes clear
that by construction the tests will not depend upon the true value of the nuisance
parameters. If the parameter vector has a joint normal limiting distribution, then
the marginal distribution with respect to the parameters of interest will also be
normal and the critical region will not depend upon the nuisance parameters
either. Under general conditions therefore, the Wald, Likelihood Ratio and
Lagrange Multiplier tests will be (asymptotically) similar.

As was described above, each of the tests can be thought of as depending on a
statistic which measures deviations between the null and alternative hypotheses,
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and its distribution when the null is true. For example, the LM test is based upon
the score whose limiting distribution is generally normal with variance T
under the null. However, it is frequently easier to obtain the limiting distribution
of the score in some other fashion and base the test on this. If a matrix ¥ can be
found so that:

D
T 1%5(8° y) = N(0,V)
under H,, then the test is simply:

gim=sV's/T.

Under certain non-standard situations ¥ may not equal # but in general it will.
This is the approach taken by Engle (1982) which gives some test statistics very

i Ansnnlav el

E‘:abily il COMpICX pluuwum

4. Two simple examples

In these two examples, exact tests are available for comparison with the asymp-
totic tests under consideration.

Consider a set of T independent observations on a Bernoulli random variable
which takes on the values:

_ {1, with probability 6, 14
Y1710, with probability 1— . (14)

The investigator wishes to test § = 6° against § + 8° for 6 € (0,1). The mean
7 =2y,/Tis a sufficient statistic for this problem and will figure prominently in
the solution.

The log-likelihood function is given by:

L(6,y) =2 (ylogh +(1- y)log(1-9)), (15)
t .
with the maximum likelihood estimator, § = 7. The score is:

S(”J)*fﬁ?()’ﬁo)-
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Notice that y, — 8 is analogous to the “residual” of the fit. The information is:

T6(1-0)+(1— 20)Z(y, 9) /T

#(6)=E P

1
T 0(1-6)°

The Wald test is given by:

Ew=T(6°—7)"/5(1- 7). (16)

The LM test is:

b= | B2

LY

1z

/-\
:<

00)]200(1—-00)
°) ]

which is simply:

Em=T(6°—5)*/8°(1-6°). (17)

Both clearly have a limiting chi-square distribution with one degree of freedom.
They differ in that the LM test uses an estimate of the variance under the null
whereas the Wald uses an estimate under the alternative. When the null is true (or
a local alternative) these will have the same probability limit and thus for large
samples the tests will be equivalent. If the alternative is not close to the null, then
presumably both tests would reject with very high probability for large samples;
the asymptotic behavior of tests for non-local alternatives is usually not of
particular interest.
The likelihood ratio test statistic is given by:

§1r = 2T{ ylog y/0° +(1- j)log(1- y)/(1-6°) }, (18)

which has a less obvious limiting distribution and is slightly more awkward to
calculate. A two-term Taylor series expansion of the statistic about y = §°
establishes that under the null the three will have the same distribution.

In each case, the test statistic is based upon the sufficient statistic y. In fact, in
each case the test is a monotonic function of y and therefore, the limiting chi
squared approximation is not necessary. For each test statistic, the exact critical
values can be calculated. Consequently, when the sizes of the tests are equal their
critical regions will be identical; they will each reject for large values of (y — 6°)2.
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The notion of how large it should be will be determined from the exact Binomial
tables.

The second example is more useful to economists but has a similar result. In
the classical linear regression problem, the test statistics are different, however,
when corrected to have the same size they are identical for finite samples as well
as asymptotically.

Let y* and x* be T X1 and T X k matrices satisfying;:

y*|x*~ N(x*B,020), (19)

and consider testing the hypothesis that RS =r where R is a k; X k matrix of
known constants and r is a k; X1 vector of constants. If R has rank &, then the
parameters and the data can always be rearranged so that the test is of omitted
variable form. That is, (19) can be reparameterized in the notation of (4) as:

y|x ~ N(x0,0%I), (20)

where the null hypothesis is §, = 0 and y and x are linear combinations of y* and
x*. In this particular problem it is just as easy to use (19) as (20); however, in
others the latter form will be simpler. The intuitions are easier when the
parameters of R and r do not appear explicitly in the test statistics. Furthermore,
(20) is most often the way the test is calculated to take advantage of packaged
computer programs since it involves running regressions with and without the
variables x;.
For the model in (20) the log-likelihood conditional on x is:

L8, y) =k~ 3 logo? = =5 (y — xB) (y - x0), (21)
20

where k is a constant. If ¢° were known, Lemmas 1 and 2 would guarantee that
the W, LR, and LM tests would be identical. Hence, the important difference
between the test statistics will be the estimate of 02. The score and information
matrix corresponding to the parameters 8 are:

s(0,y)=x'u/a? u=y—x0,
Fgo=x'x/0°T, (22)
and the information matrix is block diagonal between @ and ¢2. Notice that the

score is proportional to the correlation coefficient between the residuals and the x
variables. This is of course zero at & but not at the estimates under the null, §.
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The three test statistics therefore are:

Ew = (00— 8,) (x{x, = x{x;(x5x,) " 'xgx, )(60 — 8,) /82, (23)
_ -1

£LM=ﬂ,x1(xllxl—xl’x2(xéx2) lxéxl) x{u /6%, (24)

¢ r=Tlog(i'u/u'it), (25)

where #=y —x0, a=y—x0, and 6> =a'ts/T, 6= 't/ T, and x is conforma-
bly partitioned as x = (x,, x,). From the linear algebra of projections, these can
be rewritten as:

£y =T(W'0— ')/ &'k, (26)
£ =T(Wa— ')/ (27)

This implies that:
gr=Tlog(1+&w/T);  §m=Ew/(1+Ew/T),

and that (T — K )§yw /TK; will have an exact F; r_, distribution under the null.
As all the test statistics are monotonic functions of the F statistic, then exact tests
for each would produce identical critical regions. If, however, the asymptotic
distnibution is used to determine the critical values, then the tests will differ for
finite samples and there may be conflicts between their conclusions. Evans and
Savin (1980} calculate the probabilities of such conflicts for the test in (23)-(25)
as well as for those modified either by a degree of freedom correction or by an
Edgeworth expansion correction. In the latter case, the sizes are nearly correct
and the probability of conflict is nearly zero. It is not clear how these conclusions
generalize to models for which there are no exact results but similar conclusions
might be expected. See Rothenberg (1980) for some evidence for the equivalence
of the tests for Edgeworth expansions to powers of 1/7.

S. The linear hypothesis in generalized least squares models

5.1.  The problem

In the two preceding examples, there was no reason to appeal to asymptotic
approximations for test statistics. However, if the assumptions are relaxed slightly,
then the exact tests are no longer available. For example, if the variables were
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simply assumed contemporaneously uncorrelated with the disturbances as in:
yllxl~IN(an’02)’ (28)

where IN means independent normal, then the likelihood would be identical but
the test statistics would not be proportional to an F distributed random variable.
Thus, inclusion of lagged dependent variables or other predetermined variables
would bring asymptotic criteria to the forefront in choosing a test statistic and
any of the three would be reasonable candidates as would the standard F
approximations. Similarly, if the distribution of y is not known to be normal, a
central limit theorem will be required to find the distribution of the test statistics
and therefore only asymptotic tests will be available.

The important case to be discussed in this section is testing a linear hypothesis
when the model is a generalized least squares model with unknown parameters in
the covariance matrix. Suppose:

ylx ~ N(xB,028), 2=02(w), (29)

where w is a finite estimable parameter vector. The model has been formulated so
that the hypothesis to be tested is H,: 8, =0, where §=(f{,8;) and x is
conformally partitioned as x = (x;, x,). The collection of parameters is now
0=(B. B, 0% w.

A large number of econometric problems fit into this framework. In simple
linear regression the standard heteroscedasticity and serial correlation covariance
matrices have this form. More generally if ARMA processes are assumed for the
disturbances or they are fit with spectral methods assuming only a general
stationary structure as in Engle (1980), the same analysis will apply. From pooled
time series of cross sections, variance component structures often arise which have
this form. To an extent which is discussed below, instrumental variables estima-
tion can be described in this framework. Letting X be the matrix of all
instruments, X(X’X) 'X’ has no unknown parameters but acts like a singular
covariance matrix. Because it is an idempotent matrix, its generalized inverse is
Just the matrix itself, and therefore many of the same results will apply.

For systems of equations, a similar structure is often available. By stacking the
dependent variables in a single dependent vector and conformably stacking the
independent variables and the coefficient vectors, the covariance matrix of a
seemingly unrelated regression problem (SUR) will have a form satisfied by (29).
In terms of tensor products this covariance matrix is £ = 2®I, where 2 is the
contemporaneous covariance matrix. Of course more general structures are also
appropriate. The three stage least squares estimator also is closely related to this
analysis with a covariance matrix 2 =3® X(X’X)~'X".
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5.2.  The test statistics
The likelihood function implied by (29) is given by:
T 1 Fye
L(8,y) =k~ logo® —3log|R| - E?(y —xB)Q Y (y—xB). (30)

Under these assumptions it can be shown that the information matrix is block
diagonal between the parameters 8 and (o2, w). Therefore attention can be
confined to the 8 components of the score and information. These are given by:

sg (0, y)=x{2 'u/o®,  u=y-xB, (31)
F5p(0) =x"Q27'x /0T. (32)

Denote the maximum likelihood estimates of the parameters under H; by
6=(B,62 &) and let 2 =Q(&); denote the mammum likelihood estimates of the

same nammptprc under the null as 4 = (R a2 n\ and let 0= O(n\ Further. let

SEIUL priGilVivio BMRULL WV MU o Y Qiike AV wg G W A wiuiatl, 8L

i=y~—xB and =y — xB, be remduals under the alternative and the null.
Then substituting into (11), (12), and (13), the test statistics are simply:

Ew = B(xix, — K@ 1x, (1327 x,) T30, ) By /62, (33)

Ern=—2(L(0,y)-L(8, y)), (34)

&= ﬁ’fZ_lxl(xl’Q‘lxl - xl’fflxz(xé.(?*lxz)—lxéf)“lxl)_lxl’ﬂ‘lft/éz.
(35)

The Wald statistic can be recognized as simply the F or squared ¢ statistic
commonly computed by a GLS regression (except for finite sample degree of
freedom corrections). This illustrates that for testing one parameter, the square
root of these statistics with the appropriate sign would be the best statistic since it
would allow one tailed tests if these are desired.

It is well known that the Wald test statistic can be calculated by running two
regressions just as in (26). Care must however be taken to use the same metric
(estimate of §2) for both the restricted and the unrestricted regressions. The
residuals from the unrestricted regression using { as the covariance matrix are the
it, however, the residuals from the restricted regression using {2 are not #. Let
them be denoted «® indicating the model under H® with the covariance matrix
under H'. Thus, u® = y — x, B! is calculated assuming & is a known matrix. The
Wald statistic can equivalently be written as:

Ew =T ™ — @ '0) /@ 0. (36)
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The LM statistic can also be written in several different forms some of which
may be particularly convenient. Three different versions will be given below.

Because 2’2 'x, =0 by the definition of &, the LM statistic is more simply
written as:

=T x(x'Q %) 'x'@ u/w a. (37)

This can be interpreted as T times the R? of a regression where # is the dependent
variable, x is the set of independent variables and & is the covariance matrix of
the disturbances which is assumed known. From the formula it is clear that this
should be the R? calculated as the explained sum of squares over the total sum of
squares. This is in contrast to the more conventional measure where these sums of
squares are about the means. Furthermore, it is clear that the data should first be
transformed by a matrix P such that P’P = 27!, and then the auxiliary regression
and R? calculated. As there may be ambiguities in the definition of R? when Q # I
and when there is no intercept in the regression, let R} represent the figure
implied by (37). Then:

i = TRG. (38)

In most cases and for most computer packages R§ will be the conventionally
measured R?. In particular when Px includes an intercept under H,, then Pi
will have a zero mean so that the centered and uncentered sums of squares will be
equal. Thus, if the software first transforms the data by P, the R* will be R},

A second way to rewrite the LM statistic is available along the lines of (27). Let
u'® be the residuals from a regression of y on the unrestricted model using £ as
the covariance matrix, so that #'® = y — xB'°, Then the LM statistic is simply:

Em=T(W2 '~ Q") /w2 . (39)
A statistic which differs only slightly from the LM statistic comes naturally out

of the auxiliary regression. The squared ¢ or F statistics associated with the
variables x, in the auxillary regressions of & on x using {2 are of interest. Letting:

O— 16— rO- -1, 8-
A=x{Q % — x{Q Y, (x50 %,) T x2 ,,
then
B = (xR ) 'x2 'a,

or the first elements B1°= A 'x{Q '4. The F statistic aside from degree of
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freedom corrections is given by:

£lm = BB /0
=@ x4 X0 a /0?0, (40)

where 6219 is the residual variance from this estimation. From (35) it is clear that
£ m = &l If 6209 = G2 The tests will differ when x, explains some of @, that is,
when H,, is not true. Hence, under the null and local alternatives, these two
variances will have the same probability limit and therefore the tests will have the
same limiting distribution. Furthermore, adding a linear combination of regres-
sors to both sides of a regression will not change the coefficients or the signifi-
cance of other regressors. In particular adding x, 3, to both sides of the auxiliary
regression converts the dependent variable to y and yet will not change §fy;.
Hence, the ¢ or F tests obtained from regressing y on x; and x, using §2 will be
asymptotically equivalent to the LM test.

5.3.  The inequality

The relationship between the Wald and LM tests in this context is now clearly
visible in terms of the choice of € to use for the test. The Wald test uses §2 while
the LM test uses £ and the Likelihood Ratio test uses both. As the properties of
the tests differ only for finite samples, frequently computational considerations
will determine which to use. The primary computational differences stem from the
estimation of £ which may require non-linear or other iterative procedures. It
may further require some specification search over a class of possible disturbance
specifications. The issue therefore hinges upon whether £ or £ is already
available from previous calculations. If the null hypothesis has already been
estimated and the investigator is trying to determine whether an additional
variable belongs in the model in the spirit of diagnostic testing, then £ is already
estimated and the LM test is easier. If on the other hand, the more general model
has been estimated, and the test is for a simplification or a test of a theory which
predicts the importance of some variable, then {2 is available and the Wald test is
easier. In rare cases will the LR test be computationally easier.

The three test statistics differ for finite samples but are asymptotically equiva-
lent. When the critical regions are calculated from the limiting distributions, then
there may be conflicts in inference between the tests. The surprising character of
this conflict is pointed out by a numerical inequality among the test statistics. It
was originally established by Savin (1976) and Berndt and Savin (1977) for
special cases of (29) and then by Breusch (1979) in the general case of (29). For
any data set y, x, the three test statistics will satisfy the following inequality:

Sw=ég2€pm. (41)
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Therefore, whenever the LM test rejects, so will the others and whenever the W
fails to reject, so do the others. The inequality, however, has nothing to say about
the relative merits of the tests because it applies under the null as well. That is, if
the Wald test has a size of 5%, then the LR and LM test will have a size less than
5%. Hence their apparently inferior power performance is simply a result of a
more conservative size. When the sizes are corrected to be the same, there is no
longer a simple inequality relationship on the powers. As mentioned earlier, both
Rothenberg (1979) and Evans and Savin (1982) present results that when the sizes
are approximately corrected, the powers are approximately the same.

5.4. A numerical example

As an example, consider an equation presented in Engle (1978) which explains
employment in Boston’s textile industry as a function of the U.S. demand and
prices, the stock of fixed factors in Boston and the Boston wage rate. The
equation is a reduced form derived from a simple production model with capital
as a fixed factor and a constant price elasticity of demand. The variables are
specific combinations of logarithms of the original data. Denote the dependent
variable by y, and the independent variables by x;, x, and a constant. The
hypothesis to be tested is whether a time trend should also be introduced to allow
technical progress in the sector. There is substantial serial correlation in the
disturbance and several methods of parameierizing it are given in the original
paper; however, it will here be assumed to follow a first-order autoregressive

process. There are 22 annual observations.
The basic estimate of the relation is:

7= 44 +0.165x; + 0.669x, ; p=0.901, R?>=0.339.
(0.92) (2.45) (3.11)

The estimate is not particularly good but it has the right signs and significant
t-statistics. Rho was estimated by searching over the unit interval and the estimate
is maximum likelihood.

The residuals from this estimate were then regressed upon the expanded set of
regressors, to obtain:

=492 - 0.185x, — 0.045x, — 0.025 time; p=0.901, RZ2=0.171.
(1.90) (—1.61) (-0.22) (1.93)

The same value of rho was imposed upon this estimate. The Lagrange Multiplier
statistic is (22) (0.171) = 3.76 which is slightly below the 95% level for X2(3.84)
but above the 90% level (2.71) so it rejects at 90% but not 95%. Notice that the

r-statistic on time is not significant at 95% but is at the 90% level.
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For comparison, the full regression was estimated including a reoptimization of
rho. The results were

5 =599 — 0.05x, + 0.611x, — 0.028 time; p=0.970, R?=0.480.
(2.26) (—0.45) (3.18) (2.13)

The Wald test involves merely looking at the r-statistic on time; however, the
asymptotic formulation would estimate the standard error using 22 degrees of
freedom rather than 18. In this case the #-statistic is —2.35 so the test rejects at
95% but not 99%. The Wald statistic £y, = 5.52 exceeds the 95 point of X7 but not
the 99% point (6.63).

In this example the two test statistics give conflicting inference at the 95% level
with the Wald statistic rejecting the null hypothesis and the Lagrange Multiplier
statistic accepting. However, at both 90% and the 99% level, they agree. The
numerical results support the algebraic relationship given above. The benefits
from uvsing the Lagrange Multiplier test lie primarily in the avoidance of a
recalculation of rho. While this may appear a rather minimal saving for the
first-order autoregressive case, it may be substantial for models postulated to have
ARMA disturbance processes or general stationary error processes requiring
expensive iterative procedures. In establishing the validity of a regression equa-
tion, a variety of alternatives may be considered and thus, the computational
saving from such a battery of tests will be even more substantial.

5.5. 'Instrumental variables

A closely related set of problems occurs in testing hypotheses in equations or
models estimated with instrumental variables methods. The analysis given here
concerns only the Wald test in several forms, however, LM versions can be
deduced from the results in Engle (1982).

Consider first a single equation in a simultaneous system:

y=Ya+xy+e=z8+¢, e~ N(0,0%I), (42)

and X is a matrix of instrumental variables including x, which is assumed to be
uncorrelated with ¢ but correlated with Y. Limited information maximum likeli-
hood estimation of this model yields asymptotically the same estimates as 2SLS or
IV, and hence the standard test statistics are asymptotically equivalent to Wald
tests. Letting G = X(X’X)"'X’ and H,; B, =0 be the hypothesis under test, the
standard test statistic is simply:

& = Bi(2(G2, - 2{G2,(23G2,) ' 2362, )B, /67, (43)
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where B = (z'Gz)~'z’Gy, = y — zB, 6> = &'t /T. This expression is identical to
that in (36) except that the estimates of o? are different. In (36) 62 =a'Q 'a/T
instead of @#’&t /T. Following the line of reasoning leading to (37), the numerator
can be rewritten in terms of the residuals from a restricted regression using the
same G matrix. Letting B8, = (2Gz,) 'z;Gy and &t = y — z, 3,, the statistic can be
expressed as:

¢4, =T(#'Gi— 'Gir) /s, (44)

Because G is idempotent, the two sums of squares in the numerator can be
calculated by regressing the corresponding residuals on X and looking at the
explained sums of squares. Their difference is also available as the difference
between the sums of squared residuals from the second stages of the relevant
2SLS regressions.

As long as the instrument list is unchanged from the null to the alternative
hypothesis, there is no difficulty formulating this test. If the list does change then
the Wald test appropriately uses the list under the alternative. One might suspect
that a similar LM test would be available using the more limited set of instru-
ments, however, this is not the case at least in this simple form. When the
instruments are different, the LM test can be computed as given in Engle (1979a)
but does not have the desired simple form.

In the more general case where (42) represents a stacked set of simultaneous
equations the covariance would in general be given by E®I, where 2 is the
contemporaneous covariance matrix. The instruments in the stacked system can
be formulated as 7® X and therefore letting £ be the estimated covariance matrix
under the alternative, the 3SLS estimator can be written letting G =23®
X(X'X) 'X’as:

B=(zGz)"'27Gy.
Again, through the equivalence with FIML, the approximate Wald test is:
& = Bi(2(Gz, - 2{Gz,(21G2,) 2362, ) By,
which can be reformulated as:
=T(u'Gu — 'Gir).

Notice that 62 has disappeared from the test statistic as it is incorporated in G
through £. Again this difference is equal to the difference between the sums of
squared residuals in the restricted and unrestricted third stage of 3SLS.
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6. Asymptotic equivalence and optimality of the test statistics

In this section the asymptotic equivalence, the limiting distributions and the
asymptotic optimality of the three test statistic will be established under the
conditions of Crowder (1976). These rather weak conditions allow some depen-
dence of the observations and do not require that they be identically distributed.
Most econometric problems will be encompassed under these assumptions. Al-
though it is widely believed that these tests are optimal in some sense, the
discussion in this section is designed to establish their properties under a set of
regularity conditions.

The log likelihood function assumed by Crowder allows for general dependence
of the random variables and for some types of stochastic or deterministic
exogenous variables. Let Y,,Y,...,Y, be p X1 vectors of random variables
which have known conditional probability density functions f,(Y,|#, _,; ), where
6 € O an open subset of R* and %,_, is the ¢ field generated by Y,..., Y, i, the
“previous history”. The log-likelihood conditional on Y is:

T
L (Y;8)= 2 log f(Y,|#_,.0). (45)

r=1

In this expression, non-stochastic variables enter through the time subscript on f
which allows each random vector to be distributed differently. Stochastic varia-
bles which appear in conditioning sets can also be included within this framework
if they satisfy the assumptions of weak exogeneity as defined by Engle, Hendry
and Richard (1983). Let Y,=(y, x,), where the parameters of the conditional
distribution of y given x, g,(y|x,, #_,,#) are of interest. Then expressing the
density of x as h,(x,|#,_,,¢) for some parameters ¢, the log-likelihood function
can be written as:

T T
LT(Y,0,¢)= Z logg,(y,lx,, ‘%71’0)4_ Z loghr(le‘gttfl’(b)'

t=1 t=1

If ¢ is irrelevant to the analysis, then x, is weakly exogenous. The information
matrix will clearly be block diagonal between # and ¢ and the MLE of 6 will be
obtained just by maximizing the first sum with respect to 6. Therefore, if the
log-likelihood L satisfies Crowder’s assumptions, then the conditional log-likeli-
hood,

T
Ly(y,x,0)= ) logg(ylx,, #_,,0),

t=1
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also will. Notice that this result requires only that x be weakly exogenous; it need
not be strongly exogenous and can therefore depend upon past values of y.

The GLS models of Section 5 can now also be written in this framework.
Letting P’P = Q! for any value of w, rewrite the model with y* = Py, x*= Px
so that:

y*|x* = N(x*B,o°I)

The parameters of interest are now S, o2 and w. If the x were fixed constants,
then so will be the x*. If the x were stochastic strongly exogenous variables as
implied by (29), then so will be x*. The density k(x, ¢) will become A*(x*, ¢, w)
but unless there is some strong a priori structure on h, w will not enter #*. If the
covariance structure is due to serial correlation then rewriting the model condi-
tional on the past will transform it directly into the Crowder framework regard-
less of whether the model is already dynamic or not.
Based on (45), the score, Hessian and information matrix are defined by:

oL(y,8

ST()’,G):—((?}; ), (46)
d*L

H-(y,0)= ,8),

r(y.0) 8080’(y )

#1(8) = 2 Esp(7.0)s57(1.).

Notice that the information matrix depends upon the sample size because the y,’s
are not identically distributed.
The essential conditions assumed by Crowder are:

(a) the true 6, 6%, is an interior point of ;

(b) the Hessian matrix is a continuous function of 6 in a neighborhood
of §*;

(¢) F+(8%) is non-singular;

(d) plim (£ (0)H(y,0)/T)=1 for 8 in a neighborhood of 6*; and

(e) a condition such that no term in y, dominates the sum to T.

Suppose the hypothesis to be tested is H,: § = 6° while the alternative is H,:
6 =67 where plim T*2(§7— §°)= 6 for some vector 8.

Under these assumptions the maximum likelihood estimator of 6, § exists and
1s consistent with a limiting normal density given by:

T12512(6%)(6 — 6*) 3 N(0, I) (47)
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Mean Value Taylor series expansions can be written as:
o T AL, - .
L(8,y)=L(0,y)-5(0-0)4,(0,6)(6-9),
ST(o’ y)=—TAT(0’9)(0—9)9 (48)

where T[AT(0,9)]U= [Hr(é)]ij and 8 € (0, 8) possibly at different points for
different (i, j). From (48) the Likelihood Ratio test is simply:

§r=T(8°~ 9)"47‘(00’9)(00 - 9)’
and the Wald test is:

¢w=T(6°-8)7.(6)(6°-9).
Thus,

plim|é, g — éw|=plim|T(8° — )" (4, (6°,6)~#(0))(6° - 0)].
The plim of the middle terms is zero for §* = #° and for the sequence of local
alternatives since again plim 67 = §° The terms T'/?(§ — 6°) will converge in
distribution under both Hy; and H, and therefore the product converges in

probability to zero under H;, and H,. Thus £ ; and &, have the same limiting
distributions. Similarly, from (48) and (10):

§im= Ts,(ﬂo, y)/jr(ﬂo)'lsr(ao’ )’)
=T(6°—0)'4,(6°8)57(0°) " 4,(6°8)(8°-9),

and by the same argument plim|§, g — &, | =0 for H, and local alternatives.
Thus we have the following theorem:

Theorem 1

Under the assumptions in Crowder (1976), the Wald, Likelihood Ratio and
Lagrange Multiplier test statistics have the same limiting distribution when the
null hypothesis or local alternative are true.

Another way to describe this result is to rewrite (48) as:

L(8,y) = L(B, )= 3. (8- 8)5,(6°)(8 - )+ 0, (1), (49)
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where O, (1) refers to the remainder terms which vanish in probability for H, and
local alternatives. Thus, asymptotically the likelihood is exactly quadratic and
Lemmas 1 and 2 establish that the tests are all the same. Furthermore, (49)
establishes that # is asymptotically sufficient for §. To see this more clearly,
rewrite the joint density of y as:

£(3,8) = 1(y,0)exp| - 1(6 - 8) 5,(6°)(8 - 8)] +0,(1)

and notice that by the factorization theorem, 0 is sufficient for @ as long as y does
not enter the exponent which will be true asymptotically.

Finally, because 0 has a limiting normal distribution, with a known covariance
matrix £(6°%)7!, all the testing results for hypotheses on the mean vector of a
multivariate normal, now apply asymptotically by considering § as the data.

To explore the nature of this optimality, suppose that the likelihood function in
(49) is exact without the O ,(1) term. Then several results are immediately
apparent, If 8 is one dlmcnswnal uniformly most powerful (UMP) tests will exist
against one sided alternatives and UMP unbiased (UMPU) tests will exist against
two sided alternatives.

If 6 = (8,,8,) where 6, is a scalar hypothesized to have value 8} under H, but 6,
are unrestricted, then UMP similar or UMPU tests are available.

When 6, is multivariate, an invariance criterion must be added. In testing the
hypothesis g = 0 in the canonical model V' ~ N(u, I), there is a natural invariance
with respect to rotations of V. If V = DV, where D is an orthogonal matrix, then
the testing problem is unchanged so that a test should be invariant to whether V
or V are given. Essentially, this invariance says that the test should not depend on
which order the V’s are in; it should be equally sensitive to deviations in all
directions. The maximally invariant statistic in this problem is 2V, which means
that any test which is to be invariant can be based upon this statistic. Under the
assumptions of the model, this will be distributed as X?(A) with non-centrality
parameter A = /. The Neyman-Pearson lemma therefore establishes that the
uniformly most powerful invariant test would be based upon a critical region:

={Zvi>c}.

To rewrite (49) in this form, let £,(8°) ! = P’P and V = P(§ — 6°). Then the
maximal invariant is

T(6—6°)#.(0°)(8—-6°)

which is distributed as XZ(A) where A =T8#,.(8°)8 where 6 =6'—6°. The
non-centrality parameter depends upon the distance between the null and alterna-
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tive hypotheses in the metric #,(8°).

If the null hypothesis in the canonical model specifies merely H,: p; =0, then
an additional invariance argument is invoked, namely V' =¥, + K, where K is an
arbitrary set of constants, and ¥’ = (¥}, V5'). Then the maximal invariant is V,'V}
which in (49) becomes:

£=T(9l”010)’(ju“jlzf{zljzx)(él“ef)- (50)
The non-centrality parameter becomes:
}‘=P«'1l‘1=T61/(ju_jlzfzﬁzljn)81- (51)

Thus, any test which is invariant can be based on this statistic and a uniformly
most powerful invariant test would have a critical region of the form:

C={¢=c}.

This argument applies directly to the Wald, Likelihood Ratio and LM tests.
Asymptotically the remainder term in the likelihood function vanishes for the null
hypothesis and for local alternatives. Hence, these tests can be characterized as
asymptotically locally most powerful invariant tests. This is the general optimality
property of such tests which often will be simply called asymptotic optimality.
For further details on these arguments the reader is referred to Cox and Hinckley
(1974, chs. 5, 9), Lehmann (1959, chs. 4, 6, 7), and Fergurson (1967, chs. 4, 5).

In finite samples many tests derived from these principles will have stronger
properties. For example, if a UMP test exists, a locally most powerful test will be
it. Because of the invariance properties of the likelihood function it will automati-
cally generate tests with most invariance properties and all tests will be functions
of sufficient statistics.

One further property of Lagrange Multiplier tests is useful as it gives a general
optimality result for finite samples. For testing H,: 6 =86° against a local
alternative H,: § = 6° + & for & a vector of small numbers, the Neyman-Pearson
lemma shows that the likelihood ratio is a sufficient statistic for the test. The
likelihood ratio is:

er=L(6%y)—L(6°+34,y)
=5(6° »)’s,

for small 8. The best test for local alternatives is therefore based on a critical



Ch. 13: Wald, Likelihood Ratio, and Lagrange Multiplier Tests 801

region:
C={s%>c}.

In this case 8 chooses a direction. However, if invariance is desired, then the test
would be based upon the scores in all directions:

C= {s(ﬂo)']}l(ﬂo)s(ﬂo) > c},

as established above. If an exact value of ¢ can be obtained, the Lagrange
Multiplier test will be locally most powerful invariant for finite samples as well as
asymptotically. This argument highlights the focus upon the neighborhood of the
null hypothesis which is implicit in the LM procedure. King and Hillier (1980)
have used this argument to establish this property in a particular case of interest
where the exact critical value can be found.

7. The Lagrange Multiplier test as a diagnostic

The most familiar application of hypothesis testing is the comparison of a theory
with the data. For some types of departure from the theory which might be of
concern the theory may be rejected. The existence of an alternative theory is thus,
very important.

A second closely related application is in the comparison of a statistical model
with the data. Rarely do we know a priori the exact variables, functional forms
and distribution implicit in a particular theory. Thus, there is some requirement
for a specification search. At any stage in this search it may be desirable to
determine whether an adequate representation of the data has been achieved.
Hypothesis testing is a natural way to formulate such a question where the null
hypothesis is the statistical model being used and the alternative is a more general
specificiation which is being contemplated. A test statistic for this problem is
called a diagnostic as it checks whether the data are adequately represented by the
model. The exact significance of such a test is difficult to ascertain when it is one
of a sequence of tests, but it should still be a sufficient statistic for the required
inference and conditional on this point in the search, the size is known. In special
cases of nested sequential tests, exact asymptotic significance levels can be
calculated because the tests are asymptotically independent. For example see
Sargan (1980) and Anderson (1971).

Frequently in applied research, the investigator will estimate several models but
may not undertake comprehensive testing of the adequacy of his preferred model.
Particular types of misspecification are consistently ignored. For example, the use
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of static models for time series data with the familiar low Durbin-Watson was
tolerated for many years although now most applied workers make serial correla-
tion corrections.

However, the next stage in generalization is to relax the “common factors”
restriction implicit in serial correlation assumptions [see Hendry and Mizon
(1980)] and estimate a dynamic model. Frequently, the economic implications will
be very different.

This discussion argues for the presentation of a variety of diagnostics from each
regression. Overfitting the model in many different directions allows the investiga-
tor to immediately assess the quality and stability of his specification.

The Lagrange Multiplier test is ideal for many of these tests as it is based upon
parameters fit under the null which are therefore already available. In particular,
the LM test can usually be written in terms of the residuals from the estimate
under the null. Thus, it provides a way of checking the residuals for non-random-
ness. Each alternative considered indicates the particular type of non-randomness
which might be expected.

Look for a moment at the LM test for omitted variables described in (37). The
test is based upon the R? of the regression of the residuals on the included and
potentially excluded variables. Thus, the test is based upon the squared partial
correlation coefficient between the residuals and the omitted variables. This is a
very intuitive way to examine residuals for non-randomness.

In the next sections, the LM test for a variety of types of misspecification will
be presented. In Section 8, tests for non-spherical disturbances will be discussed
while Section 9 will examine tests for misspecified mean functions including
non-linearities, endogeneity, truncation and several other cases.

8. Lagrange Multiplier tests for non-spherical disturbances

A great deal of research has been directed at construction of LM tests for a
variety of non-spherical disturbances. In most cases, the null hypothesis is that
the disturbances are spherical;-however, tests have also been developed for one
type of covariance matrix against a more complicated one. In this section we will
first discuss tests against various forms of heteroscedasticity as in Breusch and
Pagan (1980), Engle (1982) and Godfrey (1978). Then tests against serial correla-
tion as given by Godfrey (1978b, 1979), Breusch (1979), and Breusch and Pagan
(1980) are discussed.

" Test against other forms of non-spherical disturbances have also been discussed
in the literature. For example, Breusch and Pagan (1980) develop a test against
variance components structures and Breusch (1979) derives the tests for seemingly
unrelated regression models.
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8.1. Testing for heteroscedasticity
Following Breusch and Pagan (1980), let the model be specified as:
yt|xl’Z!~IN(‘xlB’h(Zla)) (52)

where z, 15 a 1 X( p +1) vector function of x, or other variables legitimately taken
as given for this analysis. The function 4 is of known form with first and second
derivatives and depends upon an unknown p +1 X1 vector of parameters a. The
first element of z is constant with coefficient a, so under Hy: a;=--- =a, =0,
the model is the classical normal regression model. The variance model includes
most types of heteroscedasticity as special cases. For example, when

h(z,a) =e*",
multiplicative forms are implied, while

h(Z,lX) = (Zxa)k

gives linear and quadratic cases for k =1,2. Special case of this which might be of
interest would be:

h(z,,a)=(ag+ alx,B)z,
h(Z,,('X) = CXP("‘O + alx,B),

where the variance is related to the mean of y,.

From applications of the formulae for the LM test given above, Breusch and
Pagan derive the LM test. Letting 6, = (ay,...,a,) and 0h /96, |y _, = k2, where k
is a scalar, the score is:

s(8° y)=f'zx /62,
fim= %f’z(zlz)_lz’fa (53)

where f,=u}/67 —1, f and z are matrices with typical rows f, and z, and @ and
6% are the residuals and variance estimates under the null. This expression is
simply one-half the explained sum of squares of a regression of f on z. As pointed
out by Engle (1978), plim f’f/T = 2 under the null and local alternatives, so an
asymptotically equivalent test statistic is 7R> from this regression. As long as z
has an intercept, adding 1 to both sides and multiplying by a constant 2 will not
change the R?, thus, the statistic can be computed by regressing #° on z and
calculating TR? of this regression. Koenker (1981) shows that this form is more
robust to departures from normality.
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The remarkable result of this test however is that « has vanished. The test will
be the same regardless of the form of 4. This happens because both the score and
the information matrix include only the derivative of 4 under H, and thus the
overall shape of # does not matter. As far as the LM test is concerned, the
alternative is:

h=zax,

where « is a scalar which is obviously irrelevant. This illustrates quite clearly both
the strength and the weakness of local tests. One test is optimal for all # much as
in the UMP case, however it seems plausible that it suffers from a failure to use
the functional form of A.

Does this criticism of the LM test apply to the W and LR tests? In both cases,
the parameters a must be estimated by a maximum likelihood procedure and thus
the functional form of 4 will be important. However, the optimality of these tests
is only claimed for local alternatives. For non-local alternatives the power
function will generally go to one in any case and thus the shape of 4 is irrelevant
from an asymptotic point of view. It remains possible that the finite sample
non-local performance of the W and LR tests with the correct functional form for
h could be superior to the LM. Against this must be set the possible computa-
tional difficulties of W and LR tests which may face convergence problems for
some points in the sample space. Some Monte Carlo evidence that the LM test
performs well in this type of situation is contained in Godfrey (1981).

Several special cases of this test procedure illustrate the power of the technique.
Consider' the model h = exp(a, + e;x,8), where Hy: a; = 0. The score as calcu-
lated in (53) evaluates all parameters, including 8, under the null. Thus, x,8 = 7,
the fitted values under the null. The heteroscedasticity test can be shown to have
the same limiting distribution for x,8 as for x,8 and therefore it can easily be
constructed as TR? from #? on a constant and j,. If the model were & = exp(a, +
a,(x,B)?) then the regression would be on a constant and j2. Thus it is very easy
to construct tests for a wide range of, possibly complex, alternatives.

Another interesting example is provided by the Autoregressive Conditional
Heteroscedasticity (ARCH) model of Engle (1982). In this case z, includes lagged
squared residuals as well as perhaps other variables. The conditional variance is
hypothesized to increase when the residuals increase. In the simplest case:

h=ag+ et} + - +a,il_,
=za.

This is really much like that discussed above as &,_, = y,_; — x,_; 8 and both y, _,

!Adrian Pagan has suggested and used this model.
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and x,_, are legitimately taken as given in the conditional distribution. The test
naturally comes out to be a regression of #? on #2_,,..., 22 » and an intercept
with the statistic as TR? of this regression.

Once a heteroscedasticity correction has been made, it may be useful to test
whether it has adequately fixed the problem. Godfrey (1979) postulates the
model:

ol = h(z,a)+g(q,7), (54)

where g(0)=0. The null hypothesis is therefore Hy: y=0. Under the null,
estimates of & and & = y, — x, 3 are obtained, 6, = (z,&) and the derivative of # at
each point z,& can be calculated as 71;. Of course, if A is linear, this is just a
constant. The test is simply again TR? of an auxiliary regression. In this case the
regression is of:

and the statistic will have the degrees of freedom of the number of parameters in
4.
White (1980a) proposes a test for very general forms of heteroscedasticity. His
test includes all the alternatives for which the least squares standard errors are
biased. The heteroscedastic model includes all the squares and crossproducts of
the data. That is, if the original model were y = 8, + 8,x, + B,x, + ¢, the White
test would consider x,, x,, x{, x3 and x,x, as determinants of o°. The test is as
usual formulated as TR of a regression of 2 on these variables plus an intercept.
These are in fact just the regressors which would be used to test for random
coefficients as in Breusch and Pagan (1979).

8.2.  Serial correlation

There is now a vast literature on testing for and estimating models with serial
correlation. Tests based on the LM principles are the most recent addition to the
econometrician’s tool kit and as they are generally very simple, attention will be
confined to them.

Suppose:

yllxt~N('xlB50u2)s
a(L)u,=¢, u,=y,—xB, a(L)=1-oL—a,L>— - —a LP”

g/l >

(55)
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and ¢, is a white noise process. Then it may be of interest to test the hypo_thesis
Hy: ay= -+ =a,=0. Under H,, ordinary least squares is maximum likelihood
and thus the LM approach is attractive for its simplicity. An alternative formula-
tion of (55) which shows how it fits into Crowder’s framework is:

ylxo ¥ ~NQ—=a(L))y,+a(L)x,B,07), (56)

where y,_, is the past information in both y and x. Thus, again under H, the
regression simplifies to OLS but under the alternative, there are non-linear
restrictions, The formulation (56) makes it clear that serial correlation can also be
viewed as a restricted model relative to the general dynamic model without the
non-linear restrictions. This is the common factor test which is discussed by
Hendry and Mizon (1980) and Sargan (1980) and for which Engle (1979a) gives
an LM test.

The likelihood function is easily written in terms of (56) and the score is
simply:

1 -
s(y,6‘)=;§U’u, (57)

where U has rows U, = (#,_y, #,_5,..., #,_,).

From the form of (57) it is clear that the LM test views U, as an omitted set of
variables from the original regression. Thus, as established more rigorously by
Godfrey (1978a) and Engle (1979a), the test can be computed by regressing #, on
x,, U, and testing TR? as a xf,. The argument is essentially that because the score
has the form of (31), the test will look like (38). If x, includes no lagged
dependent variables, then plimx’U/T =0 and the auxiliary regression will be
unaffected by leaving out the x’s. The test therefore is simply computed by
regressing &, on @,_,,..., %, , and checking TR?. For p =1, this test is clearly
asymptotically equivalent to the Durbin~Watson statistic.

The observation that U ’x will have expected value zero when x is an exogenous
variable, suggests that in regression models with lagged dependent variables
perhaps such products should be set to their expected value which is zero. If this
is done systematically, the resulting test is Durbin’s (1970) 4 test, at least for the
first order case. Thus the 4 test uses the a priori structure to set some of the terms
of the LM test to zero. One might expect better finite sample performance from
this, however, the few Monte Carlo experiments do not show such a difference.
Instead, this test performs about equally well when it exists, however, for some
points in the sample space, it gives imaginary values. These apparently convey no
information about the validity of the null hypothesis and are a result of the
approximation of a positive definite matrix by one which is not always so.
Because of this fact and the difficulty of generalizing the Durbin test for higher
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order serial correlation and higher order lags of dependent variables, the LM test
is likely to be preferred at least for higher order problems. See Godfrey and
Tremayne (1979) for further details.

It would seem attractive to construct a test against moving average dis-
turbances. Thus suppose the model has the form:

Vilx,~ N(XI:B’UuZ)’

Ve — xtB =u;,
Uy =€ —OE 17 " T8, (58)
where ¢ is again a white noise process. Then ¢, =y, —x,8 —aje,_; — - —a ¢,

so the log-likelihood function is proportional to:

T
2
L=- Z (y, _xtB T T T apet—p) /202'
t=1
The score evaluated under the null that a; = - - - = &, = 0 is simply:

s(y,0)=uU/o?,

which is identical to that in (57) for the AR(p) model. As the null hypothesis is
the same, the two tests will be the same. Again, the LM tests for different
alternatives turn out to be the same test. For local alternatives, the autoregressive
and moving average errors look the same and therefore one test will do for both.

When a serial correlation process has been fit for a particular model, it may still
be of interest to test for higher order serial correlation. Godfrey (1978b) supposes
that a ( p, q) residual model has been fit and that (p + r, q) is to be taken as the
alternative not surprisingly, the test against ( p, ¢ + r) is identical. Consider here
the simplest case where ¢ = 0. Then the residuals under the null can be written as:

™o

i, —-x

I
<

12t}

E=U —NU T 0 T YUy

The test for (p +r,0) or (p,r) error process can be calculated as TR? of the
regression of & on X, &, _y,...,4,_,, &_y,...,&_,, Where X, = x, —¥;x,_,— -+ —
¥,%—p,- Just as in the heteroscedasticity case the regression is of transformed
residuals on transformed data and the omitted variables. Here the new ingredient
is the inclusion of &,_,,...,%,_, in the regression to account for the optimization
over y under the null.

This approach applies directly to diagnostic tests for time series models.
Godfrey (1979a), Poskitt and Tremayne (1980), Hosking (1980) and Newbold
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(1980) have developed and analyzed tests for a wide range of alternatives. In each
case the score depends simply on the residual autocorrelations, however the tests
differ from the familiar Box—Pierce-Portmanteau test in the calculation of the
critical region. Consequently, the LM tests will have superior properties at least
asymptotically for a finite parameterization of the alternative. If the number of
parameters under test becomes large with the sample size then the tests become
asymptotically equivalent. However, one might suspect that the power properties
of tests against low order alternatives might make them the most suitable general
purpose diagnostic tools.

When LM tests for serial correlation are derived in a simultaneous equation
framework, the statistics are somewhat more complicated and in fact there are
several incorrect tests in the literature. The difficulty arises over the differences in
instrument lists under the null and alternative models. For a survey of this
material plus presentation of several tests, see Breusch and Godfrey (1980). In the
standard simultaneous equation model:

B+ XTI'=U,
(59)
U=RU_ +¢,

where Y and U, are 1XG, X, 1s 1 X K and R is a square G X G, matrix of
autoregressive coefficients, they seek to test Hy: R =0 both in the FIML and
LIML context. They conclude that if U, is the set of residuals estimated under the
assumption of no serial correlation, then the LM test can be approximated by any
standard significance test in the augmented model:

Y,B+ XI'—RU_,=¢,. (60)

Thus comparing the likelihood achieved under (59) and (60) would provide an
asymptotically equivalent test to the LM test. As usual, this is just one of many
computational techniques.

9. Testing the specification of the mean in several complex models

A common application of LM tests is in econometric situations where the
estimation requires iterative procedures to maximize the likelihood function. In
this section a variety of situations will be discussed where possibly complex
misspecifications of the mean function are tested. LM tests for non-linearities, for
common factor dynamics, for weak and strong exogeneity and for omitted vari-
ables in discrete choice and truncated dependent variable models are presented
below. These illustrate the simplicity of LM tests in complex models and suggest
countless other examples.



Ch. 13: Wald, Likelihood Ratio, and Lagrange Multiplier Tests 809

9.1. Testing for non-linearities

Frequently an empirical relationship derived from economic theory is highly
non-linear. This is typically approximated by a linear regression without any test
of the validity of the approximation. The LM test generally provides a simple test
of such restrictions because it uses estimates only under the null hypothesis. While
it 1s ideal for the case where the model is linear under the null and non-linear
under the alternative, the procedures also greatly simplify the calculation when
the null is non-linear. Three examples will be presented which show the usefulness
of this set of procedures.
If the model is written as:

yix,~ N(g(x,,B),0%),

then the score under the null will have the form:
N 1 . 4d
s(y,B) = ; Zut—é%(xr’B)IO'

Thus the derivative of the non-linear relationship evaluated with parameter
estimated under the null, can be considered as an omitted variable. The test
would be given by the formulations in Section 5.

As an example, consider testing for a liquidity trap in the demand for money.
Several studies have examined this hypothesis. Pifer (1969), White (1972) and
Eisner (1971) test for a liquidity trap in logarithmic or Box-Cox functional forms
while Konstas and Khouja (1969) (K-K) use a linear specification. Most studies
find maximum likelihood estimates of the interest rate floor to be about 2% but
they differ on whether this figure is significantly different from zero. Pifer says it is
not significant, Eisner corrects his likelihood ratio test and says it is, White
generalizes the form using a Box~Cox transformation and concludes that it is not
different from zero. Recently Breusch and Pagan (1977a) have re-examined the
Konstas and Khouja form and using a Lagrange Multiplier test, conclude that the
liquidity trap is significant.

Except for minor footnotes in some of the studies, there is no mention of the
serial correlation which exists in the models. In re-estimating the Konstas—-Khouja
model, the Durbin-Watson statistic was found to be 0.3 which is evidence of a
severe problem with the specification and that the distribution of all the test
statistics may be highly misleading,

The model estimated by K-K is:

M=yY+B(r—a)_1+e, (61)
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where M is real money demand, Y is real GNP and r is the interest rate. Perhaps
their best results are when M1 is used for M and the long-term government bond
rate is used for r. The null hypothesis to be tested is a = 0. The normal score is
proportional to u’z where z, the omitted variable, is the derivative of the
right-hand side with respect to a evaluated under the null:

Jgl _B

z= da I} N r2 ’
Therefore, the LM test is a test of whether 1/r? belongs in the regression along
with Y and 1/r.

Breusch and Pagan obtain the statistic £, =11.47 and therefore reject a=0.
Including a constant term this becomes 5.92 which is still very significant in the
X? table. However, correcting for serial correlation in the model under the null
changes the results dramatically. A second-order autoregressive model with
parameters 1.5295 and ~0.5597 was required to whiten the residuals. These
parameters are used in an auxiliary regression of the transformed restdual on the
three transformed right-hand side variables and a constant, to obtain an R* =
0.01096. This is simply GLS where the covariance parameters are assumed
known. Thus, the LM statistic is £,y = 0.515 which is distributed as X7 if the null
is true. As can be seen it is very small suggesting that the liquidity trap is not
significantly different from zero.

As a second example, consider testing the hypothesis that the elasticity of
substitution of a production function is equal to 1 against the alternative that is
constant but not unity. If y is output and x; and x, are factors of production, the
model under the alternative can be written as:

logy=—%10g(8x{”+(1—6)x;”)+u. (62)
If p = 0, the elasticity of substitution is one and the model becomes:
log y = adlog x; + a(1—8)log x, + u.

To test the hypothesis p=0, it is sufficient to calculate dg/dpj,_, and test
whether this variable belongs in the regression. In this case

e, = goa-ont]
== =—=06(1-9)|log—
%), 2 (1-9) 8

which is simply the Kmenta (1967) approximation. Thus the Cobb-Douglas form
can be estimated with appropriate heteroscedasticity or serial correlation and the
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unit elasticity assumption tested with power equal to a likelihood ratio test
without ever doing a non-linear regression.

As a third example, Davidson, Hendry, Srba and Yeo (1978) estimate a
consumption function for the United Kingdom which pays particular attention to
the model dynamics. The equation finally chosen can be expressed as:

Ay, =Blsy + B4, A4)’r+:33(cx 4 )’1‘4)

+B4A4,4D, + Bsp, + By Py (63)

where ¢, y and p are the logs of real consumption, real personal disposable income
and the price level, and 4, is the ith difference. In a subsequent paper Hendry and
Von Ungern-Sternberg (1979) argue that the income series is mismeasured in
periods of inflation. The income which accrues from the holdings of financial
assets should be measured by the real rate of interest rather than the nominal as is
now done. There is a capital loss of p times the asset which should be netted out
of income. The appropriate log income measure is y,* = log(Y, — apL,_,) where L
is liquid assets of the personal sector and « is a scale parameter to reflect the fact
that L is not all financial assets.

The previous model corresponds to a =0 and the argument for the respecifica-
tion of the model rests on the presumption that a # 0. The LM test can be easily
calculated whereas the likelihood ratio and Wald tests require non-linear estima-
tion if not respecification. The derivative of y* with respect to a evaluated under
the null is simply — pL,_, /Y,. Denote this by x,. The score is proportional to u’z,
where z=8,4,x,+ B4, A4x B;x,_,, and the betas are evaluated at their
estimates under the null. This is now a one degree of freedom test and can be
simply performed. The test is significant with a chi squared value of 5. As a one
tailed test it is significant at the 2.5% level.

9.2.  Testing for common factor dynamics

In a standard time series regression framework, there has been much attention
given to the testing and estimation of serial correlation patterns in the dis-
turbances. A typical model might have the form:

y=xB+u, p(L)u,=¢, g, ~ IN(0,0?), (64)

where p(L) is an rth order lag polynomial and x, is a 1 X k row vector which for
the moment is assumed to include no lagged exogenous or endogenous variables.

Sargan (1964, 1980) and Hendry and Mizon (1978) have suggested that this is
often a strong restriction on a general dynamic model. By multiplying through by
p(L) the equation can equivalently be written as:

p(L)y,=p(L)x,B+e,. (65)
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This model includes a set of non-linear parameter restrictions which essentially
reduce the number of free parameters to k + r instead of the full (k +1)r which
would be free if the restriction were not imposed. A convenient parameterization
of the unrestricted alternative can be given in terms of another matrix of lag
polynomials 8( L) which is a 1 X k row vector each element of which is an rth
order lag polynomial with zero order lag equal to zero. That is 6(0)=0. The
unrestricted model is given by:

p(L)y=p(L)x,B+0(L)x+e, (66)

which simplifies to the serial correlation case if all elements of 6 are zero. Thus,
the problem can be parameterized in terms of z =(x_4,..., x_,) as a matrix of kr
omitted variables in a model estimated with GLS. The results of Section § apply
directly. The test is simply TR? of & on p(L)x,, z, and (i&,_y,...,#%,_,), or
equivalently, on x,, z, (¥ _,.eos Y, )

Now if x includes lags, the test must be very slightly modified. The matrix z
will, in this case, include variables which are already in the model and thus the
auxiliary regression will see a data set with perfect multicollinearity. The solution
is to eliminate the redundant elements of z as these are not testable in any case.
The test statistic will have a correspondingly reduced number of degrees of
freedom.

A more complicated case occurs when it is desired to test that the correlation is
of order r against the alternative that it is of order r — 1. Here the standard test
procedure breaks down. See Engle (1979a) for a discussion and some suggestions.

9.3, Testing for exogeneity

Tests for exogeneity are a source of controversy partly because of the variety of
definitions of exogeneity implicit in the formulation of the hypotheses. In this
paper the notions of weak and strong exogeneity as formulated by Engle et al.
(1983) will be used in the context of linear simultaneous equation systems. In this
case weak exogeneity is essentially that the equations defining weakly exogenous
variables can be ignored without a loss of information. In textbook cases weakly
exogenous variables are predetermined. Strong exogeneity implies, in addition,
that the variables in question cannot be forecast by past values of endogenous
variables which is the definition implicit in Granger (1969) “non-causality”.
Consider a complete simuitaneous equation system with G equations and K
predetermined variables so that Y, ¢, and ¥V are T X G, X is T X K and the
coefficient matrices are conformable. The structural and reduced forms are:

YB=XI'+e, Eele, =8, (67)
Y=XII+V, (68)
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where ¢, are rows of ¢ which are independent and the x are weakly exogenous.
Partitioning this set of equations into the first and the remaining G —1, the
structure becomes:

n—-YLB=xy+e, (69)

-ya' +Y,B,=X,I, +¢,, (70)

where X, may be the same as X and
1 —a’ £, £y
B= , 2= . 71
(_B B, ) (921 Q22) ( )

The hypothesis that Y, is weakly exogenous to the first equation in this full
information context is simply the condition for a recursive structure:

HO: 0(=0, 912':0, (72)

which is a restriction of 2G — 2 parameters.

Several variations on this basic test are implicit in the structure. If the
coefficient matrix is known to be triangular, then a = 0 is part of the maintained
hypothesis and the test becomes simply a test for §,,=0. This test is also
constructed below; Holly (1979) generalized the result to let the entire B matrix
be assumed upper triangular and obtains a test of the diagonality of £ and Engle
(1982a) has further generalized this to block recursive systems. If some of the
elements of 8 are known to be zero, then the testing problem remains the same.
In the special case where B, is upper triangular between the included and
excluded variables of Y, and the disturbances are uncorrelated with those of y;
and the included y,, then it is only necessary to test that the a’s and £’s of the
included elements of y, are zero. In effect, the excluded y, now form a higher
level block of a recursive system and the problem can be defined a priori to
exclude them also from y,. Thus without loss of generality the test in (72) can be
used when some components of 8 take unknown values.

To test (72) with (67) maintained, first construct the normal log likelihood L,
apart from some arbitrary constants:

T T
L=Tlog|B|—~2—log|S2|—% Y e e (73)

t=1
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Partitioning this as in (71) using the identity |2| = [2,,| |2y, — 2,,92,'2,,| gives:

T
L=Tlog|B,|+ Tlog|1— a’B, '] — 5log|.(2n|
T B ,
— > log| {2y, — 0029252, - 1 L&, e,
t

- % 282,92285, - Zeltglzsén (74)
t !

where the superscripts on £ indicate the partitioned inverse. Differentiating with
respect to a and setting parameters to their values under the null gives the score:

oL - i 0o,
Gl = TB, B+ Z‘szUz:)’ln (75)
a g .

where tildes represent estimates under the null and U,, is the row vector of
residuals under the null. Recognizing that 2 20y, U,, /T = 1, this can be rewrit-
ten as:

aL 9 Y7/ rr Rp-15 O r7s( < ~
G o = ZszUzz()’lr - U, B, 113) = ZszUzt(Yu + uu)a (76)
1

t

where y, is the reduced form prediction of y, which is given in this case as
x,¥ + X, B; 'B. Clearly, under the null hypothesis, the score will have expected
value zero as it should. Using tensor notation this can be expressed as:

Sa= (18 (3, + ;) (25 ®1 ) vec(T), (77)

which is in the form of omitted variables from a stacked set of regressions with
covariance matrix £5,'®1. This is a GLS problem which allows calculation of a
test for « =0 under the maintained hypothesis that £,, = 0. Because of the
simultaneity, the procedure in Engle (1982a) should be followed.

The other part of the test in (72) is obtained by differentiating with respect to
§2,, and evaluating under the null. It is not hard to show that all terms in the
derivative vanish except the last. Because 92'2/3%2,,|, = — £1;'25,' the score can
be written as:

Sg, = 2, 25025 Uy, (78)
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which can be written in two equivalent forms:
Sa,, = 208250y (79)
=@t (1ow) (2 @1 )vec( D). (80)

Either would be appropriate for testing £,, =0 when a=0 is part of the
maintained hypothesis. In (79) the test would be performed in the first equation
by considering U, as a set of G —1 omitted variables. In (80) the test would be
performed in the other equations by stacking them and then considering 1® u, as
the omitted set of variables. Clearly the former is easier in this case.

To perform the joint test, the two scores must be jointly tested against zero.
Here (77) and (80) can easily be combined as they have just the same form. The
test becomes a test for two omitted variables, y, + &#; and i, in each of the
remaining G — 1 equations. Equivalently, y, and &, can be considered as omitted
from these equations.

Engle (1979) shows that this test can be computed as before. If the model is
unidentified the test would have no power and if the model is very weakly
identified, the test would be likely to have very low power.

In the special case where G = 2, the test is especially easy to calculate because
both equations can be estimated by least squares under the null. Therefore
Section 5 can be applied directly.

As an example, the Michigan model of the monetary sector was examined. The
equations are reported in Gardner and Hymans (1978). In this model, as in most
models of the money market it is assumed that a short term interest rate can be
taken as weakly exogenous in an equation for a long-term rate. However, most
portfolio theories would argue that all rates are set at the same time as economic
agents shift from one asset to another to clear the market.

In this example a test is constructed for the weak exogeneity of the prime rate,
RAAA, in the 35 year government bond rate equation, RG35. The model can be
written as:

RG35 = BARAAA+ x,7 +¢,,
ARAAA=aRG35+ x,y +¢,, (81)

where the estimates assume a = 6, = 0, and the x’s include a variety of presum-
ably predetermined variables including lagged interest rates. Testing the hypothe-
sis that a= 0 by considering RG35 as an omitted variable is not legitimate as it
will be correlated with ¢,. If one does the test anyway, a chi-squared value of 35 is
obtained.

The appropriate test of the weak exogeneity of RG3S is done by testing u; and
RG35- Bi, as omitted from the second equation where 1, =ARAAA — x,7,.
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This test was calculated by regressing i, on x,, it; and RG35— Bit,. The resulting
TR?=1.25 which is quite small, indicating that the data does not contain
evidence against the hypothesis. Careful examination of x; and x, in this case
shows that the identification of the model under the alternative is rather flimsy
and therefore the test probably has very little power.

A second class of weak exogeneity tests can be formulated using the same
analysis. These might be called limited information tests because it is assumed
that there are no overidentifying restrictions available from the second block of
equations. In this case equation (70) can be replaced by:

Y, = XII, +¢,. (82)

Now the definition of weak exogeneity is simply that £, =0 because a=0
imposes no restrictions on the model. This situation would be expected to occur
when the second equation is only very roughly specified.

A very similar situation occurs in the case where Y, is possibly measured with
error. Suppose Y;* is the true unobserved value of Y, but one observes Y, = Y,* + 7.

If the equation defining Y,* is:
Y,*=x,I; +¢,,

where the assumption that Y,* belongs in the first equation implies Eeje, = 0, the
observable equations become:

n=hHLB+xy+e—1b,
Y,=x,I5+¢& 1. (83)

If there is no measurement error, then the covariance matrix of  will be zero, and
2,, = 0. This set up is now just the same as that used by Wu (1973) to test for
weak exogeneity of Y, when it is known that a= 0.

The procedure for this test has already been developed. The two forms of the
score are given in (79) and (80) and these can be used to test for the presence of
U, in the first equation. This test is Wu’s test and it is also the test derived by
Hausman (1979) for this problem. By showing that these are Lagrange Multiplier
tests, the asymptotic optimality of the procedures is established when the full set
of x, is used. Neither Hausman nor Wu could establish this property.

Finally, tests for strong exogeneity can be performed. By definition, strong
exogeneity requires weak exogeneity plus the non-predictability of Y, from past
values of y,. Partitioning x, in (70) into ( y{, x,) where y? is a matrix with all the
relevant lags of y;, and similarly letting I', = (I, I;;) the hypothesis of strong
exogeneity is:

Hy:a=0, 2,=0, D=0 (84)
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This can clearly be jointly tested by letting u;, y; and y;{ be the omitted variables
from each of the equations. Clearly the weak exogeneity and the Granger
non-causality are very separate parts of the hypothesis and can be tested
separately. Most often however when Granger causality is being tested on its own,
the appropriate model is (82) as overidentifying restrictions are rarely available.

9.4. Discrete choice and truncated distributions

In models with discrete or truncated dependent variables, non-linear maximum
likelihood estimation procedures are generally employed to estimate the parame-
ters. The estimation techniques are sufficiently complex that model diagnostics are
rarely computed and often only a limited number of specifications are tried. This
is therefore another case where the LM test is useful. Two examples will be
presented: a binary choice model and a self-selectivity model.

In the binary choice model, the outcome is measured by a dependent variable,
¥, which takes on the value 1 with probability p and 0 with probability 1— p. For
each observation these probabilities are different either because of the nature of
the choice or of the chooser. Let p, = F(x,8), where the function F maps the
exogenous characteristics, x,, into the unit interval. A common source of such
functions are cumulative distribution functions such as the normal or the logistic.
The log-likelihood of this model is given by

L=Y (ylogp +(1-y)og(l-p,)), p,=F(xB). (85)

Partitioning the parameter vector and x, vector conformably into 8 = (B, 85,
the hypothesis to be tested is H,: 8, = 0. The model has already been estimated
using only x, as the exogenous variables and it is desired to test whether some
other variables were omitted. These estimates under the null will be denoted £,
which implies a set of probabilities p,. The score and information matrix of this
model are given by:

;pt )f(xIB)xf’ (86)
dL\( L f2(xB) ,
#6)= ¢35 )5 ) Ly 7

where f is the derivative of F. Notice that the score is essentially a function of the
“residuals” y, — p,. Evaluating these test statistics under the null, the LM test
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statistic is given by:

’ o 1dL
gLM= (%B’) j(.B) 173?
= wx(x%) '%a, (88)
where
a,= (- )/ (5= B ) %=xf(x2,8)/(5,(-5))",
and

a=(iy,....0p) % = (%.... %)

Because phm u'@/T =1, the statistic is asymptotlcally equivalent to TR} of the
regression of # on %. In the special case of the logit where p,=1 /(l-\"c X8y,
f=p,(1— p,) and the expressions simplify so that x, is multiplied by ( p,(1— p,))*/*
rather than being divided by it. For the probit model where F is the cumulative
normal, f=exp(x, B,) as the factor of proportionality cancels. This test is
therefore extremely easy to compute based on estimates of the model under the
null.

As a second example, take the self-selectivity model of Hausman and Wise
(1977). The sample is truncated based upon the dependent variable. The data
come from the negative income tax experiment and when the families reached a
sufficiently high income level, they are dropped from the sample. Thus the model

can be expressed as:

y|x~N(xB902)7

but we only have data for y <c. Thus, the likelihood function is given as the
probability density of y divided by the probability of observing this family. The
log-likelihood can be expressed in terms of ¢ and @ which are the Gaussian
density and distribution functions respectively as:

L=Zlog¢((y,—x,,B)/o)—Zlogﬁ((c—x,,B)/o). (89)

The score is:

e A T

o
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To estimate this model one sets the score to zero and solves for the parameters.
Notice that this implies including another term in the regression which is the ratio
of the normal density to its distribution. The inclusion of this ratio, called the
Mills ratio, is a distinctive feature of much of the work of self-selectivity. The
information matrix can be shown to be:

£ =Y xix,(1+(9,/9) ~ (¢,/9)(c—x,8/3)), (91)

where ¢, = ¢((c — x,8)/0) and similarly for &,.

To test the hypothesis Hy: B; = 0, denote again the estimates under the null by
B, . ®. Letr? =1+($,/ )" +(¢,/ B Xc— x,B/¢) and define &, = (y, — x, B, +
6¢,/®,)/r, and %,=x,r,. With # and % being the corresponding vectors and
matrices, the LM test statistic is:

Eom = 0E(2%) %, (92)
As before, plimi‘s /T =1 so an asymptotically equivalent test statistic is TR} of
the regression of # on X. Once again, the test is simply performed by a linear
regression on transformed data. All of the components of this transformation
such as the Mills ratio, are readily available from the preceding estimation. Thus a
variety of complicated model searches and diagnostic tests can easily be carried
out even in this complex maximum likelihood framework.

10. Alternative testing procedures

In this section three alternative closely related testing procedures will be briefty
explained and the relationship between these methods and ones discussed in this
chapter will be highlighted. The three alternatives are Neyman’s (1959) C(«) test,
Durbin’s (1970) general procedure, and Hausman’s (1978) specification test.

Throughout this section the parameter vector will be partitioned as 8’ = (6, 6;)
and the null hypothesis will be H,: 6, =6?. Neyman’s test, as exposited by
Breusch and Pagan (1980), is a direct generalization of the LM test which allows
consistent but inefficient estimation of the parameters ¢, under the null. Let this
estimate be 6, and let § = (67, 8;)’. Expanding the score evaluated at 8 around the
ML estimate § gives:

92L/36,965(8)(6, — 6,)

L . 8L/801(5))
£ = %
a6 (9) ( * 9L/ 36,30;(0)(8,-6,) |

0
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where (9L /36,)(8) = 0. Solving for the desired score:

L . L,z L o L a2\ 8Lz
——(0)=——-(0)- — (4
601(0) 801(0) a9, 802(0)( ae, 802(0)) 802( )

=5,(6)~ #£,,(6)55,}(0)5,(8). (93)

The C(a) test is just the LM test using (93) for the score. This adjustment can be
viewed as one step of a Newton-Raphson iteration to find an efficient estimate of
@, based upon an initial consistent estimate. In some situations such as the one
discussed in Breusch and Pagan, this results in a substantial simplification.

The Durbin (1970) procedure is also based on different estimates of the
parameters. He suggests calculating the maximum likelihood estimate of 8,
assuming 8, = 6,, the ML estimate under the null. Letting this new estimate be 8,
the test is, based upon the difference 8, — 6°. Expanding the score with respect to
6, about 8, holding 6, = 6, and recognizing that the first term is zero by definition
of 8, the following relationship is found:

G0 == e D0, 9?). (54)

Because the Hessian is assumed to be non-singular, any test based upon 91 -6

will have the same critical region as one based upon the score; thus the two tests
are equivalent. In implementation there are of course many asymptotically
equivalent forms of the tests, and it is the choice of the asymptotic form of the
test which gives rise to the differences between the LM test for serial correlation
and Durbin’s 4 test.

The third principle is Hausman’s (1978) specification test. The spirit of this test
is somewhat different. The parameters of interest are not , but rather 6,. The
objective is to restrict the parameter space by setting 6, to some preassigned
values without destroying the consistency of the estimates of 6,. The test is based
upon the difference between the efficient estimates under the null, 02, and a
consistent but possibly inefficient estimate under the alternative 6‘ Hausman
makes few assumptions about the properties of §,; Hausman and Taylor (1980),
however, modify the statement of the result somewhat to use the maximum
likelihood estimate under the alternative 8,. For the moment, this interpretation
will be used here. Expanding the score around the maximum likelihood estimate
and evaluating it at @ gives:

dL
S0 =L @y0-0),
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or

00-6,\ ( 8L \ '[aL/38,(8)
(92—92)—(3030') ( 0 ) ©5)

It was shown above that asymptotically optimal tests could be based upon either
the score or the difference (6, —6)). As these are related by a non-singular
transformation which asymptotically is #'!, critical regions based on either
statistic will be the same. Hausman’s difference is based upon. #?' times the
score asymptotically. If this matrix is non-singular, then the tests will all be
asymptotically equivalent. The dimension of #?! is ¢ X p where p is the number
of restrictions and ¢ =k — p is the number of remaining parameters. Thus a
necessary condition for this test to be asymptotically equivalent is that min( p, q)
= p. A sufficient condition is that rank(.#2!') = p. The equivalence requires that
there be at least as many parameters unrestricted as restricted. However, parame-
ters which are asymptotically independent of the parameters under test will not
count. For example, in a classical linear regression model, the variance and any
serial correlation parameters will not count in the number of unrestricted parame-
ters. The reason for the difficulty is that the test is formulated to ignore all
information in 6, — 6 even though it frequently would be available from the
calculation of 6,.

Hausman and Taylor (1980) in responding to essentially this criticism from
Holly (1980) point out that in the case ¢ < p, the specification test can be
interpreted as an asymptotically optimal test of a different hypothesis. They
propose the hypothesis Hg: 5, %,(6, —02)=0 or simply £, (6, — 6})=0. If
H¢ is true, the bias in 6, from restricting 6, = 8 would asymptotically be zero.
The hypothesis Hg* is explicitly a consistency hypothesis. The Hausman test is
one of many asymptotically equivalent ways to test this hypothesis. In fact, the
same Wald, LR and LM tests are available as pointed out by Riess (1982). The
investigator must however decide which hypothesis he wishes to test, H, or H.

In answering the question of which hypothesis is relevant, it is important to ask
why the test is being undertaken in the first place. As the parameters of interest
are #,, the main purpose of the test is to find a more parsimonious specification,
and the advantage of a parsimonious specification is that more efficient estimates
of the parameters of interest can be obtained. Thus if consistency were the only
concern of the investigator, he would not bother to restrict the model at all. The
objective is therefore to improve the efficiency of the estimation by testing and
then imposing some restrictions. These restrictions ought, however, to be grounded
in an economic hypothesis rather than purely data based as is likely to be the case

for Hg* which simply asserts that the true parameters lie in the column null space
of £,,.
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Finally, if an inefficient estimator 8 is used in the test, it is unlikely that the
results will be as strong as described above. Except in special cases, one would
expect the test based upon the MLE to be more powerful than that based upon an
inefficient estimator. However, this is an easy problem to correct. Starting from
the inefficient estimate, one step of a Newton-Raphson type algorithm will
produce asymptotically efficient parameter estimates.

11. Non-standard situations

While many non-standard situations may arise in practice, two will be discussed
here. The first considers the properties of the Wald, LM and LR tests when the
likelihood function is misspecified. The second looks at the case where the
information matrix is singular under the null.

White (1982) and Domowitz and White (1982) have recently examined the
problem of inference in maximum likelihood situations where the wrong likeli-
hood has been maximized. These quasi-maximum likelihood estimates may well
be consistent, however the standard errors derived from the information matrix
are not correct. For example, the disturbances may be assumed to be normally
distributed when in fact they are double exponentials. White has proposed
generalizations of the Wald and LM test principles which do have the right size
and which are asymptotically powerful when the density is correctly assumed.
These are derived from the fact that the two expressions for the information
matrix are no longer equivalent for QML estimates. The expectation of the outer
product of the scores does not equal minus the expectation of the Hessian.
Letting L, be the log-likelihood of the sth observation, White constructs the
matrices:

1 9L 123L,(3L,

- F

; B=_-) — , d C=4"'B4 1!,
T 3690’ T~ 30 ) an

Then the “quasi-scores”, measured as the derivative of the possibly incorrect
likelihood function evaluated under the null, will have a limiting distribution
based upon these matrices when the null is true. Letting 4! be the first block of
the partitioned inverse of A, the limiting covariance of the quasi score is
(AMC[,'4™) 7! so the quasi-LM test is simply:

£ = sANC AV,

Notice that if the distribution is correct, then A = — B so that C = A4~! and the
whole term becomes simply A'! as usual. Thus the use of the quasi-LM statistic
corrects the size of the test when the distribution is false but gives the asymptoti-
cally optimal test when it is true. Except for possible finite sample and computa-
tional costs, it appears to be a sensible procedure. Exactly the same correction is
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made to the Wald test to obtain a quasi Wald test. Because it is the divergence
between A and B which creates the situation, White proposes an omnibus test for
differences between A and B.

In some situations, an alternative to this approach would be to test for
normality directly as well as for other departures from the specification. Jarque
and Bera (1980, 1982) propose such a test by taking the Pearson density as the
alternative and simultaneously testing for serial correlation, functional form
misspecification and heteroscedasticity. This joint test decomposes into indepen-
dent LM tests because of the block diagonality of the information matrix for this
problem.

A second non-standard situation which occurs periodically in practice is when
some of the parameters are estimable only when the null hypothesis is false. That
is, the information matrix under the null is singular. Two simple examples with
rather different conclusions are:

y|xy5 %, ~ N(aBx; + Bx,,0%),  Hy: =0,
yix~ N(Bx%,6%), Hy 8=0.

In both cases, the likelihood function can be maximized under both the null and
alternative, but the limiting distribution of the likelihood ratio statistic is not
clear. Furthermore, conventional Wald and LM tests also have difficulties—the
LM will have a parameter which is unidentified under the null which appears in
the score, and the Wald will have an unknown limiting distribution. In the first
example, it is easy to see that by reparameterizing the model, the null hypothesis
becomes a two degree of freedom standard test. In the second example, however,
there is no simple solution. Unless the parameter « is given a priori, the tests will
have the above-mentioned problems. A solution proposed by Davies (1977) is to
obtain the LM test statistic for each value of the unidentified parameter and then
base the test on the maximum of these. Any one of these would be chi squared
with one degree of freedom, however, the maximum of a set of dependent chi
squares would not be chi squared in general. Davies finds a bound for the
distribution which gives a test with size less than or equal to the nominal value.

As an example of this, Watson (1982) considers the problem of testing whether
a regression coefficient is constant or whether it follows a first order autoregres-
sive process. The model can be expressed as:

Y, =xB+zy+eg,
Bx = pﬁz—l + Tl,,

k% o
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The null hypothesis is that a,,2 = (; this however makes the parameter p unidenti-
fiable. The test is constructed by first searching over the possible values of p to
find the maximum LM test statistic, and then finding the limiting distribution of
the test to determine the critical value. A Monte Carlo evaluation of the test
showed it to work reasonably well except for values of p close to unity when the
limiting distribution was well approximated only for quite large samples.

Several other applications of this result occur in econometrics. In factor
analytical models, the number of parameters varies with the number of factors so
testing the number of factors may involve such a problem. Testing a series for
white noise against an AR(1) plus noise again leads to this problem as the
parameter in the autoregression is not identified under the null. A closely related
problem occurred in testing for common factor dynamics as shown in Engle
(1979a). Several others could be illustrated.

12. Conclusion

In a maximum likelihood framework, the Wald, Likelihood Ratio and Lagrange
Multiplier tests are a natural trio. They all share the property of being asymptoti-
cally locally most powerful invariant tests and in fact all are asymptotically
equivalent. However, in practice there are substantial differences in the way the
tests look at particular models. Frequently when one is very complex, another will
be much simpler. Furthermore, this formulation guides the intuition as to what is
testable and how best to formulate a model in order to test it. In terms of forming
diagnostic tests, the LM test is frequently computationally convenient as many of
the test statistics are already available from the estimation of the null.

The application of these test principles and particularly the LM principle to a
wide range of econometric problems is a natural development of the field and it is
a development which is proceeding at a very rapid pace. Soon, most of the
interesting cases will have been touched in theoretical papers, however, applied
work is just beginning to incorporate these techniques and there is a rich future
there.
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1. Introduction

The 1 and F tests are the most frequently used tests in econometrics. In regression
analysis there are two different procedures which can be used to test the
hypothesis that all the coefficients are zero. One procedure is to test each
coefficient separately with a ¢ test and the other is to test all coefficients jointly
using an F test. The investigator usually performs both procedures when analyz-
ing the sample data. The obvious questions are what is the relation between the
two procedures and which procedure is better. Schefi¢ (1953) provided the key to
the answers when he proved that the F test is equivalent to carrying out a set of
simultaneous ¢ tests. More than 25 years have passed since this result was
published and yet the full implications have barely penetrated the econometric
literature. Aside from a brief mention in Theil (1971) the Scheffé result has not
been discussed in the econometric textbooks; the exceptions appear to be Seber
(1977) and Dhrymes (1978). Hence, it is perhaps no surprise there are so few
applications of multiple hypothesis testing procedures in empirical econometric
research.

This chapter presents a survey of multiple hypothesis testing procedures with
an emphasis on those procedures which can be applied in the context of the
classical linear regression model. Multiple hypothesis testing is the testing of two
or more separate hypotheses simultaneously. For example, suppose we wish to
test the hypothesis H: 8, =, = 0 where 8, and 8, are coefficients in a multiple
regression. In situations in which we only wish to test whether H is true or not we
can use the F test. It is more usual that when H is rejected we want to know
whether 8, or B, or both are nonzero. In this situation we have a multiple
decision problem and the natural solution is to test the separate hypotheses H,:
B,=0and H,: 8, =0 with a ¢ test. Since H is true if and only if the separate
hypotheses H,: 8, =0 and H,: 8, =0 are both true, this suggests accepting H if
and only if we accept H, and H,. Testing the two hypotheses H, and H, when
we are interested in whether 8, or B, or both are different from zero induces a
multiple decision problem in which the four possible decisions are:

d™: H, and H, are both true,
d%: H, is true, H, is false,
d': H, is false, H, is true,
d': H, and H, are both false.

Now suppose that a test of H, is defined by the acceptance region 4, and the
rejection region R;, and similarly for H,. These two separate tests induce a
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decision procedure for the four decision problem, this induced procedure being
defined by assigning the decision d® to the intersection of 4; and 4,, d* to the
intersection of A4, and R, and so on. This induced procedure accepts H:
B,=B,=0if and only if H, and H, are accepted.

More generally suppose that the hypothesis H is true if and only if the separate
hypotheses H;, H,,... are true. The induced test accepts H if and only if all the
separate hypotheses are accepted. An induced test is either finite or infinite
depending on whether there are a finite or infinite number of separate hypotheses.
In the case of finite induced tests the exact sampling distributions of the test
statistics can be complicated, so that in practice the critical regions of the tests are
based on probability inequalities. On the other hand, infinite induced tests are
commonly constructed such that the correct critical value can be readily calcu-
lated.

Induced tests were developed by Roy (1953), Roy and Bose (1953), Scheffé
(1953) and Tukey (1953). Roy referred to induced tests as union-intersection
tests. Procedures for constructing simultaneous confidence intervals are closely
associated with induced tests and such procedures are often called multiple
comparison procedures. Induced tests and their properties are discussed in two
papers by Lehmann (1957a, 1957b) and subsequently by Darroch and Silvey
(1963) and Seber (1964). A lucid presentation of the union—intersection principle
of test construction is given in Morrison (1976). I recommend Scheffé (1959) for a
discussion of the contributions of Scheffé and Tukey. A good reference for finite
induced tests is Krishnaiah (1979). Miller (1966, 1977) presents an excellent
survey of induced tests and simultaneous confidence interval procedures.

The induced tests I will discuss in detail are the Bonferroni test and the Scheffé
test. These two induced tests employ the usual ¢ statistics and can always be
applied to the classical linear regression model. The Bonferroni test is a finite
induced test where the critical value is computed using the well known Bonferroni
inequality. While there are inequalities which give a slightly more accurate
approximation, the Bonferroni inequality has the advantage that it is very simple
to apply. In addition, the Bonferroni test behaves very similarly to finite induced
tests based on more accurate approximations. I refer to the F test as the Scheffé
test when the F test is used as an infinite induced test. Associated with the
Bonferroni and Scheffé tests are the B and S simultaneous confidence intervals,
respectively. The Bonferroni test and the B intervals are discussed in Miller (1966)
and applications in econometrics are found in Jorgenson and Lau (1975),
Christensen, Jorgenson and Lau (1975) and Sargan (1976). The Scheffé test and
the § intervals are explained in Scheffé (1959) and the S method is reformulated
as the § procedure in Scheffé (1977a). Applications of the Scheffé test and the S
intervals in econometrics are given in Jorgenson (1971, 1974) and Jorgenson and
Lau (1982). Both the Bonferroni and Scheffé tests are also discussed in Savin
(1980).
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The organization of the chapter is the following. The relationship between ¢ and
F tests is discussed in Section 2. In this section 1 present a detailed comparison of
the acceptance regions of the Bonferroni test and the F test for a special situation.
In Section 3 the notion of linear combinations of parameters of primary and
secondary interest is introduced. The Bonferroni test is first developed for linear
combinations of primary interest and then for linear combinations of secondary
interest. The Scheffé test is discussed and the lengths of the B and § intervals are
compared. The powers of the Bonferroni test and the Scheffé test are compared in
Section 4. The effect of multicollinearity on the power of the tests is also
examined. Large sample analogues of the Bonferroni and Scheffé tests can be
developed for more complicated models. In Section 5 large sample analogues are
derived for a nonlinear regression model. Section 6 presents two empirical
applications of the Bonferroni and Scheffé tests.

2. tand F tests

2.1.  The model

Consider the regression model:
y=XB+u, (2.1)

where y is a T X1 vector of observations on the dependent variable, Xis a T X k

nonstochastic matrix of rank &, 8 is an unknown k X 1 parameter vector and u is

a T X1 vector of random disturbances which is distributed as multivariate normal

with mean vector zero and covariance matrix o2/ where o2 > 0 is unknown.
Suppose we wish to test the hypothesis:

H:CB—c=0=0, (2.2)

where C is a known g X k& matrix of rank ¢ < k and ¢ is a known ¢ X1 vector.
The minimum variance linear unbiased estimator of @ is:

z=Ch—c, (2.3)

where b= (X’X) " 'X’y is the least squares estimator of 8. This estimator is
distributed as multivariate normal with mean vector § and covariance matrix o2V,
where ¥'=C(X’X)~'C’. An unbiased estimator of o is 52 where (T — k)s2 = (y
— Xb)(y — Xb).

I will compare the acceptance regions of two tests of H. One test is the F test
and the other is a finite induced test based on ¢ tests of the separate hypotheses.
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When H is rejected we usually want to know which individual restrictions are
responsible for rejection. Hence, 1 assume that the separate hypotheses are H:
0,=0,i=1,...,q. It is well known that the F test and the separate ¢ tests can
produce conflicting inferences; for example, see Maddala (1977, pp. 122-124).
The purpose of comparing the acceptance regions of the two testing procedures is
to explain these conflicts.

I first introduce the F test and the finite induced test. Next, I briefly review the
distributions and probability inequalities involved in calculating the critical value
and significance level of a finite induced test. Then the acceptance regions of the
two tests are compared for the case of two restrictions; the exact and Bonferroni
critical values are used to perform the finite induced test. Finally, I discuss the
effect of a nonsingular linear transformation of the hypothesis H on the accep-
tance regions of the F test and the finite induced test.

2.2. Tests
2.2.1. Ftest

The familiar F statistic is

2Vl
F= - (2.4)
gs
For an « level F test of H the acceptance region is:
F<F/(q,T-k), (2.5)

where F (g, T — k) is the upper « significance point of an F distribution with g
and T — k degrees of freedom. The F test of H is equivalent to one derived from
the confidence region:

(z—8)V Y z-0)<s%?, (2.6)

where S = gF, (g, T — k). The inequality determines an ellipsoid in the 0;,...,8,
space with center at z. The probability that this random ellipsoid covers 8 is
1—a. The F test of H accepts H if and only if the ellipsoid covers the origin.

The F test has power against alternatives in all directions. Accordingly, I
consider a finite induced test with the same property. It will become apparent the
acceptance region of the finite induced test is not the same as the acceptance
region of the F test.
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2.2.2.  Finite induced test

Assume the finite induced test of H accepts H if and only if all the separate
hypotheses H,,...,H, are accepted. The ¢ statistic for testing the separate hy-
pothesis H;: 6, =0 is:

it
[
3
—_—
™o
~J
S

where V,; is the ith diagonal element of V. The acceptance region of a & level
equal-tailed test of H, against the two-sided alternative H*: 6, # 0 is:

|t1,5t6/z(T"k)s i=1,...,q, (2.8)

where 15 ,(T — k) is the upper 8/2 significance point of a ¢ distribution with
T — k degrees of freedom.

When all the equal-tailed ¢ tests have the same significance level the acceptance
region for an « level finite induced test of H is:

j)<M, i=1,..,q, (2.9)
where the critical value M is such that:
Pmax(|t)].....|t,])) < M|H| =1~ a. (2.10)

In words, this finite induced test rejects H if the largest squared ¢ statistic is
greater than the square of the critical value M. The significance level § of each
equal-tailed ¢ test is given by:

ts(T—k)=M. (2.11)

The acceptance region of the « level finite induced test is the intersection of the
separate acceptance regions (2.9). For this reason Krishnaiah (1979) refers to the
above test as the finite intersection test. The acceptance region of the finite
induced test is a cube in the z,,...,z, space with center at the origin and similarly
in the ¢,,...,1, space.

The finite induced test of H is equivalent to one based on a confidence region.
The simultaneous confidence intervals associated with the finite induced test are
given by:

Plz,= M5V, <8,<z,+ MJsW,  i=1,....q] =1~ a. (2.12)
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I call these intervals M intervals. The intersection of the M intervals is the finite
induced confidence region. This region is a cube in the §,,...,6, space with center
AT S The probability that this random cube covers the true parameter point ¢
is 1 — a. The « level finite induced test accepts H if and only if all the M intervals
cover zero, i.e. if and only if the finite induced confidence region covers the origin.

2.3.  Critical values — finite induced test

To perform an « level finite induced test we need to know the upper a percentage
point of the max(|#|,...,|,|) distribution. The multivariate ¢ and F distributions
are briefly reviewed since these distributions are used in the calculation of the
exact percentage points. The exact percentage points are difficult to compute
except in special cases. In practice inequalities are used to obtain a bound on the
probability integral of max(|z,|,...,{z,{), when ¢,...,1, have a central multi-
variate ¢ distribution. Three such inequalities are discussed.

2.3.1.  Multivariate t and F distributions

Let x = (xy,...,x,)" be distributed as a multivariate normal with mean vector p
and covariance matrix 3 = 0°{ where 2= (p,,) is the correlation matrix. Also, let
s?/6? be distributed independently of x as chi-square with n degrees of freedom.
In addition, let ¢, = x/n /s, i=1,...,p. Then the joint distribution of ¢,,.. . isa
central or noncentral multivariate ¢ distribution with n degrees according as p =0
or p # 0. The matrix § is referred to as the correlation matrix of the “accompany-
ing” multivariate normal. In the central case, the above distribution was derived
by Cornish (1954) and by Dunnett and Sobel (1954) independently. Krishnaiah
and Armitage (1965a, 1966) gave the percentage points of the central multivariate
1 distribution in the equicorrelated case p, ;= p(i# j). Tables of Plmax(z),t,) < a)
were computed by Krishnaiah, Armitage and Breiter (1969a). The tables are used
for a finite induced test against one-sided alternatives. Such a test is discussed in
Section 3.

Krishnaiah (1963, 1964, 1965) has investigated the multivariate F distribution.
Let x,= (xlu,...,xpu)’, u=1,...,m, be m independent random vectors which are
distributed as multivariate normal with mean vector p and covariance matrix
2= (0;;). Also let:

m
_ 2 _
w,= 3 x2. i=1,...p.
u=1

The joint distribution of wy, ..., w, is a central or noncentral multivariate chi-square
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distribution with m degrees of freedom and with X as the covariance matrix of the
“accompanying” multivariate normal according as u=0 or u#0. Let F =
nw;0q, /mwoo;; and let w, /oy, be distributed independently of (wy,...,w,) as
chi-square with n degrees of freedom. Then the joint distribution of Fy,...,F, is a
multivariate F distribution with m and »n degrees of freedom with £ as the
correlation matrix of the “accompanying” multivariate normal. When m =1, the
multivariate F distribution is equivalent to the multivariate > distribution.
Krishnaiah (1964) gave an exact expression for the density of the central
multivariate F distribution when 2 is nonsingular. Krishnaiah and Armitage
(1965b, 1970) computed the percentage points of the central multivariate F
distribution in the equicorrelated case when m =1. Extensive tables of
Plmax(|t,], |1;]) < c] have been prepared by Krishnaiah, Armitage and Breiter
(1969b). Hahn and Hendrickson (1971) gave the square roots of the percentage
points of the central multivariate F distribution with 1 and » degrees of freedom
in the equicorrelated case. For further details on the multivariate ¢ and F
distributions see Johnson and Kotz (1972).

2.3.2.  Probability inequalities

The well known Bonferroni inequality states that:

14
P(A,,...4,)=21- ) P(45),

i=1

where 4, is an event and A7 its complement. Letting 4, be the event {1,] < ;5 »,(n),
i=1,...,p, the Bonferroni inequality gives:

Plmax([t,],....11,]) S t5,,(n)] 21— 6p, (2.13)

Le. the probability that the point (#,...,7,) falls in the cube is >1—&p. The
probability 1s >1-—a when the significance level & is a/p. Tables of the
percentage points of the Bonferroni ¢ statistic have been prepared by Dunn (1961)
and are reproduced in Miller (1966). A more extensive set of tables has been
calculated by Bailey (1977).

Sidak (1967) has proved a general inequality which can be specialized to give a
slight improvement over the Bonferroni inequality when both are applicable. The
Sidak inequality gives:

p
P[max(|tll,...,|tp|)$c].>__l:[lP(lt,»|$c). (2.14)

In words, the probability that a multivariate ¢ vector (¢,,...,2,) with arbitrary
correlations falls inside a p-dimensional cube centered at the origin is always at
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least as large as the corresponding probability for the case where the correlations
are zero, i.e. where x,,...,x, are independent. When the critical value c is 75 ,,(n)
the Sidak inequality gives:

Plmax(|t)],...,|1,]) <t (n)] = (1-8)". (2.15)

The probability is >1— a when the significance level 8 is 1—(1— a)/?. The
Sidak inequality produces slightly sharper tests or intervals than the Bonferroni
inequality because (1—8)7 >1-— 8p. Games (1977) has prepared tables of the
percentage points of the Sidak ¢ statistic. Charts by Moses (1976) may be used to
find the appropriate ¢ critical value with either the Bonferroni or Sidak inequality.

In the special case where the correlations are zero, i.e. £ = I, max(|¢,|,..., |1,|)
has the studentized maximum modulus distribution with parameter p and n
degrees of freedom. The upper a percentage point of this distribution is denoted
m( p, n). Using a result by Sidak (1967), Hochberg (1974) has proved that:

Plmax(|f],..., 1,)) <m,(p,n)| 21-a, (2.16)

where  is an arbitrary correlation matrix, i.e. £ # I. Stoline and Ury (1979) have
shown that if § =1—(1- a)!/?, then m_(p,n)< tso(n) with a strict inequality
holding when n =o0. This inequality produces a slight improvement over the
Sidak inequality. Hahn and Hendrickson (1971) gave tables of the upper per-
centage points of the studentized maximum modulus distribution. More extensive
tables have been prepared by Stoline and Ury (1979).

A finite induced test with significance level exactly equal to a is called an exact
finite induced test and the corresponding critical value is called the exact critical
value. For a nominal « level test of p separate hypotheses the Bonferroni critical
value is 15,,(T — k) with § = a/p, the Sidak critical value is t5 (T — k) with
8 =1~(1- «)"/7 and the studentized maximum modulus critical value is m ( p, T
— k). When the exact critical value is approximated by the Bonferroni critical
value the finite induced test is called the Bonferroni test. The Sidak test and the
studentized maximum modulus test are defined similarly. For the purpose of this
paper we use the Bonferroni test since the Bonferroni inequality is familiar and
simple to apply. However, the exposition would be essentially unchanged if the
Sidak test or the studentized maximum modulus test were used instead of the
Bonferroni test.

2.4.  Acceptance regions

2.4.1. Case of two restrictions

The acceptance regions of the F test, the Bonferroni test and the exact finite
induced test are now compared for the case of g =2 restrictions. It is assumed
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that o2 is known and that

__1 1 —]
V_l—rz[—" RS (2.17)

Christensen (1973) compared the powers of the F test and the Bonferroni test for
this case. I will discuss the power comparisons in Section 5.

Since o2 is assumed known the ¢ statistics are distributed N(0, 1) under the null
hypothesis and the F statistic is replaced by the x? statistic. These changes do not
change any important features of the tests, at least for the purpose of comparison.

The covariance matrix ?V where V is given by (2.17) has a simple interpreta-
tion. Consider a model with K = 3 regressors:

y=[ex;]B+u, (2.18)

where e is a T X1 vector of ones, X; is T X2 and 8= (8,, B, B,)"- Suppose the
hypothesis is H: 8, =B, = 0. If both of the columns of X, have mean zero and
length one, then 62V =0?( X/ X,) !, where

_ 1 ,
14 1=[r ;]=X1X1, (2.19)

and where r is the correlation between the columns of X;. In a model with K > 3
regressors (including an intercept) the covariance matrix of the least squares
estimates of the last two regression coefficients is given by o2V with ¥ as in (2.17)
provided that the last two regressors have mean zero, length one and are
orthogonal to the remaining regressors.

Consider the acceptance regions of the tests in the z; and z, space. The
acceptance region of an a level x test is the elliptical region:

i +2rz2,+ 23 < S%?, (2.20)

where S = x2(2) is the upper a significant point of the x? distribution with two
degrees of freedom. The acceptance region of a nominal « level Bonferroni test is
the square region:

’ZI'IS Bo > 3 i=1’29 (2.21)

1-r

where B=1t, ,(T—k) with §=a/2. This region is a square with sides
2Bo/V1—r? and center at the origin. The length of the major axis of the
elliptical region (2.20) and the length of the sides of the square become infinite as
the absolute value of r tends to one.
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It will prove to be more convenient to study the acceptance regions of the tests
in the ¢, and ¢, space. The ¢ statistic for testing the separate hypotheses H;: 8, =0
18:

V112
L=t =12, (2.22)

where o/V1—r? is the standard deviation of z; and where ¢, and ¢, are N(0,1)
variates since o2 is known. Dividing both sides of (2.20) by the standard deviation
of z, the acceptance region of the x? test becomes:

242, + 12 < S (1-r?), (2.23)

which is an elliptical region in the ¢, and r, space. Rewriting the boundary of the
elliptical region (2.23) as:

(1, + 1) = (82— 12)(1-r?), (2.24)

we see that the maximum absolute value of #; satisfying the equation of the ellipse
is S. By symmetry the same is true for the maximum absolute value of ¢,. Hence
the elliptical region (2.23) is bounded by a square region with sides 2.5 and center
at the origin. I refer to this region as the x2 box. Dividing (2.21) by the standard
deviation of z, the acceptance region of the Bonferroni test becomes:

ll<B, =12, (2.25)

which is a square region in the 7, and ¢, space with sides 2B and center at the
origin. I call this region the Bonferroni box. In this special case B < § so that the
Bonferroni box is inside the x? box. The acceptance region of the exact a level
finite induced test is a square region which I refer to as the exact box. The exact
box is inside the Bonferroni box. The dimensions of the ellipse and the exact box
are conditional on . Since the dimensions of the x? box and the Bonferroni box
are independent of r, the dimensions of the ellipse and the exact box remain
bounded as the absolute value of r tends to one.

Savin (1980) gives an example of a 0.05 level test of H when r=0. The
acceptance region of a 0.05 level x? test of H is:

12+12<8*=5991. (2.26)
This region is a circle with radius S=2.448 and center at the ongin. The

acceptance region of a nominal 0.05 level Bonferroni test in the ¢; and ¢, space is
a square with sides 2 B = 4.482 since 6 = 0.05/2 gives B = 2.241. Both the circle
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and the Bonferroni box are shown in Figure 2.1. When V' = I (and o? is known)
the 7 statistics are independent, so the probability that both ¢ tests accept when H
is true is (1—8)2. If (1—8)%=0.95, then § = 0.0253. Hence, for an exact 0.05
level finite induced test the critical value is M = 2.236 and the exact box has sides
2M = 4.472. The difference between the sides of the Bonferroni and the exact box
is 0.005. The true significance level of the Bonferroni box is 1 —(0.975)% = 0.0494,
which is quite close to 0.05.

A comparison of the acceptance regions of the x? test and the finite induced
test shows that there are six possible situations:

(1) x? and both ¢ tests reject.
(2) x? and one but not both ¢ tests reject.

p——

A

2.236 N2.241

Figure 2.1  The acceptance regions of the Bonferroni and x? tests where the correlation
r =0 and the nominal size is a = 0.05.
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(3) x? test rejects but not the ¢ tests.

(4) Both ¢ tests reject but not x? test.

(5) One, but not both ¢ tests reject, nor x? test.
(6) Neither the ¢ tests nor x? test reject.

Cases 1 and 6 are cases of agreement while the remaining are cases of disagree-
ment. The x? test and the finite induced test can produce conflicting inferences
since they use different acceptance regions. These six cases are discussed in the
context of the F test and the finite induced test by Geary and Leser (1968) and
Maddala (1977, pp. 122-124).

From Figure 2.1 we see that H is accepted by the Bonferroni test and rejected
by the x? when A is the point (1;,7,) and vice versa when B is the point (¢, ¢,).
Case 3 is illustrated by point 4 and Case 5 by point B. Maddala (1977) remarks
that Case 3 occurs often in econometric applications while Case 4 is not
commonly observed. Maddala refers to Case 3 as multicollinearity. Figure 2.1
illustrates that Case 3 can occur when r =0, i.e. when the regressors are
orthogonal.

Next consider the acceptance regions of the tests when r # 0. The following
discussion is based on the work of Evans and Savin (1980). When r is different
from zero the acceptance region of the x* test is an ellipse. The acceptance
regions of a 0.05 level x? test in the ¢, and ¢, space are shown in Figure 2.2 for
r=0.0 (0.2) 1.0. In Figure 2.2 the inner box is the nominal 0.05 level Bonferroni
box and the outer box is the x? box. The ellipse collapses to a line as r increases
from zero to one.

Observe that the case where both ¢ tests reject and the x? test accepts (Case 4)
cannot be illustrated in Figure 2.1. From Figure 2.2 we see that Case 4 can be
illustrated by point C. Clearly, > must be high for Case 4 to occur. Maddala
notes that this case is not commonly observed in econometric work.

The true level of significance of the Bonferroni box decreases as r increases in
absolute value. The true significance level of a nominal a level Bonferroni box for
selected values of « and r are given in Table 2.1. When a = 0.05 the true levels are
roughly constant for r < 0.6. For r > 0.6, there is a noticeable decrease in the true
level. This suggests that the nominal 0.5 level Bonferroni box is a satisfactory
approximation to the exact box for r <0.6. The results are similar when the
nominal sizes are a = 0.10 and « = 0.01.

As noted earlier the x* test and the Bonferroni test can produce conflicting
inferences because the tests do not have the same acceptance regions. The
probability of conflict is one minus the probability that the tests agree. When H is
true the probability that the tests agree and that they conflict are given in Table
2.1 for selected values of a and r. For the case where the nominal size is a = 0.05,
although the probability of conflict increases as r increases (for r > 0), this
probability remains quite small, i.e. less than the significance level. This result
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Figure 2.2 The acceptance regions of the Bonferroni and x? tests in the r-ratio space for
various correlations r and nominal size a = 0.05.

appears to be at variance with the widely held belief that conflict between the
Bonferroni and F tests is a common occurrence. Of course, this belief may simply
be due to a biased memory, i.e. agreement is easily forgotten, but conflict is
remembered. On the other hand, the small probability of conflict may be a special
feature of the two parameter case.

Figure 2.2 shows a big decrease in the area of intersection of the two
acceptance regions as r increases and hence gives a misleading impression that
there is a big decrease in the probability that both tests accept as r increases. In
fact, the probability that both tests accept is remarkably constant. The results are
similar when the nominal sizes are «=0.10 and a=0.01. As can be seen from
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Table 2.1 The Probability of Conflict between the Chi Square
and Finite Induced Tests and between
the Chi Square and Bonferroni Tests.
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Table 2.1 the results are also similar when the Bonferroni box is replaced by the

exact box.

2.4.2.  Equivalent hypotheses and invariance

In this section I discuss the effect of a nonsingular linear transformation of the
hypothesis H on the acceptance regions of the F test and the Bonferroni test.

Consider the hypothesis:
H*. C*8—c*=0*=0,

(2.27)
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where C* is a known g* X k matrix of rank ¢* <k and c* is a known g*X k
vector so that 6F,65,...,0% are a set of ¢g* linearly independent functions. The
hypotheses H* and H are equivalent when H* is true if and only if H is true.
Hence, H* and H are equivalent if the set of 8 for which @ = 0 is the same as the
set for which §* = 0.

We now show that H and H* are equivalent if and only if there exists a
nonsingular ¢ X ¢ matrix 4 such that [C*c*] = A[Cc] and hence ¢* = q. Our proof
follows Scheffé (1959, pp. 31-32]. Suppose first that a ¢ X g nonsingular matrix 4
exists such that [C*c*]= A[Cc]. Then H* is true implies that §* = C*8 — ¢* =
A(CB — ¢)= 0. Thus, CB — ¢ = § = 0 which implies that H is true. Similarly if H is
true, then H* is true.

Suppose next that the equations C*§ = ¢* have the same solution space as the
equations CB = ¢. Then the rows of [C*c*] span the same space as the rows of
[Cc]. The g* rows of C* are linearly independent and so constitute a basis for this
space. Similarly, the ¢ rows of C constitute a basis for the same space. Hence

=g and the ¢ rows of C* must be linear combinations of the g rows of C.
T__(-‘ efore [('*r*]— /ﬂ(’f‘] where A4 is nnncmmﬂar since rank C*=Rank C = q.

f the hypotheses H * and H are equlvalent the F statistic for testing H* is the
same as the F statistic for testing H. Assume that H* and H are equivalent. The

numerator of the F statistic for testing H* is
[C*b— et [c*(x7x) '] [ C*b — o*]
=[cb-cla(a) c(xx) '] aulch - c]
=[cb-c][c(xx)"'c] b -c]. (2.28)

This is the same as the numerator of the F statistic for testing H, the denominator
of the two test statistics being gs>. Hence the F tests of H* and H employ the
same acceptance region with the result that we accept H* if and only if we accept
H. This can be summarized by saying that the F test has the property that it is
invariant to a nonsingular transformation of the hypothesis.

The finite induced test and hence the Bonferroni test does not possess this
invariance property. As an example consider the case where ¢ =2 and o2V =]
which is known. First suppose the hypothesis is H: 8, = 8, = 0. Then the accep-
tance region of the nominal 0.05 level Bonferroni test of H is the intersection of
the separate acceptance regions |z,|<2.24 and [z,| <2.24. Now suppose the
hypothesis H* is 6 =0, + 8, = 0 and 6} =6, — 6, = 0. The acceptance region of
the nominal 0.05 level Bonferroni test of H* is the intersection of the separate
regions |z, + z,] < (2)'/%2.24 and |z; — z,| < (2)'/22.24. The hypotheses H* and
H are equivalent, but the acceptance region for testing H* is not the same as the
region for testing H. Therefore, if the same sample is used to test both hypotheses,
H* may be accepted and H rejected and vice versa.
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If all hypotheses equivalent to H are of equal interest we want to accept all
these hypotheses if and only if we accept H. In this situation the F test is the
natural test. However, hypotheses which are equivalent may not be of equal
interest. When this is the case the F test may no longer be an intuitively appealing
procedure. Testing linear combinations of the restrictions is discussed in detail in
the next section.

3. Induced tests and simultaneous confidence intervals

3.1. Separate hypotheses

An important step in the construction of an induced test is the choice of the
separate hypotheses. So far, I have only considered separate hypotheses about
individual restrictions. In general, the separate hypotheses can be about linear
combinations of the restrictions as well as the individual restrictions. This means
that there can be many induced tests of H, each test being conditional on a
different set of separate hypotheses. The set of separate hypotheses chosen should
include those hypotheses which are of economic interest. Economic theory may
not be sufficient to determine a unique set of separate hypotheses and hence a
unique induced test of H.

Let L be the set of linear combinations ¢ such that every ¢ in L is of the form
¢ = a’0 where a is any known ¢ X 1 non-null vector. In other words, L is the set of
all linear combinations of 6,,...,0, (excluding the case of a=0). The set L is
called a g-dimensional space of functions if the functions 6,,...,6, are linearly
independent, i.e. if rank C = g where C is defined in (2.2).

The investigator may not have an equal interest in all the ¢ in L. For example,
in economic studies the individual regression coefficients are commonly of most
interest. Let G be the set of ¢ of primary interest and the complement of G
relative to L, denoted by L — G, be the set of ¢ in L of secondary interest. It is
assumed that this twofold partition is fine enough that all ¢ in G are of equal
interest and similarly for all ¢ in L —G. Furthermore, it is assumed that G
contains ¢ linearly independent combinations .

The set G is either a finite or an infinite set. If G is infinite, then G is either a
proper subset of L or equal to L. In the latter case all the ¢ in L are of primary
interest. All told there are three possible situations: (i) G finite, L — G infinite; (ii)
G infinite, L — G infinite; (iii) G infinite, L — G finite. The induced test is referred
to as a finite or infinite induced test accordingly as G is finite or infinite.

Let G be a finite set and let ¥,, i =1,...,m, be the linear combinations in G.
The finite induced test of

H(G): = =¢, =0 (3.1)



844 N. E. Savin

accepts H(G) if and only if all the separate hypotheses,
H:y,=0, i=1,...,m, (3.2)

are accepted and rejects H(G) otherwise. Since there are g linearly independent
combinations ¢;, i=1,...,q, in G, the hypotheses H(G) and H: 6 =0 are
equivalent and H(G) is true if and only if H is true. Hence, we accept H if all the
separate hypotheses H,, i =1,...,m are accepted and reject H otherwise. This test
procedure is also referred to as the finite induced test of H. Similar remarks apply
when G is an infinite set. Since the induced test of H is conditional on the choice
of G, it i1s important that G be selected before analyzing the data.

The set G may be thought of as the set of eligible voters. A linear combination
of primary interest votes for (against) H if the corresponding separate hypothesis
H(a) is accepted (rejected). A unanimous decision is required for H to be
accepted, i.e. all ¢ in G must vote for H. Conversely, each ¢ in G has the power to
veto H. If all § in L are of equal interest, then all ¢ in L are also in G so there is
universal suffrage. On the other hand, the set of eligible voters may have as few as
g members. The reason for restricting the right to vote is to prevent the veto
power from being exercised by ¢ in which we have only a secondary interest.

Instead of having only one class of eligible voters it may be more desirable to
have several classes of eligible voters where the weight of each vote depends on
the class of the voter. Then the hypothesis H is accepted or rejected depending on
the size of the vote. However such voting schemes have not been developed in the
statistical literature. In this paper I only discuss the simple voting scheme
indicated above.

It is worth remarking that when the number of ¢ in G is greater than ¢ the
induced test produces decisions which at first sight may appear puzzling. As an
example suppose g = 2 and that the ¢ in G are , =6,, ¥, =6,, and y, =6, + 6,.
Testing the three separate hypotheses H.: ¢, =0, i=1,2,3, induces a decision
problem in which one of the eight possible decisions is:

H, and H, are both true, H, is false. (3.3)

Clearly, when H| and H, are both known to be true, then H; is necessarily true.
On the other hand, when testing these three hypotheses it may be quite reasonable
to accept that A, and H, are both true and that H, is false. In other words, there
is a difference between logical and statistical inference.

3.2, Finite induced test — 3 of primary interest

3.2.1. Exact test

Suppose that a finite number m of Y in L are of primary interest. In this case G is
a finite set. Let the ¢ in G be Y, =a/8, i=1,...,m. The ¢ statistic for testing the
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separate hypothesis H(a,): ¢, = a0 =0 is:

t (a)=—alz—= Aia i=1""’m’ (34)
o 2aVa, %
[t

where §, = a/z is the minimum variance unbiased estimator of ¥, and 6 o‘b =s’aVa,
is an unbiased estimator of its variance where z and V are defined in Section 2.1.
For an equal-tailed 8 level test of H(a;) the acceptance region is:

lto(a) | <t5,(T—k), i=1,...,m. (3.5)
The finite induced test of H accepts H if and only if all the separate hypotheses

H(a,),...,H(a,,) are accepted. When all the equal-tailed tests have the same
significance level the acceptance region for an « level finite induced test of H is:

lto(a,) <M, i=1,....m, (3.6)
where
P[max(|to(ay)ls-.., to(a,,)|) < MIH| =1- a. (3.7)

The significance level of the separate tests is 8, where #; ,(T — k)= M. The
acceptance region of the finite induced test is the intersection of the separate
acceptance regions (3.6). This region is a polyhedron in the z,,...,z, space and a
cube in the ty(ay),...,1x(a,,) space.

Simultaneous confidence intervals can be constructed for all ¢ in G. The finite
induced procedure is based on the following result. The probability is 1— a that
simultaneously

b= Moy <y, <y, + MG, i=1,...,m. (3.8)

I call these intervals M intervals. The intersection of the M intervals is a
polyhedron in the # space with center at z. The « level finite induced test accepts
H if and only if all the M intervals (3.8) cover zero, i.e. if and only if the finite
induced confidence region covers the origin.

An estimate Jx of ¢y, is said to be significantly different from zero (sdfz)
according to the M criterion if the M interval does not cover y,=0, ie. if
|¢ | = Méy; . Hence, H is rejected if and only if the estimate of at least one ¥, in G
is sdfz according to the M criterion.

The finite induced test can be tailored to provide high power against certain
alternatives. This can be achieved by using ¢ tests which have unequal tails and
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different significance levels. For example, a finite induced test can be used to test
against the alternative H**: § > 0. The acceptance region of a § level one-tailed ¢
test against H**: §,> 0 is:

t,<ts(T—k), i=i,...q. (3.9

When all the one-tailed ¢ tests have the same significance level the acceptance
region for an a level finite induced test of H is

<M, i=1,..q, (3.10)
where
P[max(1,,...,t,) <M|H| =1~ a. (3.11)

The simultaneous confidence intervals associated with the above test procedure
are given by:

Plz,— M5V, <8:i=1,....q] =1-a. (3.12)

A finite induced test against the one-sided alternatives H**: 6 <0, i=1,...,q,
can also be developed. In the remainder of this chapter I only consider two-sided
alternatives.

3.2.2.  Bonferroni test

The Bonferroni test is obtained from the exact test by replacing the exact critical
value M by the critical value B given by the Bonferroni inequality. For a nominal
a level Bonferroni induced test of H the acceptance region is:

lto(a)<B, i=i,..m, (3.13)
where
B=t,,,(T—k). (3.14)

The significance level of the separate tests is § = a/m and the significance level of
the Bonferroni test is < a. The Bonferroni test consists of testing the separate
hypotheses using the acceptance region (3.13) where the critical value B is given
by (3.14). The acceptance region of the Bonferroni test in the z,,..., z, space is
referred to as the Bonferroni polyhedron and in the ¢4(a,),..., t4(a,,) space as the
Bonferroni box. The Bonferroni polyhedron contains the polyhedron of the exact
finite induced test and similarly for the Bonferroni box.
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The probability is >1— a that simultaneously

;- Béy <y, <, + i=1,...,m, (3.15)

e.

where these intervals are called B intervals. The B procedure consists in using
these B intervals. The Bonferroni test accepts H if and only if all the B intervals
cover zero, i.e. if and only if the Bonferroni confidence region covers the origin.
An estimate of ; of y, is said to be sdfz according to the B criterion if the B
interval does not cover zero, i.e. |§,| > By .

The Bonferroni test can be used to 111ustrate a finite induced test when m > g,
i.e. the number of separate hypotheses is greater than the number of linear
restrictions specified by H. Consider the case where m=3, g=2, and ¢’V =1
which is known. Suppose thai the three ¢ in G are ¢, =86, ¢,=48,, and
¥, =06, + 6, and that tests of the three separate hypotheses H;: ¢, =0, i=1,2,3,
are defined by the three separate acceptance regions:

|z;] <2.39, |z5] <£2.39,

|2, + z,| < (2)"/%2.39 = 3.380, (3.16)

respectively, where 2.39 is the upper 0.05/2(3) = 0.00833 significance point of a
N(0,1) distribution. The probability is > 0.95 that the Bonferroni test accepts H
when H is true.

The acceptance region of the Bonferroni test of H, which is the intersection of
the three separate acceptance regions, is shown in Figure 3.1. When 4 is the point
(z;, z,) the hypothesis H is rejected and the decision is that H, and H, are both
true and Hj is false.

For comparison consider the case where m=q=2. The tests of the two
separate hypotheses y, =6, =0 and y, =0, =0 are now defined by the two
acceptance regions:

jz,] < 2.24, fz,] <2.24, (3.17)

respectively, where 2.24 is the upper 0.05,/2(2) = 0.0125 significance point of a
N(0,1) distribution. The acceptance region of this Bonferroni test of H is the
inner square region shown in Figure 3.1. With this region we accept H when 4 is
the point (z;, z;). When B is the point (zl, zz) the hypothesis H is accepted if Y5
is of primary interest and rejected if ¥, is of secondary interest. This comparison
shows that the Bonferroni test can accept H for one set of ¥ of primary interest

and reject H for another set.
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-3.38

Figure 3.1 Acceptance regions of the Bonferroni test for the cases m = 2 and m = 3 when
g =2 and o2V = ] which is known. The nominal size is a = 0.05.

3.3.  Infinite induced test — Scheffé test
3.3.1.  Scheffé test

The Scheffé test is an infinite induced test where all  in L are of primary interest.
This induced test accepts H if and only if the separate hypothesis,

H(a):y=a0=0, (3.18)
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is accepted for all non-null a. For a & level equal-tailed test of H(a) the
acceptance region is:

[tg(a)| <t5,,(T— k), (3.19)
where
a’z )
=T T & .20
fol) saVa O (320

When all the equal-tailed tests have the same significance level the acceptance
region for an a level infinite induced test of H is:

[1(a)] < S, allnon-nulla, (3.21)
where
P[max|t0(a)|sS|H] ~1-a. (3.22)
a

What is surprising is that the critical value S is given by the relatively simple
expression:

S=\qF.(q,T—k) . (3.23)

The significance level & of the separate tests is given by #; ,(T — k) =S.

The acceptance region is the intersection of the separate acceptance regions
(3.21) for all non-null a. A remarkable fact is that the acceptance region of an «
level Scheffé test of H is the same as the acceptance region of an a level F test of
H. As a consequence we start the Scheffé test with an F test of H. If the F test
rejects H the next step is to find the separate hypotheses responsible for rejection.
The test procedure consists of testing the separate hypotheses using the accep-
tance region (3.21) where the critical value S is given by (3.23).

The Scheffé test assumes that all ¢ in L are of equal interest, i.e. every ¢ in L
has the power to veto H. When the Scheffé test is used in empirical econometrics
we are implicitly assuming that all ¥ in L are of equal economic interest. In
practice, this assumption is seldom satisfied. As a consequence, if the Scheffé test
rejects, the linear combinations which are responsible for rejection may have no
economically meaningful interpretation. A solution to the interpretation problem
is to use the appropriate finite induced test.

Simultaneous confidence intervals can be constructed for all ¢ in L. The
probability is 1 — a that simultaneously for all  in L:

=86, <y <y + 54, (3.24)
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where S is given by (3.23). These intervals are called S intervals. In words, the
probability is 1 — a that simultaneously for all y in L the S intervals cover . The
intersection of the S intervals for all ¥ in L is the confidence region (2.6). This is
an ellipsoidal region in @ space with center at z.

An estimate ¥ of y is said to be sdfz if the S interval does not cover y = 0, i.e. if
] > S4;. Hence, H is rejected if and only if the estimate of at least one ¢ in L is
sdfz according to the S criterion.

The Scheffé test and the S intervals are based on the following result:

P maxtz(a)552]=1—a, (3.25)
a

where r2(a) is the squared ¢ ratio:

» 2 , 2
tZ(a)_: (\P A‘;p) - [a (ZZ 0)] , (3.26)
67 sa’Va
and where S is given by (3.23). The result is proved in Scheffé (1959, pp. 69-70). I
will now give a simple proof.
Observe that the result is proved by showing that the maximum squared ¢ ratio
is distributed as ¢F(q, T — k). There is no loss in generality in maximizing ¢(a)

subject to the normalization a’Va =1 since t?(a) is not affected by a change of
scale of the elements of . Form the Lagrangian:

L(a,A\)=[a’(z-8)/s]*~ A(aVa-1), (3.27)

where A is the Lagrange multiplier. Setting the derivative of L(a, A) with respect
to a equal to zero gives:

[(z-6)(z-8) ~As'V]a=0. (3.28)

Premultiplying (3.28) by a’ and dividing by s?a’Va shows that A = ¢?(a). Hence,
the determinantal equation:

[(s2V) (2~ 6)(z—0) —AI] =0, (3.29)

is solved for the greatest characteristic root A*. Since (3.29) has only one non-zero
root—the matrix (z — @)z — #)” has rank one—the greatest root is:

A*=trace(s2V) (2= 0)(z—0) = (z—0)'(s?V) (2 —-0), (3.30)
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which is distributed as gF(g, T — k). The solutions to (3.28), i.e. the characteristic

vectors corresponding to A*, are proportional to (s*V) " Y(z— @) and the char-

acteristic vector satisfying the normalization a’Va=1is a*=V"1(z - 8)/V sIA*.
The Scheffé induced test accepts H if and only if:

maxtZ(a) < S?, (3.31)
where t2(a) is t*(a) with 8 = 0. It follows from (3.30) that:
2(ak)= 2(s) 'z, (3.32)

where a? is the vector which maximizes t§(a). Since this 7 ratio is distributed as
gF(q, T — k) when H is true, the a level Scheffé test accepts H if and only if the «
level F test accepts H.

When the F test rejects H we want to find which y are sdfz. Since a} can be
calculated from (3.30) we can always find at least one ¥ which is sdfz, namely
Jzo = g¥’z. Unfortunately, computer programs for regression analysis calculate the
F statistic, but do not calculate af.

When the hypothesis H is that all the slope coefficients are zero the components
of the a} vector have a simple statistical interpretation. Suppose that the first
column of X is a column of ones and let D be the T X (k — 1) matrix of deviations
of the regressors (excluding unity) from their means. Since z is simply the least
squares estimator of the slope coefficients, z=(D’D)"'D’y. Hence a¥ =
(D'D)z(s%qF)"Y/? = D’y(s’qF)~'/? so that the components of a} are propor-
tional to the sample covariances between the dependent variable and the regres-
sors. If the columns of D are orthogonal, then the components of af are
proportional to the least squares estimates of the slope coefficients, i.e. z. Thus, in
the orthogonal case y, is proportional to the sum of the squares of the estimates
of the slope coefficients.

For an example of the Scheffé test I again turn to the case where ¢ =2 and
o2V = I which is known. When a = 0.05 the test of the separate hypothesis H(a)
is defined by the acceptance region:

to(a)| = |a’z| < 2.448, (3.33)

where a’Va = a’a=1. Thus each separate hypothesis H(a) is tested at the 0.014
level to achieve a 0.05 level separate induced test of H. Geometrically the
acceptance region (3.33) is a strip in the z, and z, space between two parallel lines
orthogonal to the vector a, the origin being midway between the lines. The
acceptance region or strip for testing the separate hypothesis H(a) is shown in
Figure 3.2. The intersection of the separate acceptance regions or strips for all
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2.241 2.448

Figure 3.2 Separate acceptance regions or confidence intervals when ¢ = 2 and o2v=1
which is known. The nominal size is a = 0.05.

non-null a is the circular region in Figure 3.2. Recall that this circular region is
the acceptance region of a 0.05 level x? test of H, i.e. the region shown in Figure
2.1. The square region in Figure 3.2 is the acceptance region of a 0.05 level
Bonferroni separate induced test of H when the only ¢ in L of primary interest
are ¢, =0, and y,=0,. As noted earlier these two acceptance regions can
produce conflicting inferences and hence the same is true for the Bonferroni and
Schefté separate induced tests of H.
The S interval for Y = a’8 is defined by the confidence region:

|a’(6 — z)| < 2.448, (3.34)

which says that the point @ lies in a strip of ¢, and 8, space between two parallel
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lines orthogonal to the vector a, the point (z;, z,) being midway between the
lines. The intersection of the S intervals for all ¢ in L is the circular region in
Figure 3.2 when it is centered at (z,, z,) in the 8, and 6, space. The § procedure
accepts H if and only if all the S intervals cover zero, i.e. if and only if the circular
region in Figure 3.2 (interpreted as a 95% confidence region) covers zero.

When the F test rejects, one or more ¢ ratios for individual parameters may be
large enough to explain this rejection. As an extension of this result we want to
look at F statistics for subsets of the linear restrictions specified by H. If any of
these are sufficiently large then we would have found subsets of the restrictions
responsible for rejection. To carry out this extension of the S procedure we now
present a result due to Gabriel (1964, 1969).

Consider testing the hypothesis:

Hy:CyB—Cy=0,=0, (3.35)

where {C . c,] consists of any g, rows of [Cc] defined in (2.2). Let F, be the F
statistic for testing H, and let z3(a) be the squared ¢ ratio for testing:

Hy(ay): ayW(CueB—cy)=0atb,=0, (3.36)

where a, is ¢4 X 1. With no loss of generality we may let [C,c,] consist of the
last g, rows of [Cc). From the development (3.23) to (3.26) we find that

maxs§(ay) = o Fy = maxsg(a), (3.37)

where [ is the set of all non-null a vectors such that the first ¢ — g, elements are
zero. Hence:

g« Fy <qF, (3.38)

since the constrained maximum of ¢Z(a) is less than or equal to the unconstrained
maximum. This establishes that when H is true the probability is 1 — « that the
inequality,

q+Fe < qF,(q,T—k)=5?, (3.39)

is simultaneously satisfied for all hypotheses H , defined in (3.35) where F, is the
F statistic for testing H .

The implication is that using acceptance region (3.39) we can test any number
of multivariate hypotheses H, with the assurance that all will be simultaneously
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accepted with probability 1 — a when the hypothesis H is true. The hypotheses
H, may be suggested by the data. When we begin the procedure with an a level F
test of H, this is a special case of H, when g, = g. For further discussion see
Schefté (1977a).

3.3.3.  Conditional probability of coverage

The S intervals are usually not calculated when the F test accepts H since none is
considered interesting. In light of this practice Olshen (1973, 1977) has argued
that we should consider the conditional probability that the S intervals cover the
true values given rejection of H. Olshen (1973) has proved that:

P[(b—B) X'X(b—B) <sS2Y'X'X’b>s’S?] <1-a, (3.40)

for all B and o2 provided §* > 3(T — k) and (T — k) > 2. This means that under
certain mild conditions the conditional probability of coverage is always less than
the unconditional probability. Monte Carlo studies show that the conditional
probability can be substantially less than the unconditional probability.

A simple example will serve to illustrate the difference between the conditional
and unconditional probability of coverage. Let x be an observation from N(g,1).
The probability that the nominal 95% confidence interval for p covers p given
rejection of the hypothesis p = 0 by a 0.05 level standard normal test is P(|x — p|
<1.96||x| >1.96). For . =1 we have P(|x|>1.96) = 0.1700 and P(|x — p| <1.96,
[x| > 1.96) = 0.1435, so that the conditional probability of coverage is
0.1435,/0.1700 = 0.8441. For p = 4 the conditional probability is 0.95,/0.9793 =
0.9701. In this example the conditional probability is < 0.95 when p < 3.92 and
> (.95 when p > 3.92.

In general the S procedure is not satisfactory if one wants to control the
conditional probability of coverage since there is no guarantee that the condi-
tional probability is greater than or equal to the unconditional probability, the
latter being the only probability subject to control with the S procedure. Olshen’s
theorem shows that the unconditional probability can be a very misleading guide
to the conditional probability. The S intervals are often criticized for being too
wide, but they are two narrow if we want to make the conditional probability at
least as great as the unconditional. Thus, if like Olshen we are interested in
controlling the conditional probability, then we would want to replace the S
procedure with one which controls this probability; see Olshen (1973) for a
discussion of some developments along these lines.

Suppose we decide before analyzing the data that we have a multiple decision
problem. Then the unconditional probability of coverage is of interest. In this
situation the F test is simply the first step in the S procedure. If the F test accepts
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H it is not customary to calculate the S intervals since it is known that they all
cover zero and if the F test rejects we do not actually calculate all the S intervals
since this is not feasible. On the other hand, suppose we do not decide before
conducting the F test that we have a multiple decision problem, but decide after
the F test rejects that we have such a problem. In this case the conditional
probability of coverage is relevant. Of course, we may be interested in both the
conditional and the unconditional probabilities. In this paper it has been assumed
that we decided to treat the testing problem as a multiple decision problem prior
to looking at the data, i.e. that the unconditional probabilities are the focus of
attention.

3.4. Finite induced test — of secondary interest

Suppose after inspecting the data we wish to make inferences about linear
combinations of secondary interest. I now discuss how the finite induced test can
be generalized so that inferences can be made about all ¥ in L. For this purpose I
adopt the general approach of Scheffé (1959, pp. 81-83). Following Scheffé the
discussion is in terms of simultaneous confidence intervals.

Let G be a set of y in L of primary interest and suppose we have a multiple
comparison procedure which gives for each ¢ in G an interval:

V—hys<y<y+hys, (3.41)

where h is a constant depending on the vector a but not the unknown 6. The
inequality (3.41), which may be written

la’(6 — z)| < hygs, (3.42)

can be interpreted geometrically to mean that the point 8 lies in a strip of the
g-dimensional space between two parallel planes orthogonal to the vector a, the
point z being midway between the planes. The intersection of these strips for all y
in G determines a certain convex set C and (3.41) holds for all y in G if and only
if the point 6 lies in C. Thus, the problem of simultaneous confidence interval
construction can be approached by starting with a convex set C instead of a set G
of y in L. For any convex set C we can derive simultaneous confidence intervals
for the infinite set of all ¢ in L by starting with the relation that the point 8 lies in
C if and only if it lies between every pair of parallel supporting planes of C.
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Let L* be the set of ¢ in L for which a’Va=1 and G* be a set of m linear
combinations ¥ in L* of primary interest. This normalization is convenient since
the M intervals for all  in G* have length 2 Ms and the S intervals for all ¢ in L*

hagal th 1 C. Wa Aafina tha A
nave lengtn 2.55. vy ¢ now aeline tne confacnce set C of the M P rocedure to be the

intersection of the M intervals for all ¢ in G* and the set C of the S procedure to
be the intersection of the S intervals for all ¥ in L*. In the M procedure C is a
polyhedron and in the S procedure C is the confidence ellipsoid defined by (2.6).
When g=2 the region C is a polygonal region in the B procedure and an
elliptical region in the S procedure. In addition, if m = 2 and if 6?V =1, then C is
a square region in the M and B procedures and a circular region in the §
procedure, as depicted in Figure 2.1.

Consider the case where the confidence region C is a square with sides 2 Ms.
Starting with a square we can derive simultaneous confidence intervals for all ¢ in
L*, not just for #, and &,. The square has four extreme points which are the four
corner points. There are only two pairs of parallel lines of support where each

supporting line contains two extreme points. These two pairs of lines define the M
intervals for the ¢ of nnmar\/ interest ie H and 8. respectivelv. and contain all

intervals for the J of primar interest, i.e. §; and 8,, respectively, and contain a
the boundary points of the square. In addltlon to these two pairs of parallel lines
of support, there are an infinite number of pairs of parallel lines of support where
each line contains only one extreme point. One such pair is shown in Figure 3.2.
This pair defines a simultaneous confidence interval for some { of secondary
interest. We can derive a simultaneous confidence interval for every ¢ of
secondary interest by taking into account pairs of supporting lines where each
line contains only one extreme point.

A general method for calculating simultaneous confidence intervals is given by
Richmond (1982) This method can be used to calculate M intervals for linear
combinations of secondary interest. 1 chuy review this method and present (wo
examples for the case of B intervals.

Let G be a set of a finite number m of linear combinations of primary interest

and as before denote the linear combinationsin G by, =4/0,i=1,2,...,m. Any
linear combination in L can be written as y = ¢, + czxpz -+ cm\pm, where

c=(¢y,.-.,Cp) 1.6, any ¢ in L is a linear combination of the xp in G. The method
1s based on the following result. The probability is 1 — a that simultaneously for
all y in L:

m . m
V-MY skaa, |c)<y<$+MY skaVa, |c,|. (3.43)

i=1 i=1

[ also call these intervals M intervals. When ¢ = (0,...,0,1,0,...,0)’, the 1 occur-
ring in the ith place, the M interval is for y,, a ¢ of primary interest.
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This result is a special case of Theorem 2 in Richmond (1982). The result (3.43)
is proved by showing that (3.43) is true if and only if:

¥, — ¥,| < Mys%aVa!, i=1,...,m. (3.44)

I will give a sketch of the proof. Suppose (3.44) holds. Multiply both sides of
(3.44) by |c¢,| and sum over i =1,...,m. Then:

Z Ct(‘i’l 7))

i=1

m m
< X Wi—¥illel< X Mys*aVa, |c], (3.45)

i=1 i=1

which is equivalent to (3.43). Conversely, suppose (3.43) holds for all  in L. Take
¢;=1and cj=0,j=1,...,m,ja& i. Then

19, — ¥l < Mys%aVa,, i=1,...q, (3.46)

which completes the proof.

For both examples I assume that ¢ = 2 and ¢V =1 which is known. In the first
examplz suppose the m =2 linear combinations in G are ¢, =6, and ¢, =6,.
Consider the B interval fory = M(xpl +¢,)= \/m(ﬂ1 + 6,). When 8 = 0.05/2
the Bonferroni critical value is B = 2.24, so that the length of the B interval is
2(c, + ¢;) B =2(2)y/1/2(2.24) = 6.336. This is the case shown in Figure 3.2 when
the square region is centered at (z,, z,) in the 8, and 8, space, i.c. when the square
region is interpreted as a nominal 95% confidence region. In the second example
suppose m =3 and ¢ is of primary interest. When & = 0.05/3 the Bonferroni
critical value is B = 2.39 so that the length of the B interval for { is 2(2.39) = 4.78,
which is considerably less than when ¢ is of secondary interest. This shows that
the length of a B interval for a ¢ in L can vary considerably depending on
whether ¢ is of primary or secondary interest. In particular, the length of a B
interval for a ¥ depends critically on the values of the ¢;’s.

3.5.  Simultaneous confidence intervals

In this section I compare the lengths of the finite induced intervals and the S
intervals. The lengths are compared for the linear combinations of primary
interest and secondary interest. In many cases the B intervals are shorter for the
of primary interest. On the other hand, the S intervals are always shorter for at
least some ¢ of secondary interest.



858 N. E. Savin

3.5.1.  of primary interest

Consider the set G of linear combinations of primary interest in the finite induced
test. The ratio of the length of the M intervals to the length of the S intervals for
¢ in G is simply the ratio of M to S. For fixed g the values M and § satisfy the
relation:

P ma;l(lto(a)lleH]=P[max|to(a)|sS|H , (3.47)
ae a

where [ is a set of m vectors. Since the restricted maximum is equal to or less than
the unrestricted, it follows that M < S. Hence, the M intervals are shorter than
the § intervals for all ¢ and m (m = q).

The B intervals can be longer than the S intervals for all  in G. Suppose G is
fixed. Then S is fixed and from the Bonferroni inequality (2.13) we see that B
increases without limit as m increases. Hence, for sufficiently large m the B
intervals are longer than the S intervals for all ¥ in G. On the other hand,
numerical computations show that for sufficiently small m the B intervals are
shorter than the S intervals for all ¥ in G. The above also holds for intervals
based on the Sidak or the studentized maximum modulus inequality. Games
(1977) has calculated the maximum number of ¢ of primary interest (the number
m) such that the intervals based on the Sidak inequality are shorter than the S
intervals for all ¥ in G.

The effect of varying m (the number of § of primary interest) is illustrated by
the following examples. Suppose ¢ = 2 and ¢*V =1 which is known. If G consists
of m=4 linear combinations and if nominally a=0.05, then applying the
Bonferroni inequality gives B = 2.50. Since S = 2.448 the S intervals are shorter
than the B intervals for all ¢ in G; the ratio of B to S is 1.02. The ratio of the
length of the exact finite induced intervals to the § intervals when m =2 and
a=0.05 is 0.913 since M = 2.236. If instead of calculating the exact 95% finite
induced confidence region we use the Bonferroni inequality, then B = 2.241 which
is also less than S. See Figures 4 and 5 in Miller (1966, pp. 15-16).

In the case where m = g and a = 0.05 calculations by Christensen (1973) show
that the B intervals are shorter than the S intervals regardless of the size of g.
Similar results are reported by Morrison (1976, p. 136) for 95% Bonferroni and
Roy-Bose simultaneous confidence intervals on means. The Roy-Bose simulta-
neous confidence intervals are the same as S intervals in the case of the classical
linear normal regression model.

Investigators object to the length of the S intervals. When the Scheffé test
rejects, the linear combinations responsible for rejection may be of no economic
interest. This may account for the fact that the Scheffé test and the S intervals are
not widely used. In theory the solution is to use a procedure where the set G is
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suitably restricted. In practice it is difficult to construct such a procedure. One
approach is to use a finite induced test. The drawback is that to be operational we
have to apply approximations based on probability inequalities. As already noted,
when m is large relative to g the B intervals are longer than the S intervals and
similar results hold for intervals based on the Sidak or studentized maximum
modulus inequality. Another approach is to construct an infinite induced test
where G is a proper subset of L. No procedure analogous to the S procedure has
been developed for this case. It seems that there is no very satisfactory alternative
to the S intervals when m is sufficiently large.

3.5.2.  { of secondary interest

When the B intervals are shorter for the  of primary interest and the S intervals
are shorter for some ¢ of secondary interest there is a trade-off between the B
procedure and the S procedure. It is instructive to compare the length of the
simultaneous confidence intervals derived from the square region with sides
2B =4.482 with the intervals derived from the circular region with diameter
28 =4.895. The B procedure is the procedure which gives for each ¢ in L* an
interval derived from the square region. The B intervals for ¢ in L* include the B
intervals for 6, and 6,, which are the ¢ of primary interest. The length of the
shortest B interval is equal to the length of the side of the square region and the
length of the longest B interval is equal to the length of the diagonal which is
6.336. Since the length of the S intervals for all { in L* is 4.895 the S intervals are
shorter than the B intervals for some y in L*; in particular, the S interval is
shorter for y =m (8, + 6,), the B interval for this ¢ being the one shown in
Figure 3.2.

When G is finite there are a few cases in the one-way lay-out of the analysis of
variance where the exact significance level of the induced test of H can be easily
calculated. In these cases it is also easy to calculate the probability that simulta-
neously for all ¢ in L the confidence intervals cover the true values. These cases
include the generalized Tukey procedure [see Scheffé (1959, theorem 2, p. 74)]
where the ¢ of primary interest are the pairwise comparisons (4, —6,), i,
j=1,...,q, i # j, and the “extended Dunnett procedure” developed by Schaffer
(1977), where the ¢ of primary interest are the differences (8, — @), i=2,...,4.
Schaffer (1977) found that the Tukey intervals are shorter than the § intervals for
the ¢ of primary interest in the generalized Tukey procedure and likewise that the
Dunnett intervals are shorter than the S intervals for the  of primary interest in
the extended Dunnett procedure. On the other hand, the S procedure generally
gives shorter intervals for the ¢ of secondary interest.

Richmond (1982) obtained similar results when extending the Schaffer study to
include the case where the y of primary interest are taken to be the same as in the
extended Dunnett procedure and the intervals are calculated by applying the
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Sidak inequality. For further comparisons between Tukey and S intervals see
Scheffé (1959, pp. 75-77) and Hochberg and Rodriquez (1977).

4. The power of the Bonferroni and Scheffé tests

4.1. Background

Since the power of the Scheffé test is the same as the power of the F test, it is
uniformly most powerful in certain situations. However, it is not uniformly more
powerful than the Bonferroni test. An attractive feature of the Bonferroni test is
that when it rejects, the linear combinations responsible for rejection are of
economic interest. This feature has to be weighed against the power of the test, i.e.
the probability that the test rejects H when H is false.

Christensen (1973) and Evans and Savin (1980) have compared the power of
the x? Bonferroni tests for the case where ¢ = 2, a2 is known and V is defined as
in (2.17). The acceptance regions of both of these tests have been discussed in
Section 2.4. In this Section I review the power of the F test and the results of the
Christensen study.

The power of the F test is a function of four parameters: the level of
significance a, the numerator and denominator degrees of freedom ¢ and T — &,
and the noncentrality parameter A which is given by:

A=0'V '0/02, (4.1)

when 6 is the true parameter vector. The power of the F test depends on # and
oV only through this single parameter. Therefore it has been feasible to table the
power of the F test; for selected cases it can be found from the Pearson and
Hartley (1972) charts or the Fox (1956) charts. In addition, the power can be
calculated for cases of interest using the procedures due to Imhof (1961) and Tiku
(1965). By contrast, little is known about the power of the Bonferroni test and it
has proved impracticable to construct tables of the power of the test.
Christensen studied the powers of the 0.05 level x? test and the nominal 0.05
level Bonferroni test along rays in the parameter space. Power calculations by
Chrsitensen show that neither test is more powerful against all alternatives. For
example, when r = 0 the Bonferroni test is more powerful against the alternative
6, =6, =1.5850. This is not surprising since neither of the acceptance regions
contain the other. Despite this, Christensen found that when the absolute value of
r was small the power of the two tests was approximately the same regardless of
the alternative. However, when the absolute value of r was high the Bonferroni
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test had very little power against any alternatives considered by Christensen. If
only 6, or 8, is different from zero then the x? test has good power regardless of
the value of r. When both 6, and 6, are different from zero the power of the x?
test is mixed. Against some alternatives the power is extremely good—increasing
with the absolute value of r. On the other hand, the power against other
alternatives decreases badly with increasing absolute value of r. One of the
potential explanations for the power of the Bonferroni test is that the actual level
of significance of the Bonferroni box decreases as the absolute value of r
increases. As noted earlier, for r = 0 the actual level is 0.0494 and as the absolute
value of r approaches one the actual level approaches 0.025.

4.2.  Power contours

The behavior of the power function is described by its contours in the parameter
space. A power contour is the set of all parameter points 8 at which the power is
constant. The power contours of the F test can be obtained from the expression
for the noncentrality parameter (4.1). This is because the power of the F test is the
same at parameter points # with a given value of the noncentrality parameter. The
power of the F test is constant on the surfaces of ellipsoids in the 8 space, but
the general properties of the power contours of the Bonferroni test are unknown.

Evans and Savin calculate the power contours of the 0.05 level x? test and
nominal 0.05 level Bonferroni test in the (6,y1—r?)/0 and (0,V1—r?)/0
parameter space. The power contours for correlations r = 0.0, 0.9, 0.99 at power
levels 0.90, 0.95, 0.99 are shown in Figure 4.1(a~c). When r = 0.0 [Figure 4.1(a))
the power contours of the x? test are circles with center at the origin while the
contours of the Bonferroni test are nearly circular. At a given power level the x?
and the Bonferroni power contours are close together. Thus, both tests have
similar powers which confirms the results of Christensen. We also see that the
contours for a given power level cross so that neither test is uniformly more
powerful.

When the correlation is r = 0.90 [Figure 4.1(b)] the power contours of the
Bonferroni test are not much changed whereas those of the x?2 test have become
narrow ellipses. Hence for a given power level the contours of the two tests are no
longer close together. The x? test is more powerful at parameter points in the
upper right hand and lower left hand parts of the space and the Bonferroni test at
points in the extreme upper left-hand and lower right-hand corners of the space.
For r =0.99 [Figure 4.1(c)] we see that the power contours of the Bonferroni test
continue to remain much fatter than those of the x? test even when the power is
quite close to one. In short, when the correlation r is different from zero the x?
test has higher power than the Bonferroni test at most alternatives.
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Figure 4.1 (a) The 90, 95 and 99% power contours (in the transformed parameter space) of
the Bonferroni and x? tests for = 0.0 and nominal size a = 0.05.

4.3. Average powers

When neither test is uniformly more powerful the performance of the tests can be
compared on the basis of average power. Since V is a positive definite matrix
there exists a nonsingular matrix P such that P’VP = | and #* = P~ '4. Then the
noncentrality parameter can be written as:

A =0%9* /2. (4.2)
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Figure 4.1 (b) The 90, 95 and 99% power contours (in the transformed parameter space) of
the Bonferroni and x? tests for r = 0.90 and nominal size a = 0.05.

Thus, the power of the F test is constant on the surface of spheres with center at
the origin in the §* space. In other words, in the transformed space the power of
the F test is the same at all alternatives which are the same distance from the null
hypothesis (the origin). The F test maximizes the average power on every sphere
in the transformed space where the average power is defined with respect to a
uniform measure over spheres in this space; see Scheffé (1959, pp. 47-49). Hence
the F test is best when we have the same interest in all alternatives which are the
same distance from the null in the transformed parameter space.

It may be more natural to suppose that we have an equal interest in all
alternatives which are equally distant from the null in the @ parameter space. On
this assumption the best test is the one which maximizes the average power on
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Figure 4.1 (c) The 90, 95 and 99% power contours (in the transformed parameter space) of
the Bonferroni and x? tests for r = 0.99 and nominal size a = 0.05.

every sphere in the 8 parameter space. Evans and Savin (1980) define the average
power with respect to a uniform measure over the sphere in the 6 space. Using
this definition Evans and Savin calculate the average power of an a level x? test, a
nominal a level Bonferroni test and an exact a level finite induced test. The
results are reported in Table 4.1 for selected values of the radius R of the circle,
the correlation r and significance levels a.

When r = 0 the average power of both tests is very similar. This is because both
tests have very similar power contours in this case, namely circles for the x? test
and nearly circles for the Bonferront test. On the other hand, when r is near one
and the radius R of the circle is small the average power of the x? test is markedly
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Table 4.1

Average Powers of the Bonferroni(B),Chi-Square(CS)
and Exact Finite Induced(E) Tests.

az0, 10 a=0, 05 a=0,01
r R B cs E B &) E B cs E
0.0 6.0 0.097% 0.1000 0,1000 0.0494 0,0500 0.0500 0.0100 0.0100 0.0100
0.5 0.1249 0,1290 0.1278 0.0676 0.0693 0,0683 0.0158 0.0162 0.0158
1.0 0.2088 0.2177 0.2127 0.1271 0,1327 0.1283 0.0381 0.0404 0,0381
1.5 0.3468 0.3626 0,3516 0.2365 0.2495 0.2382 0.0897 0.0974 0,0898
2,0 0.5203 0.5423 0.5254 0.3933 0.4154 0,3954 0,1857 0.2039 0.1858
2.5 0.6944 00,7182 0.6989 0.5740 0.6028 0.5761 0.3306 0.3634 0.3308
3.0 0.8347 0.8545 10,8379 0.7419 0.7707 0.7437 0.5081 0.5533 0.5084
3.5 0.9252 0,9381 0.9270 0.8675 0.8899 0.8687 0.6845 0.7327 0.6847
4.0 0.9721 0.9786 0.9729 0.9432 0.9567 0.9439 0.8265 0.8666 0.8267
4.5 0.9915 0.9940 0.9918 0.9799 0.9862 0.9802 0.9194 0.9454 0,9195
5.0 0.9979 0.9987 0.9980 0.9942 0.9965 0.9943 0.9687 0.9819 0,9687
0.5 0.0 0.0907 0.1000 0.1000 0.0465 0,0500 0.0500 0.0096 0.0100 0,0100
0.5 0,1177 0.1388 0.,1286 0.0642 0.0761 0,0686 0.0153 0.0186 0.0159
1.0 0,2011 0.2566 0.2159 0.1225 0.1637 0.1293 0.0371 0.0551 0,0382
1.5 0,3403 0.4377 0,.3594 0.2310 0.3204 0,2412 0.0878 0.1447 0,0900
2.0 0.5183 0.6324 0,5390 0,3890 0,5172 0.4019 0.1826 0.3004 0,1863
2.5 0.6978 0.7890 0.7159 0.5737 0.6993 0.5870 0.3271 0.4939 0.3322
3.0 0.8401 0.8903 0.8525 0.7458 0,8313 0.7567 0.5064 10,6732 0.5121
3.5 0.9285 0.9474 0.9352 0.8722 0,9127 0.8792 0.6862 0.8062 0.6914
4,0 0,9724 0.9769 0.9753 0.9455 0,9583 0.9490 0.8305 0.8929 0.8343
4.5 0.9905 0.9909 0.9916 0.9797 0.9819 0.9812 0.9225 0.9453 0,9246
5.0 0,9970 0.9968 0.9974 0.9931 0.9930 0.9937 0.9694 0.9746 0.9703
0.9 0.0 0.0704 0,1000 0.0995 0.0362 0.0500 0,0500 0.0076 0.0100 0,0100
0.5 0.0998 0.2538 0.1365 0.0547 0,1640 0.0733 0.0133 0.0575 0.0170
1.0 0,1855 0.5844 0,2393 0.1130 0,4869 0,1440 0.0344 0.3050 0,0425
1.5 0.,3262 0.7777 0.3978 0.2204 0.7188 0.2673 0.0838 0.5949 0.0997
2.0 0.5104 0,8655 0.5915 0.3786 0.8250 0,4389 0.1768 0,7404 0,2031
2.5 0,7055 0.9169 10,7765 0.5698 0.8869 0,6346 0.3198 0.8209 0,3560
3.0 0.8564 0.9501 0.8962 0.7563 0.9281 0.8083 0.5002 0.8756 0,5417
3.5 0.9353 0.9716 0.9533 0.8860 0.9563 0.9128 0.6882 0.9158 0.7273
4.0 0.9714 0.9849 0.9798 0.9492 0.9751 0.9612 0.8429 0.9455 0.8687
4.5 0.9881 0.9926 0.9918 0.9778 0.9868 0.9834 0.9305 0.9668 0.9421
5.0 0.9954 0.9967 0.9970 0.9909 0.9936 0.9933 0.9693 0,9812 0.9745

higher than the average power of the Bonferroni test. This is because over a circle
of a given radius the average power of the x? test increases as r increases and the
average power of the Bonferroni test is virtually constant for all r. As the radius R
of the circle increases the average power of the Bonferroni test approaches that of
the x? test.

The average power of the exact finite induced test is similar to the average
power of the Bonferroni test. For a = 0.05 the maximum difference between the
average power of the exact test and the Bonferroni test occurs at r = 0.90 for a
circle of given radius. The average power of the exact test is about 0.065 (11.5%)
higher than the average power of the Bonferroni test when the radius is R = .25
and 0.027 (3%) higher when the radius is R = 3.5. The corresponding figures are
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Figure 42 The power of the Bonferroni (broken lines) and the x? (full lines) tests at radii
R =2(0.5)5 as a function of the direction in degrees. The correlation is r = 0.9 and the nominal sizes
are a= (.10, 0.05 and 0.01.
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somewhat higher if @ =0.10 and lower if a=0.01. As a consequence, when the
correlation 7 is near one the exact test is also a poor competitor of the x* test over
smaller radius circles.

Evans and Savin have plotted the behavior of the power over the circle for an «
level x? test and a nominal a level Bonferroni test. The power over various c1rcles
is shown in Figure 4.2 for the case r = 0.90 and a = 0.10, 0.05 and 0.01. The x?2
test has excellent power at most points on each circle. The power dips sharply
only in the neighborhood of 135 and 315 degrees. The Bonferroni test has better
power than the x? test only in the neighborhood of 135 and 315 degrees and even
here the power of the Bonferroni test is only marginally better than that of the x2
test. The Bonferroni test has more uniform, but substantially lower power over
the smaller radius circles. For larger radius circles the power of the Bonferroni
test is higher and hence compares more favorably to the x? test. The picture for
the exact finite induced test is similar with slightly higher power than the
Bonferroni test at all points on the circle.

When the finite induced intervals are shorter than the S intervals for the { of
primary interest it is common practice to conclude that the finite induced
procedure (test) is superior to the S procedure (Scheffé test), for example, see
Stoline and Ury (1979). Of course, if the finite induced intervals are shorter for all
¢ in L, then the finite induced test is uniformly more powerful. However, the S
intervals are generally shorter for some  of secondary interest. When the S
intervals are shorter for some ¢ of secondary interest the Scheffé test may have
higher average power. This is clearly demonstrated by the comparison of the
average powers of the x? test and the Bonferroni test for the case of g =2
parameters. Hence, it is misleading to conclude that the finite induced test is
superior because the finite induced intervals are shorter for the ¢ of primary
interest. To our knowledge there is no evidence that any of the well known
competitors of the Scheffé test have higher average power.

4.4. The problem of multicollinearity

The problem of multicollinearity arises when the explanatory variables are
correlated, i.e. the columns of the regressor matrix X are not orthogonal. In
discussions of the collinearity problem the individual regression coefficients are
taken to be the parameters of primary interest. This is a point of crucial
importance. A full rank regressor matrix can always be transformed so as to
eliminate multicollinearity, but the regression coefficients in the transformed
problem may no longer be of primary interest.

Leamer (1979) provides an excellent discussion of the collinearity problem from
a Bayesian point of view. He observes (pp. 71-72):

..that there is a special problem caused by collinearity. This is the problem
of interpreting multi-dimensional evidence. Briefly, collinear data provide
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relatively good information about linear combinations of coefficients. The
interpretation problem is the problem of deciding how to allocate that
information to individual coefficients. This depends on prior information. A
solution to the interpretation problem thus involves formalizing and utilizing
effectively all prior information. The weak-evidence problem however
remains, even when the interpretation problem is solved. The solution to the
weak-evidence problem is more and better data. Within the confines of the
given data set there is nothing that can be done about weak-evidence.

The interpretation problem can be interpreted as a multiple decision problem
where there are g separate hypotheses, each specifying that an individual regres-
sion coefficient is equal to zero. In classical inference the finite and infinite
induced tests are two approaches to solving the interpretation problem. The finite
induced test provides a guaranteed solution to the interpretation problem whereas
the infinite induced test has a probability of less than one of providing a solution.
Multicollinearity plays an important role because of its effect on the power of the
tests. Consider the Christensen two parameter case where the null hypothesis is
H: B, =B, = 0. The correlation r = 0 if the relevant two regressors are orthogonal.
The Bonferroni and Scheffé tests have similar average power for orthogonal or
nearly orthogonal data. As the correlation r increases the average power of the
Bonferroni test decreases compared with that of the Scheffé test. This means that
for multicollinear data the Bonferroni test solves the interpretation problem at a
cost; the cost is lower average power than for the Scheffé test. Hence there is a
trade-off between the probability of solving the interpretation problem and the
power of the test. The advantage of orthogonal data is that we can always decide
which individual regression coefficients are responsible for rejection at a very
small sacrifice of average power.

What we want to know is the conditional probability that the Scheffé test solves
the interpretation problem given that it has rejected the null hypothesis. The
conditional probability that the Scheffé test rejects Hy: 8, =0 or Hy: B, =0 or
both given that it has rejected H is the probability that the point (¢, 7,) is outside
the x> box divided by the probability that is outside the x> ellipse. This
conditional probability is calculated for significance levels a = 0.10,0.05,0.01,
correlations » = 0.0,0.5,0.9 and radii R = 0.0 (0.5) 4.50. In the (8,V1—r?)/o and
(B,V1—r?)/c parameter space a point can be described by the angle of a ray
from the origin to the point and the distance of the point along this ray. Because
of the symmetry of the problem the calculations were done for angles between 45
and 135 degrees inclusive. Selected results are reported in Tables 4.2 and 4.3.

The results in Table 4.2 show that on small radius circles the average condi-
tional probability can decrease as the correlation r increases. For example, at
a=0.05 and R =1.0 the average conditional probability is 0.637 when r = 0.0 and
only 0.234 when r = 0.9, the decrease being 63%. The decrease is 58.1% when
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Table 4.2
Average Conditional Probabilities of rejecting 8,=0 or £,=0 (or both)
given that the Chi-Square Test rejects.
@=0,10 a=0.05 n=0.01
r R ACP AP ACS ACP AP ACS ACP AP ACS
0.0 0.0 0,6274 0.0627 0.1000 0.5709 0,0285 0.0500 0.4806 (0,0048 0.0100
0.5 0,6503 0,0839 0,1290 0.5933 0.0411 0,0693 0.5005 0.0081 0.0162
1.0 0.6966 0.1517 0.2177 0.6369 0.0845 0.1327 0.5364 00,0217 0,0404
1,5 0.7484 0,2715 0.3626 0,.6867 0.1713 0.2495 0.5778 0.0563 0,0974
2.0 0.8029 0.4354 0.5423 0.7415 0.3081 O.4154 0.6259 0.1276 0.2039
2.5 0.8576 00,6159 10,7182 0.7999 0.4822 0,6028 0.6811 0.2475 0.3634
5.0 0.9079 0.7756 0.8545 0.8583 0.6615 0,7707 0.7427 0.4110 0.5533
3.5 0.9483 0.8897 0,9381 0.9109 0.8106 0.8899 0.8080 0,5920 0,7327
4.0 0.9757 0.9548 0.9786 0.9519 0.9107 0.9567 0.8711 0.7549 0.8666
4.5 0,9907 0.9848 0.9940 0.9764 0.9649 0.9862 0.9248 0.8743 0.9454
5.0 0.9971 0.9958 0.9987 0.9921 0.9886 0.9965 0.9630 0.9455 0.9819
0.5 0.0 0.5881 0,0588 0.1000 0.5422 0,0271 0.0500 0.4672 0,0047 0,0100
0.5 0.5767 0.0795 0.1390 0.5240 0.0393 0.0761 0.4386 0.0079 0.0186
1.0 0.5905 0.1461 0,2569 0.5313 0.0817 0.1637 0.4380 0,0212 0.0551
1.5 0.,6373 0.2656 0.4379 0.5700 0,1672 0.3204 0,4640 0.0552 0,1447
2.0 0.7085 0,4319 0.6326 0.6324 0.3036 0.5172 0.5081 0.1256 0,3004
2.5 0.7954 0.6171 0.7891 0.7158 0,4798 0.6993 0.5713 0.2445 0.4939
3.0 0.8810 0.7807 0.8506 0.8107 0.6632 0.8313 0.6559 0.4082 0.6732
3.5 0.9442 0.8942 0.9476 0.8964 0,8150 0.9127 0.7567 0.5916 0.8062
4,0 0,9790 0.9566 0.9771 0.9544 0,9143 0,9583 0.8553 0.7576 0.8929
4.5 0.9934 0.9844 0.99M 0.9835 0.9658 0.9819 0.9298 0.8780 0.9453
5.0 0.9980 0.9948 0.9968 0.9948 0.9879 0.9930 0.9722 0.9476 0.9746
0.9 0.0 0.4568 0,0457 0.1000 0.4240 00,0212 0,0500 0.3734 0.0037 0,0100
0.5 0.3074 0.0676 0.2538 0.2581 0.0337 0.1640 0,1905 0.0069 0.0575
1.0 0.2920 0.1346 0,5844 0.2341 0.0755 0.4869 0.1636 0,0198 0,3050
1.5 0.3708 0.2533 0.7777 0.2875 0.1594 0.7188 0.1839 0.0528 0.5949
2.0 0.,5104 0.4214 0.8655 0.3985 0.2943 0.8250 0.2414 0.1217 0,7404
2.5 0.6801 0.6162 0,9169 0.5528 0,4722 0.8869 0.3438 0.2389 0.8209
3.0 0.8367 0.7943 0.1750 0.7231 0.,6651 0,9281 0.4883 0,4016 0,8756
3.5 0.9318 0.9059 0.9716 0.8670 0.8287 0.9563 0.6544 0.5879 0.9158
4.0 0.9724 0.9580 0.9849 0.9464 0.9233 0.9751 0.8108 0.7638 0,9455
4.5 0.9891 0.9619 0.,9926 0.9787 0,9660 0.9868 0.9202 0.8898 0.9668
5.0 0.9960 0.9927 0,9967 0.9918 0,9855 0.9936 0.9696 0.9517 0.9812

ACP Average Conditional Probability of rejecting £,=0 or 82=0 (or both)

AP Average Probability of rejecting B

ACS Average probability that the Chi-Square test rejects.

given that the chi-square test rejects.

1

=0 or B,=0 (or both).

a=0.10 and 69.4% when a = 0.01. On large radius circles the average conditional
probability increases as r increases from r = 0, eventually decreasing. Holding the
average power of the Scheffé test constant the average conditional probability
decreases as the correlation r increases. For instance, when a=0.05 and the
average power is roughly 0.45 the average conditional probability falls from about
0.75 to 0.24 as r moves from r = 0.0 to r = 0.9. For higher power this fall is less
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Table 4.3

Conditional Probability(CP) of rejecting 8;=0 or
B,=0 (or both), given that the Chi-Square(CS)
Test rejects.

R=1.0 a=0,05
r Angle cs CP
0.0 45 0.1327 0.6150
60 0.1327 0.6260
75 0.1327 0.6479
90 0.1327 0.6589
105 0.1327 0.6479
120 0.1327 0.6260
135 0.1327 0.6150
0.5 45 0.2255 0.3660
60 0.2170 0.3852
5 0.1939 0.4401
90 0.1629 0.5220
105 0.1327 0.6132
120 0.1112 0.6868
135 0.1036 0.7153
0.9 45 0.8154 0.1003
60 0.7879 0.1048
7% 0.6957 0.1200
90 0.5256 0.1544
105 0.3114 0.2357
120 0.147 0.4269
135 0.0917 0.6266

dramatic and for sufficiently high power it can reverse. The more detailed results
in Table 4.3 show that high power at a given alternative does not insure high
conditional probability at that alternative. When the correlation is fixed at r = 0.9
there is an inverse relation between the power and the conditional probability
even on large radius circles, namely, the higher the power, the lower the condi-
tional probability.

The Bonferroni test solves the interpretation problem whatever the power of
the test. But the test is unsatisfactory when the power is low since in this case the
test is likely to be misleading. This suggests that we may want to trade off some
probability of solving the interpretation problem for some extra power. When the
average power of the Bonferroni test is high the average power of the Scheffé test
will also be high. In this case the Scheffé test will have a high average conditional
probability of solving the interpretation problem. When the Scheffé test has high
power but the Bonferroni test has low power, then the sacrifice of power due to
using Bonferroni test may be difficult to justify. Therefore the Scheffé test may be
more attractive than the Bonferroni test in the presence of multicollinear data.
When the average power of the Scheffé test is low then what is needed is more
and better data. The weak evidence problem and the low power problem are two
sides of the same coin.
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5. Large sample induced tests

Large sample analogues of the finite induced tests and the Scheffé test can be
constructed for a variety of models. These include single equation and multi-
variate nonlinear models, linear and nonlinear simultaneous equations models,
time series models, and qualitative response models. As an illustration I will
briefly discuss large sample analogues of the tests in the context of the standard
nonlinear regression model:

yr=f(an())+un I=1,...,T, (51)

where y, is a scalar endogenous variable, x, is a vector of exogenous variables, 3,
is a k X1 vector of unknown parameters and the u,’s are unobservable scalar
independently identically distributed random variables with mean zero and
variance o .

The nonlinear least squares estimator, denoted by B, is defined as the value of 8
that minimizes the sum of squared residuals:

T

Sr(B)= X [n-f(x. B, (5.2)

t=1

where the B that appears in (5.2) is the argument of the function f(x,,-). In
contrast, B is the true fixed value. The consistency and asymptotic normality of
the nonlinear least squares estimator is rigorously proved in Jennrich (1969).
Therefore, we have:

VT (B—-B,)— N(0,08271), (5.3)
where
. 1| 3%s,
plim— - = (5.4)
T|0Bap’ g

is a k Xk matrix and 8* lies between 8 and B,- For a discussion of the
assumptions needed to prove (5.3), see Chapter 6 by Amemiya in this Handbook.

Amemiya points out that in the process of proving (5.3) we have in effect
shown that, asymptotically,

B-B,=(GG) 'Gu, (5.5)



872 N. E. Savin

where G =(3f/3B")g, a T X k matrix. The practical consequence of the ap-
proximation (5.5) is that all the results for the linear regression model are
asymptotically valid for the nonlinear regression model if G is treated as regressor
matrix. In particular, the usual # and F statistics can be used asymptotically. Note
that (5.5) holds exactly in the linear case.

As an example consider testing the linear hypothesis:

H:CB—c=0=0, (5.6)
where C and ¢ are defined as in (2.2). Let:

z=CB-c (5.7)
and

v=c(66)'c’, (5.8)
where G = (3f/98) - Then we have asymptotically under the null hypothesis

Z

t,=——=~t(T—k) (5.9)
Sy
and
/f/-l
F=zqszz~F(q,T—k), (5.10)

where 52 = S,( B)/(T - k) and V,, is the ith diagonal element of V.

Suppose that a finite number m of § in L are of primary interest. Let the ¢ in
G be y,=a/f, i=1,..., m. The usual ¢ statistic for testing the separate hypothe-
sis H(a,;): ¥,=a/0 =01is:

’
ajz

2, 1,
ys<a,Va,

The acceptance region of a § level equal-tailed test of H(a,) is approximately:

to(a;) = i=1,...,m. (5.11)

Ito(d,)lﬁts/z(T_k), i=1,..-,m. (5_12)

The finite induced test accepts H if and only if all the separate hypotheses
H(a,),...,H(a,,) are accepted. When all the equal-tailed ¢ tests have the same
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significance level the acceptance region for an a level Bonferroni test of H is
approximately:

[t(a;)| < B, (5.13)

where B =1, (T — k). The Sidak or studentized maximum modulus critical
value can also be used in large samples.

A large sample analogue of the Scheffé test can be developed by using the fact
that the maximum of the squared ¢ ratio:

zZ(a)=lf's(T;x—)], (5.14)

is asymptotically distributed as gF(q, T — k). The proof is essentially the same as
the one presented in Section 3.3.1.
Next, consider testing the nonlinear hypothesis:

h(B) =0, (5.15)

where h(B) is a ¢ X1 vector valued nonlinear function such that ¢ < k. If 8 are
the parameters that characterize a concentrated likelihood function L(8), where
L may or may not be derived from the normal distribution, then the hypothesis
(5.15) can be tested using the Wald (W), likelihood ratio (LR), or Lagrange
multipler (LM) test. For a discussion of these tests, see Chapter 13 by Engle in
this Handbook.

When the error vector u is assumed to be normal in the nonlinear regression
model (5.1), the three test statistics can be written as

sl 90| aanalan | ]
LR =T [logT~'s;(B)—log T 's.(B)], (5.17)
_=7BIG(GG) '6'y-1(B)]
LM = ST , (5.18)

where f is the constrained maximum likelihood estimator obtained by maximiz-
ing L(p) subject to (5.15), and G = (9f/0B")z. When the hypothesis (5.15) is
true all three statistics (5.16), (5.17) and (5.18) are asymptotically distributed as
x’(q) if u is normal. In fact, it can be shown that these statistics are asymptoti-
cally distributed as x?(q) even if u is not normal. Thus, these statistics can be
used to test a nonlinear hypothesis when u is non-normal.



874 N. E. Savin

Recall that from any convex set we can derive simultaneous confidence
intervals for all ¢ in L. This convex set can be the acceptance region of the W, LR
or LM tests in large samples. Starting with a finite set G of ¢ in L of primary
interest the convex set can be defined as the intersection of large sample ¢
intervals for all ¢ in G. The ¢ statistics can be based on either the W or the LM
principle of test construction. A large sample analogue of the S intervals can be
based on the W test of H.

6. Empirical examples

6.1. Textile example

Our first empirical illustration is based on the textile example of Theil (1971,
p. 103). This example considers an equation of the consumption of textiles in the
Netherlands 1923-1939:

y=By+Byx; + Byx; +u, (6.1)

where y = logarithm of textile consumption per capita, x, = logarithm of real per
capita income and x, = logarithm of the relative price of textile goods. The
estimated equation is reported by Theil (p. 116) as:

y=137+114x,— 0.83x,, (6.2)
031)  (0.16) (0.04)

where the numbers in parentheses are standard errors.
Theil tests the hypothesis that the income elasticity (8,) is unity, and that the
price elasticity (8,) is minus unity. This hypothesis is:

Bo

9
H:C,B—c=[0 1 0] 2 _[ 1]=[1
o o 1l 11l e

—0=0. (6.3)

The 0.01 level F test rejects H since the value of the F ratio is 11.2 and the upper
1% significance point of an F(2,14) distribution is 6.51.

Consider the Bonferroni test of H where the linear combinations of primary
interest are #, and 6,. The ¢ statistics for testing 8, and 8, are:

z,_ 01430
sy, 016

1= =0.89 (6.4)
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and

01T, o0 65)

1, = =
2 52V22 0.04

respectively. The nominal 0.01 level Bonferroni test rejects H since B =5 ,,(14)
=3.33 when §=0.01/2=0.005. Clearly, the separate hypothesis B, =—1 is
responsible for the rejection of the Bonferroni test of H. The 0.01 level Scheffé
test of H also rejects H since the 0.01 level F test rejects H. In this example the
Bonferroni test has roughly the same power contour as the Scheffé test since the
correlation between the income and price variables is low, namely about 0.22.
The next step is to calculate simultaneous confidence intervals for 6, and 6,.
The B interval for 8, is 0.1430 + 0.16(3.33) and for 8, is 0.1711 £ 0.04(3.33) so that
the B intervals are —0.39 <6, <0.68 and 0.04 < 6, < 0.30, respectively. The §
interval for 6, is 0.1430+0.16(3.61) and for 6, is 0.1771+0.04(3.61) since §
=y2F;;(2,14) = 3.61. Hence the S intervals are —0.43 <6, <0.72 and 0.03 <
0, < 0.32, respectively. Note that the S intervals are longer than the B intervals,
but not much longer. Both intervals for 8, cover zero and both intervals for 6,
cover only positive values. This suggests that the income elasticity 8, is unity and
that the price elasticity B, is greater than minus one. In this example the
hypothesis 8, = —1 is responsible for the rejection of the Scheffé as well as the
Bonferroni test of H. This result also follows from the fact that the absolute value

of the ¢ statistic for @, is larger than either B or S. i.e. |t,] > B and |1,] > S.
The final step is to calculate the normalized a, vector:

_ [c(xx)'c’] (cb-o)

a, m , (6.6)
where agVa, =1. From Theil we have that:
s?le(xx)c] = [ﬁ:é | 83%:8], (6.7)
so that:
ag = 1 [43.2 41.6“ 0.1430]=[ 207.5]’ (6.8)
s(4.733) [41.6 807.0{1 —0.1711 22477

where s = 0.0001833. This confirms Theil’s conclusions (p. 145) that the specifi-
cation 8, = —1 for the price elasticity is responsible for the F test (Scheffé test)
rejecting H, i.e. any linear combination with positive weights and a sufficiently
large weight on 8, is responsible for rejection.
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Suppose in the B procedure that =@, — @, is of secondary interest. The B
interval for ¢ is 0.3141 +£0.20(3.33) or —0.35 < ¢ <0.98. The S interval for ¢ is
0.3141 £0.023(3.61) or 0.23 < ¢ < 0.40 so that the S interval is shorter than the B
interval. Also notice that § = z, — z, is sdfz according to the S criterion, but not
the B criterion. Hence the Scheffé induced test of H is rejected by the separate
hypothesis that the income and price elasticities are the same except for sign:
B, = — B,. Theil (p. 134) objects to the length of the S intervals for the ¢ of
primary interest. In fact in the textile example the S intervals give interesting
results for both the y of primary and secondary interest.

6.2. Klein’s Model I example

Our second example is based on the unrestricted reduced form equation for
consumption expenditures from Klein’s Model I of the United States economy
1921-1941:

y =B+ Bix; + Byxy + Byxy + Byxy + Bsxs + Bexg + Byx, + u, (6.9)

where y = consumption, x; = government wage bill, x, = indirect taxes, x;=
government expenditures, x, = time (measured as year-1931), x; = profits lagged
one year, x, = end of year capital stock lagged one year, and x, = private product
lagged one year. For the purpose of this example all regressors are treated as
nonstochastic. The data is taken from Theil (1971, p. 456). The estimated
equation is:

y=583+0.193x,— 0.366 x,+ 0.205x, + 0.701 x,
(1.90) (0.079) (—0.871) (0.541) (0.930)

+0.748 x5 — 0.147 x, + 0.230x,, (6.10)
(1.49) (-1.27 (0.842)

where now the numbers in parentheses are ¢ ratios. Our estimates of the 8’s agree

with those reported in Goldberger (1964, p. 325). (Note that Goldberger uses

X, — x5 in place of x; so that his estimate of 8, is 0.19327 —0.20501 = —0.01174.)
Consider testing the hypothesis that all the slope coefficients are zero:

H:B,=6,=0, i=1.2,..7. (6.11)

The slope coefficients are multipliers so we are testing the hypothesis that all the
multipliers in the reduced form equation for consumption are zero. The 0.05 level
Scheffé test rejects H since the 0.05 level F test overwhelmingly rejects H. The F
ratio is 28.2 which is much larger than 2.83, the upper 0.05 significance point of
the F(7,13) distribution. Suppose that the linear combinations of primary interest
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in the Bonferroni test are the slope coefficients: ;= #6,, i=1,2,...,7. Then the
critical ¢ value for a nominal 0.05 level Bonferroni separate induced test of H is
B =1;,,(13)=3.19, where §=0.05/7=0.00714. The 7 ratio with the largest
absolute value is the one for lagged profits (Bs). Since this is only 1.49 the
Bonferroni test overwhelmingly accepts H. Thus in this example the Scheffé and
Bonferroni tests of H produce conflicting inferences.

We now apply the S procedure to find which linear combination of the
multipliers led to rejection of the Scheffé test of H. In this example none of the
individual multipliers are responsible for rejection since none of the 7 ratios have
an absolute value greater than S. The largest s ratio is 1.49 and S =/7F; 5(7,13)
= 4.45. To find linear combinations of the multipliers which are responsible for
rejection I began by calculating the normalized vector a,. This vector has
components:

a, =5.82; a,=4.81; a, =137, a,=19.44;
as=12.13; ag =14.33; a,=35.84, (6.12)

where these are proportional to the sample covariances between the dependent
variable and the regressors. The linear combination (6.12) gives some positive
weight to all the multipliers and especially to the multiplier 8, for lagged private
product. Since (6.12) does not seem to have an interesting economic interpreta-
tion, I examined a number of other linear combinations. I could not find a linear
combination responsible for rejection which was also of economic interest.

In this example the explanatory variables are highly correlated. As a conse-
quence the Bonferroni test can have low average power compared to the Scheffé
test. Hence the Bonferroni test may be very misleading. The Scheffé test gives
what appears to be a sensible result, but provides little help in deciding which
multipliers are nonzero. What is needed is more and better data for a satisfactory
solution to the interpretation problem.
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1. Introduction

Exact finite-sample probability distributions of estimators and test statistics are
available in convenient form only for simple functions of the data and when the
likelihood function is completely specified. Often in econometrics these conditions
are not satisfied and inference is based on approximations to the sampling
distributions. Typically “large sample” methods of approximation based on the
central limit theorem are employed. For example, if 6, is an estimator of a
parameter 6 based on a sample of size n, it is sometimes possible to find a
function o(@) such that the distribution of the variable Vn (8, — 0)/0(8) con-
verges to a standard normal as » tends to infinity. In that case, it is common
practice to approximate the distribution of § by a normal distribution with mean
0 and variance 62(8)/n. Similar approximations are used for test statistics,
although the limiting distribution is often chi-square rather than normal in this
context.

These large-sample or asymptotic approximations may be quite accurate even
for very small samples. The arithmetic average of independent draws from a
rectangular distribution has a bell-shaped distribution for n as low as three.
However, it is also easy to construct examples where the asymptotic approxima-
tion is poor even when the sample contains hundreds of observations. It is
desirable, therefore, to know the conditions under which the asymptotic ap-
proximations are reasonable and to have available alternative methods when the
asymptotic approximations break down. In what follows we survey some of the
basic methods that have been used to approximate distributions in econometrics
and describe some typical applications of these methods. Particular emphasis will
be placed on “second-order” approximation methods which can be used to
compare alternative asymptotically indistinguishable inference procedures.

The subject of our investigation has a long history. Techniques for approximat-
ing probability distributions have been studied by mathematical statisticians since
the nineteenth century. Indeed, many of the basic methods in current use were
developed more than 75 years ago. The transfer of these ideas to econometrics,
however, has been very slow; only in the past 15 years has there been substantial
progress in improving the approximations used in empirical economics. The
reasons for this lag are not hard to fathom. The original work concentrated on
one-dimensional statistics based on sums of identically distributed independent
random variables. The generalization to multidimensional cases with nonlinearity,
dependency, and other complications turns out to involve quite difficult mathe-
matics and nontrivial computation. The advent of more powerful mathematical
tools and enormously reduced computation cost in recent years has produced a
revolution in the field of statistical approximation. Not only have old methods
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been applied to more complex problems, a new burst of interest in higher-order
asymptotic theory has occurred among mathematical statisticians. With so much
recent development both within and without econometrics, this survey must
necessarily be incomplete and tentative. It represents a somewhat personal view
of the current state of a rapidly changing area of research.

Before turning to the various techniques and applications, it is perhaps useful
to raise some general issues concerning the use of approximate distributions in
econometrics. First of all, one must decide what one is trying to approximate. In
many applications the parameter vector of interest has high dimension. Do we
wish to approximate the joint probability distribution of the vector of estimates,
or do we wish to approximate each marginal distribution? Is it the cumulative
distribution function that needs to be approximated, or is it the density function?
Some approaches which lead to good approximations of univariate densities are
not convenient for obtaining good approximations of multivariate cumulative
distribution functions. In practice the type of approximation method to be
employed is strongly influenced by the type of function being approximated. The
emphasis in the present survey will be on approximations to univariate distri-
bution functions. It appears that most applications require knowledge of the
probability that a scalar random variable lies in some interval. For example, the
degree of concentration of an estimator and the power of a test can be measured
by such probability statements. Although some discussion of density approxima-
tions will be presented, we shall rarely depart from distributions on the real line.

A second issue concerns the approximation of moments. If determining the full
probability distribution of a statistic is hard perhaps one can get by with
summary values. For many purposes, knowledge of the first few moments of an
estimator or test statistic is sufficient. Thus, methods for approximating moments
may be just as valuable as methods for approximating distributions. As we shall
see, these methods are not unrelated: approximate moments play a key role in
developing approximate distribution functions. Hence our survey will cover both
topics.

Finally, and perhaps most crucially, there is the issue: What use will be made
of the approximation? Generally one can distinguish two distinct reasons for
wanting to know the probability distribution of an estimator or test statistic. One
reason is that it is needed to make some numerical calculation from the data. For
example, one might use the probability distribution to form a confidence interval
for a parameter estimate; or one might form a rejection region for a test statistic.
An alternative reason for knowing the probability law is that it is needed to
evaluate or compare statistical procedures. One might use an estimator’s proba-
bility distribution to judge whether it was reasonably accurate; or one might use
sampling distributions to decide which of two tests is most powerful.

These two different uses of the probability distribution suggest different criteria
for judging an approximation. For the former use, we need a computer algorithm
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that will calculate, quickly and accurately, a number from the actual data. As long
as the algorithm is easy to program and does not require too much data as input,
it does not matter how complicated or uninterpretable it is. For the latter use, we
need more than a number. The probability distribution for an estimator or test
statistic generally depends on the unknown parameters and on the values of the
exogenous variables. To evaluate statistical procedures we need to know how the
key aspects of the distribution (center, dispersion, skewness, etc.) vary with
the parameters and the exogenous data. An algorithm which computes the
distribution function for any given parameter vector and data set may not be as
useful as a simple formula that indicates how the shape of the distribution varies
with the parameters. Interpretability, as well as accuracy, is important when
comparison of probability distributions is involved.

Since my own interests are concerned with comparing alternative procedures,
the present survey emphasizes approximations that yield simple analytic for-
mulae. After reviewing a number of different approaches to approximating
distributions in Section 2, the remainder of the chapter concentrates on higher-
order asymptotic theory based on the Edgeworth expansion. Although the
asymptotic approach rarely leads to the most accurate numerical approximations,
it does lead to a powerful theory of optimal estimates and tests. In this context, it
is worth recalling the words used by Edgeworth (1917) when discussing the
relative merits of alternative approaches to representing empirical data: “I leave it
to the impartial statistician to strike the balance between these counterpoised
considerations... . I submit, too, that the decision turns partly on the purpose to
which representation of statistics is directed. But one of the most difficult
questions connected with our investigation is; What is its use?”

2. Alternative approximation methods

2.1.  Preliminaries

If we are given the probability distribution of a vector of random variables, we
can, in principle, find the distribution of any smooth function of these random
variables by multivariate calculus. In fact, however, the mathematics is often too
difficult and analytic results are unobtainable. Furthermore, we sometimes wish to
learn about certain features of the distribution of a function without specifying
completely the exact distribution of the underlying random variables. In this
section we discuss a number of alternative methods that can be employed to
obtain approximations to the probability distributions of econometric estimators
and test statistics under various circumstances.

Although there is a huge statistical literature on the theory and practice of
approximating distributions, there are relatively few introductory presentations of
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this material. The statistics textbook by Bickel and Doksum (1977) gives a very
brief survey; the handbook of distributions by Johnson and Kotz (1970) has a
more comprehensive discussion. Traditional large-sample theory is developed in
Cramer (1946); a detailed treatment is given in Serfling (1980). The extension to
asymptotic expansions is presented in Wallace’s (1958) excellent (but slightly
dated) survey article; some recent developments are discussed in Bickel (1974).
For a comprehensive treatment of the subject, however, a major incursion into the
textbooks of advanced probability theory and numerical analysis is necessary. For
those with the time and patience, chapters 15 and 16 of Feller (1971) and chapters
1, 3, and 4 of Olver (1974) are well worth the effort. In what follows we refer
mostly to recent developments in the econometric literature; the bibliographies in
the above-mentioned works can give entrée into the statistical literature. The
recent survey paper by Phillips (1980) also gives many key references.

The present discussion is intended to be introductory and relatively nontechni-
cal. Unfortunately, given the nature of the subject, considerable notation and
formulae are still required. A few notational conventions are described here.
Distribution functions will typically be denoted by the capital letters F and G; the
corresponding density functions are f and g. The standard univariate normal
distribution function is represented by ® and its density by ¢. If a p-dimensional
random vector X is normally distributed with mean vector u and covariance
matrix 2, we shall say that X is N,(p,2); when p=1, the subscript
will be dropped. The probability of an event will be indicated by Pr{-}. Thus,
if X is N,(p,2) and c is a p-dimensional column vector, Pr{c¢’X < x]=®[(x —

c’w)/Ve'Zce], for all real x.

If X is a scalar random variable with distribution function F, its characteristic
function is defined as (1) = Eexp{izX }, where 1 is real, E represents expectation
with respect to the distribution of X, and i =y —1. The function K(¢)=logy(z)
is called the cumulant function. If X possesses moments up to order r, then y/(¢)
is differentiable up to order r; furthermore, the rth moment of X is given by the
rth derivative of i~ y(¢) evaluated at zero:

E(X7) =i~ (0).

The rth derivative of i "K(¢), evaluated at zero, is called the rth cumulant of X
and is denoted by:

k,=1""K"(0).
Since the derivatives of K(¢) are related to the derivatives of y/(7), the cumulants
are related to the moments. In fact, k, is the mean and k, is the variance. For a

standardized random variable with zero mean and unit variance, &, is the third
moment and k, is the fourth moment less three. For a normal random variable,
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all cumulants of order greater than two are zero. Hence, these cumulants can be
viewed as measures of departure from normality. For further details, one may
consult Kendall and Stuart (1969, ch. 3).

Our discussion will concentrate on approximating the cumulative distribution
functions for continuous random variables. If the approximating distribution
function is differentiable, there will generally be no problem in obtaining an
approximate density function. Some approximation methods, however, apply
most easily to the density function directly. In that case, numerical integration
may be needed to obtain the distribution function if analytic integration is
difficult.

2.2.  Curve-fitting

The simplest way to approximate a distribution is to find a family of curves
possessing the right shape and select that member which seems to fit best. If the
low-order moments of the true distribution are known, they can be used in the
fitting process. If not, Monte Carlo simulations or other information about
the true distribution can be employed instead.

Durbin and Watson (1971) describe a number of different approximations to
the null distribution of their d statistic for testing serial correlation in regression
disturbances. One of the most accurate is the beta approximation proposed by
Henshaw (1966). Since d must lie between zero and four and seems to have a
unimodal density, it is not unreasonable to think that a linear transformed beta
distribution might be a good approximation to the true distribution. Suppose X is
a random variable having the beta distribution function:

x 1
Pr[XSx]=j(; )

71 (1-1)" ' dr=G(x; p, q).

Then, for constants a and b, the random variable a + bX has moments depending
on p, q, a, and b. These moments are easy to express in analytic form.
Furthermore, the moments of the Durbin—Watson statistic d are also simple
functions of the matrix of regression variables. Equating the first four moments of
d to the corresponding moments of a + bX, one obtains four equations in the four
parameters. For any given matrix of observations on the regressors, these equa-
tions give unique solutions, say p*, ¢*, a*, b*. Then Pr{d < x] can be approxi-
mated by G[(x — a*)/b*; p*,q*]. This approximation appears to give third
decimal accuracy for a wide range of cases. Theil and Nagar (1961) had earlier
proposed a similar approximation, but used approximate rather than actual
moments of d. Since these approximate moments do not vary with the matrix of
regressors, the Theil-Nagar approximation is independent of the data and can be



Ch. 15: Distributions of Estimators and Test Statistics 887

tabulated once and for all. Unfortunately, the moment approximation is not
always accurate and the resulting approximation to the probability distribution is
less satisfactory than Henshaw’s.

A more sophisticated version of the curve-fitting method is suggested by
Phillips (1981). Suppose a statistic X is known to have a density function f(x)
that behaves in the tails like the function s(x). For example, if X possess
moments only up to order k and takes values everywhere on the real line, f(x)
might behave in the tails like a Student density with k +1 degrees of freedom. For
some small integer r, one might approximate the density function f(x) by a
rational function modification of s(x):

s(x)

ag+ax+---+ax’
by+bx+ - +bx"’

(2.1)

where the a; and b, are chosen to make the approximation as accurate as possible.
Since the function (2.1) does not typically have simple moment formulae (or even
possess finite moments), the method of moments is not a useful way to obtain
values for the a; and b,. But, Monte Carlo experimental data or local power series
expansions of the density may be available to help select the parameters. Since
(2.1) has 2r +1 free parameters, it appears that, with a judicious choice for s, this
functional form should provide a very accurate approximation to the density
function of any econometric statistic. Furthermore, if s is replaced by its integral,
a function of the same form as (2.1) could be used to approximate a distribution
function.

If considerable information about the true density is available, curve-fitting
methods are likely to provide simple and very accurate approximations. Phillips
(1981) produces some striking examples. Indeed it is unlikely that any other
method will give better numerical results. However, curve-fitting methods are
considerably less attractive when the purpose is not quantitative but qualitative.
Comparisons of alternative procedures and sensitivity analysis are hindered by
the fact that curve-fitting methods do not typically yield a common parametric
family. If two statistics are both (approximately) normal, they can be compared
by their means and variances. If one statistic is approximately beta and the other
approximately normal, comparisons are difficult: the parameters that naturally
describe one distribution are not very informative about the other. The very
flexibility that makes curve-fitting so accurate also makes it unsuitable for
comparisons.

2.3.  Transformations

Suppose X is a random variable and 4 is a monotonically increasing function such
that £( X) has a distribution function well approximated by G. Since Pr[ X < x] is
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the same as Pr[A(X) < h(x)], the distribution function for X should be well
approximated by G[h(x)]. For example, if X has a chi-square distribution with k
degrees of freedom, VX — vk has approximately a N(0, %) distribution when £ is
large. Hence, one might approximate Pr{X <x] by ®[yV2x — V2k]. A better
approach, due to Wilson and Hilferty (1931), is to treat ( X/k)'/* as N(1,2/9k)
and to approximate Pr{ X < x] by ®[((x/k)'/? —1){/9% /2].

Fisher’s z transformation is another well-known example of this technique. The
sample correlation coefficient p based on random sampling from a bivariate
normal distribution is highly skewed if the population coefficient p is large in
absolute value. However, z = h(p) =log(1— p)/(1+ p) has rather little skewness
and is well approximated by a normal random variable with mean log(1-p) /(1 + p)
and variance n~!. Thus, Pr[p < x] can be approximated by ®[yn h(x)—yn h(p))
for moderate sample size n.

Using transformations to approximate distributions is an art. Sometimes, as in
the correlation coefficient case, the geometry of the problem suggests the ap-
propriate transformation 4. Since p can be interpreted as the cosine of the angle
between two normal random vectors, an inverse trigonometric transformation is
suggested. In other cases, arguments based on approximate moments are useful.
Suppose #( X) can be expanded in a power series around the point p = E( X):

R(X)=h(p)+h'(p)(X—p)+ 3" (p)(X—p) '+ -, (2.2)

where X — p is in some sense small.! Then we might act as though:

E(h) = h(p)+3h"(p)E(X — p)’,
Var(h) = ['(p)]*Var(X),

E(h—Eh)" = [W ()] B(X = ) +3[n ()]0 () [E(X = p)* = Var® (X)),

and choose & so that these approximate moments match the moments of the
approximating distribution. If the approximating distribution is chosen to be
normal, we might require that Var(h) be a constant independent of u; or we
might want the third moment to be zero. If the moments of X are (approximately)
known and the above approximations used, either criterion gives rise to a
differential equation in h(p). The cube-root transformation for the chi-square
random variable can be motivated on the grounds it makes the approximate third
moment of h equal to zero. The Fisher transformation for p stabilizes the
approximate variance of 4 so that it is independent of p.

'For example, if X is a statistic from a sample of size n, its variance might be proportional to n ™!,
Expansions like (2.2) are discussed in detail in Section 3 below.
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Transformations are discussed in detail by Johnson (1949) and illustrated by
numerous examples in Johnson and Kotz (1970). Jenkins (1954) and Quenouille
(1948) apply inverse trigonometric transformations to the case of time-series
autocorrelation coefficients. The use of transformations in econometrics, however,
seems minimal, probably because the method is well developed only for uni-
variate distributions. Nevertheless, as an approach to approximating highly
skewed distributions, transformations undoubtedly merit further study.

2.4. Asymptotic expansions

Often it is possible to embed the distribution problem at hand in a sequence of
similar problems. If the sequence has a limit which is easy to solve, one might
approximate the solution of the original problem by the solution of the limit
problem. The sequence of problems is indexed by a parameter which, in many
econometric applications, is the sample size n. Suppose, for example, one wishes
to approximate the probability distribution of an estimator of a parameter 6
based on a sample. We define an infinite sequence 6, of such estimators, one for
each sample size n=1,2,..., and consider the problem of deriving the distribu-
tion of each 9,,. Of course, we must also describe the joint probability distribution
of the underlying data for each n. Given such a sequence of problems, the
asymptotic approach involves three steps: (a) A simple monotonic transformation
T, = h(8,; 8, n) is found so that the distribution of the transformed estimator T,is
not very sensitive to the value n. Since most interesting estimators are centered at
the true parameter and have dispersion declining at the rate n~!/?, the linear
transformation 7, =Vn (9,, — 0) is often used. (b) An approximation G,(x) to the
distribution function F,(x)=Pr{T, < x] is found so that, as n tends to infinity,
the error |G,(x)— F,(x)| goes to zero. (¢) The distribution function for 9,, 1s
approximated using G,; that is, Pr{f, < t]= Pr{T, < h(¢; 8, n)] is approximated by
G, 1At 8, n)).

For many econometric estimators vn (9,, — @) is asymptotically normal. Hence,
using the linear transformation for A, one may choose a normal distribution
function for G,. However, it is possible to develop other approximations. Let
G,(x) be an approximation to the continuous distribution function F,(x). If, for
all x,

lim n'|E,(x)~G,(x)| =0,
n— 00
we write

F(x)=G,(x)+0(n™")
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and say that G, is a o(n~") approximation to F,. (A similar language can be
developed for approximating density functions.) The asymptotic distribution is a
o(n®) approximation.

The number r measures the speed at which the approximation error goes to
zero as n approaches infinity. Of course, for given sample size n, the value of r
does not tell us anything about the goodness of the approximation. If, however,
we have chosen the transformation h cleverly so that F, and G, vary smoothly
with n, the value of r might well be a useful indicator of the approximation error
for moderate values of n.

There are two well-known methods for obtaining higher-order approximate
distribution functions based on Fourier inversion of the approximate characteris-
tic function. Let ¥ (2)= Eexp{izT,} be the characteristic function for T, and let
K(t)=log ¢ (¢) be its cumulant function. If ¢ is integrable, the density function f,
for T, can be written as:?

W) =5 [T e (1) di= - [T emixeKog,, (23)
—oCc

-0

Often K(¢) can be expanded in a series where the successive terms are increasing
powers of n~1/2. The integrand can then be approximated by keeping only the
first few terms of the series expansion. Integrating term by term, one obtains a
series approximation to f,; further integration yields a series approximation to the
distribution function. The Edgeworth approximation (which is obtained by ex-
panding K (¢) around ¢ = 0) is the simplest and most common method; it does not
require complete knowledge of K(¢) and can be calculated from the low-order
cumulants of T,. A detailed discussion of the Edgeworth approximation appears
in Section 3. The saddlepoint approximation (which is obtained by expanding
K(t) around the “saddlepoint” value r* that maximizes the integrand) is more
complex and requires intimate knowledge of the cumulant function. When
available, it typically gives more accurate approximations especially in the tails of
the distribution. Daniels (1956) and Phillips (1978) have applied the method to
some autocorrelation statistics in time series. Unfortunately, knowledge of the
cumulant function is rare in econometric applications; the saddlepoint approxi-
mation has therefore received little attention to date and will not be emphasized
in the present survey.

Wallace (1958) presents an excellent introduction to asymptotic approxima-
tions based on expansions of the characteristic function. An exposition with
emphasis on multivariate expansions is given by Barndorff-Nielsen and Cox
(1979); the comments on this paper by Durbin (1979) are particularly interesting
and suggest new applications of the saddlepoint method. In econometrics, T. W.

IC{. Feller (1981, p. 482).
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Anderson, P. C. B. Phillips, and J. D. Sargan have been pioneers in applying
asymptotic expansions. Some of their work on estimators and test statistics in
simultaneous equations models is surveyed in Section 6 below.

The above discussion of asymptotic expansions has focused on estimators, but
there is no difficulty in applying the methods to any sample statistic whose
cumulant function can be approximated by a power series in n~ '/, Furthermore,
the parameter which indexes the sequence of problems need not be the sample
size. In the context of the simultaneous equations model, Kadane (1971) sug-
gested that it might be more natural to consider a sequence indexed by the error
variance. In his “small o™ analysis, the reduced-form error-covariance matrix is
written as 0§2; in the sequence, the sample size and the matrix £ are fixed, but ¢
approaches zero. Edgeworth and saddlepoint expansions are available as long as
one can expand the cumulant function in a power series where successive terms
are increasing powers of ¢. Anderson (1977) explores this point of view in the
context of single-equation estimation in structural models.

2.5. Ad hoc methods

Certain statistics permit approximations which take advantage of their special
structure. Consider, for example, the ratio of two random variables, say T =
X,/ X,. If X, takes on only positive values, Pr{T < x]=Pr{ X, — xX, < 0]. If both
X, and X, are sums of independent random variables possessing finite variance,
then the distribution of X, — xX, might be approximated by a normal. Defining
=EX, and g;; = E(X; — p,)(X; — p,), we might approximate Pr{T < x] by:

<I>[(xu2 - #1)/\/011 —20,,% + 0y x°

Even if X, is not always positive, as long as Pr[ X, < 0] is negligible, the above
approximation might be reasonable.

An important example of this situation occurs when X; and X, are quadratic
forms in normal variables. Suppose X; = z’4z and X, = z’Bz, where z is N, (0, 2).
Then, by a rotation of the coordinate system, X = X, — xX, can be wmten as:

p
X=2z(A—xB)z= Y Ay,

i=1

where the A; are the characteristic roots of Z(A4 — xB) and the y, are indepen-
dent N(0,1) random variables. If p is moderately large (say, 20 or more) and the
A; are not too dispersed, a central limit theorem might be invoked and the
distribution of X approximated by a normal with mean tr3(4 -~ xB) and
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variance 2tr[2(A4 — xB)]?. If necessary, Edgeworth or saddlepoint expansions (in
powers of p~1/?) could be employed to obtain greater accuracy.

In this quadratic case, approximations can be dispensed with entirely. The
exact distribution of a weighted sum of independent chi-square random variables
can be obtained by one-dimensional numerical integration using the algorithms of
Imhof (1961) or Pan Jie-jian (1968). Koerts and Abrahamse (1969) and Phillips
(1977a), among others, have used these methods to calculate exact distributions of
some time-series statistics. For large p, numerical integration is unnecessary since
the Edgeworth approximation to X is likely to be adequate. [Cf. Anderson and
Sawa (1979).]

The least-squares estimator of a single coefficient in a linear regression equation
can always be written as a ratio. In particular, when one of the regressors is
endogenous, its coefficient estimator is the ratio of two quadratic forms in the
endogenous variables. Thus ratios occur often in econometrics and their simple
structure can easily be exploited. The multivariate generalization X, ' X, where X,
is a random square matrix and X, is a random vector, also has a simple structure,
but approximation methods for this case seem not to have been explored.

In practice, ad hoc techniques which take advantage of the special structure of
the problem are invaluable for developing simple approximations. General meth-
ods with universal validity have attractive theoretical features, but are not
particularly accurate for any given problem. Approximating distributions is an art
involving judgment and common sense, as well as technical skill. The methods
discussed in this section are not distinct alternatives. Every approximation
involves fitting a curve to a transformed statistic, dropping terms which are
judged to be small. In the end, many approaches are merged in an attempt to find
a reasonable solution to the problem at hand.

3. Edgeworth approximations

Perhaps the most important and commonly used method to obtain improved
approximations to the distributions of estimators and test statistics in economet-
rics is the Edgeworth expansion. There are a number of reasons for this promi-
nence. First, the method is a natural extension of traditional large-sample
techniques based on the central limit theorem. The usual asymptotic approxima-
tion is just the leading term in the Edgeworth expansion. Second, since the
expansion is based on the normal and chi-square distributions—which are
familiar and well tabulated—it is easy to use. Finally, the method can be
employed to approximate the distributions of most of the commonly used
estimators and test statistics and is very convenient for comparing alternative
statistical procedures. Indeed, it is the basis for a general theory of higher-order
efficient estimators and tests.



Ch. 15: Distributions of Estimators and Test Statistics 893

Because of its prominence, the Edgeworth approximation will be described at
some length in this section and in the examples which follow. However, it is worth
noting at the outset that Edgeworth methods do not lead to particularly accurate
approximations. To the contrary, in nearly every application, there exist alterna-
tive curve-fitting techniques yielding more satisfactory numerical results.
Edgeworth is important, not for its accuracy, but for its general availability and
simplicity. Although rarely optimal, it is often quite adequate and leads to a
useful, comprehensive approach to second-order comparisons of alternative pro-
cedures.

Our discussion of the Edgeworth expansion parallels the traditional approach
to asymptotic distribution theory as presented in Theil (1971, ch. 8) or Bishop,
Fienberg, and Holland (1975, ch. 14). We first consider the problem of approxi-
mating sums of independent random variables. Then we show that the theory also
applies to smooth functions of such sample sums. To avoid excessive length and
heavy mathematics, our presentation will be quite informal; rigorous proofs and
algebraic detail can be found in the literature cited. Although Edgeworth expan-
sions to high order are often available, in practice one rarely goes beyond the first
few terms. We shall develop the expansion only up to terms of order n~' and
refer to the result as the “second-order” or o(n ') Edgeworth approximation.
The extension to higher terms is in principle straightforward, but the algebra
quickly becomes extremely tedious.

3.1.  Sums of independent random variables

Suppose X;, X,,... form an infinite sequence of independent random variables
with common density function f; each X, has mean zero, variance one, and
possesses moments up to the fourth order. If ¢ is the characteristic function
associated with f, then the cumulant function log § possesses derivatives up to the

foqrth order and can be expanded in a neighborhood of the origin as a power
series:

log (1) =14(it)"+ bk, (ir) + Lk, (ir)*+ - - -, (3.1)

where k, is the rth cumulant of f.
The standardized sum 7, = 2 X, /Vn also has mean zero and variance one; let
f, and ¢, be its density and characteristic functions. Since

log ¥, (1) =nlog y(1/Vn)

. 1 ; 1
— (i —— L R
L(it) o ky(it) + 24nk4(1t) + ,
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we observe that the rth cumulant of 7, is simply k,n'~"/2, for r > 2. Thus, the
high-order cumulants are small when » is large. Since the function €* has the
expansion 1+ x +1x2+ ---, when x is small, ¢, (7) can be written as a power
series in n~ /%

¥, (1) = exp{log ¢, (1)}

3k, (ir)* + k2(ir)°
= g1/20 1+6—;n:k3(it)3+ (i )m s, (32)

The o(n ') Edgeworth approximation to the density function for T, is obtained
by applying the Fourier inversion formula (2.3) and dropping high-order terms.
Using the fact that, if f has characteristic function y/(¢), then the rth derivative
f has characteristic function (—iz)%(t), the inverse Fourier transform is seen
to be:

f(x)=o(x)- 6—‘—F—k3¢‘3’(X)+ k4v>‘4’(X)+ -—kﬁ(ﬁ)(x)

:(P(X) 1+ k3f‘/3r§X) + 3k4H4(x’;2t’k32H6(x) , (33)

where ¢'” is the rth derivative of the normal density function ¢ and H, is the
Hermite polynomial of degree r defined as:

H(x) = (-1 27,

(By simple calculation, Hy(x)= x> —3x, H,(x)=x*—6x2+3, etc.) Integration
of (3.3) gives an approximation for the distribution function:

ki H,(x) 3k,H. (x)+k2H5(x)
F(x) = ®(x)- g(x >[ et s (3.4)
This latter formula can be rewritten as:
ky(x?=1)  3k,(3x— x*)+2k2(4x> —Tx)
F ~ K3 4 3
" (x) (I)[x P + " , (3.5)

by use of Taylor series expansion and the definition of the Hermite polynomials.
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Equations (3.4) and (3.5) are two variants of the o(n~') Edgeworth approxima-
tion to the distribution function of 7); Phillips (1978) refers to them as the
Edgeworth-A and Edgeworth-B approximations, respectively. The latter is closely
related to the Cornish—Fisher (1937) normalizing expansion for a sample statistic.
If (3.5) is written as:

Pr[T,<x]=®|x+

then, when n is large enough to ensure that the function in brackets is monotonic
for the x values of interest, it can be rewritten as:

Pr

T, + gl‘g,,) e Sx] ~o[x].

Thus, the function inside brackets in (3.5) can be viewed as a transformation h,
making kA(7,) approximately normal.

The argument sketched above is, of course, purely formal. There is no guaran-
tee that the remainder terms dropped in the manipulations are really small.
However, with a little care, one can indeed prove that the Edgeworth approxima-
tions are valid asymptotic expansions. Suppose the power series expansion of ¢,
is carried out to higher order and G;(x) is the analogous expression to (3.4) when
terms up to order n~ /2 are kept. Then, if the X; possess moments to order r +2
and |y /(z)| is bounded away from one for large r:

Pr[T, < x]=G/(x)+o(n""?).

A proof can be found in Feller (1971, pp. 538-542). The assumption on the
characteristic function rules out discrete random variables like the binomial. Since
the distribution of a standardized sum of discrete random variables generally has
jumps of height n~1/2 it is not surprising that it cannot be closely approximated
by a continuous function like (3.4). Edgeworth-type approximations for discrete
random variables are developed in Bhattacharya and Rao (1976), but will not be
described further in the present survey.

The theory for sums of independent, identically distributed random variables is
easily generalized to the case of weighted sums. Furthermore, a certain degree of
dependence among the summands can be allowed. Under the same type of
regularity conditions needed to guarantee the validity of a central limit theorem,
it 1s possible to show that the distribution functions for standardized sample
moments of continuous random variables possess valid Edgeworth expansions as
long as higher-order population moments exist.
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3.2. A general expansion

Since few econometric estimators or test statistics are simple sums of random
variables, these classical asymptotic expansions are not directly applicable. Never-
theless, just as the delta method® can be applied to obtain first-order asymptotic
distributions for smooth functions of random variables satisfying a central limit
theorem, a generalized delta method can be employed for higher-order expan-
sions. With simple modifications, the classical formulae (3.3)-(3.5) are valid for
most econometric statistics possessing limiting normal distributions.

Nagar (1959) noted that k-class estimators in simultaneous equations models
can be expanded in formal series where the successive terms are increasing powers
of n~!/2, The expansions are essentially multivariate versions of (2.2). The rth
term takes the form C.n~ /2, where C, is a polynomial in random variables with
bounded moments. His approach is to keep the first few terms in the expansion
and to calculate the moments of the truncated series. These moments can be
interpreted as the moments of a statistic which serves to approximate the
estimator. [In some circumstances, these moments can be interpreted as ap-
proximations to the actual moments of the estimator; see, for example, Sargan
(1974).]

Nagar’s approach is quite generally available and can be used to develop
higher-order Edgeworth approximations. Most econometric estimators and test
statistics, after suitable standardization so that the center and dispersion of the
distributions are stabilized, can be expanded in a power series in n~ /% with
coefficients that are well behaved random variables. Suppose, for example, 7, is a
standardized statistic possessing the stochastic expansion:

Ay +ﬂ+ R, , (3.6)
vn o/

where X,, A, and B, are sequences of random variables with limiting distribu-
tions as n tends to infinity. If R, is stochastically bounded,* the limiting
distribution of T, is the same as the limiting distribution of X,. It is natural to use
the information in A, and B, to obtain a better approximation to the distribution
of T,,. Suppose the limiting distribution of X, is N(0,1). Let T'= X, + A,n /> +
B,n~! be the first three terms of the stochastic expansion of T,. For a large class
of cases, T’ has finite moments up to high order and its rth cumulant is of order

T,= X, +

3Suppose a standardized sample mean X, =vh (% — u)/o is asymptotically N(0,1) and g is a
differentiable function with derivative b = g’(p). The delta method exploits the fact that, when n is
large, T,, =vn [g(%)~ g(1)} behaves like bo X,; hence 7, is asymptotically N(0, b%02). Cf. Theil (1971,
pp. 373-374).

“A sequence of random variables Z, is stochastically bounded if, for every e> 0, there exists a
constant ¢ such that Pr{| Z, | > ¢] <, for sufficiently large n. That is, the distribution function does
not drift off to infinity. Cf. Feller (1971, p. 247).
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n?~"/2 when r is greater than 2. Furthermore, its mean and variance can be
written as:
a

Vn
Var(T’) =1+ % +o(n71),

E(T’)= +o(n™1),

where a and b depend on the moments of X,, 4,, and B,. The restandardized
variable,

74

1
Jitb/n’

has, to order n ™!, zero mean and unit variance. Its third and fourth moments are:

E(T*)’ = ﬁ +o(n7 1),

E(T*)* =3+ % +o(n1),

where ¢ /Vn is the approximate third cumulant of 77 and d /n is the approximate
fourth cumulant. Since the cumulants of 7’ behave like the cumulants of a
standardized sum of independent random variables, one is tempted to use the
Edgeworth formulae to approximate its distribution. For example, one might
approximate Pr{7T* < x] by (3.5) with ¢ replacing k, and d replacing k,. Dropping
the remainder term and using the fact that

x—a/\/;
yl+b/n

=Pr[T*Sx—%—g—z+o(n_l)],

we are led to the Edgeworth-B approximation:

Pr[T’ < x]= Pr[T* <

(3.7)

+v,x2 X+ y,x°
Pr[TnSx]=®[x+71 Y2 +73 Y4 ]’

6Vn 72n

where

¥, =c¢—6a; v, =9d —14¢* — 36b + 24ac,
Y,=-c . =8c?—3d.
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A similar calculation using (3.4) leads to an Edgeworth-A form of the approxima-
tion.

Of course, the above discussion in no way constitutes a proof that the
approximation (3.7) has an error o(n~'). We have dropped the remainder term
R,/ nyn without justification; and we have used the Edgeworth formulae despite
the fact that T’ is not the sum of n independent random variables. With some
additional assumptions, however, such a proof can in fact be constructed.

If |T, — T’| is stochastically of order o(n~"), it is reasonable to suppose that
the distribution functions for 7, and T’ differ by that order. Actually, further
assumptions on the tail behavior of R, are required. Using a simple geometric
argument, Sargan and Mikhail (1971) show that, for all x and e,

|Pr(T, < x)—Pr(T’ < x)| < Pr[|T, — T'| > e] +Pr[| T" — x| <¢].

If T’ has a bounded density, the last term is of order ¢, as ¢ approaches zero. To
show that the difference between the two distribution functions is o(n~') we
choose ¢ to be of that order. Seiting e=n -3 210gcii, we find that a sufficient
condition for validly ignoring the remainder term is that there exists a positive

constant ¢ such that:
Pr[|R,| > logn] =o(n ). (3.8)

That is, the tail probability of R, must be well behaved as n approaches infinity.
If R, is bounded by a polynomial in normal random variables, (3.8) is necessarily
satisfied.

To show that T’ can be approximated by the Edgeworth formulae, one must
make strong assumptions about the sequences X,, 4,, and B,. If 4, and B, are
polynomials in variables which, along with X, possess valid Edgeworth expan-
sions to order n~ !, the results of Chibisov (1980) can be used to prove a validity
theorem. The special case where (3.6) comes from the Taylor series expansion of a
smooth function g( p), where p is a vector of sample moments, has been studied
by Bhattacharya and Ghosh (1978), Phillips (1977b), and Sargan (1975b, 1976).
These authors give formal proofs of the validity of the Edgeworth approximation
under various assumptions on the function g and the distribution of p. Sargan
(1976) gives explicit formulae for the v, of (3.7) in terms of the derivatives of the
function g and the cumulants of p.

It may be useful to illustrate the approach by a simple example. Suppose X and
52 are the sample mean and (bias adjusted) sample variance based on n indepen-
dent draws from a N(g, ¢?) distribution. We shall find the Edgeworth approxima-
tion to the distribution of the statistic:
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which, of course, is distributed exactly as Student’s 1. With X, =Vn (X — p)/0 and
Y, =Vn(s?— ¢?)/0?, the statistic can be written as:

X’l Xn ));! 3 Xn ),"2 R n

—n =X + ,
A+, /Vn 2n - 8 onn

where the remainder term R, is stochastically bounded. The random variable X,
is N(0,1); Y, is independent of X, with mean zero and variance 2n /(n —1). It is
easy to verify that 7, satisfies the assumptions of Sargan (1976) and hence can be
approximated by a valid Edgeworth expansion. Dropping the remainder term, we
find that T~/ has mean zero and variance 1+2n "'+ o(n ™). Its third cumulant is
exactly zero and its fourth cumulant is approximately 6n~'. Thus, with a = c=0,
b=2, and d =6, (3.7) becomes:

T, =

x+x3]

Pr|[ T, < x] =<I)[x— yp

(3.9
which is a well-known approximation to the Student-¢ distribution function.

There are available a number of alternative algorithms for calculating
Edgeworth expansions. The use of (3.7) with Nagar-type approximate moments is
often the simplest. Sometimes, however, the moment calculations are tedious and
other methods are more convenient. If, for example, the exact characteristic
function for T, is known, it can directly be expanded in a power series without the
need to calculate moments. The Edgeworth approximation can be found by
Fourier inversion of the first few terms of the series. Anderson and Sawa (1973)
employ this method in their paper on the distribution of k-class estimators in
simultaneous equations models.

An alternative approach, used by Hodges and Lehmann (1967), Albers (1978),
Anderson (1974), and Sargan and Mikhail (1971), exploits the properties of the
normal distribution. Suppose the stochastic expansion (3.6) can be written as:

A(X,.Y,)  B(X,Y) R,
+ + ,
vn n n/n
where R, satisfies (3.8), X, is exactly N(0,1), and the vector Y, is independent of
X,, with bounded moments. The functions 4 and B are assumed to be smooth in

both arguments with A” denoting the derivative of 4 with respect to X,. Then,
conditioning on Y, and supressing the subscripts, we write:

T,- X,+

Pr[T’ < x]=E,Pr| X+

A(X,Y) | B(X.Y)
_A(x,Y)  B(x,Y)— A(x,Y)Ax, Y)]

leY]

=E,®|x
ol 45 ;
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The approximation comes from dropping terms of higher order when inverting
the inequality. Taking expectation of the Taylor series expansion of ®, we obtain
the approximation:

BT <x]=0 x_EyA(x,Y)
Vn
_EYB(x,Y)—A(x,Y)A’(x,Y)+%xVafYA(x’Y) . (3.10)

n

Of course, some delicate arguments are needed to show that the error of
approximation is o(n!); some conditions on the functions 4 and B are clearly
necessary. Typically, 4 and B are polynomials and the expectations involved in
(3.10) are easy to evaluate. In our Student-t example, we find from elementary
calculation Ey(A4)=0, E,(B)=3x/4, E,(AA")=x/2, and Var,(A4)=x%/2;
hence, we obtain the approximation (3.8) once again.

3.3.  Non-normal expansions

Edgeworth approximations are not restricted to statistics possessing limiting
normal distributions. In the case of multivariate test statistics, the limiting
distribution is typically chi-square and asymptotic expansions are based on that
distribution. The following general algorithm is developed by Cavanagh (1983).
Suppose the sample statistic 7, can be expanded as:

A, B, R
T,=X,+ =+ +—=

yn n nn’

where X, has, to order n~!, the distribution function F and density function f; the
random variables 4, and B, are stochastically bounded with conditional mo-
ments:

a(x) =E(4,|X,=x),
v(x)=Var(4,|X, = x),

that are smooth functions of x. Define the derivative functions a’=da/dx,
v’=dv/dx and

() = dloi{;(x)‘
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Then, assuming R, is well behaved and can be ignored, the formal second-order
Edgeworth approximation to the distribution of T is given by:

Pr[T, <x]=F|x— a&;) + 2a(x)al(x)JrC(")zl)n()‘)+U’(X)*ZIJ(X) .
(3.11)

Again, many technical assumptions on the random variables X, 4,,, and B, will
be needed to prove the validity of the approximation. They seem to be satisfied,
however, in actual applications.

For example, suppose z, is distributed as N,(0, /') and y, is a vector, indepen-
dent of z,, with zero mean and bounded higher moments. In many hypothesis
testing problems the test statistics, under the null hypothesis, posess a stochastic
expansion of the form:

T"=Z,Z+A(Z,)’)+B(Z,)’)+ R
Vn n m/n

where A is linear in y (for given z) and A(0, y) = 0. (Again, the subscript n is
dropped to simplify the notation.) Since F in this case is the chi-square distribu-
tion function with g degrees of freedom, ¢(x) = (¢ —2— x)/2x. Typically, a(x)
=E(A|z'z=x)=0; b(x) and v(x) are usually homogeneous quadratic functions
of x. Thus, using (3.11), we find an approximation of the form:

Pr[T,<x]=F , (3.12)

x+ B,x?
x+—————ﬁ1 n’32 ]

where the B, are functions of the moments of (z, y). Sargan (1980) gives a detailed
derivation for the case where the stochastic expansion arises from a Taylor
expansion of a function of moments. Rothenberg (1977, 1981b) analyzes the
noncentral case where the mean of z is nonzero and F is the noncentral chi-square
distribution,

To summarize, many econometric estimators and test statistics possess, after
suitable standardization, stochastic expansions of the form (3.6). It is usually easy
to demonstrate that R, satisfies a regularity condition like (3.8) and the remainder
term can be ignored. A formal second-order Edgeworth expansion for the
truncated variable T’ can be obtained from its moments, using any of the
algorithms discussed above. For most econometric applications, the limiting
distributions are normal or chi-square and the correction terms A, and B,
are polynomials in asymptotically normal random variables. Thus the formal
Edgeworth approximation is relatively easy to calculate, as we shall demonstrate
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in later sections. Proofs that the approximation error is indeed o(n ') are much
harder. The results of Sargan (1976, 1980) and Phillips (1977b) cover most of the
cases met in practice.

4. Second-order comparisons of estimators

In any econometric inference problem, many different ways to estimate the
unknown parameters are available. Since the exact sampling distributions are
often unknown, choice among the alternative estimators has traditionally been
based on asymptotic approximations. Typically, however, there are a number of
estimators having the same limiting distributions. In those cases, second-order
Edgeworth approximations can be used to distinguish among the asymptotically
equivalent procedures. Indeed, a rich and powerful theory of second-order
estimation efficiency has developed recently in the statistical literature. Although
most of the results concern single-parameter estimation from simple random
sampling, the extension of this theory to typical econometric problems is ap-
parent.

Second-order comparisons of estimators based on moments calculated from the
first few terms of stochastic expansions have been employed extensively in
econometrics after the pioneering work of Nagar (1959). Some recent examples
are Amemiya (1980), Fuller (1977), and Taylor (1977). Since the estimators being
examined often do not possess finite moments, the status of such comparisons has
been questioned by Srinivasan (1970) and others. However, if the calculated
expectations are interpreted as the moments of an approximating distribution, it
does not seem unreasonable to use them for comparison purposes. In fact,
Pfanzagl and Wefelmeyer (1978a) show that most of the general conclusions
derivable from second-order moment calculations can be restated in terms of
Edgeworth approximations to the quantiles of the probability distributions.

A more serious objection to the econometric work using Nagar-type moment
calculations is the lack of strong results. When the alternative estimators have
different biases, mean-square-error comparisons typically are inconclusive. No
estimator is uniformly best to second order. The comparisons, however, take on
new meaning when interpreted in light of the general theory of second-order
efficiency. This theory, although initiated over fifty years ago by R. A. Fisher
(1925) and explored by C. R. Rao (1961, 1963), has reached maturity only within
the past decade. The summary presented here is based on Akahira and Takeuchi
(1981), Efron (1975), Ghosh and Subramanyam (1974), and Pfanzagl and
Wefelmeyer (1978a, 1979).3

SMany of these statisticians use the term “second-order” to describe expansions with error

o(n~'/2) and would refer to our o(n~ ') Edgeworth approximations as “third-order”. Hence, they
speak of third-order efficiency.
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4.1. General approach

For simplicity, we begin by considering the one-dimensional case under quadratic
loss. An unknown parameter @ is to be estimated from observations on a random
vector y whose joint probability distribution is f( y, #). Under exact sample theory
we would evaluate an estimator @ by its mean square error E(d — )% When exact
distributions are unavailable, we consider a sequence of estimation problems
indexed by the sample size n and use limiting distributions as approximations.
For most applications, the commonly proposed estimators converge in probability
to the true parameter at rate n~'/2 and the standardized estimators are asymptoti-
cally normal. These estimators can be evaluated using expectations calculated
from the approximating normal distributions. We shall denote such expectations
by the symbol E,.

Suppose Vn (8 — 8) converges to a N[u(8), 6%(8)] distribution where . and o2
are continuous functions of § in a neighborhood of the true parameter value.
Then, first-order mean square error E;(8 — 8)? is given by [p*(8)+02(8)]n "
We define %, to be the set of all such asymptotically normal estimators and
consider the problem of finding the best estimator in %;. Under certain regularity
conditions on the density f, the inverse information term can be shown to be a
lower bound for the approximate mean square error. That is, for all § in %,

nE, (0~ 0) > }\(0)
where

2
A(8) = —tim L p 108 /(».0)
YT

is the limiting average information term for f.

An estimator in &; whose approximate mean square error attains the lower
bound is called asymptotlcally efficient. Typically, the standardized maximum
likelihood estimator vn (), — @) converges to a N[0, A~ 1(8)] distribution and
hence 0M is asymptotically efficient. Of course, any other estimator which is
asymptotically equivalent to 6,4 will share this property; for example, if Vn (0
#) converges in probability to zero, then § and 6, will be approximated by the
same normal distribution and have the same first-order properties. Under suitable
smoothness conditions, minimum distance estimators, Bayes estimators from
arbitrary smooth priors, and linearized maximum likelihood estimators are all
asymptotically efficient. [See, for example, Rothenberg (1973).] It seems natural to
compare these estimators using second-order asymptotic approximations.
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Let 6 be an estimator which, after standardization, possesses an asymptotic
expansion of the form:
. A, B, R,
Vn(6-49) X,,+\/;+ P
where X,, 4,, and B, are random variables with bounded moments and limiting
dlstnbutlons as n tends to infinity. Suppose the limiting distribution of X, is
N[0,A"1(6#)] and 4,, B,, and R, are well behaved so that 0 is asymptotlcally
efficient and has a dlsmbunon wh1ch can be approximated by a valid o(n~')
Edgeworth expansion. We shall denote by &, the set of all such estimators.
Expectations calculated from the second-order approximate distributions will be
denoted by E,; thus, E2(0 6)? is the mean square error when the actual
distribution of @ is replaced by the o(n ') Edgeworth approximation. These
“second-order” moments are equivalent to those obtained by Nagar’s technique
of term-by-term expectation of the stochastic expansion (4.1).

(4.1)

4.2. Optimality criteria

Since the maximum likelihood estimator has minimum (first-order) mean square
error in the set.%}, it is natural to ask whether it has minimum second-order mean
square error in Vz The answer, however, is no. If 8 is an estlmator in.%, and 6, is
some constant in the parameter space, then 0(1—n ')+ 6,n 'is also in &, and
has lower mean square error than @ when @ is close to ,. Thus, there cannot be a
uniformly best estimator in %, under the mean square error criterion.

Following the traditional exact theory of optimal inference [for example,
Lehmann (1959, ch. 1)], two alternative approaches are available for studying
estimators in .%,. We can give up on finding a “best” estimator and simply try to
characterize a minimal set of estimators which dominate all others; or we can
impose an unbiasedness restriction thus limiting the class of estimators to be
considered. The two approaches lead to similar conclusions.

When comparing two estimators in %, it seems reasonable to say that b, is as
good as 6, if E,(8, — 6)? <E,(8, — 6)? for all 4. If the inequality is sometimes
strict, we shall say that 6, is dominated by §,. When searching for a good
estimator, we might reasonably ignore all estimators which are dominated.
Furthermore, nothing is lost by excluding estimators which have the same mean
square error as ones we are keeping. Suppose &, is a subset of &, such that, for
every estimator excluded, there is an estimator included which is as good. Since,
in terms of mean square error, one cannot lose by restricting the search to %,
such a set is called essentially complete. The characterization of (small) essentially
complete classes is, according to one school of thought, the main task of a theory
of estimation.
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Unfortunately, essentially complete classes are typically very large and include
many unreasonable estimators. If one is willing to exclude from consideration all
estimators which are biased, a great simplification occurs. Although all