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Preface

This book is concerned with the theory, construction and implementation
of general linear methods for ordinary differential equations. This is a very
general class of methods which include the classical methods such as Runge-
Kutta, linear multistep, and predictor-corrector methods as special cases.
Some theoretical and practical aspects related to general linear methods are
discussed in Numerical Methods for Ordinary Differential Equations by J.C.
Butcher, in Solving Ordinary Differential Equations I: Nonstiff Problems by
E. Hairer, S.P. Nersett, and G. Wanner, and in Solving Ordinary Differential
Equations II: Stiff and Differential-Algebraic Problems by E. Hairer and G.
Wanner. However, these monographs cover the entire area of numerical so-
lution of ordinary differential equations and devote only a limited amount of
space to the discussion of general linear methods. This monograph is an at-
tempt to present a complete analysis of some classes of general linear methods
that have good potential for practical use. These classes include diagonally
implicit multistage integration methods, two-step Runge-Kutta methods, and
general linear methods with inherent Runge-Kutta stability.

In Chapter 1 we present a short introduction to ordinary differential equa-
tions, including existence and uniqueness theory, continuous dependence on
the initial data and right-hand side, stability theory, and discussion of stiff
differential equations and systems. Chapter 2 is an introduction to general

xiii
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linear methods. In particular, we discuss preconsistency, consistency, stage-
consistency, zero-stability, convergence, order and stage order conditions, local
discretization error, and linear stability theory, and present examples of meth-
ods that are appropriate for nonstiff or stiff differential systems in sequential
or parallel computing environments. We also discuss briefly algebraic stabil-
ity, the concept of an underlying one-step method, starting procedures, and
codes based on general linear methods.

Chapters 3 to 8 constitute the main part of the book. In Chapters 3 and
4 we deal with the construction and implementation of diagonally implicit
multistage integration methods. In Chapters 5 and 6 the theory and imple-
mentation of two-step Runge-Kutta methods is discussed. In Chapters 7 and
8 we describe the theory and implementation of general linear methods with
inherent Runge-Kutta stability. The topics in these chapters related to the
theory and construction of these methods include the derivation of order and
stage order conditions, representation formulas for the coefficient matrices of
these methods, construction of formulas with desirable accuracy and stabil-
ity properties, and Nordsieck representation of these methods. The topics
in these chapters related to implementation issues include the construction
of appropriate starting procedures, local error estimation for small and large
step sizes, step size and order changing strategies, construction of continuous
interpolants of uniform high order, updating the vector of external approxi-
mations, and the solution of nonlinear systems of equations for stiff systems by
the modified Newton method. We also present many examples of these meth-
ods of all types, mainly of order p and stage order ¢ = p or ¢ = p — 1. Many
implementation issues are illustrated by the results of numerical experiments
with different classes of general linear methods.

I wish to acknowledge the support and assistance of many people during
the last several years. I would like to thank Henryk WozZniakowski, who sug-
gested, in somewhat unusual circumstances, that I should write this book. I
would also like to express my gratitude to John Butcher, Zbigniew Ciesiel-
ski, Maksymilian Dryja, Ernst Hairer, Stanistaw Kwapieni, Marian Kwapisz,
Waclaw Marzantowicz, and Marian Mrozek for their help and understanding.
I would like to express my gratitude to John Butcher, who has founded this
area of research and from whom I have learned so much in the last several
years. He was always very supportive of my work and provided invaluable
insight into many topics. I would also like to thank him for his warm hospi-
tality during my frequent visits to the University of Auckland and for creating
stimulating research environment during these visits.

I would also like to thank my colleagues who offered comments and sugges-
tions on earlier drafts of this manuscript or influenced my work in many ways.
In particular, I would like to thank Peter Albrecht, Christopher Baker, Zbig-
niew Bartoszewski, Alfredo Bellen, Michal Brag, Kevin Burrage, Jeff Cash,
Philippe Chartier, Joshua Chollom, Dajana Conte, Raffaele D’ Ambrosio, Way-
ne Enright, Alan Feldstein, Luciano Galeone, Roberto Garrappa, Nicola Gug-
lielmi, Laura Hewitt, Adrian Hill, Giuseppe Izzo, Marian Kwapisz, Edisanter
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CHAPTER 1

DIFFERENTIAL EQUATIONS AND
SYSTEMS

1.1 THE INITIAL VALUE PROBLEM

Many problems in science and engineering can be modeled by the initial value
problem for systems of ordinary differential equations (ODEs), which we write
in autonomous form as follows:

u'(t) = f(U(t)), t € [to, T,

1.1.1
u(to) = Up. ( )

Here f : R™ — R™ is a given function that usually satisfies some regularity
conditions, and ug € R™ is a given initial vector. Introducing the notation

31 Ull fl(Ulw-wUm) Uo,1

U, ul, Fmlur, . um) Uo,m

General Linear Methods for Ordinary Differential Equations. By Zdzistaw Jackiewicz 1
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2 DIFFERENTIAL EQUATIONS AND SYSTEMS

(1.1.1) can be written in the following scalar form:

U/l :fl(U1,...,Um), Ul(to) =U0,1,

Uy = frmltt, s tm). tm(to) = tom,

t € [to, T], where we have suppressed dependence on the independent variable
tin u; and u}, 1 =1,2,...,m. Observe that the nonautonomous equation

y'(t) =g(ty(t)), telto,T),

y<t0) = Y0,

(1.1.2)

g:RxR™ — R™, yo € R™, can always be reduced to a system of the form
(1.1.1) of dimension m + 1 if we define

gty Yo
u= ) f(u) = ) ) Uug =
t 1 to

Systems of the form (1.1.1) or (1.1.2) can also arise in practice from the
conversion of initial value problem for differential equations of higher order.
Consider, for example, an autonomous form of such a problem:

y(m) zg(y’y(1)7"'5y(m_l>)ﬂ t S [t07TL
y(to) = yo, ¥V (t0) = y§", ... .y V(te) = yi" Y,

where y(9) stands for the derivative of order i and we again suppressed depen-
dence on t. Setting

w =y up =y, u, =y,
we obtain
uy = up, u1(to) = Yo,
W = us, ulte) = u,
-2
u;n—l = Um, Um-1(to) = y(()m >

-1
Uy, = g(ulau2w'-vum)7 um(tO) - y(()m )a
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which is equivalent to (1.1.1) with

- 42 - ] Yo ]
us y(()l)
flu) = C ug =
U, y(()m—Q)
| glur,ug, . um) | el

In Section 1.3 we discuss the existence and uniqueness of solutions to (1.1.1)
and (1.1.2) under various conditions on the functions f and g. In this discus-
sion we often assume that these problems are defined not only for ¢ € [tg, 7]
but on the larger interval ¢t € I, where I = {t: |t —to| < T}.

1.2 EXAMPLES OF DIFFERENTIAL EQUATIONS AND SYSTEMS

We list in this section several examples of differential equations and differ-
ential systems. These problems are used later in our numerical experiments
with various algorithms for numerical solution of ODEs. These algorithms are
based on some classes of general linear methods discussed herein. All equa-
tions in this section are examples of nonstiff equations and systems. Problem
of stiffness and stiff differential equations and systems are discussed in Sec-
tions 1.7 and 1.8.

SCALAR — the scalar problem [143, p. 237]:
y'(t) = —sign(t)|1—|t||y% te[-2,2],
y(—2) =2/3.

The solution to this initial value problem has a discontinuity in the first deriva-
tive y’ at the point ¢ = 0 and discontinuities in the second derivative 3 at
t=—-landt=1.

(1.2.1)

BUBBLE — a model of cavitating bubble [200, 257

dyp

ds Y2,

dys _ Sexp(~s/s*) —1-15y5 ay+D 1+D (1.2.2)
ds Y1 y% yiiv-%l’

yl(o) =1, y2(0) =0,

t €[0,T]. Here s*, a, D, and v are real parameters. As observed by Shampine
[257], this problem places great demands on the precision and step size control
strategies of numerical algorithms.



4 DIFFERENTIAL EQUATIONS AND SYSTEMS

AREN — Arenstorf orbit for the restricted three body problem [12, 13, 143].
This is an example from astronomy which describes the movement of two
bodies of scaled masses 1 — u and u in a circular rotation in a plane and the
movement of a third body of negligible mass (e.g., satellite or spacecraft) in
the same plane. The equations of motion are

y1+ 4 y1—1+p
II= /_ 1_ —
W=y +2y—(1—p) D Hp

y ) (1.2.3)
oo — 9 — (1 2 2
ys =y2—2y; — (L+p) D, HD,

t € [0,T], where

Dy = (@ +p)?+13)"% Da=((n -1+ +4))™"

This problem with p = 0.012277471 corresponds to the earth-moon system.
The periodic orbits of a satellite or spacecraft moving in such a system were
discovered by Arenstorf [12, 13] by theoretical analysis of periodicity condi-
tions and numerical calculations. Such periodic orbits may facilitate low-cost
space exploration and are of interest to NASA. The initial conditions for which
the solution to (1.2.3) is periodic are, for example,

y1(0) =0.994, ¥;(0) =0, y2(0)=0, y5(0)=—2.001585106379,
with the period of motion 77 given by 77 = 17.06522, or
v1(0) =0.994, ¥1(0)=0, ¢2(0)=0, y;(0)=—2.031732629557,

with the period of motion T given by T» = 11.1234. Such orbits are plotted
in, for example, [52, Fig. 102(i) and (ii)], and [143, Fig. 0.1].

LRNZ — the Lorenz model [209]. This is a system of three differential equa-
tions of the form

Y1 =—0oy1 +0oya,
Yo = —Y1Ys +TY1 — Y2, (1.2.4)
ys =y1y2 — bys,

t € [0,7]. Here b, o, and r are positive constants. For example, for b = 8/3,
o =10, and r = 28, this system has aperiodic solutions.

EULR — Euler’s equations of rotation of a rigid body [143]. This is a system
of three differential equations given by

Liyy = (I2 — I3)yays,
Iy; = (Is — I)ysy1, (1.2.5)
Iy = (h — I2)y1y2 + f(1),
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t € [0,T]. Here y1, y2, and ys are the coordinates of the rotation vector; Iy,
I3, and I3 are the principal moments of inertia; and the third coordinate has
an additional exterior force f(t).

PLEI — a celestial mechanics problem “the Pleiades” from [143, p. 245]. The
equations of motion are

Zm] Tj— Tq /7‘1]’

77 (1.2.6)
Zm] Yi)/Tij
J#
€ [0, 3], where
ry = (@ =2 + i —y))™" g =127
The initial conditions are

z1(0) =3, z2(0)=3, z3(0)=-1, z4(0)=-3

z5(0) =2, xzg(0) = -2, z7(0) =2

y1(0) =3, 32(0)=-3, y3(0)=2, 9a(0)=0

y5(0) =0, ws(0) = —4, y7(0) =4

z}(0) = yi(0) = 0, for all 7 with the exception of
z5(0) =1.75, z%(0) = —1.5, y4(0) =—-1.25, yi(0) =1.

This problem describes the movement of seven stars in the plane with coor-
dinates z;, y; and masses m; = 4, 7 = 1,2,...,7. The trajectories of these
stars are plotted by Hairer at al. [143, Fig. 10.2a], and speeds z} and ¥},
i=1,2,...,7, [143, Fig. 10.2b].

ROPE — the movement of a hanging rope of length 1 under gravitation and
the influence of horizontal F),(t) and vertical F,(t) forces [143]. As explained
by Hairer at al. [143], the discretization of this problem leads to a system
of differential equations of second order for the angles 8; = 6,(t) between the
tangents to the rope and the vertical axis at a discrete arc length s;. This
system takes the form

1
Zaklek = — Zblkek — n(n+§— )Sln(el)
k=1
(1.2.7)
n?cos(0))Fy(t) if 1< 3n/4,
— n?sin(0)) Fp (t) +
0 if 1>3n/4,



6  DIFFERENTIAL EQUATIONS AND SYSTEMS
t€[0.7],1=1,2,...,n, where

1
ai = gikcos(0; — Ox), b = guesin(0; — ), g =n-+ 3~ max{[, k}.

The horizontal force F,(t) acting at the point s = 0.75 is

70~ (o)

and the vertical force F; (t) acting at the point s = 1 is
F.(t)=04.
This system will be solved for n = 40 with initial conditions
0:(0)=6,(0)=0, 1=1,2,...,n,
on the interval [0, 3.723].
Setting

Az[auc]w B=[blk]7 '9’—‘[91 By - 9n}T=

. . . , T . " " " T
9:[91 by - gn], 9:[91 by - Gn]»
system (1.2.7) can be written in vector form as
Af=—B6?+g(t,6), tel0,T],

. (1.2.8)
8(0) = 6(0) = 0,

where 62 denotes componentwise exponentiation and g(¢,6) is an appropri-
ately defined vector function. The solution of (1.2.8) requires computation of
the inverse matrix A~!. As explained by Hairer at al. [143, 146] this can be
done very efficiently in O(n) operations, due to the special structure of the
matrix A. It can be verified that

A+iB= diag(eig1 el ,eie") G diag(e"ie1 e ,e_ie"),

where G = [gg]. This matrix has the inverse

1 -1
-1 2 -1

-1 2 -1
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and it follows that
(A+iB)"'=C+iD
= diag(eie1 etz eig") G-! diag(e_ml,e"w?, ce ,e‘m"),

where C' and D are tridiagonal matrices of the form

1 12
o1 2 Co3
C =
Cn—1,n—-2 2 Cn—1,n
L Cnon—1 3 ]
and _ -
0 812
821 0 503
D=
Sn—-1,n-2 0 Sn—1,n
L Snon-1 0 _
with

et = —cos(Bk — 01), Sk = —sin(fx — ;).
Since (A+ i B)(C +1D) = I, we have
AC-BD=1, AD+BC=0
and it follows that
C=AT1+A"'"BD=A""+A"'BCC'D=A""-DC™'D

or A7! = C 4+ DC~!'D. We also have A™'B = —DC~! and system (1.2.8)
can be written as

§ = DC (6% + Dg(t,0)) + Cg(t,0), te[0,T).

As observed by Hairer at al. [143] this suggests the following efficient algo-
rithm for computation of the acceleration vector 6.

1. Compute w = 62 + Dg(t, 6).
2. Solve the tridiagonal system Cu = w.

3. Compute § = Du + Cy(t,6).
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BRUS — a reaction-diffusion equation (the Brusselator with diffusion) {143].
This is the system of partial differential equations of the form

du 2 ([ BPu D%
E-l+u%—44u+a<w+a—y2>,

(1.2.9)
@—34 — v+ 62U+6—%
ot o “Nozz T2 )

0<2<1,0<y<1,t>0 a=2x1072 together with the Neumann
boundary conditions

ou_ o
én Hn

where n is the normal vector to the boundary of the region [0.1] x [0, 1] and
the initial conditions
u(z,y,0)=05+y, v(zy0)=1+5z
Let N > 1 be an integer and define the grid in space variables z and y by
=0~ DAz, yy=0{(-1Ay, i,j=12,...,N,
where Az = Ay = 1/(N — 1). Define also the functions
Uii(t) = u(®s, y5,t), Vi) = vlzi,y;0t), 4j=12,...,N.

Discretizing (1.2.9) by the method of lines, where the space derivatives are ap-
proximated by finite differences of second order leads to the system of ordinary
differential equations

Ul = 1+ ULV — 44Uy
o
+ A2 (Ui+1,j + U1+ Uijin + U j1 — 4Uij>.,

(1.2.10)
V= 34Uy — U3V

2]

o
+ A (Vi+1,j + Victy + Vij1 + Vij—1 — 4Vij>.,

t € [0,T], 4,5 = 1,2,...,N, of dimension 2N2. The boundary conditions
imply that

Uoj =Uzj, Ung1;=Unc1y, Uig=Ui2, Uint1=Usn-1,

Voi =Vay, Vng1=VN-1y Vio=Vi2, Vivsar =Vin-1,

and the initial conditions are

U;(0)=05+y;, Vi(0)=1+5z;, 4,5=12,....N.
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1.3 EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section we formulate results regarding the existence and uniqueness
of solutions to (1.1.2). We begin with the classical Peano existence theorem
for the system (1.1.2), which assumes only that the function g is continuous
in some domain. The proof of this result is based on the Arzela-Ascoli theo-
rem about a family of vector-valued functions that is uniformly bounded and
equicontinuous. Consider a family F of vector-valued functions y = y(t) de-
fined on an interval I = {t: |t — to| < T'}. Define ||y|| := sup{||y(¢)|| : t € I},
where || - || is any norm on R™. We introduce the following definitions.

Definition 1.8.1 A family F of vector-valued functions y = y(t) is said to be
uniformly bounded if there ezists a constant M such that ||yl < M for every
yeF.

Definition 1.3.2 A family F of vector-valued functions y = y(t) is said to
be equicontinuous if for every e > 0 there exists § > 0 such that the condition
It —sl <0, t,s €1, implies that ||y(t) — y(s}|| < e for all functions y € F.

Theorem 1.3.3 (Arzela-Ascoli; see [212]) Let y,(t), n = 1.2,..., be a
uniformly bounded and equicontinuous sequence of vector functions defined on
the interval I. Then there exists a subsequence yn,(t), j = 1,2,..., which is
uniformly convergent on I.

We are now ready to formulate and prove the classical existence result for
system (1.1.2).

Theorem 1.3.4 (Peano [235]) Assume that the function g(t,y) is contin-
uous in the domain

D= {(tyy)'- it —to] < T, |ly — wol SK} (1.3.1)

and that there exists a constant M such that ||g(t,y)|| < M for (t,y) € D.
Then system (1.1.2) has at least one solution y = y(t) defined for

It — to\ < T1 = min{T, K/M}
and passing through the point (to, yo).

Proof: 1t is generally agreed that the original proof of Peano [235] was
inadequate, and a satisfactory proof was found many years later (see e.g.,
Perron [236]). Here, we follow the presentation given by Birkhoff and Rota
[21]. We will prove the theorem for the interval [tg,tq + T1]; the proof for the
interval [tg — T1,tg] is analogous. Consider the integral equation

t
y(t) = yo + / o(s,y(s))ds, (13.2)

to
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t € [to, to+T1], which is equivalent to (1.1.2). Define the sequence of functions
yn = yn(t), n =1,2,..., by the formulas

Yo, te [t01t0 +Tl/n}a

yn(t) = t—Ti/n
yo+/ g(s,yn(s))ds, te (to +T1/n,to+T1].
to
Observe that the right-hand side of the second formula above defines y,,(¢) for
t € (to+T1/n,to+T] in terms of y,(t) already defined for t € [to, to +T1/n|.
This sequence is well defined since

t—Tl/n
lum®) — wo|| < / lg(s,yn(s)) || ds
[0
< M(t——to—-%> < M(t—t)) < MTy < K

and y,(t) are clearly continuous on [to, to+T1]. We have ||y, ()| < ||yol|+MT1,
which shows that the sequence y,(t) is uniformly bounded. We also have

tz—Tl/n
lintt2) = ool < [ ol vn(o)llds < Mita =t
1=T1/n

which shows that y,(t) is also equicontinuous. Hence, it follows from the
Arzela-Ascoli theorem, Theorem 1.3.3, that there exists a subsequence yy (1),
j=1,2,..., which is uniformly convergent to a continuous function %(t¢); that
is,

hm Yn; = y.

j—ooo
This subsequence satisfies the integral equation, which we write in the form

t

o, (1) = / 9(5,ym, (5)) ds — / 9(5,yn, ())ds.

to —Tl/nj

We have .

lim g(s,yn](s))ds=/ 9(s,7(s))ds

j—oo to to

since the function g(t,y) is uniformly continuous. We also have

¢
H / g(s,ynj(s))ds
t—T1/n;

Hence, passing to the limit as j — oo in the integral equation for y,,, we
obtain

< M— — 0 as j— o0

T(t) = yo + / o(5.7(s)) ds,

to
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which proves that g(t) satisfies the integral equation (1.3.2); hence it also
satisfies (1.1.2) for ¢ € [tg.to + T1]. .

A solution whose existence is guaranteed by the Peano theorem, Theo-
rem 1.3.4, is not necessarily unique. A simple example that illustrates this is
given by a scalar initial value problem

¥ =3y*3, y(0) =0,

where D = {(t,y): |t| <1, |y| <1}. Here the function g(t,y) = y?/3 is
continuous on D, but the problem has solutions y;(t) = 0 and ya(t) = ¢3.

Assume that a function g(¢,y) is defined in some region R C R x R™. To
formulate uniqueness results for (1.1.2), we usually assume that the function
g(t,y) is not only continuous but satisfies some additional regularity proper-
ties. We introduce the following definitions.

Definition 1.3.5 A function g(t,y) satisfies a Lipschitz condition in R with
a Lipschitz constant L if

l9(t.y1) = g(t.v2)|| < Lllyr ~ vl (1.3.3)
for all (t,y1), (t,y2) € R, where || - || is any norm in R™.

Definition 1.3.6 A function g(t,y) satisfies a one-sided Lipschitz condition
in R with a one-sided Lipschitz constant v if

(9(t,11) — a(t, 1)) (11 — v2) < vllws — val? (1.3.4)

for all (t,y1),(t,y2) € R. Here || - || is the Fuclidean norm in R™; that is,
llu]| := VuTu for u e R™.

One-sided Lipschitz condition (1.3.4) plays an important role in the analysis
of numerical methods for stiff systems of ODEs (compare [109, 146]). Assume
that the function g(¢,y) satisfies Lipschitz condition (1.3.3) in the Euclidean
norm || -|| with a constant L. Then using the Schwartz inequality and (1.3.3),
we obtain

(9(t, 1) — a(t,y2)) " (w1 — v2) < |lg(t, 1) — a(t.v2) ||lvr — vzl < Lllgn — w2 ?

and it follows that g(¢,y) also satisfies one-sided Lipschitz condition (1.3.4)
with the same constant L. However, as observed, for example, by Dekker and
Verwer [109], the reverse is not true. A counterexample is provided by any
monotonically nonincreasing function ¢ : R — R which has, for some value of
¥ € R, an infinite slope. We then have

(9(y1) = 9(y2)) (1 —y2) <0

for all y1,y2 € R and it follows that g(y) satisfies (1.3.4) with v = 0. However,
this function does not satisfy (1.3.3) in any neighborhood of 7, where the slope
is infinite.
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Next we formulate a local existence and uniqueness theorem. We also
show that the solution to (1.1.2) can be obtained as a limit of a uniformly
convergent sequence of continuous functions starting with an arbitrary initial
function that satisfies the appropriate initial condition.

Theorem 1.3.7 Assume that the function g(t,y) is continuous and satisfies
a Lipschitz condition (1.3.3) in the domain D defined by (1.3.1). Set

M= max{Hg(t,y)H : (t,y) € D}.
Then (1.1.2) has a unigue solution defined on the interval
[t —to| < Ty = min{T,K/M}
passing through (tg, yo).

Proof:  First consider the interval [tg,tq + 71]; the proof for the interval
[to — T1,t0] is analogous. Define the integral operator

2(t) = b(y()) == yo + / g(s,y(s))ds, (13.5)

t € [tosto+Th]. PutY = {y € R™ : |ly — yoll £ K} and denote by
C([to,to +T1],Y) the space of continuous functions from [to,tq + T1] into
Y with a uniform norm. Observe that if y € C([to,to + T1],Y), then

i
sty =wl < [ llo(us)lds < MTs < ME/M =K

and it follows that the operator ¢ takes the functions from C([tg,to +71},Y)
into C([to,to + T1],Y):
¢ C([to,to -+ Tl},Y) — C([to,to —+ Tﬂ, Y)

Define the sequence of functions y,(t) € C([tg,to + T1],Y") by the formula
t
Ynr1(t) = 0(yn(t)) = vo +/ g(s,yn(s))ds, (1.3.6)
to
n=0,1,..., where yo(t) = yo, t € [to, to + 71]. Then we have the bound

MLt —to)"

[yn(t) = yn1(t)]| < i

(1.3.7)

We prove (1.3.7) by induction with respect to n. Since

() - wo(®)| < / l9(s.30())||ds < M(t - to),
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this bound is true for n = 1. Assuming now that (1.3.7) is true for n we have

IA

om0 = (65016 s

L[ 9= v
ML™(t = to)"*!

E ML (s — t)”
—Mds =2
to n! (n+1)!

ynt1(t) — yn ()]

IA

< L

which is equivalent to (1.3.7) with n replaced by n+ 1. It follows from (1.3.7)

that
> t—to
> lun(®) = var (0] < LZ
k=1

and since the series on the right-hand side is uniformly convergent on the
interval [to,t0 + 71] to the function M (exp(L(t — to)) — 1)/L, we can also
conclude that the series

)+ (y(t) = yn1(t))
k=1

whose nth partial sum is equal to y,(t) is also uniformly convergent on the
interval [to,to + 71]. Denote by 7(t) the limit of the sequence y,(t). Since

9(8,ym(s)) = g(s,4n())|| < [Jym(s) —yals)],

the integral f:o 9(8,yn(8))ds is uniformly convergent for ¢ € [to,to + T1]. Pass-
ing to the limit in (1.3.6) as n — oo, it follows that F(t) satisfies the integral
equation
t
50 =0+ [ as,3(5))ds,
to
t € [to,to + T1]. Hence, 7(t) also satisfies the equivalent initial value problem
(1.1.2), which proves existence.
To prove uniqueness, assume that there are two solutions z(t) and y(t) to
(1.1.2). Define a norm || - || in the space C([tg,to + T1],Y) by the formula

lylla = sup {e== [y()]| ¢ € [to,t0 + T},

where ¢ > 0 and || - || is any norm in R™. Subtracting the integral equations
for z(t) and y(t) equivalent to (1.1.2), we obtain

z(t) —y(t) = /t (9(87 z(s)) — g(s, y(S)))ds

to
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and it follows that

|z(t) —y(®)]

IA

t
L/ ea(s—to)e—a(s_to)H.T(S)_y(s)Hds

to

t
< LHz—yHa/ e@(5=t0) g
to
a(t—to)_l L
= Lz - ylla——— < Zllo ~ ylaext .
8% 8%

This leads to L
e—a(t—to)Hz(t) —y(t)] < EHZ — Yllas

and since the right-hand side of this inequality is independent of ¢, we obtain

L
Iz =ylla < =llz=yla

Choosing a such that L/a < 1, we obtain ||z — ylla = 0 or z(t) = y(t),
t € [to,to + T1]. This completes the proof. m

The proof of Theorem 1.3.7 is an illustration of the Banach contraction
principle [212] for the metric space C([to, to+711],Y) with the distance between
z and y defined by ||z — y||o. We have

o) = 0w, < 2=yl

which shows that the mapping ¢ defined by (1.3.5) is contractive if a is chosen
so that L/a < 1. Hence, ¢ has a unique fixed point § = ¢(7), which is the
limit of the sequence

yn+1(t) = ¢(yﬂ(t))7 n=1,2,.. )y
Yyo(t) = yo,

te [to,to + Tl].

The successive approximations defined by (1.3.6) are called Picard-Lindelf
iterations. These iterations and more general iteration schemes based on the
appropriate splittings of the right-hand side of (1.1.2),

9(t.y) = q1(t,y) + g2(t. ),

form a basis for waveform relaxation iterations: numerical techniques for large
differential systems, which can be implemented efficiently in a parallel com-
puting environment. The continuous version of these iterations takes the form

Yn+1{t) = Yo +/ N (Svyn+1(3))ds+/ gz(s,yn(s))ds,

to to



EXISTENCE AND UNIQUENESS OF SOLUTIONS 15

n=0,1,..., ¥o(t) = yo, and they reduce to (1.3.6) if g1 = 0. The theoretical
background for these techniques is given in a number of articles [213, 218,
219, 220] and monographs [31, 276, 290]. This approach was first proposed by
Lelarasmee [205] and Lelarasmee et al. [206] in the engineering community as a
practical algorithm for large differential systems modeling electrical networks.
The existence and uniqueness of solutions to (1.1.2) to the right of ¢y can
also be established if the function ¢(t,y) satisfies only a one-sided Lipschitz
condition (1.3.4). To be more precise, we have the following theorem.

Theorem 1.3.8 Assume that the function g(t,y) is continuous and satisfies
one-sided Lipschitz condition (1.3.4) in the domain DY defined by

Dt ={(ty): teltoto+ T, lly—voll <K}

Then initial value problem (1.1.2) has a unique solution defined on the interval
[to, to + T1], where

Ty :=min{T,K/M} and M := max{”g(t,y)“ s (ty) € D"’}.

Proof: The existence of a solution follows from the Peano theorem, Theo-

rem 1.3.4. To show uniqueness, assume that there are two solutions z(t) and
y(t) to (1.1.2). Set

o(t) = [|o(t) - y(t)|"e~2 ),

where v is the one-sided Lipschitz constant and || - || stands for the Euclidean
norm in R™. Then

V() = 2(z(t) - y'(t))T(x(t) —y())e2tt)
— 2|z(t) - y()| e 0100)
2(g(t2() = g(t.u())" (2(t) — y(t)) e~ t=)

— 21/Hm(t)—y(t)Hze_zl’(t_tO) < 0.

Hence, the function v(¢) is nonincreasing and it follows that

[2(t) — y(t)| e 2t < ||z (to) — y(to)|*.

Since z(tg) = y(to) = yo, the inequality above implies that z(t) = y(¢),
t € [to, to + 71, which is our claim. n

If the function g(¢,y) satisfies a one-sided Lipschitz condition (1.3.4) in the
domain D defined by (1.3.1), the solution to (1.1.2) is not necessarily unique
to the left of tg. The counterexample is provided by the initial value problem

y' = —2sign(y) ]y, y(0)=0,
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where the function on the right-hand side satisfies a one-sided Lipschitz con-
dition with constant v = 0 for all ¢,y € R. This problem has two solutions,
y(t) = 0 and y(t) = —t2, for ¢t < 0. It follows from Theorem 1.3.8 that y(t) =0
is the unique solution to this problem for ¢t > 0.

1.4 CONTINUOUS DEPENDENCE ON INITIAL VALUES AND THE
RIGHT-HAND SIDE

In this section we show that the solution y(t) to (1.1.2) depends continuously
on the initial conditions and the right-hand side g(t,y) of the differential
equation. These investigations are aided by the following generalization of
the Gronwall lemma [137].

Lemma 1.4.1 Assume that A, p € C([tg,00), R), u(t) >0 fort >ty, and

y(t) < A(t)+ / u(s)y(s)ds, ¢ > to.

to

Then

W) < /\(t)+/t/\(s)u(s)exp</:,u(7')d7'>ds, E> 0. (141)

to

Proof: Set
¢
z(t)=/ n(s)y(s)ds, t>to.

to

Then y(t) < A(t) + 2(t) and

N\
—
o~
~—
I
=
—
o~
~—
Ned
—
o~
~—
IA

pOAR) + pu(t)z(2)

Z(t) = pt)z(t) < Mtu(t), t=to.

Multiplying both sides of this inequality by the integrating factor given by
exp(— f:o u(s)ds), we obtain

where
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Then ¢'(t) — w’(t) > 0, and since v(to) — w(te) = 0, it follows that
t s
w(t) € v(t) = / A(s)u(s) exp ( —/ u(7)d7’> ds.
to to

Hence, using the definition of w(t), we obtain

z(t) £ /t: A(s)u(s) exp (/Stu(r)dr>ds.

The conclusion of the lemma follows from the inequality y(¢) < A(t) + z(t). =

‘We have the following continuity theorem.

Theorem 1.4.2 Assume that z(t) and y(t) satisfy the initial value problems
() = f(t.z@t)), =(t) = 20, (1.4.2)

y'(t) =g(t.y(), ylto) = 1o, (1.4.3)

for t € [to,to + T, where the functions f(t,x) and g(t,y) are defined and
continuous for t € {to,to +711, z,y € Y CR™. Let

[f(t.2) —gt,2)]| < e (1.4.4)

for t € [to,tg +T] and z € Y. Moreover, assume that f(t,x) satisfies the
Lipschitz condition

Hf(t,.’l:) —f(tvy)H < LH:I"—va (1'4'5)

t € [to,to+T), xz,y € Y. Then we have the inequality
lle) —y@) < lizo — yolle" =t + —Z-(e“t‘“) -1). (1.4.6)

Proof: Subtracting integral equations equivalent to (1.4.2) and (1.4.3) we
obtain

z(t) — y(t) = 2o — yo +/t (f(s,x(S)) —g(s,y(S)))ds

=20 — Yo+ /t (f(s, x(s)) — f(s,u(s)) + f(s,y(s)) — 9(s, y(S)))dS-

Taking norms on both sides of the equation above and taking (1.4.4) and
(1.4.5) into account leads to the inequality

e() —y@)| < ||wo—yo|\+€(t—to)+L/ [2(s) = y(s)[|ds.

to
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Hence, using Lemma 1.4.1, we obtain

lz(t) (&) < 2o —yoll +e(t —to) + L / (1o = yoll + €(s —to) J =i,

Conclusion (1.4.6) of the theorem follows after integrating by parts the in-
equality above. |

Observe that the function g(t,y) is not required to satisfy the Lipschitz
condition.

Estimate (1.4.6) is still valid if the function f(¢,y) satisfies only one-sided
Lipschitz condition (1.3.4), where the constant v is not necessarily positive.
To show this, we need the following lemmas.

Lemma 1.4.3 (Dahlquist [98]) Assume that a vector-valued function z(t)
has the right-hand-side derivative 2’ (t+0). Then |z(t)|| has a right-hand-side

derivative, denoted by %Hz(t)“, which is equal to

L H:c(t)+h:c’(t+0)|l - H:c(t)”
g POl = Jim p

Proof: Observe that the limit on the right-hand-side exists since the differ-
ence ratio is a bounded, monotonic function of A. We have

et = 0| = [le@] =@ +ha't = 0)] - [l=2®)] '

h h
z(t+h) —z(t) — ha'(t +0)
< 0
h
as h — 0+, which is our claim. ]

The next result is a fundamental lemma on differential inequalities.

Lemma 1.4.4 Assume that the function u(t) satisfies the inequality
u'(t) < vu(t)+e t2>to, (1.4.7)
u(to) = uo, where v € R is not necessarily positive. Then
u(t) < uge’tt0) 4 5(6““"50) — 1) (1.4.8)

ifv#0 or
u(t) < ug+e(t —to) (1.4.9)

ifv=0.
Proof: Inequality (1.4.7) is equivalent to

u)/(t) S ee—u(t——to)./



CONTINUQUS DEPENDENCE ON INITIAL VALUES AND THE RIGHT-HAND SIDE 19

where w(t) = e~¥{!"0)y(t). Consider the problem
V(t) = ee V) y(ty) =0,

t > tg. whose solution is

if v+#0or
u(t) = et — to)
if v =0. Then w'(t) — v'(t) < 0 and the function w(t) — v(t) is nonincreasing.
Hence,
w(t) = v(t) < w(to) = v(to) = uo

and it follows that
wlt) < up+ E(1 - e“”<t—t0)>
v

if v#0or

w(t) < uo +e(t ~to)
if v = 0. Since w(t) = e~*{t—to)y(t), these inequalities are equivalent to (1.4.8)
and (1.4.9), respectively. This completes the proof. ]

We introduce the following definition.

Definition 1.4.5 For any square matric A € R™™ and matriz norm || - ||,
the limit I+ hA[ -1
+ nAl| —
A)= lim ——
w(A) = lim .

18 called the logarithmic norm of A.

This limit always exists since the difference quotient is a monotonic, bounded
function of h (compare [94, 98], and [109, Lemma 1.5.1}).

The logarithmic norm can take negative values, so it is not a norm. How-
ever, it has many properties similar to the properties of a norm: for example,

plad) = ap(A) if a20.  |u(A) < 4],

WA+ B) < (A +u(B),  |u(A) —uB)| < |A- Bl

(compare [94, 98, 109]). Another interesting property of u(A) is given in the
following result.

Lemma 1.4.6 Assume that || - || is an FEuclidean norm in the space R™ (that
is, ||zl = V2Tz), and denote by the same symbol the associated matriz norm.
Then

T Az
A) = max ——.
M = 0 Tl
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Proof: We have

L T+hA -1 lz + hAz| — ||z
wA) = hl—l.%l+ h B ,hl—l.%lﬁ- ) hljz||
= lim max = + hdzi® ~ quz

w0t =20 hl|z||(|lz + hAz| + [|z]])
(z + hAz)"(z + hAz) —aTa

= W TR Al (o + hal = 1)
= lim max 207 Az + ha” A7 Az = max zTAz'
=0t 220 [z (2 + hAzl +||2]) — e#0 [zl
which is our claim. ]
For the three most commonly used norms, || - |1, || - |2, and || - ||ac, the

explicit expressions for u;(A), u2(A4), and p.(A), are given by

MMFﬂgﬁ(w+ f:hﬂ)

J=Lii

A+ AT
H2 (A) = Amax ( ) ’

2

again compare {94, 98, 109]. Here, Ayax (M) stands for the largest eigenvalue
of the matrix M.
The next result is the relationship between the one-sided Lipschitz con-

dition for the function f(¢,y) and the logarithmic norm of the integral of

Zt.m).

Lemma 1.4.7 Assume that the function f(t,y) ts continuously differentiable
with respect to y. Then the condition

(z—p)T(flt.z) = flt,y) < vie—yl? (1.4.10)

u(/olg—g(t,ez—k-(l—e)y)dQ) < v (1.4.11)

Proof: Tt follows from the mean value theorem for vector functions that

implies that

)= s = [ (oo w -o)ap @ -
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(compare [229, page 71]). Hence, inequality (1.4.10) implies that

(;z:—y)T/O1 %(t,@x-&-(l—ﬁ)y)d@(z—y)

< v,
[z -yl
and it follows that
1
zT/ ﬂ(t,@x + (1 - H)y)dﬁz

o Oy
max < v
0 (Bl

By Lemma 1.4.6 this inequality is equivalent to (1.4.11). This completes the
proof. [ ]

We are now ready to formulate and prove the main result of this section,
which is an analog of Theorem 1.4.2.

Theorem 1.4.8 Assume that z(t) and y(t) satisfy the initial value problems

2'(t) = f(t.2(t)).  =(to) = o,

V(1) =g(t.y®), wy(to) = yo.
fort € lto, to+ T, where 2’ (t) and y'(t) stands for the right-hand-side deriva-

tive at t = ty. Assume that the functions f(t,z) and g(t,y) are defined and
continuous and that

[f(t.2) —gt.2)|| < e

for t € [to,to +T), z,y € Y C R™. Assume also that the function f(t,y) is
continuously differentiable with respect to the second argument and satisfies a
one-sided Lipschitz condition (1.4.10) for t € [to,T] and z,y € Y. Then we
have the following inequality, which is an analog of (1.4.6):

lo)) =yl < lloo — vollet*=) 4+ = (ev=t0) — 1), (1.4.12)
t € [to,T], if v# 0 and

l2(6) =yl < llzo = yoll + et — to), (1.4.13)

te [to,T], ifv=0.
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Proof: It follows from Lemma 1.4.3 that

dt
2(t) = y(t) + h - (2(t) = y(0) | = [l2() — y(0)|
—llz®) -y = lim H di H
e -y + w5 20) - g9 ®)) | - 2 - v
- hl_l»%l+ h
e v+ n (2 20) - £Ev0)| - o) - v
< lim + €
h—0+ h

Set z(t) = z(t) — y(t). Then

z(t)+hfolg£(t9() (1-0)y(t))db=(t H—H o

dt ) < A R e
1o
H <I+h/ 8—f(t-,9x(t) +(1 - 9)y(t))d€> z(t)H = [J2(t)]]
= lim 0 9Y + €
h—0+ h
1 8f
_ u(/o %(t,ex(t)ﬂl—e)y(t))de) < vllz0)| + e
Inequalities (1.4.12) and (1.4.13) now follow from Lemma 1.4.4. n

1.5 DERIVATIVES WITH RESPECT TO PARAMETERS AND
INITIAL VALUES

In this section we investigate the differentiability of solutions to differential
systems with respect to parameters and initial values. Assume that the func-
tion g(t,y, A) is defined in some open set D and consider the initigl value
problem

yl = Q(t-y A0)7 y(tO) = Yo, (151)

where (to,y0, Ao) € D C R x R™ x R®. Denote by y(t) = y(t:to, yo. o) the
solution to (1.5.1), which is defined on a compact interval J containing ¢y.
We have the following theorem.

Theorem 1.5.1 Assume that the function g(t,y,A) has continuous partial
derivatives

99 _ |99 amd 2|09
a 8y] i=1,....,m,j= 8>\ B 8>\] =1



DERIVATIVES WITH RESPECT TO PARAMETERS AND INITIAL VALUES 23

at all points (t, y(t;to, yo. Ao), Ao) with t € J. Then for all X sufficiently close
to Ao, the initial value problem

Y =gty N, ylto) =yo, (1.5.2)

has a unique solution y(t) = y(t;to,yo, A) which is defined on the interval
J. Moreover, for all t € J, the partial derivative %(t;to,yo,)\o) exists and
satisfies the initial value problem for the linear differential system

9 ag
o = ég(t.y(t;to,yo,m Xo)i+ o2 o (t,y(t;to,yo,Ao),Ao), n(te) =0,
(1.5.3)

n:J— R™ xR

Proof: Since 8g/0y and 8g/dX are continuous in (¢, y, A) and y(¢; to, Yo, Ao)
is continuous in t, there exists for each € > 0 and each s € J a corresponding
§ = 4(s,€) > 0 such that

9 7]
: ’ (1.5.4)
H_g _ 6—i<t,y(t;to7yo,>\o)-,>\0> ‘ <€

if

t—s <6, |ly—yltitoyo. M| <6 A=A <6
Since interval J is compact, it can be covered by a finite number of intervals
I of the form I, = {t: |t—s| <8(s,¢)}. Hence, there exists &' = §'(¢)
(independent of s) such that inequalities (1.5.4) are satisfied for all (¢,y,A) €
Q. where set @ is defined by

Q={ty N ite d Jy—yltito,po o)l <7 [N =Kol <6}

Set @ is closed and it follows that 8g/0y and 8g/I\ are bounded on it; that
is, there exist constants A and B such that

o=+ lmi<e

In particular, g(t,y, \) satisfies a Lipschitz condition with respect to y, and, if
A — Xoll <&, it follows from Theorem 1.3.7 that initial value problem (1.5.2)
has a unique solution y(t; to, ¥o, Ag). We can assume without loss of generality
that this solution stays in the region

Qxr={(t,y): (t.y,N) e J}

since if this is not the case, we can always restrict the size of the interval J.
We have

Y (tito v, A) = g(t. y(ti to. yo, A), A),
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y'(t;to, 40, do) = g(t, y(t: to, Yo, M), Ao),
and since

for all y such that |y — y(¢;t0,yo0, Ao)|| < &, it follows from Theorem 1.4.2
that

lu(t; to, yo, A) — y(tito, yo, do)|| < ClIA = X, (1.5.5)
where C = B(e" —1)/A and h is the length of the interval J. Set
X(t /\) = y(t~ to, Yo, /\) - y(tv to; Yo. /\0) - U(t)(/\ - /\0)1 (156)

where 7(t) is the solution to (1.5.3). Then x(to; A) =0 and

X/(t,/\) = g<t7y(tt0'y07/\)'/\) - g(tvy(t;t07y03/\0)~/\0)

= 221 yttt0.30.20). 20 ) ()X = Do)

0
- a—‘/q\' (t y(t7 t07 Yo. /\0)7 /\0) (/\ - /\0)

Computing n(t)(A — Ap) from (1.5.6) and substituting it into the equation
above, we obtain

0
X (t:A) = a—z (t-, y(t;to, Yo, Ao), /\o)x(t; A) + &,
where

5 = g(tvy(tvtO*ym/\)/\) - g(ty(t~t07y0/\0)7/\)
Q(ty(t7t0y0~/\0)/\) - g<twy(t;t07y0’/\0)7/\0)

0

5y (B (2: 0,0, 20). 20 ) (u(t: 10,40 3) = y(t:to. 50, 0))

0
- %(L y<t~ th Yo, /\0)7 /\0)</\ - /\0)
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It follows from the integral form of the mean value theorem [229] that

o
I

L/a
/ 2 (ﬁy(t%to,yo, Xo) + 0(y(tito. yo. A) — y(ti to, yo. Ao)), /\)
0 Oy
17,
- &Lg; (ty(t1t0y07 /\0)7/\0)> (y(t7t07y0 /\) - y(t7t07y0/\0))d9
1 89
+ /0 5(t=y(t%to7yo,/\o)7/\o+9(/\—/\0))

8
- a—i (t,y(t;to,yo, o), /\0)> (A = Xo)dd.

Hence, using (1.5.4) and (1.5.5), we obtain
1€l < e(C+1)[A = Aoll.
Consider also the differential system

8
Y = —%(t,y(t;to,yo,Ao),Ao)x X(to) =0,

which has a zero solution X (¢, A) = 0. Applying Theorem 1.4.2 again, it follows
that N
Ix(®&N]| < eClIA=oll,

or using definition (1.5.6) of x(¢; A), we have

Hy(t;to,yow\) = y(t;to, Yo, Aa) — n(t) (A — /\O)H

< 65,
(R

where C = (C + 1)(e”* — 1)/A. Hence, since ¢ can be arbitrarily small, it
follows from the definition of differentiability that %(t:to.yo, Ao) exists and
is equal to n(t) for all t € J. This completes the proof. [

Consider next the system

v =g(t,y), (1.5.7)

where the function g(t,y) is defined in a domain D and denote by y(t:7,&)
the solution to (1.5.7) passing through the point (7.£) € D. We have the
following theorem.

Theorem 1.5.2 Assume that the function g(t,y) is continuous in D. Assume
also that y(t:to, o), (to,y0) € D, exists on a compact interval J and that
g(t,y) has continuous partial derivative g—g(t,y(t;to,yo)) for allt € J. Then
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y(t;7,€) exzists and is unique on J for all points (1,£) that are near (tg,yo)-
Moreover, for all t € J the partial derivative %%(t;tg,yg) erists and is equal
to the solution of the homogeneous linear matriz differential system

)
n = 8—z(t,y(t;to,yo))m n(to) =1, (1.5.8)

while %(t;tmyo) exists and
e,
-%(t?toyyo)g(to,yo)- (1.5.9)

Proof: Set y = z + £ Then (1.5.7) with initial condition y(7) = £ is
transformed into the initial value problem

9., _
'57:(1571507?/0) =

' =gtz +§) =Gt,z,€), z(r)=0, (1.5.10)

where £ is some parameter. Let us denote the solution to this problem by
z(t) = z(t;7,0,£). Then

y(t;7.8) = 2(t;7.0,§) + &
It follows from Theorem 1.5.1 that dx/0€ satisfies the initial value problem

d Oz oG
dt 86 (t t070 yO) it %(t7m(tvt0707y0)7y0>$(t7t070ﬂy0)

%? (t z(t;t0.0,90), Y )

0
8;; (t07t070 yo) 0.
Since e oG
_8_:_17 (t. I(t'\ to, 0! y0)7 y0> = ——8? (t7 .I'(t, th 07 y0)7 yO)
5 0
= 8—gg/(15.,;10(15;150,0,310) +y0) = é—z(t,y(t;to,yo))
and

8y Ox
8—€(t0;t0,y0) = 8_§(t0;t0701y0) +I*

it follows that
dy 0 0
€ (t to, yo) = 82 (t-,y(t;to-yo)) B¢ (t t0.%0), 8—2/(150;15073/0) =T

This proves that £ (t to, Yo) satisfies (1.5.8).
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Similarly as in the proof of Theorem 1.5.1, we can argue that dg/dy is
bounded in the neighborhood of (tg,40). Hence, g satisfles a Lipschitz con-
dition in this neighborhood, and the solution y(¢;7,£) to (1.5.7) exists and
is uniquely determined on the interval [tg, 7] if (7,&) is sufficiently close to
(to,yo). It also follows from Theorem 1.5.1 that this solution exists and is
uniquely determined on J.

Set 7 = tg + h and define y; by y1 = y(to;to + h,yo). Then y1 — yo as
h — 0. Moreover,

to+h
Y1~y = Y(tosto+h.yo)—y(to+hito+h,y0) = —/ 9(s. y(s; to+h.yo))ds.

to

It follows from the mean value theorem that there exists 0 < 8 < 1 such that

to+h
/ 9(s,y(s;to + h,yo))ds = g(to + Oh, y(to + Oh; to + h,w0)) ks

to

and taking into account that ¢ and y are continuous, we obtain
y1 — Yo = —g(to,yo)h +o(h) as h—0.

Since the points (tg + h,yo) and (to. 1) lie on the same solution, we obtain

y(tsto + h,yo) — y(tito. yo) = y(tito. y1) — y(t5to, yo)

= <g_3€/ (t:to, yo) + 0(1)> (41 = vo)

—(%’(t;to,yo) +o<1>)g<to,yo>h+ o(h).

Hence,

y(t‘to - h7yo]z - y(t;tO‘yO) =~ <g_z (ttOZJO) + 0(1)>g(t07 y0)7

and taking the limit as h — 0, we obtain (1.5.9). This completes the proof. m

1.6 STABILITY THEORY

In this section we follow mainly the account of stability theory for differential
equations as presented by Coppel [94, 95]. Let y(t) be a solution to the dif-
ferential system (1.1.2), which is defined for all ¢ > t;. We have the following
definitions.

Definition 1.6.1 Solution y(t) to (1.1.2) is said to be stable over the interval
[to, o¢) if for each € > O there exists a § = 6(e) > 0 such that any solution y(t)
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to (1.1.2) that satisfies the inequality ||g(to) — y(to)|| < & exists and satisfies
the inequality ||5(t) — y(t)|| < € for all t > 1.

Definition 1.6.2 Solution y(t) to (1.1.2) is said to be asymptotically sta-
ble if it is stable and, in addition, ||y(t) — y(t)|| — 0 as t — oo whenever
l7(to) — ylto)l| is sufficiently small.

Definition 1.6.3 Solution y(t) to (1.1.2) is said to be uniformly stable if for
each € > 0 there exists a 6 = §(€) > 0 such that any solution y(t) to (1.1.2)
that satisfies the inequality ||y(t1) — y(t1)|] < & for some t; >t exists and
satisfies the inequality ||y(t) — y(t)|| < € for allt > t;.

Definition 1.6.4 Solution y(t) to (1.1.2) is said to be uniformly asymptoti-
cally stable if it s uniformly stable and, in addition, there is a g > 0, and
for each € > 0 a corresponding T = T(e) > 0, such that if |y(t1) — y{t1)|| < o
for some t1 > tg, then [|[y(t) —y(t)|| < € forallt >t +T.

Assume that y(t) is a particular solution to (1.1.2) whose solution we are
studying. Then by the change of variables

z=y—yt) (1.6.1)

this problem can always be reduced to the problem of studying the stability
of the zero solution z(t) = 0 of the corresponding new system

' =G(t,z)=g(t,.z+y@) —g(tylt), t>to. (1.6.2)

The condition ||7(t) — y(t)|] < & now takes the form ||Z(t)|| < &, and the
condition ||7(t) — y(t)|| < € takes the form ||Z(t)|| < e. Similarly, the condition
l7(#)—y()|| = 0ast — oc is now ||Z(t)|| — 0 ast — oc. This implies that the
solution y(t) to (1.1.2) is stable, asymptotically stable, uniformly stable, or
uniformly asymptotically stable if and only if the same holds for the solution
z(t) =0 to (1.6.2).

We discuss first the stability of solutions to the linear system

y = Ay (1), t> 1o, (16.3)

where the matrix A(t) and the vector b(t) are continuous functions of ¢ for
t > to. Then every solution to this system is defined for all t > t;. Let y(t)
be a particular solution to (1.6.3). Then by making the substitution (1.6.1),
this system is transformed into the homogeneous system

= Alt)z, t>to, (1.6.4)

which has a solution z(t) = 0 corresponding to the solution y(t). It follows
from the form of (1.6.4) that it is possible to express the conditions for vari-
ous stability properties in a way independent of any particular solution y(t)
to (1.6.3) and the inhomogeneous term b(t). We will then say that (1.6.4)
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possesses some stability property if the same is true for the zero solution of
this system.

Denote by X (¢) a fundamental matrix of (1.6.4), i.e., the matrix with lin-
early independent columns that satisfies the matrix differential system

X'(t)=A@®)X(t), t>to.
We have the following theorem.

Theorem 1.6.5 System (1.6.4) is
(i) stable if and only if there exists a positive constant K such that

[X®|| <K for t>to. (1.6.5)
(i) uniformly stable if and only if there exists a positive constant K such that
[XOX )| <K for tg<s<t<oc, (1.6.6)

(iii) asymptotically stable if and only if
X&) =0 as t— o, (1.6.7)

(iv) uniformly asymptotically stable if and only if there exist positive constants
K and o such that

X)X (s)|| < Ke (=9 for tn<s<t<occ. (1.6.8)

Proof: We can assume without loss of generality that X (o) = I. Then the
solution to (1.6.4) with initial condition z(tg) = zo is given by

z(t) = X (t)xg, t=>to.

Assume first that (1.6.5) holds. Then

. €

||x(t)H < Kllzol| <€ if Jzol < 7

which shows that the zero solution to (1.6.4) is stable. Conversely, if || X (t)zo|| <
¢ for all zg such that ||zg]] < 4, then

or

[l

which is equivalent to (1.6.5) with K = €/4.

Assume now that (1.6.6) holds. The solution to (1.6.4) such that z(s) =&
is

x|
@ = s = ‘mo

X(t)

1 €
= — Ssup X 77 S rE
0 |inji=s H H o

z(t) = X(H) X (s)§, to<s<t<oo,
and it follows that

le@l <Klell <e it [z = el < &,
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to < s <t < oc. This proves that the zero solution to (1.6.4) is uniformly
stable. Conversely, if [|z(t)| = | X ()X 1 (s)¢]] < € for to < s <t < oc and
all £ such that ||€]| = ||z(s)|| < & then, similarly as before,

1

Sz €
— | == sup || X)X Hs)n|| < =,
O |inli=s | I g

1X(O)X1(s)] = % sup

55U X)X (s)

]

which is equivalent to (1.6.6) with K = €/4.
Assume next that (1.6.7) holds. Then any solution to (1.6.4) such that
z(to) = xp satisfies

@) = [ X (Bao|| < |X®)][llzoll =0 as t — o0,

which proves that the zero solution to (1.6.4) is asymptotically stable. Con-
versely, assume that the zero solution to (1.6.4) is asymptotically stable. Then
for any solution z(t) such that z(tg) = zg, ||zo| < &, we have [z(t)]| — 0 as
t — oo. Hence, there exists Ty such that ||Tol| = ¢ and

[X@] =3 sw X0l = 3| XOF] =0 as t— o

lizolt=4

This proves (1.6.7).

Assume finally that (1.6.8) holds. Then (1.6.4) is also uniformly stable.
Consider a solution z(t) to (1.6.4) such that z(s) = £, where [|€]| < § = 1,
to < 8 <t < oo. Then for each 0 < € < K we have

2] = | X)X (s)g]| < Kemo(t=9) < ¢

for t > s + T, where T = —In(e/K)/a. This proves that (1.6.4) is uni-
formly asymptotically stable. Conversely, assume now that (1.6.4) is uni-
formly asymptotically stable and consider the solution to (1.6.4) such that
z(s) = €. Then there exists a é > 0 and for each 0 < € < § a corresponding
T > e such that if ||z(s)]| = ||£]| < 6 for s > to, then

lz@®)| = | X)X (s)€l| <e for t>s+T.
Hence,
1

IX@OX 71 (6)]| = 5 sup [X(s+ D)X Hs)gl| < 5 <1 (1.6.9)
for s > tg. Moreover, it follows from (1.6.6) that there exists a positive
constant K such that

|X(s+h)X )| <K for s>ty, 0<h<T. (1.6.10)
We will show that (1.6.9) and (1.6.10) imply (1.6.8). If t > s, we can write

s+nT <t<s+(n+1)T
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for some nonnegative integer n. Then it follows that
XX )| < XX Hs+nD)|| | X(s+nT)X s+ (n - 1)T)||

e [ X (s +2D)X s+ D) [ X (s + T)X(s)||

P AN
< - .
< ®(3)
Define a constant « by the relation
- _In(e/9d)
5=¢ or = T

Then « > 0,

and it follows that

X)X (s)] < Te—"“—S), th < s <t < oo.

This is equivalent to (1.6.8) with K = K§/e. .

Consider next a linear homogeneous and autonomous system of the form
= Az, t>tg. (1.6.11)

It is easy to verify that for this system, stability is equivalent to uniform
stability and asymptotic stability is equivalent to uniform asymptotic stability.
We have the following theoremn.

Theorem 1.6.6 Systemn (1.6.11) is stable if and only if every eigenvalue of
the constant matrizc A has real part less than or equal to zero, and those
eigenvalues with zero real parts are simple. This system is asymptotically
stable if and only if every eigenvalue of A has a negative real part.

Proof : Let T be a nonsingular matrix that transforms A into Jordan canon-
ical form

T YAT = J,
where
J1 A1
JZ )\i
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i=1,2,...,v, and A; is an eigenvalue of the matrix A corresponding to the
Jordan block J; of dimension p;. The fundamental matrix of (1.6.11) is

X(t) = ettmho) = pelt=tol =1,

It can be verified that e’/(*=%) is a block diagonal matrix with blocks of the
form

erit=to) (t —gg)eri(t—to) ... (t‘:_?!)“’e/\i(t—to)
ehi(t—to) . %@At—m)
D, = )
e/\i(t—tg)
i=1,2,...,v. Hence, | D;|| < oo and, as a result, ||e=%)|| < o0 if Re(As) <

0 and JA; is simple (i.e., u; = 1), which is equivalent to stability. Similarly,
| D:|| — 0 ast — oo, and consequently, |[e4(~%)|| — 0 ast — oo if Re(\;) < 0,
which is equivalent to asymptotic stability. N

The characterization of stability given in Theorem 1.6.6 is no longer possi-
ble if matrix A in (1.6.11) depends on ¢. A counterexample given by Vinograd
[282] and reproduced by Dekker and Verwer [109] is provided by the homoge-
neous system (1.6.4) with matrix A(t) of the form

A —1—9cos?(6t) + 6sin(12t)  12cos?(6t) + 3 sin(12t)
t =
—12sin®(6t) + §sin(12¢)  —1 — 9sin?(6¢) — 6sin(12t)

The eigenvalues of this matrix are A\; = —1 and Ay = —10 for any ¢. But the
fundamental matrix corresponding to A(t) is

e?*(cos(6t) + 2sin(6t)) €13 (sin(6t) — 2 cos(6t))

X(t) =
() e?*(2cos(6t) —sin(6t)) e~ (2sin(6t) + cos(6t))

1

and as a result the corresponding system (1.6.4) is unstable. Other examples
that illustrate this point are given by Coppel [95] and Hairer at al. [143].

We can also establish stability criteria for (1.6.4) which are based on the
logarithmic norm p{A(t)) introduced in Definition 1.4.5. Some of these criteria
are a consequence of the following result given by Coppel [94].
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Theorem 1.6.7 Assume that A(t) in (1.6.4) is a continuous function of t
fort > to. Then for any solution z(t) to (1.6.4), we have the bounds

|z(to)|| exp < - /t: p( - A(s))ds)

< Jeto] < Jietolewp /t:u(A(S))dS)

Proof : It follows from the property |u(A) — u(B)| < ||A — B|| in Sec-
tion 1.4 that u(A(t)) is a continuous function of ¢ for ¢t > to. It follows
from Lemma 1.4.3 that ||z(¢)|| has a right-hand-side derivative that is given
by

(1.6.12)

d+t z(t) + ha'(t + 0)|| — ||=(t
d_tHx “_erg+‘!()+ (Z ) H()H
Since
lz(®) + ha'(t +0)|f = [[(7 + RAD)2 ()| < |7+ AW [l=(0)]]
it follows that
L ato] < tim ILZPAOIL)) = (awyjeto)
or
Hﬂ’ ) = w(a®)[2@)] <0

Multlplylng both s1des of this inequality by the integrating factor equal to
exp(— fto , we obtain

where

w(t) = exp < - /t: u(A(s))ds) llz@®)]|-

Hence, w(t) is a nonincreasing function of ¢, and as a result, w(t) < w(tg),
t > to, which is equivalent to the upper bound in (1.6.12). The lower bound
can be proved similarly by the change of variables ¢t — —t. |

This theorem implies the following stability criteria [94].

Corollary 1.6.8 Linear system (1.6.4) is
(i) stable if

i
limsup/ p{A(s))ds < 4o,

t—o0 to
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(1) asymptotically stable if

lim [ p(A(s))ds =—o0,

t=o0 Jy
(iti) uniformly stable if
n(A®)) <0 for t>to,
() uniformly asymptotically stable if
u(A(t)) <—a<0 for t>to.

We investigate next the stability of solutions to a nonlinear system of the
form

' =Alt)z + f(t.x), t>to, (1.6.13)

where A(t) is a continuous function of ¢ for ¢ > tg and f(¢, ) is continuous in
the region

5:{@@:t2m,mH5M}cRxRW

Then it follows from the Peano existence theorem, Theorem 1.3.4, that for any
point (s,£) € D, system (1.6.13) has a local solution z(t) such that z(s) = &.

It is of interest to investigate under what conditions various stability prop-
erties of homogeneous linear system (1.6.4) are inherited by the solutions to
the “perturbed” system (1.6.13). For uniform stability and asymptotic sta-
bility, an answer is given by the following theorem [94].

Theorem 1.6.9 Assume that (1.6.4) is uniformly stable and let f(t,x) satisfy
the inequality
[t )| <@zl ¢ to, (1.6.14)

where v(t) is a continuous nonnegative function such that

/t v(8)ds < oo. (1.6.15)

to

(In particular, f(t,0) =0 and z =0 4s a solution to (1.6.13)). Then for each
0 < e < M there exists a positive constant QQ such that if t; > to, any solution
z(t) to (1.6.13) for which |z(t1)|| < § = Qe is defined and satisfies

Ha?(t)H < QHx(tl)H <e foral t>t. (1.6.16)

In particular, the zero solution to (1.6.13) is uniformly stable. If, in addition,
the zero solution to (1.6.4) is asymptotically stable, i.e., X(t) — 0 ast — oo,
then z(t) — 0 as t — oo, i.e., the zero solution to (1.6.13) is asymptotically
stable.
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Proof: Assume that z(t) is a solution to (1.6.13). Then z(t) is also a solution
to the nonhomogeneous linear system

' = A(t)z + b(t), . t > to,
where the vector function b(t) is defined by b(t) = f(¢,z(t)). By the variation

of constants formula, the solution z(¢) satisfies the relation

z(t) = X ()X (t)z(t1) + tX(t)X_l(s)f(s,z(s))ds, t>ty, (1.6.17)

t

where X (¢} is the fundamental matrix of (1.6.4) such that X(tg) = I. Since
(1.6.4) is uniformly stable, it follows from Theorem 1.6.5 that there exists a
positive constant K such that

||X(t)X_l(s)H <K for tg<s<t<o.
Taking norms on both sides of inequality (1.6.17) and using the inequality
above and (1.6.14), we obtain
t
]MMgKWmm+K/7@W@W&t2h
t1

Application of the Gronwall lemma (1.4.1) now leads to

|MM§KW@MW%KK

1

Q=Kexp (K /:o 'y(s)dS).

This proves that the zero solution to (1.6.13) is uniformly stable.
Assume next that X (¢) — 0 as t — oo. It follows from the first part of the
theorem that if the solution z(¢) to (1.6.13) exists for ¢ > ¢, it is bounded,
, [[z(#)] < C, t >ty for some constant C. It follows from the variation of
constants formula that this solution satisfies the relation

7(8)d8> < Qll=(t)] < e,

where

z(t) = X(t)z(to) + | X)X Hs)f(s,z(s))ds, t>to.

to

Hence, for any £; > tg, we obtain

Jetol] < 1X@) e
= x@l [ el K [ 2]

< HX(t)H Hz(to)H +C HX(t)H /t 1 HX_l(s)H'y(s)ds +CK /t°° ~(s)ds
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It follows from (1.6.15) that for any € > 0, we can choose sufficiently large
t1 > tp such that

CK/ ds<—

Since X (t) — 0 as t — o0, we can then choose ¢ > ¢; such that

(Jatel =[x @llterds) |xc] < §

for ¢ > t2. Hence, ||z(t)|| < € for ¢ > t2, which proves that z(t) — 0 as
t — 00. [ ]

For uniform asymptotic stability, an answer is given by the following result.
Theorem 1.6.10 Assume that (1.6.4) is uniformly asymptotically stable, that
18,

HX(t)X‘l(s)H < Ke ot=9) 4 <<t < o0,
for some constants K and «. Let f(t,z) satisfy the inequality
£t 2)]| <Al

where the constant v < a/K. Then for each 0 < € < M, every solution to
(1.6.13) for which

ot <5 = &
is defined for all t > tg and
[z(t)|| < Ke P9 ||z(s)||, to <5<t < o0, (1.6.18)

where 8 = a—~vK > 0. In particular, the zero solution to (1.6.13) is uniformly
asymptotically stable.

Proof : Similarly as in the proof of Theorem 1.6.9, the solution z(¢) to (1.6.13)
also satisfies the integral equation

z(t) = X)X t)zt) + | X)X Hs)f(s,z(s))ds, t>t1.
Hence,

o)l < Kemot=t) g (t,)] +~/K/t etz (s)||ds

or
t

w(t) < Kw(t;) +vK t w(s)ds,
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where the scalar function w(t) is defined by
w(t) = e [z(t)].
Application of the Gronwall inequality implies that
w(t) < Kw(t))eXXE-8) ¢ > ¢,

which is equivalent to (1.6.18). Assume that ||z(s)|| < § and for any 0 < € <
K6 define T > 0 by T'= —In(e/(K4))/8. Then it follows from (1.6.18) that

lz(®)]| < Ke™6=¢ for t>s+T.

This proves that the zero solution to (1.6.13) is uniformly asymptotically
stable. ]

Important tools in the stability theory for differential systems (1.6.2) are

based on the Lyapunov functions V (¢, ), which satisfy the conditions:

() V(£,0) =0,

(i) V(¢t,z) > a(||z]]), where a(r) is a continuous, monotonically increasing
function, and a(0) = 0,

(iii) V' (¢, z(¢)) is monotonically decreasing for all solutions z(¢) to (1.6.2) for
which z(tg) is sufficiently small.

It can be proved, for example, that the existence of such a function is a
sufficient condition for stability of the zero solution to (1.6.2). This theory
is not reviewed here. For a good account of stability theory based on this
approach, we refer the reader to the classical book by Halanay [149].

1.7 STIFF DIFFERENTIAL EQUATIONS AND SYSTEMS

In this section we discuss stiff differential equations and the phenomenon of
stiffness. It is difficult to define stiffness in a mathematically rigorous manner;
various more or less successful attempts at this may be found in the literature
on the subject. Miranker [215] observes that stiff differential equations are
equations that are ill-conditioned in a computational sense, and that they seri-
ously defy traditional numerical methods. Shampine in Aiken [2] and Burrage
[31] observe that stiff equations are problems with large L(T —to), where L is
the Lipschitz constant of the differential equation and [tg, 7] is the interval of
integration. Shampine and Gordon [262] state that roughly speaking, a stiff
problem is one in which the solution components of interest are slowly varying
but solutions with very rapidly changing components are possible. They also
point out the difficulties of codes based on explicit methods to deal with such
problems in an efficient manner. Similar comments are made by Dekker and
Verwer [109], who observe that the essence of stiffness is that the solution to
be computed is slowly varying but that perturbations exist which are rapidly
damped and that the presence of such perturbations complicates the numeri-
cal computation of the slowly varying solution. This is reiterated by Butcher
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[41], who points out that systems whose solutions contain rapidly decaying
components are referred to as stiff differential equations. He adds that such
problems are important in numerical analysis because they frequently arise
in practical problems and because they are difficult to solve by traditional
numerical methods. Burrage [30] observes that stiffness is a difficult concept
to define since it manifests itself in so many different ways — but the crucial
point is that while the solution to be computed is slowly changing, there exist
perturbations that are rapidly damped but which complicate computation of
the slowly changing solution. Lambert [195] points out that stiffness occurs
when stability requirements rather than those of accuracy constrain the step
length, and that stiffness occurs when some components of the solution decay
much more rapidly than others. Then he proposes a definition that relates
to what we observe in practice: If a numerical method with a finite region of
absolute stability, applied to a system with any initial conditions, is forced in
a certain interval of integration to use a step length that is excessively small in
relation to the smoothness of the exact solution in that interval the system is
said to be stiff in that interval. This definition was also adopted by Quarteroni
et al. [241]. Similar observations are made by Iserles [172], who states that an
ODE system is stiff if its numerical solution by some methods requires (per-
haps in a portion of the solution interval) a significant depression of the step
size to avoid instability, and by Moler [216], who says that a problem is stiff
if the solution being sought varies slowly, but there are nearby solutions that
vary rapidly, so that the numerical method must take small steps to obtain
satisfactory results. Hairer and Wanner [146] point out that stiff differential
equations are problems for which explicit methods don’t work. Ascher and
Petzold [14] observe that, loosely speaking, the initial value problem is said
to be stiff if the absolute stability requirement dictates a much smaller step
size than is needed to satisfy approximation requirements alone. They also
remark that scientists often describe stiffness in terms of multiple time scales:
If the problem has widely varying time scales, and the phenomena (or solution
modes) that change on fast scales are stable, the problem is stiff. They also
add that the concept of stiffness is best understood in qualitative rather than
quantitative terms and that, in general, stiffness is defined in terms of the
behavior of an explicit difference method. LeVeque [208] observes that the
difficulty in integrating stiff systems arises from the fact that many numerical
methods, including all explicit methods, are unstable in the sense of absolute
stability unless the time step is small relative to the time scale of the rapid
transient, which in a stiff problem is much smaller than the time scale of the
solution we are trying to compute. He also adds that a stiff ODE can be
characterized by the property that f'(u) is much larger, in absolute value or
norm, than u'(t), and that the latter quantity measures the smoothness of the
solution u(t) being computed. while f'(u) measures how rapidly f varies as
we move away from this particular solution. Dormand [116] observes that the
problem is said to be stiff if the eigenvalues of the Jacobian J = f'(u) differ
greatly and that this can present severe problems for an integrator.
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As observed by Shampine and Gear [259], Dekker and Verwer [109], and
Burrage {31], considerable insight into the problem of stiffness can be obtained
by considering the Prothero-Robinson problem [240] as solved by the (explicit)
forward Euler and the (implicit) backward Euler methods. This is a scalar
problem of the form

v =AMy-F@) +F'(t), t>to,

1.7.1
y(to) = o, -y

where Re()) is large and negative and F'(t) is a slowly varying function on
the interval [tg, o0). The exact solution to this problem is

y(t) = (yo — F(to))e*=™) + F(t), t2>to. (1.7.2)

Analysis of numerical approximations to (1.7.1) by forward and backward
Euler methods will be aided by a linear difference equation of the first-order,

Yntl = aYn +@n, n=0,1,..., (1.7.3)

whose exact solution is given by

n—1

yn=a"yo+ Y a7y, nm=0.1,.... (1.7.4)
7=0

Consider first the forward Euler method,
Yns1 =Yn + hg(tn,yn), n=0,1,...,

for the numerical solution of (1.1.2). The local discretization error of this
method has the form

1
Sh2y"(8) + O(h?),

where y(t) is the exact solution to (1.1.2). This method applied to (1.7.1)
takes the form

Ynt1 = (1+ h\)yn — h(AF(t,) = F'(tn)), n=0,1,..., (1.7.5)
which is of the form (1.7.3) with
a=14h\ on=-h(AF(tx)— F'(t,)).

It follows from (1.7.4) that the solution to (1.7.5) is given by

Yn = (14 hX\) yo — hni(l + RAITHAF() — F'(4)), (1.7.6)

j=0
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n=20,1,.... We analyze first the behavior of y, as n — oo, assuming that
nh =t — tg is fixed. Then

t—ty . t;—ty
h ’ .]_ h ?

and (1.7.6) can be written in the form

t—t;—h

A(t —to)
Yn = (1+%) yo—hz ( 1+ hA) l/h) (AF(t;) - F'(t;)),
n =0,1,.... Routine calculations yield

t
im oy, = ew—fo)yo—/ M=) (AF(s) — F'(s))ds

n—oo,nh=t—tg to
— e)\(t—to)(yo — F(to)) + F(t),

which shows that y, is convergent to the solution (1.7.2) of (1.7.1) at the
point t as n — oo. A more careful analysis reveals that

Y = eNt=t0) (yo _ F(to)) + F(t) + O(h)

as h — 0, which demonstrates convergence of order 1.

We analyze next the behavior of y, given by (1.7.6) as n — oc but the step
size h is fixed. Since the function F(t) is slowly varying, we can assume that
. _ : / _

tlirglc F(t) = o, tlirng (t)=0. (1.7.7)
These assumptions imply that for every € > 0 there exists N such that for
Jj > N we have

A
Fie) =l <z, |F't)] < 5

or, equivalently,
€ , A€
Ftj)=¢+06u5. F'(t) =02, (1.7.8)

where |61 ;] < 1 and |fz;| < 1for j > N. For n > N, splitting the sum
in (1.7.6) into two parts and substituting the above relations for F(t;) and
F'(t;) yn. can be written in the form

N
un = (L+hN"p —h > (1+ RN (AF(t)) — F'(t;))
J=0

n—1 n-1

el he i

- ’W’Z (L+hA)™ 1_7 Z (L+ AN 7015 + 62,9).
j=N+1 J=N+1
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Since
n—1 n—N-1
n—j-1 _ (1+hA) -1

.§: (1+hA) = :

j=N+1
yn can be written in the form

N .
Un = (L+hA)"g — kY _(1+hN"TH(AF(t) — F'(t;))
j=0
+ (1= (1 +hN)" N1 + rp,
where r, is given by
hie & i
Tn=——p .Z (1+hN)™ 9716, + 64 ;).
j=N+1
We have
|7'n| < Cn67
where
n—1
i 1— |1+ AN
n = 1 neitl = ’
C ihA\.Ej 11+ hA| |hA| T
j=N+1
and it follows that
|hA|
< = —_—
CnsC 1— |1+ hA|

for n > N and

lim y, = lim y(t) = ¢
n—0 t—o00

only if we impose a restriction on the step size of integration A of the form

41

1+ AN < 1. (1.7.9)

Observe that C = 1 if A < 0 and 1 + hA > 0. Hence, the forward Euler
method can resolve the proper behavior of the solution y(¢) given by (1.7.2) to
problem (1.7.1) for large ¢ only if condition (1.7.9) is satisfied. This condition
is a severe restriction on the step size h if Re(}) is large and negative (i.e., if
problem (1.7.1) is stiff). In contrast, as argued by Shampine and Gear [259],
the accuracy requirement, i.e., the requirement that the principal part of the

local discretization error

SR (1) = 212 ((so — Flt0) Xt 1 1 (1))
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is approximately equal to the given accuracy tolerance Tol, is easy to satisfy
except in a small initial transient for which the term (yo — F(to))A2eMt—to)
dominates. For small ¢ — to the requirement $h%[y”(t)| = Tol leads to

2 Tol 1/2

and the step size needed for accuracy must be quite small to resolve the initial
rapid change in the solution. For large ¢t —ty the exponential term is negligible,
ie.,

1
Eth//<t) ~ h?};ﬂ//a)7

N =

and the requirement 1A?|F”(t)| = Tol leads to

2Tol \'/?

so after the small initial transient the step size becomes quite large and in-
dependent of A. For stiff problems this step size does not satisfy condition

(1.7.9).
Consider next the backward Euler method for the numerical solution of
(1.7.1). This method takes the form
Yn+1 :yn+h9<tn+17yn+l)7 n=0ﬂ17"'7
and its local discretization error is given by
1
—Eth”a) + O(h%).

Application of this method to (1.7.1) leads to the recurrence relation

Yn+l = Yn + h(/\(yn-H + F<tn+l)) + F/<tn+l)>7

n=20,1,..., or
_ 1 /\F<tn+l) _ F/<tn+l)
Ynt+1 = l—h/\yn_h T ., hA# 1L (1.7.12)
This equation is of the form (1.7.3) with
_ 1 _ /\F<tn+l) - F/<tn+1)
Q= -~ Pn = — s
1—hXA 1—hX

and it follows from (1.7.4) that the solution to (1.7.12) is given by

= (1) w2 (2) 0P - P, 0713)

Jj=0



STIFF DIFFERENTIAL EQUATIONS AND SYSTEMS 43

n =0,1,.... Consider first the behavior of y, given by (1.7.13) as n — oo
and nh =t — ¢y is held fixed. It is then easy to verify that the first term on
the right-hand side of (1.7.13) tends to

eA(t—to)

and the second term on the right-hand side of (1.7.13) tends to the expression

t
—/ eX' ™ (AF(s) — F'(s))ds.
to
Hence,

lim Yp = e Nt7t0) (yo — F(to)) + F(t),

n—oo,nh=t—tg

and it follows that ¥, is convergent to the solution (1.7.2) of (1.7.1). Moreover,
similar to the case of the forward Euler method, a more careful analysis reveals
that

yn = e (yg — F(to)) + F(t) + O(h)

as h — 0, which again demonstrates convergence of order 1.

As in the case of the forward Euler method, consider next the behavior
of y, given by (1.7.13) as n — oo but with the step size h kept constant.
We again assume (1.7.7) so that the relation (1.7.8) holds with 8; ; and 8, ;
bounded in modulus by 1 for large j. Splitting the sum in (1.7.13) into two
parts and substituting (1.7.8) into the second part, we obtain

Yo = <1_1h/\)nyo—hﬁ<ﬁ)n_j(/\f’(tj+1)—F/(tj+1))

3=0
n—1 1 n—j he n—1 1 n—j
- }W.Z <1~h/\) _T,Z <1-h/\) (Bug +025).
j=N+1 J=N+1
Since . ,
= 1 \"77 1 1 \n=N
5 (20 A7)
) 1—hA hA\N1 — AA
J=N+1

yn can be written in the form

N

T <1 —lhA)nyO _h; <1—1hx)n_j<AF(t”l) ~Fltse)

+ <p<1 - (1 _lh/\)n_N) + T,

n=20,1,..., where

he = 1 \"
Tn=_7 Z <m) (91,3’ +92.j).
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We have
‘Tn' < Che,

n—1 1 n—j 1 n-N
n = =4 <
w-m ¥ (mm) -(em) =

J=N-+1

where

for A < 0 and n > N. As a consequence,

lim y, = lim y(¢) = ¢
n—oc t—oc

that is, the backward Euler method can resolve the proper behavior of the
solution (1.7.2) to (1.7.1) for large t — #o without any restrictions on the step
size of integration h. Hence, the step size h can be chosen to satisfy only the
accuracy requirement

%hQ ‘y”(t) ’ = Tol,

which, similarly as in the case of the forward Euler method, leads to formula
(1.7.10) in an initial transient when t — tg is small and to formula (1.7.11)
when t — ty is large.

As explained in Section 2.6 condition (1.7.9) defines the region of absolute
stability of the forward Euler method, while the condition

‘1—h/\‘ <1 (1.7.14)
defines the corresponding region of absolute stability of the backward Euler
method. This illustrates again that for stiff equations (i.e., equations for which
Re()) is large and negative) the step size h is restricted by stability (condition
(1.7.9)) rather than accuracy in the case of the forward Euler method. In
contrast, the step size is restricted only by accuracy in the case of the backward
Euler method since stability condition (1.7.14) is satisfied automatically if
Re(hA) < 0.

We can also obtain stability conditions on the step size of numerical algo-
rithms considering the error propagation of the forward and backward Euler
methods (compare [259]). Define the global discretization error e, at the point
t, by

en = y(tn) = yn,

where y(t) is the solution to (1.7.1) and y, is an approximation to y(t,). For
the forward Euler method we have

Yns1 = Un + B(A(yn = F(ta)) + F'(t) ),

tnsn) = yltn) + b(Multa) = Fltn)) + F(00)) + 50" (tn) + O(1°),



STIFF DIFFERENTIAL EQUATIONS AND SYSTEMS 45

n=0,1,... and subtracting these equations, we obtain the error equation,
1
€nt+1 = (1 + h)‘)en + Ehzy”(tn) + O(hg) (1'7'15)

It follows from this relation that the error e, 4, at the next grid point th4+1 =
tn + h consists of the error (1 + hA)e, propagated from the previous step t,
and the local discretization error 1h%y"(t,) + O(h®) at the point t,+;. The
propagated error is damped whenever |1+h\| < 1, which leads to the stability
condition (1.7.9) for the forward Euler method. In contrast, for the backward
Euler method, we have

Ynrt = Yo+ (A1 = Fltnr)) + F'(tas1) ),

1
Y(tns1) = ¥ltn) = h(A(W(tns1) = Flts1)) = F'(tns1) ) = 5h%" (ta) + O(h%),
and the error equation takes the form

1 _ 1
T— A" 2(1— AN

ent1 = h2y" (t,) + O(h?), (1.7.16)
n=0,1,.... Hence, it follows that the propagated error is damped whenever
1/|1=hA| < 1, which leads to the stability condition (1.7.14) for the backward
Euler method. As already observed, this condition is satisfied automatically
if Re(A) < 0, so there are no stability limitations on the method and the step
size is restricted only by accuracy requirements.

Additional insight into the phenomenon of stiffness can be obtained by
considering a family of local problems

Y =Ay—F(t) +F'(t), te [tn,tntl; L717)
Y(tn) = yn = F(tn) + 6n,
n=0,1...., defined on the subintervals [t,,tr+1], whose solutions yloc(t) are
given by
Yoc(t) = 8ne™70) L (1), t € [ta, tnal. (1.7.18)

These solutions are shown by thin lines in Fig. 1.7.1. This figure corresponds
totp, =tg+nh, h =1/2,6, = (-1)*, n = 1,2,...,19, A = =10, and the
slowly varying function F'(t) defined by

F(t) = 2eY* cos(t).

We also show by a thick line the global solution to (1.7.1) corresponding to
the initial condition y(tg) = yo = —1.

We can observe that the perturbation 4, in (1.7.18) is rapidly damped by
the negative exponential e*(*~tn) and the local solutions Yloe(t) to (1.7.17) are
rapidly convergent to the global solution y(t) of (1.7.1), which is approximately
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i

Figure 1.7.1  Global and local solutions to the Prothero-Robinson problem (1.7.1)
for t € [0,10], y(0) = =1, F(t) = 2¢~*/* cos(t), and A = —10

equal to F(t) for stiff problems, except for a short initial transient. Since the
forward Euler method follows the slope yioc(t") = Aon + F'(t5) of the local
solution at the point t,, any small perturbation &, is greatly amplified by
A if the problem is stiff. As a result, yioc(tn) is a poor approximation to
y'(tn) = F'(t,), which leads to instability of the forward Euler method if the
step size is not drastically reduced. The perturbation 6,41 = yn+1 — F(tnt1)
propagates according to the formula

Ont1 = (14 h\)on + F(tn) + hF'(tn) — F(tn+1),

which resembles the error equation (1.7.15), and we again obtain the stability
restriction (1.7.9). In contrast, the backward Euler method follows the slope
yioc(t"“) = A6pe* + F/(tn41) of the local solution at ¢,1, which is a much
better approximation to y'(tn+1) = F'(tn+1) because Ad, is rapidly damped
by the exponential e*”, especially if the step size is large. This is the case
once the initial transient is resolved and the step size is selected according to
(1.7.11). The perturbations propagate according to the formula

1 1 )
buer = Ty 0 + T (Ftn) = hF (ts2) = Fltnsn)).

which resembles error equation (1.7.16), and we again obtain the condition
(1.7.14), which does not lead to step size restrictions.

Following Dekker and Verwer [109], we consider next the linear system of
differential equations

Yy =Ay, t2>t,
° (1.7.19)

y(to) = Yo,
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with matrix A given by

0 —=
€

where |d| < 1 is a moderate constant, € > 0 is close to zero, and de + 1 # 0.
The solution to this problem is

Ldlt=to) edlt=to) _ g—(t—to)/e

y(t) = de +1 yo. t2>to.
0 e_(t_tO)/e

This solution has a rapidly varying component e~ {t=%)/¢ which dies out af-
ter a short initial transient, and as a result the smooth component ed(t~to)
dominates the solution for large ¢ — t5. This leads to stiffness. However, the
problem is not called stiff in the transient phase, where e~(t=t)/€ ig still ac-
tive. In this phase it is then natural to use small step sizes to resolve rapidly
changing components.

We also have the following relationship between the solution y(t) to (1.7.19)
at the points ¢,, and t,41 =t, + b

Y(tnt1) = Xy(tn),

where o .
pdh gdh — g=h/e
X = de +1
0 e—h/e

It can be verified that matrix X can be diagonalized by a similarity transfor-
mation PX P~ where the matrices P and P! are
1 1 1

P = de + 1 ’ p~l = de + 1 . (1720)

0 1 0 1

Hence, it follows from [228, Theorem 1.3.8] that there exists a matrix norm
Il - || such that p(X) = || X||, where p(X) is the spectral radius of X. Denote
by the same symbol, || - ||, a consistent vector norm (i.e., a norm such that
[ Xv|| < | X|llv]). The existence of such norm was demonstrated by, for
example, Householder [163, p. 42]. Hence,

yltnan)] < max {et, e/} y(ta)]| = e*Jy(ta)]|

It follows from this relation that the norm {|y(t)|| of the solution y(¢) to (1.7.19)
can be amplified over the interval [t,,#,.1] by a factor e?® if d > 0, and it is
damped if d < 0.
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We now consider approximations to (1.7.9) computed by the forward and
the backward Euler methods. The forward Euler method takes the form

Ynt+1 = XFEYn, n=0,1,....

where

1+hd P
XrE =

We also have
1
Y(tn+1) = Xpey(tn) + §h2y//(tn) + O(hs)a
and subtracting these relations we obtain the error equation,
_ 1 2.1 3
En+1 = XFEen + §h Yy (tn) + O(h )

It can be verified that the matrix Xpg can be diagonalized by the same
similarity transformation PXpgpP~! as the matrix X with P and P~! given

by (1.7.20). Hence, there exists a matrix norm |||} such that po(Xrg) = | XrE||
and the corresponding consistent vector norm | - ||, and we have

k)

h 1
len-1ll < max {|1 +hd], |1 - Z‘}HenH + 5By ()] + O(h®).

If d > 0, the norm ||le,|| of the error should grow no faster than the norm of
the solution ||y(t,)|l, which grows at most by a factor e?* = 1 + hd + O(h?).
This leads to the condition

11—%1<1+hd,

and we obtain the step size restriction

2¢ 2

h \
< 1—€d< l—eode’

for € < €p, where ¢y > 0 is a constant. If d < 0, the norm |le,|| of the error
should be damped. This leads to the conditions

1
1+hd| <1 and ‘1—-‘ <1
€
and we obtain the step size restrictions

h<—§ and h < 2e.
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In either case, the step size must be restricted by some constant times € and
the forward Euler method becomes very inefficient once the initial transient
is resolved.

Consider next the approximation to (1.7.19) by the the backward Euler
method. This leads to the recurrence relation

Yn+1 = XBEYn, n=0,1,...,

with the matrix Xgg given by

1 h
Xpp = 1—dh (1—dh2(f+h)
0 e+ h

We also have
1
Y(tns1) = Xppy(tn) = 5h*"(8) + O(RY),

and the error equation takes the form
1
ent+1 = XBEEn — §h2y”(tn) + O(h®).

As before, it can be verified that Xpgg can be diagonalized by a similarity
transformation PXpgP~!, where P and P~! are defined by (1.7.20). Hence,

Jensall < max {| g s | == lenl + 520 )| + 0%,

where we have again chosen a matrix norm || - || such that p(Xgg) = || XBE||
and the corresponding consistent vector norm || - ||. If d > 0 and h < 1/d,
then for any € > 0 the norm of the error |le,|| can grow at most by a factor
1/(1—hd), which is consistent with the growth factor e?* = 1/(1—hd)+O(h?)
of the solution. If d < 0, the norm of the error e, || is always damped for any e.
Hence, in either case, there are no restrictions on the step size, which depend
on the stiffness parameter ¢ even if we admit infinite stiffness as ¢ — oc, and
the step size of the backward Euler method can be chosen only according to
accuracy requirements.
We consider next the initial value problem for linear systems of differential
equations
= , t>to,
v o=dgtelt) t2t, (1.7.21)
y(to) =yo € R™,

where A € R™*™ is a constant matrix and ¢(t) is a time-dependent forcing
term. Assuming that A has m distinct eigenvalues Aj. Ag, ..., A, with corre-
sponding eigenvectors vy, vs,. .., Uy, the general solution to (1.7.21) has the
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form

m
y(t) = cmeMT) L y(t), t > o, (1.7.22)
i=1

where the ¢; are arbitrary constants and ¢(t) is a particular solution. If
Re();) is large in absolute value and negative, the corresponding exponential
term c;v;e*(t~%0) in (1.7.22) is rapidly damped which indicates stiffness. This
motivates to characterize the stiffness of (1.7.21) in terms of the conditions
imposed on the spectrum of the matrix A. For example, Dekker and Verwer
[109] call the problem (1.7.21) stiff if the following conditions are satisfied:

1. There exist eigenvalues A; of A for which Re(};) is negative and large
in absolute value.

2. There exist A\; of moderate size (i.e., |A;| is small compared with the
modulus of eigenvalues satisfying 1).

3. There are no eigenvalues for which Re(};) is large and positive.

4. There are no eigenvalues for which Im(});) is large unless Re(};) is also
large in absolute value and negative.

It is also customary to define the stiffness ratio r, as

i_{nzaxm|/\i\

= 1.7.23
"o min || ( )
2,....,m

Somewhat different definitions of stiffness which appear in the literature may
require that Re();) < 0 for all i (compare [116, 195, 241]).

Condition 4 in the Dekker and Verwer [109] definition was added to exclude
highly oscillatory problems. Such problems require special treatment, and
their numerical solution has been discussed in, e.g., [142, 173, 174, 203, 215].

1.8 EXAMPLES OF STIFF DIFFERENTIAL EQUATIONS AND
SYSTEMS

In this section we have listed some examples of stiff differential systems that
are used in a numerical analysis community to test and compare various codes
for such equations. The scalar stiff differential equation (1.7.1) due to Prothero
and Robinson [240] was already discussed in Section 1.7 to provide a simple
introduction to the phenomenon of stiffness. What follows are examples of
stiff differential systems of small and moderate dimension taken from the
monograph by Hairer and Wanner [146].

VDPOL — the van der Pohl equation [146]. This corresponds to the differen-
tial equation of the second order which describes oscillations in an electrical
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circuit. This equation, written as a first-order system. takes the form

v = Yo yl(o) =2,

vy = (1 —yd)y2 —w1)/e, 42(0)=0,

(1.8.1)

t € 0,tout) tout =1,2,3,...,11. Here € corresponds to the stiffness param-
eter and the typical value is e = 1076,

ROBER — a system describing the chemical reactions of Robertson [247].
This is a system of three differential equations of the form

yi = —0.04y1 + 10%yays, y1(0) =1,
yh = 0.04y; — 10%y2y3 — 3 - 1073, 32(0) =0, (1.8.2)
Y3 =3-107y3, y3(0) =0,

where the interval of integration is usually chosen as t € [0,tqyt], tout = 40.
However, to test the reliability of codes for stiff equations, this system is also
solved for tgyt = 1,10,102,...,10", and less reliable codes are unable to
reach the end of the interval of integration, due to the overflow to —oo of the
component Ys.

OREGO — the Oregonator. This is a system of three ordinary differential
equations describing the Belusov-Zhabotinskii reaction [125, 128]. This sys-
tem takes the form

Yi =T77.27(y2 + y1(1 = 8.375 - 107691 — y2)), 31(0) = 1,

1
yh = ﬁ(ys — (14 y1)y2), y2(0) = 2, (1.8.3)

yh = 0.161(y1 — y2), y3(0) =3,

te [0, tout]a where t5,¢+ = 30,60, ...,360.

HIRES — a chemical reaction that describes the growth and differentiation
of plant tissue independent of photosynthesis at high levels of irradiance by
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light. This system of eight equations proposed by Schafer [248] takes the form

Yl = —1.71y1 + 0.43 2 + 8.32 y3 + 0.0007, y1(0) =
yp = 1.71y1 — 8.75 92, y2(0) = 0,
vy = —10.03 3 + 0.43 y4 + 0.035 s, y3(0) =0,
Yy = 832y2+ 1.71ys — 1.12y4, y4(0) =0,
Yt = —1.745y5 + 0.43 yg + 0.43 y7, ys(0) =0, (1.8.4)
Yt = —280ysys + 0.69ys + 1.71ys
—0.43ys + 0.69y7, ye(0) =0
v, =280ysys — 1.81y7, y7(0) =0,
yp = 280y ys + 1.81y7, ys(0) = 0.0057,

t € [0,toytl, where toy = 321.8122 and ¢, = 421.8122.

PLATE — a boundary value problem for the partial differential equation that
describes the movement of a rectangular plate under the load of a car passing
across it [146]. This problem is defined by

8%y Ou
52 -+ S +o0AAu = f(z,y,t), (z.y)€Q  t€[0,tout),
= —0. £ 10, ol 1.8.5
ul g 0, Au oo 0 € [0, tout)s ( )
Ou
u(z,y,0) =0, a(fv,y,O) =0, (r,y)eq,

tout = 7, where
52——{(50,3/): 0<z<2, 0<y<§}_
’ 3

Following Hairer and Wanner [146] we consider the load f(z,y.t), which is
idealized by the sum of two Gaussian curves that move in the z-direction and
reside on four wheels. This load takes the form

200 ((3_5(‘5_’”_2)2 + e‘5<t—z_5)2> if y=yo or yy,
flw,y,t) =
0 for all other y.

This problem is discretized on a grid of 8 x 5 interior points x; = ih, y; = jh,
h = 2/9, where 8?u/0t? is approximated by finite differences of the second
order, du /0t by forward difference, and the plate operator AA is discretized
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by the standard computational molecule, defined by

1
2 -8 2
1 -8 20 -8 1
2 -8 2
1

The friction and the stiffness parameters are w = 1000 and ¢ = 100. This
leads to a linear and nonautonomous example of medium stiffness and medium
size. The resulting system is then of dimension 80 with negative real as well
as complex eigenvalues A that satisfy —500 < Re(\) < 0.

BEAM — a problem that describes the discretization of a stiff elastic beam
clamped at arc length s = 0 with external force acting at the free end s = 1.
As explained by Hairer and Wanner [146], this results in a system of a second-
order differential equations for the angles 8, = 6;(t) between the tangents to
the beam and vertical axis at discrete arcs lengths s;, similarly to the ROPE
problem described in Section 1.2. This system takes the form

Zaklék = - Zb”ﬂ.ﬁ + nt(6i-1 — 20, + 6,41)
k=1

k=1
(1.8.6)

+ n?(cos(6;)F, — sin(6,)Fy),
fo = ~01, Ont1 = On,
t€(0,T],1=1,2,...,n, where as in the ROPE problem

1
ay = guecos(0y — Ox), by = guesin(f; —0x). g =n+ 5 max{l, k},

and the external forces F = (F;, F,) acting at the free end s = 1 take the
form

1.5sin®(t), 0<t <,
0, t> .

This system will be solved for n = 40 with initial conditions
01(0) =6,(0)=0, 1=1,2,...,n,

on the interval [0, 5]. As for the ROPE problem, setting

A=lax ], B=|bt]. o0=[60 6 - 9nr,
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. L . 1T , . .. T
b=[6 6 - 6] 0=[6 & ]
system (1.8.6) can be written in vector form as

A6 =—BO?+u(t,6), tel0,T)],

6(0) = 6(0) =0,

(1.8.7)

where 62 denotes componentwise exponentiation and

T
U(t’e) = vV = |: Ul U2 UT’L }
is defined by
v =n*(0_1 — 26, + 0141) + n®(cos(6)Fy —sin(6,)Fy ),

1=1,2,...,n, with the relations 6y = —6,, 6,41 = 8, (compare (1.8.6)). The
eigenvalues of the Jacobian matrix for this problem vary between —6400i and
64007 (compare [146]). )

The acceleration vector 6 can be computed by the algorithm already de-
scribed in Section 1.2 for the PLATE problem. This algorithm takes the
following form:

1. Compute w = Dv + 62,
2. Solve the tridiagonal system Cu = w.
3. Compute § = Cv + Du.

Here matrices C' and D are defined in the description of the PLATE problem
in Section 1.2.

HEAT — a system of differential equations resulting from discretization of
the boundary-value problem for the heat equation in one dimension. This
problem takes the form

ou %u
—(x,t)=am(1:,t), 0<z<1, t20,

ot
u(0,t) =u(l,t)=0, ¢t>0, (1.8.8)
u(0,z) = g(a), 0<z<I,

where o > 0 is a given constant and g(zx) is a given initial function.
Setting z; = iAz, i1 =0,1,...,N + 1, where (N + 1)Az = 1 and approxi-
mating §%u/0t? at the point z; by the finite difference of second order,

u(;l‘i+1,t) - 2U(LZ‘1', t) + u(xi_l,t)
(Az)? ’
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leads to the initial value problem for the system of differential equations of

the form
o

Vi(t) = 5 (vir1(t) = 2u:(t) + yi-1(t) ),
(Am)Q( + ) (18.9)

yi(o) = g(:vi).,

i=1,2,...,N, where yo(t) =0, ynv+1(t) =0, v:(t) = u(z;,t),1=1,2,..., N.
Introducing the notation

T T
y=1|wy1 ya2 - yN} ; yo:[g(ivl) g(wa) - Q(CUN)} ;
and
O’ —~
QAV"‘(Am)QQN?
where
[ 2 -1 0 0 ]
-1 2 -1 0 0
- 0 -1 2 0 0
O, = € R™™ (1.8.10)
0 0 0o --- 2 -1
0 0 0 - -1 2

problem (1.8.9) can be written in vector form as

y'(t) +Qny(t) =0, t>0,

¥(0) = yo.

(1.8.11)

Problems of this type also describe the interconnected resistor-capacitor line
(see [202, 204)).

To investigate the stiffness of (1.8.11), we compute first the eigenvalues of
the matrix @N. Set

P (€) = det (ELn — Qm),

where I, is identity matrix of dimension m and @m is defined by (1.8.10),
and define Py(€) = 1. Then Py (£) = £—2, and expanding det(€£1m — Q) with
respect to the first row it can be verified that the polynomials P,,(£) satisfy
the triple recurrence relation

Pr(€) = (€ —2)Pn_1(€) + Pn_2(§) =0, m>2.
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Set £ = ¢ —2 and Pp(€) = Pp(€ —2) = P(€). Then this recurrence relation
can be written as

(1.8.12)

and has real roots

for —2 < € < 2. Tt follows that
Pn(€) = Arl" + Bry,

where the constants A and B satisfy the system of equations corresponding
to the initial conditions in (1.8.12). This system takes the form

Pi(§)=Ar +Bry =§,

and its solution is

Substituting A, B, r1, and 73 into P, (E) after some computations we obtain

Pr@) = — E_VEZ_4m+1 i
™ 2

|

= m+1
§ -4 1
VE -4 £\ -4

Since £ — EZ —4 # 0for =2 < € < 2, it follows that the roots of P, (€)
satisfy the relation
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k=0,1,...,m. Butk = 0 implies that \/& — 4 = 0, which must be ruled

out. Put ok
ki
O = exp <m+1>’ k=1,2,...,m.
Then
VE —4(1+6) =€(6x — 1)
or

-2 2 =2
E-4)(1+6)°" =% (6, — 1),
Solving this equation with respect to €, we obtain

=2 (1+6;)?
£ o

or
Zz (14 cos(ww) +isin(cpk))2
B cos(pg) + i sin(py)
where ¢y = 2kn/(m 4 1). This relation can be simplified to

Zz = 4 cos® (%),

and it follows that the roots of P,,(€) are given by

Zk=2cos( ), k=1,2,...,m.

m+1
Hence, the roots of P, (£) are

€k=2<1—c08(m:’f1>>, k=1,2,...,m,

and since Qn = (a/(Ax)z)@N, the eigenvalues Ay of the matrix —Qxn take
the form

20 wk
)‘k_(Ax)2<COS<N+1>_1>’ ]{'—1,2N

Since Az = 1/(N + 1), we have

AL = 20(N + 1)2<cos <NL+1> -~ 1> = ——0'772—ﬁ— = —or”,
Gw)

and

An = 20(N + 1)2<cos ( el

— 1)~ —40(N 2
N+1> ) o(N+1)
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for large N. Hence, the stiffness ratio 75 defined by (1.7.23) is

4 2

and problem (1.8.11) is becoming increasingly stiff for large values of NV, which
determines the accuracy in space variable z.



CHAPTER 2

INTRODUCTION TO GENERAL LINEAR
METHODS

2.1 REPRESENTATION OF GENERAL LINEAR METHODS

To motivate the class of general linear methods (GLMs), we quote after
Butcher [40]: “Following the advice of Aristotle, we look for the greatest
good as a mean between extremes. Of the various methods devised as gener-
alizations of the classical method of Euler, two extreme approaches are usually
followed. One is to generalize the Euler method through the use of multistep
methods; the other is to increase the complexity of one-step methods as in the
Runge-Kutta methods. General linear methods are introduced as a middle
ground between these types of generalization.”

Consider the initial value problem for an autonomous system of differential
equations, which we write in this chapter in the form

y(t)=fu®), telt,T],

y(to) = o,

(2.1.1)

f:R™ > R™ yo € R™. GLMs for (2.1.1) can be represented by the abscissa
vector € = [c},...,¢s]T, and four coefficient matrices A = [a;;], U = [uy],

General Linear Methods for Ordinary Differential Equations. By Zdzistaw Jackiewicz 59
Copyright © 2009 John Wiley & Sons, Inc.
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B = {b;;], and V = [v;;], where
AERSXS’ UERSXT, BERTXS, VERTXT.

On the uniform grid ¢, = to+nh,n =0,1,..., N, Nh = T —ty, these methods
take the form

_hEZQJO’ +§:mwf1,i=12ww&

_h§:%fa”]+§:mﬂflh i=1,2,...,r,

(2.1.2)

n=20,1,..., N, where s is the number of internal stages and r is the number
of external stages, which propagate from step to step. Here, h is a step size,
Yi[ " is an approximation (possibly of low order) to y(t,—1 + ¢;h), and yZ ]
is an approximation to the linear combination of the derivatives of y at the
point t,. This will be made more precise later. As discussed by Butcher and
Burrage [33, 41, 52|, method (2.1.2) can be represented conveniently by the
abscissa vector ¢ and a partitioned (s + r) X (s + r) matrix

AlU
B|V
Introducing the notation
v, FOYE™) yl”
yil— | Fylly = : C o=
Lk Fvi b

(2.1.2) can be written in the vector form

y! AoI|Usgl | | hF(YT)

yin! B@I\V@I yln=1]

Here I is the identity matrix of dimension m (i.e., the dimension of the ODE
system (2.1.1)), and the Kronecker or tensor product of two matrices A €
R™X71 and B € R™2%72 is defined as a block matrix of the form

a1B  apB - a1,,B

as1B anB - apnB
AgB=| ? “r

E lemz X71172

aml,lB am172B aml-,ﬂlB_
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(compare [197]). These methods include as special cases many known methods
for ODEs. For example, Runge-Kutta (RK) methods given by

Yi[n]=yn—1+hzaijf(yj[n])v 1=1,2,...,58,
s]'=1 (2.1.3)
Yn = Yn_1 + th]-f(Yj[n])y

j=1

n=20,1,...,N, or by the Butcher tableaux

€1 | Q11 - Qi1s

c \ A
‘ bT Cs | Qs1 c0 QOgs
by - by

can be represented as GLM (2.1.2) with 7 = 1 in the form

(e o oas [ 1]
A ‘e
bT)l B Qg1 '+ Qgs 1
L by bs |1 |

For a thorough discussion of RK methods we refer readers to the monographs
[41, 52, 143, 146, 199)].
Consider next the class of linear multistep methods defined by

k k
Yn =D 0¥n—j +h Y Bif(yn-y), (2.1.4)
Jj=1 =0
n=kk+1,...,N. Putting Y =y, and

In) T
y”=[yn Yn-1 0 Unkt1 Rf(un) Af(Yn-1) - hf(yn—k-f-l)} )

n-1] T
U= ot vace o sk @) Rne2) o Af(Unk) |
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method (2.1.4) for scalar ODEs has a representation with r = 2k and s = 1
of the form

(ﬁo ] a1 o oaky ak B Beer B |
Goler - ag—1 ax B1 o Bee1 Bk
0 1 ... 0 0 o .- 0 0
AU
0 0 1 0 0 0 0
B|V
1 0 0 0 0 0 0
0 0 0 0 1 0 0
00 -~ 0 0 0 -+ 1 0 |

This representation was first proposed by Burrage and Butcher [33] (compare
also [54]). More compact representation is possible for special cases of (2.1.4).
For example, Adams methods can be represented with r = k+1 and backward
differentiation formulas (BDFs) with r = k (compare [52, 293]). A more
compact representation of general linear multistep formulas (2.1.4) with r = k
and s = 1 was discovered recently by Butcher and Hill [63]. Following [63],
we define

k

g = Z (@jYnrh—izj + R85 f(YUnrk-i—j)),
j=k—it+l

i=1,2,..., k. This formula was previously proposed by Skeel [264], although
not in the context of GLMs. Then method (2.1.4) can be written in the form

k
Yn = hBof(yn) + > (04yn—i + hi3; fyn—3s)) = hBof (yn) + y" Y,
j=1
and we have
k
u" = Z (@jynt1k—i=j + hBi f(Yn+11k—i=j))
j=k—itl

= Qkeit1Yn + WOk—it1 f(yn)

k

+ Z (@jynt14k—izg + B FYns14k~izj))
j=k—i+2

= (g—i+180 + Br—ix1)hf(yn) + ak—i+ly)[cn_l} + yy:”,
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t=1,2,...,k. This leads to the representation

e axBo+Br |0 0 0 - 0 yint
yi 180+ Br-1 |1 0 0 o 0 ap yr
gl | = ak—2B80+Bk—2 |0 1 0 - 0 app ybn =t

. 1
yl[cn]l 28y + B2 00 0 0 o yl[cn 1 !
yl[cn] ] o180 + B 00 0 -+ 1 oo || yl[cn : ]

To simplify the error analysis for linear multistep methods (2.1.4) for stiff
differential systems Dahlquist [100, 102] introduced the corresponding class
of one-leg methods defined by

k k
QoYn = Z CjYn—j + hﬂf(% Zﬂj@hl—j) ) (2.1.5)
j=1 §=0

n=kk+1,....N,ag=1, 8= Z] _o B;, which require only one evaluation
of the function f per step. As pointed out by Hundsdorfer and Steininger
[169], compared with the corresponding linear multistep method, the one-leg
method (2.1.5) may have stronger nonlinear stability properties, such as G-
stability, and more robust behavior on nonuniform grids (compare [101, 221]).

Set
1 &
= B Z BiYn—j.
j=0
Then substituting (2.1.5) into this relation for Y™, we obtain
<5oyn + Z B;yn— J)
(ﬂ Zaayn i Th3fY ) + Zﬁayn J)

(%30&] + ﬁj)yn —-J + h/BOf<Y[n )

vyl =

il Wl @l

o,
Il
oS

M»

Setting
T
={yn Yn—-1 yn—k-&—l} ’

T
= li Yn-1 Yn-2 o Yn—k } s
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method (2.1.5) for scalar ODEs has a representation as GLM (2.1.2) with
7 =k and s = 1 of the form

i ﬁO \ Boa29+ﬁ1 ,60&2;‘52 ﬁOQk-,lé""ﬂk—l ﬂQQJcﬂ"‘ﬁk 7
ﬁ 23] Qg k-1 (078
AlU Lo 1 0o .. 0 0
B ‘ v 0 0 1 0 0
0] 0 0o . 1 0

(compare [41]). A different representation of one-leg method (2.1.5) as GLM
(2.1.2), where the vector of external approximations was specified in reverse
order and a different normalization ag # 0 and 3 = 1 was used, was consid-
ered by Butcher and Hill [63]. In this representation the coefficient matrix
(A,U,B,V) for the one-leg method written as a GLM is the transpose of the
coefficient matrix of the linear multistep method written as a GLM with k
inputs, subject to this different normalization.

An interesting class of extended backward differentiation formulas (EBDFs)
suitable for the numerical solution of stiff differential systems was introduced
by Cash [85] (see also [145, 146]). These methods involve approximations at
future point £, x+1 and take the form

k
> yntj = hBefnrk + hBer1frrisin, (2.1.6)
i=0

frtk = f(tntk, Ynsk), fotk+1 = f(tnsk+1, Yntk+1). with coefficients a;, j =
0,1,...,k, Bk, k-1, computed by solving the appropriate order conditions
for the order p = k + 1 and with the normalization o = 1. These coefficients
are listed in [85]. The resulting methods are A- and L-stable for k = 1, 2,
and 3, and A(«)-stable for k = 4, 5, 6, 7, and 8, and the regions of absolute
stability are plotted Cash [85], and by Hairer and Wanner [145].

Assume that the approximate solutions Yn,Yn+1;- .., Yn+k—1 are already
available. Then algorithm based on EBDF methods takes the following form.
(i) Compute g, as the solution of the conventional BDF method

k=1
Ytk T Zajyn+j = BBk frsks (2.1.7)
=0

fn+k = f(tn+k7yn+k)'
(ii) Compute F, .1 as the solution of the same BDF formula advanced one
step, that is,
k—2 R
Unsks1 T Ok=1Ynir + Z ®jYn+j+1 = MOk frsks1s (2.1.8)
7=0
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Frirsr = Fltntks1.Ungnir):
(iii) Discard 7, k. insert f, .., into EBDF method (2.1.6), and solve for
Yn+k:

k—1

Yntk T Z Ynts = hBkfrsk + ABks1 Frinir- (2.1.9)
=0

As observed by Cash [86] and Hairer and Wanner[146], the disadvantage
of the algorithm given above is that stages (i) and (ii) represent nonlinear
systems with the same Jacobian I — h3xJ, J = 8f /0y, but stage (iii) has
a different Jacobian, I — h3;J, which requires extra LU decomposition. To

remedy this situation, Cash [86] proposed an algorithm where the last stage
(iii) was replaced by a modified EBDF (MEBDF) method of the form

k

> ejynsj = hBrfnsk + BBk — Be)Frsk + PBks1Frokir.  (2.1.10)
j=0

These methods are also A- and L-stable for k =1, 2, and 3, and A(«)-stable
for k =4, 5, 6, 7, and 8, with a larger angles & than that of the corresponding
EBDF methods. These angles for BDF, EBDF, and MEBDF methods are
listed in [85, 86, 145, 146], and reproduced in Table 2.1.1, where an asterisk
indicates that the method is not A(a)-stable. The stability regions of MEBDF
methods have been plotted by Hairer and Wanner [146].

« for BDF 90° 90° 88° 73° 51° 18° * *
« for EBDF 90° 90° 90° 87.61° 80.21° 67.73° 48.82° 19.98°
a for MEBDF | 90° 90° 90° 8B8.36° 83.07° 74.48° 61.98° 42.87°

Table 2.1.1  Angles a of A(a)-stability for BDF, EBDF, and MEBDF
formulas

Substituting (2.1.7) into (2.1.8), we obtain

E

-1

Unikel = Qk—100Yn + (Ck—185 — Gj—1)Yntj
1 (2.1.11)

— RGk-1BkFnik + Wi Frsks1-

o
Il
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An algorithm based on formulas (2.1.7), (2.1.11), and (2.1.10) can be written
as a GLM of the form (2.1.2) with

_ ? Yn+k
Yy
S . i _— ml | Yt
Y™ =1 Fpagr | FO)=| foppr | ¥ =
Yn+k fn+k
Yn+1
and with the coefficient matrices A, U, B, and V given by
Br 0 0
A=| —@B G 0 |,
Bk =Bk Br+1 DBk
— Q-1 —Ok—2 y —01 —a
U= | Qp-10k—1—0k—2 Qk—10k—2—Qk—3 '+ Op_181—0p Qx-10p |,
—QE—1 — Q-2 e —Q) —Qp
e _Bk /31c+1 Bk ] [ —~Qg-1 —Qg-2 '+ —Q1 —Qp
0 0 0 1 0 ce 0 0
B = , V =
0 0 0 0 0 Ce 0 0
0 0 0 | 0 o - 1 0 |

Consider next the general class of two-step Runge-Kutta (TSRK) methods
introduced by Jackiewicz and Tracogna [183] (see also [270]). These methods
depend on stage values at two consecutive steps and have the form

Y;-[n] = (1 —ug)yn-1+ UiYn—2

+hz(awf h+ b f (),

(2.1.12)
Yn = (]- — D yn—1 + FYn-2

s hfj(% Y + £ (),

i=1,2,...,5,n=2,3,...,N, where Yi["] are approximations to y(t,—1 + ¢;h).
Method (2.1.12) can be represented by the abscissa vector ¢ = [c1,.. ., cs) T
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and the tableaux
ulA|B

ﬁ’vT‘wT

For scalar ODEs these methods can be represented as GLMs (2.1.2) with
r = s+ 2 in the form

[ v ] [ Ale-u u B |[ rEYR) |
Un _ | vTj1-9 9 wT Yn—1
Yn—1 0 0 Yn—2

| RF(YIM) || T 0 0 0 || ARyl

(compare [293]). Here I is the identity matrix of dimension s and 0 is a
zero matrix or vector of appropriate dimensions. Different representation of
(2.1.12) as GLMs are considered in [15, 183, 189, 270).

Burrage [28, 29] and Burrage and Sharp [36] studied multistep Runge-Kutta
(MRK) methods defined by

s k
CARTD IITITIND
= =1 (2.1.13)
In
Yn+1 = hzbjf(yf ]) T Z/ijm-l—j’
j=1 j:l

i=12,...,8,n =k—1k,....N—1. Here Yi[n] is an approximation to
y(tn + ¢;h). For k = 1 these methods reduce to the RK formulas (2.1.3).
However, for k& = 2 they do not reduce to the class of TSRK methods (2.1.12)

since MRK methods (2.1.13) depend only on stage values Yi[n] on the current

step, whereas TSRK methods (2.1.12) depend on stage values Y™ and Y,» ™!
on two consecutive steps. Setting

T
(nl — [ . }
Yn+1l Yn Yn—k+2 »

T
= |: Yn Yn-1 o Yn—k+1 :l 3
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MRK methods (2.1.13) for scalar ODEs have the representation as GLMs
(2.1.2) of the form

@11 @12 cc o Gle | ULL Uizt Ul k-1  Ulk
@1 @2 <+ Qe | U2l U2 cc U2 k—1 U2k
Ags1 Qg et Qg | Usl Ug2 ¢ Usk—1 Ugk
A ‘ U 2 K]
by b be | 11 12 Vg1 Uk
B|Vv
0 0 0 1 0 0 0
0 o - 0 0 0o - 0 0
L 0 o -« 0 0 0o - 1 0 ]

Weiner and coworkers investigated various classes of peer methods first
introduced in [250], i.e., methods in which all stages have the same properties
and no extraordinary solution variable is used. For example, the two-step
peer methods investigated by Weiner at al. [286, 289], on the uniform grid
take the form

= 3 beY e a0 T R s f, 24)
Jj=1 j=1 J=1

1=1,2,...,8,n=1,2,..., or in vector form,
v = Benyl U+ hAgDFY )+ (R DFYM),  (2.1.15)
n=1,2,..., where
Yl x yltn + k), i=1,2,...,s.

The representation of (2.1.14) or (2.1.15) as a GLM for the scalar differential
problem takes the form

vl R|B A hE(YIn)
ynl | R|B A |~ yr=1l
hE(Y") I{0 0 hF (Y=t

Variable step size variant of these methods have also been considered in which
the matrices A = A(§), B = B(J), and R = R(J) depend on the ratio of step
sizes § = 8, = hp/hn—1 [286, 289] . Different classes of peer methods have
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also been introduced: for example, parallel peer two-step W-methods [288],
Rosenbrock-type peer two-step methods [238], multi-implicit peer two-step W-
methods [252], and implicit parallel peer methods for stiff systems [251]. The
numerical experiments presented in these papers indicate that various classes
of peer methods have a potential as building blocks of software which can
be competitive with that currently in use based on RK or predictor-corrector
methods.

Other examples of methods that can be represented as GLMs include
predictor-corrector methods in various implementation modes (e.g., P(EC)™
or P(ECY™E) [194, 195]; the generalized multistep or hybrid methods of
Butcher [37], Gear [130], and Gragg and Stetter [135]; the split linear multistep
methods discussed by Cash [87] and Voss and Casper [283]; the cyclic compos-
ite methods of Donelson and Hansen [115]; the pseudo Runge-Kutta methods
of Byrne and Lambert [84] and Byrne [82]; special cases of two-step Runge-
Kutta methods [181, 182, 190, 244]; the diagonally implicit single-eigenvalue
methods (DIMSEMs) introduced by Enenkel and Jackson [126, 127]; and the
Almost Runge-Kutta methods [47, 49, 76]. Representation of some of these
methods as GLMs (2.1.2) have been discussed in [41, 52, 53, 143, 146, 293].

2.2 PRECONSISTENCY, CONSISTENCY, STAGE-CONSISTENCY,
AND ZERO-STABILITY

To identify useful GLMs (2.1.2), we have to impose some accuracy and sta-
bility conditions. To find some minimal accuracy conditions, we assume that
there exist vectors qp and q,

T
Q= | @10 G20 --- QT,O:| ) ql:i:QI,l g2,1 ... Gra

such that the components of the input vector y» ! satisfy

T = gioy(tar) + @i hy (ta1) = O(R7), i=1,2,...m,

We then request that the components of the stage vector Y and the output
vector yl™ satisfy

}/‘l[n] :y(tn—-l +Clh)+0(h2), 1=1,2,...,5,

and
u" = gioy(t) + qinhy/ (t) + O(RY), i=1,2,....7,

Observe that the condition for Yi["] is more general than the condition

Y =yt +O), i=1.2,....s
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considered in [31, 52]. Substituting these relations into (2.1.2), we obtain
s
Y(tn1) + het/ (tnr) = kD aijy (ta-r)
j=1

> i (Qj,Oy(tn-—l) + th,ly/(tn-—l) + O(h?),

i=1

+

1=1,2,...,s, and
8
Gioy(tn) + Ginhy/(tn) = B by (tn)
j=1

+ Z'Uij (Qj,oy(tn—l) + Qj,lhy/(tn—l)) +O(h?),

i=1

i=1,2,...,r. Comparing O(1) and O(h) terms in these relations, we obtain

r r
E uiij.O=17 i=1727"'755 § Vi544,0 = 44,0, 2'21725"'77‘7
Jj=1 j=1

and

8 ™
E ai; + E uijgi1 =c¢, t=12,...,s,
j=1 j=1

8 T
Zbij + Zvijqj',l =¢o+tqi 1=12...r
j=1 i=1

Considerations above motivate the following definitions.

Definition 2.2.1 GLM (c,A,U,B,V) is preconsistent if there exists a vec-
tor qo such that

Uqo =e, Vqp=qq, (2.2.1)

where e = [1,...,1]T € R®. The vector qq is called the preconsistency vector.

Definition 2.2.2 GLM (c,A,U,B,V) is consistent if it is preconsistent
with preconsistency vector qo and there exists a vector qy such that

Be+ Vai =qo+qu;, (2.2.2)
where e = [1,...,1]T € R". The vector qi is called the consistency vector.
Definition 2.2.3 GLM (c, A, U,B, V) is stage-consistent if

Ae+Uq; =c (2.2.3)
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It can be verified that for an s-stage RK method (2.1.3) qp = 1, q1 =0
and the stage-consistency and consistency conditions are equivalent to

Ae=c, bfe=1.

The condition Ae = c is not necessary and RK methods that do not satisfy
it have been investigated in [224, 297] (see also [109]).
In the case of linear multistep methods (2.1.4),

qo=[1 1o O}TER%,

q1=[o 1o k=11 1}T6R2k’

and the preconsistency, consistency, and stage-consistency conditions take the

form
k k k
Saj=1 Y je;=>8 c=1 (2.2.4)
j=1 j=1 j=0

(compare [97, 153, 194, 195]). For more compact representation of linear
multistep methods discovered by Butcher and Hill [63] and discussed in Sec-
tion 2.1, the components of the vector of external approximations have the
expansions

k k
p= Y aulta)th S (8- G-k +i— 1))y (ta) + O(R?),
j=k—it1 j=k—it+1
i=1,2,...,k, and it follows that the preconsistency and consistency vectors
take the form
Qk B
Og—1 + Of Br—1+ Bk — ok
Qo = : eER", aq = : € R*.
k k k
> oy 8= (i -1ay
L j=1 J L j=1 j=1 J

Similarly to a representation with 2k inputs, the preconsistency, consistency,
and stage-consistency conditions take the form (2.2.4).
For the class of one-leg methods (2.1.5), we have

T
qo = e € R¥, qlz[o -1 ... —(k—l)} e R*,

and the preconsistency, consistency, and stage-consistency conditions take the

form . . X K
So=1 Yieu=26 e=1-13s
j=1 Jj=1 7=0 J=1

i
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For the MEBDF methods of Cash [86] discussed in Section 2.1, we have

T
w=ecR, @=[0 -1 .. —(k-1) ] €R¥,

which have the same form as for one-leg methods (2.1.5). These expressions
follow by expanding the vector of external approximations y[™ corresponding
to these methods around the point t,4,. Then the preconsistency conditions

take the form
k-1 k—1
1+) a;=0, 1+) o;=0,
j=0 j=0

the consistency condition is

k-1

Bk + Bry1 + Z(k —Ja; =0,

7=0

and the stage-consistency conditions are

k—1
c1 =B+ (k—5)d;+1,
7=0

. k-1
2 = (@ = 1)(2= B+ L (k- 103, ),

j=0
and
k—1
3 = Bk + Br+1 + Z(k —J)os + 1.
7=0

For the class of TSRK methods (2.1.12), we have

T 2 T +2
qoz[l 1\0 0} € R5+2, q1=[0 —1\1 1} € R%*2,

the preconsistency conditions are satisfied automatically and the consistency
and stage-consistency and conditions take the form

(vIi+wlle=14+49, (A+Ble—u=c

(compare [183, 270]).

For MRK methods investigated by Burrage et al. [28, 29, 36] and written
as GLMs in Section 2.1, the preconsistency and consistency vectors have the
same form as for one-leg methods (2.1.5) and MEBDF methods, that is,

k T k
w=e€eR, @=[0 -1 - —(k-1)] €R"
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For these methods the preconsistency conditions are

k
uy=1, i=12...s zs:vj=l,
j=1 Jj=1

the consistency condition is

s k
ij —Zj’Uj = O7
j=1 7j=1

and the stage-consistency conditions are

s k
c=1+> =Y juy, i=12..s.
j=1 j=1

For the two-step peer methods discussed by Weiner et al. [250], [286], [289]
and in Section 2.1, the preconsistency and consistency vectors are

€ 2s c—¢e 2s
Qo = ER”, q1= € R*%,
0 e

The preconsistency condition for this class of methods takes the form
Be=e

and the consistency and stage-consistency conditions reduce to the same re-
lation of the form
(R+A)e+B(c—e)=c.

Next we investigate the zero-stability of GLMs. To find minimal stability
conditions, we apply GLM (2.1.2) to the equation ¢ = 0, ¢t > tg. This leads
to

yM = vyl = vyl =0,1,.

and motivates the following definition.

Definition 2.2.4 GLM (c,A.U,B,V) is zero-stable if there exists a con-
stant C such that
vrl<c (2.2.3)

foralln=0,1,....

It is well known that condition (2.2.5) is equivalent to the following crite-
rion.

Theorem 2.2.5 (compare [31, 41]) GLM (c,A,U,B,V) is zero-stable if
the minimal polynomial of the coefficient matriz V has no zeros with magni-
tude greater than 1 and aoll zeros with magnitude equal to 1 are simple.
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We also introduce the following definition.

Definition 2.2.6 GLM (c,A,U,B,V) is strictly zero-stable if it is zero-
stable and the coefficient matriz 'V has ezactly one eigenvalue on the unit
circle that is equal to 1.

For RK methods (2.2.2) the minimal polynomial is p(w) = w—1, and these
methods are always zero-stable. It can be verified that for the linear multistep
method (2.2.3) written as GLM with 2k or k inputs, the minimal polynomials
are

where
k
p(w) = wk — Z aywk=i
i=1

is the first characteristic polynomial of (2.2.3). For one-leg methods the mini-
mal polynomial is p(w) = p(w). Hence, linear multistep methods and one-leg
methods are zero-stable if p(w) satisfies the root condition. This means that
p(w) has no root with modulus greater than 1, and that every root with mod-
ulus 1 is simple (compare [194, 195]). For the TSRK methods (2.1.12), the
minimal polynomial is

p(w) = w(w? — (1 - )w - ¥).

The roots of this polynomial are w = 0, w = 1, and w = — 9 and it follows
that (2.1.12) is zero-stable if and only if —1 < 9 < 1 (compare [183, 270]).

2.3 CONVERGENCE

To investigate the convergence of GLM (2.1.2), following Butcher [52] we
assume only that there exists a starting procedure

Sp :R™ — R™"

which associates with every step size A > 0 a starting vector y[% = y%(h) €
R™" such that

lim Sh(yo) = lim Y% = (qo @ Dy(to) (2.3.1)

for some nonzero vector qo (preconsistency vector). Here yo € R™ is the
initial value and y is a solution to (2.1.1). We then investigate the conditions
under which the sequence of vectors y[™ computed using n steps of GLM
(2.1.2) with step size h such that nh = —ty converges to qoy(?) for any fixed
t € [to, T]. We introduce the following definition.

Definition 2.3.1 GLM (c, A, U,B,V) is convergent if for any initial value
problem (2.1.1) satisfying the Lipschitz condition, there exists a nonzero vector
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qo € R" and a starting procedure Sy, satisfying (2.8.1), such that the sequence
of vectors y computed using n steps of GLM (2.1.2) with ylol = Sk(yo) and
h = (t —to)/n converges to qoy(t) for any t € [to,T]. Here y 1s a solution to
(2.1.1). :

In the next two theorems we establish that zero-stability and consistency
are necessary and sufficient conditions for convergence. The proofs of these
theorems follow closely Butcher’s presentation [52].

Theorem 2.3.2 Assume that GLM (c, A, U,B, V) is convergent. Then it is
zero-stable and consistent.

Proof: We show first that convergence implies zero-stability. Suppose, on

the contrary, that the sequence | V||, n = 1,2,..., is unbounded. Then, since
V™| = max =1 | V™|, there exists a sequence of vectors wy, |[wn|| = 1,
such that the sequence |[V™w,|l, n = 1,2,..., is unbounded. Consider the

solution of the initial value problem

t > 0, at the point £ = 1, where n steps are taken by GLM (2.1.2) with a step
size h = 1/n and with the initial vector y!% given by
w.
Y = 81(0) = ——
e [V

1<ign
Observe that limy_ Sx(0) = 0 since the sequence |[V™w,| is unbounded.
The approximation y["] after n steps is then given by

Y = V8, (0) = _ Viun
e V]
1<i<n
with norm H H
V7w
(|| = n S | et |
Hy H HV Sh(o)“ max HvzwiH
1<i<n

Since ||[V"™w,| is unbounded, there exists a monotonically increasing subse-
quence || V™ wy,, || such that lim; o [V wn, || = 00 and max) <i<n; [ Viw|l =
V™ wn, ||. Hence,

g5 = |V, S(1/n5)]| = 1,
arbitrarily often, which contradicts convergence.

We show next that convergence implies consistency. Consider the solution
of the initial value problem
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t > 0, at the point £ = 1, where n steps are taken by GLM (2.1.2) with step
size h = 1/n and with the initial vector y(% given by

Y = (0) = aoy(0) = 0.
The output vectors y!¥ are generated according to the formula
Yy = pBe+Vyli-l =12 ...,n,

which leads to
Yy =hI+V+...+ V" Be.

Since Viqo = qg, i =0,1,..., we have
RI+V +-- + V™ Hqy = hnqe = qo,
and it follows that
Y —qo=hI+V+-- + V" (Be - q).

We have already proved in the first part of this theorem that the coefficient
matrix V is power bounded. This implies that there exists a nonsingular
matrix P such that

o

V=P ~ | P,

0oV
where I is the identity matrix of dimension 7 < r and V is power bounded
and such that 1 ¢ o(V). Here 0(V) stands for the spectrum of the matrix V.
Hence,

7] _ I 0
y™"—-q = P ~ ~ P(Be — qq)
0 AI+V+... 4V
I 0
= P! P(Be — q).

0 RI-V) I (I-V")

Passing to the limit as n — oo, nh =1, in the relation above and taking into

account that
lim  y™ = qoy(1) = qo,

n—oc,nh=1

we obtain

P(Be —qo) =
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This relation implies that the vector P(Be — qp) has only zeros in its first 7
components. Since the matrix I — V is nonsingular, we can write this vector
in the form

P(Be—qo) = (1_(17)5

for some vector q; € R"~7. Define the vector q; € R” by

q =P! _
q:
Then
0 0 0 0 0
P(Be-qp) = - _ = [I- ~ Paq;
0 I-V d: 0oV
0 0
= P|I-P! -~ |Plag = PO-V)q.
0V

Hence, Be + Vq: = qg + q;, which is the consistency condition with consis-
tency vector q;. This completes the proof. ]

To prove that zero-stability and consistency are also sufficient conditions
for convergence, we need the following variant of a lemma, on stable sequences.

Lemma 2.3.3 Assume that Q € R"*” is a stable matriz with a bound on
Q]| given by
Q™I <Cy. n=0.1,...,

where Cy is a constant such that Cy > 1. Let sequences un, w, € R” be such
that

Un = QUp—1 + Wn, HwnH < 02”un—1” +4,
n=0,1,..., for constants Co >0 and 6 > 0. Then

[unll < C1([luoll + nd) (2.3.2)
if Cy =0 and
n 5 n
lunll < Cr(1 4+ CrC2)" fuo]| + = ((1 +C1C) — 1) (2.3.3)
2
lfCQ >0,n=0,1,....

Proof :  Applying the formula for u, n times, we obtain

n
up = QMugp + Z Qn_j’wju

J=1
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n=01... Taking norms on both sides of this equation and then bounding
IQ™ || by C1 and using the inequality for ||w,|| leads to

Junl = € (ol + €2 Y- tn-sl 7).

Jj=1

Bound (2.3.2) follows immediately for C; = 0. For C3 > 0 we prove bound
(2.3.3) by induction with respect to n. Substituting the bounds for ||u,—;|
given by (2.3.3) for j = 1,2,...,n into the last inequality, we obtain

n

G <Uo| + Y Z (Cl (14 C1C2)7 ol

=1

IA

l[un

8

0—2 ((1 +C1CyY 1 — 1)) +n5>

n

= (1 + C1Cy 2(1 + C1C2)j‘1) lluoll + 0152(1 +C Gy !

Jj=1 J=1

0
= G+GC) uoll + 5 (@ +CaC)" — 1),
2

which is bound (2.3.3). This completes the proof. N

Theorem 2.3.4 A4 zero-stable and consistent GLM (2.1.2) is convergent.

Proof: Define the vectors gin~1, ginl ¢ R™,

@\gn—l] @\;n]
7n=11 _ : @[n] - :
by
@\Z[n_ll = i oy(tn-1) + g1 hy' (ta-1), @\L[n] = qi,0y(tn) + a1 hy' (tn).

where g; 0 and ¢; 1 are components of preconsistency and consistency vectors
qo and q1, respectively. We define vectors &;(h) and hn;(h) as residua obtained

by replacing yz["—ll., yz[-"] in (2.1.2) by @\Z[n_l], @\Z[n] and Yi[n] by y(tn—1 + cih);
that is,

Y(tno1 +cih) = hZaijy/(tn_l +cjh)

Jj=1
T

+ Zuz'j (Qi,Oy(tn—l) + Qi,lhy’(tn—l)) +&i(h),

=1
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1=1,2,...,s, and

A[n _hzbmy n— 1+Cy +Z7~]Uy3n 1 +h7]1(h)

Jj=1 j=1

or

¢.0Y(tn) + g by (tn) = h Z bijy (tn-1 + cih)
j=1
+ Z Uy <Qz‘,0y(tn—1) + Qi,lhy/(tn—1)> + hn;(h),

j=1

i=1,2,...,r. Expanding y(t,—; + cih) and y'(tp—1 + ¢;h) around ¢,_; in
the equations that define &;(h), i = 1,2,...,s, and using the preconsistency
condition Uqg = e, it follows that

Expanding y(t,) and y'(¢,) around the point #,_; in the equations that define
ni(h), i = 1,2,...,r, and using the preconsistency condition Vqg = qg and
consistency condition Be + Vq; = qg + q;, we can conclude that

[n]

Subtracting the equations for y; in]

and ¥;

; ', we obtain

nJ_@gn]:hzbij(f(yjm)_f(y(tn_ﬁq )+Z% — ) = hy(h),
j=1

i = 1,2,...,r. Using the notation introduced in Section 2.1, this can be
written in vector form as

Yinl =gl = (Vg (- — gin)
+ WBBI) (F(Y[”]) — F(y(tny + ch))) — h(h),
where

y(t +crh) flyt+ah)
y(t+ch) = : . F(y(t+ch) = :

y(t + csh) Fly(t +csh))

I is an identity matrix of dimension m, and n(h) € R™" is composed from
the vectors n;(h), ¢ = 1,2,...,r. To analyze the behavior of the sequence
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y?l — 317 we will use, for convenience, the spectral norm || - || = || - ||z for
which ||Q @ Ij| = {|QJ] for any matrix @, and

|Fw) - F@)| < Ly - 7.
where L is the Lipschitz constant of the function f. Introducing the notation
un =y =37, w = B ED(FY™) — F(y(ta-1 + ch))) — hn(h),

we obtain
Un = (V@ Du,_1 +w,

and
[[wnl| < ALB| YT — y(ta1 + ch)|| + hlIn(R)]].

Subtracting the relations for Y and y(t,_; + ch), we get
Y~ y(tass +ch) = AAST)(FYT) = F(y(tn-1 +ch)))
+ (U@I)(n=t g1y —¢(n),
where £(h) € R™ is composed from &;(h). Hence,

Y = y(taoy +ch)|| < AL|A|||YT = y(taoy + ch)|
+ [[UlHly = =g + el

Assume that hg is a step size such that hoL||A|| < 1. Then for h < hg we
have

- UL e ey €]
Y1) = ylta-s + b € g gl =+ 125 T

and substituting this inequality into the inequality for |Jw,|| it follows that
lwn|l < ADflun|| + hS(h),
where D and §(h) are defined by

b LIBlIYY _ LIBI[Er) |

= 2B gy = 2RV .
- hollAl ™= T7ozia) 7

Taking into account that the norms ||V"?| are bounded by a constant C
(compare Definition 2.2.4), application of Lemma 2.3.3 leads to the follow-
ing bounds on {|u,|:

Junll < O(luoll + mhd(h)
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if D=0or

(1+hCD)* — 1

Jitnll < C(1 +hCD)™ o] = =22

a(h)
if D > 0. Since hn =t — tg, we have
(1+ hCD)" < CP(ito)
and the bounds on [Ju,|| = /™ — 7™|| can be written in the form
Junl < € (Jluo + (F = to)3(h)

if D=0or

[y — girl|| < CeOPE—to)||ylol — 50]|| 4+ Pl
if D > 0. Using triangle and inverse triangle inequalities

el =1y} <l + yil <l + [y,

we obtain

1" = o9 @] < (118" = aioy(to)]| + E - t0)3(R)) + Oh)

81

if D=0or
n _ - ecD(?—to)—l
Hyﬁ = a:,0y(F)| < Ce“PU tO)H.%LO] — qioy(to)|| + ia) 6(h) +O(h)
ifD>0,i=1,2,...,r. The convergence now follows since
; (0] -
lim ||y = gs,05(to)|| = 0
and d(h) = O(h). [

2.4 ORDER AND STAGE ORDER CONDITIONS

In assessing the accuracy of GLMs (2.1.2), we identify two integers: p, the
order of the method, and g, the stage order. To formulate order and stage

for the next step satisfy

order conditions, we assume that the components of the input vector yin_l]

P
i =3 quhFy P () + O, i=1,2,...,7, (2.4.1)

k=0
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for some real parameters g, ¢ = 1, 2,. , k= ..,p. We then request
that the components of the internal stages [n] be approxmlatlons of order ¢
to the solution y of (2.1.1) at the points tn_l + ¢;h; that is,

Y™ = y(tay +ch) + O(RITY), i=1,2,...,s. (2.4.2)
We also request that the components of the output vector yz[n] satisfy
quh’“ ®(t,) +ORP*Y), i=1,2,...,r, (2.4.3)

for the same parameters g;-

The formula for yz[-n_” given by (2.4.1) was chosen here because this repre-
sentation is convenient for the purpose of investigating the structure of order
conditions. However, this representation also suggests that to start the in-
tegration we need to compute the initial vector ylol by a starting procedure
Sy : R™ — R™" (compare Section 2.3) satisfying (2.4.1) for n = 1; that is, in
vector notation,

p
v = Sh(yo) = > (ax @ DRFYP(to) = O(RPH), i=1,2,...,7. (244)
k=0

Observe that this is a stronger requirement on Sy than condition (2.3.1) which
was required for convergence. In practice, such y!% will usually be found from
approximations to the solution values at equally spaced arguments without
direct computation of approximations to the scaled derivatives h*y® (to)-
Moreover, we describe some families of GLMs of various orders and stage
orders for which it will be easy to increase the order one unit at a time. In
such a case, in the first step of the integration a method of order p = 1 will
be used for which computation of the required starting vector y!® will easily
be effected from knowledge of the initial value yp.

The derivation of order and stage order conditions for general p and ¢
is quite complicated and requires sophisticated algebraic tools developed by
Butcher [41, 52] (see also [143, 293]). However, this analysis is quite simple
for methods of high stage order( i.e., methods with g =porg=p—1). In
these cases order and stage order conditions can be expressed conveniently
using the theory of functions of a complex variable.

It is convenient to collect the parameters g;x in the matrix W defined by

qgio q11 -+ qip
q20 421 ' Q2p

W=|q q ... qp}:

gro 4r1 " Grp
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We recognize qo and q; as preconsistency and consistency vectors, respec-
tively. We also introduce the notation

T
ecz — |: ec1r  gl2z  gCsZ }

and define the vector w = w(z) by

P
z) = Z Qez®.
k=0
We have the following theorems.

Theorem 2.4.1 (Butcher [44]) Assume that y!"~ satisfies (2.4.1). Then
the GLM (2.1.2) of order p and stage order ¢ = p satisfies (2.4.2) and (2.4.8)
if and only if

°* = zAe® + Uw(z) + O(zFPT1), (2.4.5)

ezw(z) = zBe®” + Vw(z2) + O(zF™). (2.4.6)

Proof: Since Y™ = = y(tn—1 + c;h) + O(RPT1), i =1,2,....s, it follows that

REQYT) = Ry (taer + cih) + O(hP*2)

p+1 CI-C_I

= Y M ) + 002
k=1 ’
P ck—

= Z(k~ tn-1) + O(WP*Y).
k=1

Furthermore, using a Taylor series expansion, (2.4.3) can be written in the

form
p k 1
W= (Z ﬁqz-,k_z> Ry (to1) + O(RPF).

k=0 Ni=0 "~

Substituting "~ defined by (2.4.1) and the relations above for F™y and

ylm, into the equation (2.1.2), which define computations performed in the

nth step, we obtain

4 B
Z (Cf - Zkaijcj_ Zk uz]QJk) |y >(tn 1) = O(hp+l)
7=1

k=0
and
P k Ll hk ) 1
Z (Z Z_sz l —Zkbwc] _Zk!vijqjk> Fy( >(tn 1) = O(hp+ ).
k=0 >1=0 j=1 =1 !
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Equating coefficients of hFy™(t,_1)/k!, k = 0,1,...,p, to zero and then
multiplying these coefficients by 2*/k! and adding them from k = 0 to k = p,
we obtain

) T
efi® — E za; ;€% — E uw; = 0P i=1,2,...,s,
Jj=1

=1

and . .
efws — Y zbiyet =Y vgw; = O(FTh), i=12...,r
j=1 j=1
These relations are equivalent to (2.4.5) and (2.4.6). This completes the
proof. [ ]

Theorem 2.4.2 (Butcher and Jackiewicz [65]) Assume that y!"~! sat-
isfies (2.4.1). Then GLM (2.1.2) of order p and stage order ¢ = p— 1 satisfies
(2.4.2) and (2.4.3) if and only if

c?  AcP!

€% = zAe®” + Uw(z) + ( - qu> 2P+ 0P (2.4.7)

-1
and (2.4.6).
Proof : Proceeding similarly as in the proof of Theorem 2.4.1, we obtain
i (c’P - ikw-c’?_l - ik'u-'q' )ﬁf ®) (t,_1) = O(hP)
k=0 L j=1 v j=1 A

and

P T
h*
Z(Z okt Zkbw 5= Y Mg ) g o) = 007
Jj=1 )

The right-hand side of the first of the equations above is of order O(h?) only
because the stage order ¢ is one less than order p. We obtain the relations

P 8 T
3 (c ~2_ ke _Zk “Zﬂqj’“) Kl (cp ZP% —ZP!Uij%)%Z;
j=1 j=1

k=0
and
P z
Z(Z Z'QZk‘ = Zkbu j ZAUUQJ’C>'}:_=03
which are equivalent to (2.4.7) and (2.4.6), respectively. [

It follows from the proofs of Theorems 2.4.1 and 2.4.2 that conditions
(2.4.5), (2.4.6), and (2.4.7) are equivalent to

cF —kAcF ! —klUqp =0, k=0,1,...,p. (2.4.8)
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k
k!
Zqu 1 —kBc* ' —klVqry =0, k=0,1,...,p, (2.4.9)
=0
and
cf —kAcF ' - klUqr =0, k=0,1,...,p—1. (2.4.10)

Define vectors 71"~ and 3" composed of

3 = gioy(tnt) + Giahy (bnmr) + - + G phPY @) (),
T = Gioy(tn) + @iahy (t) + -+ + 6 hPy P ().

We have the following theorem.

Theorem 2.4.3 Assume that GLM (2.1.2) has order p and stage order ¢ = p
orq=p—1. Then

[y — 57| = O(r?), i=1,2,...,r
as h — 0, hp, =t — tg, provided that

o — 50 = 0Py, i=1,2,...,r
as h — 0. Moreover,

1Y =yt +cih)|| = O(RP), i=1.2,...,5.

Proof : Similarly to the proof of Theorem 2.3.4, define &;(h) and hn;(h) b

y(tn—l+cl hzaljy n— 1+C] +ZUUA{” ! +§1 )

Z’l\in] = hz bijy (tn-1 +cjh) + Zvijﬂjn_ll + hn;(h).

j=1 j=1

Expanding y(tn—1+¢ih), 3 (tn-1+c;h), and y®) (t,,), k = 0,1,.. ., p, appearing
in 7™ into a Taylor series around ¢,_; and using (2.4.8) and (2.4.9) if g = p
or (2.4.10) and (2.4.9) if ¢ = p—1, it follows that &;(h) = O(hP*1) if ¢ = p and

&(h)=0(hr?)ifg=p—1,i=1,2,...,s,and n;(h) = O(hP), i = 1,2,...,7.
Proceeding in the same way as in the proof of Theorem 2.3.4, we obtain

= (V@ Dup-1+wn, |wn|l < Dunll + (k)
where now

un =y =G w, = KB EI) (F(Y["]) — F(y(tn_r + ch))> — hn(h)
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and D and é(h) are defined as before. We have §(h) = O(h?), and the
conclusion of the theorem follows from the application of Lemma 2.3.3 on
stable sequences and the inequality

Uil
1 - hol|A]

el

Y™~ y(tn +eh)]| < — hol A[l

lunll + 25T AT

which holds for hoL||A|| < 1 and h < hq. (]

Next we examine conditions (2.4.8), (2.4.9), and (2.4.10) in the context of
RK methods (2.1.3). The analysis of these conditions reveals that except for
some special cases of low-order methods, RK methods (2.1.3) cannot have
stage order equal to p or p — 1, where p is the order. For example, it follows
from (2.4.9) that for RK methods with p > 2, we must have

q0=17 Ch:O, ey qP:O

to satisfy the quadrature order conditions
T k-1 _ L
b‘c = k=1,2,...,p

For explicit RK methods, this is in conflict, however, with (2.4.8) or (2.4.10)
for k = 2 since

c? —2Ac#0

if we assume that co # 0. The situation is somewhat better for implicit RK
formulas, but also in this case there are no methods withg =porg=p—1
for p > 3 (compare [41, 52]).

Next we apply Theorem 2.4.1 to derive order conditions for linear multistep
methods (2.1.4). It follows from the form of the vector of external approxi-
mations, or from the analysis of relations (2.4.8) and (2.4.9), that the vectors
q; take the form

T

(=1t { 1 2 (k — 1)}

q = e 01 27 oo (k=11
((-1) 1 l (k=1)

1 =0,1,...,p. The preconsistency and consistency vectors qg and q; were

already determined in Section 2.2. Substituting these vectors into (2.4.8) with

c=1and A = ; leads to the following order conditions for method (2.1.4):

k
DEY (5= Doy i lz Y18 =1~ 15y, (2.4.11)
J
j=1

1=0,1,...,p. Using more compact representation of linear multistep meth-
ods with k inputs discovered by Butcher and Hill [63] and discussed in Sec-
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tion 2.1, the vectors q; take the form

[ 0 |

fl

q . . s

k k
Z]‘l )oy + Z 1)1
=k~

L j=1 ! 7 1 J

1=2,3,...,p, with the preconsistency and consistency vectors determined in
Section 2.2. Substituting these vectors into (2.4.8) with ¢ = 1 and appropriate
coefficients matrices A and U corresponding to this representation we again
obtain order conditions (2.4.11). These conditions could be obtained directly
by expanding local discretization error of (2.1.4), defined by

k
lte( Zajy n— _] hZBjy/(tn—j)
=0

into a Taylor series around the point t,_; and equating to zero the terms of
order O(h!), I = 0,1,...,p. Expanding lte(t,) around t, leads to a simpler
form of order conditions for (2.1.4), given by

k k k
Yooj=1 Y ey =178 1=12,....p,
j=1 j=1

which are equivalent to (2.4.11) (compare the discussion in [194, 195]).

Theorems 2.4.1 and 2.4.2 can also be used to obtain stage order and order
conditions for other classes of GLMs: for example, one-leg methods, EBDFs,
MEBDFs, TSRK methods, MRK methods, and peer methods, considered in
Section 2.1. However, this is not developed further here. Order conditions
for the general class of TSRK methods (2.1.12) are discussed in Chapter 5.
These order conditions reduce to those obtained from Theorems 2.4.1 and
2.4.2 for TSRK methods with ¢ = p or ¢ = p — 1. Order conditions for two-
step peer methods using the GLM point of view have been discussed by Izzo
and Jackiewicz [175].

2.5 LOCAL DISCRETIZATION ERROR OF METHODS OF HIGH
STAGE ORDER

Assume that the solution y to (2.1.1) is sufficiently smooth and that GLM
(2.1.2) has order p and stage order ¢ = p or ¢ = p— 1. The local discretization
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or truncation error le;(,) of the ith external stage y™ of GLM (2.1.2) at the
point ¢, is defined by

,
le;(tn) = @\En h szjf - Z'Uijil\_g-n_ll, (2.5.1)

j=1
i =1,2,...,7, where @\Z[n‘ll and @ln] are defined as in Section 2.4 (before

Theorem 2.4.3) and the }72-[”] are given by
M =h Zauf ¥ + Zuw’\[n Y, (2.5.2)

i=1,2,...,8. Denote by le(t,) € R™" the vector composed of le;(t,). We
have the following theorem.

Theorem 2.5.1 The local discretization error le(t,) of GLM (2.1.2) at the
point t, is given by

le(t,) = (¢p @ DAPT1yPD (2, 1) + O(hP+2) (2.5.3)
if g =p and by

le(tn) = (pp @ DAPFYPTI(E, 1)

of (2.5.4)
+ ($p® I)hp“a—y(y(tn_l))y(?) (tao1) + O(hP*2)
ifq=p—1, where
Pl
Ap+1-k BCP
wp = - — (2.5.5)
= k! p!
and ) Ach-!
(¢ cP-
= —_—_— - . 2.5.

Proof: First we establish the relationship between }Z[n] and y(tn—1 + c:h).
We have

y(tn1 +ch)=h Zaijf(y(tn~1 +cjh)) + Z Uijgj['n_l] +&i(h),
i=1 j=1
where £;(h) = O(hP™1) if ¢ = p and &;(h) = O(hP) if ¢ = p — 1 (compare

the proof of Theorem 2.4.3). Subtracting the equation above from (2.5.2), we
obtain

T = yltnos + i hzau( = fylinor + b)) = &(R),
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i =1,2,...,s. Hence, assuming that hoL||All < 1, where L is a Lipschitz
constant of f, we have for h < kg

_leml

[ = yltams + el < 75 Ty

and it follows that [|Y1"] — y(t,_1 + c;h)|| = O(hP*1) provided that g = p and
that |[Y™ = y(tn_1 + cih)|| = O(hP) provided that ¢ =p — 1.

Consider first the case ¢ = p. Substituting }/’\}[n] = y(tn—1 + c;h) + O(hPH1)
into (2.5.1), we obtain

p
> awhFy® () —hzbmy n-1+csh +szwqgkhy —1)~les(tn).
k=0

Jj=1k=0
Expanding y*)(t,) and y/(t,—1 + c;h) into a Taylor series around ¢,_; and
collecting the corresponding terms, we get

P

38 T k
Z (Z 7 dik-t = z; bkt — z; k!vijqjk> %y(k)(tn_l)
J= J:

p+1<1' +1-1 bacp ) 2
i,p+l— * +1, (p+1 1A, +
+ (;:1 T §; . >h7’ Pt (¢, _1) = les(tn) + O(RPT2).

=1

It follows from (2.4.8) that all the terms up to order O(h?) vanish, and the
local discretization error takes the form

p+l
, bijc
le; (tn) = ( Gipril —Z J >h"+1 P tD(t,_1) + O(RPF?),

! |
=1 It j=1 p:

which is equivalent to (2.5.3) with ¢, given by (2.5.5).
Consider next the case ¢ = p — 1. We have

VI = y(tnor + k) + %iltn-1)h? + O(AP*Y),

where ~;(t,—1) stands for the principal part of the error in stage values }/’\'in].
Substituting this relation into (2.5.2), we get

Y(tn—1 + ch) + vi(th—1)hP

—hZaUy n-1+cjh +ZZquﬂch y®) (tn_1) + O(RPT2).

k=0 j=1

Expanding y(tn_l +¢;h) and y'(t,—1 +c;h) around t,_; and comparing terms
of order O(hP), it follows that

Yiltn-1) = — i_zs: aijc§_l _zr:u.,q. y P (tn_1)

Jj=1
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Substituting }7;["] given above in terms of y(t,—1 + ¢;h) and v;(tp—1) and

BEP) =y (tnn + cih) + 2L

By (y(tn-1))7i(tn—1)RP™t + O(RPT?)

into (2.5.1) leads to the relation

quhk k> _hzbuy n— 1+C]h)

7j=1

r P

+Zb138 tn 1 /j tn 1 hp-H szqujkh Yy tn—l) _lei(tn)'

i=1k=0
Proceeding similarly as before, we obtain

p+1

lei(tn) _ ( q’LP+1 l _Z szcp>hp+1 p+1)(tn_l)

=1

s cp s a-kcp_l r 8f
. wa(ﬁ TR G X ) e
1= o=

+ O(hP*2),
which is equivalent to (2.5.4) with ¢, and v, given by (2.5.5) and (2.5.6),

respectively. This completes the proof. [ ]

2.6 LINEAR STABILITY THEORY OF GENERAL LINEAR METHODS

In this section we investigate stability properties of GLMs (2.1.2) with respect
to the standard linear test equation

y' =&y, t>0, (2.6.1)

where £ is a complex parameter. Applying (2.1.2) to (2.6.1), we obtain in
vector notation

Yl = pe Ayl 4 Uyln-1, (2.6.2)
yi" = heBY Il 4+ Vyln—1l, (2.6.3)
n=1,2,.... Put z = h¢ and assume that the matrix I — zA is nonsingular.

Then it follows from (2.6.2) that
yinl o I- ZA)_lUy[”_117
and substituting this relation into (2.6.3), we get

ylrl = M2y,



LINEAR STABILITY THEORY OF GENERAL LINEAR METHODS 91
n=1,2,..., where the matrix M(z) is defined by
M(z) =V + zB(I-zA)"'U. (2.6.4)

The M(z) is called the stability matrix of GLM (2.1.2). We also define the
stability function p(w, z) by the formula

plw, z) = det (wI — M(z)), (2.6.5)

where w € C. We introduce the following standard definitions.

Definition 2.6.1 GLM (2.1.2) is said to be absolutely stable for given z € C
if for that z, all the roots w; = wi(z), i = 1,2,...,r, of stability function
p(w, z) are inside the unit circle.

Definition 2.6.2 Region A of absolute stability of (2.1.2) is the set of all
z € C such that the method is absolutely stable, i.e.,

AZ{zGC: |w¢(z)| <1, i=1,2,...,r}.

An interval T of absolute stability is the intersection of A with a real azis
(e, T=ANR).

Definition 2.6.3 GLM (2.1.2) is said to be A-stable if its region of absolute
stability A contains a negative half-plane:

{zEC: Re(z)<0}C.A.
Definition 2.6.4 GLM (2.1.2) is said to be L-stable if it is A-stable and, in

addition,

lim p(M(z)) =0,

Z—0C

where p(M(z)) stands for the spectral radius of stability matriz M(z).

For RK methods (2.1.3) the stability matrix M(z) reduces to the stability
function

R(z) =1+ 2bT(1-zA)"te. (2.6.6)
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For linear multistep methods (2.1.4) the stability matrix M(z) takes the

form
r ay Qp—1 O B1 Br—1 Bk
1—- 20 1-280 1=-280|1-20 1-280 1-2080
1 0 0 0 0 0
0 1 0 0 0 0
a1z Qr-12 axz Bz Br—12 Bz
1 - 289 1-280 1-280 | 1-28 1-280 1-2z08
0 0 0 1 0 0
0 0 0 0 1 0

where we partitioned this matrix into blocks of dimension k x k. Let p(w)
and o(w) be the first and second characteristic polynomials of (2.1.4):

x

k
p(w) = w* — Z o, o(w) = Zﬁjwk‘j.
j=1

Jj=0

We already encountered the polynomial p(w) when we discussed zero-stability
of linear multistep methods in Section 2.2. We have the following theorem.

Theorem 2.6.5 The stability function p(w, z) = det(wI-M(z)) of the linear
multistep method (2.1.4) written as GLM with 2k inputs is given by

(2.6.7)

plw,z) = w* (p(w) — zo(w)).

1—,602

Proof: First consider the case 8y = 0, which corresponds to explicit methods.
Then the stability function p{w, z), given by

[ w — a1 —O—1 — O -5 —Br-1 —Bk ]
-1 0 0 0 0 0
0 -1 w 0 0 0
det
—aiz —Qp_1z2 —ogz | w— Pz —Br-12  —PBkz
0 0 0 -1 0 0
L 0 0 0 0 -1 wo
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is linear in z. Hence,

plw, 2) = p(w,0) + gg(w, 0)z.

It can be verified that p(w,0) = w®*p(w) (compare the discussion in Sec-

tion 2.2). Subtracting the (k+ 1)st row from the first row of %Z(w, 0), we also
have

[ w 0 0 0 0 0 ]
-1 0 0 0 0 0
P 0 1w | 0 0 0
8—Z(w,0):det
- —og—1 —ag | =5 —Br—1  —0k
0 0 0 -1 0 0
L0 0 0| 0 -1 w

and the routine computations yield
9p 0) = w¥ k-1 k-2 _ k
a(w, ) =w( = Bt = Bpw* T — = i) = —who(w).

Hence, p(w, 2) = w*(p(w) — zo(w)), which corresponds to (2.6.7) with 35 = 0.
Next consider the case 8y # 0, which corresponds to implicit methods.

Putting
- o ~ Bi .
P = ) P = s 1= 1. 2. ceey K
@ 1-— ‘Boz ﬁ 1-— ﬁoz ' Y k
p(w, z) takes the form
[ w-& - &1 - G o =B =Bk ]
-1 0 0 0 0 0
0 -1 w 0 0 0
det — — —
—aiz 0 —Qp-12 gz |w—LFrz o —Br-1z =Sz
0 ... 0 0 1 .. 0 0
| o 0 0 0 1w
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Proceeding similarly as before, we obtain

k k
p(w,2) = wk (wk - Z dGjuwk I — 2 Z ~jwk_j)
j=1 j=1

] k ' k

= wk (wk(l — Boz) — Z aywh=I — ZZBﬂUk_])

1—foz = =

1

= 1= ﬁozwk (p(w) — zo(w))

which is again (2.6.7) and proves our claim. [

Using the representation of linear multistep methods with k inputs pro-
posed by Butcher and Hill [63] discussed in Section 2.1, the stability matrix
M(z) takes the form

[0 -0 ok + 1 _zﬁoz(akﬂo + Ok)
M(z) = 1+ 0 ag-1+ 1 _zﬁoz(ak—lﬂo + Br-1)
_ 0 - 1 o + l_zﬁoz(a1ﬁo+ﬁ1) |

The characteristic polynomial of this matrix is described in the following re-
sult.

Theorem 2.6.6 The stability function p(w, z) = det(wI-M(z)) of the linear
multistep method (2.1.4) written as GLM with k inputs is given by

1
l—ﬁoz

Proof: Expanding p(w, z) = det(wl — M(z)) with respect to the last row,
we obtain

(p(w) — zo(w)). (2.6.8)

p(w, Z) =

p(w, 2)

ajﬁO +ﬁj

k
wk — E ajwk=I
J=1

Boz z

= p(w) - 1_50z(w’“ - p(w)) ~ 1Tz W) - Bow*)

_ Boz z
= <1+ 1_ﬁoz)p(w)— l—ﬁoza(w)

1

= 15 Pw) = zo(w).

which is our claim. []

=1
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The polynomial
m(w, 2) = p(w) — zo(w)

is called the characteristic polynomial of linear multistep method (2.1.4) (com-
pare [194, 195]). Denote by w;(z), ¢ = 1,2,...,k, the roots of this polynomial.
Then it follows from Theorem 2.6.5 or from Theorem 2.6.6 that the region of
absolute stability of (2.1.4) is given by

A={zeC: |w()| <1, i=12... .k},
which is in agreement with the classical theory of linear multistep methods

described by Lambert [194, 195].
For one-leg methods (2.1.5), the stability matrix M(z) takes the form

mu(z) ml,k—1(2) ml,k(z)
1 0 0
M(z) =
0 1 0
with ;

my;(2) = o5 +

1_—602(50%’ + 8;)
j=1,2,...,k, and it follows that the stability function p(w, z) has the form
(2.6.8) as described in Theorem 2.6.6 for linear multistep methods written as
GLMs with k inputs.

For TSRK methods (2.1.12), the stability matrix M(z) takes the form

1 -9+ 2vTS(z)(e—u) ¥+ 2v7S(z)u w? +2vTS(2)B
M(z) = 1 0 0
2S8(z)(e —u) 2S8(z)u 28(z)B

where S(z) = (I — zA)™!. The construction of TSRK methods with appro-
priate stability properties is discussed in Chapter 5.

We can also analyze linear stability properties of other classes of GLMs,
but this is not discussed further here. Stability properties of two-step peer

methods from the GLM point of view are discussed by Izzo and Jackiewicz
[175].

2.7 TYPES OF GENERAL LINEAR METHODS

The coefficient matrix A plays a role similar to the coefficient matrix A of
RK formulas and determines the implementation costs of GLMs. Depending
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on its structure, we divide methods (2.1.2) into four types, depending on the
nature of the differential system to be solved and the computer architecture
that is used to implement these methods. For GLMs of type 1 or 2, matrix
A has the form

A
ag1 A
A= , (2.7.1)
Gs1 Qg2 vt A

where A = 0 or A > 0, respectively. Such methods are appropriate for nonstiff
or stiff differential systems in a sequential computing environment. For type
3 or 4 methods, matrix A takes the form

A =diag(\\,...,A) = AL, (2.7.2)

where A = 0 or A > 0, respectively. Such methods are appropriate for nonstiff
or stiff differential systems in a parallel computing environment.

Type 1 RK methods correspond to explicit formulas and type 2 methods to
singly diagonally implicit Runge-Kutta (SDIRK) formulas [9]. The concepts
of type 3 and type 4 methods are of little relevance in the context of RK
formulas. In the context of linear multistep methods (2.1.4), type 1 or type
3 methods correspond to explicit formulas, and type 2 or type 4 methods
correspond to implicit formulas.

It will often be our goal to construct GLMs that will have the same stability
properties as explicit RK formulas or SDIRK methods. For this reason we
review below some relevant facts about the stability of these RK methods.

Applying any RK method with a step size h to the test equation

y/ = 5@/7 t>0, y(O) =1,

whose exact solution is y(t) = exp(t), we obtain after one step y1 = R(z),
where z = h& and R(z) is the stability function defined by (2.6.6). Hence,
assuming that the RK method has order p, we can conclude that

R(z) =e*+0(zP™) as z—0.

For explicit s-stage RK methods of order p the function R(z) is a polynomial
of degree s of the form

2 p

z z
R(z)=1+z+§+---+E+cp+1zp+l+---+cszs,
where cp11,Cp42,...,Cs are some constants. In particular, for explicit RK

formulas with p = s < 4, this function has the unique form

22 ~8

R(z)=1+z+ 3+ + o,
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which is equal to the polynomial approximation of degree s and order p = s
to the exponential function exp(z). Stability regions of the corresponding RK
methods are plotted in Fig. 2.7.1.

3.5 T T T T T

Im(2)

0.5

0.5

Figure 2.7.1 Stability regions of explicit RK methods with p = s <4

For implicit RK methods R(z) is the rational function

where P(z) and Q(z) are polynomials of degree < s. It follows from the
maximum principle applied to the negative half-plane C~ that the RK method
is A-stable if and only if it is stable on the imaginary axis (I-stable):

|R(iy)| <1 forall yeR,

and R(z) is analytic for Re(z) < 0 (i.e., Q(z) does not have roots with nega-
tive or zero real parts). I-stability is equivalent to the fact that the Ngrsett
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polynomial defined by
= Qiy)|* - |P(iy)|” = Qiy)Q(~iy) — P(iy)P(~iy)

satisfies
Ey) >0 foral yeR. (2.7.3)

Consider next SDIRK methods, which can be represented by the Butcher
tableaux

C1 A
C2 @21 A
(2.7.4)
Cs—1 | Us—1,1 Qg—12 ' A
Cs as1 ag2 crr lgs—1 A
I ST N

Assume that SDIRK method (2.7.4) has order p = s. Then it can be demon-
strated (compare, e.g., [146]) that its stability function takes the form

R(z) = %, P(z) = (—1)5;Lg8~”(§)(xz)j, (2.7.5)
where

Ly(z) = i<_1y(ﬁ>£ (2.76)

=0 7t

is the Laguerre polynomial of degree s and L® (z) stands for the kth deriva-
tive. The Ngrsett polynomials, denoted by E,(y), for SDIRK methods with
p = s < 4 are given below (compare [146]), where the explicit formula for
E(y) is also given.

Ei(y) =y* (22 - 1),

By =v*( - Zli S22 -0+ 40%) = A - 17 (A~ }I)

Es(y) =y (% —A+3x\% - 2/\3)

1 13 28
6( _ S 4 5
+y( 36+ /\ 4/\ 3/\ - 12X +6/\),

32
Ey(y) = yﬁ(ﬁ - EA —/\2 - ?/\3 +17A% = 8/\5)

+y8<__+_A 20, B 173/\4 76

5 5016 7
576 8 36 3 )t TN TR +8A)'



Since function (2.7.5) is analytic in C~ for A > 0, it follows that A-stability
is equivalent to Es(y) > 0 for all y € R (compare (2.7.3)); that is, all coeffi-
cients of E,(y) are nonnegative. We reproduce in Table 2.7.1 the results given
by Hairer and Wanner [146] (compare Table 6.3, p. 97) about A-stability of
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SDIRK methods of order p> s for s =1,2,...,8.

A-stability and p = s

A-stability and p=s+1

=W N

1/2< A< o0
1/4< A<
1/3 < X £1.06857902
0.39433757 < A\ < 1.28057976

0.42078251 < A\ < 0.47326839
0.28406464 < A\ < 0.54090688

{ 0.24650519 < A < 0.36180340

0.21704974 < A < 0.26471425

1/2
(3+/3)/6
1.06857902

0.47326839

Table 2.7.1 A-stability of the functions R(z) defined by (2.7.5) for p > s

L-stability and p=s—1

L-stability and p = s

o I O O k= W N

(2-+2)/2< X< (2++2)/2
0.18042531 < X < 2.18560010
0.22364780 < A < 0.57281606
0.24799464 < A < 0.67604239
0.18391465 < A < 0.33414237
0.20408345 < A < 0.37886489
0.15665860 < A\ < 0.23437316

A= (2+£2)/2
A = 0.43586652
A = 0.57281606
A = 0.27805384
A = 0.33414237

A =0.23437316

Table 2.7.2

We conclude this section with a discussion of stifly accurate SDIRK meth-

L-stability of R(z) with P(z) defined by (2.7.7) for p > s —1

ods, i.e., methods for which

Qg5 = bj,

3=12...,s.
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This property implies that the numerical approximation y,+1 is equal to the
last stage, v{". For these methods the numerator P(z) of the stability func-
tion R(z) takes the form

P(e) = (-1 S LD (5) (e (27.7)

(compare [146]). This is a polynomial of degree s — 1 and it follows that
lim R(z) =0.

Hence, if these methods are A-stable, they are also L-stable. We reproduce in
Table 2.7.2 the results from [146] (compare Table 6.4, p. 98) about L-stability
of stiffly accurate SDIRK methods of order p > s — 1 for s = 2,3,...,8.

2.8 ILLUSTRATIVE EXAMPLES OF GENERAL LINEAR METHODS

In this section we describe the construction of GLMs of all four types of order
p and stage order ¢ = p — 1 and ¢ = p with some desired stability properties.
To illustrate various design criteria in the construction of such methods we
restrict our attention in this section to methods withp =r=s=2and ¢=1
or 2. Moreover, we always assume that abscissa vector ¢ = [0,1]7 and that
the coefficient matrix U = I, where I is an identity matrix of dimension 2.

281 Typel:p=r=s=2andg=1o0r2

These methods take the form

o ol1 o
A‘U @y 0| 0 1

B‘V bir bz | Vi1 V12

| D21 ba2 | vz v |
where ag; # 0. Consider first the case p = ¢ +1 = r = s = 2. Solving stage
order and order conditions with ¢ = 1 and p = 2 given by (2.4.10) and (2.4.9)
leads to a five-parameter family of methods depending on a2, v11, v21, ¢i2,
and ¢o2. The stability polynomial of these methods takes the form

p(w, z) = w? — (p1o +purz +p12z2)w + poo + po12 + P22,

where the p;; depend on the free parameters of the methods. As a design
criterion we look first for methods that have the same stability properties as
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explicit RK methods of order p = 2 with two stages. This leads to the system
of equations

Poo =0, po1 =0, po2=0,
where p;; are polynomials with respect to @21, v21, q12, and g22. The solution

of this system leads to two families of methods, depending on wv1;. These
families are given by

[0 0] 1 o ]
A ‘ U 1 0|0 1
B ‘ Vv £ il l-wp
I 1 % vir 1—wi |
and
i 0 0 1 0 |
Alvu PRy 0 o
B ‘ v B 2_’;%%1 vii(l—wvi1) o1 1=wn
pioglitieusl 2ttty 1oy |

Observe that the spectrum of the coefficient matrix V is ¢(V) = {1,0}, and as
a consequence, these methods are zero-stable. It follows from Theorem 2.5.1
that the local discretization error le(t,) of these methods takes the form

of

le(t) = ((m S 1Y (tat) + (b2 ST (y(tn_n)y”(tn_l)) B+ O(h*).

Here, for the first family of methods,

T T
902:[1122—11—2 Q22—-11§} ' 1/12=[%—Q22 i——lhz} ,

and choosing o2 = %1’ the local discretization error takes a simple form,
le(tn) = (p2 ® DA%y (tn-1) + O(h?)

with @2 = [}, £]. The expressions for @2 and ¥, are more complicated for the
second family of methods and are not listed here. It can be verified that for
this family 1, = 0 if and only if gao = % and vy; = % This corresponds to
the method with stage order ¢ = 2 discussed below.

We would like to reiterate that by design all these methods have Runge-
Kutta stability (RK stability) properties: that is, theirs stability polynomials
take the form

p(w,2) = wlw - R(2),
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where R(z) = 1+ 2+ 322 is a stability function of explicit RK method of order
p = 2. All these methods are examples of DIMSIMs, which are the subject of
Chapter 3.

Consider next the case p = ¢ = r = s.= 2. Solving stage order and order
conditions (2.4.8) and (2.4.9) with ¢ = 2 and p = 2 leads to a three-parameter
family of methods, depending on a1, v11, and vg;. This family takes the form

[ 0 0 10 |
AU a2 0 0o 1
B ‘ Vv B az1(l —vin) + %1’11 %Uu v11 1—wun

L 1(2a21 —1)(1 —va1) v +3)—az |var 1—un |

The spectrum of the coefficient matrix V is (V) = {1,v;; — va1} and we
have to impose the condition

~1<v —va1 <1 (2.8.1)

to guarantee zero-stability. The stability polynomial of these methods takes
the form

p(w,2) = w? = p1(2)w + po(2),

where p; (z) and pg(z) are polynomials in z given by

1 1 1
pi(z) =14vn —va + (§v11(1 —2ag1) + 5(@21 +3)>z+ §v11a21z2,

1 1 1
po(z) = V11 — V21 + (5(1 + 31’11) — a21v11 - 51’21)2 + 51)11(2 — a21)22.

These methods have RK stability if pg(z) = 0, which leads to the system
V11 — V21 =0, 1+3'U11 *2@21U11 — V21 =0, ’U11(2—a21) = 0.

This system has a unique solution given by as; = 2, v;; = va1 = % and the
resulting GLM is

0 o1 0]
AtU 2 0|0 1
B|V R AEE

L -4z 3]

The local discretization error of this method is

le(t,) = (p2 @ Dy (t,)h* + O(h?) with @y = { 1 7 }T,
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Im(z)
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Figure 2.8.1
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Figure 2.8.2  Area of stability region versus d for GLMs of type 1 with p = ¢ =
r=s=2
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Figure 2.8.3 Norm of ¢ versus d for GLMs of type 1 withp=g=r=5s=2
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We can also consider different design criteria in the construction of GLMs.
For example, instead of searching for methods with RK stability, we may try
to construct methods with maximal regions or intervals of absolute stability.
In the context of methods discussed above, this can be done by a computer
search in the parameter space a1, v11, and v21 subject to the constraint (2.8.1)
to guarantee zero-stability. Accordingly, we choose d = v1; — v21 in advance
from the interval [—1,1) and then search in the parameter space (az1,v11) of
dimension 2, for methods with maximal regions of absolute stability. Stability
regions of the resulting methods are plotted in Fig. 2.8.1 for d = —1 + iAd,
t=0,1,...,N, Ad =2/N, N = 20, where we show by a thick solid line the
stability region corresponding to GLM with d = 1/2. The coefficients of this
method expressed in rational format are

0 0 1 0
2490
A ‘ U 1943 0 0 1
2723542 224 48 919
B ’ v 2656081 1367 1367 1367
9733585 1406013 | _ 471 3205
| 10624324 10624324 2734 2734 |

For comparison, we also show by a thick solid line the stability region of two-
stage RK methods of order p = 2. The method corresponding to d = 1 is not
zero-stable, and its stability region is plotted by a dashed line. In Fig. 2.8.2
we have plotted the area of stability regions versus d, and in Fig. 2.8.3 the
Euclidean norm of the vector ¢, appearing in the local discretization error
versus d.

282 Type2:ip=r=s8=2andqg=1o0r2

These methods take the form

A‘U az1 A 0 1

B’V bir b2 | i1 vi2

bor  boo | va1  v22

where A # 0 and az; # 0. As before, consider first the case p=qg+1=r =
5 = 2. Solving stage order and order conditions with ¢ = 1 and p = 2 given by
(2.4.10) and (2.4.9) leads to a six-parameter family of methods depending on
A, G21, V11, V21, q12, and go2. To analyze stability properties of these methods
it is more convenient to work with a polynomial (1 — Az)%p(w, 2), which we
denote by the same symbol p(w, z), than with the rational stability function,
and we adopt this convention for methods of type 2 and 4.
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This stability polynomial takes the form
p(w, z) = (1 = X2)*w? = (p1o + p112 + P122°)w + Poo + Po1 2 + Po22>,

where the p;; depend on the free parameters of the methods. Similarly as for
type 1 methods, as a design criterion we look first for methods that have the
same stability properties as SDIRK methods of order p = 2 with two stages.
This leads to the system of equations

poo=0, po1=0, pox=0,

where the p;; are polynomials with respect to A, a21, v21, q12, and gz2. The
solution of this system leads to two families of methods, depending on A and
v11. These families are given by

A 0 1 0
Alu A |o
B‘V $+X $-X|vn l-wp
L%%—)\ %—)\ U11 1—’011_
and _ -
A 0 1 0
1-2X
A \ U 2’(111(1—1)11) )\ 0 1
= -
B ] V 2—“‘% vll(l—vll) V11 1—-’011
! b2z v 1—wnp |
with

v} — 20% 4+ 2v1; — 1+ 2\ — 4w A
2v1;(v1; — 1) ’
—2v3, + 2u;; — 142X
PAEL

ba1

baa =

For the first family of methods, vectors @2 and 45 in the local discretization
error take the form

T
902=[422—ﬁ Q22—-11§} )

T
Y = [ A — X+ 11— /\2—/\+i—q22} )

and choosing gao = A\? — A+ % leads to methods with 1, = 0. The expressions
for ¢o and 19 are more complicated for the second family of methods and are
not listed.
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The stability polynomial for both families of methods is independent of vy,
and takes the form

plw,z) = w((l - Az2)?w—1—(1-2\)z— (% -2+ )\2)z2>.

We would like to stress again that, by design, the nonzero solution to p(w, z) =
0 is equal to the stability function of SDIRK method of order p = 2 with two
stages. Hence, it follows from the theory of SDIRK methods that both families
of GLMs are A-stable if A > § (compare Table 2.7.1). These methods are also
L-stable if A = (2 & 1/2)/2 (compare Table 2.7.2).

Next consider the case p = ¢ = r = s = 2. Solving stage order and order
conditions (2.4.8) and (2.4.9) with ¢ = 2 and p = 2 and imposing RK stability,
we obtain a one-parameter family of methods given by

A 0 1 0 }
A ! U H—LD\ A 0 1
B[V ] |mgmee = g
e e e e

The vector 2 takes the form

T
802=[%X"—%)\+ﬁ %,\2—/\+5§]

These methods are A-stable if A > % and attain order p = 3 if A = (3+/3)/6

(compare Table 2.7.1). These methods are also L-stable for A = (2 £ /2)/2
(compare Table 2.7.2).

283 Typed:p=r=s8=2andqg=1or2

These methods take the form

AlvU 0 0|0 1

B‘V b1 b2 v v12

| b21 ba2 | va1 v22

Consider first the case p = ¢+ 1 = r = s = 2. Solving stage order and order
conditions (2.4.10) and (2.4.9) with ¢ = 1 and p = 2 leads to a four-parameter
family of methods depending on v11, va1, ¢12, and ggp. Similarly as for type 1
formulas, the stability polynomial takes the form

plw,z) = w? — (P10 + p112 +p12z2)w + poo + Po1% + Po2z?,
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where the p;; depend on the free parameters of the methods. It can be verified
that pgo = 0 if vg; = v1; and then that pg; — po2 = -é— This implies that type
3 methods with RK stability do not exist. There exists, however, a two-
parameter family of methods depending on ¢12 and gg2 such that ¥ = 0. The
coefficients of these methods are not listed here.

Consider next the case p = ¢ = r = s = 2. Solving stage order and order
conditions (2.4.8) and (2.4.9) with ¢ = 2 and p = 2, we obtain a two-parameter
family of methods of the form

0 0 1 0
A)U 0 0o | o 1
B‘V %‘L v—éL V11 1—’011
_yzzgl 22%3 vo1 1—wg |

For these methods the vector 2 appearing in the local discretization error is

T
=1l 1_1 5 1
902—{5—11)11 ﬁ—’zv21j\ ’

and the stability polynomial p(w, z) takes the form

1 1 3
p(’LU-,Z) = w? — <1 “+ V11 — V21 + (51)11 -+ 51)21 -+ 5)2)7_0

+ + (3 S + 1>z+ 2
V11 — V11 — = - z“.
11 — V21 ) 11 2U21 2 V11

As in Section 2.8.1, we have searched for type 3 methods with maximal

2

Im(z)

Figure 2.8.4  Stability regions of GLMs of type 3 withp=¢=r=s8=2

regions of absolute stability. Choosing in advance the parameter d = v, —
vg1, which is equal to the eigenvalue of the coefficient matrix V, this search
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Figure 2.8.5  Area of stability region versus d for GLMs of type 3 with p = ¢ =
r=8§s=2
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Figure 2.8.6 Norm of 2 versus d for GLMs of type 3 withp=¢=r=s5=2

depends on only one parameter, v1;. The results of this search are presented
in Figs. 2.8.4, 2.8.5, and 2.8.6. In Fig. 2.8.4 we have plotted stability regions
of the resulting methods ford = =1+iA,i=1,2,...,N, Ad =2/N, N = 20.
The stability region corresponding to d = 1/2 is shown by a thick solid line.
The coefficients of this method in rational format are

0 0 1 0
A \ U 0 0 0
2371 2371 2371 9951
B ‘ A4 T 15160 15160 7580 7580
13741 16579 | _ 6161 13741 J
L ~ 15160 15160 7580 7580

As before, we have also shown by a thick line the stability region of a two-
stage RK method of order p = 2. In Fig 2.8.5 we have plotted the area of
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the region of absolute stability versus d, and in Fig. 2.8.6 we have plotted the
norm of the vector ¢, versus d.

284 Typed:p=r=8=2andqg=1or2

These methods take the form

A 1 0

AlU 0 Alo 1

B|V bui bia | vn vio
| ba1 bao | var w22 |

where A # 0. Consider first the case p = ¢+ 1 = r = s = 2. Solving stage
order and order conditions with ¢ = 1 and p = 2 given by (2.4.10) and (2.4.9)
leads to a five-parameter family of methods depending on A, v11, vo1, g12, and
g22. Next solving the system

poo =0, po1=0, po2=0

with respect to va1, 12, and A we obtain a family of type 4 methods with RK
stability. Here pog, po1 and pgo are defined as in Section 2.8.2. The coefficients
of these methods are given by

: 0 1 0
AU 0 L 0 1
B \ A% v vir(l—wvp) o1 1—wng
] v11(1 + v11) 1—vd va1 1 —wg |

We have to impose the condition (2.8.1) to guarantee zero-stability. Choosing
g2z = —v%;, we have 2 = 0 and
1 1.2 1 1,2 L 17
w2 = |: fvll_ivll_ﬁ _E’Ull_ﬁ :| .

The stability function of these methods is
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This corresponds to the stability function of the trapezoidal rule,

it =+ 5 (F) + S ), (282)

and it follows that these methods are A-stable but not L-stable for any v1;.
For v;1 = 0 the GLM has stage order ¢ = 2 and it is equivalent to the
trapezoidal rule. It can be verified that for A # %, methods of type 4 cannot
have RK stability. This case is not discussed further here.

Consider next the case p = ¢ = r = s = 2. Solving stage order and order
conditions (2.4.8) and (2.4.9) with ¢ = 2 and p = 2 leads to a three-parameter
family of methods depending on vy, 21, and A. Trying to construct methods
that will be A- as well as L-stable, we determine the parameters v, and vg
from the system of equations

po2 =0, p12=0,

where po2 and pio are defined as in Section 2.8.2. This leads to a family of
methods depending on A. The coefficients of these methods are given by

A 0 1 0
Alu 0 A 0 1
T oA@+DBA-2)  A@2-3)N) A(BA—2) 3A=1)(A=1)
B ’ A% 2022 —1) 2 22—1 ( 23—1
10A3=7A2-6A+4  A(6=5)) | (BA=3)(A—1) —5A%+10A—4
2(22—1) 2 Z23—1 22—1 i

A# % and the vector ¢- takes the form

T

p2=] 3N2-2+1 5N2-_3a+1 ] :
For A = % we obtain the GLM discussed above, which is equivalent to the
trapezoidal rule (2.8.2). The stability polynomial of the methods correspond-
ing to A # % is

plw,z) = (1_,)\Z)2w2+2()\2_4)\+2)()\Z_1)w

22 -1
N 2)\3—6)\2+6)\—2Z_ 2)2 —6A+3
22 -1 22 -1
The eigenvalues of the coefficient matrix V are
232 —
c1=1 and oy = T _62)\)\+3

and it is easy to verify that oo € [~1,1) if

2-v2<A<2++v2 and A#1 (2.8.3)
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We will use the Schur criterion [253] (compare also [118, 194, 214]) to
investigate for which values of A this polynomial is A-acceptable (i.e., it has
roots w; and weg inside the unit circle for all z € C such that Re(z) < 0).
If this is the case, the corresponding GLM is A-stable. This criterion for
a polynomial of any degree k can be formulated as follows. Consider the
polynomial

o(w) = W e+ oqw + co,
where ¢; are complex coefficients, ¢ # 0 and ¢y # 0. ¢(w) is said to be a

Schur polynomial if all its roots w;, ¢ = 1,2,...,k, are inside the unit circle.
Define

d(w) = Tow* + T wh !+ + T yw + Tk,
where ¢; is the complex conjugate of ¢;. Define also the polynomial

61(w) = - (3(0)6(w) ~ 6(0)3(w))

w

of degree at most k — 1. We have the following theorem.

Theorem 2.8.1 (Schur [253]) Polynomial ¢(w) is a Schur polynomial if
and only if

|6(0)] > |¢(0)]

and ¢1(w) is a Schur polynomial.

To apply this criterion to the polynomial p{w, z) corresponding to a one-
parameter family of GLMs of type 4 observe first that for A > 0 the roots
wy = wi(z) and wp = wy(z) are analytic functions of z for Re(z) < 0. Hence,
it follows from the maximum principle for analytic functions (compare, e.g.,
[119]) that these roots are inside the unit circle for Re(z) < 0 if and only if
they are inside the unit circle for z on the imaginary axis (i.e., for z = iy,
where y € R). Hence, we can reduce the problem to an easier one, and we
only have to investigate for which values of A the polynomial ¢{w,y) defined
by

q(w,y) = p(w, iy)

is a Schur polynomial for all ¥ € R. Define

~ 2 (1

Qw,y) =w q(;ry),
1/ N

q(w,y) = = (q(O, y)g(w,y) — q(0, y)q(w, y)),
w

N 1

q1(w,y) = wq <E’ —y),

qo(y) . (61(0,y)q1(w,y) - q (O,y)al(w,y))-

w
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Then it follows from Theorem 2.8.1 that all roots of g{w,y) are in the unit
circle for all y € R if and only if

q(y) >0 and |g(0,y)| > |q(0.y)).

A careful examination of these conditions reveals that this is again the case
if X satisfies (2.8.3) and the corresponding methods are zero- and A-stable as
well as L-stable.

2.9 ALGEBRAIC STABILITY OF GENERAL LINEAR METHODS

We start this section with a brief review of the AN-, B-, BN-, and algebraic
stability of RK methods (2.1.3). The concept of AN-stability is a general-
ization of A-stability and is related to the scalar, linear, nonautonomous test
equation

(2.9.1)
¥(0) = yo,

Re(€(t)) < 0, where £(t) is an arbitrarily varying complex-valued function.
Application of the RK method (2.1.3) to (2.9.1) yields

Ynt1 = (L+bTEI - AE) Le)yn, (2.9.2)
n =0,1,..., where the diagonal matrix { € C**° is given by

£ =diag(&1,...,&) = diag(h€(tn + c1h), ..., hE(tn + csh)). (2.9.3)

Set
K(§) =1+bT¢(I— Af) e
Relation (2.9.2) motivates the following definition.

Definition 2.9.1 ([32],(249]) RK method (2.1.3) is said to be AN-stable if
the function K(€) satisfies
[K(§)] <1

for all § = diag(&1,...,&s) such that & = &; whenever ¢; = ¢; and such that
Re(&) €0 fori=1,2,...,s.

Observe that for £ = zI, K(£) reduces to the stability function R(z) defined
by (2.6.6) of RK method (2.1.3). Hence, it follows that AN-stability implies
A-stability.

Consider next the initial value problem (1.1.2) defined for ¢t > 0

y/(t) = g(tay(t))a t>0,

¥(0) = yo,

(2.9.4)
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g+ Rx R™ — R™, where the function g satisfies the one-sided Lipschitz
condition (1.3.4) with a one-sided Lipschitz constant v = 0:

(9t 1) — 9(t,42) (11 —y2) <O (2.9.5)

for all ¢ > 0 and y1,y2 € R™. Equation (2.9.4) with the function g satisfying
(2.9.5) was first proposed by Dahlquist [100] for the analysis of stability prop-
erties of one-leg methods (2.1.5) for ODEs. Denote by y(¢) and %(¢) solutions
to (2.9.4) with initial conditions yo and 7o, respectively. Then the condition
(2.9.5) implies that

lwt2) = 3(t2)|| < llu(t) = G(t1)]] (2.9.6)

for 0 < ¢; < to (compare [54, 109]). Differential equations (2.9.4) with this
property are called dissipative.

Let {1}, {Y"}°  be the numerical solution obtained by applying to
(2.9.4) the RK method (2.1.3), and let {7}, {¥"}52, be a solution ob-
tained by perturbing (2.1.3) or by using a different initial value 7. Following
Butcher [38] and Burrage and Butcher [32], we introduce the concepts of B-
and BN-stability.

Definition 2.9.2 RK method (2.1.8) is said to be B-stable if for all au-
tonomous problems (2.9.4) satisfying (2.9.5); that is, problems for which the
function g is independent of t, we have

Hyn+1 - éjn-l—l“ S Hyn - gn”, (297)
n=0,1,..., for all h > 0.

Definition 2.9.3 RK method (2.1.3) is said to be BN -stable if for all prob-
lems (2.9.4) with g satisfying (2.9.5) the inequality (2.9.7) holds for all t > 0.

Clearly, BN-stability implies B-stability. The algebraic characterization
of B-stable methods was discovered by Butcher [38] and Crouzeix [96] and
the characterization of BN-stability by Burrage and Butcher [32]. Consider
the matrix M defined by

M =BA + ATB - b7b, (2.9.8)

where A and b are coefficients of the RK method (2.1.3) and the matrix B is
defined by

B = diag(by, b, ..., bs).

Definition 2.9.4 RK method (2.1.3) is said to be algebraically stable if B
and M are nonnegative definite.

We recall that a matrix A € R®*® is positive definite if x”Ax > 0 for
all nonzero vectors x € R, A matrix A € R**® is nonnegative definite if
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xTAx > 0 for all x € R® (compare [136, 227]). We write A > 0 for a positive
definite matrix and A > 0 for a nonnegative definite matrix.

The significance of the definition of algebraic stability follows from the
following theorem.

Theorem 2.9.5 (compare [32, 38, 96]) If RK method (2.1.3) is algebraically
stable, it is BN -stable.

The two-stage Gauss-Legendre formula [41, 52, 109]

3—v3 1 3-243
o ’ A 6 1 12
_ 83+v3 | 3423 1
—— = 7% 12 1
b7
1 1
2 2
is algebraically stable since b; > 0,1 =1,2, and
1 3 3-2v3 1 3 342v3 | 11 1
M=— +— —= =0.
24 ) 3+2v/3 3 24| 3-2v3 3 4111

Other examples of algebraically stable RK methods are given in the papers
(32, 41, 52, 109].

An excellent discussion of various contractivity and stability properties of
RK methods for stiff systems and the relationships between various stability
concepts is given by Dekker and Verwer [109].

We now turn our attention to the generalization of concepts of AN-, B-,
BN-, and algebraic stability which are relevant in the context of GLMs (2.1.2).
This is discussed by Hairer and Wanner [146, Chap. V.9], and in recent papers
[53, 54, 158].

Applying GLM (2.1.2) to test equation (2.9.1), we obtain

y[n+1] — S(E)y["],
n=0,1,..., where £ is defined by (2.9.3) and
S(¢) =V +Be(I- A¢)7'U.

To define AN-, B-, and BN-stability, let G = [gij];ijzl be a real, symmetric,
and positive definite matrix, and for a vector y € R™",

1
y= y inRmv i=172""77"
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consider the inner product norm

lyl& = Zzgzjy?%- (2.9.9)

i=1 j=1

Definition 2.9.6 ([146]) GLM (2.1.2) is said to be AN -stable if there exists
a real, symmetric, and positive definite matric G such that

18€)yll¢ < lylle

for all & = diag(&1,. .., &) such that & = &; whenever ¢; = ¢; and such that
Re(&) <0 fori=1,2,...,s.

Different variants of this definition have been considered by Butcher [41, 42,
43]. Observe that for £ = 21, S(£) reduces to the stability matrix M(z) defined
by (2.6.4) of GLM (2.1.2). Hence, if a GLM is AN-stable it is also A-stable.

Denote by {y!™}2_, the solution to (2.1.2) and by {7I™}¥_, the solution
obtained by perturbing (2.1.2) or by using a different initial value. The be-
havior of a numerical method that inherits property (2.9.6) of the solution
y(t) to (2.9.4) in the norm || - || given by (2.9.9) is defined as G-stability.
As mentioned earlier this definition was introduced by Dahlquist [100] in the
context of one-leg methods (2.1.5). For GLMs (2.1.2) this definition takes the
following form.

Definition 2.9.7 GLM (2.1.2) is said to be G-stable if there exists a real,
symmetric, and positive definite matriz G € R™*" such that for two numerical
solutions, {y™}N_o and {F™}N_,, we have

Hy[nH] - @{HH]HG < Hy[n] - g[n]HG"

where || - ||g ts the norm defined by (2.9.9) for all step sizes b > 0 and for all
differential equations (2.9.4) with the function g satisfying (2.9.5).

For given G € R™*" and D € R%*°, define the matrix M by the formula
DA + ATD - BTGB | DU - BTGV

M:= . (2.9.10)
UTD - VIGB \ G-VIGV

We now introduce the definition of algebraic stability of GLMs.

Definition 2.9.8 ([33, 43]) GLM (2.1.2) is said to be algebraically stable
if there exist a real, symmetric, and positive definite matriz G and a real,
diagonal, and positive definite matriz D such that the matriz M of (2.9.10)
18 nonnegative definite.

It has been proved by Burrage and Butcher [33] that for a preconsistent
and algebraically stable GLM (2.1.2), matrices G and D are not independent
but necessarily related by the equation

De =B7Gqp,
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where qp is the preconsistency vector (compare Definition 2.2.1). Moreover,
Gqp is a left eigenvector of the coefficient matrix V corresponding to the
eigenvalue 1:

(I-V)Gqy=0

(compare [146], part ii) of Lemma 9.5).

It follows from the results of Burrage and Butcher [33] that the algebraic
stability of GLMs (2.1.2) implies G-stability. Moreover, for a large class of
GLMs the concepts of algebraic, G-, and AN-stability are equivalent. We
have the following theorem.

Theorem 2.9.9 (Butcher [43]) For a preconsistent and nonconfluent GLM
(2.1.2) (i.e., method with distinct abscissas ¢;, 1 =1,2,...,5), algebraic, G-,
and AN -stability are equivalent.

In general, it is quite difficult to verify if a given GLM method (2.1.2) is
algebraically stable; that is, it is difficult to find a real, symmetric, and positive
definite matrix G and a real, diagonal, and positive definite matrix D such
that the matrix M defined by (2.9.10) is nonnegative definite. An interesting
example of algebraically stable GLM was constructed by Dekker [108]. This
is the method of order p = 4 and stage order ¢ = 3 whose coefficients are
given by

o
Alu I P
(2.9.11)
B|V Lot o
| -& &[0 &

Then for the matrices

1 0 3 0
G = , D=
o 4 o 1

—
N

the matrix M of (2.9.10) takes the form

0 0 0 0
8 | _6 _ 2
0 11 11 11
M=
6 9 3
0 i1 22 22
2 3 1
L 0 11 22 22

This matrix is real, symmetric, and nonnegative definite which proves the
algebraic stability of GLM (2.9.11).
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An interesting family of algebraically stable GLMs of arbitrarily high order
was constructed by Burrage [28], where such methods were found in the class
of MRK methods (2.1.13) of order p = 2s using an elegant extension of the
collocation approach for RK methods. In what follows we describe these
results following the presentation by Hairer and Wanner [146], which simplifies
the original exposition of Burrage [28].

Consider the bilinear form defined by

k 1 1
(fig) = Zvj flx)g(z)dr = / kw(z)f(:v)g(x)d:v, (2.9.12)
= Ji-g 1-
where w(x) is the step function defined on the interval [L -k, 1] by the formulas
Vi, 1-k<zx<1-k+1,

Vg + Vk—1, l—-k+l<z<1l-k+2,

Vet 4ve, —1<z<0,

v+ 4+v, O<z<1.
Assuming that
ve 20, vp+vr—120, ... v+ F+v220, vg+--Fuv =1, (2.9.13)

the function w(z) is nonnegative and (2.9.12) becomes an inner product in
the space of polynomials on the real line. Denote by {p;(z)}_ the set of
polynomials orthogonal with respect to the inner product (2.9.12). These
polynomials depend on v1,vs,..., vk, and can be computed from the three-
term recurrence relation

po(z) =1, pi(z) =2 — Bo,
pi+1(z) = (z — B)p;(x) — vjpj-1(2),

i=12,...,8—1, where

g, = \Zpipi) _ (pips)
T Appps) Y (pi-1,pio1)

This recurrence relation is well defined since the assumption (2.9.13) implies
that (p;,p;) # 0 (compare [146, Lemma 9.12] or [28, Theorem 4]).

The main results of Burrage [28] can be summarized in the following the-
orem.
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Theorem 2.9.10 Assume thatv; >0, =1,2,...,k, and that ZLI v; =1
Then MRK method (2.1.18) with abscissas ci,ca,...,cs, which are the zeros
of the polynomial ps(z) and with coefficients b;, a;;, and u;; defined by

k 1
ZUJ/ i(z)dze, i=1,2,...,s,
j=1 L=
.._QJ_ 14 )d 7 =1,2
z] bz ’L Ia 77.]" 14y 8y
1
ZJ=b—J E Ydr, i=1,2,....s, j=12,...,k,

where

T —C
bi(z) = —
1(:[2) H = clv
I=1,1%1
has order p = 2s. Moreover, this method is G-stable, with matriz G defined
by
G = diag(1,vo + -+ + Uk, . .., Vg1 + Uk, Vk) -

In the remainder of this section we describe the important recent work of
Hewitt and Hill [154], in which they reformulate the standard conditions for
algebraic stability and use the concepts of method equivalence, reducibility,
and order conditions for methods of high stage order to simplify the con-
struction of such methods of order p and stage order ¢ = por ¢ = p — 1.
This approach is connected to a branch of control theory concerned with the
algebraic discrete Riccati equation and to the theorem of Albert [3] on block-
symmetric nonnegative definite matrices, and has the potential to provide a
systematic approach to the construction of algebraically stable GLMs of high
order and stage order.

Following Butcher [43], we introduce the following definitions of method
equivalence and reducibility.

Definition 2.9.11 The GLMs defined by the coefficients matrices
AT AlvU
— = wd |
B|V B|V

are equivalent if there exist a permutation matriz P and a nonsingular matriz
Q such that

>

|© PTAP | PTUQ

g

v Q-!BP \ Q-!1vQ
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Definition 2.9.12 GLM (2.1.2) is reducible if s = 81+ 82 andr = r1+72+73
with sg+7r2+73 > 0, so that the equivalent GLM method has a sparsity pattern
of the form

81 82 T1 D) 3
81 A; 0 |Up 0 U
s9 Ay Ay Uz Uz, O

71 B11 0 V11 0 V13
T2 Ba; Baa | Vor Vo Va3

T3 L 0 0 0 0 Va3

In this case the method can be reduced to a GLM with coefficient matrices
An ‘ U
Bn ’ Vi

with s internal stages and r1 external stages. The method is said to be irre-
ducible if it is not reducible.

Earlier definitions of algebraic stability [33, 42] required only that both ma-
trices G and D be nonnegative definite, while the definition in [146] requires
only that G is positive definite and D is nonnegative definite. In this context
the result by Hewitt and Hill [154] is of interest. This result shows that all
these definitions are, in fact, equivalent. We have the following theorem.

Theorem 2.9.13 (Hewitt and Hill [154]) Assume that for an irreducible
GLM with coefficients A, U, B, and V, matriz M of (2.9.10) is nonnegative
definite for some real, symmetric, and nonnegative definite matriz G and @

real, diagonal, and nonnegative definite matriz D. Then G and D are positive
definite.

We now describe the reformulations of algebraic stability proposed re-
cently by Hewitt and Hill [154], which simplify somewhat the construction
of algebraically stable GLMs. These reformulations are based on the no-
tion of Moore-Penrose pseudo-inverse and on Albert’s theorem [3] on block-
symmetric nonnegative definite matrices.

Suppose that A € R™*" and rank(A) = r < n. The singular value decom-
position of A is defined by

A=UxVT,

where U € R™*™ and V € R®*™ are orthogonal matrices and

E=diag(01,...,or,0,...,0) € R™x"
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(compare [110, 136]). Then the Moore-Penrose pseudo-inverse of A, denoted
AT, ig defined by

AT =vETUT,
where . .
Tt =diag<—,...,-——,0,...,0> € R™™™,
J1 Tr

It can be verified that if rank(A) = n, then AT = (ATA)"1AT  while if
m = n = rank(A), then AT = A7l The pseudo-inverse of A can also be
defined to be the unique matrix X € R™"*™ that satisfies the Moore-Penrose
conditions

AXA=A, XAX =X, (AX)T=AX, (XAT=XA4A
again see [110, 136]. We have the following theorem.
Theorem 2.9.14 (Albert [3]) The matriz
M ‘ Mo

M =
M% | M

s nonnegative definite if and only if
M >0 and My — ML, M Mis > 0.

We recall that A > 0 means that matrix A is nonnegative definite. Applying
this theorem to matrix M of (2.9.10) and to matrix M* defined by

Moy | MF
M = | ————

b

My, ‘ My,

which is nonnegative definite if and only if M is nonnegative definite, we
obtain the following reformulations of the criteria for algebraic stability.

Reformulation 1. GLM (2.1.2) with coefficient matrices A, U, B, and V
is algebraically stable if there exist a real, symmetric, and positive definite
matrix G and a real, diagonal, and positive definite matrix D such that

DA+A"D-B'GB >0
and
G-VTGV - (UTD-VTGB)(DA+A’D-B7GB) (DU-B7GV) >0.

In control theory, the last condition is known as the discrete Riccati equation
[196].
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Reformulation 2. GLM (2.1.2) with coefficient matrices A, U, B, and V
is algebraically stable if there exist a real, symmetric, and positive definite
matrix G and a real, diagonal, and positive definite matrix D such that

G-VIGV2>0
and
DA+A’D-B7GB- (DU-B7GV)(G-VTGV) (UTD-V'GB) > 0.

Another interesting idea of Hewitt and Hill [154] in their search for alge-
braically stable methods is to consider the equivalent GLMs with a simple
structure of matrix G. We have the following results.

Lemma 2.9.15 ([154]) Assume that GLMs with coefficient matrices A, U,
B,V and A, U, B, V are equivalent (compare Definition 2.9.11). Then the
GLM defined by A, U, B, V is algebraically stable if and only if the GLM
defined by A, U, B, V s algebraically stable.

Lemma 2.9.16 ([154]) An algebraically stable GLM with coefficients A, U,
B, V is equivalent to an algebraically stable method with coefficients A, INJ',
B, V for which G = 1. Furthermore, if D > 0 is such that matriz M of
(2.9.10) satisfies M > 0, then we have M > 0, where

_ | DA+A™D-B"B | DU-BTV
M =

UTD - VTB { I-VIV

Using Lemma 2.9.16 combined with reformulations 1 and 2 and with the aid
of symbolic manipulation packages, Hewitt and Hill [154] constructed new
algebraically stable GLMs with r = s = 2, order p = 3 and stage order g = 2,
and of order p = 4 and stage order ¢ = 2 and 3. The example of method
of order p = 3 and stage order ¢ = 3 constructed using Lemma 2.9.16 and
Reformulation 1 is

84—4v14143 3 276—20/141-51 3
84—4Vialidy  y  276-20VI41-5ly 4y

A 144 2592 143 2552
| 2te-—20VTal4Sly | o° sa-aVTH-3y | y° ’
144 2592 144 2552
U= ! 6
- ] 2(0=24y%-2y°) '
54
1 1
B_| 27 3T ve |t ©
= 3 i - ?
Z(12+y) Z(y-12)(191 — 16V141 + &) 0 %
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with ¢ = [0,2y/3]T, where

y:=V72-6V141, =z:= \/4548 — 383v141 — 380y + 32yv'141.

The decimal representation of this method is

[ 0.2713275450 —0.03981838048 | 1 0.05494949955 |
Alu 0.5747233653  0.2356534502 | 1 —0.06352190785
B|V 0.5161792288  —0.5361792288 | 1 0 ’

| 0.05892556058 —0.06352190785 | 0 0.5 ]

with ¢ = [0,0.5788676600]7. The example of method of order p = 4 and stage
order ¢ = 3 constructed using Lemma 2.9.16 and Reformulation 2 is

265 , 793y% syt 123%  27yd 215 _ 5299y° | 623y% | 9154° | 189y°
793y”  5y” _ 123y°  27y°

864 T 576 6 64 16 64 576 96 64
| 101, 382147 463y* 6695 1354 67 , 793y% 5yt 123y% 2748
101 ¥ ¥y o ¥y y b7 L oy oy 129y  zZ0y
132 288 48 32 8 132 7T 288 3 32 8
2 1
B= 8 3
17y—1125y° +828¢y°+1783y7 +1458y°  —11y+1125y° —828y5% —1782y7 —1458y°
17y— y
24 24
3
_Ty+9y”
U= 1 5 V- 1 0
- +9 3 k) - 1 bl
0 - 0 2

with

T
— 193y —129y* —297y% —2434® 1
¢ 0 8 [

Here y = +4/2/3 and z is one of the two positive roots of the equation
92° +332% + 462 — 18622 + 92+ 1 = 0.

Choosing the root z = 0.1032814360 and y = 1/z/3, the decimal representa-
tion of the resulting method is

0.3530415762  —0.0595835887 | 1  —0.08476931053 |
A‘U 0.6782443859  0.2477498188 |1  0.03037947026

B \ v 0.6666666667  0.3333333333 |1 0

| —0.1598351741  0.2062215576 | O 0.5
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with ¢ = [0,0.6432188884]7.

Additional examples of algebraically stable GLMs with r = s = 2 and
p=q=2,p=3,q=2,and p =4, ¢ = 2, constructed using the algorithms
based on results of Hewitt and Hill [154] are presented in their companion
work [155].

2.10 UNDERLYING ONE-STEP METHOD

In this section we describe briefly results of Kirchgraber [191] and Stoffer [267]
which establish a connection of strongly zero-stable linear multistep methods
and strongly zero-stable GLMs, respectively, with a one-step method of the
same order.

Let yo be the given initial value of the problem (2.1.1) and denote by
Y1,Y2, ..., Yr—1 the starting values of linear multistep method (2.1.4), which

are used to generate the sequence of approximations yk, Yk+1, - ... These start-
ing values, y1,%2,. .., ¥k—1, will be referred to as supplementary initial values.
Denote by %o, 71, - - ., the sequence of numerical approximations to (2.1.1) gen-

erated by some one-step method, such as, for example, RK method (2.1.3).
We have the following theorem.

Theorem 2.10.1 (Kirchgraber [191]) There ezists a one-step method and
ho > 0 such that for h € (0, hg), the following statements are true.

(a) Let G, 72, ... be the sequence generated by a one-step method with Jo =
yo. If the supplementary initial values of strongly zero-stable linear multistep
method (2.1.4) are chosen as y1 = Y1, Y2 = Y2, s Yh—1 = Yk—1, then

yizg’iv $=k1k+11

(b) There are constants € (0,1) and k > 0 which do not depend on h
such that if the supplementary mitial values y1,y2,...,Yk—1 are prescribed
arbitrarily, there exists Go such that if §1,7s, ... is the sequence generated by
one-step method starting from g, then

lye =Tl < &%k (lyr = Toll + - + k1 = Tall), =k k+1,....

As observed by Kirchgraber [191], part (a) of the theorem says that for a ju-
dicious choice of supplementary initial values, the numerical approximations
generated by linear multistep and one-step-methods are the same. Unfortu-
nately, this is not as interesting as it sounds, since the choice y; = 7; assuming
that yo = yo is equivalent to construction of the associated one-step method
whose existence is claimed in Theorem 2.10.1. However, part (b) implies that
for any choice of supplementary initial values the difference between the ap-
proximations generated by a linear multistep method and a one-step method
is exponentially small as A — 0. This associated one-step method, whose ex-
istence is guaranteed by Theorem 2.10.1, will be referred to as the underlying
one-step method.
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The results in Theorem 2.10.1 were generalized by Stoffer [267] to strongly
zero-stable GLMs (2.1.2): that is, methods for which the coefficient matrix V
has a simple eigenvalue equal to 1 and the remaining » — 1 eigenvalues inside
the unit circle (compare Definition 2.2.6). For such methods there exists a
nonsingular matrix T € R™*" such that the methods can be transformed into
the form

Yyl ARI ‘ UT®I hF(y[n])

- S IR SRS
2] T*B@ILT*VT®I 21l

where 2[" = (T~! @ I)y!"], and the coefficient matrix T~ VT assumes the
form

1] o

T'VI®I=

, (2.10.2)
0| ¥
with p(V) < 1. It follows from (2.10.2) and (2.2.1) that the preconsistency
vector for the transformed method (2.10.1) is gqp = e;. This implies that the
first subvector of 2™, which is denoted by y,, approximates directly y(tn).
Denote by My : R™" — R™" the action of the method (2.10.1)

z[n] = Mh(z[n_l])‘
We have the following theorem.

Theorem 2.10.2 (Stoffer [267]) Assume that My, is a strictly zero-stable
GLM of order p. Then there erists a unique one-step method of order p,
Yn+1 = Riu(yn), Rp : R™ = R™, and a unique starting procedure Sy : R™ —
R™ satisfying (2.4.4) such that the following diagram commutes:

Mp
R™" — Rmr
Sh T T Sh s
R™ — R™
Rp
that is,
Mh o Sh = Sh o Rh. (2.10.3)
Moreover,
Fp oSy = 1d, (2.10.4)

where Fr, : R™ — R™ is a finishing procedure that selects from zI"l the first
subvector yn, and Id: R™ — R™ stands for the identity map.
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It follows from (2.10.3) and (2.10.4) that the one-step method Rj can be
represented by

Ry =FnoMpoSy.

The concept of an underlying one-step method was extended by Hairer et
al. [142] to nearly all GLMs, including weakly stable methods, i.e., methods
for which the coefficient matrix V has, in addition to the simple eigenvalue
equal to 1, additional simple eigenvalues with modulus 1.

It was demonstrated by Stoffer [267] that the result in Theorem 2.10.2 may
be used to show that some general properties of one-step methods carry over
to GLMs. An example of such a property is the existence of a hyperbolic
invariant closed curve of a one-step method near the orbit of the periodic
solution, assuming that the differential equation admits such a solution [20,
24, 123]. This result was generalized Eirola and Nevanlinna [124] to linear
multistep methods. Another example of such a property [267] is the existence,
for every small step size h, of a compact, uniformly asymptotically stable set
A(h) containing a compact, uniformly asymptotically stable attractor A of
the differential system, assuming again that such an attractor exists [192] and
such that A(h) is convergent to A in the Hausdorff metric as h — 0. We refer
to Edgar [120] for a definition of a Hausdorff metric (distance). This result
was generalized to linear multistep methods by Kloeden and Lorenz [193].

We refer to the papers [52, 75, 293] for additional discussion of underlying
one-step methods in the context of GLMs, and to the paper [142] for the
discussion of the dynamics of weakly stable methods.

2.11 STARTING PROCEDURES

Many modern codes for the numerical solution of ODEs are based on a family
of methods which includes a method of order p = 1. Such codes usually start
with a method of order p = 1 and adapt its step size and order automatically
according to the smoothness of the solution. For such codes the required
starting values, yo or yo and y, = f(to, yo), are readily available, and no special
starting procedures are required. This is the case, for example, for classical
codes based on linear multistep methods such as DIFSUB [131, 132, 133],
ODE/DE/STEP [262], LSODE [242], VODE [23, 159], VODPK |25, 83], for
the code dim18 for nonstiff equations, which is based on a family of type 1
DIMSIMs of order 1 < p < 8, and for the code dim13s for stiff differential
systems, which is based on A- and L-stable type 2 DIMSIMs of order 1 <
p £ 3. These codes are self-starting and require only known information. The
codes dim18 and dim13s are discussed briefly in Section 2.12 and in more
detail in Chapter 4.

Codes based on RK methods of fixed order are also self-starting and re-
quire only the initial value yo. The situation is different, however, for codes
based on GLMs of fixed order such as DIMSIMs discussed in Chapters 3 and
4, TSRK methods discussed in Chapters 5 and 6, and GLMs with inherent



126 INTRODUCTION TO GENERAL LINEAR METHODS

Runge-Kutta stability (IRKS) discussed in Chapters 7 and 8. The codes based
on these and other GLMs of fixed order require starting procedures to com-
pute approximations to the starting vector of external approximations ylo!
for GLMs (2.1.2), or stage values Y% and the approximation y; at the point
t1 = to + ho for TSRK methods (2.1.12).

The construction of starting procedures for GLMs of fixed order have been
discussed by VanWieren [273, 274, 275], Wright [291, 293], and Huang [167].
VanWieren obtained starting values for his codes DIMEXz [273, 274] for non-
stiff equations and DIMSTIFF2 and DIMSTIFF5 [273, 275] for stiff equations
by computing approximations to the derivatives of the solution of sufficiently
high order using only information available at the start of the integration.
This is discussed in detail by VanWieren [273, 274], and these codes are dis-
cussed briefly in Section 2.12. Enenkel and Jackson [126, 127] introduced the
class of GLMs for which the vector yl% of external approximations satisfies
yz[o} = y(to + diho), i = 1,2,...,r, where the abscissas d; are distinct. These
methods are discussed briefly in Section 2.12. They computed the required

starting values yz[o] using variable order solver LSODE [242] with the same
order tolerance as that specified for GLM.

The construction of starting procedures for general TSRK methods (2.1.12)
is discussed in Section 6.2. For reasons discussed by Hairer and Wanner [147],
the construction of such procedures is quite complicated if the order p of TSRK
method is at least greater by 2 than the stage order ¢ (i.e., if ¢ < p—2). The
starting procedures for some TSRK methods satisfying this restriction have
been derived by Verner [277, 278]. The situation is much simpler for TSRK
formulas such that ¢ = p — 1 or ¢ = p, and if this is the case, the required
starting values can be computed, for example, by any continuous RK method
of order p. This is the approach adopted in the codes tsrk5 [16], tsrk23
and tsrk33 [91] and in the codes discussed by Bartoszewski and Jackiewicz
[17]. These codes are discussed briefly in Section 2.12 and in more detail in
Chapter 6.

The construction of starting procedures for GLMs with IRKS is discussed
in Section 8.2. In that section examples of such procedures are also given for
methods of order p = 2, 3, and 4. The starting procedures for these methods
are also discussed by Wright [293] and Huang [167] and the approach taken
in these papers is discussed at the end of Section 8.2.

2.12 CODES BASED ON GENERAL LINEAR METHODS

Although GLMs of the form (2.1.2) for ODEs were introduced in 1980 [33], the
main progress in the theory and construction of such methods with desirable
stability properties was obtained only recently, mainly in the last 15 years.
Various implementation issues for these methods were also investigated, such
as the choice of appropriate starting procedures, Nordsieck representation
of various classes of these methods, estimation of the principal part of the
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local discretization error, step size, and order changing strategies, construction
of continuous interpolants, updating the vector of external approximations,
and the efficient solution of resulting systems of nonlinear equations for stiff
differential systems. Although significant progress on all these issues was
obtained, the implementation aspects of GLMs are still not as well understood
as is the case for RK, linear multistep, or predictor-corrector methods. Also,
so far only a few codes based on some classes of GLMs have been developed
for nonstiff and stiff differential systems.

Probably the first such code, written in FORTRAN, is due to Cash and
Considine [88, 89] and is based on MEBDF formulas of order 1 < p < 9 pro-
posed by Cash [86]. These methods are also discussed by Hairer and Wanner
[146] and in Section 2.1 (compare equations (2.1.7), (2.1.8), and (2.1.10)).
These formulas are not linear multistep methods and are not restricted by
Dahlquist’s second barrier [99] for A-stable methods. MEBDF methods have
good stability properties: they are A- and L-stable up to the order p = 4 and
A(a)-stable up to the order p = 9, with the angles o listed in Table 2.1.1.
They form a class of GLMs. This is discussed in Section 2.1, where the co-
efficient matrices A, U, B, and V for these methods are also given. It was
demonstrated by Cash and Considine [88, 89] as well as by Hairer and Wanner
[146] that the code based on MEBDF methods shows good performance on
selected examples of stiff problems, although in some cases it was beneficial
to restrict the maximal order for better performance. This was the case, for
example, for the BEAM problem, where the maximal order was restricted to
Pmax = 4 in the experiments presented by Hairer and Wanner [146].

Enenkel and Jackson [126, 127] introduced a subclass of GLMs which they
called diagonally implicit single-eigenvalue methods (DIMSEMs) for which the
coefficient matrix A is diagonal and all components ¢; of the abscissa vector
c are equal to zero or one. Moreover, the stability matrix M(2) defined by
(2.6.4) has a single nonzero eigenvalue. They constructed A- and L-stable
methods of order 2 < p < 6 and developed experimental variable step size
codes of fixed order p =3, p =4, p = 5, and p = 6 based on these methods.
Although the algorithms based on these methods are not production codes, the
results of numerical experiments presented by Enenkel and Jackson [126, 127]
demonstrate that these methods are competitive with fixed order versions of
the popular LSODE solver developed by Radhakrishnan and Hindmarsh [242]
for p =3, p =4, and p = 5 on many practical test problems.

VanWieren [273, 274, 275] developed a family of research solvers based on
explicit and implicit DIMSIMs of fixed order. The codes DIMEXz, based on
explicit DIMSIM of fixed order z, are written as a collection of double precision
FORTRAN 77 subroutines called by a driver that provides the interface to
the user’s calling program. These codes are based on type 1 methods which
have the FASAL (first approximately same as last) property which facilitates
the efficient implementation of these methods. This property is similar to
the FSAL (first same as last) property introduced by Dormand and Prince
[117] in the context of RK methods (compare also [116, 257, 260] and the
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discussion in Section 6.3). The results of some numerical experiments with
DIMEX2 and DIMEX5 on some DETEST problems from Hull et al. [168]
are given by VanWieren [273, 274]. The complete code for DIMEXS5 appears
in the appendix to Part 1 of VanWieren report [274]. The prototype codes
DIMSTIFF2 and DIMSTIFFS5 for stiff differential systems were developed in
Part 2 of the report [275]. They are based on A- and L-stable DIMSIMs
of type 2 of order p = 2 and p = 5, where a modified Newton iteration
with Gaussian elimination is used to solve the nonlinear systems that arise in
calculations of the internal stages. The user is asked to provide a subroutine
to compute a Jacobian of the problem. These codes were tested in Part 2 of
the report [275] on the Prothero-Robinson problem (1.7.1) only for A = —2,
A — 1000, and A = —10000.

Butcher et al. [58] developed an experimental Matlab code dim18 for nons-
tiff differential systems which is based on type 1 DIMSIMs of order 1 < p < 8.
This code utilizes the Nordsieck representation of DIMSIMs proposed earlier
by Butcher et al. [57] in which the vector of external stages approximates
the scaled derivatives of the solution. This representation facilitates a con-
venient way of changing the step size of the method by rescaling a vector of
external approximations. Moreover, as demonstrated in [57], the methods in
this formulation are zero-stable for any choice of variable mesh. The code
dim18 starts with the method of order p = 1 and adapts its step size and
order according to the smoothness of the solution. The relevant issues related
to the implementation of these methods are discussed by Butcher et al. [58]
and in Sections 4.2, and 4.4-4.6 of this book. The code was tested on several
problems, and numerical experiments demonstrate that the error estimation
employed in this code is very reliable and the step size and order changing
strategy is very robust (compare [58] and Section 4.9). These experiments
also indicate that dim18 outperforms the code ode45 from Matlab ODE suite
[263] for moderate and stringent tolerances. The DIMSIMs of type 1 employed
in this code were derived by a number of authors [44, 66, 68, 74, 291, 292].
The coefficients of these methods in Nordsieck representation are also given
by Butcher et al. [58] together with the coefficients of the estimators of the
local discretization errors that were used in this code.

Jackiewicz [177] developed an experimental Matlab code dim13s for stiff
differential systems which is based on the Nordsieck representation of type 2
DIMSIMs, so far of order 1 < p < 3 only. The methods employed in this
code are A- and L-stable and were derived by Butcher [44] and Butcher and
Jackiewicz [66]. The coefficients of these methods in Nordsieck representa-
tion are also given by Jackiewicz [177] together with the coefficients of the
estimators of the local discretization errors. These estimators were designed
not only to be asymptotically correct but also to be accurate for “large” step
sizes compared to certain characteristics of the problem using the approach
of Shampine and Baca [258] proposed in the context of RK methods for stiff
differential systems. Various implementation issues related to this code are
discussed by Jackiewicz [177] and in Sections 4.2-4.6 and 4.8 of this book.
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The numerical experiments presented by Jackiewicz [177] and in Section 4.10
indicate that this code is especially well suited for problems whose Jacobian
have eigenvalues close to the imaginary axis. An example of such a problem
is the BEAM system (1.8.6).

Experimental Matlab codes based on explicit TSRK methods have been
developed by Bartoszewski and Jackiewicz [16, 17] and Chollom and Jack-
iewicz [91]. Various issues related to the development of a new code tsrk5
for nonstiff differential systems are discussed by Bartoszewski and Jackiewicz
[16]. This code is based on the explicit TSRK method of order p = 5 and stage
order ¢ = 5 constructed in [15]. The numerical experiments presented in [16]
on selected test problems indicate that this code is competitive with algorithm
ode45 for all tolerances. These experiments also demonstrate that the error
estimation used in this code is very accurate and very reliable for variable step
sizes and that the step size changing strategy is very robust for a wide range of
error tolerances. Some numerical experiments with the two codes tsrk23 and
tsrk33, which are based on explicit TSRK methods of order p = 3 and stage
order ¢ = 2 and g = 3, respectively, are presented by Chollom and Jackiewicz
[91]. The coeflicients of these methods are listed in their article [91] and in
Section 5.6.1. The TSRK methods employed in these codes have large regions
of absolute stability compared with RK methods of the same order. These
regions are plotted in [91] and in Section 5.6.1. These experiments indicate
a high potential of explicit TSRK methods as building blocks of software for
nonstiff differential systems. Codes based on a family of explicit TSRK formu-
las of order p = 3 and stage order ¢ = 3 with error constant E, which is given
in advance, were developed by Bartoszewski and Jackiewicz [17]. The methods
employed in these codes correspond to E = 1/12, 1/24, 1/48, and 1/120, and
the coeflicients of the resulting formulas are listed in their article [17] and in
Section 6.6. We have implemented these methods in Nordsieck form derived
in [17] and discussed in Section 6.4. This representation, as in the case of
DIMSIMs, facilitates a convenient way of changing step size by rescaling the
vector of external approximations. The results of numerical experiments with
these codes, which are presented by Bartoszewski and Jackiewicz [17] and in
Section 6.8, indicate that these codes are more efficient and in many cases also
more accurate than the code ode23, which is based on an embedded pair of
RK methods of order p = 2 and p = 3 constructed by Bogacki and Shampine
[22]. These experiments also demonstrate the high quality of error estimation
used in these codes, especially codes based on methods with moderate error
constants (compare [17] and Section 6.8).

Weiner and coworkers [238, 239, 251, 252, 286, 288, 289] developed Matlab
and FORTRAN codes based on the class of two-step peer methods mentioned
in Section 2.1 for the numerical solution of both nonstiff [286] and stiff differ-
ential systems [238, 239, 251, 252, 288]. Codes based on these methods have
been implemented in Matlab by Weiner et al. [286] for nonstiff systems and
compared with ode45 and in FORTRAN [289] and compared with DOPRI5
and DOP853 [143]. The codes for stiff systems have been implemented in
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FORTRAN and compared by Weiner et al. [288] with the code VODPK [83]
and the code TSW3B based on the two-step W-method [237], by Podhaisky
et al. [238] with the codes based on Rosenbrock methods RODAS [146], RO-
DASP [266], and ROS3P [198], by Schmitt et al. [252] with the code VODPK
[83], the ROWMAP [287], and the Runge-Kutta Chebyshev code RKC [265],
[170], and by Schmitt et al. [239, 250, 251] with RODAS [146]. The numerical
experiments presented in these papers demonstrate a high potential of two-
step peer methods for both nonstiff and stiff differential systems in sequential
and parallel computing environments.

Butcher and Podhaisky [77] developed an experimental Matlab code based
on stiffly accurate GLMs with IRKS of order 1 < p < 4. Such methods are
discussed in Section 7.2. The estimation of h2+1y®P+1) (¢,) and hE+2y(P+2)(¢,,)
for these methods is discussed in their paper [77] and in Section 8.10. The
order changing strategy for this experimental code is also discussed in [77]
with additional implementation details given in the paper by Butcher et al.
[64]. Some numerical experiments with this code have also been presented for
the nonstiff Brusselator equation and for the problems HIRES, OREGO, and
VDPOL (see [77]).

In his Ph.D. thesis Wright [293] performed extensive numerical experiments
with the fixed step size and variable step size implementations of explicit
GLMs with IRKS which indicate that these methods have the potential to be
the kernel of competitive codes for nonstiff differential systems. In her Ph.D.
thesis Huang [167] discussed various issues related to the implementation of
implicit GLMs with IRKS, such as the construction of starting procedures, ef-
ficient computation of stage values, local error estimation, rescaling the Nord-
sieck vector of external approximations, and interpolation. She has developed
an experimental FORTRAN code based on the implicit method of order p = 4
and stage order ¢ = 4. The coefficients of this method and the a code listing
are given by Huang [167]. The results of numerical experiments with this
code on selected examples of stiff differential systems such as ROBER, (1.8.2)
and HIRES (1.8.4) indicate the high potential of this code for the numerical
solution of stiff differential equations.

Various software issues for ODEs, including the implementation of GLMs,
were outlined in the panel discussion held at ANODE workshop in Auckland
in January 2001. The record of this panel discussion is presented in [51].



CHAPTER 3

DIAGONALLY IMPLICIT MULTISTAGE
INTEGRATION METHODS

3.1 REPRESENTATION OF DIMSIMS

Diagonally implicit multistage integration methods which we referr to as DIM-
SIMs, are a subclass of GLMs (2.1.2) that is characterized by the following
properties:
1. Coefficient matrix A is lower triangular with the same element A on the
diagonal. If X\ = 0, the methods are explicit, but they will still be referred to
as DIMSIMs,
2. Coefficient matrix V is a rank 1 matrix with nonzero eigenvalue equal to
1 to guarantee preconsistency.
3. Order p, stage order g, number of external stages r, and the number of
internal stages s are related by p=qorp=qg+landr=sorr=s+1.
DIMSIMs can be divided into four types according to the classification of
GLMs introduced in Section 2.7. In the first part of this chapter we describe
the construction of methods of all four types with some desirable stability
properties. We aim at RK stability for methods of type 1, large intervals or
regions of absolute stability for methods of type 3, and A- and L-stability
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for methods of types 2 and 4. Moreover, for type 2 methods we also aim for
SDIRK stability.
We start the discussion assuming thatp=¢=r=sorp—-1=¢=r =3,

the matrix U = I, and the matrix V has the form V = ev?, where vie = 1.
This leads to the formulas
Yl =hADF(YM) + (U Iy,
(3.1.1)
yiM = h(B e DF(YM) + (Ve Iy,
which can be represented in the form
A 1 0 - 0]
a1 A o 1 -+ 0
A l U sy Gs2 -+ A |0 0 - 1
' | = \ (3.1.2)
B ‘ A4 bin bz o bis|u v o U
bar bz v bas |u1 vz e U
L bsl sz T bss v V2 ot Us |

where 7, v; = 1. After imposing the appropriate stage order and order
conditions, the construction of DIMSIMs with desirable stability properties
leads to the solution of large systems of polynomial equations for the remain-
ing unknown parameters of the methods. If the order of the methods is not
too high (p < 4), these systems can be generated and solved using symbolic
manipulation packages such as MATHEMATICA or MAPLE. Alternatively,
we could generate these systems by symbolic manipulation packages and then
solve them numerically with the aid of algorithms such as PITCON [245],
[246], ALCON [114], or HOMPACK [284] based on a continuation (homo-
topy) approach [10, 11]. The advantage of the latter approach is that we can
generate entire families of methods, depending on some parameters of the
methods by a judicious choice of the underlying homotopy map.

In Section 3.2 we derive the representation formula for the coefficient matrix
B. and then in Section 3.3 we present the transformation that simplifies the
derivation of DIMSIMs. In Sections 3.4-3.7 we discuss the construction of
DIMSIMs of all four types and present several examples of such methods up
to the order p < 4.

For higher orders (p > 5) it is no longer possible to generate the corre-
sponding systems of polynomial equations in manageable form by symbolic
manipulation packages, so a different approach is needed. We have devel-
oped an approach based on a variant of the Fourier series method in Butcher
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and Jackiewicz [68]. The systems that were obtained by this approach were
then solved by state-of-the-art minimization software. Jackiewicz and Mittel-
mann [179] were also able to exploit the structure of the resulting polynomial
systems of equations to speed up the search for methods of types 1 and 2
with desirable stability properties. These developments are described in Sec-
tions 3.8 and 3.9, and in Section 3.10 some examples of DIMSIMs of types 1
and 2 up to order p < 6 are given. We refer to the articles cited above {74, 179
for examples of DIMSIMs up to the order p < 8.

In Section 3.11 the alternative Nordsieck representation of DIMSIMs is
discussed which, as we demonstrate in Chapter 4, facilitates an efficient and
robust implementation of these methods. Then in Section 3.12 we derive the
representation formulas for the coefficient matrices P and G appearing in
Nordsieck representation, and in Section 3.13 we present several examples of
methods of types 1 and 2 in this representation. The chapter concludes in
Section 3.14 with a discussion of regularity properties of DIMSIMs.

3.2 REPRESENTATION FORMULAS FOR THE COEFFICIENT
MATRIX B

The order conditions derived in Theorems 2.4.1 and 2.4.2 or formulas (2.4.8),
(2.4.9), and (2.4.10) also apply to DIMSIMs (3.1.1) with coefficients defined
by (3.1.2) and can be utilized in the constriction of these methods with p = ¢
or p = g+ 1. However, for DIMSIMs with U =1, V = ev’, vIe = 1, and the
abscissa vector ¢ = [¢1,. .. ,cs]T with distinct components ¢;, we have a very
convenient representation for the coefficient matrix B in terms of ¢, A, and
Vifg=r=sand p=gqorp=qg+ 1. These representations are derived in
the following theorems.

Theorem 3.2.1 (Butcher [44]) Let r = s and U = 1. Then DIMSIM
(¢, A, U,B,V) has order p and stage order q equal to ¢ = p =1 = s if and
only if

B =B;— AB; — VB; + VA, (3.2.1)

where Bg, B1, and B2 are s x s matrices with elements defined by

14c; “
/O ¢;(x)dz o;(1 4+ ¢) m (3.2.2)

oi(ci) oi(c) é5(cy)

Here

8

¢1(1")= H (.Z'*Cj),

=15
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Proof : Since U =1 it follows from equation (2.4.5) that the vector

S

w=w(z) = quzk

k=0
defined in Section 2.4 takes the form
w(z) = (I - 2zA)e®* + O(zP™).
Substituting this relation into (2.4.6), we obtain
e*(I—-2A)e® = zBe®* + V(I — 2A)e* + O(2PT1)

or
(B — VA)2ze% = %e°® — Aze®e® — Ve + O(2F ), (3.2.3)

Observe that by putting z = 0 in this relation we get the preconsistency
condition Ve = e. Define the differential operators @;(D), j = 1,2,...,s,
D = d/dz, where ®;(z) are polynomials of degree s given by

%(a) = [ ottt (3.2.4)
0
Applying ®,;(D) to both sides of (3.2.3) and setting z = 0, we get
(B - VA)R,(D)(ee)| _ = @y(D)(e"es)| _
- - (3.2.5)
— A, (D)(ze*e%?) o V®,;(D)(e*) .

Let us write the differential operator @;(D) in the form
®;(D) =d,;D°+ ds_lﬁjDs_l + o +diy D+ do; L

Since
=Ck, Dk(ezecz)

k
=eC,
 =(e+e)

@,(D)(e)| _ =9;(0), 2,(D)(e%e)| _ =;e+c).
We also have
F ok
k cz _ g k—j(,cz — k—1
D*(ze )ZZO_Z< '>D (2)D* 7 (e%)| _ =the
j=0 NJ
and
DF(ze%e%?) = k(e +c)k 1,
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Hence,
®;(D)(2e%)

= ®%(c) = ¢;(c)

z=0
and
(D) (ze7e*)

= (e +c) =9gjle+c)

2=0
Substituting the relations above into (3.2.5), we obtain

(B - VA)¢;(c) = Dj(e+c)— Ad;(e+c) — VI;(c),
j=1,2,...,s, or in matrix form,

(B - VA)D, = By — AB, — VB,

where
Do=[oile) + oulc) |, Bo=[dile+c) -+ e+ |,
]~31=[¢1(e+c) ¢S(e+c)}, ]~32=[®1(c) @a(c)}.
Since
) bile), G=14
éj(ci)’{ 0.t

and &;(c;) # 0, the diagonal matrix Dy is invertible and we obtain
B=B;— AB; — VB, + VA,
where B _ _
Bo=B¢D;!, B;=B.D;', B;=B,D}'
are matrices whose elements are given by (3.2.2). This completes the proof. m

For DIMSIMs with p = ¢ + 1 we have the following result.

Theorem 3.2.2 (Butcher and Jackiewicz [65]) Let r = s and U = L.
Then the method (¢, A, U, B, V) has stage order ¢ =r = s and orderp = g+1
if and only if the matriz B is given by (3.2.1) and there exists qp such that
the following condition is satisfied:

(e +c)P —cP
b

Bo-! — _ A((e+ cppl - Cp—l> —(p—-1I(V -=D)qp. (3.2.6)

Proof: TFormula (3.2.1) for the coefficient matrix B was proved in Theo-
rem 3.2.1. Substituting w = w(z) computed from formula (2.4.7) with U =1
into (2.4.6), we obtain

(B — VA)ze®* — €%e%* + Aze®e®™ + Ve™ — Vb2 + byPe” = O(2P1),
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where .
cP AcP~
b,=—~— —q,. 3.2.7

Formula (3.2.6) now follows by equating to zero the coefficient of zP in the
Taylor expansion of the left-hand side of the relation above around z = 0.
This completes the proof. [ |

The matrix V — I in (3.2.6) is singular and it is not clear that there exists
qp such that this condition is satisfied. We prove in the next theorem that
this is always the case. This theorem will also provide a simpler approach to
the construction of GLMs with » = s = ¢ and p = ¢+ 1 than that based on
Theorem 3.2.2. This approach is based on the idea of exponential fitting. To
be more precise, we have the following result.

Theorem 3.2.3 (Butcher and Jackiewicz [65]) Let V be a matriz such
that Ve = e and such that its characteristic polynomial P satisfies P'(1) # 0.
Assume that there exist vectors do,di,...,dq such that the DIMSIM with
coefficients (¢, A, U,B, V) and with the starting vector 71 defined by

g
51[0] :Zqikhky(k)(t0)+0(hp+l)7 1= 1,2,...,7’,
k=0

has stage order q and order p, which is at least equal to q. Suppose further
that

det (e’ — M(z)) = O(z7972), (3.2.8)

where M (z) is the stability matriz defined by (2.6.4). Then there exist a vector
Qq+1 such that this method with starting vector YO given by

g+1
o =D kB to) + O, i=1,2,0 0,
k=0

has stage order q and order p = q+ 1.
Proof:  Set
w(z)=qo+dqiz+--+qez?.
Since p > ¢ it follows that
e = zAe®* + Uw(z) + O(z971) and M(2)W(z) = O(z7T1).
We have to show that there exists a vector q,41 such that
e®* = zAe® + Uw(z) + 0(z971) (3.2.9)

and
M(z)w(z) = O(2772), (3.2.10)
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where
w(z) = W(z) + dge1277L.

Denote by x and y = e the left and right eigenvectors corresponding to the
single eigenvalue equal to zero of the matrix Mg = M(0) = I — V and such
that xTy = 1. We can assume without loss of generality that qg = y = e.
It follows from condition (3.2.8) that we can choose constants R > 0 and
A > 0 such that for |z| < R the matrix e*I — M(z) has a single eigenvalue
A(z) = O(29%?) which satisfies |A(z)| < A and such that all other eigenvalues
of this matrix have magnitude greater than A. For |z| < R, define the function
B(z) as the unique solution to the system

with 5(0) = By = qo. Since §(z) is a rational function of A(z) we can conclude
that this function is analytic in the disk |z| < R. Let

B(2) = B(z) + 0(z),
where N
5(2) = ﬁO + ,812 + -+ ﬁqzq + ﬁq+12q+1.

Then N
M(2)3(2) = O(z7+?).

If8i=q;,i=1,2,...,q we can choose qq+; = G4+ and the theorem follows.
If 38; # q; for some 0 < i < g, let & be the smallest index such that Gy # qx.
We have

2"M(2)(ar — Bi) + O(2"1) = 0(7*1),

and it follows that Mo(qx — 8x) = 0. Therefore, there exists 65 # 0 such that
ar — Ok = Ory. Consider the function

p(2) = (L +6,2%)3(z).

Bo+ Brz+ -+ G128}
(Br + 0k80)2"% + wr128 T+ o+ gi1 29T + O(2772)

©
O
o

Qo+ iz + -+ qe-12571 + qi2?

+ <pk+1zk+1+_..+¢q+1zq+1+0(zq+2)’

where ¢; are coefficients in the Taylor expansion of ¢(z) around z = 0. Hence,
©(z) agrees with w(z) up to the terms of order k, and this function still satisfies
the relation

M(2)p(2) = O(2772).
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Obviously, this process can be continued until ¢(z) agrees with w(z) up to
the terms of order ¢ We can now choose qg+1 = @g+1. and the resulting
w(z) = W(z) + qg+1297! satisfies (3.2.9) and (3.2.10). This completes the
proof. [

We conclude this section with the representation formula for the matrix B
if r=s=pand ¢g=p— 1. We have the following theorem.

Theorem 3.2.4 (Butcher and Jackiewicz [65]) Assume that 7 = s and
that U = 1. Then the method (c,A.U,B,V) has order p =r = s and stage
order g =p — 1 if and only if

B=By;—AB, - VB, + VA + (V-1)Q, (3.2.11)

where

P
Q= (C— —AcPl —(p- 1)!qp> e’ D;. (3.2.12)
D : :
Here Bg, B1, and By are defined by (5.2.2) and the matriz Dy is defined in

the proof of Theorem 3.2.1.

Proof: Similar to the proof of Theorem 3.2.2, substituting w = w(z) com-
puted from formula (2.4.7) with U = I into (2.4.6), we obtain

(B — VA)ze® = e%e® — Azee® — Ve + Vb,2P — by2Pe® + O(2P 1),

where b, is defined by (3.2.7). Applying the operator ®;(D), j =1,2,...,s,
D = d/dz, where ®;(z) is defined by (3.2.4), to both sides of this equation
and setting z = 0, we obtain

(B — VA)®,;(D)(2e*) = &;(D)(e%e®)

- — A%, (D)(ze*e)

z=0

z=0

- V&,(D)(e%*) + Vb,®,(D)z?

z=0

_, ~ B (D))

2=0
Similarly as in the proof of Theorem 3.2.1, this leads to the equation
(B —VA)o;(c) = ®5(e +¢) — Agj(e + ¢) - V&;(c) + (p — DIV — Dby,
j=1,2,...,s, or in matrix form
(B - VA)Dy =By — AB; —~ VB; + (p — DI(V — I)b,e”,
where we have also used the relations

®;(D)z*P o (p—1)! and &;(D)(zPe*) e (p =1L

Hence, it follows that
B=BoD;' - AB.D;' - VB;D;' + (p— )!(V — )b,e” D3,

which is equivalent to (3.2.11) with Q defined by (3.2.12). This completes the
proof. [ ]
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3.3 A TRANSFORMATION FOR THE ANALYSIS OF DIMSIMS

It was demonstrated in Section 3.2 that for DIMSIMs (3.1.1) with U =T and
p=r=sand g =por qg=p—1 there are representation formulas for the
coefficient matrix B in terms of the abscissa vector ¢ and coefficient matrices
A and V. These representation formulas are given by (3.2.1) if ¢ = p or
(3.2.11) if ¢ = p— 1, where matrices By, B;, and By, which depend on vector
¢, are defined by (3.2.2) and the matrix Q is defined by (3.2.12).

Let T € R"*" be a nonsingular matrix and define the transformed matrices

A=T"!'AT, B=T"!'BT, V=T"1!VT,
By = T"'BoT, B:;=T"'B,T, B,=T 'B,T,
so that (3.2.1) transform to
B=By-AB,-VB,+VA
and (3.2.11) transforms to
B=B;-AB, -VB;,+VA+(V-IQ,

where Q = T~ !QT. In this section we describe the similarity transformation
T, first proposed by Butcher [46], which when applied to A, B, V, Bg, By,
and By will preserve the special triangular form of A but will transform By,
B, and B; into special form. This will result in significant simplifications
to expressions of the stability function in terms of the free parameters of the
method. This stability polynomial now takes the form

p(w,2) = det (wI — M(z)) = det (wI — M(2)),

where . L .
M(z) =V +2B(I - zA)™!

is the stability matrix of the transformed method.
Define the matrix T = [t;;] € R™*" by the formula

i-1
b= Lo =t (33.1)
0, j>i.
The inverse of this matrix is determined by the following result [46].
Lemma 3.3.1 The elements of T™! = [tgj—l)] are given by
i 1 o
£V = ,,zlle G-a 150 (3.3.2)
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Proof: Tt follows from the Newton interpolation formula that

p(z) = pla]+pler,e)(z—c1)+-+pler,e2, . o ver)(z—cr)(@—ca) - (T —crm1)

for all polynomials p(x) of degree less than or equal to . Here, for any function

£y fler,cay ..., ¢ are divided differences defined recursively by
f[Cﬂ = f(Cl),
C2,C3,...,Ci] — fler, e, oo G
f[C1,02,.,..,C¢]=f[2 3 }Ci_fc[ll 2 1.

This leads to the relation

p(c1) ple1]
ple) | _p p[clf ) . (33.3)
pler) plerycay ..y cr

Denote by ¢;(z), = 1,2,...,r, the Lagrange fundamental polynomials

T

G)= [ —=. (3.3.4)

C; —C
k=lk#j 0 K

Substituting p = ¢;, j = 1,2,...,r, into (3.3.3) and taking into account that
£;(ck) = 8;k, where §; = 1if j = k and &;, = 0 if j # k, we can conclude
that matrix T~ takes the form

4 ]cq] 2 £rled]
T-1 = 1[cr, ] £s[cr, e T €rler, )
ller,cay .. ycr] loler,cay..iier] o Lelericoy .oy cp)

Then it follows from

f[C1,CQ, s ,CZ‘} = Z < Z 1 >f(ck) (335)

that

fj [01702, oy Ci} = =1v#j Cj —Cy (336)
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-1)

which implies formula (3.3.2) for tgj m

The next result specifies the structure of transformed matrices A and V.

Lemma 3.3.2 (Butcher [46]) The matriz A is lower triangular and the
matrix V has the form

Uo Up

— 0 0 0
V =

0 0 0

Proof: A is clearly lower triangular as a product of three lower triangular
matrices T™!, A, and T. To show that V has the structure above observe
first that it follows from the form of T~ that

1, i=1,

0, 1#1.

>
=1

Since V = ev?, vTe = 1 (compare Section 3.1), V = T~ ev” T, and the first
column of T is equal to e, the result now follows from the relations

T
T_lez[]_ 0 -+ 0 and VTT:[]_ Ty -+ Ty
This completes the proof. |

The next theorem determines the structure of matrices Bg, By, and B;.

Theorem 3.3.3 (Butcher [46]) Matrices Bo and By are upper Hessenberg
and matriz By is upper triangular.

Proof: Observe first that it follows from (3.2.2) that the elements of ma-
trices Bg, B1, and B3 can be written in terms of the Lagrange fundamental
polynomials (3.3.4) as follows:

1+4c; Ci
/ Li(z)dz,  £;(1 + c;), / £i(x)de.
0 0

Let p1(z), p2(z), ..., p-(z) be polynomials given by
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so that )
pi(er) paler) - prler) |
T pi(c2) p2(c2) - prlc2)
| puler) paler) - prler) |

We next compute the matrix BoT. Since

T 1+c; 14c; T
(BoT)i; = Z/ t(@)dep;(ce) = / S b (e i(z)dz
k=10 0 k=1
1+4c¢;
= / pij(z)de = Pj(1+¢),
0
where

this matrix takes the form

[ Pi1+c) P(1+c) -+ P(l+ci)
Pi(1 Pyl +c¢ - Pl +
B,T = 1( .+02) o ( .+(’2) ( | c2)
| Pi(l+¢) P(l+c) o P(l+e) |

Set Qi(z) = Pi(1+z). To compute T~!B,T, observe that

(T'BoT)i; = Y leler,ca,. .. el Pi(1 + ck)
k=1

5:( ﬁ ckicl/)Qj(ck) = Qjler,cas.. il

k=1 “v=1,v#k

where we have used formulas (3.3.5) and (3.3.6). Hence, matrix By = T™!BoT
takes the form

Qlc1] Q2[c1] R Qrlea]
Q1ler, ez Q2er. ¢ o Qrler, c2]

[
]

L Ql[clacQM"vc’r} Q?[CUC?»"'»CT‘] Qr[017025"'7c7‘]
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Because Q;(z), Q2(2), ..., Q-(x) are polynomials of degrees 1,2, ... ,r, respec-
tively, the divided differences Qjlc1.c2,...,¢;] vanish if ¢ > j+ 1. This means
that By has an upper Hessenberg form. The results for B; = T7!B;T and
B; = T !B, T follow similarly from the observations that

q1le] g2lc1] E grler]
= qifc1, c2] q2(c1, 2] e arlcr, 2]
B, = ,
_Ql[clac%"wcr} q2[clac2a---~cr] QT[CI:C2v"'aCr] i

where ¢;(z) = p;(1 + z), and

" -
P1 [C]] P2[Cl} e Pr[Cl]
= Pilc1, co) Psler, eg) o Prle1, c2]
B2 = . . .
hPl[Cl,CQ,...,Cr} P2[C],C2,---.Cr} PT[C1,CQ,...,CT] ]
This completes the proof. [

From the formulas derived for Eo, B, and By, it can be verified that the
(i,4—1) element of each Bo, and By, is 1/(i — 1) for i = 2,3,...,r, and each
diagonal element of B, is equal to 1.

3.4 CONSTRUCTION OF DIMSIMS OF TYPE 1

In this section we describe various approaches to the construction of methods
with p = ¢ = r = s, for which, by design, the stability function p(w, z) defined
by (2.6.5) with M(z) given by (2.6.4) has the simple form

plw,z) = v (w - R(z)), (3.4.1)

where ) )
R(z):1+z+§—|z2+---+gzs (3.4.2)
is an approximation of order p = s to the exponential function exp(z). This
then implies that the corresponding DIMSIM has the same region of absolute
stability as explicit RK method of order p = s with stability function R(2)
given by (3.4.2).
We consider two choices for the abscissa vector c¢. The first of these is to

space out the ¢ values uniformly in the interval [0, 1] so that

T
1 s—2
=10 1 , 3.4.3
¢ s—1 s—1 ( )
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in analogy to what is done for low-order explicit RK methods. A second
natural choice is to space out the c values at step values t,—s41,fn—s+2, . ., tn,

so that
T
C = _S+2 —S+1 e 0 1 . (3.4.4)

The corresponding methods could then be regarded as generalizations of back-
ward differentiation formulas. Other choices might have some advantages, but
so far there is no evidence of this.

It can be demonstrated that the stability function of DIMSIM of type 1 is
a polynomial of the form

p(w, z) = w® —pi(2)w™" + -+ (=1 ps_1(2)w + (—1)°ps(2),

where
p1(2) = 1+pnz+piez?+-+p,s2°

p2(2) = parz+ P22+ + sz,

ps—l(z) = ps—l.s—Zzs_2 +ps-—l,s-lzs—l +ps—l,szs-
ps(z) = ps,s--lzﬂ_l +psszs-

In the case p = ¢ = r = s under consideration, coefficient matrix B can be
expressed in terms of ¢, A, and V by formula (3.2.1) in Theorem 3.2.1. Asare-
sult, the coefficients p;; of the polynomials p;(z) depend on a;5, i = 2,3,..., s,
j=1,2,...;i—1,and v;, i = 1,2,...,s — 1 (vecall that v, = 1 — 372 v;).
This leads to the system of (s — 1)(s + 2)/2 nonlinear equations

Pt =0, k=23,...,8, Il=k—-1,k ...,s (3.4.5)

with respect to (s — 1)(s + 2)/2 unknowns a;; and v;.

For low orders (p < 4) this system can be analyzed completely with the aid
of symbolic manipulation packages such as MATHEMATICA or MAPLE. The
case p = 1 corresponds to the forward Euler method, and the case p = 2 was
discussed in Section 2.8.1. To analyze the case p = 3 we use the transformation
described in Section 3.3 and work with transformed matrices A, B, V, By,
Bi, and Bs. It can be verified (compare [46]) that for ¢ = [0, 1,17, matrices
By, B, and B; are given by

1L 111 00 o
B, — 5 23 B, — B, — 1 1
BO—lZﬂ’Bl_()lQ’Bz_lZ_ﬂ
5 1

01 2 00 1 oL 1
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and for ¢ = [-1,0, l]T these matrices take the form
000 1 10 -1 -3 3
Bo=|13 2|, Bi=|0 12|, Ba=| 1 § -}
0 3 32 00 1 0 5 3

—_

Consider first the case ¢ = [0, 3, 1]7. Computing B from the relation

§=§0—K§1 —_V—§2+VX,
we obtain the system of polynomial equations (3.4.5) with respect to @21, @31,
Gs2, U2, and T3, where a;; are coefficients of the matrix A and [1,Tq, Ts] is the
first row of the matrix V. Solving first the equations p3s = 0 and p3z = 0
with respect to @2; and @s;. and then the equation ps3 = 0 with respect to

@32 and substituting the resulting expressions into p,; and pas, we obtain a
system of two polynomial equations

pa1 =0, pa2=0
with respect to Ty and T3. This system has three solutions, given by
(62,63) = (lé)v
(U2,73) =~ (0.95037130,0.097685112),
(T2,73) =~ (—2.01509894, —0.0078712370).

This leads to the following methods expressed in terms of original matrices
A, U B, and V =evT:

[0 0 0] 1 0 0
1 0 0| 0 1 0
AU L 1 0] 00 1
B|V : L 3|-% 44
8 _1 1 |_2 4 1
24 3 B 3 3 3
oo L|_2 4 1
| 12 i3]73 3 3 |
0 0 0
A= | 092418548 0 0,
0.46978371 0.91532538 0

1.30682500  0.21191312 0.19702172
B = | 1.51515833 —0.45475354 0.23116957 |,
1.55816629 —0.37544408 0.14792854
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T
V= [ —0.70537237 1.51000215 0.19537022 ]
and
0 0 0
A= 0.96002505 0 0|,
—191.850709 64.8421242 O

B= 0.39202917 0.32262384 0.00098566065

0.18369583 0.98929051 0.00267737344
—63.4917617 192.182330  0.49368033
]T

v = [ 5.01445541 —3.99871293 —0.015742474

Choosing next the abscissa vector ¢ = [~1,0, 1]7 the system (3.4.5) has two
solutions and the resulting methods are given by

0 0 0
A= -0.78936376 0 01,
0.8301728 2.5336861 O

—0.52120879  0.34886447 —11—2

B=| -0.60454212  1.8048949 z ;

—0.1878545  —1.147975 —0.28368611

T
v = [ —0.083677237 0.86694179 0.21673545 ]

and
0 0 0

A =1 3723271912 0 01,
20.32196115 —0.5371619499 O

0.632221303  0.637221992 -

B = | 054888797 —2.41938325 ! ,

0.965554636 —20.3514058 2.78716195

T
v = [ 0.96755166 0.0259586716 0.00648966791 ] .

The case p = 4 was first analyzed successfully by Wright [291, 292], who

also used the transformation described in Section 3.3. For ¢ = [0, 1, 2,1]7 the
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coefficients of the method found by Wright {291, 292] are

[ 0 0 0 0
A 0.3739348246 0 0 0
0.2949848977 0.4816828233 0 0

| —0.6903740089 2.2712602977 —0.2257249932 O |

[ 29444524372 —6.1678663794  4.9955647402 —1.0248304881
2.8194524372 —5.6539774905  4.1761202957 —0.6348764238

B=
2.5372463716 —4.6501532283 2.9967727914 —0.2465466791
| 1.1878127621 —0.2420326723 —1.2663733375 0.7127522620 |
and
T
v = | —18.3637007103 47.9911902596 —32.4937789808 3.8662894315} .

We can also construct methods with p = ¢ = r = ¢ = 4 using a continuation
approach. Setting

T
X = 21 as1r 0 Qge—1 V1 o Vg1 }
and
T
F=FX)=|pn pa - Ds }
we can rewrite system (3.4.5) in the compact form
F(X)=0. (3.4.6)

This system can be generated by MATHEMATICA or MAPLE. We can com-
pute solutions to (3.4.6) by embedding this system into a homotopy which
depends on the parameter £ € [0,1]. We considered mainly two embeddings,
given by

Hy(X,Y.€) = €F(X) + (1 - )(F(X) - F(Y)) =0
or

Hy(X,Y,€) = EF(X) + (1 - £)(X ~Y) =0,

which for £ = 0 have a known solution X = Y. Following the homotopy
curve from £ = 0 (for which X = Y) to £ = 1 will then yield a solution
to the original system (3.4.6). Continuation packages that have been used
experimentally and, to a large extent, successfully in our search for meth-
ods are: (1) PCONG61, version 61 of PITCON written by Rheinboldt and
Burkardt [245, 246]; (2) ALCON2, written by Deufhard et al. [114]; and (3)
FIXPNF, from the HOMPACK suite of subroutines written by Watson et al.
[284]. Some examples of methods found in this way are given by Butcher and
Jackiewicz [66].



148 DIAGONALLY IMPLICIT MULTISTAGE INTEGRATION METHODS

3.5 CONSTRUCTION OF DIMSIMS OF TYPE 2

The stability function p(w, z) of the DIMSIM of type 2 is a rational func-
tion which is more complicated to deal with than the stability polynomial of
methods of type 1 discussed in Section 3.4. However, substituting

z . z
or 7=

14+ 27 1— Az

2 =

and R R
A=A+)I or A=A-)

into the stability matrix M(z), we can work instead with the modified stability
matrix M(Z) defined by

— z

ME) = M) = M)

z z -1 oy =1
= Ve 1+/\2B<I_ 1+/\3A) = V+Bl-)
and the corresponding stability function
p(w,?) := p(w, z) = det (wl — M(2)) = det (I - J/M?(E)),

which is a polynomial since the matrix Ais strictly lower triangular. We look
for methods which, by design, have the same stability properties as SDIRK
methods of the same order. These methods were reviewed in Section 2.7. This
means that the stability function p(w, z) of these methods takes the form

p(w.2) = w™ (w — R(z)),

where

P(z)
(1-Az)s
is the stability function of an s-stage SDIRK method of order p = s. The
stability function of SDIRK methods is defined by (2.7.5). This requirement
can be reformulated in terms of p(w, ) as

Blw, 2) = w*™ (w - R(2)) = w*™ ! (w - R(3)),

R(z) =

where -
R() := R(z) = R(m)
)

(1-3%)
(1) Y L6 (3)a+xer=i0ey

Jj=0
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is a polynomial of degree s with respect to z. We recall that L,(x) are La-
guerre polynomials defined by (2.7.6). A simpler explicit expression for this
polynomial R(%Z) follows from the following lemma.

Lemma 3.5.1 (compare [79]) Assume that A # 0 and that |Z] < 1/A.

Then
n(%) (3.5.1)

Proof: Making the substitutions v = Az and ¢t = 1/, formula (3.5.1) is
equivalent to
exp( -) =1

for ju] < 1. Expanding the left-hand side of this relation into a Taylor series
around ¢ = 0, then substituting the formula

L) = 2":(_1)](7)%

=1 J

o~

eXp(1+)\z) f:

(3.5.2)

into the right-hand side of (3.3.2) and reversing the order of summation in
the resulting double sum, formula (3.5.2) is transformed into

+§; (1 j-u)j ; =1 +§:i (_s)n(—l)j<7>(ji—jl)!. (3.5.3)

j=1n=j J

The coefficient of t7/5! on the left-hand side of the relation above is equal to

The coeficient of ¢t/ /5! on the right-hand side of (3.5.3) is

i(—l)n—j %<Z>un = i(_l)n_j(?'z - 1>u"_j

n=j n=j J -1
& : -1 > k -1
=/ Z(_l)n—J<n >u Z < +.7 >uk’
oy’ n-—j =0 k
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that these coefficients are equal. This completes the proof. |

This lemma implies the following corollary.

Corollary 3.5.2 (compare [79]) The polynomial R(3) corresponding to the
type 2 DIMSIM with p = q =1 = s has the form

1+—§: " - V“L’<A) (3.5.4)

We usually assume that the abscissa vector ¢ is given by (3.4.3) or (3.4.4)
as was done for DIMSIMs of type 1.

It can be demonstrated that the stability function p(w,z) of methods of
type 2 is a polynomial of the form

o~

Blw,2) = v = p1(Bw™! + -+ (-1) B B)w + (-1)°Bs(2),

where
D Puz T p12z Di1sz”,
o~ —~ - o~ o~ o~ /\2 —~ o~
D2(2) = DpaZ+ Dozt 4 -+ Pas2®,
—~ o~ —_ —~ o~ _2 | ~ -~ _1 —~ -~
ps—l(z) = ps—l,s-—EZ‘g Tps—-l,s—lzs +ps—1,3237
o P m~—1 | o~
ps(z) = p.s.,s—lz‘g +psszsv

and the coefficients p;; of the polynomials p;(Z) depend on @;; = a;;5, i =
2,3,...,8,j=1,2,...,s—1,and v;, : = 1,2,....8 — 1. As in Section 3.4,
this leads to the system of (s — 1)(s +2)/2 nonlinear equations

=0 k=23,...,s, l=k—1k...,s, (3.5.5)

with respect to the (s — 1)(s + 2)/2 unknowns a;; and v;. This system also
depends on the parameter A (the diagonal element of the matrix A), which
is usually chosen in advance in such a way that the resulting method is A- or
L-stable (compare Tables 2.7.1 and 2.7.2).

As in Section 3.4, for low orders (p < 4) this system can be analyzed
completely by MATHEMATICA or MAPLE. The case p = 1 corresponds to
methods with ¢ = X and

AU ) A1

B\V - 1\1

A>0. (For A = % this method attains order p = 2 and corresponds to the

trapezoidal rule.) These methods are A-stable for A > % and L-stable for

A = 1, which corresponds to the backward Euler method. The case p = 2
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was discussed in Section 2.8.2. The case p = 3 was analyzed by Butcher and

Jackiewicz [66]. Choosing X = 0.43586652 (compare Table 2.7.2), which is a
root of the polynomial

e(N) =2 =332+ 3x -1

and then solving system (3.5.5), we can obtain methods that are A- and L-

stable. An example of such a method with ¢ = [0, 1,1]7 is given by

0.43586652 0 0
A= 0.25051488 0.43586652 0
—1.2115943 1.0012746 0.43586652

0.83379073 0.64599891 -—0.31582709
B= 0.60625754 1.2869318 —0.47974168 | ,
L —0.30841677 3.8034216 —1.1207225

and

- T
v = 0.55209096 0.73485666 —0.28694762] .

An example of A-stable and L-stable method with ¢ = [-1,0,1]% is

0.43586652 0 0
A= 11720924 0.43586652 0
1.1074469  1.0003697 0.43586652

[ 0.91915247 0.19260634 —0.067563751
B = | 0.83581914 0.12304716 —0.086763606
L 0.81661928 0.16195887 —0.042199635

and

- T
v = (0.78498369 0.32691525 —0.11189895] .

The case p = 4 was first analyzed successfully by Wright [291, 292]. Choosing
A~ 0.57281606 and solving system (3.5.5) leads to methods that are A- and
L-stable. An example of such a method with ¢ = [0,1,2,1]T derived by
Wright [292] is

0.57281606 0 0 0
_ | 0.15022075  0.57281606 0 0
0.59515808 -0.26632807 0.57281606 0 ’

17717286 —1.64234444 0.39147320 0.57281606
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13.153119 —25.451598 16.029984 —3.7980058
13.600935 -—-27.228974 18.647436 —4.9027858
14.289167 —29.534083 20.999448 —5.4831961
15.679828 —33.750697 24.407110 —5.9235938

and

T
V=[15.615037 —46.967269 41.290082 —8.9378502} .

Similarly as in the case of DIMSIMs of type 1, methods of type 2 can also
be obtained using the homotopy approach described at the end of Section 3.4.
Examples of methods derived in this way are given by Butcher and Jackiewicz
[66]. The attractive feature of this approach is the possibility of generating en-
tire families of formulas, depending, for example, on the parameter A or some
of the abscissas ¢; by making a judicious choice of the underlying homotopy
map. This is discussed in more detail in the paper [66].

3.6 CONSTRUCTION OF DIMSIMS OF TYPE 3

A systematic approach to the construction of DIMSIMs of type 3 is described
by Butcher [45]. It follows from the assumption that V is a rank 1 matrix
that the stability polynomial of type 3 DIMSIM with p = ¢ = r = s takes the
form

plw,z) = w®— (ag — Frz)ws!
(3.6.1)
— z{ay — fo)w™% — oo — 2 Yas) — Bs2),
where the coefficients ag, a1, ..., as-1 and 31, 32, . . ., 3s depend on the choice

of the vector v appearing in the coefficient matrix V. Butcher [45] discusses
a choice of coeflicients in (3.6.1) which allow factorization of the form

p(w, 2) = w3 p(w, 2) (3.6.2)

for as low a value of § as possible, since a choice based on this principle will
make the methods close to type 1 DIMSIMs.
It can be verified using (3.6.1) and the relation

p(e?,z) = O(z°T1), 2z -0, (3.6.3)
that .
w = ﬁ(%) - N(5> (3.6.4)
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where
s—1

z z Z\2 z
¥(E) oo e n(3) 0 (3)
w w w w

and
2 s
D(2)=1+82+m(2) + = 8(2)"
w w w w
The relation (3.6.3) also implies that the rational function F(z/w) is an ap-
proximation correct to within O((z/w)*™!) to the function F defined in a
neighborhood of z = 0 by the functional equation

e* = F(ze 7).

Butcher [45] studied this function with a view of finding rational approxima-
tions with numerator and denominator of degrees as low as possible for a given
order of approximation. In particular, Padé approximations to F' with degree
m in the denominator and degree n in the numerator are studied and listed
for 0 < m <5 and 0 < n < 5. Unfortunately, this approach leads to stability
polynomials and the corresponding methods with rather small regions of ab-
solute stability, and an alternative approach is also proposed which is more

promising [45]. In this approach the parameters a1, ag, ..., a5 are regarded
as free parameters and (1, 8a,..., 3, are chosen in terms of them to satisfy
the conditions for order p = s. The criterion for choosing ay, g, ..., 0s-1 is

then based on obtaining large intervals of absolute stability [~ X, 0] of (3.6.1).
This is done by forcing the resulting stability polynomial p(w, z) evaluated
at z = —X to have all its zeros on the unit circle |w| = 1. Using this ap-
proach, type 3 methods withp = ¢=r=s=3andp=qgq=r=s5s=4
are found. The coefficients of methods of order p = 4 are also given by
Butcher [45], corresponding to the choices of abscissa vector ¢ = [0, 1, %,1]7
and ¢ = [-2,-1,0,1]7.

In what follows we describe a somewhat different approach which is based
on maximizing the area of the region of absolute stability of the polynomial
p(w, z}, which corresponds to the method of order p = s. For s = 3 this
polynomial depends on two free parameters, which are chosen as ay and .
We have plotted in Fig. 3.6.1 the area of the region of absolute stability of
p(w, z) versus as and J3 and the corresponding contour plots. This area
achieves its maximum value approximately equal to 1.264 for the parameter
values

29 g, - 265

&2 = 356> I82

The interval of absolute stability is [—1.21,0]. The stability polynomial takes
the form

= wd — 59783 ) , )2 24839 | 90001 _ L2219 . 25
p(w,z) = w (1 + 34944z>w +Z(34944 + 69888z>w z ( 56 T 1 2Z>'
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Figure 3.6.1  Area of the region of absolute stability of the polynomial p(w, z) of
order p = 3 and the corresponding contour plots

Im(z)
P
1]

-3 -25 -2 -15 -1 -0.5 0 05 1
Re(z)

Figure 3.6.2  Stability regions of type 3 DIMSIM of order p = 3 and a 3-stage RK
method of order p = 3

For ¢ = [0, %, 1]T, coefficients of a type 3 method corresponding to this poly-
normial are
174457  _ 27577  _ 14431
104832 52416 7488
B = | 196207 _ 62521  _ 7255
104833 52416 18 ’
296761 202297

104832 52416 7488
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T
v = 223417  _ 125497 104505
34944 8736 11648 ’

and for ¢ = [—-1,0, 1], the coefficients are

338809 _ 45049 _ 519005
419328 52416 419328
B = | 303865 _ 10105 _ 344285
419328 52416 419328
478585  _ 79993 459427
419328 52416 410328
T
v — | 255 _ 108025 94009
182 34944 34944

A region of absolute stability of these methods is shown in Fig. 3.6.2 (thin
line) together with the region of absolute stability of a 3-stage RK method of
order p = 3 (thick line).

Figure 3.6.3  Area of the region of absolute stability of the polynomial p(w, z) of
order p = 4 and the corresponding contour plots

For s = 4 stability polynomial p(w, z) of the form (3.6.1), which satisfies
(3.6.3) depends on three free parameters which are chosen as (s, as, and 34.
We have performed a computer search trying to maximize the area of the
region of absolute stability of p(w, 2), and this leads to the following values:

Bs =

w
(o)
=
{*%)

39 g, = 116

a3 = 377> 09

Qo
]

5

w
-3
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Im(z)
&
T

Figure 3.6.4
method of order p = 4

Stability regions of type 3 DIMSIM of order p = 4 and a 4-stage RK

To illustrate that this area attains its maximum value, we have plotted on
Fig. 3.6.3 the area of the region of absolute stability and the correspond-
ing contour plots of p{w,z) versus B3 and a3 for 54
polynomial p(w, z) takes the form

t-(1+

p(w, 2)

1972056569
1111126210

_ 22026187477 _ 301, _
6666757260 857

o+ of

860930359

—3% " The stability

4758391001

776
( + 109 ¢

1111126210

857
z Jw?
T 8666757260

For ¢ = [0, 3, 2,1]7 the coefficients of the type 3 method corresponding to

this polynomial are

_ 731642674841 338127108937 170879833211 898889950567
60000815340 20000271780 20000271780 60000815340
1478285533517 696810052759 102003814409 1706111988809
B 120001630680 40000543360 13333514520 120001630680
_ 784976732021 45224103773 73100726731  _ 718887504547 |
60000815340 2222252420 20000271780 60000815340
1838200445557 1141260536750 _ 273248690813  _ 852767059529
120001630680 40000543560 40000543560 120001630680
v = | _231381282511 380257759451 168827831353  _ 159169149502
3333378630 1666689315 666675726 1666689315 ’
and for ¢ = [-2, —1,0,1]7 the coefficients are
[ _ 43313516513 22693257667  _ 16941972061 _ 82048747141 ]
10000543560 13333514520 13333514520 40000543560
_ 11245051457 1246482418  _ 2429913140  _ 10576929557
B 10000135800 555563105 3333378630 5000067945
_ 43313516513 27137762507 278682133 _ 69615232621 |
10000543560 13333514520 4444504840 40000543560
_ 14578430087 5961699674  _ 7985544199 2756584963
L T 10000135800 1666689315 3333378630 5000067945
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vV =

T
776 23131515119 14853472073 16233261977
409 3333378630 1666689313 3333378630

A region of absolute stability of these methods is shown in Fig. 3.6.4 (thin
line) together with the region of absolute stability of a 4-stage RK method of
order p = 4 (thick line).

3.7 CONSTRUCTION OF DIMSIMS OF TYPE 4

A systematic approach to the construction of DIMSIMs of type 4, which
generalizes the approach of Butcher [45], is described by him in a subsequent
article [48]. It follows from the assumption that V is a rank 1 matrix that the
stability polynomial of type 4 DIMSIM with p = ¢ = r = s takes the form

plw,z) = (1-Xz2)%uw® — (g — fr12)(1=Az)* " Lws—!
(3.7.1)
— z{on = Boz)(1=A2)* 2w 2 — .o~ 257 Ly — Bs2).

with coefficients ag,@1,...,05s_1 and 51,3,..., 8, which depend on the
choice of vector v in V. Observe that for A = 0, (3.7.1) reduces to (3.6.1).
It follows from (3.7.1) and the relation

p(e®.2) = 0(z°*1), 2z -0, (3.7.2)
that
. wl(l — Az
— = —_— = =" 7.3
w(l — Az) ka(l—/\z)) (3.7.3)
w(l — Az
where

Parm) =) o (ars)

The relation (3.7.3) reduces to (3.6.4) for A = 0. It follows from (3.7.2) that
F(z/(w(1 — Az2))) is an approximation, correct to within

o((s9) )

to the function F defined in a neighborhood of z = 0 by the functional equa-
tion

(1= Az)e? = F(lzi_;). (3.7.4)
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Rational approximations to F have been investigated by Butcher [48]. In
this section we reproduce these results for 31 = 82 = -+ = 3; = 0, which
corresponds to the first row of the Padé table for this function.

To formulate this approximation we have to invert the Taylor series

w=fz)=wot+ai(z—20)+ - tan(z—20)" + -,
wo = f(20), of an analytic function w = f(z) at the point zo, where
a1 = f'(z0) #0.

This can be accomplished by the Lagrange series described in the following
theorem.

Theorem 3.7.1 (see [210]) Assume that the function w = f(2) is analytic
at 2o and single-valued in a neighborhood of wo = f(29). Then

1 4!
z2=f _ZO+Zn'dz" 1 Z:ZO(W—WO) )
where the function (2} is defined by
v = f(zz;—zczdo
Let
W= 1Zi—_/\z (3.7.5)

We have the following theorem.

Theorem 3.7.2 (Butcher [48]) The function F(w) can be expanded in a
neighborhood of w = 0 into the power series

= A" n+1
Flw)=1+> (-1 ==Ll (= )u™, (3.7.6)
—_ n+1 ( A )

where L,41(z) are the Laguerre polynomials defined by formula (2.7.6), and
Ly (z) = (d/dz)Lnia(2).

Proof : Consider the function

where

Y(z) = (1= Az)e*.



CONSTRUCTION OF DIMSIMS OF TYPE 4 159

Then f(0) = 0, and since f’(0) # 0 the function f(z) is single-valued in a
neighborhood of wy = 0. Hence, it follows from Theorem 3.7.1 with zp = 0,
wp = 0, that

and it follows that

Hence,
2 .1 dn-t
F = 2 = - n n—1
@ = = X g
= 1 d
= + —n (Z)n+1 wn.
nZ:l (n+ Dldz I
Comparing this relation with (3.7.3) corresponding to Gy = B = - -+ = Bs =0,
the coefficients a,, are
1 ar ' n-+1
=yt
1 dr
= 1_ n+1l_(n+1)z
(n+ )'dz" (( Az) € > 0
dn k y dk
_ _ n-+ ~ (n+D)z
B 'Z< >dzn k 1 A2 ) 2=0 zke z=0

n k

= ;( > (n+1)k.

We also have

Ly (z) = Jff(”“)i;f)l‘): _ "0<n+1> (_k?k~
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Hence,

n+1y n+1 n+1)
Ve (57) = _Z<k+1) k!

~(n+1) ()
= — ik:o( > n+1)’c

n—|—1)

and it follows that

an = (—1)7+1 A I (n-ﬁ-l)'

n+1 7T A
This shows that F'(w) satisfies (3.7.6). ]
For 81 = B = -+ = #, = 0 the stability polynomial p(w, z) takes the form
p(w,z) = (1 —A2)°w® — (1= Az)* tw*™ — oo — 127 L (3.7.7)

To obtain a method of order p = s we have to choose A in such a way that
as = 0, which is equivalent to the condition

1
Loy (—S; ) =0, (3.7.8)
and the values ag,a1,...,as~1 according to Theorem 3.7.2:
A" n+1
Qay = (—1)n+1n m 1L’n+1( 3 ), (3.7.9)
n=0,1,...,5— 1. Since
. plw,2)
lim ——2=2 = %
S (1) ¥

it follows that if the stability polynomial of the form (3.7.7) is A-stable, it is
also L-stable. The search for A-stable methods can be carried out numerically.
Since A > 0 it follows from the maximum principle that p(w, z) is A-stable if
all roots of p(w, iy) are in the unit circle for all y € R. This can be checked by
plotting the roots w;(y), ¢ = 1,2,...,s, as y ranges over the real values, and
noting if |w;(y)| < 1. Alternatively, we could plot the boundary locus curve

p(e®,2) =0
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for 6 € [0, 27], starting from the solutions z;, ¢ = 1,2,..., s, to the polynomial
equation
p(l,2) =0,

and noting if the boundary curve stays in the right-half complex plane. If this
is the case, the corresponding stability polynomial p(w, z) is A-stable.

A a1 Qg A- and L-stability
0.51554560 0.48445440 0.21915046 no
1.21013832 —0.21013831 —0.66598020 yes
4.27431609 —3.27431609 6.94682974 almost

Table 3.7.1 Parameters A that satisfy (3.7.8) and a1, a; that satisfy (3.7.9)
fors=3
A a1 az as A- and L-stability
0.45645867 0.54354133 0.33897851 0.17001919 no
0.87242088 0.12757912 | —0.35614445 | —0.41000663 almost
1.94428836 | —0.94428836 | —0.54260786 2.44399301 yes
6.72683210 | —5.72683210 26.5697738 —84.037339 almost
Table 3.7.2  Parameters A that satisfy (3.7.8) and a1, a2, as that satisfy

(3.79) fors =4

We have listed in Tables 3.7.1 and 3.7.2 the values of the parameter A that
satisfy equation (3.7.8), the corresponding values of the parameters a1, a2 for
s =3 and a1, ag, a3 for s =4 (g = 0 for any s), and whether the stability
polynomial p(w, 2) is A- and L-stable. The roots of p(w, iy) for y € R are then
plotted in Fig. 3.7.1 for s = 3 and in Fig. 3.7.2 for s = 4. We have also plotted
in the right lower corner of Fig. 3.7.1 the boundary locus curve p(e®?, z) for
s =3 and A = 0.51555, which confirms instability. The entry “almost” in the
tables means that the roots of p(w, iy) corresponding to the specific values of
the parameter A extend only slightly from the unit circle (this is not apparent
in Figs. 3.7.1 3.7.2), so that the corresponding methods are almost A-stable
in this sense.

Following Butcher [48] next we derive formulas for the coefficients of the
methods with given stability polynomials, making use of some transforma-
tion of the coefficient matrices. The transformation proposed in [48] is more
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A=0.51555 A=1.2101
1 1
0.5 0.5
-0.5 -0.5
-1 -1

-1 =05 0 0.5 0
Re(w) Re(w)

N
1
4
1
©
e
o
o
-

A=4.2743 A=0.51555

Im(w)
o

Im(z)
o

<

—05 -2
-4

I
-

|
o
o
o
o
i

-1 0 1
Re(w) Re(z)

N

Figure 3.7.1  Roots of p(w,iy) for A which satisfy (3.7.8) and ai, a2 given by
(3.7.9) for s = 3 and a boundary locus curve for A = 0.51555

convenient than that discussed in Section 3.3 since the transformed matrices
B and V do not depend on the abscissa vector ¢. Hence, we can regard the
choice of abscissas as a separate question from the choice of coefficients, which
is possible only for type 3 and 4 methods. We have the following theorem.

Theorem 3.7.3 (Butcher [48]) Consider a type 4 DIMSIM with abscissa
vector ¢ such that p = q=r = s and Ve = e. Define the matriz T by

[ PO (ey) PE-V(e)) .- Pler)
P)(cg) PG=U(ey) - P'(cy)

_P(S)(cs) PG=U(cy) - Plcs)



CONSTRUCTION OF DIMSIMS OF TYPE 4 163

A=0.45646 1=0.87242

Im(w)
o
Im(w)
o

-1 -05 0 0.5 1 -1 -05 0 05 1
Re(w) Re(w)
A=1,9443 A=6.7268
1 1
0.5 05
B z
£ £ °
-0.5 -0.5
-1 -1
-1 -05 0 05 1 -1 -05 0 0.5 1
Re(w) Re(w)

Figure 3.7.2  Roots of p(w,iy) for A which satisfy (3.7.8) and a1, a2, a3 given by
(3.7.9) for s = 4

where the polynomial P(x) is defined by
P = 2 TT¢
() =5 I_Il(x — ).

Then the transformed matrices B and V defined by
B=T"'BT, V=T"'VT,

satisfy
Ve1 = €] (3710)
and

B=E-AE+V(I-J). (3.7.11)
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where
1 L 1 1 1)
21 3 (s—1)! s
1 1 % (5—12)' (5—11)'
1
E= 0 1 1 e I e
0 0 1 o
L0 0 0 1 1
11 4 L | 00 0 0]
01 1 P 10 0 0
E=100 1 o= |0 =01 00
|0 0 0 1| [0 0 1 0 |

Proof: We have
Ve, =T 'VTe; =T 'Ve=T 'e=e;,

which proves (3.7.10). This relation also implies that V can be partitioned as
V = \: €1 \ % } 3

so that if V is defined by
v=[v]o],

the last term in (3.7.11) takes the form

VOAI-J)=XV-V.

Eliminating vector w(z) from stage order and order conditions (2.4.5) and
(2.4.6) in Theorem 2.4.1, we obtain

e*(1 = Az)e® = zBe® + V(1 — Az)e™ + o). (3.7.12)
Define the sequence of numbers ~;,7s. . ..,vs, and the function ¢(z) by
s ’s—l
P(z) = o +'71(S__m+"'+'75—117+'733

B(z) =1+mz+m2 + - yem12” T 2
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Also define matrices C and G and vector Z by

2 El -
1 ¢ 2 4 W 1 YUY ot Vs
2 3
1 g 2 2 0 1 vy - 7so1
C= 1 «¢3 %g,' Ej— ;s G=10 0 1 Vs—2
|1 ¢ & & 0 0 0 1
s 2! st L -
T
Z=|1 2 .. 2° ] -
Then it can be verified that
GZ = 6(2)Z + O(z*) (3.7.13)
and
CZ = e% + O(2*T1). (3.7.14)

It follows from (3.7.14) that we can substitute e®* by CZ in (3.7.12) since this
only affects terms of order O(2°%!). Multiplying the resulting expression by
¢(z), the order conditions (3.7.12) can be reformulated in the equivalent form

(e*(1 = X2) = 2B — (1 — XA2)V)CGZ = O(z*™). (3.7.15)
It can be verified that the product CG is given by
ce=[T|Pe |=][T|0].

where P(c¢) is evaluated componentwise. Substituting this relation into (3.7.15),
we obtain

(e*(1 = X2) — zB — (1 — A2)V)TZ = O(**Y), (3.7.16)

where Z is made up from the first s components of vector Z. Multiplying
(3.7.16) by T~! from the left, the order conditions take the form

e*(1 = \2)Z = zBZ + V(1 = \2)Z + O(z°T1). (3.7.17)
Subtracting ele?{z from both sides of this relation, taking into account that
e*Z — e1eTZ = 2EZ + 0(=**Y)

and R L
VZ-eelZ=VZ,
and dividing both sides of the resulting relation by z, we obtain

EZ - \EZ =BZ + VZ - \VZ + 0(2*). (3.7.18)
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This equation implies that
B=E-)E-V+)V,

which is equivalent to (3.7.11). This completes the proof. ]

We now consider the remaining question of how matrix V should be chosen
so that the method with matrix B given by (3.7.11) is L-stable, that is,
stability matrix M(z) or, equivalently, transformed stability matrix

M(z) = T'M(2)T

has a zero spectral radius as z — co. Using (3.7.11), matrix M(z) takes the
form

— — - — z -~ ~ —
Muy_v+1_AJ3_V+1_AAE—AE—V+AV)
and
lim M(z) = M(cc) = —-/1{(]/5\) - AE) + ;V

Assuming that V is a rank 1 matrix, it follows from (3.7.10) that this matrix
assumes the form

Ve[l w - u |
Hence,
V=Vi=e[u v 0]
and
M= AM(co) =B~ B -ei[vp - v 0]

The conditions for matrix M to have spectral radius equal to zero were found
by Butcher [48]. This result is technically very complicated and we refer the
reader to the original paper [48] for a proof of the theorem that follows.

Theorem 3.7.4 (Butcher [48]) Matriz M has spectral radius equal to zero
if and only if

oy 8Tt 2 (s—i+2)<3+1
vi= GO A Lo X )

and A satisfies equation (8.7.8). Here ng__lH'z) is an (s — i+ 2)-fold derivative
Of Ls+1-

We conclude this section by listing in a rational format some examples of
A- and L-stable DIMSIMs of type 4 for s = 3 and s = 4 derived by Butcher
[48].



CONSTRUCTION OF DIMSIMS OF TYPE 4

Example 1. s = 3, A = 1.21013836, ¢ = [0, 3, 1]7:

Example 2. s =3, A

Example 3. s =4, A =1.94428836,c = [0

L

vV =

121013836, ¢ = [—1,0,1]T:

_ 3713699 13386050 _ 4525336
575604 954257 702095
B = _ 10143085 9868186 __ 7718629
1360824 580773 976125 ’
__ 3592443 28151576  _ 11391581
402940 1381639 1221028
r T
v = _ 8190471 20278361  _ 2718914
1881082 1848683 484227

_ 2346473 3425188 _ 5551958

1639992 1093005 5176473

B= __ 827713 6027409 __ 2563125
546664 1202946 1373587 ?

_ 2807601 3519979  __ 285494

1216682 481686 120481

T
v = | _ 998030 899740  _ 1181171

1238361 277503 822346 )

1 2 117T.
13130 1] .
[ _ 294809551 628839333 _ 1030246907 327992002 |
907812 650200 1112646 1139573
__ 277481113 558142952  _ 1133031719 450719411
859266 581469 1238155 1594050
_ 16528673 590225249  _ 352947587 232089033 !
52000 626947 395705 849143
_ 338254916 629824162 _ 1255916163 107748367
1096701 693045 1470929 416413
_ 145167427 593469083 _ 86368735 72595683
944816 1231242 176174 445688

Example 4. s =4, A = 1.94428836, ¢ = [-2,-1,0,1]T:

__ 16176817 30344282 _ 38632409 6715194
1365928 736427 1120034 798697
__ 6087649 35588036  __ 22670041 11942577
512223 814545 631569 1427510
_ 16176817 14780263 _ 30709763 2452519 ’
1365928 339914 926141 360838
__ 5095141 48597076 _ 7802303 1994001
L 495935 1304729 325755 612496
r T
__ 3759945 16762402  _ 34730174 7760482
791263 853779 1759939 1326039

167
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In all these examples V is a rank 1 matrix of the form V = ev?. Butcher
[48] also considered construction of highly stable type 4 methods for which V
is a matrix of rank 2.

3.8 FOURIER SERIES APPROACH TO THE CONSTRUCTION OF
DIMSIMS OF HIGH ORDER

For DIMSIMs of high order (p > 5) it is no longer possible to generate systems
of nonlinear equations (3.4.5) and (3.5.5) by symbolic manipulation packages,
so a different approach to the construction of such methods is needed. In this
section we describe an approach to generate the corresponding systems of
nonlinear equations using some variant of the Fourier series method. Systems
obtained in this way will then be solved by algorithms based on least-squares
minimization.

A Fourier series approach can be summarized as follows. Assume that w,,
uw=1,2,...,Ny, where N; is a sufficiently large integer, are complex numbers
distributed uniformly on the unit circle. Multiplying the relations

plwp.z) = wp, = pr{R)wy ™ + 4 (=17 pem1 (2w + (=1)°ps(2)
and
plwy, 2) = w;, — p1(F)wy” P+ (D) T P (R + (—=1)°Ps(2),

by wﬁ_s, k=1,2,...,s, and summing with respect to u, we can isolate poly-
nomials px(z) and px(z). Here p(w, z) and p(w, Z) are stability polynomials of
DIMSIMs of types 1 and 2 defined in Sections 3.4 and 3.5, respectively. This
leads to

(=1 pr(z) = Zwk plwy, 2
and
(—1)*pr(2) Z% Plwy, 2

k=1,2,...,s. Assume next that z, and Zv, v =1,2,..., Ny, where N, is a
sufficiently large integer, are complex numbers distributed uniformly on the
unit circle. Repeating this process again this time multiplying

Pr(2) = Prk—125 "1 + Prkzl + o+ + Prsd

and

Pr(zv) = Dx, k 12571+ DrkZh + o+ Drs 2o
k=2,3,...,5 by z;! and 2, respectively, and summing with respect to v,
we get

Ny N1 No

Pkt = Z z ' pl(z) = (= NlNQZZwk S0 p(wp, z)
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and
1 NQ Nl N2
~ o~~~ k— 55—
q = = E . = —1 E E plw,,z
Dkl N2 ~ ZV pk(zl/) N]_N2 o lw 123 U)

k=2.3,...,8,l=k—1.k,...,s. We then solve numerically the systems

21: 22: wﬁ Sz, ' p(wy, 20) =0 (3.8.1)

p=1lv=1
and
N1 N
SN wh e plw,. 7)) =0, (38.2)
p=1v=1

which are equivalent to (3.4.5) and (3.5.5), respectively, if the integers Ny and
Ny are chosen sufficiently large.

The stability polynomial p(w, z) of DIMSIMs of type 1 will be computed
from the equation

p(w,z) = det (Q(w, 2)), (3.8.3)

where
Q(w,z) =w(l—zA) -V — zBg + zAB; + 2VBs. (3.8.4)

These relations follow from formula (3.2.1) and the fact that det(I — zA)™!
is equal to 1. Similarly, the polynomial p(w, Z) corresponding to DIMSIMs of
type 2 will be computed from the relations

P(w, %) = det (Q(w, 2)), (3.8.5)
where
Qw,?) = w(I-%A) -V — 3B, + 7AB; + 3VB,, (3.8.6)

and matrices ﬁo and 1§2 are defined by
By =By—AB; and B;=B;- AL

Observe that (3.8.5) and (3.8.6) have the same form as (3.8.3) and (3.8.4),
where z, A, By, and By are replaced by Z, A Bo, and Bg, respectively.

We can use the approach described above to construct A- and L-stable
methods of type 2 with a stability function of the form

p(w,z) = w " (w—~ R(z)).

It follows from Table 2.7.1 that this is possible for p =5, p = 6, and p = 8 by
choosing the appropriate parameter A for which the stability function R(z)
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of the SDIRK method of the same order is A- and L-stable. However, this
approach is not applicable for p = 7 since the stability function of the SDIRK
method of this order cannot be A- and L-stable for any A (compare Ta-
bles 2.7.1 and 2.7.2). For p = 7 we follow a different approach, proposed by
Butcher et al. [74], and attempt to construct highly stable methods for which
the stability polynomial p(w, z) is equal to a given polynomial p*(w, z) of the

form (2) ()
» —aps—2( 2 _ _P1\Z D2z
pr(w,z) =w (w TS T /\z)s>’

where p; (z) and p3(z) are polynomials of degree less than or equal to s. These
polynomials will be chosen in such a way that p(w, z) is an A- and L-stable

generalized approximation of order p = s to the exponential function exp(z)
[60]; that is,

p*(exp(z), 2) = O(z°t1). ' (3.8.7)

Although this approach was first motivated to deal with the case p =7, it is
clearly also applicable to the construction of methods of any order. Moreover,
in contrast to the approach described at the beginning of this section, it usu-
ally leads to an entire interval of the parameter A, for which the corresponding
methods are A-stable and L-stable.

Set

pi(z) = 1+pi 2 +pja2® + o +pi 2%,

P3(2) = P31z + P32z 4+ + p3,2°.

Then the order requirement (3.8.7) leads to the system of s polynomial equa-
tions for the parameter A and the coefficients p}; of p;, & = 1,2. Assuming
that

p;; =0, 1=5,6,...,s, =0, l=58-3,8-2,...,s,

and solving the system corresponding to (3.8.7), we can express the remaining
coefficients p7;, [ =0,1,2,3,4, and p};, { = 1,2,...,5 — 4, in terms of A. The
parameter A can then be chosen in such a way that polynomial p*(w, z) is
A-stable. Once this is done, the corresponding function p*(w, z) will also be
L-stable since p7, = p5, = 0.

Polynomial p*(w, z) has a root w = 0 of multiplicity s — 2, and to assure
A-stability the remaining two roots, R} (z) and R%(z), should satisfy

|Ri(2)| <1, k=12, (3.8.8)

for Re(z) < 0. This condition can be analyzed using the Schur theorem,
Theorem 2.8.1. It can be verified, for example, that (3.8.8) is satisfied for

0.25864444 < X <0.27688498 if p=7

and
0.19799408 < X <0.20136462 if p=8.
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Choosing, for example, A = %, polynomials pi(z) and p} corresponding to the

generalized approximation p*(w, z) of order p = 7 to the exponential function
are

*(Z) =1= 1022815846

1 2
P} __ 7864050101 22+ 21301028013 _3 _ _4289969757 24

1708984375 © 68359375000 136718750000 < 136718750000

and

*(Z) __ 757102683 2+ 469409809 22_ 3769899337 3
) T 3417968750 68359375000 410156250000

To construct appropriate methods, it is more convenient to work with the
transformed variable 2 = z/(1 — Az), which was introduced in Section 3.5, and
transformed polynomial p*(w, Z), defined by

~ ~ p*(w, 2)

This polynomial takes the form
Fr(w,2) = w ™ (w? - P (Dw + 53 (2)).

where

S
bl

Ny

PL(E) =1+PhZ+512" + - + i,
P5(2) = P2+ P5?® + - + P52

It can be verified [74] that for given A, the construction of DIMSIMs for which
transformed stability polynomial p{w,?) is equal to a polynomial p*(w,?)
given in advance leads to a system of (s — 1)(s + 2)/2 polynomial equations

1 N1 N3

NN SN Wi B(we 5) — Py =0, 1=1,2,...,5s,
12 S1um

NN (3.8.9)
1 2

S5 who 5 w5 =0, l=k—1k,....s

pu=1lv=1

k=3,4,...,s, for the unknown (s —1)(s+2)/2 coefficients a;;, ¢t = 2,3, ..., s,
j=12,...;i—1, and v;, 1 = 1,2,...,8 — 1, of the methods. Here, as
before, w,, p =1,2,...,N1, and Z,, v = 1,2,..., Ng, are complex numbers
distributed uniformly on the unit circle.

Stability polynomials p(w,z) and p{w,z) of DIMSIMs of types 1 and 2
depend on coefficients a;; and v; of these methods. We conclude this section
with a derivation of the exact expressions for partial derivatives dp/da;;,
Op/Ovi, 0p/Das;, and 0p/dv; of these polynomials. These expressions allow
for the derivation of the formula for the Jacobian matrix of systems (3.8.1),
(3.8.2), and (3.8.9).
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Let M = [m;;] ;- and define the function

f = flmg) = f(mi,mag, ..., mgs) = det(M).
We need the following lemma.

Lemma 3.8.1 Assume that matriz M is nonsingular. Then

of 17 _ -
[ amij o det(M)(M~1)T.

Proof: Expanding det(M) with respect to the ith row we obtain
f= Z(—l)”’kmik det(M,i),
k=1

where M, is the submatrix of M obtained by deleting row number i and
column number k from M. Hence,

arf 1° L s
= [(-1)* det(My)| = (MM,
o] =[] = dannae
and the proof is complete. [
Denote by e1, €;,. .., e, the canonical basis in R*, so thate =7, ;. We

have the following theorem.

Theorem 3.8.2 The partial derivatives of polynomial p(w, z) with respect to
ai; ond v; are given by

b%p— = zdet(Q)e] (B, —wI)Q'e;, (3.8.10)
i

i=23...,87=12...,i-1, and

%}Z = det(Q)(e; — e5)T (¢B2 —1)Q7 e, (3.8.11)

Proof : Let
- =gl — [ ~ @7 = [5.]°
Q=Q(wz)= [q”]i,]tl’ B, [b” ]z’,j:l’ B [b” L,j:l’ L [5”}1‘,]':1
We have
Op —~ dqix Op O0gi1  0gip 0qis _1
= ] e —_ t is
aaij P 8aij quk 8aij aaij aaij de (Q)Q €
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where we note that Q'e; is the ith column of matrix Q'. We also have

0qik 1)
= —zwd;k + 2by;’,
Bas; zwojk + 205,
or in matrix form,
i 1°
{—qi} = —zwe;‘rI + ZQ?BI,
8(1”- k=1

where we note that premultiplication of a matrix S by ef selects the jth row
of matrix S. Substituting this relation into the expression for dp/da;;, we
obtain (3.8.10).

To prove (3.8.11), observe that

o _ 5 Op Oak _ 5(5_519_5%)
ov; z_: Oqjx Ovi JZ;: pt Ogjx Ov;

_ Z[ 91 042 9gjs }det(Q)thei
1

o Ov; Oy O,
and 5
Tk b+ Gis + 2(6Y — 82,
8Ui
or in matrix form,
Bqin |° T T | (T T
= —e; +e; +z(e] Bo —elB,).
Ov; |y

Substituting the last relation into the equation for 8p/dv;, we find that

9p _ T T T T o
5’[)_2- - det(Q) ((es - ei )I + Z(ei - es )B2) ; Q ej!
which is equivalent to (3.8.11). -

Replacing Q, B;, and B3 by Q, ]§1, and ]§2 we can obtain formulas for
0p/das; and 0p/dv; which are analogous to equations (3.8.10) and (3.8.11).
These relations allow us to compute the Jacobian matrix of systems (3.8.2)
and (3.8.9) corresponding to DIMSIMs of type 2.

3.9 LEAST-SQUARES MINIMIZATION

In Section 3.8 we derived systems of nonlinear equations that define DIMSIMs
of types 1 and 2 with p = ¢ = r = s. These systems have been solved by
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minimizing the sum of squares of the objective functions defined by the right-
hand sides of equation (3.8.1), (3.8.2), or (3.8.9), which were obtained using
a variant of the Fourier series approach. Then the minima of this sum, which
are equal to zero, are also solutions of the corresponding systems. For p =5
and p = 6 we have used for this purpose the Levenberg-Marquardt algorithm
as implemented in the FORTRAN subroutines 1lmdif.f and lmder.f from
MINPACK.

This algorithm was first suggested by Levenberg [207] and Marquardt [211]
and has been nicely summarized by Dennis and Schnabel [113]. To explain
the main idea of this algorithm, we write the minimization problem in the
generic form

fla) = 3R7(2)

l\JI»—t

N
Z — min, (3.9.1)
where
-
Rz) = | ri(x) ra(@) - (o) |
and ri(z), 1 = 1,2,...,N, N = (s — 1)(s + 2)/2, stands for the right-hand
sides of equation (3.8.1), (3.8.2), or (3.8.9) and z is the vector of unknown
parameters of the method
T
L= { a1 431 o+ Qss—1 Vi o Us—1 } .

Denote by J(z) the Jacobian matrix of R(z) defined by

Then we choose the next iterate, x4, in terms of the previous iterate, x., by
minimizing the functional

i,5=1

|R(ze) + I(ze) (@ — IC)HZ — min
over RY subject to
2+ — zcll2 < de.

with appropriately chosen bounds d.. As explained by Dennis and Schnabel
[113], this leads to the formula

2y =20 — (J(2o) I (ze) + ud) " I (@) TR(z.), (3.9.2)

where p, =0 if

-1

be > || (3(@e)TI(ze)) T I(we) TRz |

2

and p. > 0 otherwise. The strategy for choosing u. has been described by
Moré [217]. This method reduces to the Gauss-Newton algorithm for u, = 0.
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However, when the Gauss-Newton step is too long, the Levenberg-Marquardt
step (3.9.2) is close to being in the steepest-descent direction.

The program lmdif.f uses subroutine fcn.f supplied by the user, which
calculates the functions. The Jacobian matrix is then calculated by a forward-
difference approximation. The program lmder.f uses subroutine fcn. £, which
calculates both the functions and the Jacobian matrix. This matrix can be cal-
culated with the aid of formulas (3.8.10) and (3.8.11) for dp/da;; and Op/0v;
(or analogous formulas for 85/8a,; and 8p/0v;) derived in Section 3.8.

o~

To compute det(Q(w, 2)) or det(Q(w. Z)) appearing in the definitions of the
objective functions corresponding to (3.8.1), (3.8.2), or (3.8.9), or det(Q(w, z))
and Q~!(w, z) or det(Q(w, 7)) and Q~!(w.%) appearing in the definition of
the corresponding Jacobian matrices, we have used subroutines zgefa.f and
zgedi.f from the LINPACK library. The program zgefa.f computes the
PLU factorization of a COMPLEX*16 matrix which is then used by zgedi.f
to compute the determinant, or the determinant and the inverse of the matrix,
if desired, using the factors computed by zgefa.f.

We have used Ny = N; = p+1in (3.8.1) and (3.8.2) to derive DIMSIMs
of order p = 5 and p = 6. The iteration process was continued until the
difference between two consecutive iterates was less than or equal to 10716,
After the solution was found, we checked using MATHEMATICA or MAPLE
that we computed the right solution.

We have also tried to use the Levenberg-Marquardt algorithm, (3.9.2), to
construct DIMSIMs of order p = 7 and p = 8 but did not get satisfactory
results. We have experimented with many different methods for least-squares
minimization, and based on the experience that was gathered in this pro-
cess, a choice was made to use a rather sophisticated algorithm available in
DN2G and DN2GB. These are nonlinear least-squares routines available in
NETLIB/PORT, the public part of the PORT library [269]. They are new
versions of the original code NL2SOL [111, 112]. A description of the im-
provements was provided by Bunch et al. [26]. In particular, the least-squares
problem is considered with additional bound constraints on its variables as
proposed by Gay [129].

The least-squares solution in NL2SOL was developed as a generalization
and improvement of standard approaches such as the Levenberg-Marquardt
algorithm in 1mdif.f and lmder.f from MINPACK which we had used for
p = 5 and p = 6. Specifically, Dennis et al. [111, Sec. 8] have compared
NL2SOL with algorithms from MINPACK.

Algorithm DN2G (without bound constraint) and DN2GB (with bound
constraint) utilize adaptive quadratic modeling. Special problem structure is
exploited by maintaining a secant approximation to the second-order part of
the Hessian of the objective function f(z) defined by (3.9.1). The program
switches adaptively between a Gauss-Newton and an augmented Hessian ap-
proximation, where the Gauss-Newton steps are computed from a corrected
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seminormal approach. The Gauss-Newton model at the iterate z. is

@) = SREIR) + (@ - 273 (@) TR(.)

+ @2 Iz o - o)

In NL2SOL, one adds an approximation S, to the difference between this and
the standard quadratic Taylor model of the Newton method to obtain another
model,

i$(2) = FRE)TRE@) + (2 - 2T Iz " Rz.)

+ %(m — )T (I(ze)T I(ze) + Se) (m — ze).

To update S, a straightforward modification of the Oren-Luenberger self-
scaling technique [226] is used. Finally, the choice of which of the models
above to use is intimately related to the trust region approach utilized to pick
Az. = 4 — T, which has the form

Az, = (H.+ ,LLCDE)_1Vf(LEC).
Here H. is the current approximation to the Hessian V2f(z) of f(z),

V2f(z) = ) + Z’"z 2)V2ri(z

D. is a diagonal scaling matrix, and g, > 0 is chosen by the same procedure
as in the Levenberg-Marquardt algorithm [217]. The approximation to the
gradient

T
Af@)=| Af@) Afl) - Ay ]
of the function f(z) is computed through the following algorithm:

for i :=1(1)N do

fi=f(z—dze;);  f2= f(z+ dzey);

fa = flx —20ze;); fi= flz+20ze;);

fs = f(z—4bze;); fo = f(z+4dze;);

s1=(fa— f1)/(20x); s2= (fs— f3)/(40z);

s3 = (fo — f5)/(86);

Vfi=s1+04(s1 — s2) + (51 — 282 + 53)/45;
enddo
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Here § = 0.25 eps, eps is the machine epsilon, and e; denotes the ith unit vector
in RY. The overall code is much larger and more complex than standard least-
squares algorithms but has proven to be very robust and at the same time,
reasonably efficient.

To find appropriate methods, we performed an extensive computer search
starting with many random points distributed uniformly in the interval [—1, 1].
We have used the Levenberg-Marquardt algorithm in case p = 5 and p = 6
and DN2G and DN2GB algorithms in case p = 7 and p = 8. Those points that
had small f-values and not too large components were subsequently improved.
This way, in all cases, solutions with sufficiently small residuals could be
derived. Examples of methods found in this way are listed by Butcher and
Jackiewicz [68] for p = 5 and p = 6 and by Butcher et al. [74] for p = 7 and
p = 8. These examples, up to order p = 6, are also reproduced in Section 3.10.

The efficiency of computer searches for high order methods can be im-
proved further by exploiting the special structure of the coefficients py; and
Dr; appearing in (3.8.1) and (3.8.2). This is investigated by Jackiewicz and
Mittelmann [179] where the following theorem was obtained.

Theorem 3.9.1 The coefficients px; and Dy, k= 2,3,...,8, 1 =k-1,k,...,s,
of stability polynomials p(w,z) and P(w,2) of DIMSIMs of types 1 and 2 are

linear with respect to v;, 1 = 1,2,...,8—1. Moreover, for methods with ¢; = 0
and ¢, = 1, coefficients prs and Drs, k = 2,3....,s, corresponding to w® Fz*
and w*~*Z% are homogeneous with respect to v;, i=1,2,...,8— 1.

Proof: 1t was demonstrated in Section 3.8 that p(w,z) and p(w,%) can
be computed from formulas (3.8.3) and (3.8.5), where matrices Q(w, ) and
Q(w,z) are defined by (3.8.4) and (3.8.6). To show the first part of the the-
orem we use the transformation for the analysis of DIMSIMs introduced by
Butcher [46] and discussed in Section 3.3. Using this transformation, we work
with the matrices

A=T AT, B=T!'BT, V=T"'VT,

where the matrix T is defined by (3.3.1). It was demonstrated in Lemma 3.3.2
that the matrix V has the form

'V’:[l Ty - m}el

and it is easy to verify that 7;, ¢ = 2,3,...,s, are linear functions of v;,
j=1,2,...,5—1. As in Section 3.3, set

By=T'ByT, B;=T7!'B;T, B;=T"!'B,T,
and define - R — R
Bo=T 'B,T, B,=T'B,T.
Then .
p(w, 2) = det (Q(w, 2)) = det (Q(w, 2)),
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F(w,2) = det (Q(w, 2)) = det (Q(w. 3)),
where

Q(w,2) =w( — zA) =V — 2By + 2A B; + 2V By,

Q(w,3) = w(I —3A) - V — 3By + 7A B, + 5V B..

The first part of the theorem now follows by expanding det(Q(w,z)) and

—

det(Q(w, 7)) with respect to the first row of Q(w, z) and Q(w, 2).
To prove the second part of the theorem, we must show that for methods
with ¢; = 0 and ¢; = 1 we have

—~

=0 and Dies

= 0.

v;=0

Pks

v =0

Observe that

= det(Qo(w, %)),

v;=0

p(w,2)|  =det(Qo(w,2)),  pw.2)

vi=0

Qo(w,2) =w(I—2A) — Vo — zBp + zAB; + 2VBo,

—~

Qo(w, %) = w(I — FA) — Vo — 3By + ZAB; + 3V B,,

and
Vo=V

=e[0 0 - 0 1]

v;=0
Since c; = 0 and ¢; = 1, it follows from formulas (3.2.2) for the elements of
matrices By, By, and By that the first row of B is equal to the last row of
B,. Moreover, the first row of B; is equal to [0,0,...,0,1]. Hence, it is easy
to verify that the first rows of of Bo — VyB4 and ]/3}\0 — V0]§2 are equal to zero.
This implies that the first rows of Qo(w, z) and Qo(w, Z) are independent of
z and Z. Expanding det(Qo(w, 2)) and det(Qo(w, 7)) with respect to the first
rows of Qo(w,2) and Qo(w,E), it follows that the polynomials p(w, 2)|y,=0
and p(w, 2)|y,—0 have at most degree s — 1 with respect to z and Z. This is
equivalent to the second part of the theorem. ]

Set v = [v1,...,vs—1]T. It follows from this theorem that systems (3.8.1)
and (3.8.2) can be written in the form

H(A¥ =b(A), G(A)¥ =0, (3.9.3)

and R R R
HAWV=5b(A), GA)V=0, (3.9.4)

where H(A), H(A) and G(A), G(K) are matrices of dimensions (s — 1) x
s(s —1)/2 and (s — 1) x (s — 1), respectively, and b(A), b(A) are vectors of
dimension s(s ~ 1)/2. Subsystems G(A)V =0 and G(A)V = 0 in (3.9.3) and
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(3.9.4) correspond to equations pgs = 0 and pgs = 0, k = 2,3,.. ., s, in (3.4.5)
and (3.5.5), or to equations 2,5,9,13,...,(s ~ 1)(s + 2)/2 in systems (3.8.1
and (3.8.2). For given A or A, matrices H(A) and G(A) or H(A) and G(A)
can easily be assembled by computing px; or Py with v; = 1, v; = 0, j # 4,
1=1,2,...,8s — 1. Then the ith columns of G and G correspond to pgs or
Drsy K =2,3,...,s, computed with v; given above, and the ith columns of H
or H correspond to the remaining py; or Dkl

If (A,¥) and (A, V) are solutions to (3.9.3) and (3.9.4) (with ¢; = 0 and
¢s = 1), the vector V necessarily belongs to the null space of matrices G(A)
and G (K) Augmenting these systems by the equations

det (G(A)) =0 and det(G(A)) =0,

and applying least-squares minimization methods to these augmented sys-
tems, we can improve the accuracy and reliability of searches for high order
DIMSIMs. Examples of methods found in this way have been given by Jack-
iewicz and Mittelmann [179].

3.10 EXAMPLES OF DIMSIMS OF TYPES 1 AND 2

In this section we present examples of DIMSIMs of types 1 and 2 of order
p = 5 and p = 6 with the abscissa vector ¢ of dimension s = p given by (3.4.3).
Coeflicient matrices A, K, and V were obtained by least-squares minimization
techniques described in Section 3.9, which were applied to systems (3.8.1),
(3.8.2), and (3.8.9). Coeflicient matrix B was then computed using formula
(3.2.1), derived in Theorem 3.2.1. Matrices By, By, and B in (3.2.1) are
determined uniquely by the vector C with the aid of formulas (3.2.2). As a
consequence, the derived methods have the required order p equal to the stage
order gq.

We have found many solutions to systems (3.8.1), (3.8.2), and (3.8.9). In-
specting these solutions we could see that some of them have advantages in
terms of the sizes of the elements in coefficient matrices A, A, V, and B.
Exceedingly large values are likely to cause round-off problems because of
cancellation of significant digits. We display Below we cite examples of meth-
ods with moderately sized coefficients. All methods of type 2 are A- and
L-stable.

Example 1. DIMSIM of type 1l with p=g=r=s5=05:

0 0 0 0
1.176528 0 0 0
A =] 1980579 0.401718 0 0

3.053284 0.734996  0.267236 0
1.419332 2.653490 -2.277853 1.197891

o O O O© O
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T
v =| —0.240696 1.260495 —2.481269 1.919907 0.541563] .

Example 2. DIMSIM of type 2 withp=¢=r=s=5:

[ 0.278054 0 0 0
0.220452  0.278054 0 0

A= 2204820 —0.602367 0278054 0

5.054621 —1.520876  0.097119 0.278054 0

| 9345168 —1.412134 —1.883402 0.782534 0.278054 |

o O O

T
v = [ —0.0793855 0.554318 —1.569590 2.332075 —0.237418
Example 3. DIMSIM of type l withp=q=r=5=6:
[ 0 0 0 0 0 0
—0.378732 0 0 0 0 0
A 3.415475 1.075853 0 0 0 0
3.517453 0.493910 0.483207 0 0 0]
—0.398097 —1.988293 1.043842 0.253273 0 0
1.348865 —2.741611 1.388314 0.0327580 0.364587 O |
T
v =| —=3.112709 3.675653 —1.938159 2.859978 —2.336351 1.85159] .

Example 4. DIMSIM of type 2 withp=gq=r=35=6:

- -

0.334142 0 0 0
0.044043  0.334142 0 0
0.431528 —0.685118  0.334142 0
0.108586 —0.267762 —0.383403 0.334142 0
—1.833853  2.855822 —1.573479 0.039950 0.334142
| -5.629166 11.996111 —10.377635 4.983245 —1.166032 0.334142 |

o O O

0
0
0
0
0

T

v = 2134887 —9.944380 13.934564 0.329620 —14.682606 9.22792

In the four examples above we have displayed the coeflicients of A and
v truncated to about six significant digits. We refer readers to the papers
[74, 179] for examples of types 1 and 2 DIMSIMs with p=¢=r = s =7 and
p = q =r=8= 8
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3.11 NORDSIECK REPRESENTATION OF DIMSIMS

In the representation of DIMSIMs (3.1.1), coefficient matrix U was chosen as
identity matrix I of appropriate dimension. Since the purpose of the r vectors
making up the input data y!»~1) and the corresponding output data y s
merely to carry information from step to step, it is possible to rearrange these
data by taking r independent linear combinations of the r subvectors and
using the resulting combinations instead of the subvectors themselves. This is
equivalent to choosing a nonsingular matrix T and replacing the partitioned
matrix that characterizes the method

A U
B V
by the “transformed method”
A uT

T!B T-!VT

If U is square and nonsingular, transforming it back to the case U =1 is
easily achieved by the choice T = U1,

In this section we derive a new representation of DIMSIMs which is more
convenient to implement in a variable step size variable order environment
than representation (3.1.1). This representation was proposed by Nordsieck
[222, 223] in the context of Adams methods and its use was later promoted and
used with advantage by Gear [131, 132, 133] in the code DIFSUB for nonstiff
and stiff differential systems. This representation in the context of DIMSIMs
was first proposed by Butcher et al. [57]. In this Nordsieck representation
of DIMSIMs we have p = ¢ = s, 7 = s + 1, and the vector y[®! of external
approximations approximates directly the Nordsieck vector z(t, h), which is
defined by

y(t)

aom=| MO (3.11.1)

hPy(®) (t)

We demonstrate in Section 4.1 that this new representation will be zero-stable
for any step size pattern, and changing the step size will be accomplished by
a simple rescaling and modifying of the vector of external approximations.
Following Butcher et al. [57], our starting point is the representation (3.1.1)
such that p = ¢ = r = s and with U = 1. In addition to y["] we consider an
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approximation 7/ € R™ such that
P
=3 thky® () + O(WPT),
k=0

which has the form
n™ = kT eFYM) + (v @ Tyl (3.11.2)

Here, tx, k =0,1,...,p, aresome scalars and b € R®, v € R? are some vectors.
To avoid the possibility that nl™ can be written as a linear combination of

the output quantities yz["]

,1=1,2,...,s, we assume that the matrix

B e
bT 1

is nonsingular. Define the vector

T 1
t:[to t1 et € RPt
and the matrix
W | W | @ S| pprxe),
tT to t1 ot

The independence of the vectors y["] i =1,2,...,s, and n defined by

i
(3.11.2) guarantees that W is nonsingular. The relationship between vectors
t and b is given by the following result.

Theorem 3.11.1 (Butcher et al. [57]) The first component of t is given
by to =1, and for given t1.ta,...,tp, vector b is equal to

bT =1TC!, (3.11.3)
where C is the Vandermonde matriz
C = [ e C e CP"‘l :|

and the vector 1 = [I,...,1,)T is defined by

k

lkz(k—l)!<2tijf'i—quk>, k=1,2,...,s.

7=0
Proof : It follows from Theorem 2.4.1, formula (2.4.6), that

e’ = zbTe + vIw(z) + O(zP11),
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where
p p
€= Ztkzk and w(z) = Z qrz*.
k=0 k=0

Expanding both sides of this equation into a Taylor series around z = 0 and
comparing the corresponding terms, we obtain

viqe = to (3.11.4)

and X

bTck y thoa1ms
o =Y ’;1' 7 vTqes1, k=0,1,....s~—1. (3.11.5)
7=0
It follows from (3.11.4) that to = 1 and it can easily be verified that equation
(3.11.5) is equivalent to (3.11.3). This completes the proof. [
Define the vector
il _ ylnl

and consider the method

Y = iAo DFYM) + (T eDjn-1,
(3.11.6)
gt = (B DFYM) + (Ve Dy,

n=12,...,N, where

U=[u o], B= B v

~ ~ B ~ VvV 0
bT

Since .
7™ = (W @ 1)z(tn, k) + O(RPTY),

where z(tn, h) is a Nordsieck vector given by (3.11.1), we define the vector
z" by the relation ~
g = (W e 1), (3.11.7)

Observing that

fJ\’fV:{U o] :Z —UW

and substituting (3.11.7) into (3.11.6), we obtain

Yl = (A @ D)F(YIM) + (P @ T)zln-1,
(3.11.8)
M = (G DF(YM) +(Qe )i,
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n=1,2,...,N, where the new coefficient matrices P, G, and Q are defined
by

P=UW, G=W !B, Q=W'VW.
Since .

M= (Wl o D) = 2(t,, h) + O(RPHY), (3.11.9)
(3.11.8) is the desired Nordsieck representation of DIMSIMs.

Next we investigate linear stability properties of the augmented method
(3.11.8). If M(z) = V + 2B(I — zA)"1U denotes a stability matrix of a

method (3.1.1) (this matrix is defined by (2.6.4)), the stability matrix M(z)
of the “extended” method (3.11.6) is given by

— V 0 B
_ L AL
M(z) = L o +z L (I-2zA) [ U o }
_ M(z) 0
vIi+ 26T (I -2A)71U 0

As a consequence, ﬁ(z) has one more eigenvalue than matrix M(z), and this
extra eigenvalue is equal to zero. As a result, the linear stability properties
of method (3.1.1) remain unchanged for constant step sizes through the aug-
mentation process (3.11.6), which leads to the Nordsieck representation of
DIMSIMs given by (3.11.8).

Now we derive now the formulas for the computation of the coefficient
matrices Q and G. To simplify the matrix Q, observe that

-~ e
\i4 = €1,
1

where e; = [1,0,...,0]T € R®*!. This implies that

Q=W-! ? [vT 0} :Z =e1[1 vigr - Vqu]'

The matrix G is characterized by the following result.

Theorem 3.11.2 (Butcher et al. [57]) The matriz G is determined by the
formula

G=LC, (3.11.10)
where C is the Vandermonde matriz defined in Theorem 3.11.1 and L is a

matriz with columns L, given by

k

Z(ej;l"‘qelﬂ.l), k=1,2,...,3.

Li= (k- 1)!( P
§=0
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Here e;, 1 = 1,2,...,p+ 1, is the canonical basis in RPYL, In particular,
matriz G 1s independent of t1,t9, ..., p.
Proof: Tt follows from Theorem 2.4.1, formula (2.4.6), that
e*W = 2Ge® + QW(z) + O(2PT1), (3.11.11)
where

p
w(z) = Z err12",
k=0

Expanding both sides of (3.11.11) into a Taylor series around z = 0 and
equating the corresponding coefficients of z*. we obtain

Qe; =€ (3.11.12)
and
G‘rC}C htl ej+1
—_— = E — 3 k=0,1..... —-1. 3.11.13
k' g (k + 1 _])' Qek-‘r?v 01 P ( )

It follows from the form of the matrix Q that condition (3.11.12) is satisfied
automatically and (3.11.13) is equivalent to (3.11.10). This completes the
proof. [ ]

3.12 REPRESENTATION FORMULAS FOR COEFFICIENT
MATRICES P AND G

In Section 3.11 we derived the Nordsieck representation of DIMSIMs by the
augmentation process of the vector of external approximation y!! correspond-
ing to representation (3.1.1) with coefficient matrices given by (3.1.2). In
this section we demonstrate that we can obtain directly the representation
formulas for coefficient matrices P and G of the Nordsieck representation
(3.11.8). This direct approach is based on use of the modified form of the
order and stage order conditions reformulated specifically for methods of the
form (3.11.8) with p = ¢ = s and r = s + 1, where the vector 2" is an
approximation of order p to the Nordsieck vector z(t,) defined by (3.11.1).
Define the matrices K, € RPHD*P+1) and E, € RPHIX P+ by

010 -+ 0] 11 5 o
00 1 0 01 1 L
K,=|: : " " |, E=exp(Kp)=|0 0 1 ... G@-’—lﬁ
000 -1 .
10 0 0 0 | 0 0 0 -




186 DIAGONALLY IMPLICIT MULTISTAGE INTEGRATION METHODS

We have the following theorem.

Theorem 3.12.1 ([177], [293]) Assume thatr = s+1. Then method (3.11.8)
with abscissa vector ¢ = [c1, ..., cs]T has order p = s; that is,

z[n—l] _ hi—ly(i—l)(tn_l) + O(hs+l)

[3

implies that
Z[n} — hi—ly(i—l)(tn) + O(hs+1)

3

1

i=1,2,...,r, and stage order ¢ = p,

vl = Y(tn—1 + cih) + O(hs+l)» i=1,2,...,8

[3

if and only if

€% — zAe%* — PZ = O(2°11) (3.12.1)
and
E,Z — :Ge®* — QZ = O(2°*") (3.12.2)
as z — 0, where
T T
Z = |: 1 2z .- 25 ] and €% = |: eC1Z @22 ... gCs? ] .

Proof : Expanding y(t,—1+c;h) and y'(t,—1+c;h) into a Taylor series around
tn—1, we obtain

sk
Y[n] — %hky(k) (tn—l) + O(hs+1)
k=0
and i
s -1
RFOVE) = 37 gty ) + O ),
k=1 ’

i=1,2,...,5. We also have

zl{n—l] — hi—ly(i-l)(tn_l) + O(hs—H)
and
Z[n] — hz’—ly(z‘—l)(tn) + O(hs+1)

1
— : hky(k) t_1) + O(hs+1
kjL;_l (k—i+1)! (tn-1) )

Z €ik+1 hky(k) (tn—1)+ O(hHl),
k=0
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i=1,2,...,8+ 1. Here ¢,;; are the elements of the matrix E,. Substituting
the relations above into (3.11.8) yields

8

8 3 hk i
) (ci“ kY ayctTt - k!pz’,k+l> Ey(k)(tn_l) =0,  (3.12.3)
j=1

k=0

i=1,2,...,s, and

8 L B h,k )
Z(k!ei,kﬂ -k gijct 1—k!qi,m)gy“)(tn_l)+o<h5+1>, (3.12.4)

k=0 j=1

i=1,2,...,5+ 1. Here a;;, p;;, and g;; are elements of matrices A, P, and
Q, respectively. Equating the coefficients of h*y(*)(t,,_,)/k! to zero and then
multiplying these coefficients by 2*/k! and adding them from k = 0 to k = s,
we obtain

s s
eCi% — Zzaijecjz _ Zpi,k+lzk — O(Zs+l),
j=1 k=0

i=1,2,...,s, and

s 8 ]

k i k 1
Zei,;ﬁ_lz —Zzgijecﬂz _ZQi’k+lz =O(Zs+ ),
k=0 j=1 k=0

i=1,2,...,8+ 1. These relations are equivalent to (3.12.1) and (3.12.2),
respectively. This completes the proof. ]

Since E,Z = ¢*Z + O(2°"!) the order condition (3.12.2) can be formulated
in the equivalent form

e*Z — 2Ge®* — QZ = O(z°™1),

proposed by Wright [293].
Define matrix C, by
2 cP

- S px(p+1)
Co=|e c 51 o eR ,

where ¢! stands for componentwise exponentiation. It follows from the proof of
Theorem 3.12.1 that coefficient matrices P and Q are determined completely

by abscissa vector ¢ and coefficient matrices A and G. To be more precise,
we have the following corollary.

Corollary 3.12.2 (compare [177], [293]) Assume thatp=¢=s andr =
s+1in (8.11.8). Then
P=C, - ACK, (3.12.5)

and
Q =E, - GC,K,. (3.12.6)
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Proof : Tt follows from (3.12.3) and (3.12.4) that

v—1
¢

s Cl‘/—2
0 o= L= R B
yZ1 1-, DPiv (1/—1)!+;au (I/—Q)!’

i=1,2,...,5,v=2,3,...,8+1,and
s 2
g1 = e, qw:ew+;gijm,
i=1,2,...,s+1, v=2.3,...,5+ 1. Taking into account that
¢2  cr! ]
20 (p-—1 |’

these relations for p;; and ¢;; are equivalent to (3.12.5) and (3.12.6). [

Cprz[O e ¢

Constructing DIMSIMs in Nordsieck form, we usually assume that matrix
Q has the form

1

q

Q:equ, q=

and then we are interested in expressing the coefficient matrix G in terms of
¢ and Q. This can be accomplished by “inversion” of formula (3.12.6). Let
us partition matrices G, Q, and E, as follows:

g7 1] 1] el
G: N Q: — . Ep: .
G 0‘0 O‘Ep—l

where g? stands for the first row of G and O stands for the zero vector or
matrix of appropriate dimension. We have the following result.

Theorem 3.12.3 ( Butcher and Jackiewicz [69]) Assume that p = ¢ =
sandr=s+11in (3.11.8). Assume also that the components of the abscissa
vector ¢ are distinct. Then

g" = (ep-1 — )G, (3.12.7)

and _
G= Ep_lc;_ll. (3.12.8)

Proof: 1t follows from (3.12.6) and the relation C,K, = [0]|C,_1] that

1] g 1] el 0| g"Cpm

bl

0| o - 0| B,y 0| Go,oy
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and comparing the corresponding elements on both sides of this matrix equa-
tion, we obtain

e,1—8'Cp1=¢" and E,_; -GC,_;=0.

It follows from the assumptions of the theorem that the matrix C,_; is in-
vertible and the relations above are equivalent to (3.12.7) and (3.12.8), re-
spectively. ]

3.13 EXAMPLES OF DIMSIMS IN NORDSIECK FORM

In this section we list examples of types 1 and 2 DIMSIMs in Nordsieck form
up to the order p = 3. These methods can be derived starting from represen-
tation (3.1.1) with coefficients given by (3.1.2) using the approach described
in Section 3.11. Alternatively, we can use representation formulas (3.12.5) for
matrix P and (3.12.7) and (3.12.8) for matrix G and then compute coefficient
matrices A and Q so that the resulting method has some desirable stability
properties. As in Sections 3.4 and 3.5, we aim at RK stability for explicit
type 1 methods and A- and L-stability for implicit type 2 formulas. This
leads again to systems of polynomial equations for unknown coefficients a;;
and ¢; of the methods. These systems can be solved by symbolic manipula-
tion packages if 1 < p < 4 or using the approach based on a variant of the
Fourier series method described in Section 3.8 and least-squares minimization
discussed in Section 3.9 if 5 < p < 8. The coefficients of explicit methods for
5 < p < 8 are given by Butcher et al. [58].

Example 1. Type 1 method withp=¢=s=1,r=2,andc=¢; =0:

0\10
A’P R e
—1=11]1 0
cla] |1, ,

This method corresponds to the forward Euler formula

AU 0|1

B|V - 11
withc=1¢; =0.
Example 2. Type 2 method withp=¢g=s=1,r=2,andec=¢; = 1;
AP l‘i

—=11]1 0
G|q

10 0
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This method corresponds to the backward Euler formula

A’U 11

B|V N 1)1
withc=c; = 1.

Example 3. Type 1 method withp=¢=s=2,7r =3, and c = [0,1]7:

[ 0o o|l1 o0 0]
2 011 -1 3
A‘P
— | = 5 1]1 _1 1
GlQ 1 1 2 1
0 1{0 0 0
| -1 1)0 0 0 |

This method corresponds to the DIMSIM of type 1 of order p = 2 with
c = [0,1]T given by Butcher [44] and also in Section 2.8.1. The details of the
derivation of this method are given by Jackiewicz [178].

Example 4. Type 2 method with p=¢=s=2,7 =3, and ¢ = [0,1]T:
3 32
2= 0o |1 &2 g ]

6+2v3 2-v2 | | 3(V2-4) V2ol
7 2 12 3

AlP
— = 73-34v2  2v2-1 1 10v2-19 3-2v2
G \ Q 28 1 14 1
0 1 0 0 0
L -1 1 0 0 0 |

This method corresponds to DIMSIM of type 2 of order p = 2 with ¢ = [0, 1]
given by Butcher [44] and listed also in Section 2.8.2 for A = (2 —/2)/2. The
details of the derivation of this method are given by Jackiewicz [178].

Example 5. Type 1 method with p=¢g=s=3,r =4, and ¢ = [0, %, 17

0 001 0 0 0]

1 1 1

1

A‘P i 01 -3 0 3
——|=|5 L 1|7 _3 1 1
G‘Q 4 3 6 4 6 24
0 0 1|0 0 0 0

1 -4 3|0 0 0 O
|4 -8 4/0 0 0 O |
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This method corresponds to the DIMSIM of type 1 of order p = 3 with
c =[0,1,1]7 given by Butcher and Jackiewicz [66] and also in Section 3.4.

Example 6. Type 2 method with p = g¢=s =3, r =4, and ¢ = [-1,0, 1]%:

0.43586652 0 0
A= 11720924 0.43586652 0 )
1.1074469  1.0003697 0.43586652

1 —1.43586652 0.93586652 —0.38459993
P=]1 -1.60795889 1.17209237 —0.58604618
1 —1.54368307 1.17158037 —0.60499004

0.83581914 1.29513953 0.34910292

0 0 1
G= ,
0.5 —2 1.5
1 -2 1
a" = |1 148006158 0.98671622 —0.42579436 |.

This method corresponds to the DIMSIM of type 2 of order p = 3 with
c =[-1,0,1]7 given in Section 3.5.

3.14 REGULARITY PROPERTIES OF DIMSIMS

In this section we investigate if the GLM (3.1.1) with coefficients defined by
(3.1.2) has the same set of finite asymptotic values as the underlying differen-
tial system (2.1.1). We follow the investigation of this question by Jackiewicz
et al. [188]

Setting 2*~1l .= > vjyj[-"_ll, the GLM (3.1.1) can be written in the
form

Y =hY e f O Y ut T i=12,0
i=1 i=1 (3.14.1)

o = h Y b ) + 2, i=12..m,
Jj=1

n=0,1,...,N. This formulation reflects the fact that to compute the exter-
nal stages yz["}, i=1,2,...,r, the linear combination z"~1 of y][."_l] needs to

be propagated from the current step, t,_1, to the next step, t,.
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Following Hairer et al. [141] and Iserles [171], we denote by F the set of
all possible bounded asymptotic values of (2.1.1), that is,

F={yeR™: f(y)=0},

and define
F={(y,....y) € RiFIm g € F}.

Then we consider the system

] T
thzaljf(}/j)‘i_zuu/y\]a Z-:1327"'a'33

ISt I=1 (3.14.2)
Gi=hy b f(Y;)+2, i=1,2,...,1,

=1

with zZ = Z;zl v;y;, which is obtained formally from (3.14.1) by passing with
n to infinity and setting

Y, = lim Yi[n}, = lim y[ g

Nn—00 N—00

assuming that these limits exist. Also define the sets
= {2: > viG: @0 Y., ) satisfy (3.14.2)}

and

o~

F = {@1,...,@,?1,...,}@) @ G Y. V) satisfy (3.14.2)}.

It will be demonstrated that 7 C F, and FcC ]-'h for any h > 0, but in
general, sets F, — F and F, — F may be nonempty. GLM (3.14.1) is said to
be regular if and only if 7, = F and strongly regular if and only if Fn=F
for any h > 0.

In the case of DIMSIMs, the motivation behind these definitions is as fol-
lows. If y(t) — y* as t — oo, then, necessarily, y* € F, and if y is sufficiently
smooth, we also have y* (t) > 0ast —oofori=12,...,p. Assume now

that yzln] —¥,t=1,2,...,r, and Yi[n} — }71-, 1=1,2,. , a8 n — oc. Since
y" approximates S o gy P (t,), Yi[ approx1mates y(tn 1+ ¢;h), and
gio =1 (this follows from U = I), it would be desirable if all these limits would
equal y*, which is the limit of the solution y(t) to (2.1.1) as t — oo. This is
obviously the case if ]-'h =F. Moreover, since for DIMSIMs we have vie = 1,
it follows that if y£ nl y*, then z[" — y* as n — oo, which motivates the
weaker requirement that Fp, = F.
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Setting r = 1, we have U = ¢, B =bT, V=v =1, and (3.14.1) reduces to

the RK method (2.1.3). Since zI*~1 = y[n S Yn—1. regularity now means
that the system

. =1 (3.14.3)

has only solutions (7, Y1, ... ,}A’s) such that f(y) = 0. Consequently, the RK
method (2.1.3) is regular in the sense introduced in [141], [171], and the defi-
nition of regularity of DIMSIMs is a generalization of the concept of regularity
for RK methods. Strong regularity means instead that the system (3.14.3)
has only the solution of the form (7,...,7) € RETYU™ such that f(3) = 0,
which is a stronger requirement than regularity as introduced by Hairer et
al. [141] and Iserles [171]. However, it was proved by Jackiewicz et al. [187]
that these two concepts are equivalent for a class of essentially one stage RK
methods with s = 2.

To investigate regularity properties of DIMSIMs, we use vector formulation
(3.1.1) which will be rewritten in the form

K = f(h(A @ DKM + (U Ty,

(3.14.4)
gl = (B @ DKM + (V @ )y,

n=1,2,...,N. This is analogous to the k-notation for RK schemes (see [109]).
Consider also the system

= f(MAQ DK + (U I)7),

(3.14.5)
T=h(Bg DK +(VaI7,
which corresponds to system (3.14.2) in k-notation with 7 = [1,...,7-]T. Let
J(y*) = (8f/0y)(y*) be the Jacobian matrix of f(y) and define the map

F@) :=hBoDK +(VaoI)j,

where K is defined implicitly by (3.14.5). Denote by o(A) the spectrum of
matrix A and by A the region of absolute stability of method (3.14.4) (compare
Definition 2.6.2). Denote by A the closure of A. We have the following result,
which is an analog of Theorem 3 in [171].

Theorem 3.14.1 (Jackiewicz at al. [188]) For any step size h > 0 we

have F C Fr and Fc fh Moreover, y* is attractive as an asymptotic value
of F(ly*,...,y*)T) if a(hJ(y*)) C A and only if o(RI(y*)) C A.
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Proof: The inclusions F C Fp and F C .7?;1 follow from the fact that
since Ue = e and Ve = e, system (3.14.5) obviously has the solution § =
[*,....y*]T and K =1[0,...,0]7 if f(y*) =0 and that 7 = (vT @ I)j = ¢".

To investigate if y* € F is attractive, we first establish the relation-
ship between the spectrum of J = J(y*) and the spectrum of 8F/8y =
(BF/89)(y*.....y*). Let K /87 = (8K /83)(y*,...,y"). It can be verified
that

oK oK oF oK
= h(A L LU®IY —=h N_- +VelL
5 ( ®J)a§+ ®J, 5% (B® )a§+ ®

Computing oK /0%y from the first of the equations above and substituting the
result into the second equation, we obtain

%—g =h(BeI)(I- h(A®J))_1(U®J) +V®I,

where I stand for the identity matrices of appropriate dimensions. Assume
that Jx = Az. We will show that for any z € R™,

g—g (z@x) = (M(h)) QI)(z ® z), (3.14.6)

where M(z) = V + 2B(I — zA)7U is the stability matrix of the method
(3.14.4). We have

b%(z@a:) =hABQI)(I- h(A®J))—1(Uz ®e)+Vzge.

It can be verified that
(I-h(A®J) 7 (Uz®z)=(1-h\A)"'Uz®z.
Hence,

or

a—g(w“)

MBI (I-krI)Uz0z)+VRe

RAB(I - hAA)"1Uz®z+V Rz

(RABI—RAA) USRI+ VEI)(z®1)

(M(hY) ® T)(z ® 2),

which proves (3.14.6). Assume now that M(hA)z = pz. Then

oF
8_@‘(2®I) = p(z @ z)
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and assuming that the eigenvalues of J are distinct and that the eigenvalues
of M(hX), A € o(J), are distinct, it follows that

0(2—9 = AGEJ(J) o(M(hX)).

Using the perturbation arguments, it follows that these sets are also equal
without the foregoing assumptions on the eigenvalues of J and M(hA). The
theorem follows from this relation between the spectra of F/0y and J and
the definition of the region of absolute stability .A. [

The next result provides the conditions for strong regularity of the method
(3.14.4). We have the following theorem.

Theorem 3.14.2 (Jackiewicz et al. [188]) Assume that p > 1, ¢ > 1,
and that

(A+UB)z=¢e, E€R, (3.14.7)

for any x € S, where S = {x: vIBx = 0}. Then method (3.14.4) is strongly
regular.

Proof: Observe first that it follows from the definition of the tensor product
that (3.14.7) is equivalent to

(A+UB)@I)z=e®n. neR™

for any x such that (vIB ® Iz = 0. Multiplying the second equation of
(3.14.5) by vI ® I, it follows that

VTenBeDK=(vBaDK =0,
and setting ¥ = (vI ® I)§ € R™, we obtain
7=hBoDK+ee .
Substituting this relation into the first equation of (3.14.5), we get
K=f(h((A+UB)@DK +e®9).

It follows from condition (3.14.7) that K has the form K = e ® p for some
p € R™. Denote by I/(\'i_,j the jth component of the vector I?i € R™ and
set K.; = [K1;,...,K,;]T € R®. Then K.; = pje. where p; is the jth
component of the vector p. Since for DIMSIM (3.14.4) we have q; = e,
V =ev?, vTe = 1, it follows from the consistency condition Be + Vq; =
qo + q; that vIBe = 1. Hence,

p; = p;v’ Be = vTBI/(\':,j = 0.
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This implies that IA(:J =0,K=0Y = y=e®", and f(y) = 0, which proves
the strong regularity of (3.14.4). ]

Set Q = A 4 UB and denote by 7¢(Q) the kth row of Q. Then it is
easy to check that condition (3.14.7) is equivalent to the requirement that
m:(Q) — 1 (Q) is proportional to vector vI' B for any pair of indices k and I
such that k£ # [. In what follows we show that the necessary condition for
both regularity and strong regularity of (3.14.4) is the existence of two distinct
indices k and [ such that r(Q) — r;(Q) is proportional to v7'B.

Consider the system

MASDK +(UgDj=Y,
~ (3.14.8)
(I-V)eD)j-h(BeDK =0,

where
~ ~ T -~ ~ . 17T ~ N =N T
y=|:y1 :I/\s:| s YZ[YI }/;:| , K:[KI - K ,

and 7;, Vi, and K; are vectors from R™. The solutlon #.Y,K) to (3.14.8) is

said to be admissible if K K whenever Y . We have the following
result.

Lemma 3.14.3 (Jackiewicz et al. [188]) Method (3.14.4) is regular if and
only if for everym > 1 and h > 0 every admissible solution to (8.14.8) admits
an index v such that K, = 0 and Y, = %, where 7 = Zj_l V375

Proof :  The sufficiency is obvious. The necessity follows from the fact that we
can construct a continuous function f(2) such that f(Z) # 0 and K; = f(Y3),
i=1,2,...,s, whenever the assumptions of the lemma do not hold. [ ]

The next lemma provides a characterization of strong regularity. The
straightforward proof of this result is omitted.

Lemma 3.14.4 (Jackiewicz et al. [188]) Method (3.14.4) is strongly reg-
ular if and only if for every m > 1 and h > 0, system (38.14.8) has an admis-
sible solution only if}A’i = ?J foralli,j=1,2,...,8, and for all such solutions
we have s =45, 1,7 =1,2,...,7, and K; =0,i=1,2,...,s.

For the remaining part of this section we consider only the scalar case
m =1 to simplify the presentation of the results about regularity and strong
regularity of DIMSIMs. These results can easily be generalized to the vector
case m > 1 by using the tensor product notation.

We introduce first the generalization to DIMSIMs of the concept of es-
sentially one stage (EOS) RK methods which was introduced by Hairer et
al. [141). A DIMSIM (3.14.4) is said to be EOS if there exists an index
v € {1,2,...,s} such that

r,(UB=v'B=el, r,(A)=cel

v
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for some ¢, € R. It is easy to verify that whenever r,(U)y/® = vTy%, for an

EOS method the quantity z[™ is propagated by using one stage according to
the formulas

VI = hey K[ 4 2n=1, ol 2 gl 4 plnm1]

whereas the other stages are nonessential. For technical reasons we must
also consider a wider class of methods for which there exists an index v €
{1,2,...,s} such that

viB=el, r (UB+r,(A)=7eT,

for some 7, € R. Observe that as n — oc, such DIMSIMs have an EOS
structure, and for this reason they will be called asymptotically essentially
one stage (AEOS) methods. Clearly, the EOS method is also AEOS. We have
the following lemma.

Lemma 3.14.5 (Jackiewicz et al. [188]) An AEOS method is regular.

Proof:  Since method (3.14.4) is AEOS, multiplying the second equation of
(3.14.8) by r,(U) and then by vT, we get r,(U)j = hr,(U)BK + %, where
Z=vTy, and K=o Substituting this into the first equation of (3.14.8), we
obtain

Y, = h(r,(A) +r (UB)R + 7 =

)

and the conclusion follows from Lemma 3.14.3. [

AEOS methods are clearly exceptional and not very interesting. The next
theorem gives a necessary condition for the regularity of DIMSIMs that are
not AEOS.

Theorem 3.14.6 (Jackiewicz et al. [188]) Assume that method (3.14.4)
is not AEOS and regular. Then there exists distinct k and 1, 1 < k, | < s,
such that Tx(Q) ~ r1(Q) is proportional to vIB, where Q = A + UB, and
7.(Q) stands for the kth row of Q.

Proof: The proof of this theorem is based on the ideas of the proof of
Theorem 3 in Hairer et al. [141]. Assume first that BTv # e for all k =
1,2,...,s. Then there exists aset H={{ € R™: og(l)§, >0, 1=1,2,...,5s}
with o(l) = =1 such that H* = H N (BTv)L # 0. Here, (BTv)! is the
orthogonal complement of BTv in R®. We will prove that

hQH C | J{Y eR*: Yi =Y}, (3.14.9)
i#j
where QH* = {Q¢ : £ € H*}. Assume to the contrary that (3.14.9) is

false. Then there exists K € H* such that ¥ = hQK has pairwise distinct
components. Since K € (BTv)*, it follows that y = hBK is a solution to
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(I-V)y =hBK. Hence, Y = hAK + Uy = hQK and we can conclude that
Y; # Y; for all distinct ¢ and j. Thus, (y,Y, K) is an admissible solution to
(3.14.8). Moreover, since K € H*, it follows from Lemma 3.14.3 that method
(3.14.4) is not regular, contradicting our assumption and thus proving (3.14.9).

Since (3.14.9) is valid, it follows from the convexity of QH~ that there exist
distinct k and [ such that RQH* C {Y € R*: Y} = Y;}. Similarly as in Hairer
et al. [141], this implies that 7x(Q) — r;(Q) is proportional to vIB.

Assume next that BTv = e;. Since the method (3.14.4) is not AEOS, it
follows that 1 (Q) # ve; and Hy = {£€ € R* : & =0, r1(Q)¢ > 0} # 0.
Moreover, we can find a set Hy = {£ € R® : & =0, (=1)°W¢g >0, i =
2,3,...,s} with o(¢) = £1 such that H = Hy N Hy # §. Similarly as before,
we can prove that

hQH C | J{Y eR*: Vi =Y;}. (3.14.10)
i#g

Indeed, assuming that (3.14.10) is false, there exists K € H such that ¥ =
hQK has pairwise distinct components. Since K € ei (ie., K; = 0), it
follows that y = RBK is a solution to the system (I — V)y = hBK. Hence,
Y = hAK+ Uy = hQK and it follows that (y, Y, K') is an admissible solution
to (3.14.8), which contradicts the regularity of (3.14.4) since

Ki=0, Yi=h1(QK>0, viy=hmwTBK =0,

and K, #0,v=2,3,...,s.
This establishes (3.14.10), and the rest of the proof is the same as in the
case of BTv not being a coordinate vector. n

This theorem gives, in particular, the necessary condition for strong regu-
larity of DIMSIMs (3.14.4). We formulate this as the following corollary.

Corollary 3.14.7 (Jackiewicz et al. [188]) Assume that method (3.14.4)
is strongly regular. Then there exist distinct k and [, 1 < k,l < s, such that
re(Q) — 1 (Q) is proportional to vIB.

It is also possible to prove this result in a much simpler way than the proof
of Theorem 3.14.6. This direct proof is given by Jackiewicz et al. [188].
The next theorem illustrates that it is possible to reduce the question of
regularity or strong regularity of the original method (3.14.4) with s internal
stages and r external stages to the question of regularity or strong regularity
of the folded method with s — 1 internal stages and r — 1 external stages.

Following Hairer et al. [141], the coefficient matrices of the folded method are
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defined by
ot | [rolal K] oge
= , (3.14.11)
B* |V I
B A%
_ of _

where I stands for the identity matrix of dimension s — 1. We have the
following theorem.

Theorem 3.14.8 (Jackiewicz et al. [188]) Assume that rx(Q) —7(Q) =
&vIB for some &£ € R and distinet k and [, 1 < k,1 < s. After reordering the
coefficient matrices so that k — 1 and | — s, we have that method (3.14.4) is
regular or strongly regular if and only if folded method (3.14.11) is regular or
strongly regular.

Proof: We can assume, without loss of generality, that K = 1 and [ = s.
Consider system (3.14.8), whose solution is given by ¥ = hBK + Xe, A € R,
where K satisfies the system

vIBK =0,
P (3.14.12)
hQK =Y - Je.
Consider also the system corresponding to folded method (3.14.11)
RA*K* +U*y* =Y~
(3.14.13)

(I-V*)y* = hB*K* = 0.

Using the same arguments as in the case of the original method (3.14.4), the
solution to (3.14.13) is y* = hB*K*+ \*e, for some \* € R, where K* satisfies
the system

VIB*K* =0,
(3.14.14)
hQ*K* = Y* — \e,
with
Q" = A"+ U'B* = [1 o]A Ry +[1 O}UB el,{
:[1 0}(A+UB) z[l O}Q IT

€] €1
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Since 71(Q)—75(Q) = £vT B it follows that system (3.14.12) can have solutions
only if?l = }73 Setting I?l = I?s, K= I?i, i=12,...,s—1,and Y;* = }71
i =1,2,...,8— 1, it is easy to see that system (3.14.12) is equivalent to
(3.14.14). Thus, Lemmas 3.14.3 and 3.14.4 imply that the original method
(3.14.4) is regular or strongly regular if and only if folded method (3.14.11) is
regular or strongly regular, and the proof is complete. ]

Theorems 3.14.2 and 3.14.6 provide a complete characterization of regular
and strongly regular DIMSIMSs (3.14.4) with two stages. We formulate this as
the following corollary.

Corollary 3.14.9 (Jackiewicz et al. [188]) Method (3.14.4) with s = 2
p>1and ¢ > 1, which is not AFOS, is regular if and only if

m(Q) —72(Q) =¢v'B (3.14.15)

for some & € R. Condition (38.14.15) is also sufficient and necessary for strong
regularity of such methods.

Corollary 3.14.9 was used by Jackiewicz et al. [188] to describe DIMSIMs
(3.14.4) of type 1, 2, 3, and 4 with s = r = ¢ = 2 and p > 2, and we refer
readers to that paper for details.



CHAPTER 4

IMPLEMENTATION OF DIMSIMS

4,1 VARIABLE STEP SIZE FORMULATION OF DIMSIMS

In this chapter we discuss various practical issues related to the implementa-
tion of DIMSIMs, such as variable step size formulation, the choice of initial
step size and initial order of integration, error propagation and estimation of
the principal part of the local discretization errors for small and large step
sizes, construction of continuous interpolants, step size and order changing
strategies using the Nordsieck representation derived in Section 3.11, updat-
ing vectors of external approximations, step-control stability, and the solution
of nonlinear systems of equations resulting in implicit formulas by some vari-
ants of Newton method. We also describe the codes for nonstiff and stiff
differential systems, which are based on DIMSIMs of types 1 and 2, respec-
tively, constructed in Chapter 3. We conclude the chapter with the results of
numerical experiments with these codes and comparison with codes from the
Matlab ODE suite [263].

On a nonuniform grid

o<ty <---<tny, tn2>T,

General Linear Methods for Ordinary Differential Equations. By Zdzistaw Jackiewicz 201
Copyright © 2009 John Wiley & Sons, Inc.
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the Nordsieck representation of DIMSIMs (3.11.8) takes the form

YNl = h,(A@T)F (Y + (P @ I)zin-1],

(4.1.1)
M = h, (G DFYM) + (QeI)zh-1,
n=1,2,...,N, where h,, = t, —t,_1, and 21"~ is an approximation of order
p to the vector
Y(tn-1)
hny/(tn— )
Btn-1,hn) = T (4.1.2)

h‘ﬁy(p) (tn-1)

Since
Y(tn1) I o e 0 Y(tn-1)
hny,(tn—l) 0 6n r ... 0 hn——ly,(tn—l)
Wy @) (t-1) 0 0 - 8L || A _1y®(ta-1)

where 8, = hn/hn_1, the vector i1l appearing in (4.1.1) is defined by the
formula

zn=1 = (D(6,) @ I)2"Y, (4.1.3)

where D(4) is the rescaling matrix given by
D(0) = diag(1,4,...,67). (4.1.4)

It follows from (4.1.1) and (4.1.3) that the zero-stability properties of method
(4.1.1) are determined by the eigenvalues of the matrix QD(8,) ® I. Since
the matrix QD(4,) has a simple eigenvalue equal to 1 and eigenvalue zero
of multiplicity p for any step size ratio é,, it follows that the method (4.1.1)
is zero-stable for any variable step size pattern. This is in contrast to the
strategy proposed before by Butcher and Jackiewicz [67] for DIMSIMs of the
form (3.1.1), where the desirable zero-stability properties were enforced by a
suitable choice of some free parameters associated with a matrix that affects
tl[le cc])mputation of some rescaled quantities corresponding to the input vector
Yy n—1 .

Substituting (4.1.3) with D(§,,) defined by (4.1.4) into (4.1.1), we obtain
the following representation of DIMSIMs:

Yl = b (A @ DF(Y[M) + (PD(S,) ® I)zl*—1, w15
4.1.5
2 = h(GRDF(YM) + (QD(6,) @ I) 21,
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n=12,...,N.

Butcher et al. [57] and Butcher and Jackiewicz [67] (see also Section 2.5)
defined the local discretization error I'(¢,,) of method (4.1.5) at the grid point
tn, by

T(tn) = 2(tn, hn) — ha(G @ DHF(Y™) — (QD(8,) ® 1) 2(tn-1, hn),

where R R
Y =ho(A@DF (™) + (PD(6,) @ D)z(tn-1, hn),

and z(tn, h,) and z2(th_1, h,) are Nordsieck vectors defined by (3.11.1). It
was demonstrated [57, 67] that I'(¢,) is given by

T(tn) = 62T AT (0, @ Ty PtV (tn_1) + O(REF?),
where

o, G 1 1 L T
ppTAT T A AT I ol 2! '
Here c? = [cf, ..., c2]T. Since (QD(S,)®1)z["1 propagates to the next step,
we have tried to estimate and control the quantity

S5 R AT ey (tna),
where q7 stands for the first row of Q. This quantity was estimated [57] by

B R qT i,y P ()

= nhn-1 ((ﬁT(o‘n) D) F(Y!) + %(ﬂgn) ® I)F(Y[n—l]))

n

+ O(h5™2),

where the vectors 3(6,) and (6, ) were computed from a system of equations
resulting from expanding both sides of the relation above into a Taylor series
around the point ¢,,—; and comparing the coefficients of corresponding powers
of hp—1 up to the order p+1. In [58, 67] ['(¢,) was estimated by formula that
is more convenient in a variable order setting,

S AT ppy P (t1)
= 0phn_1 (QT((Sn) ® I)F(Y[n]) T (FYT(én) ? I)Z[n—l] + O(hzr,l+2)’

where 8(8,) and v(4,) again satisfy the appropriate system of equations. It
was demonstrated [57, 58, 67| that these formulas are quite accurate and
reliable if the step size ratio §, is not too large. However, for large values of
dn, the accuracy of these formulas deteriorates significantly (see the graphs



204 IMPLEMENTATION OF DIMSIMS

in [57, 58, 67]). In the next section we describe an approach, first proposed
by Butcher and Jackiewicz [69], which is very accurate and very reliable for

any step size pattern. This approach is based on isolating and controlling the

error of the first component z&n] only of the vector of external approximations

2l

4.2 LOCAL ERROR ESTIMATION

As in Section 3.12, denote by g7 and q” the first rows of the coefficient
matrices G and Q, respectively. Then

7Y = b1 (g7 @ DR ) 4 (qTD(dn-y) ® )22
and
e @)™ = h,_ (e1gT @ ) (Y1) + (QD(5,_1) @ T)2["

since Q = e;q”. Computing (QD(5,-1) ® I)2[*=? from this relation and
substituting it into z[*~!l, we obtain

U = b (G —ergT) @ DF (Y1) + (e, @ T2, (4.2.1)
We also have
2" = ho(gT @ DF(Y) + (T D(6,) @ 1) 2171,

Substituting into this relation the formula for z[*~!!

into account that g7 D(8,)e; = 1 yields

obtained above and taking

2 = ha(gT @DF(YI)
(4.2.2)
+ hn—l(qTD(én)(G——elgT)®I)F(Y[n—l]) + Zgn—l].

We define a local discretization error le(t,) of the first component of z[l as
the residual obtained by replacing in (4.2.2) z[™ by y(t,), 27" by y(ta-1),
F(Y™™) by ¢/ (tn_1+chy) and F(Y[" 1) by ¢/ (t,_1 +(c—e)hn_1). This leads
to
le(tn) = yltn) — y(tn-1) — hn(g” ®I)F(Y[”])
(4.2.3)
+ ha1(d"D(6,:)(G — e18T) @ T) F(YIn—1),

We have the following theorem.

Theorem 4.2.1 (Butcher and Jackiewicz [69]) Assume that the function
f appearing in (2.1.1) is sufficiently smooth. Then the local discretization er-
ror le(t,) of method (4.1.5) takes the form

le(tn) = 9(8,)RP T y PV (¢, 1) + O(RPT?), (4.2.4)



LOCAL ERROR ESTIMATION 205

where the error constant ¥,(8) is given by

¥p(8) = ﬁ (1—(p+1)chp—%qTD(cS)(G—elgT)(c—e)p). (4.2.5)

Proof: Expanding y(t,), ¥ (a1 + chy), and y'(t,—1 + (¢ — €)hy—1) into a
Taylor series around ¢,_;, we obtain

p+1

k
le(t,) = Z (1 —kgTch ! — —q"D(,)(G —e1gT)(c - e)k_1>
5k
k=1 n
hk
Xy (tno) 2+ OB,

Since method (4.2.5) has order p and stage order ¢ = p, the terms corre-
sponding to k = 1,2,...,p are equal to zero and we obtain formula (4.2.4)
with error constant 9,(d,) given by (4.2.5). This completes the proof. ]

Observe that the error constant ¥,(d,) and, as a result, the principal part
of the local discretization error le(t,) depend on the ratio of step sizes 4,.
This is in contrast to the quantity RET1qT¢,yPT1(t,-1), whose estimates
were used in [57, 58, 67] to control the step size of the underlying numerical
methods. This makes possible the reliable estimation of le(t,) for any step
size pattern.

The scaled derivative h2T1y(PT1 (¢, ;) appearing in le(t,) given by (4.2.4)
can be estimated by formulas that depend on F(Y ) and F(Y[*~1l) or
F(Y!"]) and 2=, respectively. As noted in Section 4.1, an estimate that
depends on F(Y ™) and z["~1! is more convenient in a variable order setting.
This estimate of h2T1yP+1 (¢, ) is given in the following result.

Theorem 4.2.2 (Butcher and Jackiewicz [69]) Assume that the function
f appearing in (2.1.1) is sufficiently smooth. Then

SEFLRPT YD (1) = Sphno1 (87 (6,) @ T) F(YM)

(4.2.6)
+ (776n) e 1)l = O(hET),
where
0
Y(én)=| _ e R¥T!
7(571)

and the vectors 8(8,) € R® and 7(8,,) € R® satisfy the system of equations

BT (5,)CoKpD(6,)Ep + 37 (6,)GC K, = 0,
Yy ~ P
5T(6n>(CprD<5n>a+ Wl;—;) WT(MG% =, (4.2.7)

(7187 (80) + 77 (6:)G Je = 0.
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Here vector a is defined in Section 4.1, the rescaling matriz D(8,) is defined
by (4.1.4), and matrices Cp, Ky, E, and G are defined in Section 3.12.

Proof: Since method (4.1.5) has order p and stage order ¢ = p, there exists
a function v(t) such that

Y = y(tn1 + chn) + U(taz1 + chn)hE + O(RETY)
as hn, — 0 (compare [57, Theorem 10]). Hence,

L (Y(tn-1+ Chn))V(tn-1 + chy)RE

My = Ry
hnF(Y ) hny (tn—l +Chn) + By

+ O(hB™2).
Expanding y'(¢t,—1+chy ) into a Taylor series around the point ¢,_1, we obtain

hF(YM) = ho(e®y/(tn1)) + b3 (c @Y (tn-1)) + -

p—1
i hﬁ(h ®y(p)(tn-l)> hp+1< 2yt _1)>

o o0 Ly ien)) + 002

This relation can be written in a more compact form as

haF(YIM) = (CoKp @ D)Z(tno1, hn) + hP“( @y P (t,_ 1)>

17 (o (vtnmn)uitanr)) + O),
where Z(t,,—1, hn) is defined by (4.1.2). We also have
Htn-1,hn) = (D(0n)Ep @ )Z(tnz, hnot) + RELL (D(6n)a ® y® ()
+ O(hg™?)
and

2In=1] hn-1(G @D F(Y[-1) + (Q®D)Z(tnz, hno1) + O(MLT2)

((GCKp + Q) @ I)Z(tn—2, A 1)+hp+l< ®y PO (¢ _2)>
o2
Oy

Substituting the relations above for h, F(Y ™), Z(tn-1,hn), and 2[n=1l into
(4.2.6) and taking into account that

y(p+l)(tn—l) = y(p+l)(tn—2) + O(hn-1),

+ 127 (e S (yltn-2))u(ta2)) + O(HED).
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o wta)) = G (0ttaz)) + OChn)
and
V(tn—1) = v(tn—2) + O(hn_1)
we obtain

SEFLRET Ly P (,_s)

= ((87(6)CoK,D(8)Eyp + 7 (80)(GC K, + Q) ® 1) (tn-2, k)

cp

P
# (0760 (oD G+ 677 5) #4700 S )1y )
+ (27167 (6n) +197(62)G Je + O(RETS),

Comparing the corresponding terms in the relation above we obtain the fol-
lowing system of equations:

5T(5n)CprD(5n)Ep + 'YT((Sn)(GCpr +Q)=0,

cP cP
ﬁT(%)(cprD(an)awz“E) TS = 8,

(87167 (8) +17(80)G e = 0.

It is easy to verify that 41(6,) = 0. Since Q with the first row omitted is
equal to the zero matrix and

7T (62)G =77 (6:)G,

the system above is equivalent to (4.2.7). This completes the proof. ]

It follows from Theorem 3.12.3 that the matrix G depends only on the
abscissa vector c. As a result, vectors 3(6) and 7(4) also depend only on
vector c.

For explicit and implicit formulas of order p = 1 listed in Examples 1
and 2 in Section 3.13, the error constants are 91(6) = % and ¥,(§) = -1,
respectively (independent of §). Solving the first two equations of system
(4.2.7), we obtain

g6y =6 o) =[0 - ]T
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for the implicit method. For both methods the third equation of (4.2.7) now
takes the form
82(1-6)=0

and is satisfied only for § = 1 (i.e., if the step size of integration is kept
constant). However, in practice, these methods are only used to start or
restart the variable order codes where ¢ is usually close to 1, and as a result,
this does not have a large impact on the reliability of error estimation.

For the explicit and implicit methods listed in Examples 3 and 4 in Sec-
tion 3.13, the error constants are

_3+3¢ am11%®)=9+76_;jﬂ1+5x

respectively. For both methods, ¢ = [0, 1]7, and solving the system (4.2.7) we
obtain

25 28 258 1"
148 1+36 '

r, 7(5)=[0 0 -2

B(8) =

For the explicit and implicit methods listed in Examples 5 and 6 in Sec-
tion 3.13, the error constants are

82 4+ 36+ 2 0.12278682% — 0.4257946 + 0.328905
93(0) = gz a0 = 5 ;
respectively. Solving system (4.2.7) with ¢ = [0, 5, 1]7, we obtain
2464 + 43(762 + 95 +2) ] [ 0 |
363(1+4)
4(126% + 75(262 + 36 + 1)) 0
By =| — - . () =
363(1+0) V3
2454+73(62+3(5+2) _1254+73(52_1)
L 36%(1+ 0) - | T 6+

for the explicit method, where v3 is a free parameter that may depend on §.
Similarly, solving (4.2.7) with ¢ = [—1,0,1]7 leads to

[ 66% +73(6% +3642) 7 0 -
e 0
65 + 73(6% +2)
fy=| 2IWY T ()=
5(5) 25 . (6) o
4 2 _
65 +73(é553 36 +2) | 65t 4 (8 1 2)
I 6 i
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for the implicit method.
In general, for p > 2 the solution to system (4.2.7) leads to a family of error

estimators that depend on free parameters ~s, . .. +¥p. The choice
3= = =0
leads to the estimate of h2™1y(P+1 (¢, _,) described in the following result.
Theorem 4.2.3 Assume thatp > 2 and v = -+ = Yp = 0. Then
ppt1,(p+1) - 267 fn] p,ln—1] p+2
EE o) = P (- ) com, )

where zﬁl is subvector number p + 1 of vector z[M.

Proof: 1Tt follows from the assumption v3 = - = vp = 0 that the estimate
of AEF1y(P+1)(¢, 1) takes the form

h:D+1 (:D+1) _1) = hn Zﬁz +’Yp+1(5 ) 1[)7‘;—11] +O(hfl+2).
Since zz{lll] O(h?), the same must be true for the term
P
b > Bi(8,) £ (Y,

and, accordingly, the only choice for this is a scalar multiple of the same
expression as that used as the value of zz[, +]1 Hence, the approximation to

RPFLyP+U (¢ 1) that we need to use has the form azzu -« Z;[>+1 ! for some
constants & and o/. Because

p+1 - 5?1 p+1 + O(h%&l)’

o/ must be chosen as 62c. To find the correct choice for @, we note that for
p > 2 we have

] _ hn 2
gl = Myt = )+ 0(hE?)

+

— BEYtnr) + Ey (e, )+ O(h?)

and similarly, that

W
G = P (tam) = 22y () + 0272,

Hence,

1 1
p+1 — o221 p+1 = (5 ™ ﬁ%gﬂy(pﬁ)(tn—l) +O(h2+?),

n
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and it follows that « should be chosen as 2§, /(1 + &,). This completes the
proof. [ ]

It follows from Theorems 4.2.1 and 4.2.2 that the local discretization error
le(t,) can be estimated by the formula

est(ty) = ﬁp(én)<hn (B7(5,) @ D) F(Y™) + (/T (5,) ® I)z[”_”), (4.2.9)

where the error constant 9,(6,) is given by (4.2.5) and the vectors 5(d,) and
~(6,) are defined by (4.2.7). It follows from Theorem 4.2.3 that for p > 2 the

estimate corresponding to y3 =+ = v, is given by
26 _1
est(ty) = ﬁp(an)ﬁ (4,’11 — 822 ]>. (4.2.10)
p=2 p =4
1.01 1.01
v - =
i 1.005} v i oy e
T £ oM
2 . LS
0995, 5 10 15 20 0.9950 5 10 15 20

Figure 4.2.1 Ratios le(6,)/est(dn) versus t for the type 1 method of order p = 3
given in Example 5 in Section 3.13

To illustrate the quality of these estimators we use the standard test prob-
lem

y'(t) = My — e*) + pett, te lto, T,
(t) =X )+ u [to. T (4.2.11)

y(to) = o,
A, ¢t € R, which was used elsewhere [57, 69, 70, 71, 73]. We test these estimates

under quite demanding conditions, where the step size pattern changes rapidly
according to the formula

hn+1 — p(—l)” sin(47rn/(T—t0))hn’

n=0,1,...,N -1, with ho = (T'—tg)/N, to =0, T =20, yo = 1, N = 1000,
and p = 2 or p = 4. This step size pattern is more demanding than that
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p=2 p=4
1.04 : . : 1.04 : )
1.02 1.02 - : ]
'g ' 2 ¥ . e S : ]
& 1 ~ < - YA e 4 - 1 |
B 3 LIpe » "
0.981 : 0.98
- 1
0.96 \ 0.96
0 5 10 15 20

Figure 4.2.2  Ratios le(d,)/est(d,) versus ¢ for the type 2 method of order p = 3
given in Example 6 in Section 3.13

usually encountered in real codes, and we believe that satisfactory behavior
of error estimators in such extreme conditions should be a good indicator of
the quality of these estimators.

We have plotted in Figures 4.2.1 and 4.2.2 the ratios

le(d5,)

ratio(én) = m

for the type 1 and 2 methods of order p = 3 given in Examples 5 and 6 in
Section 3.13 for A = —0.1 and p = 0.1. These figures indicate that the error
estimators are quite accurate and reliable under very demanding conditions
imposed on the step size pattern. The error estimate stays within less than
1% of true local discretization error for the explicit method and with a few
exceptions within less than 2% of the true local discretization error for the
implicit method. The quality of error estimators for implicit methods for stiff
systems of differential equations can be improved further by the technique of
filtering error estimators. This is discussed in the next section.

4.3 LOCAL ERROR ESTIMATION FOR LARGE STEP SIZES

In this section we follow Jackiewicz [177] to derive error estimates for implicit
methods suitable for the numerical solution of stiff differential systems. As in
the case of explicit methods for nonstiff differential equations, it is necessary
that these estimates be asymptotically correct as h, — 0. However, this is
not sufficient in the stiff case, where as pointed out by Shampine and Baca
[258], one must work with step sizes that are large compared to certain char-
acteristics of the problem. To assess the quality of error estimators for large
h» they proposed, as in the classical theory of absolute stability, considering a
restricted class of problems of the form y’ = Jy, where J is a constant matrix
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that can be diagonalized by a similarity transformation. Then it is sufficient
to consider the scalar problem

Y =&, t>0,
y(0) =1,

¢ € C, where £ is the eigenvalue of J and C stands for the set of complex
numbers. In this section we adopt this approach to the case of error estimation
for type 2 DIMSIMs.

The local discretization error le(t,) of method (4.1.5) is defined by (4.2.3).
Replacing y(t,) and y(t,_,) in this formula by e%*» and eft=-1, where y(t) =
€4t is the solution to (4.3.1), and taking into account that

(4.3.1)

vyl = gfltn-1tehn) O(hffl)

and
Y[nhl] = es(t"—1+(°—e)hn—1) + O(h?{’—l),

we obtain

le(tn) = ebtn _ gftn-1 _ hné'gTef(tn_1+chn)

. hn_lquD((sn)(G _ elgT) eE(tn—1+(C—e)hn_1) + O(hz-ﬁ-?)

(e‘snz -1- gT5nze°5“z — quD(5n)(G - elgT)e(c_e)z)eEt"—l
+ O(zPT2),
Here z = h,-1€.

We now develop a similar expression for the error estimate est(t,). Substi-
tuting (4.2.1) into (4.2.9), we obtain

est(t,) = 19p(5n)<hn(ﬁT(5n)®I)F(Y[”])

+ (77 (0n) ®T) (hn_l((G —eig) @D F(Y 1) + (e @1)4”*11)),

[n—1]

Assume that zj = ef'n-1, Proceeding as earlier, we obtain

est(t,) = ﬁp(én)< 166,87 (8,) €8 (tn-1Fehn—18n)
< n-1§(G — e1g )eg(t"”"’(c_e)h"‘l)+3165t“‘1)> + O(h5*?)
(6n) (26057 (3n)e** + 297 (6,) (G elg)eu-e)z)egtn_l
)

+ O0(2P12),
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where we have taken into account that v7(J,)e; = 0. To investigate the be-
havior of error estimates for large z = h,—1&, we define the functions R (z,9)
and Regt(2,0) by the formulas

Rle(z,(s) = — 1 — (SZgT céz ZqTD((S)(G _ elg’_‘[‘)e(c_e)z
and
Rest (2,9) = ﬂp(é)(zéﬁT( )e® 4+ 24T (8)(G — elg)e(c—e)z>’

corresponding to le(t,) and est(t,). To assess the quality of est(t,) for large
step sizes, we examine the ratio

Regt(2,68)
r(z,0) = —esti® 7/ 4.3.2
If
r(z,8) ~ const 2#

for Re(z) < 0 as |z} — oo with a positive integer u, the error is grossly
overestimated for large z. To compensate for this, Shampine and Baca [258]
suggested, in the context of RK methods, premultiplying est(¢,) by the fil-
ter matrix, which damps the large, stiff error components. This new error
estimate est*(t,) is defined according to the formula

est*(tn) = (I — haAJ(t,)) est(ty), (4.3.3)

where A is the diagonal element of the coefficient matrix A and J(¢,,) is an
approximation to the Jacobian of problem (2.1.1) at the point ¢,. We also
follow this approach in the context of DIMSIMs. Since the behavior of (4.3.3)
is described by the function

ReSt(zv(s
Rest(=0) = 0

it follows that the modified estimate est*(t,) is asymptotically correct as
z — 0 and also corrects the order as |z| — oo, Re(z) < 0.

We illustrate this process for the type 2 DIMSIMs listed in Section 3.13.
For the method of order p = 1 given in Example 2 of Section 3.13, the function
7(z,d) defined by (4.3.2) takes the form

5z(e%% = 1)

T‘(z,(5) = 2((52662 —eb% 1)'

This implies that

r(z,8) ~ —g z, |z] =00, Re(z)<0
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and it is recommended that the estimate
est*(tn) = (I — hnd(ty)) est(tn)

be used instead of est(t,) for large step sizes.
For the method of order p = 2 given in Example 4 in Section 3.13, the
function r(z,§) takes the form

_ P(z,0)
r(z,8) = 00.9)
with
P(2,6) = 6(9+76 - 6v2(5+1)) (§ — €*(1+ ) + 497
and

Q(2,6) = 3(1+4) (462(652 — 1) + (362 — Se*(5 + 36) + 5e<1+5>z))
— 3V2(1+6)(26% - 20e*(1+ 6) + 26e1+92 ).

This implies that

9+ 176 - 6v2(1+6)
3(3—2v2)(1+6)

and we define est*(t,) = est(t,).

For the method of order p = 3 given in Example 6 in Section 3.13, the
ratio 7(z,8) is quite complicated and is not reproduced here. Assuming that
~v3 = 0, we have

r(z,8)

|z] = o0, Re(z) <0,

3.96382 — 5.13148 § + 1.47976 2

5) ~
r(z,9) 5.94572 — 5.13148 5 ’

|z] = 00, Re(z) <0,

for § € (0,2), and this suggests that we use the original estimate est(t,,) for all
step sizes. However, the denominator of the expression above has a positive
root 6 ~ 1.15868 and we have verified experimentally that, in most cases, the
estimate

est*(tn) = (I — Mrnd(tn)) ~ est(tn)

is more reliable than est(t,) and leads to a smaller number of rejected steps
in actual implementations of this method.

A different approach to error estimation for implicit RK methods, which
is based on construction of implicit error estimators, has been proposed by
Swart and Soderlind [268].
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4.4 CONSTRUCTION OF CONTINUOUS INTERPOLANTS

Continuous interpolants for DIMSIMs have been investigated by Butcher and
Jackiewicz [67] and Jackiewicz [177]. Define the vectors

a0)=[ a6) &) - au@) ] s
where ¢1(f) = 1, and
Gi1(0) = [ g11(0) §12(0) -+ g15(0) } , 0€[0,1]

We consider the following variable step size continuous DIMSIMs in Nordsieck
form:

5 s+1
Y= ha Y e () 43 pydi T =120,
j=1 j=1
s s+1
n n n—1
A tnor +6ha) = b 3 0O (V) + 3 g(0)27 7, (44.1)
j=1 j=1

Al =he Y gy, i=23,..5+1,
j=1

6 € [0,1]. We say that method (4.4.1) has uniform order p if
2 = R () + O(REH)
implies that
& tnas + 6n) = y(tno + Ohn) + O(RZH)
uniformly with respect to 8 € [0, 1]. We have the following theorem.

Theorem 4.4.1 (Jackiewicz [177]) Method (4.4.1) satisfying order condi-
tions (3.12.1) and (8.12.2) for 8 = 1 has a uniform order p = s if and only
if

E1(0)Z — 2G1(0)e®* ~ q(0)Z = O(=**1) (4.4.2)
as z — 0, where
E0=|1 2 . L] sep

and Z and e®* are defined as in Theorem 8.12.1.
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Proof: Expanding zﬁ"] (tn—1 + 6hy,) into a Taylor series around the point
tn_1, we obtain

8

g*
Aty +0hn) = > . —hEy®) (t,_y) + ORI,
k=0

hyn, — 0. Substituting the relations for z[ ](tn_l + 6hy), zz["—l], and

s k—
hnf (V) = 3 oyt ta-) + OGRET),
k=1
t=1,2,...,s (compare the proof of Theorem 3.12.1) into a second equation

of (4.4.1) yields
8 1 8 3
Z k! <0k N kzglj (9)05 - k!q’v-ﬂ(a)) hny® (tn-1) = O(hH).
k=0 j=1

Equating the coefficients of h%y(®) (t,_;)/k! to zero and then multiplying these
coefficients by 2*/k! and addmg them from k = 0 to k = s leads to

k k s k 1 k 1
Z<9 Zgl] Zk ) _Qk+1(0) )=0-,

k=0
which is equivalent to (4.4.2). This completes the proof. [

Relation (4.4.2) leads to s equations for the unknown functions gi;(6),
j=1,2,...,8 and ¢;(#), 1 = 2,3,...,s + 1. These equations have the form

k—l

Z 9150 — @e+1(8) = 0, (4.4.3)

k=1,2,...,s (the constant term in (4.4.2) is equal to zero). Assuming that
gi(0) = ¢;, j = 2,3,...,8 + 1, where ¢; are coeficients of the underlying
discrete method, and solving the system (4.4.3) for ¢1;(6). 7 = 1,2,...,s,
we obtain the following examples of continuous DIMSIMs in Nordsieck form,
corresponding to the methods of order p = 1, p = 2, and p = 3 given in
Section 3.13.

Continuous weights for types 1 and 2 methods of order p = 1 given in
Examples 1 and 2 in Section 3.13:

g11(0) = 0, 0 € [0, 1]
Continuous weights for the type 1 method of order p = 2 given in Example 3:

3+46-262 26% -1

gu(f) = 1 . g12(8) = 1

6 €10,1).
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Continuous weights for the type 2 method of order p = 2 given in Example 4:

59 — 34v2+ 14(2 - 6) 6 2v2 ~ 3+ 262
g(6) = Q=098 Lo =22=3728 5.
28 4
Continuous weights for the type 1 method of order p = 3 given in Example 5:
13+126— 1862 + 863 1-66%+463
g11(8) = , g12(0) = ———
12 3
46— 3)62
gty = CZNT e

Continuous weights for the the type 2 method of order p = 3 given in Exam-
ple 6:
2 93 3

o o
911(9) =0.919152 — “Z‘ + E, 912(9) = 0.628473+ 0 — ?,

2 63
g13(8) = ~0.0675638 + — + =

Observe that g1;(1) = g1;, j = 1,2,..., s, as should be the case.
A somewhat different approach to the construction of continuous inter-
polants of DIMSIMs has been given by Jackiewicz et al. [186].

6 e [0,1].

4.5 STEP SIZE AND ORDER CHANGING STRATEGY

In the implementation of explicit and implicit DIMSIMs we follow closely
approaches developed in the classical codes for nonstiff and stiff differential
systems, such as STEP due to Shampine and Gordon [262], and RADAUS3
and RADAU due to Hairer and Wanner [146, 148]. The code STEP [262] for
nonstiff systems is based on the family of Adams-Bashforth Adams-Moulton
methods in predictor-corrector mode with variable step size and variable order,
ranging between p = 1 and p = 12. The fixed order code RADAUS [146]
for stiff systems is based on the A- and L-stable RadaullA process of Ehle
[121, 122] with s = 3 stages and order p = 5. The variable order code RADAU
[148] is based on the A- and L-stable RadaullA methods [121, 122] with s = 3,
s =5, and s = 7 stages of orders p = 5, p = 9, and p = 13. We adopt a
similar approach in the implementation of DIMSIMs.

The initial order p; will be chosen to be equal to 1. The initial step size
h1 is computed using a modification of the approach taken by Gladwell et al.
[134] (compare [143, p. 169] and [257, p. 379]). This approach consists of the
following. Set

8C; = AtOli + ‘yi(to)‘RtOli, i= 1,2. e, M,

where Atol; and Rtol; are absolute and relative error tolerances corresponding
to the ith component of the solution y;(¢) to (2.1.1) and, following Hairer et
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al. [143], define the norm || - ||sc by

Iyllsc =

1 & y?
=PIt

The initial local discretization errors le;(to) of type 1 or 2 methods of order
p =1 given in Examples 1 and 2 of Section 3.13 are

hfyi'(to) and ——hfyi'(to)

respectively, and this suggests the formula

By =
' |da||sc

where dy is an approximation to the second derivative y”(to). We compute
this approximation from the formula

Fyo + hof (wo)) — £ (wo)

do =
2 hO 3

where the step size hg corresponds to the method of order zero, y, = yn—_1,
and is given by

1
hg = ————.
17 wo)llsc
We start the integration with the input vector z(% defined by
2[01 _ Yo
ha £ (yo)

To describe step size and order changing strategy, assume that we have
completed a step from t,—1 to t, with a step size h, and order p, which
resulted in the computation of quantities Y™ and 2iM. We then compute
the estimate of the local discretization error (4.2.9) or (4.3.3), which is now
denoted by est(t,,pn) or est*(t,,pn). to indicate their dependence on the
current order p,. We also compute the measure err(t,, pn) or err*(t,,pn) of
the local discretization error by

err(tn, pn) = HeSt(tmpn)”sc
or
err*(tn, pn) = HeSt*(tmpn)Hsc

with
sc; = Atol; + max {“z[""”(l cm)f], 1201 m)H}Rtoli,
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i=1,2,...,m, where z(1 : m) stands for the first m components of the vector
z, and compare it to 1 to find an optimal step size for the next step. This
optimal step size is computed according to the formula

1 )1/(pn+1)

hopt = hn 4 Topt with Topt = <m
n:Hn
If

err(ty,pn) <1 or err*(ty,pn) <1,

the step is accepted and the new step size h, 11 is computed from the formula
hn+1 = h, - min {facmax7 fac - Topt}

(compare [143]). Here facmax and fac are safety factors build into a code to
prevent the step from increasing too rapidly and, thus to avoid an excessive
number of rejected steps. We have chosen facmax = 2 and fac = 0.9.

The choice of the new order pn; is based on monitoring est(t,,pn) or
est*(tn, prn) as well as the estimate est(t,,, p, —1) or est*(t,, pn—1) (for pp, > 1),
which correspond to the method of order p, — 1. For p, = 1 we compare the
error estimate with the error estimated in the order zero result defined by
Yn = Yn—1. Since the last m components z[™ (p,m + 1: (p, + 1)m) of vector
2I" approximate h?ry(®=)(t,,), this estimate can easily be obtained from the
expression

est(tn, pr — 1) = 9p, (6n) 2! (pnm+ 1: (pa +1)m),

where 9, (8,) is the error constant defined by (4.2.5) of method (4.1.5) of
order p, — 1 if p,, > 1 and ¥¢(6,) =1 if p, = 1. The decision about the new
order p,+1 is then based on the ratio or ratio™ defined by

||est(tn, pn)|| ||est™ (tn, pn) |
|est(tn. pr — 1] est™(tn,pn — 1)|

ratio = or ratio® =

If
ratio < rpin  or ratio® < rmin:  Pn < Pmaxs

and the previous step was not rejected, the new order is chosen as pn+1 =
pn+ 1. If
ratio > rmax  Or  ratio®™ > rmax, Pn > 1,

the new order is p,+1 = pn — 1. Otherwise, the order is not changed. We have

chosen rmin = 0.9 and rpa. = 1.1.
If

err(tn,pn) > 1 or err™(tn,pn) > 1,

the step is rejected and the computations are repeated with a new step size
h, chosen according to the formula

En = h, -min {facmin, fac - Topt}v
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where facmin is a safety factor built into a code to prevent the step size from
decreasing too rapidly. We have chosen facmin = 0.5.

After a rejected step a new order 7, is never increased and it is chosen
according to the following rules. After the first rejection the order is not
changed. After the second rejection the order is reduced by 1 (if p, > 1).
After the third rejection the order is dropped to 7, = 1.

4.6 UPDATING THE VECTOR OF EXTERNAL APPROXIMATIONS

After a successful step from t,-; to t, is completed, we have to update the
vector zI" = z["l(p,) of external approximations so that it corresponds to
the new order, pny1. If pyr1 = ppn the updated vector 2" (pn+1) is equal to
2 (py). If pray = pn + 1, 2™ (pps1) is computed according to the formula

2[n] (pr) zlnl (pn)
Z[n](pn+l): w or 2["](Pn+1): M ’
7 (6) Uen (0n)

where est(tn, prn)/Up, (0n) or est*(tn,pn)/p, (8r) is an approximation to the
scaled derivative h251y®*1(t,) and ¥,,(8,) is the error constant defined
by (4.2.5) of method (4.1.5) of order p,. In this case we also want to find
constants €;,€2,...,€,, S0 that it is appropriate to add corrections of order
O(RE*1) to the vector z[™ when the order is increased, resulting in a modified
vector:

[ Zén](Pn-o-l) | [ Zén](pn-o-l)"f‘flzz[;n]

n

+1—§—1(pn—6—1) T

A (ppes) A pns1) + €22l L1 (pnst)

[n]

L 21[7:].,.1(1)71-0-1) J L 21[771]+1(pn+1) +6Pnzpn+1+l(pn+l)

where zin] (Pn+1) stands for the (i — 1)m + 1 : im components of the vector
2In] (Pn+1). We choose €, so that

pn
Y Gertghny (tn+(c; = 1)hn) +echBr Ty @t D (t) = hEy B (2,) + O(RET2),
j=1

k=1,2,...,p,. If yis a polynomial of degree p,, + 1, the two sides of this
equation will be equal with the O(hP»*2) term missing. Hence, substituting
Y (tn + nhn) = @(n), where ©(n) is a polynomial of degree p,, we find that

Dn
S kengeles = 1) + e (0) = o*7D(0).
7=1
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Choosing
Pn
H +1-¢j)

so that the g terms vanish, it follows that

_ % D(0)
€& ="—"7".
p.

It is convenient to calculate €x, & = 1,2,...,p,, from the coefficients in the
expansion of p(n):

Pn
H n+1—c;) =P +ap, 77 4+ agn + o

and we find that
(k — Dl

Pn!
If the order is reduced by 1 (i.e., Pny1 = pn — 1 > 1), the new vector
[l = 27l (p,y1) is given by

€ =

z

2" (png1) = 2IM(1: pam).

If the step from t,_; to t, is rejected, the computations are repeated with a
new step size h, defined in Section 4.5 and a new order 7, equal to D, = pn,
Dn = Pn — 1, o P, = 1. The vector z[""”(ﬁn) is then updated as follows:

Z[n l](pn) =zl Dn = Dn,

U5 = (1 i pm) i B =pa =1,
or
U = U1 2m) i B =1

4,7 STEP-CONTROL STABILITY OF DIMSIMS

Step-control stability of RK methods was investigated by Hall [150, 151] and
by Hall and Higham [152, 157]. A very nice summary of these results can
be found in the book by Hairer and Wanner [146]. In this section we follow
Jackiewicz [176] and extend these ideas to DIMSIMs (4.1.5).

Assume that the step size of method (4.1.5) of order p is chosen according

to the strategy 1/(p+1)
6 Tol P
By = [ —2TOL , 4.7.1
+1 (Hest(tn)H> .

where 6 is a safety parameter build into the scheme to reduce the number
of rejected steps, Tol is a given error tolerance, and est(t,) is an estimate
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of local discretization error discussed in Section 4.2 (compare (4.2.9)). This
strategy is equivalent, in principle, to the step size changing strategy discussed
in Section 4.5. To study the behavior of (4.7.1), we again use the basic test
equation

'=¢y, t>0, (4.7.2)

where £ is a complex parameter. Applying (4.1.5) to (4.7.2), then eliminating
Y from the resulting equations, we obtain the following dynamical system:

2 = (Q+ hatG(I - hatA) "' P)D (b)Y,

6 Tol 1/(p+1)
Rngt = hp | ——— , 4.7.3)
i (\estun)t) (

est(ty) = 9,(6,)Qhnk, 8,) 201

with
Qhn&, 6n) =77 (8,) + ha€BT (82) (I — hnEA)"'PD(6,).

This dynamical system defines a map
(z[n—l]7 2ns Zn—-l) - (z[n] yRn+1, zn)

from C**3 to C*3, 2, = h,€. Its fixed points for &, = 1, h, = h, satisfy the
system

(Q+:G(I+:A)7'P)z =7,
(4.7.4)
’ﬁp(l)(fyT(l) 42 BT (1) - zA)—lP)El = ¢ Tol,

2= h€, z € C*F1. We recognize M(z) = Q+ 2G(I — zA)~! P as the stability
matrix of (4.1.5). This matrix, in the case of DIMSIMs of type 1, have one
eigenvalue w (2) equal to the stability function R(z) of the explicit RK method
of the same order with remaining eigenvalues w;(z), i =2,3....,s+ 1, equal
to zero.

It follows from the first relation of (4.7.4) that (%, z) is a fixed point of
(4.7.3) only if Z is an eigenvector of M(z) corresponding to the eigenvalue
equal to 1. This is always the case for a discrete number of points z on
the boundary .4 of the region of absolute stability A of method (4.1.5), in
particular for z = 0. To extend the analysis to all values of z € 8.A, we have
to relax the condition given by the first relation of (4.7.4) and consider the
eigenvalues of M(z) of modulus equal to 1:

lwi(z)| = |R(z)| =1 (4.7.5)

and
wi(z) =0, i=2,3,...,s+1 (4.7.6)
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(In fact, this was also done in the case of RK methods examined by Hairer
and Wanner [146], where system (2.28) was replaced by (2.30)). Let S(z) be
a nonsingular matrix such that

» wy (z) ‘ 0
ST (2)M(z)S(z) = —
0 | M)

We consider now instead of the first relation of (4.7.4) the system

(w1 (2){Im| = |ml.

M(Z)[nz o Mstl }T:[Uz 77s+1}T>

where = S~!(2)z. For z € 8A it follows from (4.7.5) that the first relation is

satisfled automatically, and since (4.7.6) implies that p(M(z)) = 0, the second
relation of (4.7.7) reduces to

(4.7.7)

=0, i=23,. .. 5+L (4.7.8)

System (4.7.8) can be used together with the second relation of (4.7.4) to
determine Z for z € 0A.

Since the stability of the map defined by (4.7.3) at the fixed point (z, z) de-
fined as described above depends on the spectral radius of the Jacobian matrix
Jg(Z, z) of this map computed at the fixed point (Z, z), we can conclude that
the step size control mechanism based on (4.7.1) with error estimate est(t,)
given by (4.2.9) is stable if

p(Jsc(f, Z)) < 1.

In such a case method (4.1.5) is said to be SC-stable for this value of z € JA.
We also define the region of SC-stability as a subset of .4 given be

dAgc = {z €041 p(Igc(z.2) < 1}.

To illustrate the theory discussed above consider the type 1 method of order
p = 2 given in Example 3 in Section 3.13. For this method the error constant
is given by ¥2(8) = (3+4)/(246), and the vectors 3(8) and ~(4) appearing in
(4.2.9) are

20 20

25 17
146 1+46 }

[ oe[on -2

(compare Section 4.2). We have applied this method to the system considered
by Hairer and Wanner [146]:

50 = |

y; = —2000( cos(t)yr +sin(t)y +1),  41(0) =1

kl

(4.7.9)

yy = —2000( — sin(¢)y; + cos(t)yz + 1), ¥2(0) =0,
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b
2
156
N
B
0.5
0
2 -2 -1.5 -1 -0.5 (1]
Re(z)

Figure 4.7.1  (a) Step sizes versus ¢ for the method of order p = 2 applied to (4.7.2)
with Tol = 1072 and # = 5/6 with step size changing strategy given by (4.7.1). (b)
Region of absolute stability and SC-stability of the method of order p = 2

whose eigenvalues move on the circle from —2000 to —2000 £ 20007 as ¢ goes
from 0 to 7/2. The resulting step size pattern for Tol = 1072 and § = 5/6 is
plotted in Fig. 4.7.1a, where we have marked by the symbol “x" all rejected
steps. There were 835 steps rejected out of the total number of 1877.

To explain this behavior we have plotted in Fig. 4.7.1b the region of absolute
stability of the method used to generate this step size pattern with the region
of SC-stability represented by the thick line. For this method stability matrix
M(z) takes the form

2432+ 22 242 242

2 4 8

M(z) = z(1+22) -z %

222 - z

z z 5

and it can be reduced to the Jordan canonical form
24+ 224 22
+2z+ 2 0 0
2
_1 . . . _

S~ (:)M(2)S(2) 1o 1
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with
[ (2+2)(24+ 22+ 2?) 0 L 1
422(1 + 2) 2z
S(z) = 2+ 3z + 222 1 2+2
2z(1+ 2) 2 2
1 1 1

It can be verified that the system to determine fixed points of (4.7.3) consisting
of (4.7.8) and the second equation of (4.7.4) now takes the form

422(4+ 62 + 322)71 — 22(4 + 82 + 622 + 23)7,
—(8+ 122+ 827 + 223 + 2*)73 = 0,
4271 — 212+ 2)Z2 + (24 2)Z3 = 0,
4272, — 227, — (2 — 2)Z3| = 126 Tol.
The solution to this system is given by

_ 30Tol(2+ 2)(24 22 + 22)

b 22(1+2)|2(2+ 2)|
_ 68Tol(2+32+22%) _  126Tol
T T+ l@2r2)] P T+

N

™Y

2

We can observe that the smooth behavior of the step size changing mechanism
for t greater than about 1.25 corresponds to the region of SC-stability plotted
in Fig. 4.7.1b as predicted approximately by this theory.

x107° & u
25 = l 2
2
15
15 _
c % 1
1
05 0.5
0 = 0
4] 0.5 1 15 -2 -1.5 -1 05 0
t Re(z)

Figure 4.7.2  (a) Step sizes versus ¢ for the method of order p = 2 applied to (4.7.2)
with Tol = 1072 and 8 = 5/6 with textrmPI step size control. (b) Region of absolute
stability and PISC-stability of the method of order p = 2
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It was demonstrated by Gustafson et al. [140] that the instability of the
step size changing strategy based on (4.7.1) can usually be resolved in the case
of RK methods by using PI step size control motivated by the concepts from
control theory instead of (4.7.1). To analyze this algorithm in the context of
DIMSIMs, we again apply (4.1.5) to (4.7.2) and replace (4.7.1) by PI step size
control to obtain the dynamical system:

2 = (Q+ kot G (I~ hagA) 'P) D62 L,

(B (B,

est(tn) = 9,(0,) QU Rn&, 5,)2n 1

with Q(hp€,9,) defined as in formula (4.7.3). Here o and § are constants.
Observe that (4.7.10) now defines a map

(n—2] [n—1

n—1 n
(Z[ ]7Zn7z wzn—lwzn—-2) - (Z[ ]7Zn+17Z ]7Zna Zn—l)

from C?5*3% to C215, since est(t,—,) depends on 0,_; = hp_1/hn_2 =
Zn—1/%n—2. The fixed points of (4.7.10) satisfy system (4.7.4), where, as
before, the first equation of (4.7.4) can be replaced by (4.7.8). Denote by
Jp1sc(Z, ) the Jacobian of the map (4.7.10) at the fixed point (%, z) defined
by (4.7.4). Method (4.1.5) is said to be PISC-stable at z € 0.4 if

P(IPISC(%,2)) < 1.
We also define the region of PISC-stability as a subset of 0.4 given by

0Ap1sC = {z €0A: p(Jprsc(@ 7)) < 1}.

To illustrate the new approach we have applied the method given in Ex-
ample 3 in Section 3.13 to the system (4.7.9), where we have replaced the
step size control given by (4.7.1) by PI step size control defined by the sec-
ond equation of (4.7.10). We have plotted in Fig. 4.7.2a the resulting step
size pattern for Tol = 1072 and # = 5/6 for the parameters a = 0.175 and
8 = 0.089, where we have again marked all rejected steps by the symbol “x”.
There were now 391 rejected steps out of total number of 1806. We have
also plotted in Fig. 4.7.2b the region of PISC-stability of this method and we
can observe that the actual behavior of the PI step size control mechanism is
somewhat better than that predicted by this region. Fig. 4.7.2a suggests that
this region of PISC-stability should contain another segment of the boundary
of the region of absolute stability .4 somewhere between —2 < Re(z) < —1,
which was not detected by this analysis. The possible explanation of this is
that the Jacobian matrix Jpygc of the map (4.7.10) controls the behavior of
all components of the vector z[® of external approximations, while only the
quantity QD(d,)z[™ propagates to the next step.
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The step-control stability of DIMSIMs for estimators of local discretiza-
tion error different from those examined in this section was investigated by
Jackiewicz [176].

4.8 SIMPLIFIED NEWTON ITERATIONS FOR IMPLICIT METHODS

If the function f appearing in (2.1.1) is nonlinear, system (4.1.5) for Y
has to be solved iteratively. In the context of stiff differential systems it is
advantageous to use for this purpose some variant of the Newton method. This
method will not be applied directly to (4.1.5), but to reduce the influence of
round-off errors we adopt the suggestion of Hairer and Wanner [146], which
was made in the context of implicit RK methods, and introduce the quantities

nrl =y — (PD(6,) @ T)2I"~1,

which are, in general, smaller than Y"), Then method (4.1.5) reformulated
in terms of n™ becomes

ho(A®T)F (nl™ + (PD(5,) @ I)z[=11),

h(G @ T)F (nl" + (PD(6,) @ T)z" 1) (4.8.1)
+ (QD(6n) ®T)2lnH,

n=1,2,...,N. Since the coeflicient matrix A corresponding to type 2 DIM-
SIMs is nonsingular, we have

hoF (0™ + (PD(8,) @ 1)zl ~1) = (A7 @ T)n"] (4.8.2)

and method (4.8.1) can be reformulated further as follows:

1M = ha(A @ I)F (n" + (PD(4,) ® T)2In=1),
(4.8.3)
2P = (GAL @ Dnl" + (QD(6,) ® I)z"~1,

n=12,...,N. As observed by Shampine [254], again in the context of
implicit RK methods, this formulation does not amplify iteration errors that
affect the computation of 5!,

Using (4.8.2), we can also reformulate the error estimate (4.2.9) of the local
discretization error. This leads to the formula

est(tn,pn) = (BT (6,)A" @ D)™ + (47 (6,) @ T)2In 1, (4.8.4)

where we again indicated the dependence of the error estimate on the order
of the method p,,.
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The vector 1™ will be computed by simplified Newton iterations. Setting
n = nl"l and denoting by A the diagonal element of the coefficient matrix A,
the first relation of (4.8.3) can be written as

s+1 i—1 s+1
1 In— _ —1
i —hnAf (m+2pik5f§ t 1]> = hn Zaijf<77j+zpjk5fz Loy l‘) =0,
k=1 7j=1 k=1
1=1,2,...,s. The Newton iterations take the form

s+1
(L= R M) A0 = = + hnAf (m” + Zpikaiz-lz,&”’ﬂ

k=1
7—1 s+1
1 [n— 4.8.5
+hn, Zaijf<77j + ijk(s»,li 1z][cn 1]>’ ( )
j=1 k=1
;T =y + Ay,
v=0,1,....,i=1,2,...,s where 10 is the given initial guess and J; is an

approximation to the Jacobian matrix

OF (v S se—1 -1 _ BF (y/ln
2 (w4 L gt ) = Sy,

k=1
Since
- g+1 CI.C_I(sk_l —1] 1
}/i Ny(tn—1+cihn)=2ﬁzk J+O(hf7,+ )',
k=1 ’
we define

o s+1 c§—157;§,_1z[n_1]
Y = (k1) k "

i=1,2,...,s. To simplify the iteration process (4.8.5) further and to make

computations more efficient, we replace all Jacobians J;, i = 1,2,...,s, by
the matrix
+1 o1 sk
7o ﬁ(s ck-1gk lzl[cn—1]>
— 1! ’
W\ (k —1)!
where € is defined by
1 8
c= - C;
s
i=1
Then the matrix I — h,AJ is the same for all iterations v = 0,1,..., and

all stages i = 1,2,...,s, and its LU decomposition has to be computed only
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once. This matrix will also be used to compute the modified error estimates
est*(tn, pn) defined by (4.3.3) and discussed in Section 4.3. Since

s+1

M == y(tn_1 + Cihn) — Zpik(ss—lz’[cn—l]’
k=1

we define the initial guess to start the iterations as
st1l / k—1gk—1
0 _ ¢, On o sk=1Y [n—1]
LD < (k= P )z’“ |

i =1,2,...,s. Following Hairer and Wanner [146], we stop the simplified
Newton iterations when

p,,HAn;’HSC <K Or V> Upax = 10,

where
LR L {
1= T flan
v > 1, K = 0.01, where || - |sc is the norm defined in Section 4.5. For v = 0
we define

po = (max {poldveps})o’s’

where p1q is the last p, from the preceding step and eps is the machine
epsilon. If there is no convergence of simplified Newton iterations, we restart
the computations with the halved step size h, = h,/2. Other variants of
stopping criteria are discussed by Hairer and Wanner [146] and by Shampine
[254].

4.9 NUMERICAL EXPERIMENTS WITH TYPE 1 DIMSIMS

To test type 1 DIMSIMs we have written a variable step size variable order
experimental code dimi8 based on explicit methods of order 1 < p < 8 in
Nordsieck representation. The coefficients of these methods of order 1 < p < 3
are given in Section 3.13, and the coefficients of methods of order 4 < p < 8
are given by Butcher et al. [58]. The implementation details are discussed
in Sections 4.2, 4.4, 4.5, and 4.6 as well as by Butcher et al. [58]. The local
discretization error of these methods was estimated by the formula (4.2.9) for
p=1and p =2 and by the formula (4.2.10) for 3 < p < 8. These estimates
differ from the error estimates employed in the earlier version of this code,
discussed by Butcher et al. [58]. This code was applied to many problems
to test its accuracy, efficiency, the reliability of the local error estimation,
and robustness of step size and order changing strategy. We present in this
section a selection of numerical results on the problems SCALAR (1.2.1),
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le,est

Figure 4.9.1 Local errors and local error estimates versus ¢t for the SCALAR
problem (1.2.1)

N
ML
S
L

0
-2 -1.5 -1 -05 0 05

0
N

Figure 4.9.2  (a) Step size versus t and (b) order versus ¢ for the SCALAR problem
(1.2.1)
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AREN (1.2.3), LRNZ (1.2.4), ROPE defined by (1.2.7) or (1.2.8), and BRUS
(1.2.10). These problems are presented in Section 1.2.

As observed in Section 1.2, the solution to the SCALAR problem (1.2.1) has
a discontinuity in the first derivative ¢’ at the point ¢ = 0 and discontinuities
in the second derivative ¢/ at t = —1 and t = 1, and the step size and
order changing mechanism adjusts its step size and order accordingly in their
neighborhoods so that the approximation to the solution is computed to a
sufficient accuracy. We have plotted in Fig. 4.9.1 the local errors and the local
error estimates for Atol = Rtol = Tol = 10™2 (solid line, downward triangle),
107° (dashed line, diamond), and 10~° (dashed-dotted line, upward triangle).
The corresponding step size and order patterns are plotted in Fig. 4.9.2, where
we have used a solid line, a dashed line, and a dashed-dotted line and the
symbols “+4”, five-pointed star, and “x” to indicate rejected steps for Tol =
1073, Tol = 105, and Tol = 10~°, respectively.

10 T T T T T
3
[ —4A— dim15
—O— dimi8
10°E 3
—DO— ode45
2
c
10°k E
1027 46 \5 LU..‘|4.UM.13‘. . |2 L 11 10. o )
10~ 10~ 10~ 10~ 10~ 10~ 10° 10 10
ge

Figure 4.9.3 Number of function evaluations nfe versus global error ge for the
AREN problem (1.2.2)

The AREN problem (1.2.3) was solved for x4 = 0.012277471 and the initial
conditions

y1(0)=0.994, ¥(0)=0, y2(0)=0, w4(0)=—2.001585106379.

As remarked in Section 1.2, this corresponds to the periodic solution of the
earth-moon system with the period of motion 77 given by 77 = 17.06522.
This problem was solved on the interval [0, T}], and a selection of numerical
results is presented in Fig. 4.9.3. On this figure we have plotted nfe, the
number of evaluations of the function f, versus ge, the global error at the
end of the interval of integration for our experimental code dim18 based on
explicit DIMSIMs of order 1 < p < Ppax = 8, and for the oded5 code from
the Matlab ODE suite [263]. This code is based on explicit RK pair DOPRI5
of order 4 and 5 constructed by Dormand and Prince [117]. This code uses
local extrapolation, so it is effectively of order p = 5. For this reason we have
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—b—— dim15
—O0— dim18
—O0— ode45

PR |

ge

Figure 4.9.4 Number of function evaluations nfe versus global error ge for the
LRNZ problem (1.2.3)

also plotted for comparison the numerical results obtained for dim15, which
correspond to our DIMSIM code where the maximum order is restricted to
Pmax = 5.

10 T T — T T
—&—  dim15
—0— dim18
4 —O— ode45
10°F <
Q
€
10°F E
L L 1 1 ] 3
107" 107 107° 107 107 10° 100
ge

Figure 4.9.5 Number of function evaluations nfe versus global error ge for the
ROPE problem defined by (1.2.7) or (1.2.8)

The LRNZ problem (1.2.4) was solved on the interval [0, 16] for the param-
eters b = 8/3, 0 = 10, and r = 28, which correspond to aperiodic solution
and the initial values given by

y1(0) = -8, 32(0)=8, y3(0)=27.

This solution is very sensitive to round-off errors, and it is very difficult to
compute accurate approximations (compare the discussion of this topic in
[143]). As t — oo the solution approaches the famous Lorenz strange attrac-
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Figure 4.9.6  Number of function evaluations nfe versus global error ge for the
BRUS problem (1.2.10)

tor. A selection of the results of numerical experiments with dim18, ode45,
and dim15 is given in Fig. 4.9.4.

The results of numerical experiments on the ROPE problem defined by
(1.2.7) or (1.2.8) are presented in Fig. 4.9.5.

The BRUS (1.2.10) was solved for N = 21, so the dimension of the system is
882. This problem was solved on the interval [0, 7.5]. The results of numerical
experiments are presented in Fig. 4.9.6.

These work-precision graphs presented in Figs. 4.9.3-4.9.6 clearly indicate
the advantage of high order DIMSIMs of type 1 and illustrate the high poten-
tial of these methods. The code dim18 based on explicit DIMSIMs of order
1 < p € pmax = 8 is more efficient than both dim15 and ode45 for mod-
erate and stringent tolerances. We can also observe that the code dimi15 is
somewhat less efficient than ode4b.

4,10 NUMERICAL EXPERIMENTS WITH TYPE 2 DIMSIMS

Although A- and L-stable DIMSIMs up to order p = 8 have already been
constructed in the literature (compare [66, 68, 74, 179], and Sections 3.10 and
3.13), so far only methods of order p = 1, 2, and 3 have been implemented
in the experimental variable step size variable order Matlab code dim13s for
the numerical solution of stiff differential systems. This code is described by
Jackiewicz [177], and various implementation issues related to this code are
also discussed in this chapter. One reason for this is that the development
of the code based on methods of higher orders requires, among other things,
the derivation of suitable error estimators for small and large step sizes as
described in Sections 4.2 and 4.3. This work, which requires a significant
power of symbolic manipulation packages, has not yet been undertaken for
type 2 DIMSIMs of order p > 4.
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The numerical evidence to date indicates that the code dim13s is not as
effective as the code odel5s from the Matlab ODE suite [263], even if the
maximal order of ode15s is restricted to p = 3. However, there is a restricted
class of problems for which the eigenvalues of the Jacobian matrix are purely
imaginary, for which dim13s outperforms odel5s by a few orders of magni-
tude. An example of such problem is BEAM [146], which is also reproduced
in Section 1.8.

In what follows we present the results of numerical experiments on two
problems: the PLATE problem (1.8.5), and the BEAM problem (1.8.6). These
problems are described by Hairer and Wanner [146] and in Section 1.8. They
were solved by the experimental code dim13s described by Jackiewicz [177)].
The selection of numerical results for the PLATE problem is given in Ta-
ble 4.10.1 and for the BEAM problem in Table 4.10.2. For comparison we
have also presented in Tables 4.10.3 and 4.10.4 the numerical results obtained
by the code odel5s with the order restricted to p = 3. This code will be
referred to as ode13s. In these tables Tol is the required tolerance, ns is
the number of steps, nrs is the number of rejected steps, nfe is the number
of functions evaluations, npd is the number of partial derivatives, nlu is the
number of LU decompositions, nls is the number of linear solves, and ge is the
global error at the end of the interval of integration. The selection of numer-
ical results is also presented in Figs. 4.10.1 and 4.10.2. where we have listed
nfe versus ge, and where in addition to the results corresponding to dim13s
and odel13s, we have also plotted the results corresponding to ode15s.

Tol ‘ ns ‘ nrs ‘ nfe l npd ‘ nlu ‘ nls ‘ ge
1074 30 7 432 3 29 154 1.15-1073
10~° 108 6 834 3 54 479 | 3.78.107°
108 391 6 2377 3 178 1739 | 2.15-1077
10710 1315 6 7349 3 527 5787 | 3.42-107°

Table 4.10.1 Numerical results for the PLATE problem solved by dim13s

Comparing the results presented in Tables 4.10.1 and 4.10.3 and in Fig. 4.10.1
we can see that dim13s is not competitive with ode13s for the PLATE prob-
lem. This can be explained by the fact that the eigenvalues of the Jacobian
of this problem lie in the sector

So = {z €C: |arg(—2)| < a}
for o = 71° (compare [146, p. 146]). Hence, they fall easily into the region

of absolute stability of the Klopfenstein-Shampine numerical differentiation
formula of order p = 3, NDF3, employed in ode13s when scaled by any step
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Tol | ns ‘ nrs l nfe l npd ‘ nlu ’ nls l ge
107¢ 89 15 5286 56 115 667 | 5.64-1072
1078 406 47 7418 55 276 2540 | 1.38-1072
108 2079 85 16703 43 785 11100 | 1.71-1074
10710 | 11315 24 68161 26 1692 | 54770 | 5.22.107°

Table 4.10.2  Numerical results for the BEAM problem solved by dim13s

Tol l ns \ nrs I nfe l npd l nlu \ nls ‘ ge
10~* 54 6 197 1 18 115 | 1.84-1074
1078 157 13 392 1 38 310 | 3.45-107°
1078 465 21 844 1 64 762 | 9.33.1078
10710 | 1429 26 2145 1 120 2063 | 3.42.107°

Table 4.10.3  Numerical results for the PLATE problem solved by ode13s

Tol ‘ ns ‘ nrs ‘ nfe l npd \ nlu 1 nls | ge

18504 | 210783 | 1.02- 1072
14079 | 312331 | 6.02.107!
12649 | 330353 | 8.01-1073
12522 | 473436 | 8.96-107°

107* 165160 | 5567 | 210865
10-8 295464 | 2787 | 312413
1078 315169 | 2501 330435
10710 | 314672 | 2446 | 473518

—_ = =

Table 4.10.4  Numerical results for the BEAM problem solved by odel3s

size h. This formula is A(a)-stable for @ ~ 80° (compare [263]). The code
dim13s requires a smaller number of steps than does ode13s for this prob-
lem. However, all numerical differentiation methods require only one function
evaluation per step, whereas the DIMSIM of order p requires p function eval-
uations per step, and this leads to a higher overall cost for dim13s than for
odel3s.

Comparing the results in Tables 4.10.2 and 4.10.4 and in Fig. 4.10.2, we
can see, however, that dim13s outperforms ode13s on the BEAM problem
by a few orders of magnitude. This can be explained by the fact that the
eigenvalues of the Jacobian matrix for this problem are purely imaginary and
vary between —6400¢ and 6400: for n = 40 (compare [146, p 201}). As a result,
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Figure 4.10.1 Number of function evaluations nfe versus global error ge for the
discretization of the PLATE problem (1.8.5)

10 T T T T
10° <
£ —A— dim13s
10° —O— ode13s
—0O— ode15s
103 8 J? J 4 : 2 ‘0 LZ 4
10° 10° 107 107 10 10 10
ge

Figure 4.10.2 Number of function evaluations nfe versus global error ge for the
BEAM problem (1.8.6)

they never fall into the region of absolute stability of the NDF3 method when
scaled by any step size h. On the other hand, since the DIMSIM method
of order p = 3 employed in dim13s is A-stable, these eigenvalues fall into
the region of absolute stability when scaled by any h. We can also observe
that the dim13s code is more accurate for this problem than ode13s for all
tolerances listed in Tables 4.10.2 and 4.10.4. Moreover, the error for ode13s
corresponding to Tol = 10~% is very large.

So far no codes have been implemented based on DIMSIMs of type 3 dis-
cussed in Section 3.6 or type 4 discussed in Section 3.7 for nonstiff and stiff
differential systems in a parallel computing environment, but this is the sub-
ject of current work.



CHAPTER 5

TWO-STEP RUNGE-KUTTA METHODS

5.1 REPRESENTATION OF TWO-STEP RUNGE-KUTTA METHODS

In this chapter we discuss the general class of two-step Runge-Kutta (TSRK)
methods, which depend on stage values at two consecutive steps. These meth-
ods were introduced by Jackiewicz and Tracogna [183] (compare also [270]),
and were mentioned in Section 2.1, formula (2.1.12), as an example of GLMs.
This formula is reproduced below:

Yi[n] = (1 —u)Yn—1+ UiYn—2
+ Y (s () b ),
= (5.1.1)
Yn = (1=0)yn-1+VYn_2

+ h Y (v )+ ]77),
j=1

General Linear Methods for Ordinary Differential Equations. By Zdzistaw Jackiewicz 237
Copyright © 2009 John Wiley & Sons, Inc.
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1=1,2,...,8,n=2,3,...,N. Here the stage values Yi[n] are approximations
to y(tn—1 +c:h), 1 =1,2,..., s, where y(t) is the solution to (2.1.1).
Introducing the standard notation as in Section 2.1,

Ys[n] f(Ys[n])
these methods can be written in the following vector form:
Y = ((e-u)@D))ynr + (0B Dy
+ h((A @ D)F(Y™) + (B® I)F(Y[n—ll)), 5.12)
Yo = (1 =9)yn-1+ Vyn-2
+ h((v e DFY™) + (w e HE(Y 1)),
i=1,2,...,5,n=23,...,N,e=[1,1,...,1]T € R°. These methods can be

represented by the abscissa vector ¢ = [c1,...,¢;s]T and the following tableaux
of its coefficients:

ul | arn a1s | b bis
u|A|B
S — (5.1.3)
9 \ vT i w?l Us | Qg1+ Qs | De1 -+ bgs
’19 Ul « o US wl « o ws

Consistent with the classification of GLMs introduced in Section 2.7, TSRK
methods can be divided into four types depending on the nature of the problem
to be solved (nonstiff or stiff) and the type of computer architecture at hand
(sequential or parallel). For type 1 or 2 methods, the coefficient matrix A has
the form

A
ag1 A

A= :
Gs1 Qg2 0 A

where A = 0 or A > 0, respectively. Such methods are appropriate for nonstiff
or stiff differential systems in a sequential computing environment. For type 3
or 4 methods, the matrix A takes the form

A =diag(\,A,...,A) = AL
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where A = 0 or A > 0, respectively. Such methods are appropriate for nonstiff
or stiff differential systems in a parallel computing environment.

The TSRK methods (5.1.1) generalize special cases of TSRK methods in-
vestigated by Byrne and Lambert [84], Byrne [82], Caira et al. [90], Renaut
[243, 244], and Jackiewicz et al. [181, 182]. For example, the methods inves-
tigated by Jackiewicz et al. [181] have the form

Yi[n] = Y1+ hzaijf(Yj["]),
=1 . (5.1.4)
Un = (L= O)gr + Oynz + 03 (0 V1) + s (V1)

=1

i=1.2,...,8,n=2,3,..., N, which corresponds to (5.1.1) with B = 0 and
u = 0. Verwer [279, 280, 281] considered two- and three-step explicit RK
methods for the numerical integration of differential systems resulting from
parabolic partial differential equations by applying the method of lines. We
refer also to van der Houwen and Sommeijer [165, 166], and van der Houwen
[164] for related results concerning explicit k-step m-stage RK methods. Jack-
iewicz and Zennaro [190] investigated variable step size TSRK of the form
(5.1.4) and demonstrated that these methods can be used to estimate the lo-
cal discretization error of continuous RK methods without extra evaluations
of the right-hand side of the differential equation. Their approach is based on
the construction of embedded pairs of continuous RK methods of order p and
variable step size TSRK methods of order p + 1, and Jackiewicz and Zennaro
[190] give examples of such pairs up to the order p = 4. Bellen et al. [19]
used a similar approach to construct embedded pairs of singly-implicit RK
(SIRK) methods used in the differential equation solver STRIDE (see [34])
and variable step size TSRK formulas. Pan [234] constructed embedded pairs
of multi-implicit RK methods investigated by Orel [225] and TSRK formulas.

The presence of extra parameters in (5.1.1) as compared to (5.1.4) and RK
methods makes it possible to construct high order methods with relatively
few stages. For example, as demonstrated later in the chapter, there exists
explicit TSRK method (5.1.1) with stage order ¢ = 2 and order p = 3 with
s = 1 only, and stage order ¢ = 4 and order p = 5 with s = 2 only. This big
gain in efficiency makes these methods very attractive for the solution of large
systems of ODEs and for Volterra integral and integro-differential equations,
where there is a need to evaluate the kernel at many points of the interval of
integration.

5.2 ORDER CONDITIONS FOR TSRK METHODS

In this section we follow the presentation by Jackiewicz and Tracogna [183] and
Tracogna [270] to derive the order conditions for the general class of TSRK
methods (5.1.1). This approach is based on the ideas of Albrecht for RK
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methods [5, 7] and for composite and linear cyclic methods [6, 8]. A readable
summary of this approach for RK methods is given by Lambert [195]. This
approach was also used by Hosea [161] to compute truncation error coeflicients
of RK methods and by Hosea and Shampine [162] for efficiency comparisons
of methods for numerical solution of ODEs.

In what follows we derive order conditions for the scalar case (i.e., where
m = 1in (2.1.1}). The general case of order conditions for systems of equations
is technically more complicated and is discussed by Jackiewicz and Tracogna
[183].

Let A and B be (2m + 2) X (2m + 2) matrices defined by

oI 0o o 0 0 0O
0 0 u e—u B A 0 0
A: ,B: )
000 1 0 0 00
00 % 1-9 wl vT 0 0

where 0 stands for the zero vector or the zero matrix of appropriate dimensions
and I stands for the m-dimensional identity matrix. Also define

ylr-1] 0 F(ylr=1}
vy Yyl F(y)
Z’n = . Zl = ’ F(Z’n) =
Yn-1 Yo f(Yn-1)
Yn i flyn)
n=2,3,...,N, where Y1l is obtained by some starting procedure. Starting

procedures for TSRK methods (5.1.1} are discussed in Section 5.6. Then
method (5.1.1) can be represented in the following form of an A-method as
defined by Albrecht [4]:

Zn = AZn_1 + hBF(Z,), (5.2.1)

n=2,3,...,N. Since the matrix A has eigenvalues 1 and —¥ and eigenvalue
0 of multiplicity 2m, this method is zero-stable if and only if -1 < ¢ < 1
(compare with [181, 285]).

Assume that the stage values Yj["] are approximations (possibly of low
order) to y(tn—1 + c;h), and set

y(t +c1h) Fly(t+crh))
y(t +ch) = } , F(y(t+ch) = :

y(t + csh) f(y(t + Csh))
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Y(tn-2 +ch) F(y(tn—2 +ch))
At = y(tn—1 + ch) F(s(t) = F(y(tn_l + Ch))
W= CED) =1 )
y(tn) Fy(tn))

We will always require that at least y(t,—1+c;h) = Yj[n]—FO(h), i=1,2,...,s
as h — 0. Then using (5.1.1), this leads to the stage-consistency condition

c=(A+Ble—-u

discussed in Section 2.2.
We define the local discretization error hd(t,) of method (5.1.1) as the
residual obtained by replacing Z,, by z(¢,), Zn—1 by 2(tn-1), and F(Z,) by
F(2(ty)) in (5.2.1):
2(tn) = Az(tn-1) + RBF (2(tn)) + hd(t,), (5.2.2)
n = 2,3,...,N, where z(t;) = [0T,y(to + ch)T,y(to),y(t1)]T. Partitioning
the vector hd(t,) as
dV(t,)
d®(tn)
dD(t,) |
d? (t,)

we obtain

hdW(ta) = y(ta-1+ (c~e)h) ~y(tn-1 +(c~e)h) =0,
hd®P(t,) = y(tay+ch) — (e = W) yltaos) — uy(tn_o)
— hAy(tp—1 +ch) — hBy’(tn_1+(c—e)h),
hdW(tn) = y(ta1) = Y(ta—1) = O,
hdP(t) = yltn) — (1= 0)y(tn-1) — O Y(ta—s)
— hvTy/(tno1 +ch) — AWTY (tno1 + (c — €)h).

Expanding y(tn-2), ¥(tn), y(tn—1+ch), ¥’ (tn—1 +(c—e)h), and y/ (t,—1 +ch)
into a Taylor series around ¢,—; leads to

d(t,) 0
L )(tn) _ Cihy (tn-1) + Cah?y" (tn-1) + C3h3y" (tn_1) + - --
dD () 0 ’
d?(t,) Cihy/(tno1) + Coh®y" (tn1) + Cah®y" (tn_1) + -
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where the error vectors C,, and error constants a, are defined by

cv (=1 Ac'™!  B(c—e)*!

CV = —l—/T - vl u- (1/ — 1)' - (l/ _ 1)| 3 (523)
f 1 ()7, Vet wle—ep
YT v -1~ w—1¢ (5.2.4)

where c¢” indicates componentwise multiplication. Observe that C; = 0 is
equivalent to the stage-consistency condition

c=(A+Ble—u
obtained before, and 51 = 0 is equivalent to the consistency condition
VI +whe=1+7

obtained in Section 2.2.
Subtracting (5.2.1) from (5.2.2), we obtain the linear recurrence relation

q(tn) = Aq(tn—1) + hBr(tn) + hd(tn). (5.2.5)

aV(t,) Y(tn-1 + (c —e)h) — Yr-1l
q(tn) = @ (t) _ y(tn_1 + ch) = Yl |
1V(tn) Yltn-1) = Yoo
2(tn) Y(tn) — Yn
(D (t,) F(y(tn-1+ (c—e)h)) — F(yn-1))
r(ty) = r2) (tn) _ F(y(tn_l + ch)) _ F(Y[n]) |
7D (t,) Fly(tn-1)) = f(yn-1)
Ftn) £ (y(tn)) = flyn)
and
g (t1) 0
q(t1) = ¢ (1) _ y(to + ch) — Y1
al)(tl) y(to) — o
3 (1) y(t1) — 1

The solution to (5.2.5) is

n—1

n—1
g(tn) = A" Mq(t) + Y AT d(tyy) + R AT Br(tg), (5.26)

=1 =1



ORDER CONDITIONS FOR TSRK METHODS 243

n=2,3,...,N. It can be verified that matrices .4* for u > 2 have the form

00 ag’f) ag’;)
0 off) of
o g% 8y
o a4 A

A =

o © ©

where the vectors afc’f ) € R® and the scalars ﬁ,(c’l‘ ) are uniformly bounded if

method (5.1.1) ig zero-stable. For n > 3 we have

q(tn) = A" 1q(t1) + hd(tn) + hAd(tn-1)
n—3

+ By A (b)) + hBr(t) + hABr(ta1)

= (6.2.7)
n—3
+ By AN Br(ti).
=1
Rewriting the equation (5.2.7) componentwise leads to the relations
o) = o7V +aly VG 4 nd) + hdl,
i hZ( n—1-1) z+1+ (n 1- lc,l}il)+hBr 1+hAr
1-1) 1 2
+ hz (n— ( l(+)1 +vTrl(+)1),
¢@ = o7V 4ol 1)/\(2 + hd? + hud] )+ hie—uwd?,

+ hz (02? Y l+1+a(23 - l)‘?l(il) +hBrl) +hAr®
+ hie-— u)wTrn_1 + h{e — u)vTry(f_)1
n—3
o n el (WD, ),
=1
%1) = 51711_1 Q11 + 51;_ q12) +hdl) + hggzzll

( nol- l)(fir+1+ﬁ1n - l)g(i)l)%—hw T +hv r21

+ Z (n-1-1) (w rl(+)1+v 7'1(3-)1)
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@ = o8 + 057 + hd? +med, + h1 - 0)d,
+ hZ(B{f A+ BTN ) + T D T 2
+ A1 - HwTr | + h(1 — 9)vTr?,

n—3
+ h Z Bég_l_l) <WTTL(-1+)1 + VTTl(i)l)v
=1
where to simplify the notation we have written ¢, al(” r, Fl(”), dl(u), and
d}”) instead of ¢)(t;), GV (k), r (1), 7 (1), d¥) (1)), and & (#,).
Assume that the starting values have order p, that is,

g = o), @2 =o0(krr), h—0

and that the last two stages of the method (5.2.1) have order of consistency
p, that is,
4" = 0(h?), &? =0(hF), h—0

(in fact, for this method, &;1) = 0). Recall also that d;l) = 0. Then
n~3
U = hdf_)1+hB 7‘21_)1 +hA r512_)1+h Z agg_lul) (wTrl(i)l +vTr§i)1> +O(hP),
=1

¢? = hd(2) +hBr + hAr® + he - wwlr 4 hie — u)vT r&,

+ hz (n—1- l(w rl(i)l | vTrl(+ )—I—O(h”)

gl = hwT r 4 T r_1+h261"11<w ()+v rl(+1>+0(hp)

32 = hwTr) 4 pvT 2 +h( - 9wl 7‘ +h(1—19)VT7“£12—)1
+ hZﬁQn - l(w rl+)1+v 7‘[ )+O(hp)

Taking into account that ¢\ = qi—)1 and i = i 1, it follows that

¢7 = hd? + hBr® +hArP

+ hle—wwTr?, + hie —u)vTr?, (5.2.8)
n—3
h Z aég_l_l) (wTrl(2) + VTT51)1> + O(hP),

=1

+
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('Jflz) = hwTl rflz_)l + hvT n(lz)

_ T.(2) T (2
+ Al —-F)wir "y +h(1-)vir, ", (5.2.9)

T hzﬁzn " l(w r? 4 VT Tz(+1)+0(hp)

In what follows we write 74, qn, Gn, dn, and dn instead of rn , q(z) ’(2) d(z)

and d\2) , respectively. Then formulas (5.2.8) and (5.2.9) lead to the followmg
theorem.

Theorem 5.2.1 ({183, 270]) Assume that the TSRK method (5.2.1) is zero-
stable and that dy = O(h?), 1 =1,2,...,N, as h — 0. Then

In = O(hp)a h — 0,

if and only if

wir +vir, =0h?), h—0, (5.2.10)
l=1,2,...,N — 1. Moreover, the errors q, of stage values Y™ are given by
qn = hBrnp_1 + hAr, + hd, + O(h?), h— 0, (5.2.11)

where

p
hdn =Y Cuh*y™) (tn1) + O(RPT?)

with the error vectors C,, defined by (5.2.3).

The condition d; = O(h?) and equation (5.2.10) represent the general form
of order conditions for TSRK methods (5.2.1). It follows from this theorem
that if the method is zero-stable and satisfies d; = O(h?) and (5.2.10), the
last stage is convergent with order p (i.e., y, — y(t,) = O(hP)) and the errors
Y(tn—1 + ch) — Y["l of the stages Y™ are given by (5.2.11).

To reformulate (5.2.10) in a more convenient form, we first need to express
Tn in terms of g,. Denoting by r;, and gj,n the jth components of r, and
qn, respectively, we obtain

Tjn

£ (y(tnoy + 5h)) — FY)

k) (V)" = yltn-r + ¢;h)”
vl

‘ZDf n1+cg

P 1 u+1
= f(y(tn-1 + ¢;h))(g.n)" + O(RP),

v=1

+ O(h?)
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where Dy is a differential operator of order v with respect to y. Define the
functions g, (t,—1 + c;h) by

(=11

Gu(tn~1 + ¢jh) = ” Dy f{y(tn—1 + c;h)).

Then
cth#

p—1 Lp
gt +csh) = g (tn_1)-L ,
#=0 o

+O(hP),

where gL(,“ ) stands for the derivative of order p. Setting

G, = diag(gu(tn_l 4 erh), gy (tnot + Cah), ., gutnt + csh)),
we obtain

p—1 |y
Gy =Y gl (ta1)T% + O(hP),
Lt
u=0

with the diagonal matrix I'; defined by

Using the foregoing notation r; ,, can be written in the form

p—1
Tin =9 8u(tno1 + ¢;h)(gjn)” + O(hP)
r=1
or
rn = Gign + G2(qn)* + Ga(gn)® + -+ + O(RP) (5.2.12)

as h — 0. Following Albrecht (5, 7] we can argue using the implicit function
theorem [212] that the functions 7, = r,(h) and ¢, = gn(h) are unique
in a neighborhood of A = 0 and that they have the following Taylor series
expansions;

gn = Ea(tn—1)R® + E(tn—1)R® + - + & 1 (tn_1))RPE - O(RP),  (5.2.13)

Tn = N2(tne1)h? + Ms(tn-1)R% + -+ 4+ 1yt (ta1 )W~ + O(RP), (5.2.14)

h — 0. We can generate the functions &;(¢t,—1) and 7;(t,—1) by recursively
substituting (5.2.13) and (5.2.14) into (5.2.11) and (5.2.12). This leads to the
following theorem.

Theorem 5.2.2 ({183, 270]) The functions &;(tn—1) and n;(tn—1) satisfy
the relations

j=3
. =1
6 (tnt) = Gy (tn-) + Amy_s(tn ) +BY. 0 )
v=0
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My(tam1) = 3 5T (08 (bnm1)gimi(tnm)

+ Z ggl)(tn—l)(gu(tn—l) ' gu(tn—l))

w22, ptv=j5-1

4 > 9 (b 1) (Eu(tnor) - Eultnor) - € (tnr)) + - )

w22, utv+r=5-1

for g =2,3,...,p=1, n=1,2,..., with mq(tn—1) = 0. Here “” denotes
componentwise products.

Proof: Using (5.2.11) and (5.2.13) and expanding 7, (t,—2) into a Taylor
series around t,_q, we obtain

qu Zcuy tn 1 h +anu n— 2)hl’+1
v=2 v=2
i—1
+ A n(tao)R T+ ORI
v=2
7 —-1j—v— 1
= > Gy (tn- h”+BZ S EV 0, phrvet
v=1 v=2 T1=0
=1
+ A 0y (tn-1)h T+ O
v=2
J ) 'r v—1 (
— v v T—v—1) T
= > Coy(tn1)h +BZ Z T—u—l)'”" (ta-1)h
v=1 v=2T1=v+1
i—1
+ A m(ta_)h T+ ORI,
v=2

A comparison of the h7 terms yields

i
§i(tn-1) = CJZ/(J)(tn 1)+A773 1(tn-1 +BZJT_1)ITI(J 1)(t -1)
Vi 3 1)1,
= C’Jy(])(n 1)+A773 l(tn 1 +BZ _gl:)l,_l(tn—l)y

which is the formula required for the function &;(t,—1).
Define

gn = 8;(tn—1) + O(h?),
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where ‘
8j(tn-1) 1= Ea(tn-1)h® + - & (tn-1)h’.
We next use (5.2.12), (5.2.13), and (5.2.14) to obtain
J
Z m(tn-1)h” = Gis; + GQ(Sj)z + Gg(Sj)3 + e+ O(hj+l)
v=2

h2
_ <gl(tn_1)1 4 hg (tno1)Te + Fgg”(tn_l)rg 4o )

Y AGulta-1)

pu22,u<jg

X

h2
+ <gz(tn_1)I + hg$P (tn_1)Te + igéz)(tn_l)l“i 4 )

X Z hu+y(§u(tn—l) '§V(tn-l))

w22, u+v<y
(1 P ) 2
+ <93(tn—1)1 + h93 (tn-—l)rc + Fga (tn—l)rc + - )
~ Z pptrvtT (§u(tn—1) € (ta_t) -Sf(tn—l)) R
w722, u+v+7<]

A comparison of the A/ terms in the expression above yields
Mi(tn-1) = g1(tn=1)&j(tno1) + 91 (tnm1)Tebjm1 (tnot) + -

1 i—2 i
+ (j_Q),g? N(tn-1)TL 22 (tno1)

+ 92(tn—l) Z (gu(tn—l) '§u(tn—l))

WV 22, pt+rv=j

+ gél)(tn—l)rc Z (gu(tn—l) '§U(tn—l)) +

w22, ptr=j-1

+ 5 - A S DR ACSSIRALRSY)

v 22, ptr=2

+ ga(tn-1) Z (gu(tn—l) & (tn1) - g'r(tn—l))

W, T 22, ptv+7=]

00 (tn)Te DT (Gultaen) ltnm) Erltnn)) o

w22, u+v+r=7—1

+ (] _1 2)!9§j—2)(tn—1)Fﬁ_2 Z (gu(tn—l) ' §V(tn—l) ' g‘r(tn—l))

o, T 22, ptr+T=2

R
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Hence,

[
|
N

nj (tn—l) =
l

+ Z gél)(tn—l)(fu(tn—l) 'fu(tn—l))

w22, ptv=j5—1

+ > 9 (1) (Eu(ta1) - Eu(tnm1) - & (tam1)) +...>,

w722, utv+r=j5~1

T (8" (bn 1€ (tn1)

= =

1l
o

which is the formula required for 7;(¢,~1). This completes the proof. [ ]

It follows from Theorem 5.2.1 and formula (5.2.13) that method (5.2.1) has
order p if

C,=0
forg=1,2,...,p, where 5'q are defined by (5.2.4), and if
wlng(tn—2) + vIng(tn-1) =0 (5.2.15)
for g = 2,3,...,p — 1, where the functions 7, can be generated using Theo-

rem 5.2.2.

Condition (5.2.15) is still difficult to apply since it involves the values of
the functions 7, at two consecutive points t,_o and t,_;. However, the more
convenient form of this condition is given by the following result.

Theorem 5.2.3 ([183, 270]) Zero-stable method (5.2.1) has order p if and
only f C;=0,¢=1,2,...,p, and

9=
(vF +wh)ng(tn-1) Z 1) =0, (5.2.16)
g=23,...,.p—-1,n=12,....
Proof : Condition (5.2.15) is equivalent to
p—1
Z hu_2(wT77V(tn-2) + anu(tn—l)) = O(hP~?),
v=2
h— 0, or
p—lp—v—=1, -1
WTZ Z *n( )(tn 1 +VTZhu 2 tn 1)
v=2 p=0 v=2

Substituting 4 = ¢ — v and changing the order of summation in the resulting
double sum, we obtain

p—1

Z hq—2< Z ' nu v (tn—l) + anq(tn—l)> =0

g=2
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or
p—1 q—2
- (=1~
Z R~ <WT Z ’u') nt(li)u(tn—l) + Van(tn—l) =0,
q=2 p=0 '
which is equivalent to (5.2.16). This completes the proof. [

In this section we were striving at self-contained derivation of general order
conditions for TSRK methods (5.2.1), and this resulted in a rather lengthy
presentation leading to Theorems 5.2.1, 5.2.2, and 5.2.3. The reader familiar
with the theory of B-series [143] can find much shorter derivation of order
conditions for TSRK methods (5.1.1) in the work of Hairer and Wanner [147]
and Tracogna and Welfert [272]. The order conditions for TSRK methods
(5.1.1) were also obtained by Butcher and Tracogna [78] using the algebraic
approach of Butcher [41] and by Jackiewicz and Vermiglio [185] using the
theory of GLMs with external stages of different orders. The order conditions
for these methods can be also derived using a suitable modification of the
approach by Burrage and Moss [35] and Burrage [29)].

5.3 DERIVATION OF ORDER CONDITIONS UP TO ORDER 6

We illustrate the application of Theorems 5.2.2 and 5.2.3 by the derivation
of order conditions for TSRK method (5.2.1) (equivalent to (5.1.1)) of order
p = 6. These order conditions are

o~

Ce=0, ¢=1,2,....,86,
and
(vT +wh)na(tn-1) =0,
(VT + WT)ns(tn—1) — w5 (tn_1) = 0,

1
(T 4 WOmg(tn=1) = w7 (0 (ta-1) = 5087 (n-1)) = 0,

1
515 (tn-a)) = 0.

1
(7 + W )ms(tnr) = W7 (1) (tnmn) = 5767 (tnm0) +

The expressions above contain various combinations of g,(f‘ ) = g,(,“ )(tn_l) and
y® = y(“)(tn_l), and we obtain order conditions for TSRK methods (5.1.1)
by equating the coefficients of these combinations to zero. These combinations
play the role of elementary differentials in the theory of RK methods and are
given by

p=3:
91y";
p=4:

gy, ¢y, ¢y
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(4) (1), r 2.1 ), m (2)

g™, gy, 3", o¥y", ¢y, ¢ Mo 9Py, gy

2
a1v®, 162y, 919y, ¢Py@, 9191y, g2aMy, gy,

ay, g192(0")?%, 90y, (02, 9 Mgy, oMy, ¢Py",

P01y, ¢y, gy, gy’ gy, a8 (2.

The order conditions up to p = 6 are listed below, where we always assume
the stage-consistency condition

Ci=c+u—-(A+B)e=0,

and the error vectors C, and error constants C, are defined by (5.2.3) and
(5.2.4), respectively.

p=1 R
Cy =0
p=2: R
Cy =0;
p=3
Cs =0,
(vIT +wTh)Cy =0
p=4
Cy =0,
(v +wl)C3 —wTCy =0,
(vT +wl)(A+B)C, =0,
(vT +wTCy — wlCy = 0;
p=>5:

2(VT )04 +w (C’z —-2C3) =0,

(vT +wT)((A + B)[cC; — BC,) — wi(A + B)C2 =0,
(vT +wT)((A +B)Cs — BCz) - wl (A +B)C; =0,
(vI' + wT)(A +B)2C; = 0,

(vT + whTCs + wT(Cy — C3 — TC2) = 0,

(vT + wThIe(A +B)C2 — wT(A + B)C, = 0,

(vT + wII'2C, + wl'(Cq — 2T.C3) = 0,

(v + wh)C2 = 0;
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Ce = 0,
(T —wl(Cy ~3C3 +6Cy) =0,
wT)(B(Cy — 2T.Cs) + (A + B)T2Cs)
((A +B)(Cy — 2I.Cy) + 2BCs) =0,
)(B(C2 — C3 —TcCa) + (A + B)TC3)
+wT ((A+B)(Cy — C3 —T'cCa) +2BCa) =0
(vT + wT)(A(Cy — 2C3) + 2(A + B)Cy)
(¢
wh)((
(¢

w)Cs
(B(
+WT (A

vT+wT

+wT ((A+B)(C; — 2C3) + 2BC,) =0,

wl

(vT (A +B)T. - B)(A + B)C; - wT(A +B)?C, =0,

(vT +wT)((A + B)((A + B)T.C; — BC3) — B(A + B)Cy)
~wT(A +B)2C, =0,

(vT +wT)((A + B)2C3 ~ B(A + B)C; ~ (A + B)BC»)
wT (A +B)2C; =0,

T

(vT +wT)(A + B)3C, =0,
vT + T)(A+BC’2+C’2(A+B)C’2)—O
2(vT + wI[Cy — WP (Co — 203 — TCa + 20y + 2T:C3) =
(vT + wT)(Tc(A +B)[.Cy — T.BCy)

+wT ((A +B)(Cy =TcCy) + BCy —Tc(A +B)C2) =0,
(vT +wT)(Te(A + B)C3 — TBCy)

+wT ((A +B)(Cy — C3) + BC; ~ T (A + B)C,) =0,

(
)
(
(vI +wT)I (A + B)?*Cy — wT'(A + B)2C; =0,
(vT + w205 — wT(Cy — 2TCo — C3 + 2TcC5 + T2Cy) = 0,
(v + wIT2(A + B)Cy + wT ((A + B)C2 — 2T (A + B)Cy) =0
(v + w30y — wT(Cy — 3T.Cy + 3T2C,) =0,
(vT + WT)CQCa — TC’2 =0,
(vT +wT)(A +B)C2 =0,
(vI +whT.C3 - wTC2 =0.

Setting B = 0, the equations above reduce to the order conditions obtained
by Jackiewicz et al. [181, 182] using the approach of Hairer and Wanner [144].
These order conditions in the scalar case m = 1 are sufficient but not
necessary since some elementary differentials are equal to each other. For

example, for p = 5, glggl)y = ggl g1y” and the conditions corresponding to
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these elementary differentials could be replaced by one condition. However,
in vector case m > 1, Gl(Gil)(y”)) # G(ll)(Gl (y")), where G, and G(ll) are
vector analogs of g; and g%l), and these conditions are also necessary. We
refer to Jackiewicz and Tracogna [183] for & derivation of order conditions in
the vector case.

It follows from Theorems 5.2.1 and 5.2.2 (compare also the structure of
order conditions displayed above) that TSRK method (5.1.2) has order p and
stage order ¢ = p — 1 if

C,=0, v=1,2,...,p—1, (5.3.1)

and

C,=0, v=1,2,...,p (5.3.2)
where C, and C, are given by (5.2.3) and (5.2.4). These conditions imply
that method (5.1.2) is convergent with order p; that is,

sup {[u(t) — vl : 0<n < N} = O(h?)
as h — 0. If, in addition to (5.3.1) and (5.3.2), we have
Cp =0 (5.3.3)

then the TSRK method has order p and stage order ¢ = p.

In the next three sections we illustrate the solution of order conditions for
TSRK methods with s = 1, s = 2, and s = 3 stages. We are interested
primarily in methods of order p and stage order ¢g=p —1 or ¢ = p.

5.4 ANALYSIS OF TSRK METHODS WITH ONE STAGE

5.4.1 Explicit TSRK methods: s =1, p =2 or 3

Explicit TSRK methods with s = 1 are given by the abscissa ¢ and the table
of coefficients
U ‘ 0 ~ b
- (5.4.1)
0) ‘ v ‘ w

where u, ¥, b, v, and w are real parameters. These methods have been in-
vestigated by Chollom and Jackiewicz [91]. Solving the system of order and
stage order conditions 51 =0, 52 = 0, and C; = 0 with respect to b, v, and
w, we obtain a three parameter family of methods of order p = 2 and stage
order ¢ = 1. The coefficients of these methods are given by

349 —-2c(1+9) F—1+2c(1+9)

b: = = .
c+u, v 5 , W 5
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1.5

Im{z)

05+

0
-4 -3.5

Fl_a(z)

Figure 5.4.1  Stability regions of TSRK methods with s = 1 and p = ¢+ 1 = 2 and
RK method of order 2 (thick line). Stability regions of TSRK methods correspond to
the values of 9 = —1 (dashed line), and 9 = =09+ 0.1( — 1), 4 = 1,2,...,20 (thin
lines, from left to right)

4.5

a4

Figure 5.4.2  Area of stability regions of TSRK methods with s = landp=¢ =2
and contours corresponding to areas equal to 1, 1.5, 2, 2.5, 3, 3.5, and 4
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-1 L L - 1 i I
2

2.5 3 3.5 4
c

Figure 5.4.3  Stability interval versus ¢ for ¢ € [1/2,4] for TSRK methods with
s=1,p=3,and ¢ =2

To analyze the stability properties of (5.4.1), these methods are first refor-
mulated as GLMs with coefficients given by

-0‘1—uu b
A‘U _|v|1-9 9 w
B|V o] 1 0 0
L1 0 0 0_

(compare Section 2.1). It follows from the linear stability theory of GLMs
(compare Section 2.6) that the stability function p(n, z) of (5.4.1) is given by
(2.6.5), that is,

p(n, 2) = det (7 — M(z)),

where the stability matrix M(z) is defined by (2.6.4). It can be verified that
stability polynomial p(7, z) of these methods is

p(n,z) = 1° — p2(2)n® + p1(2)n — po(2), (5.4.2)
where 5y ; ,
pa(z) =1—9+ >0 *2“9—7“;2%— ut 2edu
— 9 — e — 2 —2
pi(z) = —9 + 1—9—4cY uJ;élcu du + 4cdu .
and
2cu — 2¢c¥ — u — Yu + 2cu
po(z) = z.

2

For fixed values of ¥, —1 < ¥ < 1, we have performed a numerical search
in the parameter space (c,u) trying to maximize the area of the region of
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absolute stability .4 of the corresponding TSRK methods. These stability
regions are plotted in Fig. 5.4.1 for ¢ = —1 (dashed line), 9 = —0.94+0.1(i—1),
i =1,2,...,20 (thin lines). For comparison, we also shown, by a thick line,
the stability region of RK method of order p = 2 with s = 2.

Solving in addition to C; = 0, Co = 0, and C; = 0 the stage order condition
Co = 0 with respect to u, we obtain a two-parameter family of TSRK methods
given by ( ) ( )

c(2—c clc+1 1
u= 51 b= YR 0762, (5.4.3)
where v and w are defined as before. The area of the region of absolute
stability of these methods is plotted in Fig. 5.4.2 for -1 < ¢ <1 and -1 <
¥ < 1 together with the contours corresponding to the areas equal to 1, 1.5,
2, 2.5, 3, 3.5, and 4.

Solving in addition to the previous order and stage order conditions the
equation C3 = 0 with respect to ¥, we obtain a one-parameter family of
TSRK methods of order p = 3 and stage order ¢ = 2. The coefficients of these
methods are

19_6c2—12c+5 v_2(2—6c+302) w_2(1—302)
 1-62 ' 1-622 ' = 1-6¢ "

(5.4.4)

c# +/6 /6, with u and b defined as before. We have to impose the condition
—1 < ¥ < 1 for zero-stability, which corresponds.to ¢ > 1/2. The stability
polynomial of these methods is given by (5.4.2) with pa(z), p1(z), and po(2)
defined by

4—12c+12¢®> — (4 — 5c— 9¢%)z

pz(Z) = 602 1 3
5—12c+6c% + 2(1 — 4c + 6c%)z
pl(z) = 2 3
6c® — 1
and 3 o
ClocC — z
Polz) = "=

¢ # +£1/6/6. We can verify using the Schur criterion given in Theorem 2.8.1
that the interval of absolute stability of these methods is

4(1 -3¢+ 3c?) 0
1+2c—12¢2"°

The left-hand side of this interval is plotted in Fig. 5.4.3 versus ¢ for ¢ €
[1/2,4]. For ¢ — 1/2 and ¢ — oo the interval of absolute stability attains its
maximum size [—1,0]. However, for these values of ¢ we have ¥ = —1, which
violates the zero-stability condition of the method. The choice ¢ = 1 leads to
the method of the form

—

o]z

H
4
5

=

2
5
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which has the interval of absolute stability {—4/9, 0].
Solving instead the equation C3 = 0 with respect to ¢, we obtain a one-
parameter family of TSRK methods of order p = 3 and stage order ¢ = 2 with

coefficients of the form
6+ /6(92—49+1)
c= ) , (5.4.5)

_3(6-39)F5/6(2 - +1)

6(1+9) ’

y_ 307 =30) F4 /607 — 49 1 1)

6(1+9)

31+9) 3 VEP W+ D)
= = ,
3(1+9)+/6(02 -4 +1)
- 6
We have to assume that 4 € (—1,2 — /3], so that the coefficients of these

methods are real. The choice ¥ = 0 leads to methods with ¢ = (6 £ v/6)/6
and coefficients u, b, v, and w given by

5(3:Fx/€2’ 0 'M
6 6

U
(5.4.6)

and

(5.4.7)

0 ‘ 3563[6 ‘ 3:{:63[6
with an interval of absolute stability equal to [—6/11,0].

5.4.2 Implicit TSRK methods: s = 1, p =2 o0or 3

Implicit TSRK methods with s = 1 are given by the abscissa ¢ and the table
of coefficients
ulA|b
e (5.4.8)
) ‘ v ‘ w
where u, 9, A, b, v, and w are real parameters. These methods have been
investigated in [91]. Solving C; = 0 and order conditions up to p = 3 with
respect to u, b, 9, v, and w, we obtain a two-parameter family of methods of
order p = 3 with respect to ¢ and A\. The coefficients of these methods are
given by

_ 2c—c*—2)

c+c®—X—2c) 1
U= =

2c-1 b 2c—1 ’ C715_2-’
with 9, v, and w defined by (5.4.4). Observe that for A = 0 the coefficients u
and b reduce to those defined by (5.4.3). It can be verified that these methods

are necessarily of stage order ¢ = 2 (i.e., C; = 0).
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To investigate the stability properties of these methods, it is more conve-
nient to reformulate the formulas for the coefficients of these methods in terms
of ¥ and A instead of ¢ and A. In such a case, the abscissa ¢ is given by the
formula (5.4.5) with the coefficients v and b taking the form

u— 3(5-39) T56(02 —49+1) 2(3(1~9) F6(1-49+9?)) \

6(1+9) 1+9 ’
- 3(7T—39) T4/6(? —40 +1) 7—6194:2\/6(1—419+192)/\
B 6(1+9) 1+ ’

and v and w given by (5.4.7). For A = 0 the formulas for u and b reduce to
(5.4.6). It is also more convenient to work with the polynomial

p(n,2z) = (1 - Az)p(n, 2)

instead of p(7, z), where p(n, z) = det(2I — M(z)) is the stability function of
method (5.4.8) and M(z) is the stability matrix. It can be verified that p(n, 2)
takes the form

B(n,2) = (1= Az2)n® — Pa(2) n? + Bi(2) n — Bo(2), (5.4.9)
with 93— 36 A+ 59
Fa(z) =1 -9+ 222202470V
12
N 1-9A—29  _ 5— 12X\ — 9
p(z) =9+ ———2, Dol2)=———2.

3 12
We demonstrate first that there are no A-stable methods in the class of meth-

ods (5.4.8) of order p = 3 and stage order ¢ = 2. This follows from the
following arguments. We must have A > 0 and it follows from the maxi-
mum principle that the method is A-stable if and only if p3(7, z) is a Schur
polynomial with respect to 7 for all y € R, where p3(n, y) := p(n,1y). Let
Pa(n,y) = n°Ba(1/n, ~y),
Pa(n,y) = (3(0,y)Bs(n,y) — Bs(0,)Pa(m ) /n,  Ba(n,y) = 0 P21/, —y),
pr(ny) = (0200,)P2(n, y) — P20, )2 (m. ) /0, Pr(m,y) = nbr(1/n, =),
and
Po(y) = (520, )B1(n.y) — 51(0,9)P1(n.y)) /m.
It follows from the Schur criterion (see Theorem 2.8.1) that p3(n,y) has all
roots 7 inside the unit disk for all y € R if and only if
50(y) > Oa ‘ﬁ3(0ay)’ - Iﬁ3(0ay)’ > Oa and ‘ﬁQ(an” - 152(0,y)‘ >0
for all y € R. These conditions take the form

QO(Aaﬁ)yAl + a1 (A7ﬁ)y6 + QQ(Aaﬁ)yS > 0> 1+ Q3(A19)y2 > Oa



ANALYSIS OF TSRK METHODS WITH ONE STAGE 259

and
aas(N,9) + gs(X, 9)y? + gs (N, 9)y* > 0,

where ¢;(\, ), i =1,2,...,6, are polynomials in A and ¥. These polynomials
are not reproduced here. It can be verified that the conditions above are
satisfied for all y € R if and only if

a(\Y) >0, 1=1,2,..., 6.
This in turn implies, among other things, the inequalities
240 +9-9<0, 24+9-5>0, 2dA+9-11>0,

which cannot be satisfied simultaneously for any A and 9. This justifies our
claim that there are no A-stable methods (5.4.8) with p =3 and ¢ = 2.

Next we investigate the existence of methods of the form (5.4.8) that are
Ag-stable (i.e., stable on the negative real axis). To this end we have to verify
that p3(n,z) is a Schur polynomial with respect to n for all z € R, < 0,
where we now define p3(n, z) := p(n, z). Let

p3(n,z) = n° p3(1/n, 2),

pa(n,x) = (p3(0, )ps(n. z) — p3(0, z)ps(n, z)) /n,  P2(n,z) = 0 Pa(1/n, 2),

pi(n, ) = (B2(0,2)p2(n, x) — 52(0,2)B2(n, ) /0. Br(n, %) =np1(1/n,2),
and
po(z) = (51(0,2)p1(n, ) — p1(0, 2)P1 (n, T)) /7.
It follows again from the Schur criterion that p3(7, z) has all roots 7 inside
the unit disk for z € R, < 0, if and only if
ﬁo(l‘) >0, |ﬁ3(0,l‘)[ - ’53(0,1‘)’ >0, and ‘ﬁz(o,l‘)‘ - ‘52(0,1‘” >0

for x € R, z < 0. Careful analysis reveals that this is the case if and only if
all nonzero roots of the polynomial pg(z) are real and positive. These roots
are

I D N L R
11 — 24X =9’ 5—-9’ 5— 24\ =’
and
s = e — 11 -29 —92 £VA
’ ’ 15 — 24X + 29 — 24289 — 92’
where

AN D) := —239 + 576X — 4529 4+ 1151009 — 42092 + 57692 + 289° + 94,

It is clear that for —1 < @ < 1 (the condition required for zero-stability) these
roots are real and positive if and only if

AND) =11-24A =9 <0, fo(\9):=5—24A -0 <0,
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-1 -08 -06 -04 -02 o] 0.2 0.4 0.6 0.8 1

Figure 5.4.4  Ao-stable methods (5.4.8) of order p = 3 and stage order ¢ = 2

fa(A\9) :=15 — 24\ + 29— 24\3 - 9% >0 and A()J) > 0.

We have plotted in Fig. 5.4.4 the curves f;(A\,¥) = 0 for ¢ = 1,2,3, and
A(), 9) = 0. Methods (5.4.8) are Ag-stable for the values of (), 1) belonging
to the region bounded by the curves fi(A,9) = 0 and f3(A, ) = 0 (above
fi(A,9) = 0 and below f3(A,¥) = 0). Observe that this conclusion differs
somewhat from the results of Jackiewicz and Tracogna [183] and Tracogna
[270].

Setting A =1/2, % =0, we have ¢ = (6 = v/6)/6, and this leads to the Ag-
stable TSRK methods of order p = 3 and stage order ¢ = 2 with coefficients
given by

_—Li@' 1 'il_g
3 2 6
0 ‘%@}sﬂ:@/@.
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The stability polynomial of this method is

N 1\ s 5\, 1 1
= (1-=2)P = (1+ = ) —Zoan4 —=z.
p(n,2) (1 22)” ( T ) Tt 1Rt

A =11/20 A =5/8 A=13/4
1 1
05 05 05
& 0 0 0
-0.5 , -05 ’ -05 r
= =4 -1
05 1 15 2 05 1 15 2 05 1 15 2
A=7/8 A=1 A =5/4
1 1 1
05 0.5 05
L~ 0 0
- ’ - ' . ‘
= 05 1 15 2 =3 -1
" 0.5 1 15 2 0.5 1 15 2
A=32 A=2 A=4
1 T 1
0.5 0.5 05
%@ 0 0 o
- ‘ - -
05 1 15 2 05 1 15 =2 05 1 15 2
C o] c

Figure 5.4.5  A-stable methods (5.4.10) of order p = 2 and stage order ¢ = 2

We conclude this section by investigating A-stable methods of the form
(5.4.8) with p = g = 2. Solving the system of order and stage order conditions

Ci=0, Co=0 C; =0, Cp;=0,

we obtain a three-parameter family of methods depending on ¢, A, and 9,
with coeflicients given by

2c—c?—2) A cte?—A—2cA
2¢c—1 2¢c—1 (5 4 10)
s 4.
9 3—2¢c+1¥—2c¢9 2e4+9—2¢9-1
2 2
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¢ # 1/2. The stability polynomial p(7, z) takes the form (5.4.9) with
" 3+2c—02—6/\—19—20219z

pg(z) =1-9+ 3 R
- 14+4c—2¢%2 — 61— — 2c%9
pi(z)=—-9+ 3 2,
and
- 2c—c? — 2= %9
Do(2) = z.

2

We have performed an extensive computer search in the three-dimensional
space (), ¢, ¥) looking for A-stable methods using the Schur criterion in The-
orem 2.8.1 [183, 270]. Selection of the results of this search in the plane (c, )
is displayed in Fig. 5.4.5 for selected values of the parameter A equal to 11/20,
5/8,3/4,7/8,1,5/4,3/2, 2, and 4.

It can be verified that for the parameters (c,?) inside the shaded regions
on Fig 5.4.5, all roots of the polynomial

e(m) = lim (B(n,2)/(1 - A2))

zZ—00

have modulus less than 1.

5.5 ANALYSIS OF TSRK METHODS WITH TWO STAGES

5.5.1 Explicit TSRK methods: s = 2, p =2,q =1 or 2

This section closely follows the presentation by Chollom and Jackiewicz [91].
Explicit TSRK methods with two stages are specified by the abscissa vector
c = [c1,c2]T and the table of coefficients

bui b2
b1 b2 (5.5.1)

ula|B "
U2 | a21

9 { vT ‘ wT
9 ‘ V1 U2 ‘ w;  Wa

where u1, u2, ¥, a21, b11, b1o, ba1, bag, v1, U2, w1, and wo are real parameters.

Assuming that ¢ = [0,1]7, ¥ = 0, and solving the system of order conditions

6’1 =0, 6’2 = 0, with respect to w; and w,, and stage order condition C; =0

with respect to b1; and bg;, we obtain a seven-parameter family of TSRK

methods (5.5.1) of order p = 2 and stage order ¢ = 1. The coefficients of
these methods are given by

b1 =u1 —bia, ba1 =1—ag; — by + ug,

_2’!)1—1 _3“‘21)1—41)2

wy 9 3 wy = 9
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We choose these free parameters of the method trying to maximize the area
of the intersection of the region of absolute stability of the TSRK method
with a negative half-plane. This area can be approximated using numerical
integration in polar coordinates. The resulting objective function for the
“negative area” is then minimized using the subroutine fminsearch from
Matlab, starting from some random initial guesses. This computer search
leads to the method with coefficients

0.911557
0.601892

0.692385 0.219172
0.635887 0.235132

0.730872

0 ‘ 0.892098 0.336848 ‘ —0.163152 —0.0657949

The stability region of this method is shown by a thin line in Fig. 5.5.1.

Im(z)

6 -5 -4 -3 -2 -1 0
Re(z)

Figure 5.5.1  Stability region of TSRK method with s = 2 and p = ¢+1 = 2 (thin
line), TSRK method with s = 2 and p = ¢ = 2 (thin dashed line), and RK method of
order 2 (thick line)

Next we look for methods with p = ¢ = 2. Assuming again that ¢ = [0, 1]7,
¥ = 0, and solving the order and stage order conditions C; = 0, C; = 0,
C; = 0, and C; = 0, we obtain a five-parameter family of TSRK methods

(5.5.1) depending on us, uz, a2, v1, and ve. The coefficients of these methods
are given by

UQ-—l b22:3-—2a21+UQ
2 2 ’
__21)1—1 w_3—2v1—4v2
T2 TR 2 '

u
biy = b1z = —21‘ bay =

w



264 TWO-STEP RUNGE-KUTTA METHODS

A computer search in the parameter space u1, ug, ag1, v, and v leads to a
method with coefficients

0.308343 0.154172  0.154172
—0.113988 | 1.43462 —0.556994 0.00838564

0 \1.47417 —0.0264581 \ —0.526458  0.0787465

for which the region of absolute stability is plotted in Fig. 5.5.1 by a thin
dashed line.

Im(z)
T

Figure 5.5.2  Stability region of TSRK methods of type 3 with s = 2 and p =
g+ 1 =2 (thin line), TSRK method with s = 2 and p = ¢ = 2 (thin dashed line), and
RK method of order 2 (thick line)

We consider next type 3 methods with p = 2 and ¢ = 1 (i.e., methods for
which a1 = 0). Assuming as before that ¢ = [0,1]7 and ¥ = 0, a computer
search for methods with a large region of absolute stability leads to the formula
with coefficients

0.860064 _0.177218  1.03728
~1.14359 0.206108 —0.349695
0 \ 0.20866 0.366951 \ —0.133049  0.557438

This search was performed in a parameter space wuy, ug, bia, bao, v1, and vs.

The stability region of this formula is plotted in Fig. 5.5.2 by a thin line.
Consider next type 3 methods with p = ¢ = 2. Assuming again that

¢ =[0,1]7 and ¥ = 0, a computer search in a parameter space u1, ug, v1, and
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vy leads to a TSRK formula with coefficients given by

0.303461 0.151731 0.151731
0.210821 —0.394589 1.60541

0 ‘0.123103 —0.763431) —1.26343  2.90376

whose region of absolute stability is shown by a thin dashed line in Fig 5.5.2.

5.5.2 Implicit TSRK methods: s = 2, p =2, gq=1or 2

Implicit TSRK methods of type 2 with two stages are specified by the abscissa
vector ¢ = [e1,¢c2]T and the table of coefficients

A

a1 A

bir b2
bar b2z | (5.5.2)

u|A| B “
= U2

s ] vT ’ wT
s ‘ V1 V2 ‘ w1 Wao

where u1, us, ¥, A, asy, b11, b1, ba1, bag, v1, v2, w1, and w, are real parameters.
Assume that ¢ = [0,1]7, ¥ = 0, and u = [0,0]7. As in Section 5.5.1, solving
the system of order conditions 61 =0, 62 = 0 with respect to w; and w;
and stage order condition C; = 0 with respect to b1; and b1, we obtain a
six-parameter family of formulas (5.5.2) of order p = 2 and stage order ¢ = 1.
The coeflicients of these methods are not listed here. Solving next the stage
order condition Cy = 0 with respect to by2 and b2, we obtain a four-parameter
family of methods of order p = 2 and stage order ¢ = 2 which depend on the
parameters A\, a1, v1, and ve. The coefficients of these methods are

0] A 0 -
0 a21 )\ —1-;2/\ 3—2&31—4/\
0 ‘ v vo ‘ —1;2112 3—2u§—4v2

To analyze the stability properties of the resulting methods, as in Section 5.4.2
we work with the polynomial

:5(77, z) = (1 - Az)zp(ﬂaz)«,

where p(7, 2) is the stability function. It can be verified that this polynomial
takes the form

Bn,2) = (L= 22" = Bala)r” + B ()0 — () ) (5:5.3)
with

p2(z) = pag + D212 + Pa22?, p1(2) =Dpn1z2 + P122?, po(z) = Do22>.
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Next we solve the equation pgo = 0 with respect to a12, and the system p1; = 0
and p12 = 0 with respect to v; and ve. This leads to a one-parameter family
of TSRK methods with coefficients given by

0 A 0 —-A
2 —14+2X —14+22—8)2
0 T+2X A 1; 2(1+2X0)

0 5—22+12224823  14+4x—4)?
4(T+2X) 1

5—2A+1222482% 14+4A—4X2
4(1+2X) 1

The stability polynomial of these formulas takes the form
~ 2 1 2\, 21,3
p(n, z) = ((1—/\2) n—1—(1-2\)z-— 5(1—4/\+2/\ )z )n .

Observe that the only nonzero root of p{(n, z) is equal to the stability function
of SDIRK method of order p = 2. As a consequence, it follows from Section 2.7
that these methods are A-stable if and only if A > i and L-stable if and only
if A = (24 +/2)/2. The coefficients of these A- and L-stable TSRK methods
are given by

0 23&2 2 0 22 2

0| 26xv2) 2212 1=v2  —19F10v2

7 2 3 14 :

0 734342 —1T2v2 | —3F2vV2  —17F6v2
28 4 1 28

Finally, consider type 4 methods, which correspond to as; = 0. There is
a three-parameter family of such methods with ¢ = [0,1]T, ¥ = 0, and u =
[0,0]T of order p = 2 and stage order ¢ = 2 which depend on v1, v2, and A. The
stability polynomial of this family has the form (5.5.3). Solving the system
Poz = 0 and P12 = 0 with respect to v; and v, we obtain a one-parameter
family of TSRK methods of the form

0 A 0 —A
A 3—4)
0 A 2 > 1 24 7
0 } ACA=D(22+1) A(4A2-82+5) | (2A=1)(22%2—=3042)  4A3—16A2+17A—6
1 —1) i0-1) 4(A—1) 10-1)

A # 1. The stability polynomial of this family of formulas assumes the form

An,2) = (1= A2)n? = Fale)n + B (2) )

_ J3mBAN MG o AT
= 2 -1 © 20— 1) PR
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It can be verified using the Schur criterion (Theorem 2.8.1) that these methods
are A-stable if and only if % <AL % or A > % These methods are L-stable
if and only if A = (3 £ /3)/2, which are the roots of the equation pa2 = 0.
The coefficients of these A- and L-stable methods are

3+v3 —37v3
0 2 0 2
33 2+/3 ~372/3
0 2 2 2 .
0 18+£11v/3 —6F5v3 | —8F5V3 V3
4 4 4 + 4

5.5.3 Explicit TSRK methods: 8 =2, p=4o0r 5

In this and the following sections we demonstrate that it is possible to con-
struct methods of order p = 4 and p = 5 with only two stages. This sec-
tion closely follows the presentation by Jackiewicz and Tracogna [183] and
Tracogna [270]. It will usually be assumed that ¢ = 0 and u; = uz = 0. We
will look for methods of stage order ¢ equal to at least 3, that is, methods
which satisfy the stage order conditions

Ci = Oa

i=1,2,3. (5.5.4)

Solving in addition to (5.5.4) the order conditions

C;=0, i=1,23/4, (5.5.5)
we obtain two one-parameter families of methods depending on ¢z or ¢; of
order p = 4 and stage order ¢ = 3. The coefficients of the first family of

methods that depend on ¢y are

_ _c(6-3)
Cl = 07 a1 = 6(1 — 02) )
bll = O, b12 = O,
by — c2(3 — c2) b c2(3 + 2¢p)
2F e 2= 6(ca — 1) ' (5.5.6)

17— 38c¢; + 18¢3 17 — 10cy

v= 1202(1 - 02)

W= 1202(1+02)

—7 + ldcp — 6¢3

V2= 1202(1 + Cz)’

wo = 7— 1002
T T 12e(1 = c)
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The coefficients of the second family of methods that depend on the parameter
C1 are

o = c? -6 4on — 2(c? ~ 6)(c? — 3c1 + 3)(2c? — 12¢1 + 15)
27 302 T 27c1(c1 — 2)2(2c1 — 3) ’
c 3c1(2—c1)?
b =m0 —, b= ",
4(3—301 +Cl) 4(3—301+Cl)
bay = (6 — c3)(72 ~ 162¢1 + 156¢% — 63c3 + 8c})
108(2 — 01)2(3 ~3c1 + C%) ’
by, — (= 6)(180 — 486¢; + 498cF — 225cf + 38¢cf)
36c1(c1 — 2)(2c1 — 3)(3 — 3c1 + ¢?) '
) (5.5.7)
o = 36 — 48c1 — 31c? + 68¢3 — 30ct + 4c}
te 8c1(3 — 2¢1)(3 — 8¢y + c2) ’
e — (2 —¢1)(42 — 135¢1 + 160c? — 78¢3 + 12¢%)
- 8(3 = 3¢y + c2)(12 — 9¢; + 2¢2) ’
e — 12 — 24c; — ¢ + 44¢3 — 26¢% + 4¢3
P U8B —8c1 4 ) (12— 9¢; + 2¢2)
= (c1 — 2)(18 — 39¢; — 16¢2 + 42¢3 — 12¢%)
- 8¢1(3 — 2¢1)(3 — 3c1 + &) '
The stability polynomial of these methods is given by
24 -1 17-60
pn,z) = |mP—(1+ =2+ E22) o
2 12
(5.5.8)

3(8u—1 96u — 7
N ((u2 ), S0 z2>n_uzz)n,

where
_cg(12 - 17cy — 2c3)

T72(1 = c2)(1 4 o)

for methods (5.5.6) and

_ (3—=3c1 +¢3)(126 — 315c1 + 261c2 — 753 4 4ct)
B 54c1(2 — c1)(2c1 — 3)(12 — 9¢; + 2¢2)

for methods (5.5.7). We have plotted in Fig. 5.5.3 the left-hand side of the
interval of absolute stability of the polynomial p(n, z) given by (5.5.8) versus u
for 4 € [0,0.4]. This polynomial has the maximal interval of absolute stability
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0.2 0.25 0.3 0.35 0.4

Figure 5.5.3 Interval of absolute stability of the polynomial p(7, z) given by (5.5.8)
versus the parameter p for p € [0,0.4]

approximately equal to (—2.307,0) as u approaches approximately 0.1305 from
below. There is also a discontinuity of this stability interval at p = 0.2414.
The abscissa vector ¢ and the parameters of methods corresponding to p =
0.13 are

0
0

1 0 0

2.87785 -7.01513 —-1.0216

0\ 1.8152 0.266403‘—0.927937 ~0.153665

with ¢ = [0, —5.15889]7;

0

0 2.87785

2.12016  0.031664
—4.89497 —0.989938

0 t —0.304963 0.234739] 1.19223  —0.122001
with ¢ = [2.15183, —3.00706]7; and

0
0

‘ 3.10518 5.48132

2.87785 —3.90995 4.45972

O‘—1.28998 —5.21492] 917725 5.32766

with ¢ = [8.5865, 3.42762)T. We have plotted in Fig.5.5.4 the stability regions
of the polynomial p(7, ) defined by (5.5.8) for selected values of the parameter
178
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1=0.1 p=0.13 1=0.14

1 1 1

0 0 0

-1 -1 -1
-2 -1 0

-1.5 -1 -05 0 0.5

u=0.18 §1=0.215 =022
4
1 1
2
0 0 0
-2 -1 -1
-4
-2 0 2 4 6 -1 0 1 2 -1 0 1 2
u=0.2414 u=0.2415 u=0.3
1 1 1
0 0 0
-1 [ -1 L -1
-1 0 1 -1 0 1

-2 -1 0 1

Figure 5.5.4  Stability regions of the polynomial p(7, z) given by (5.5.8) for selected
values of the parameter

Putting az2; = 0 in (5.5.6) or (5.5.7), we obtain methods of type 3. The
coefficients of these methods corresponding to (5.5.6) are

0 0 0
0 —2+6 238
2 2

0‘ 52271036  162F77vV6 | —342+127/6  18£531/6
360 360 360 360

with ¢ = [0, £v/6]7. The coefficients of these methods corresponding to (5.5.7)
are

0 16FV6 476
g 1

0 446 166
4 8

0 —99F29v6  —99+29v6 | 189446  189F41V6
180 180 180 180
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with ¢ = [(6 F v6)/2,6 = v/6)/2]T; and

0 256 —2+vV6
2

0 0 0

162T77V6  522F103v6 | 18+53v6  —342F1276
0
360 360 360 360

with ¢ = [£+/6,0]7. The stability polynomial of all these methods corresponds
to 4 = 17/60 and is given by

29 19 101 17
= {m-(1 2 2 _ 2
p(n, z) (n ( T304 T T T ) wd )"

and the interval of absolute stability is

2v/411 - 72

( = ,0> ~ (- 0.53,0).

We conclude this section with the construction of TSRK methods of order
p = 5 and stage order ¢ = 4. Solving the system of stage order and order
conditions C; = 0, 1 = 1,2,3,4, C; = 0, i = 1,2,3,4,5, leads to families of
such methods which depend on the parameter . We have tried to choose ¥
to obtain methods with large interval of absolute stability. The method with
coefficients

—0.548071 9.30708 —0.0113337
6.97276 | —3.2631 6.43125 —0.829075
—0.6 ] ~0.189159 —0.0947644 \ 0.635485  0.0484391

seems to be close to be optimal in this respect. For this method the abscissa
vector ¢ = [2.84382, —4.63369]7, and the interval of absolute stability is ap-
proximately equal to (—1, 23, 0). We have also found TSRK methods of type 3
with p = 5 and ¢ = 4. The coeflicients of such a method are

-0.210299
—0.0995138

1.97944 0.0387917
2.5617 2.3738

—0.186912 \ —0.812426 —0.0761097\ 1.45338 0.248242

with ¢ = [2.22853,5.03502]7, and the interval of absolute stability is approx-
imately equal to (—0.486,0). This method is unique in the class of type 3
zero-stable two-stage TSRK methods of order p = 5 and stage order g = 4.
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5.5.4 Implicit TSRK methods: s = 2, p =4 or 5

In this section we consider implicit TSRK methods with two stages specified
by the abscissa vector ¢ = [c1, c2]T and the table of coefficients (5.5.2) with
A > 0. Similarly as in Section 5.4.2, we work with the polynomial p(n, 2)
defined by

5(7% Z) = (1 - )\Z)zp(ﬂa Z)a

where p(n, z) is the stability function. Assuming that u; =u; =0,and 9 =0
and solving the system of order and stage order conditions (5.5.4) and (5.5.5)
corresponding to (5.5.2), we obtain a family of TSRK methods of order p = 4
and stage order ¢ = 3, depending on the parameters c; and A. The coefficients
of these methods are not listed here; they are reduced to (5.5.7) for A = 0.
The stability polynomial of these methods takes the form (5.5.3) with

- 241 — 14 16X — 24)2 17 — 604 — 96X + 962
p2(z)=1+ H 5 z+ H T zz,

- 241, — 3+ 20\ — 242 96 — 7 + 48\ — 6012
n(z)= H 5 z+ a 12 22,

and
ﬁO(Z) = 1“*225

where 1 = u(cy, A) depends on the unknown coefficients of the method. This
can also be verified directly from the exponential fitting condition

Ble¥,z) = O(2°)

(compare with Theorem 3.2.3).

We have performed an extensive computer search looking for TSRK meth-
ods of the form (5.5.2) with p = 4 and ¢ = 3, which are A-stable. The results
of this search in the parameter space (c1,A) are presented in Fig. 5.5.5. The
results of the search in the parameter space (), ) are given by Jackiewicz and
Tracogna [183] and Tracogna [270]. It can be verified that inside the shaded
regions in Fig. 5.5.5 the roots of the polynomial

FAande o]

o(n) = lim (5(77, z)/(l—/\Z)z)

have modulus less than 1. Choosing, for example ¢; = 3/4 and A = 3/4, we
have co = 9/4, and the coefficients of the A-stable TSRK method are

3 3 3
0] % 6 ~16
21 3 15
0 % 1| "1 16
ol27 _43| 10 23

-
[\
(]
—
[~
[~
—
[~
[\
(]
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Figure 5.5.5  A-stable methods of the form (5.5.2) of type 2 of order p = 4 and
stage order g =3 with uy =ue =9 =0

For the method above the roots of the polynomial ¢(n) are n, = 0, 72 ~
0.568756, n3 ~ —0.414087, and n4 ~ —0.331542. Other examples of A-stable
methods of order p = 4 and stage order ¢ = 3 with A = 3/4 and pu = 0 are
presented in [183, 270].

We demonstrate next that there are no A-stable TSRK methods of type 4
in the class of methods above with p =4, ¢ = 3, and u; = us = 9 = 0, for the
range of parameters displayed in Fig 5.5.5. Imposing the additional condition
ao1 = 0 leads to the relations

A= Aler), i=1,2,3,4,

where

c1(c? —3c1 +3)

Afer) = 3
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and A;(c1), 1 = 2, 3,4, are solutions to the polynomial equation
216A3 — 18(5 + 24c; + 12¢2)A2 + 6¢;1 (30 + 24¢; — 38¢2 + 9c3)A
—90c? + 72¢3 + 3¢t — 12¢8 + 2¢§ = 0.
These solutions are shown in Fig. 5.5.5 by solid lines and they do not intersect

the region of A-stability.

A somewhat different argument for the non-existence of type 4 methods in
this class is presented in {183, 270].

A=4/5

<
A=11/10 A=6/5 A=13/10
5 6 7
d‘l
A=3/2 A=8/5
63 4 5 6—3 4 5
Jh i |
|
S' 5 5 5 5 5— L_,5
3 4 5 4 3 4 5—.4 3 4 5 4
¢ c c

Figure 5.5.6  A-stable methods of the form (5.5.2) of type 2 of order p = 4 and
stage order ¢ = 3

We consider next TSRK methods (5.5.2) of order p = 4 and stage order
g = 3, where we removed the restrictions on the parameters ui, uz, and 9.
Solving the system of order and stage order conditions (5.5.4) and (5.5.5), we
obtain a four-parameter family of methods depending on ¢y, c2, A and . The
polynomial that determines the stability properties of these methods takes
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the form

B(n,2) = (1 = Az2)’n* = Ba(2)n® + Pa(2)7° — P1(2)n + Bo(2),
with
Pa(2) = pao + pa1z + pa2z®,  Pa(z) = pao + pa1z + paaz’,
p1(2) = priz + p12z®, and  Po(z) = poaz’,

We have performed an extensive computer search looking for methods that
are A-stable, where we have assumed that one root of the polynomial p(7, z) is
n =0 (i.e., that pog = 0). This condition was used to eliminate the parameter
9, and the search was performed in the three-dimensional space (c1, ca, A). The
results of this search are presented in Fig. 5.5.6 for A = 4/5, 9/10, 1, 11/10,
6/5, 13/10, and 4 < ¢1,¢3 < 8, and for A = 7/5, 3/2, 8/5, and 2 < ¢; < 6,
2/5 < ¢y < 3/5. An example of the method with A = 7/5, ¢ = 7/2, and
Cy = 1/2 is

476 7 0 oL 2317
5 5 120 24
_18 0 7 | _4L 2899
5 5 120 120
_ 61 | _ 41 1607 15  _ 379
490 11760 1680 784 3920

An example of the method with A = 1, ¢; = 5 and cp = 7 is presented in
(183, 270].

We have also investigated TSRK methods (5.5.2) of order p = 5 and stage
order ¢ = 4. Solving the corresponding system of order and stage order con-
ditions leads in this case to the two-parameter family of methods depending
on ¢; and ¢;. The computer search that we performed for —6 < ¢y, ¢ < 6 did
not reveal A-stable methods in this class.

5.6 ANALYSIS OF TSRK METHODS WITH THREE STAGES

5.6.1 Explicit TSRK methods: s =3, p=3,g=20r3

In this section we are concerned primarily with methods of high stage order.
We will consider explicit methods given by the abscissa vector ¢ = [c1, ¢a, c3]T
and the table of coefficients

us bi1 b1z bi3
u. A ' B ug | a1 bar b2 bas .
S 5.6.
9 ‘ VT 1 wT ug | s asp bs1 b3z b3 (5:61)

19‘1)1 V9 va‘wl wy W3

Following Chollom and Jackiewicz [91], we assume that ¢ = [0,1,1]7 and

¥ =0. Solving stage order and order conditions (5.3.1) and (5.3.2) corre-
sponding to p = 3 and ¢ = 2, we obtain a twelve-parameter family of methods
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depending on w1, ug, us, a21, as1, asz, b3, bas, bz, v1, v2, and v3. The
coefficients of these methods are given by

bii = bz, bz = u1 — 2bi3,

dag1 +4byzs — 3 5 — 8as1 — 8bag + 4uy
— bog = n )

boy =

b31 = as1 + 2as2 + b3z — 2, bsp =3 —2a3, — 3azx — 2b33 + us,

_ T —6vy — 18u3

_ 97.12 + 247.13 - 10 _ 19— 67.11 - 18U2 — 367.13
6 - T ‘

w1 3 ws 6

w2

We choose these free parameters of the method trying to maximize the area of
the intersection of the region of absolute stability of TSRK method with the
negative half-plane. As in Section 5.5.1, this area can be approximated using
numerical integration in polar coordinates. The resulting objective function
for the “negative area” is then minimized using the subroutine fminsearch
from Matlab starting from some random initial guesses. This computer search
leads to a method with coefficients

T
u= [ 0.0213802 0.0991119 0.353437 ] )

0 0 0
A = 0.392328 0 01,
0.582927 0.262283 0

0.264446 —0.507512 0.264446
B = 0.240292 -0.631471 0.597963 | .
| 0.0969341 —0.578148 0.98944

- T
v = 0.0867149 0.621047 0.115883] '

- T
w=| 0.197972 —0.543131 0.521515] :

whose stability region is shown by a thin line in Fig. 5.6.1.
Solving in addition to (5.3.1) and (5.3.2) stage order condition (5.3.3), we
obtain a nine-parameter family of TSRK methods depending on w;, us2, us,
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Im(z)

Figure 5.6.1  Stability region of TSRK methods of type 1 with s = 3 and p =
g+ 1 =3 (thin line), TSRK method with s = 3 and p = ¢ = 3 (thin dashed line), and
RK method of order 3 (thick line)

as1, a31, Gs2, V1, U2, and vs. The coefficients of these methods are

U1 U1 U1
b = . b = -, b = —,
11 6 12 3 13 6
b 5 +4duy h ~ 2(up - 1) h 23 — 24ag1 +4up
2w = oy =, 0= 24 )
7 — 6ass + U3 9aszo + 2uz — 10
by = ————, bp=———T7"—),
6 3
19 — 6agz1 — 18as2 + us 7 — 6vg — 18vg
b3s = , W =——0,
6 6
9y + 24v3 — 10 19 — 6v; — 18wy — 36w
wg = f’ w3 = 6 .

A computer search in this nine-parameter space leads to a method with coef-
ficients

T
u= [ 0.149831 —0.0104229 0.0542442 ] ;

0 0 0
A = 0.708342 0 0],
1.03838 0.556873 0

0.0249718  0.0998873 0.0249718
B=| 0206596 —0.673615 0.248254 |,
0.618834  —1.62655  0.466708

T
v = [ 1.40014 0.122363 0.141148 ] :
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T
w = | 0.620859 -1.83706 0.552552} )

whose stability region is shown by a thin dashed line in Fig. 5.6.1.

2.5

2+

1.5

Im(z)

1+

Re(z)

Figure 5.6.2  Stability region of TSRK methods of type 3 with s = 3 and p =
g+ 1 = 3 (thin line), TSRK method with s = 3 and p = ¢ = 3 (thin dashed line), and
RK method of order 3 (thick line)

We consider next type 3 methods with p = 3 and ¢ = 2 (i.e., methods for
which ag; = ag1 = a3y = 0). Assuming as before that ¢ = [0, %, 17 and 9 = 0,
a computer search for methods with a large region of absolute stability leads

to a formula of the form

0.774352 —5.25807 11.2905 —5.25807
2.89678 —7.12077 16.8883 —6.37077
6.18955 —9.88612 24.9618 —7.88612"

0 0.407808 -0.700253 1.05397| —1.29498 2.99765 —1.46419

This search was performed in a parameter space ui, ug2, us, bis, bes, bss, v1,
vy, and vs. The stability region of this formula is shown by a thin line in
Fig. 5.6.2.

Consider next type 3 methods with p = ¢ = 3. Assuming again that
c=[0, %., 1J7 and 9 = 0, a computer search in a parameter space ui, ug, ug,
v1, U2, and vz leads to a TSRK formula with coefficients given by

0.258133 0.0430222  0.17089 0.0430222
0.382867 0.272144 -0.411422 1.02214
0.417524 1.23625 —3.05498  3.23625

0 0.27882 2.10743 -3.70769| 10.1823 —26.6726 18.8116
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whose region of absolute stability is shown by a thin dashed line in Fig 5.6.2.
Observe that these regions are much smaller than the corresponding regions
of type 1 methods.

5.6.2 Implicit TSRK methods: s =3, p =3, ¢ = 2 or 3

Implicit TSRK methods of type 2 with three stages are specified by the ab-
scissa vector ¢ = [ey, ¢2,¢3]7 and the table of coefficients

U1 /\ b11 b12 b13

u' A ‘ B ug | a1 A boi  ba  bos
e——— 5.6.2
9 ] T ’ wT uz | as1 azz A | bay bap bag ( )

) l V1 Vo V3 ‘ w1 Wa W3

where uy, ua, uz, ¥, A, az1, asy, as2, byy, bia, b1z, ba1, bz, bas, bay, baz, bas,
vy, Vo, U3, W1, wa, and ws are real parameters. We assume throughout this
section that ¢ = [0,3,1]7, 9 = 0, and u = [0,0,0]7. As in Section 5.6.1,
solving the system of order conditions (5.3.1) and (5.3.2) corresponding to
p = 3 and g = 2 with respect to wy, ws, wa, b1y, ba1, ba1, by, baa, and bso,
we obtain a ten-parameter family of formulas (5.6.2) of order p = 3 and stage
order ¢ = 2. The coefficients of these methods are not given here, and in what
follows we restrict our attention to methods of stage order g = 3. Solving the
stage order condition C3 = 0 with respect to bya, b2z, and baz, we obtain a
seven-parameter family of methods of order p = 3 and stage order ¢ = 3 which
depend on the parameters A, a1, as1, asa, vy, v2, and vs3. The coefficients of
these methods are

0 A 0 0 —-A

5-24) —2+9) 23—2dag; —72)
0lan A 24 3 24
0 as as A 7—6a35-—18>\ —10+9%32+24>\ 19— 6as; —ésm—aw
0l vi vy vs ' 7—6v26—181§ —10+ggg+24v3 19—61}1—%81;2-—361;3

Similarly as in Sections 5.4.2 and 5.5.2, to analyze stability properties of the
resulting methods we work with the polynomial

p(n,2) = (1= A2)%p(n, 2),

where p(7, z) is the stability function. It can be verified that this polynomial
takes the form

Pn2) = (1= 220" = Bo(2)n® + Bale) = Fa (2) + Fols))n, (5.63)
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with
P3(2) = Pao + Pa1z + Psaz” + Pasz®,  D2(z) = Parz + Peae® + Doz,
D1 (Z) = 171222 +Z71323, 170(2) = 170323-
Next we solve the system of polynomial equations
P12=0, p13=0, pez=0 (5.6.4)

with respect to vi, ve, and vz. This leads to a four-parameter family of
formulas for which the stability polynomial p(n, z) takes the form

Bn,2) = ((1 = 22)0® = Ba(2)n + Fa(2) ). (5:6.5)
In our search for highly stable methods, we impose the conditions
p13 =0, pos=0, (5.6.6)

which are solved with respect to az; and age. This results in a two-parameter
family of TSRK formulas with respect to A and as;. Choosing A = 1 and
a21 = 0, we obtain TSRK methods with coefficients given by

0 1 0 0 -1
0 0 1 -0.791667  2.33333 —2.04167
0} —2.07846 1.34863 1 —3.18196 8.71255 ~—4.80076

0] 3.17415 0.428068 —0.468128 2.14298 —5.79415  1.51708

and
0 1 0 0 -1
0 0 1 —0.791667  2.33333 —2.04167
0 1.30253 —2.40364 1 0.570305 —2.54425  3.07505 °

01743253 —15.7509 3.5766‘ 6.18771 —21.9731  21.5271

It can be verified using the Schur criterion (Theorem 2.8.1) that these methods
are A-stable. Since they satisfy (5.6.6), they are also L-stable.

Finally, consider type 4 methods corresponding to a1 = ag1 = azz = 0.
Again solving system (5.6.4) with respect to v1, vg, and vz, we obtain a one-
parameter family of TSRK formulas depending on ), with coefficients given
by

A 0 0 -
_ _ 5—24) —2+9) 23—72)
A= A , B= 24 ;- 24 ’

A 7-18)  2(=5+12))  19-36)
6 3 6
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T
v = (1430 (1-62+1203)  (14+6M)(=1+6X1=120%)  _2.392-114224+108)°
18(1—2X) 9(1—2N) 18(1—2N)

W= { 29—1502 429422 —1800%  —414216A—384)°+216)> 74—345)115461%—252)° ]T
18(1—2X) 9(I=2)) 18(1—2X)

A# % The stability polynomial p(n, z) of these methods has the form (5.6.5),

where p3(2) and pz(z) are cubic polynomials with respect to z. It can be

verified using the Schur criterion (Theorem 2.8.1) that these methods are A-

stable if A > 0.783491. It can also be verified that these methods are not

L-stable.

5.7 TWO-STEP COLLOCATION METHODS

We examine in this section a class of continuous two-step methods for the
numerical solution of the initial value problem (2.1.1), which is based on the
collocation approach proposed by D’Ambrosio et al. [104]. We consider a
class of methods defined by

P(tn—l + Gh) = @l(g)yn——l + 900(9)%1—2

+ b2 (V5O (Pltn-s + e)) + x5 0)f (Plta-z + ;b)) ), (5.7.1)
j=1

Yn = P(tn),
n=23,...,N,60 € (0,1], t, = to +nh, Nh = T —t,. Here P(t) is a
continuous approximation to the solution y(t) of (2.1.1), ¢ = [e1,...,cs)7 is

the abscissa vector, and ¢o(8), ¥1(9), x;(8), and ¥;(8), j = 1,2,...,s, are
polynomials that define the method. Observe that this method requires a
starting procedure to compute an approximation P(to + 6h) to y(to + 6h) for
8 € [0,1], which corresponds to the initial interval [tg,¢;]. For this purpose
we generally use for this purpose starting procedures for TSRK methods,
which are discussed in Section 6.2. These starting procedures are based on
continuous RK methods constructed by Owren and Zenanro [231, 232, 233]
(see also [230]).
Setting

Y™ = P(taoy +cih), YU = Ptz + k), i=1,2,...,5,

k] k3

method (5.7.1) corresponding to 6 = ¢;, ¢ = 1,2,...,s, can be written as a
TSRK method of the form

Yi[n] = UYn_1 + UiYn—2 + h Z (aijf(yj[n]) + bz‘jf(Yj[””l])),
=t (5.7.2)

Tt + Oz + 1 Y (03O s 1)),
j=1

Yn
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1=1,2,...,8,n=2,3,..., N, with
Ui =e1(ci), wi=olci), ai; =vs(c), by = x;(ci),

I=pi(l), P=pol), v=w(1) w=x().

Putting
8 8
aslolin m=[n]
i ij=1" bij ij=1
T T
u:[U]_ us] y u:[ﬂl ﬂs] .
T T
V:[Ul i US] y w:[wl i ws] s

method (5.7.2) can be written as a GLM with coefficients given by

—A‘ﬁuB
vIilg 9 wT
ol1 0 o
i 00 0 |

(compare Section 2.1).

Next we derive the continuous order conditions for method (5.7.1) assuming
that P(t,—1 + 6h) is an approximation of uniform order p to y(t,—1 + 6h) for
6 € [0,1]. As a result, the stage values P(t,—1 + ¢;h), i = 1,2,...,s, have
stage order ¢ = p. To derive these order conditions we investigate the local
discretization error le(t,—; + 6h) of method (5.7.1), which similarly as for
the TSRK methods (5.1.1), is defined as the residuum obtained by replacing
P(tn—1+06h) by y(tn—1 +6h), P(tn—1 +cjh) by y(tn—1+ cjh), P(tn-2 +c;h)
by y(tn—2 + ¢jh), Yn-1 by y(tn—1), and yn—2 by y(tn—2), where y(t) is the
solution to (2.1.1). This leads to

le(tn—1 +0h) = y(tn—1+6h) — 1(O)y(tn-1) — wo(O)y(tn-1 — h)

. (5.7.3)
-hy (%’(9)?/(%—1 + ¢ih) + x5 (0)y (tn-1 + (¢j — 1)h)),
j=1

n=23,...,N, 0 € (0,1]. We have the following theorem.

Theorem 5.7.1 (D’Ambrosio et al. [104]) Assume that the function f(y)
is sufficiently smooth. Then method (5.7.1) has uniform order p if the follow-
ing conditions are satisfied:

©1(0) +o(0) =1,

-1 k m Ck—l cj — 1)k—1 919 (5.7.4)
S0+ 3 (emwe+ S am) - 5,

Jj=1
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0 € (0,1}, k =1,2,...,p. Moreover, the local discretization error (5.7.3) of
method (5.7.1) of uniform order p takes the form
le(tn—1 + 6h) = RPT1CH(0)y PV (t,-1) + O(hP2), (5.7.5)
as h — 0, where the error function Cyp(6) is defined by
gp+1 (=pp

;=P
r+1)! (p+1) !“"0 Z( —p!_)Xj(g)>.(5.7.6)

Cpl8) =

Proof :  Expanding the expressions y(t,—1 + 6h), y(tn—1 — h), ¥ (tn1 + cih),
and y'(tn—1 + (¢; — 1)h) into a Taylor series around the point ¢,_; and col-
lecting terms with the same powers of h, we obtain

le(tn—1 +6h) = (1—¢1(6) = o(6))y(tn_1)
p+1

gk (_1)k
> (T;T TR

k=1

p+1l s _
(c; = 1)F!
> ( 45(0) + ) ) )

1=

900(9)) CTIN

+ O(hP+2),

Equating to zero the terms of order k, k = 0,1,...,p, we obtain order con-
ditions (5.7.4). Comparing the terms of order p + 1, we obtain (5.7.5) with
error function Cp(#) defined by (5.7.6). (]

The condition
©1(0) +wo() =1, 0€10,1],

is the generalization of preconsistency conditions for TSRK methods (5.7.2).
It follows from the Definition 2.2.1 that this condition takes the form

Uq.O =€, VCIO = o,

where _
¥ 9wl
U=[@auB]| V=10 0 |,
0 0 O
and
w=[1 1|0 - oreRs+2

(compare Section 2.2). It is easy to verify that these conditions imply that

Uj+u;=1, j=1,2,...,8, D+9=1.
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We are interested primarily in methods corresponding to p = s + r, where
r=1,2,...,8+1, and the next theorem examines the solvability of the linear
systems of equations (5.7.4) corresponding to these orders.

Theorem 5.7.2 (D’Ambrosio et al. [104]) Assume that ¢; # c; and that
c; #¢; — 1 fori# j. Then the system of continuous order conditions (5.7.4)
corresponding to p = s +r, wherer = 1,2,...,s, has a unique solution p1(0),
vi(6), 7 =1,2,....m, and x;(8), j =s—r+1,s—r+2,...,8, for any
given polynomials ¢o(6) and x;(0), j =1,2,...,s —r. System (5.7.4) corre-
sponding to p = 2s + 1 has a unique solution ¢o(8), p1(8), ¥;(0), and x;(8),
ji=1,2,...,s, which are polynomials of degree < 2s+ 1.

Proof: Observe that the polynomial ¢4 (6) is determined uniquely from the
first equation of (7.5.4). The proof of the first part of the theorem for p = s+,
r=1,2,...,s, follows from the fact that the matrices of the systems (5.7.4)
corresponding to x;(8), j = s —r+ 1,8 —r+2,...,s, are Vandermonde
matrices. The second part of the theorem, corresponding to p = 2s + 1, is
technically more complicated and the details are given by D’ Ambrosio [103]. m

The next result shows that the polynomials ¢1(8), wo(0), ¥;(0), and x;(6),
j=1,2,...,s, corresponding to the methods of order p = 25+ 1 satisfy some
interpolation and collocation conditions.

Theorem 5.7.3 (D’Ambrosio et al. [104]) Assume that ©1(0), ¢o(f),
¥;(8), and x;(6), j = 1,2,...,s, satisfy (5.7.4) for p = 2s + 1. Then these
polynomials satisfy the interpolation conditions

©1(0) =0, wo(0)=1, ¥;(0)=0, x;(0)=0,

(5.7.7)
e1(=1) =0, wo(-1)=1, ¥;(-1)=0, x;(-1)=0,
and the collocation conditions
p1(ei) =0, eolei) =0, viled) =65, Xj(e) =0, (5.7.8)
@1(ci—=1) =0, wplci=1)=0, ¥jle; =1)=0, xjlei —1) =0y,

Proof: Conditions (5.7.7) follow immediately by substituting 8 = 0 and
6 = —1 into (5.7.4) corresponding to p = 25 + 1. To show (5.7.8) we differen-
tiate (5.7.4) to get

#1(6) + @p(0) = 0,
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k=1,2,...,2s+ 1. Substituting § =¢;andd =¢; —1,2=1,2,...,s, into
(5.7.9) we obtain (5.7.8). This completes the proof. [

It follows from (5.7.7) and (5.7.8) that the polynomial P(¢) defined by
(5.7.1) satisfies the interpolation conditions

P(tn-1) =yYn—1, Ptn-2) =yn-2
and the collocation conditions
P'(tn_1+cih) = f(P(tn—1 4+ cih)),  P'(tn-2 + cih) = f(P(tn-2 + cih)),

i =1,2,...,s. It also follows from (5.7.7) that the error constant of the
methods described in Theorem 5.7.3 satisfy the conditions Cp{(—1) = 0 and
Cp(0) = 0.

For methods of order p = s+ r, r = 1,2,...,s, we choose ¢g(f) and
x;(8),j=1,2,...,8 —r, as polynomials of degree < s+ r which satisfy the
interpolation conditions

o(0) =0, x;(0)=0, j=1,2,...,s—r (5.7.10)
and the collocation conditions
0oe:) =0, Xj(e:)=0, j=12...s-r (5.7.11)
This leads to the polynomials ¢o(6) and x;(6), j = 1,2,...,s —r, of the form
0o(8) =0(qo + @10 + -+ + gorr—16°T77Y),
x;(0) =0(rjo+rj10+ + 150,107,
j=12,...,8s —r, where
do +2qici + -+ (s+ T)qs+r—lcf+r_l =0,

-1
rio+ 2rjici 4 o+ (8 + )Ty srr—1el T =0,

ij=12...,8s—7r,¢=1,2,...,5. The methods obtained in this way satisfy
some of the interpolation and collocation conditions (5.7.7) and (5.7.8). We
have the following theorem.

Theorem 5.7.4 (D’Ambrosio et al. [104]) Assume that o(6) and x;(6),
J=12,...,8—r, satisfy (5.7.10) and (5.7.11). Then the solution ¢1(6),
¥i(6), j=1,2,....8, and x;(0), j =s—r+1,8s—r+2,...,5 satisfy the
interpolation conditions

@1(0)=1, %(0):0» j=1,2,---,s.
x;000=0, j=s—-r+1l,s—7r+2,...,s,

(5.7.12)
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and the collocation conditions
(pl(ci)z(), wl'(ci)zdi‘, j=1,2,"-asa
! 7 ? (5.7.13)
Xjlci) =0, j=s—r+l,s—1+2,...,5s,

1=1,2,...,s.

Proof: Substituting # = 0 into (5.7.4) corresponding to p = s+ 1, r =
1,2,...,s, and taking into account that the solution to (5.7.4) is unique, con-
dition (5.7.12) follows. Differentiating (5.7.4) with respect to # and substitut-
ing s =¢;,1=1,2,...,s, into the resulting relations for k = 1,2,...,s + 1,
we obtain (5.7.13). This completes the proof. ]

The formulas obtained by imposing conditions (5.7.10) and (5.7.11) will
then be called almost two-step collocation methods. It follows from Theo-
rem 5.7.4 that the polynomial P(t) defined by method (5.7.1) of order p =
s+r,r=1,2,...,s, satisfies the interpolation condition

P(tn-1) = yn-1
and the collocation conditions at the points ¢;; that is,
P'(tn_y + cih) = f(P(tn—1 + cih)), 1=1,2,...,s.
However, in general, these methods do not satisfy the interpolation condition

P(tn—2) = Yn-2

and the collocation conditions

P’(tn_2-+-cih)=f(P(tn_2—+-cih)), 1=1,2,...,8

5.8 LINEAR STABILITY ANALYSIS OF TWO-STEP COLLOCATION
METHODS

Applying method (5.7.1) to the standard test equation
y =&y, t=0,

and computing the resulting expression at the points 8 = ¢;, 1 = 1,2,...,s,
and 6 = 1, we obtain

P(tn_1 + cih) = v1(ci)Yn—1 + wo(Ci)yYn—2

+ k¢ XS: (wi(ci)P(tn—l +c¢jh) + x;j(ci) P(tn-2 + cjh)),

(5.8.1)
Yn = ©1(1)Yn-1 + ©0(1)Yn-2

e (€5(DP(tnos + ) + x5 (1)P(tna + ¢;h)),
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i=1,2,...,5,n=2,3,...,N. Introducing the notation z = A,

P(t+c1h) ei(er) woler)
P(t+ch) = , pi(e) = : , polc) = : :
P(t + csh) ©1(cs) wo(cs)
A= [ ¥;(ci) E,Fl’ B= [ x5 (cq) :|:,J'=1,
and

T R R e A SO o

(compare Section 5.7 for the definition of A, B, v, and w), relation (5.8.1)
can be written in the vector form

P(t‘n—l + Ch) = ‘Pl(c)yn~l + @O(C)yn—Z

+ 2(AP(tn-1+ch) + BP(tn_, + ch)),
(5.8.2)
Yn = ©1(1)yn-1 + wo(L)yn—2

+z (VIP(tn_1 + ch) + W P(t,_s + ch)),
n=2,3,...,N. Hence,

P(tn_1 +ch)= (I- zA)‘1 (cpl(c)yn—l +©0o(C)Yn—2 + zZBP(t,_o + ch))7

(5.8.3)
and substituting this relation into the equation for y, leads to
yn = (p1(1) +2vT(I - 2A) " 01(c))yns
+ (po(1) + 2vT(I— 2A)~1p0(c)) Y2 (5.8.4)
+ 2(WwT + 2vT (I - 2A)"'B) P(t,_5 + ch).
Relations (5.8.3) and (5.8.4) are equivalent to
Yn Mui(z) Mip(z) Ms(z) Yn—1
Yn-1 = 1 0 0 Yn-2 )
Pty +ch) Qi) Qeolc) QB | | Plta_y+ch)
(5.8.5)

Mii(z) = ¢1(1) + 2vT Q1 (c),
Mi2(2) = ¢o(1) + 2vT'Qepo(c),

Mi3(z) = 2(wT + 2vTQB),
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and
Q=(T-2A)"t eC,

As in Section 2.6, the matrix appearing in (5.8.5) is called the stability matrix
of method (5.7.1) and is denoted by M(z). We have M(z) € C(s+2)x(s+2),
We also define the stability function of method (5.7.1) as

p(n, z) = det (nI — M(2)). (5.8.6)

We are interested mainly in methods that are A-stable. This means that all
the roots wy, wy, ..., wsy2 of the polynomial p(n, z) defined by (5.8.6) are in
the unit circle for all z € C such that Re(z) < 0. By the maximum principle
this will be the case if the denominator of p(n, z) does not have poles in the
negative half-plane C_ and if the roots of p(n,iy) are in the unit circle for
all y € R. This last condition will be investigated using the Schur criterion
(Theorem 2.8.1).

We are also interested in two-step collocation methods (5.7.1) that are
L-stable, i.e., methods that are A-stable and all the roots of the stability
function p(n, z) given by (5.8.6) are equal to zero as z — —oo. Examples of
such methods are given in Sections 5.9 and 5.10.

59 TWO-STEP COLLOCATION METHODS WITH ONE STAGE

In this section we analyze the two-step collocation methods (5.7.1) with s = 1.
Consider first methods (5.7.1) of order p = 2s+ 1 = 3. Solving the order con-
ditions (5.7.4) corresponding to s = 1 and p = 3, we obtain a one-parameter
family of two-step methods depending on the abscissa c. The coefficients of
these methods are

(14+6)(6c% — 1+ (1 —6¢c)8 + 262)

p10) = 1 - 6¢2 ’
oo(8) = 6(6c(c— 1) T'i(é; 2c)6 + 262) .’
5(6) = 6(1+6)(1 -~ 41c_+63cc22 + (1 —2¢c)8) ’
(6) = 6(1+ 9)(2c1+_322c2— (14 2c)6) 7

and the error constant C3(1) is given by

1—3c—3c%+12¢® — 6c*
Call) = 6(1 — 6c2)

¢ # £16/6. To investigate the stability properties of (5.7.1), it is more con-
venient to work with the polynomial obtained by multiplying the stability



TWO-STEP COLLOCATION METHODS WITH ONE STAGE 289

function (5.8.6) by its denominator. The resulting polynomial, which is de-
noted by the same symbol p(, 2), for this family of methods takes the form

p(n,z) = p3(2)n° + p2(2)n* + p1(2)n + po(2), (5.9.1)
where the polynomials p;(z), i = 0,1, 2, 3, assume the form
po(z) = —(c — 1)2c?z,
p1(2) =5 — 12+ 6¢2 + (2 — 5c + 6% — 6% + 3c*)z2,
p2(2) = —4+12c — 12¢? + (4 — 8¢ — 3¢* + 63 — 3c%)z,

and
pa(z) = =1+ 6% + (1 — 2¢ — 2¢° + c®)ez.

Next we investigate if there exist A-stable methods in this class of two-step
formulas of order p = 3. Let

p(n,y) := p(n, iy),

where p(n, z) is the stability polynomial (5.9.1). Next we compute the con-
stant polynomial with respect to 1, which we denote by po(y), using the
recursive procedure described in Section 2.8, leading to the Schur theorem
(Theorem 2.8.1). This polynomial takes the form

Po(y) = alo)y* + Ble)y® +~v(c)y?,

where af(c), 3(c), and v(c) are polynomials with respect to the abscissa c. It
follows from the Schur criterion that the condition

Doly) >0 forall y>0

is the necessary condition for A-stability. However, it can be verified that the
polynomials a(c), 8(c), and v(c) are not simultaneously greater or equal to
zero for any ¢. This proves that A-stable methods do not exist in this class of
methods of order p = 3.

Consider next methods (5.7.1) of order p = 2s = 2. We choose the poly-
nomial ¢p(d) of degree less than or equal to 2 that satisfies the interpolation
condition (5.7.10) and collocation condition (5.7.11):

¢o(0) =0 and p(c) = 0.

This leads to a polynomial ¢o(6) of the form

wo(f) = QO9<1 - %0) (5.9.2)
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where gqq is a real parameter. Solving the order conditions (5.7.4) correspond-
ing to s = 1 and p = 2, where o(8) is given by (5.9.2), we obtain a two-
parameter family of two-step methods depending on gg and abscissa ¢. The
coefficients of these formulas are given by

1 490 42
w1(6) =1 q09+209,

g0 1 g )\,
)0 = [1—ct+ L _goc)o+ (B _D g
Y(6) ( c+ 5 QOC> +<2+ 5 4c>

g0 1 g0 | )2
= — —_ —_ — — 9 R
x(8) <c+ 5 +cqo>9 <2+ 5 +4C> s
and the error constant Cy(1) takes the form

_ 10c— 24c% +12¢3 4 qo — 2qoc — 6goc? + 12goc®

C2(1) 24c ’

¢ # 0. The stability polynomial of this family of methods is

p(n,2) = n(p2(2)n* + pr(2)n+ po(2)), (5.9.3)
where polynomials po(2), p1(2), and p2(z) are now given by
po(2) = 2q0 — 4goc + (2¢ — 4c? + 26 + qo — 2g0c — goc® + 2g0c%)z,

p1(2) = —4c— 2q0 + 4goc — (6¢ — 8c? + 4c® — go + 2goc — 2goc® + dgoc®)z,

and
p2(2) = 4dc— (4 — 2c + go — 2g0C)z.

We have performed a computer search based on the Schur criterion using
the polynomial p(n, z) given by (5.9.3) with po(z), p1(z), and p2(z) defined
above. This search was performed in the parameter space (go,c) and the
results are presented in Fig. 5.9.1 for —3 < qp < 1 and 0 < ¢ < 2, where the
shaded region corresponds to the A-stable formulas. Choosing, for example,

go=-land c= %, we obtain the A-stable two-step method with coefficients
given by
3+ 36 — 202 260 — 3)0
oi0) = 220 g = B2
(26 + 3)6 (20 — 3)6 (5.9-4)
) =T xO) =

For this method the stability polynomial p(n, z) is given by

p(n,z) = n<(3 - %Z)nz - (4+ -Z-Z)Tl+ (1 + %z))

and the error constant is Ca(1) = — L.
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1.25-

0.75

0.25

Figure 5.9.1 Region of A-stability in the (qo,c)-plane for the two-step methods
(5.71) withm=1and p=2

We look next for L-stable methods, that is, methods for which all roots
of the polynomial p(n, z)/p2(z)), where p(n, z) is given by (5.9.3), are equal
to zero as z — —oo. Such methods correspond to solutions of the nonlinear
system of equations

i Po(z):()’ i p1(2)

Z2=>—0 pz(z) Z—>—-0C pz(z)

=0.

It can be verified that for methods with stability polynomial (5.9.3), this
system takes the form

(c=1)(2c — 2¢® + go — goc — 2goc?) = 0,
6c — 8¢c% + 4c® — qo + 2goc — 2goc? + 4goc® = 0,

and has solutions
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The coeflicients of the method corresponding to the first set of the parameters
above are

3+ 20— 62 s—2)6
or0)= 2220 = E22
015 (5.9.5)
+
1/’(9) = Ta X(e) =0,
and the error constant is Co(1) = —%. The coefficients of the method corre-
sponding to the second set of the parameters gy and ¢ are
9+ 46 — 62 6(0 — 4
or0)= 22020 e =202,
(0 —1)0 2(0 — 4)0 (5:96)
f) = ) = 2N 77
vo) = T2 e =25
and the error constant is, as before, C2(1) = —3. It can be verified that for

# = 1, methods (5.9.5) and (5.9.6) both reduce to the backward differentiation
method of order p = 2 (compare [52, 194]).

5.10 TWO-STEP COLLOCATION METHODS WITH TWO STAGES

We consider first methods (5.7.1) of order p = 23+ 1 = 5. Solving order
conditions (5.7.4) corresponding to s = 2 and p = 5, we obtain a family of
methods depending on the components of the abscissa vector ¢, ¢; and c;. We
have plotted in Fig. 5.10.1 the contour plots of error constant Cs(1) of these
formulas for 0 < ¢; £ 1 and 0 € ¢3 < 1. Choosing, for example, ¢; = % and
ca = 1, we obtain a two-step formula of uniform order p = 5 with coefficients
given by

(1+6)(29 — 296 + 4462 — 5403 + 246*)

901(0) = 20 )
15 — 106 — 3062 + 246°)6?
oof6) = - W+ 200
0%(1 +6)(19 + 76 — 166>
wi() = 2L 3
29
62(1 + 0)(7 — 26 — 1262)
W (0) = — ’
5200 -
62(1+ 0)(89 — 1870 + 9662)
Xl(e) = - )
87
(1 + 6)(29 — 316 — 1662 + 206°
) - ALz 00 )
The error constant of this method is Cs(1) = g2

The stability polynomial of this two-parameter family of methods takes the
form

p(n.2) = pa(z2)n* + pa(2)n® + p2(2)n* + p1(2)n + po(2),
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.001 |

Figure 5.10.1  Contour plots of error constant C5(1) for0 < e¢; <land0<e2 <1

where p;(2),1=0,1,2, 3,4 are quadratic polynomials with respect to z. These
polynomials also depend on ¢; and ¢;. We have performed an extensive com-
puter search based on the Schur criterion in the two-dimensional space (c1, ¢2)
looking for methods with good stability properties, but so far we have not been
able to find methods that are A-stable. We suspect that such methods do not
exist in this class of formulas with s = 2 and p = 5.

We consider next methods of order p = 2s = 4. We choose the polyno-

mial ¢g(#), which satisfies the interpolation condition (5.7.10) and collocation
conditions (5.7.11);

0o(0) =0 and ¢p(c;) =0, i=1,2.
This leads to a polynomial of the form
©o(0) = b(qo + @18 + q26° + q36°),
where g2 and g3 are given by

_ 790 +6q1 : _ 390 +2q

q2 = 3 s 3 D)
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Choosing, for example, ¢; = %, co =1, gg = ¢ = —1, we obtain the method
with coefficients given by

27+ 270+ 276% — 796% + 396

©1(0) 57
s(27 + 276 — 7962 + 3963
20(27 + 186 — 9782 + 5763
w(o) = -2 )
(5.10.1)
(837 + 5946 — 288162 + 18576%)
v2(0) = 810 :
() = _26(783 + 10266 — 26696% + 129363)
X1 - 405 3
6(783 + 7560 — 224962 + 111363
val6) = ( )

162

The error constant of this method is Cy(1) = 2.
The stability polynomial of the four-parameter family of methods of order

p = 4 takes the form

p(n,2) = 1(ps(2)n® + p2(2)n* + p1(2)n + po(2)),

where p;(z), 1 = 0,1, 2,3 are quadratic polynomials with respect to z. These
polynomials also depend on the parameters qg, q1, c1, and ¢;. We have per-
formed an extensive computer search based on the Schur criterion in the four-
dimensional space (qo, g1, c1, ¢z}, but so far we were not able to find methods
that are A-stable. We suspect again that such methods do not exist in this
class of formulas with s =2 and p = 4.

Finally, consider methods of order p = 2s — 1 = 3. We choose the polyno-
mials ¢ (8) and x1(6) of degree less than or equal to 3 that satisfy conditions
(5.7.10) and (5.7.11):

wo(0) =0, x1(0)=0, ¢y(c;)=0, xi(e)=0, i=12
These polynomials take the form
wo(f) = 0(qo + @10 + q26%),  x1(0) = O(ro + r18 +r26?),

where

_ {a ) )
G =r=——F""": @2=r= .
2cico 3cien
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Figure 5.10.2 Region of A-stability in the {go, ro)-plane for the two-step methods
(56.7.1) with s =2 and p = 3

Solving order conditions (5.7.4) corresponding to s = 2 and p = 3, we obtain
a four parameter family of methods (5.7.1) depending on qq, 79, ¢1, and ca.
The stability polynomial of this family of methods is given by

p(n,2) = 1 (p2(2)n” + p1(2)n + po(2)),

where p;(2), ¢ = 0,1,2, are polynomials of degree less than or equal to 2
with respect to z. These polynomials also depend on qq, 7o, ¢1, and ¢;. We
have performed again an extensive computer search looking for methods that
are A-stable. We have found such methods only if both components of the
abscissa vector are outside the interval [0,1]. The results of this search for
c = % and c; = % are presented in Fig. 5.10.2 for —0.4 < g9 < 0.1 and
0 <7y <1, where the shaded region corresponds to A-stable methods. The

coefficients of the resulting methods with s =2 and p =3 and ¢ = [£, £]T are
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given by:
) = 135 — 135¢8 + 42qof? ~ 4qo6°®
e = 135 ’
_ qoB(135 — 420 + 46°)
63 241 1687 14
/ = [ = +22gy—3r |0 — — o — —r0 |6?
Y1 (0) <8 + 5L % To) <2+ =10 %0 15T0>
1 241 4 s
<6 *30% ET())Q ;
(5.10.2)
35 145 3 203 14
0) = =+ go—ro)0—|=+—=g0——10 )0
va(f) <8 T TO) <2 T 108% 45”))
1 29 4 s
- (a*rm%* mm)" :
roB(135 — 426 + 462)
) =
x:(0) 135 ’
135 + 181gg — 3670) (135 — 426 + 46°)6
al6) = ( % 0)( )6

1620

The error constant C3(1) is

4494825 + 6019723¢0 — 12291847y
- 77760 '

We have also found methods in this class that are L-stable. Such methods
correspond to solutions of the nonlinear system

Cs(1)

polz) oy 2B g
z——00 Pa(z) z——o00 Pa(2)
One such solution is
91225899 113887980
n L Z1229099 0.273364, oA —ooo (707 (.608405,
9o~ ~Treamog0 T U286 o™ eereseto o

the error constant is C3(1) ~ 25.6016. and the resulting method is A- and
L-stable.

5.11 TSRK METHODS WITH QUADRATIC STABILITY FUNCTIONS

In this section, which follows the presentation by Conte et al. [92], we ana-
lyze a special class of implicit TSRK methods (5.1.1) for which the stability
function has only two nonzero roots. In this analysis it will be convenient
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to use the representation of TSRK methods as GLMs, which was introduced
in Section 2.1. For easy reference, this representation, corresponding to the
problem (2.1.1) with m = 1, which is relevant in linear stability analysis, is
reproduced below:

vyl ] [ Ale-u u B hf(YIrly
T _ T
Un _| V|19 9w Yn-1 . (3111)
Yn—1 0 1 0 0 Yn—2
hRf(YiR)y || 1 0 0 0 || hfylr-1y |

We also define the coefficients matrices A, U, P, and V of the corresponding
GLM according to the representation

_A‘e—u u BW
___A.U [ vi|1=9 9 wh | (5.11.2)
P|V ol 1 o0 o

{I 0 o ]

The stability properties of (5.11.1) with respect to the linear test equation
y =&y, t >0, where £ € C, are determined by the stability function

p(n, z) = det (nI — M(z)), (5.11.3)

where M(z) is the stability matrix defined by M(z) = V + 2P(I — zA)™'U
(compare Section 2.6). Here A, U, P, and V are the coeflicient matrices of
the GLM defined by (5.11.2). The function p(n,z) defined by (5.11.3) is a
polynomial of degree s + 2 with respect to 7 whose coeflicients are rational
functions with respect to z. In this section we are only interested in methods
for which the coefficient matrix A has a one-point spectrum of the form

o(A)={\}, A>0. (5.11.4)

This feature would allow for efficient implementation of these methods, sim-
ilarly as in the case of SIRK methods considered by Burrage [27], Butcher
[39], and Burrage et al. [34] (see also [41, 52]).

To analyze the stability properties of such methods, it is more convenient
to work with the function p(n, z) defined by

p(n,z) = (1 - A2)°p(n, 2), (5.11.5)

since the coefficients of %, ¢ = 0,1, ..., s+ 2, are polynomials of degree s with
respect to z instead of rational functions, as is the case for (5.11.3). We are
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interested in TSRK methods (5.11.1) of order p = s and stage order ¢ = p,
for which the stability polynomial p(7, z) takes a simple form,

p(n,2) =1°((1 = A2)*n* — p1(2)n + po(z)), (5.11.6)

where p; () and pg(z) are polynomials of degree s with respect to z. Methods
for which this is the case are said to possess quadratic stability (QS). In what
follows we present a characterization of such methods which was inspired by
recent work of Butcher and Wright [79, 80, 81] and Wright [293, 294] on GLMs
with inherent Runge-Kutta stability. This work of Butcher and Wright is also
described in detail in Chapter 7.

We derive first the stage order and order conditions of TSRK methods
(5.11.1) using the order theory of GLMs presented in Section 2.4. The GLM
with coefficients given by (5.11.2) takes the form

s 8+2
M =03 ag O+ ugy T =12,
j=1 =1

L (5.11.7)

yin] = thljf(}/;[n]) + Zvijyjl'n_l]a i = 1725 8+ 2’
j=1 j=1

n=1,2,...,N, where Yi["] are defined as in (5.11.1) and y[™ and y!*~1 are
given by

Yn Yn—1
Y= geer |, U= Yn-2
hF (Yl hE (Y =11

It follows from Theorem 2.4.1 that GLM (5.11.7) has order p = s and stage
order ¢ = p if and only if the relations (2.4.5) and (2.4.6) are satisfied (with B
replaced by P), where we recall w(z) = Y%_, qx2* and qx = [gik, ..., grk]T
with r = s + 2. Expanding e and e* in (2.4.5) and (2.4.6) into power series
around 2z = 0 and comparing constant terms in the resulting expressions,
we obtain the preconsistency conditions Ugqg = e and Vqo = qo (i.e., the
conditions (2.2.1)). Comparing the terms of order z* for k = 1,2,...,s, in
the resulting expressions the stage order and order conditions (2.4.5) and
(2.4.6) can be written in the form (2.4.8) and (2.4.9) or, equivalently,

ck  Ack!
T o Ua=0 k=12.s (5.11.8)
and

k—1

k
Qik—1I Pc
E 2R Va = = S 5.11.9
s l' (k — 1)' qk 01 k 1727 yS ( )
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We determine now the vectors qx, k = 1,2,..., s, appearing in (5.11.8) and
(5.11.9). We have

Yn y(tﬂ)
y[n] — Yno1 — Y(tn — h) + O(hp+l),
hE(YM) hy'(tn + (c —e)h)

and expanding y(t» — h) and y'(t, + (c — e)h) into a Taylor series around the
point ¢,, we obtain

y(tn)
/ h? " Php (p)
g = | Y)Y () = Sy () e+ (FDP R ) Lo (Reeh),

I hy’(tn)e + h2¥y”(tn) 44 hp%y(m (tn) ]

Comparing this expression with (2.4.3) in Section 2.4 leads to the following
formulas for the vector qy:

0
1
(=¥
qo = 1 sy Qi = k! y k=1,2,...,8,
0 (c —e)k1
L (k=1 |

where 0 in qg stands for a zero vector of dimension s. The vector qg is
called the preconsistency vector. It can be verified, using the representation
(5.11.2), that the preconsistency conditions (2.2.1) are satisfied automatically
for TSRK method (5.11.1). The vector q; is called a consistency vector and
conditions corresponding to k = 1 in (5.11.8) and (5.11.9) are called consis-
tency and stage-consistency conditions. These conditions take the form

Pe+Vq =qo+q:, Ae+Uq; =c,

which corresponds to (2.2.2) and (2.2.3).

It is convenient to express the stage order and order conditions (5.11.8)
and (5.11.9) directly in terms of coefficients ¢, ¥, u, v, w, A, and B of the
original TSRK method (5.1.2). We have the following theorem.

Theorem 5.11.1 (Conte et al. {92]) Assume that the TSRK method (5.1.2)
or (5.11.1) has order p = s and stage order ¢ = p. Then the stage order and
order conditions take the form

ct (=1)F AcF71  B(c-e)*!
k! Ko (k=1 (k-1

=0, (5.11.10)
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k=1,2,...,s, and

- 1 (_1)1: VTck—l WT(C_e)k—l
1 _ _ _ 1111
™ R ¥ R A P A s L Y (5.11.11)
k=1,2,... 8, wherec” :=[c{,...,c]T

Proof:  To reformulate (5.11.8) and (5.11.9) in terms of the coefficients of
TSRK method (5.1.2), we use the representation of matrices A, U, P, and V
n (5.11.2). The stage order conditions (5.11.10) follow directly from (5.11.8).
To reformulate (5.11.9), observe that

— 1 -
k!
K S (-1
Zq_’f'—.l.z ;(k—l)'l'
=0
k
(c—e)
lz_:(k—-l—l)'l'
L =0
Since
1 u (_1)l _1 u k 1l_0
2 Goom El;(z)(‘)‘
and
it (c —e) 1 k-1 ck-1
; k—1-00 k—1)!;< I >(C—e)l=(k—1)!’

it follows that the last s + 1 components of the left-hand side of (5.11.9) are
automatically equal to zero, and comparing the first components of (5.11.9),
we obtain order conditions (5.11.11). This completes the proof. [ ]

The vectors Cr and constants C*k were introduced in Section 5.2 as equa-
tions (5.2.3) and (5.2.4). For easy reference they are reproduced in the for-
mulation of Theorem 5.11.1 in formulas (5.11.8) and (5.11.9).

Setting £ = 1 in (5.11.10) and (5.11.11), the stage-consistency and consis-
tency conditions take the form

(A+Ble—u=c, (vI+wle=1+9.

These relations were obtained in Section 2.2.

We now turn out attention to the main topic of this section: TSRK methods
with quadratic stability functions. To investigate such methods it is conve-
nient to introduce some equivalence relation between matrices of the same
dimensions. We say that the two matrices D and E are equivalent. which we
denote by D = E if they are equal except for the first two rows.
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This relation has several useful properties that will aid in the derivation of
TSRK methods with appropriate stability properties. It can be verified that
if F € Rv+2x(v+2) ig 3 matrix partitioned as

Fui | Fiz
F=|—|.
Fa ‘ Fao

where F; € R2X2, Fi € RZXV, Fo € Ru><2’ Fo € Ruxu’ and if Fo = 0,
then
D =E impliesthat FD =FE.

Moreover, for any matrix F we also have
D =E implies that DF = EF.

In general, it is a very complicated task to construct TSRK methods (5.11.1)
that possess QS, especially for methods with a large number of stages s, since
this requires the solution of large systems of polynomial equations of high
degree for the unknown coefficients of the methods. However, if we restrict
the class of methods, it is possible to find interrelations between the coefficient
matrices A, U, P, and V defined by (5.11.2), which ensure that this is the case
(i.e., that TSRK method (5.11.1) possesses QS). For GLMs with RK stability
such conditions were discovered recently by Butcher and Wright [80, 293] (see
also Theorem 7.2.4). They take a similar form for TSRK methods with QS.
This is formalized in the following definition.

Definition 5.11.2 TSRK method (5.11.1) with coefficients A, U, P, and
V defined by (5.11.2) has inherent quadratic stability (IQS) if there exists a
matriz X € RET2Dx(s+2) gych that

PA = XP (5.11.12)

and
PU =XV -VX. (5.11.13)

The significance of this definition follows from the following theorem.

Theorem 5.11.3 (Conte et al. [92]) Assume that TSRK method (5.11.1)
has IQS. Then its stability function p(w,z) defined by (5.11.3) assumes the
form

B(n, z) = n° (1* = Pr(2)n + Po(2)), (5.11.14)

where D1(z) and Do(2z) are rational functions with respect to z.

Proof: The proof of this theorem follows along the lines of the corresponding
result for GLMs with IRKS [80, 293] (compare also Theorem 7.2.4). IQS
relation (5.11.12) is equivalent to

PI-z2A)=(I-:X)P,
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and assuming that I — zA is nonsingular, it follows that
P=(1-2X)P(I-2A)"" (5.11.15)

To investigate characteristic polynomial of the stability matrix M(z) it is more
convenient to consider the matrix related to M(z) by similarity transforma-
tion. Using (5.11.13} and (5.11.15) and assuming that I — 2X is nonsingular,
we have

(I — 2X)M(2){I — 2X)~!
(I - 2X)(V + zP(I — 2A)~1U) (I — zX)~*
(V= 2XV + 2(I - 2X)P(I — zA)~1U)(T — 2X)~?
(V = 2XV + zPU)(I - 2X)~!
(V = 2XV + 2(XV = VX))(I — 2X)~?
(V= 2VX)(I - 2X)~1.

Hence,

I-22X)M(2)I-2X)"'=V. (5.11.16)
It follows from the structure of the matrix V and relation (5.11.16) that the
matrix (I — 2X)M(z)(I — 2X)~! can be partitioned as

(T - 2X)M(2)(I - 2X) ™" = Mis(2) | Mig(2)

, (5.11.17)
0 \ 0

where M11(z) € R?%2, Mj,(2) € R?*®, and O stands for a zero matrix of
dimension s x 2 and s X s, respectively. This relation implies that the charac-
teristic polynomial p(n, z) of the matrix (I — :X)M(z)(I — zX)~! and M(z)
assumes the form (5.11.14). This concludes the proof. |

To express IQS conditions (5.11.12) and (5.11.13) in terms of the coefficients
?, u, v, w, A, and B of TSRK method (5.11.1), we partition matrix X as

X1 ‘ X2
X=|— |, (5.11.18)
Xa i X2

where X3 € R2X2, X € RQXS, Xq € RSXQ, Xao € R***. We also partition
accordingly matrices P, U, and V:

Py Vi1 ‘ Vi
L U=[us|B], V= |——,
I oo

P=
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where P1; € R?*%, Uy; € R°*?, Vi; € R?*2 V1, € R?*® are given by

vT 1—-9 9 w7l
P, = 7U11={e—u u:|aVIL: , Vi =
0 1 0

I is the identity matrix of dimension s x s, and 0 in V stands for zero matrices
of dimension s x 2 and s X s, respectively. Then it is easy to verify that IQS
conditions (5.11.12) and (5.11.13) are equivalent to

A =X,Py1 + Xy, (51119)
and
U =X21 Vi, B=X21Vio. (5.11.20)
Set
Xg = [ a B } € R**2,
where a, 3 € R®. Since

X Py =avl, X Vy = { (1-9Na+8 da } . X9 Viz=aw’,
conditions (5.11.19) and (5.11.20) take the form

A=avl +X* (5.11.21)

and
[e—u u}=[(1—19)a+ﬁ da |, B=aw’,

where we have written X* instead of X32. The conditions above can be
simplified to
e=a+8, u=1vda B=aw’. (5.11.22)

Summing up the discussion above, TSRK method (5.11.1) has IQS if there
exist vectors @, 5 € R® and a matrix X* € R*** such that conditions (5.11.21)
and (5.11.22) are satisfied. The construction of TSRK methods that satisfy
these conditions is described in the next section.

5.12 CONSTRUCTION OF TSRK METHODS WITH INHERENT
QUADRATIC STABILITY

In this section we describe an algorithm, proposed by Conte et al. [92], for the
construction of TSRK methods with IQS and such that the coefficient matrix
A has a one-point spectrum (5.11.4). In this algorithm we first compute the
coefficient matrix B and the vector w from stage order and order conditions
(5.11.10} and (5.11.11). Introducing the notation

s - s
C= S— e S_ C: E c
¢ 2! s! ]7 {e 1!
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E:[e e <C<S‘_e)ls);1],

conditions (5.11.10) and (5.11.11) are equivalent to
BE =C -ud” - AC

and N
wlE =gl —9dT —vTC.

Hence, assuming that E is nonsingular, we obtain
B=(C—ud’ —AC)E™! (5.12.1)

and N
wl = (gl —9d? ~vITC)E~". (5.12.2)

To obtain TSRK methods with 1QS, we compute the matrix X* from the
condition (5.11.21):
X*=A—-avl,

and the vectors 8 and u from the first two conditions of (5.11.22):
G=e—-a, u=7da.

Then we enforce the condition B = aw? in (5.11.22) using the representations
of B and w given by (5.12.1) and (5.12.2). This leads to

C—ud? — AC = og” — ad” - avIC
and using the condition u = Yo and assuming that Cis nonsingular, we
obtain

A=(C-a@l -viC)C™. (5.12.3)

Computing matrix A from (5.12.3) and then matrix B from (5.12.1), where
u = da, and vector w from (5.12.2), we obtain a family of TSRK methods
(5.11.1) of order p = s and stage order ¢ = p, which depends on the param-
eters 9, a, ¢, and v. By construction, these methods satisfy IQS conditions
(5.11.21) and (5.11.22). Next we impose the condition (5.11.4): that matrix
A has a one-point spectrum o(A) = {A}, where A will be chosen in such
a way that the resulting method is A- and L-stable. The condition that A
has a one-point spectrum (5.11.4) is equivalent to the requirement that the
characteristic polynomial of A assumes the simple form

det(nI — A) = (n—X)°.
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Since

S
det(nl — A) = bin*7¥,
k=0
where by = 1, by, = bp(d,a,¢,v), k=1,2,...,s, and
2. /s
=0 =3 (51t
k=0 \ K
this is equivalent to the system of equations

b (9, ¢, v) = (Z)(—l)k)\k, k=1,2,...,s. (5.12.4)

Since it follows from (5.12.3) that
A=(C-agh)C ! +avT,

system (5.12.4) is linear with respect to v, and its solution leads to methods
for which stability polynomial p(n, z) takes the form (5.11.6):

p(nz)=n ((1 - Az2)°n" = p1(2)n +po(2))-
The polynomials p; (2} and po(2) appearing in p(7n, z) take the form
p1(z) =pro+pnz+--- +p1,s—125_1 + p1s2°,
po(2) = poo + porz + -+ + po,s—12° "1 + pos2®.
We have
p(n,0) = det(nI = V) = °(n = 1)(n + ) = n°(n* = p1(0)n + po(0))

and it follows that

p1(0) =pio=1-19, po(0) = poo = 7. (5.12.5)

For a TSRK method of order p = s, the stability polynomial p(n, z) for n = e*
satisfies the condition

ple*, z) = O(z°T!), z—0. (5.12.6)

Expanding (5.12.6) into a power series around z = 0 it follows from (5.12.5)
that the constant term vanishes, and comparing to zero terms of order z*,
k=1,2,...,s, we obtain a system of s linear equations for the 2s coefficients
D1, Pojs § = 1,2,...,s, of the polynomials p;(z) and po(z). This system has a
family of solutions depending on A, ¥, and s additional parameters which may
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be chosen from p;; and po;. These free parameters will be chosen in such a way
that the resulting stability polynomials p(n, z) are A-stable and, if possible,
also L-stable. Assuming A-stability, the latter requirement is equivalent to

: p1(2) : po(2)
lim ———— =0, lim ——— =0,
Zl’n;o (1 — /\Z)‘s zionolo (1 — /\z)s ’
which leads to the system of equations
P1s =0, pos=0. (5127)

To formulate the system of equations consisting of (5.12.7) and additional re-
strictions on the parameters p1; and pg;, we compute the stability polynomial
p(n, z) of TSRK method (5.11.1) from the relation

B(n, 2) = n° det (11 — My, (2)), (5.12.8)

where T is the identity matrix of dimension 2 and ﬁll(z) € R?*? is the
matrix appearing in (5.11.17). Since IQS conditions (5.11.21) and (5.11.22)
do not depend on the blocks X;; and X3 of the matrix X in (5.11.8), we can
assume without loss of generality that X,; = 0 and X;; = 0. Partitioning
the stability matrix M(z) as

My (2) | Mia(z)
M(z) = :
le(z) ’ Mzz(z)

where My;(z) € R¥*2, M2(2) € R?*®, M3, (2) € R**2, and Ma2(z) € R®%®,
it follows from (5.11.17) that

I \ 0 M (2) ‘ Miz(2)

—ZX21 ‘ I — ZX22 le(z) l Mzz(z)

My(2) | Mia(z) 1 | o

o | o —2Xn | I-2Xa
Hence,
M1 (2) = M (2) — 2Mi2(2)Xa1, Mia(z) = Miz(2)(I - 2X22),

which, taking into account that X3 = [o §] and X3; = X*, leads to the
following formula for the matrix M;; (z):

My, (2) = My (2) + eMyp(2) I = 2X*)" [ o 3 ]. (5.12.9)



EXAMPLES OF HIGHLY STABLE QUADRATIC POLYNOMIALS AND TSRK METHODS 307

System (5.12.7) and additional restrictions on parameters p;; and po; can
be satisfied for specific values of the parameter vector . This process is
illustrated in Section 5.13 for methods of order p = s and stage order ¢ = p
for s =1, 2, 3, and 4.

The construction of highly stable TSRK methods (5.11.1) with IQS prop-
erties and coeflicient matrix A with a one-point spectrum o(A) = {A} can be
summarized in the following algorithm:

1. Choose abscissa vector ¢ with distinct components and such that matrix
E defined at the beginning of this section is nonsingular.

2. Choose parameters ¢ and A > 0 and free parameters among p1; and pg;
so that the stability polynomial p(n, z) is A-stable and, if possible, also
L-stable.

3. Compute coeflicient matrix A from formula (5.12.3). This matrix de-
pends on vectors « and v.

4. Compute vectors @ and u from the first two conditions of (5.11.22):
8=e—«aand u="da.

5. Compute coeflicient matrix B from (5.12.1) and vector w from (5.12.2).
They depend on « and v.

6. Solve system (5.12.4) with respect to v. This leads to a family of meth-
ods with IQS for which matrix A has a one-point spectrum o{A) = {A}.

7. Compute matrix Mll(z) from relation (5.12.9) and stability polynomial
p{n, z) from (5.12.8) and formulate a system consisting of (5.12.7) and
additional restrictions on p;; and po; consistent with the choice made
in point 2.

8. Solve the system obtained in point 7 with respect to parameter vector a.
Then the stability polynomial of the resulting TSRK method (5.11.1)
corresponds to polynomial p(n, z) in point 2.

5.13 EXAMPLES OF HIGHLY STABLE QUADRATIC POLYNOMIALS
AND TSRK METHODS

In this section we apply the algorithm described in Section 5.12 to derive
quadratic polynomials that are A- and L-stable and the corresponding TSRK
methods with IQS properties for s =1, 2, 3, and 4.

For s = 1, the stability polynomial (5.11.6) takes the form

p(n,2) = n((1 — Az)n* — p1(2)n + po(2)),

with
p1(z) =1 =9+ puz, po(z) =—0+ poz.
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The solution of the equation corresponding to (5.12.6) with s =1 is
p11=1-A—po + 9.

Assuming that po1 = 0, it can be verified using the Schur criterion [194, 253]
in Theorem 2.8.1 that p(n, z) is A-stable if and only if

A+92>1, 2A—-9>1, and A<2.

Moreover, p1; = 0 leads to % = A —1, and the resulting polynomial is L-stable
if and only if 2 < A < 2. This is illustrated in Fig. 5.13.1, where the range
of parameters (9, A) for which p(n, z) is A-stable corresponds to the shaded
region and the range of (4, A) for which p(n, z) is L-stable is plotted by a thick
line.

25 T T T T

2r 4
151 7

~<

1 -
05 4

¢ -1 -0.5 0 0.5 1

4

Figure 5.13.1 Regions of A- and L-stability in the (3, A)-plane for p(n, z) with
p=s=1
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The coefficients of the TSRK method corresponding to A = 1, ¢ = 0, and
abscissa ¢ are given by

u|A|B of 1 je-1

ﬁ‘v’w 0{2—0‘0—1
The stability polynomial p(n, z) of this family of methods is

p(n,z) =n((1 - 2)n—1)

for any c. In particular, for ¢ = 1 this method is equivalent to the backward
Euler method.
For s = 2 the stability polynomial (5.11.6) takes the form

p(n,2) = n*((1 = A2)*n* = p1(2)n + po(2)),
with
pi(z) =1—9+prz+paz®, po(z) = =0 + po1z + poz2?.
The system of equations corresponding to (5.12.6) with s = 2 takes the form
pu—por =1—-2X+9, 2p11 —2poz +2p12 =3 —8A+2X% + 0,

and assuming that pge = 0 and p;2 = 0 for L-stability, the unique solution to
this system is given by
3—8A+2)°+9 1—4X+2X2 -9
P = s Pol = .
2 2
The range of parameters (¢, A) for which the p(n, z) is A-stable, and since
p12 = 0 and po2 = 0, also L-stable, is plotted in Fig. 5.13.2 by the shaded
region.
The coefficients of the TSRK method corresponding to A = g, ¥ =0, and
abscissa vector ¢ = [0, 1]7 are given by

ol _z|_2 _2
ul A ‘ B 32 32 32 32
_ ol 5 |_un _wu
. o 32 32 32 32

9 ‘ v ‘ w
ol4e 5 |_u _wu
32 32 32 32

The stability polynomial p(n, z) of this method is

p@bz)==ﬂ2((1—‘gz>2ﬂ2‘-(1—-%%z>ﬂ—-{%z>.

For s = 3, stability polynomial (5.11.6) takes the form

p(n.z) = 0°((1 — X2)%n? — p1(2)n + po(2)),
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251

Figure 5.13.2  Regions of A- and L-stability in the (&, A)-plane for p(n, z) with
p=s=2

with

p1(2) =1 =9 +priz+p122® +p13z®, po(2) = =9+ po1z + po2z® + po3z°.

The system of equations corresponding to (5.12.6) with s = 3 takes the form
p11—por =1=3\+3, 2p11 —2po2 +2p12 =3 — 120 4+ 672 + I,

3p11 + 6p12 + 6p13 — 6po3 = 7 — 36X + 362 — 6)3 + 0,

and assuming that p;3 = 0, pos = 0 for L-stability, and in addition that
po2 = 0, the unique solution to this system is given by

2(1-9X2 +3X\3 + 9) 5 — 36\ + 5422 — 1203 — ¢
pPu1 = y P12 = )
3 6
1-9A+1802 - 6X3+9
3 .

Po1 =
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A- and L-stability
0.8r J

06 b

02r 4

Figure 5.13.3  Regions of A- and L-stability in the (&, A)-plane for p(n, z) with
p=s=23

The range of parameters (9, A) for which the p(n,z) is A-stable, and since
p13 = 0 and poz = 0, also L-stable is shown by the shaded region in Fig. 5.13.3.

The coefficients (u, A, B, 9, vT, wT) of the method corresponding to A = 2,
¥ =0, and abscissa vector ¢ = [0, 3, 1|7 are given by

0 3955778 _ 573724 253229 1371718  _ 1349029 __ 598537
915873 492365 1575340 | 2008359 610487 334774
0 4717083  _ 3938351 307583 1996151  _ 3899713  _ 4599017
411104 1455396 814540 1120476 676582 986185
0 6683188  _ 3272705 472108 2289675  _ 2640065 _ 4106281
522061 1193527 741259 1145977 408409 785118
0 6683188  _ 3272705 472108 2289675  _ 2640065 _ 4106281
522061 1193527 741259 1145977 408409 785118

The stability polynomial p(n, z) of this method is
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A~ and L-stability
0.7

06 4

0.4F
A- and L-stability
0.3F

02+ 1

01 4

-

-1 =-0.5 0 0.5

Figure 5.13.4  Regions of A- and L-stability in the (¥, A)-plane for p(n, z) with
p=s=4

Finally, consider the case s = 4. The stability polynomial (5.11.6) now
takes the form

p(n.2) = 7*((1 = Az)*n® = p1(2)n + po(2)),
with
p1(z) =1 =9+ pr1z + p122? + p13z® + praz?,

po(z) = =9+ po1z + poaz® + pasz® + posz*.

The system of equations corresponding to (5.12.6) with s = 4 takes the form
pr1—Por =1—4XA+19, 2pi; +2p12 — 2pog = 3 — 16X + 12)% + 9,
3p11 + 6p12 + 6p13 ~ 6pos = 7 — 48X + 7222 — 2423 + 9,

4p11+ 12p12 + 24p13 + 24p14 — 24pos = 15 — 1281 + 28822 — 192X3 + 242* + 9,



EXAMPLES OF HIGHLY STABLE QUADRATIC POLYNOMIALS AND TSRK METHODS 313

and assuming that p14 = 0, pos = 0 for L-stability, and in addition that
p13 = 0 and pp3 = 0, the unique solution to this system is given by

) 1 — 320+ 14402 — 14403 + 24)\% — ¢
11 = P

2
17 — 192X\ + 57622 — 48023 + 720% — ¢
P12 = P
12
3 — 40X + 14402 — 14403 + 240 + ¢
Po1 = )
2
7 — 06X + 36022 — 38473 + 720% + 09
Doz = 12 .

The range of parameters (3, ) for which the p(n, z) is A-stable and, since
P14 = 0 and pos = 0, also L-stable is shown by the shaded region in Fig. 5.13.4.
The regions for s = 2, 3, and 4 were obtained by computer searches in the
parameter space (9, A) using the Schur criterion [194, 253].

The coefficients of the method corresponding to A = %, ¥ = 0, and abscissa

vector ¢ = [0, 1, %,1]7 are given by

[ 1082275  _ 47158 __ 20658 16548 1
789096 1102905 230377 733283
2053468 173881  _ 337517 86197
A= 392523 1660851 836884 880374
13765224 119918  _ 387828 214966 |
1684843 620675 932779 1621163
8694859 68987  _ 198815 90358
L 954168 727614 935168 331129
73571 316790 383309 _ 1102057 ]
118565 450193 370547 1459404
_ 324116 3108022  _ 2008351  _ 1905671
B = 195273 1186313 521461 677809
_ 813738 4021146  _ 6409321  _ 6349415
787901 972541 1054477 1430988
426460 4154204 12185608 _ 6621076
L ~ 370257 900915 1797671 1338039 J
T
v — | 8694859 68087  _ 198815 90358
954168 727614 935168 331129 ’
T
w = | _ 426460 4154204 _ 12185608 __ 6621076
370257 900915 1797671 1338039

The stability polynomial p(7, z) of this method is

p(n,z) = 774((1 - %2)4772 - pi(z)n +po(z)>

JTAMT 2965 o 241001 198236
1148421° 7 3202107 B¢ POV T Toernoe” T 1427227
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CHAPTER 6

IMPLEMENTATION OF TSRK METHODS

6.1 VARIABLE STEP SIZE FORMULATION OF TSRK METHODS

Much of this chapter follows the presentation by Bartoszewski and Jackiewicz
[17]. For the numerical integration of initial value problem (2.1.1), we consider
the class of variable step size TSRK methods defined on the nonuniform grid

to<ti < - <ty, ty2>T,

by the formulas:

Y = (1= w)ynet + will,_s

s b3 (a0 b, T,
= (6.1.1)

Yn = (1-9)yn-1+ [T

+ hn (v]f h+wf(777),

General Linear Methods for Ordinary Differential Equations. By Zdzistaw Jackiewicz 315
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i=1,2,...,8, n = 2.3,...,N. Here [to,T] is the interval of integration.
In these formulas h, = t, —tn—1, n = 1,2,..., N, Yn, Yn—1, and J,_, are

approximations to y(t,), y(tn—1), and y(t,—1 — hy), and Yj[n]7 vgn—l] are

approximations to y(tn—1 + ¢jhn), y(tn—1 + (¢;j — 1)hy). Observe that, in
general, t,—; — h, does not coincide with grid point, and t,—1 + (¢; — 1}hp,
j=1,2,...,8,donot coincide with points at which stage values are computed.

Similarly as in Sections 2.1 and 5.1 by introducing the standard notation

v | Fv)
vl = . FY S
vl | F¥y
v FE
S I A A G E I R
v et

these methods can be written in the vector form
vyl = (e=u)®I))yn—1 + (uRI)7,_,

+ h((A SDFYM)+ (B® I)F(?[”‘”)),
(6.1.2)
Yn = (1=DyYn-1+97,_2

+ h((v SDFY ) + (w® I)F(?[”‘”)),

t=1,2,...,8,n=2,3,...,N, where u, A, B, v, and w are defined as in
(5.1.3) and e = [1,1,...,1]T € R®.

The definition of the algorithm for the numerical solution of (2.1.1) is not
yet complete, and we have to specify in addition to (6.1.1) or (6.1.2) the
starting procedure to advance the step from tg to t; with initial step size h; and
the procedure for computing approximations j,,_, and ?;n—l] to y(tn—1—hn)
andy(tn—1+(c;—1)hp),n=2,3,...,N,j=1,2,...,s. These approximations
are expressed in terms of approximation Z(t,.h,) to the Nordsieck vector
2(tn, hp), defined by

y(t)
wm=| MO (6.1.3)
hPy @) (¢)

Observe that this is the same definition as that given in (3.11.1). The starting
procedure based on continuous RK methods are described in Section 6.2. In
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Section 6.3 we discuss error propagation for TSRK methods (6.1.2) which will
lead to order conditions for variable step size TSRK methods and formulas for
error constant and a vector of error constants of stage values. Computation
of the approximation to the Nordsieck vector and to h2*t1y(P*1)(¢,) which is
needed for local error estim_i%(_)_n is then discussed in Section 6.4. The com-
putation of §,_, and h, F(Y ) in discussed in Section 6.5. In Section 6.6
we describe the construction of TSRK methods with error constant given in
advance and large regions of absolute stability. We also discuss the assess-
ment of local error estimation for the resulting formulas. In Section 6.7 we
describe construction of continuous extensions of TSRK methods. In Sec-
tion 6.8 we present the results of numerical experiments with the variable
step size implementation of the methods constructed in Section 6.6. In Sec-
tion 6.9 we describe the local error estimation of two-step collocation methods
introduced in Section 5.7. Finally, in Section 6.10 some recent work related
to two-step collocation methods is described.

6.2 STARTING PROCEDURES FOR TSRK METHODS

TSRK methods of the form (6.1.1) or (6.1.2) require a starting procedure
to compute y1 ~ y(t1), 75-1] ~y(ts + (¢ — he), 5 = 1,2,...,5, and Gy =
y(t1 — hy) using the given initial value yo. It was observed by Hairer and
Wanner [147] and reiterated recently by Verner [277, 278] that if the order
p of a TSRK formula is at least greater by 2 than its stage order ¢, special
starting values are necessary for the first step, which must be compatible with
the TSRK method. This means that the terms of order up to p — 1 in the B-
series corresponding to ?[11 computed by this starting procedure must coincide
with the corresponding terms in the TSRK formula (compare {147, 272]; for
the B-series concept we refer the reader to the book by Hairer et al. [143]).
The construction of starting procedures that satisfy these requirements was
undertaken by Verner for TSRK of order p = 6 and stage order ¢ = 3 [277] and
for TSRK methods of stage order p— 3 [278]. Such methods were investigated
by Jackiewicz and Verner [189)].

It was pointed out by Hairer and Wanner [147] and Tracogna and Welfert
[272] that the situation is much simpler for TSRK methods of order p and
stage order ¢ = p or ¢ = p — 1. In such a case it is possible to choose as a
starting procedure any continuous RK method of uniform order p, or to use
repeatedly a discrete RK method of order p with step sizes hi + (¢; — 1)ha,

j=12,...,s, hy < hi1, to compute 7;1]

compute .

In the reminder of this section we concentrate on the approach based on a
continuous RK method. Following this approach, the first step from ¢ty to ¢;
with a step size h; will be computed by an explicit continuous RK method
of uniform order p with abscissa vector € = [¢1,...,¢s|7, coefficients @;;, and

, and with a step size A1 — hp to
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continuous weights gj(ﬁ). These methods are given by

i—1
K:y0+hlzaljf(yj)7 i:172a"'7§a
= . (6.2.1)
yn(to + 0h1) = yo + ha ZEj(e)f(Yj), 9 €l0,1].

j=1

Here Y; are approximations to y{zo +¢;h1), 1 = 1,2,..., 3, and yr(to + 6h1) is
an approximation to y(to + 6h1), 8 € [0,1]. Such methods were investigated
by Zennaro [295, 296], Owren [230], and Owren and Zennaro [231, 232, 233].
Following Shampine [257], we define initial step size hy by the formula

hy = min{|T — to], T/ @+D) |]f(yo)H_1},

where p is the order of the method and Tol is a given accuracy tolerance.

(1]

. — (1 .
Assuming that hg < hy, we can compute 7, and Y, ', which are needed to

start TSRK method (6.1.1) from the formulas

To = yn(to + (1 = 62)h1),
— (6.2.2)
Yi =yh(t0+(1+(ci—1)52)h1), 1=1,2,...,8,

where d2 = hy/hy and yp, is defined by (6.2.1). In particular, if hy = h;, then
Yo = Yo and —Y—El] = yh(to + Cihl), i=1,2,...,s.

Owren and Zennaro [232] constructed eflicient continuous RK methods by
minimizing the continuous coefficients of the local discretization error. The
coeflicients ¢, A, and b(6) of the resulting methods of order p =3, p = 4, and
p =5 with §=4, §=6, and § = &, respectively, are given below.

Example 1. Continuous RK method with p =3 and § = 4:

0
2| 12
~ } i 23 23
N 4| _es 368
— = 3 375 375 )
l b7 (6) 1| 3L 520 128
144 1152 384
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Example 2. Continuous RK method with p =4 and 5§ = 6:

Example 3. Continuous RK method (c, K, BT(O)) with p =5 and §=8:

319

0
1 1
6 6
11 44 363
37 1369 1369
jul 3388  _ 83 8140
17 4913 4913 4913
13 36764 _ 32708 210392
15 408375 1125 136125 408375
1 1697 0 50653 299693 3375
18876 116160 1626240 11648
| B0 B(6)  Bs(0) b)) Bs(6) be(d)
__ _ 866577 n4 1806901 n3 _ 104217 p2
bl (9) - 8242529 + 618189 9 37466 9 + 9’
ba(0 =0,
T __ 1230867994 _ 2178079 p3 861101 o2
b3(9) 5072320 9 380424 9 + 2305609 i
__ _ 7816583 p4 6244423 n3 __ 63869 2
b4(9) - 101446409 + 53259369 2934409 ?
_ _ 6243754 982125 93 _ 1522125 n2
b5(9) 2179849 + 1907369 762944 Z ?
__296p4 _ 461p3 | 165 g2
be(6) = 131‘9 131‘9 + 131‘9 :

0

1 L

6 6

1 1 3

4 16 16

1 1 _3

2 i 1 1

1 3 15 1

3| "1 EN 2

9 369 _ 243 297 1485 297

14 1372 343 343 9604 4802

7 133 1113 7945 _ 12845 __315 156065

8 4512 6016 16544 24064 24064 198528

1 83 0 248 41 1 2401 6016
945 825 180 36 38610 20475

| 01(0) Ba(6) Ba(0)  ba(6)  Bs(0) Be(®) Be(6) be(O)
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_ 59675 _ 49694 | 1789343 _ 3292 52
bi(0) = 520° — T50° + 555 0° — 550° + 0,
52(9) == 0,
b3(0) = _%95 + %04 - 42315465893 + %927

_ 11855 _ 14654 | 31613 _ 1232
b4(9)_ﬁ0 — 78 0% + 2349 "59’

bs(0) = 20° — 429 + 106193 _ 8342,

234

7 96045 | 2401p4 | 600253 _ 40817 n2
be(6) = 64350 + 15219 + 501930 334620 )

7 __ 481285 | 96256 n4 _ 637696 03 | 18048 n2
b(6) = 6825 6° + 5915 4 53235 % + 5915 0%,

bs(8) = 46° — 19204 + 1393 — 1892

Owren and Zennaro [232] also constructed embedded discrete RK methods of
order p — 1 which can be used for error estimation and control over the first
step. These methods take the form

Ti=vo+h Y bf(¥y). (6.2.3)
=1

where Y}, j = 1,2,...,5, are given by (6.2.1) and the coefficient vector b=

—~

[b1,...,b5)7 is given by
~ T
b=[4 Z 0 0]
for the method with p = 3 and § = 4 in Example 1,
b 101 1369 11849 T
b = [ 363 U0 ~las20 1320 O 0 }

for the method with p =4 and § = 6 in Example 2, and

B:[_

o

T
40 7 1 43
0 33 -3 -1z 1 00 }
for the method with p = 5 and 5 = 8 in Example 3.

Alternatively, error estimate after the first step est(t;) can be computed
by the Richardson extrapolation

2P (ya(ty) — yn(t1))
2 —1 !

est(tl) = (624)

where y#(¢1) is an approximation to y(t,) computed by a continuous RK
method (6.2.1) over two steps of size hy/2. This estimate is usually very
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reliable, and although its cost is quite high, it is used only on the first step of
the integration, so its contribution to the overall cost of the algorithm is not
significant.

Local error estimation for subsequent steps taken with TSRK methods
(6.1.1) is discussed in the next section.

6.3 ERROR PROPAGATION, ORDER CONDITIONS, AND ERROR
CONSTANT

In this section we consider only TSRK methods of order p and stage order
g = p. We demonstrate that for these variable step size methods (6.1.1) or
(6.1.2), the stage order and order conditions take the form

C,=0, v=12,...,p, (6.3.1)

and

o~

C,=0, v=1,2,...,p, (6.3.2)

where C, and C, are defined by (5.1.3) and (5.1.4), respectively. To justify
(6.3.1) and (6.3.2), we investigate error propagation of TSRK methods defined
by (6.1.1) or (6.1.2) on the interval [t,—1,t,]. Similarly as in the work by
Butcher and Jackiewicz [69, 70, 71], we determine the error constant E = E,
and the vector of error constants € = [£1,...,&]7 of stage values such that
the localizing assumptions

Yn—1 = Y(tn-1),
Tnoz = Y(tn—1 — hn) — (-1)PPLERE 1y PO (¢, 1) + O(RET?),  (6.3.3)
T = y(tnes + (¢ — €)hn) + O(REHY)

imply that

Yn = Y(tn—1 + hn) — Ehﬁ+ly(p+l)(tn—l) + O(h£+2),
(6.3.4)
Y = y(tnoy + chp) — (€ @ D)RET1y@HD (4, 1) + O(hET2).

We recall that in the formulas above y(t + ch) stands for
y(t +c1 h)
y(t +ch) :=
y(t + csh)

This analysis will also lead to stage order and order conditions. We have the
following theorem.
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Theorem 6.3.1 (Bartoszewski and Jackiewicz [17]) The method defined
by (6.1.2) or (6.1.2) has order p and stage order ¢ = p if and only if (6.3.1)
and (6.3.2) are satisfied. Moreover, the error constant E = E, and vector of
error constants of stage values £ are given by

a1 Vit wi(c—ep
P=E =55 pI(1— (—1)p+1v) (6.3.5)
and
_ T en( L P\ _ AP Ble—ep
=t U ((p+1)! E) ) = 639)

Proof : It follows from (6.3.3) and (6.3.4) that

B f (T ) = b (bns + (¢ — €)hn) + O(hEF)
and

hn f(YT) = hpy/(tns1 + chy) + O(REF2).

Substituting (6.3.3), (6.3.4), and the relations above into (6.1.1), we obtain

Y(tn1 + chn) — (€ @ DAZFYE D (tny)
= (u®I) (y(tn—l — hn) — (—1)P+1Ehﬁ+1y(”‘“)(tn—l))
+ ((e—w) ®Dy(tn-1) + hn(A STy (tn-1 + chy)

+ ha(B QDY (tn-1 + (c — €)hyn) + O(RET?)
and

y(tn—l + hn) - Ehﬁ+ly(p+l)(tn—-l)
= 9(4ftnms = hn) = (~DPPERETIYE D 1)) + (1= D)y (tar)
+ hn(vT ® I)y/(tn—l + Chn) + hn(wT ® I)y/(tn—l + (C - e)hn)

+ O(RP*2).
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Expanding y(tn—1 + chn), y(tn=1 — hn), y(tn=1 + ha), y’(tn_l + (e — e)hn),
and y'(tn—1 + chy) into a Taylor series around ¢,_; leads to

p+1 Py o
E:Q5®Q%¢WMM—K®D%“¢“WMA)

Jj=1

Jj=1

P+1 ]
= wel < — nlwwAV“EwﬂwﬁWmﬁﬁ
p

't)kw
r—-r—-

+1
(A®I) Z ( iy (tnot)

>h’ D (tn_1) + O(RET?)

j=1

o

and
p+1
Z h — ERprlyet . )
W0 L ety D)
= 79(2 _."'hi;y(])(tn—l) — (=1)PTIE pEt1yPt (tn-1)>
= I
T o o j (3
+ (VT I (,—®I by (b,
wT & ((e—ey! +2
I) I n O(h®
®z=:( G ®>h (tn-1) + O(RE™?)
Comparing terms of order 7, j = 1,2,...,p, in the relations above we obtain
stage order and order conditions (6.3.1) and (6.3.2). Comparing terms of
order p + 1, we obtain (6.3.5) and (6.3.6). This completes the proof. [

It follows from (6.3.3) and (6.3.4) that the local discretization error le(ty,)
of method (6.1.1) of order p and stage order ¢ = p at the point ¢, has the
form

le(tn) = y(tn) = yn = ERE YT (1) + O(RE™?).

The computable estimate of the principal part of this error is be derived
in the next section. For methods with ¢; = 0 and ¢, = 1, high stage or-
der has the additional advantage of reducing the number of evaluations of
the function f since we can approximate f (Yl["]) by f (YS["_”) computed
in the preceding step. This is similar to the idea of FSAL (first same as
last) introduced by Dormand and Prince [117] in the context of RK meth-
ods (see also [116, 257, 260]). In the context of DIMSIMs this property was
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referred to as FASAL (first approximately same as last) by VanWieren [273,
274, 275]. However, such implementation may affect the properties of the
resulting formulas, and the effects of this modification on stability properties
of the overall numerical algorithm require further study.

6.4 COMPUTATION OF APPROXIMATIONS TO THE NORDSIECK
VECTOR AND LOCAL ERROR ESTIMATION

To implement the method defined by (6.1.1) or (6.1.2) in a variable step size
environment, we need to compute approximations

hn-HF(?[n]) ~ hp1y’ (tn +(c— e)hn+1) and  Yp_y ~ Y(tn — hni1)

after the step from ¢,_; to t, is completed. Here h, 11 is a new step size from
tn to tp4+1 chosen according to some step size changing strategy. These approx-
imations are expressed in terms of approximation Z(t,, h,) to the Nordsieck
vector z(tn, hn) defined by (6.1.3), which is derived in this section.

We look for the approximation Z(t,, hn) to z(tn, hyn) of the form

Htn hn) = (@@ Dyn_1 + (8@ Dyn + ho(C@DF(YM), (6.4.1)
where
T
o= [ —_— ap} 7 Yo1  "Yo2 “os
8 Y e Vs
e |
T
B—[ﬁo B ﬁp:| ’ Yp1  Yp2 " Vps

The representation (6.4.1) is more convenient in a variable step size environ-
ment than the representation considered by Tracogna [271], which depends
on stage values at two consecutive steps.

The coefficients «, 3, and ' are computed by requiring that

H(tn, hy) = 2(tn, hy) + O(RET),

where it is assumed that y,_1, yn, and Y™ satisfy (6.3.3) and (6.3.4). This
leads to the following theorem.

Theorem 6.4.1 (Bartoszewski and Jackiewicz [17]) Assume that func-
tion y is sufficiently smooth and that yn, Yns1, and Y™ satisfy (6.3.3) and
(6.8.4). Then

2(tny b)) = (@@ D)yno1 + (B8R Dyp + hn(C R DF (YN + O(RPF?), (6.4.2)
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where a, B, and T’ satisfy the system of equations

atT +8eT +TC=1,.,,

(-1)Ptig EB+ T(c—e)P 0 (64.3)
(p+1)! p! o
Hereey =[1,0,...,0|T € RP*! 1, is the identity matriz of dimension p+1,
and r
- 1 (=P
t= { Lol g ] ,
~ —e)p-1
C = [ 0 e C — e e (i—e)—’ } .
(p—1)!

Proof :  Since Yn—1, Yn, and Y "] satisfy (6.3.3) and (6.3.4), relation (6.4.2) is
equivalent to

2(tn, hn) = (@ @Dy(tn — hn)
+ (8@ (yta) - EREYPI(ty))
+ ha(T®I)Y (tn + (c — €)hy,) + O(RET?).
Expanding y(t, — h,) and 3/’ (tn + (c — e)hy,) into a Taylor series around ¢y,
we obtain
sltnhe) = @005 k00,

it
7=0

+ (B2 (uta) - BREYP(E,)

ptl i-1 o
+ (eI Z (% ® Im> hy9 (t,) + O(RET2).

i=1

This relation is equivalent to

2(tp, hn) = ((atT-!-ﬂelT-!-Fé)®Im)z(tn,hn)
o (e pos B sr)ueromsiey
+ O(hZ™?)

and implies (6.4.3). [
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The quantity #Z71y(P*1(t,) can be estimated in a similar way. We look
for an estimate of the form

hﬁ+1y(p+l) (tn) = Qp+1Yn—1 +ﬂp+1 Yn
(6.4.4)

+ (41 @) h, F(YIM) + O(REF2),

where apyq, Bp11 € R and

Tpt+1 = [ T+l Y12 Uptls } € R’
We have the following theorem.

Theorem 6.4.2 (Bartoszewski and Jackiewicz [17]) Assume that func-
tion y is sufficiently smooth and that y,_1, y,, and Y™ satisfy (6.5.3) and
(6.3.4). Then (6.4.4) holds where a1, Bp+1, and ypr1 satisfy the system of
equations

opr1tT + Bprel +9,,, C =0,

(-1 =
(p_+1_)! apr1 — EBpr1 +vpn1 o =1,

where t, e, and C are defined as in Theorem 6.4.1.

(6.4.5)

Proof : Tt follows from (6.3.3) and (6.3.4) that (6.4.4) is equivalent to
PR ) = s yltn — ha) + Bpen (yltn) = EREF YD (1)
+ (1 @ D) hnt/ (tn + (c — €)hy) + O(RET2),

Expanding y(t, — h»n) and y/(t, + (¢ — e)h,,) into a Taylor series around the
point t,,, we get

Wy (t,)

+1,,(p+1) = (-1)
Ry Pti(t,) = ap+120 7
=

+ 5p+1 (y(tn) - Ehﬁ+1y(p+l)(tn))

P+1 (C —_ e)j_l . .
+ Y1y —Wh;y(ﬂ)(tn) +O(hE*™2).
j=1 '

The last relation can be written in the form

hg*ly(P“)(tn) = ((ap-H tT + Bpt1 GT + Yp+1 6) ® Im>z(tn, hn)

—e)?P
(c e) >hﬁ+1y(p+l)(tn)

(-1t
+ <W apr1 — EBpi1 + vpt1

+ O(hE*2),
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and comparing the corresponding terms, we obtain (6.4.5).

A different approach to the computation of approximations to z(¢,, h,) and
h2t1y(P+1)(¢,) is presented by Tracogna [271], where the quantities F(Y ™)
and F(?-[n_l]) are utilized.

It follows from (6.4.4) that the local discretization error of TSRK method
defined by (6.1.1) or (6.1.2) can be estimated by the formula

est(tn) = En(ta, hn),
where E is the error constant given by (6.3.5) and n(ty, h,) is defined by

U(tm hn) = OQpt1Yn—-1+ BZH-I Yn + (7P+1 ® I) hnF(Y[n])' (646)

6.5 COMPUTATION OF APPROXIMATIONS TO THE SOLUTION
AND STAGE VALUES BETWEEN GRID POINTS

In this section we describe the efficient computation of the quantities 7,_,

and hn+1F(?[n]), which are needed to advance the step from t, to t,41 with
the method (6.1.1) or (6.1.2) with a new step size h,+1. To derive the formula
for y,,_,, observe that

Yno1 = y(tn—hnﬂ)"E(hn_hn+l)p+ly(p+l)(tn)+0((hn—hn+l)p+2)' (6.5.1)

Note also that if hpt1 = by, then §,,_; = y(tn—1) = Yn—1, which is consistent
with (6.3.3). On the other hand, if h,y; = 0, then ¥,_; approximates the
quantity y(t,) — E hET1yP+1(¢,) up to terms of order O(h212).
Set 6n+1 = hnt1/hn and as in Section 4.1, denote by D(d) the rescaling
matrix defined by
D(é) = diag(1,4,...,47).

In actual implementation of TSRK methods, the ratios § will be restricted by
the requirement
5min S 4 < 5maxa (652)

where dmin and dmax are the minimum and maximum ratios permitted in a
code.
Expanding y(¢t, —hn+1) in (6.5.1) into a Taylor series around ¢,, we obtain

Tt (tTD(5n+1)®I)z(tn,hn)

—1)pt+1 p+1
(ot = B 6ne) ™ a0 00

+ O((hn - hn+1)p+2),

+
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where the vector t is as defined in Theorem 6.4.1. This suggests the following
formula for 7,,_;:

oy = (tTD(5n+l)®I)E(tn,hn)

+ <((;1) ) 551:% (1_5n+l)p+l)n(tnahn)a

(6.5.3)

where Z(tn, hyn) is defined by (6.4.1) and 7(¢,, hy,) is defined by (6.4.6).
To arrive at the formula for h,+1 F ()_’M), we start with the relation

hn+1f(?[n]) = hn+1y/(tn + (C - e)hn+1) + O(hftj?l)

Expanding ¢ (t, + (¢ — €)ha1) into a Taylor series around ¢,, we obtain

hai1 fTM) = (6D(6n+1) ® I)z(tn, ha)

_ p
+ (% ® I) SEITRET YT (8,) + O(RDEY),

where the matrix C is defined as in Theorem 6.4.1. Similarly as before, this
suggests the following formula for hnp41 F (7[n]):

hai fTM) = (6D(6n+1) ® 1) 5t hn)

o (6.5.4)
+ (% @I)éﬁiin(tn,hn»

Observe that (6.5.3) and (6.5.4) can be computed without any extra evalua-
tions of the right-hand side of equation (2.1.1).

6.6 CONSTRUCTION OF TSRK METHODS WITH A GIVEN ERROR
CONSTANT AND ASSESSMENT OF LOCAL ERROR
ESTIMATION

In this section we describe the construction of TSRK formulas given by (6.1.1)
or (6.1.2) with error constants E given in advance and with large regions of
absolute stability. We illustrate our approach in the case of methods with
p=g=s=3. Assuming that ¥ = 0 and ¢ = [0,1/2,1]7 and solving stage
order and order conditions (6.3.1) and (6.3.2) with respect to B, w, and vs,
we obtain an eight-parameter family of methods depending on w1, ug, us, a1,
as1, asg, v1, and ve. It follows from Jackiewicz and Tracogna [183] that the
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local discretization error of these methods has the form

le(tn) = Ehiy®(t,_1)

+ (F YO (tn1) + (v + w)TGg—i (y(tn-1))y® (tn—1)> hy  (6.6.1)

+ O(hS),

where E = Ey and F' = Ey are defined by (6.3.5) with p = 3 and p = 4,
respectively, and G is given by

(6.6.2)

Striving for reliable estimation of the local discretization error, we then enforce
the condition

(v+w)7G =0, (6.6.3)

which is solved with respect to v5. Although this is desirable, it is not neces-
sary and there are implementations of Adams methods in PECE mode [143]
and general linear methods [67] where this condition is not met. This leads
to methods with B, v, v3, and w given by

Uy 2U1 Ui
by = 2 big = —21 by = A&,
11 6 3 12 3 ) 13 6
byt = 5 + duo bos — 2(11,2 - 1) bon = 23 — 24a971 + 4uq
21 = 24 ) 22 = 3 ) 23 — Y .
7~ 6aze + u3 a3y — 10 + 2us 19 — 6a31 — 18a32 + ug
byg=——"———, bpp=————, bazz= ;
6 3 6
vy = 36azy — 45 — 8(31 - 30&32)E + 8(4 - 30,32)’[)1
2T 42a5; — 47 '
vn = 60as; — 53 + 144(13 — 12(132)E - 24(4 - 3&32)’[)1
i 12(42a3; — 47) ’
- 41 - 240,32 - 48(55 - 48(132)E bt 24(4 - 3&32)’[)1
to 12(42a3; — 47) ’
wo = 24a32 — 41 + 216(7 - 6a32)E + 24(4 — 3a32)v1
2T 3(42a3; — 47) ’
Wa = 38 — 15a32 — 9(64 - 47a32)E - 3(1 + 6(132)’[)1
3 =

3(42a5; — 47) :

and local discretization error (6.6.1) now takes the form

le(t) = Ehiy D (tn_1) + Fh3y® (ta_1) + O(RS), (6.6.4)
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E e 2 W e

uy 0.147239 —0.363883 —1.353015 0.0736696
Uz —0.0128864 —0.228023 —0.128392 —0.0204487
u3 0.0896426 0.224976 —0.565685 0.544967
a21 0.825400 0.921151 1.511248 0.985434
as1 1.571173 1.602293 0.990546 1.766083
as2 0.475788 0.564620 0.882220 0.467017
(5 1.759708 1.139034 0.694921 1.489838

Table 6.6.1 Coeflicients of TSRK formulas with p=¢g=5=3

2.5

Im(z)

Figure 6.6.1  Stability regions of RK method of order 3 (thick solid line) and TSRK
methods with £ = 1/12 (solid line), E = 1/24 (dashed line), E = 1/48 (dashed-dotted
line), and F = 1/120 (dotted line)

where F' = (120E — 1)/480. The remaining free parameters wu;, ug, us,
a1, as1, a3z, and vy are then computed trying to maximize the area of the
intersection of the region of absolute stability with the negative half-plane
using the procedure described in Sections 5.5.1 and 5.6.1. For £ = 1/12,
1/24, 1/48, and 1/120, this leads to methods whose coefficients are listed
in Table 6.6.1. Coeflicients of these methods up to about sixteen significant
digits are given by Bartoszewski and Jackiewicz [17]. The regions of absolute
stability of the resulting methods are plotted in Fig. 6.6.1. We can see that
there is an apparent trade-off between accuracy and stability — the region of
absolute stability is becoming smaller as the accuracy of the method increases
or the error constant F decreases.

To better assess the quality of local error estimation, we also investigate
terms of order 6 in (6.6.4). It follows from Jackiewicz and Tracogna [183] that
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the principal part of O(h%) is a linear combination of elementary differentials

y(6)(tn—l)a 8 ( ) n—l)a

(%)2(1/(%—1) ( ) (tn-1))y (tn-1),

with weights P, = Fjs,
P=(v+w)TQ-vTG, P3=(v+w)T(A+B)G, Py=(v+w)TT.G-vIG,

where Ej5 is defined by (6.3.5) with p = 5, G is defined by (6.6.2), Q is defined
by
c? u Ac* B(c-e)?

= — - - 6.6.5
Q=1 10" ™ 24’ (6.6.5)

and I'c = diag(c1, ¢z, c3). We then define

T = |P| + |Py| + | P3| + | Py|

and compute the ratios F'/ E and T'/ E, which in addition to the size of the error
constant F, should give some indication of the quality of error estimation.
These ratios are given in Table 6.6.2 for the methods in Table 6.6.1.

| 5 | % 1 & | &
F/E 0.23 0.20 0.15 0
T/E 0.91 1.65 3.83 12.19

Table 6.6.2 Ratios F/E and T/FE for the TSRK formulas in Table 6.6.1

We can see that as the error constant E' gets smaller (or the TSRK method
becomes more accurate) the ratio F/E also decreases slowly which should
have a positive effect on the quality of error estimation. However, higher
order terms also play a role, and the ratio T/ FE shows an opposite trend (they
increase rather fast). The overall effect of smaller E, smaller F/E, and much
larger T/ E is a deterioration of the quality of the local error estimation for
methods with smaller error constants. This is confirmed by the numerical
experiments presented in Section 6.8.

6.7 CONTINUOUS EXTENSIONS OF TSRK METHODS

Continuous extensions of TSRK methods have been investigated by Bar-
toszewski and Jackiewicz [18], Jackiewicz and Tracogna [184], and Tracogna
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[271]. We consider variable step size continuous TSRK methods of the form
Y = (1= w) yaos + i

+ Z(auf ¥+ 177,

(6.7.1)
yh(tn—l +6h,) = (1 — ) Yn—1 +9Gp_2

+ hn E( )+ wy(0) £ (7).

i=1,2,...,5,n=23,...,N,0 €[0,1], wherey,,_ 2andY ~ have the same
meaning as in Section 6. 1 In (6.7.1), yn(tn_1 + 6h,) is an approximation to
the solution y(tn—1 + 0h,) defined on the subinterval [t,—_1,t,], and

v(0)=[v1(0) c us(8) ]T, w(0)=[w1(0) <o we(0) ]T

are continuous weights. It will always be assumed that v(0) =0 and w(0) =0
to assure the continuity of the interpolant yn(t,—1 + 6h,) and that v(1) = v
and w(l) = w, where v and w are coefficients of the underlying discrete
TSRK method corresponding to 8 = 1, so that yp(tn—1 + hn) = Yn.

Set

~ v (=) . v(®)Ter!  w(h)(c—e)’!
(0) = — — 9 — - 7.
Cu(6) ! ! (v—1)! -1 (6.7.2)
v =1,2,.... To derive continuous order conditions for (6.7.1) we follow an

approach similar to that adopted in Section 6.3. We determine continuous
error constant E(6) = E,(8) and vector of error constants £ of stage values

so that the localizing assumptions (6.3.3) with E = E(1), imposed on y,-1,

_1]

Y,_o and Y[n , imply that

Yn(tn—1 + 0hy) = y(tn—1 + 6hy)
— E()hg gD (t,_,) + O(hE2), (6.7.3)
Y = y(tn + chn) = (€@ DAET Y (1) + O(hE™2).
We have the following theorem.

Theorem 6.7.1 Continuous TSRK method (6.7.1) has uniform order p and
stage order ¢ = p if (6.5.1) is satisfied and

C,(0)=0, v=12,...,p, (6.7.4)
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where C*u(e) is defined by (6.7.2). Moreover, the continuous error constant
E(6) = Ep(8) is given by

grrt vT(8)c? + wT(8)(c —e)?

B A PV R CR Ve B

(6.7.5)

and the vector of error constants £ of stage values is given by (6.3.6) with
E = E(1).

Proof: The proof of this theorem follows along the lines of the proof of
Theorem 6.3.1 and is therefore omitted. ]

Somewhat different representation and proof of continuous order conditions
is given by Tracogna [271] (compare also [184]).

In what follows we apply Theorem 6.7.1 to the construction of continuous
extensions of TSRK methods with p = ¢ = s = 3 with a given error con-
stant, which were considered in Section 6.6. We look for methods (6.7.1) with
continuous weights of the form

v110 + v126% + v136° w110 + wi26? + wy36®
V(e) = | w910+ 1)2292 + 02393 s W(e) = | wy 8+ w2262 + w2363 )
v310 + 1)3292 + U3393 wsz16 + w3292 + w3393

for which v(0) = 0 and w(0) = 0. Solving the continuous order conditions
(6.7.4) corresponding to p = 3 with respect to wy;, 4,5 = 1,2, 3, and then the
conditions v(1) = v, w(1) = w with respect to v;,1, i = 1,2,3, we obtain a
six-parameter family of continuous TSRK methods (6.7.1) depending on vy;,
i=1,2,3, j = 1,2. We then determine the parameters v15 and v13 to enforce
the continuous analog of the condition (6.6.3), that is,

(v(8) +w(9))"G =0, (6.7.6)

where G is defined by (6.6.2). As a result, the continuous local discretization
error le(tn-1 + 6hy) takes the form

le(tn_1 +0hn) = E(@)hiy® (tn_1)+ F () h3y®) (t,—1) + O(RE), (6.7.7)

6 € [0,1], where E(8) = E4(f) and F(0) = E5(6), are defined by (6.7.5)
for p = 3 and p = 4. The remaining parameters vogz, V23, v32, and vsz are
then determined so that the continuous error constant Fy4(8) is monotonic for
6 € [0, 1], or deviate from the #-axis as little as possible, finally reaching error
constant E for # = 1. Coefficients v(d) and w(8) of continuous extensions
of TSRK methods with coefficients listed in Table 6.6.1 and error constants
E = Tlﬁ, 2—14-, %8, and 1’56 are listed below.
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E=1/12 E=1/24
0.1 0.05
0.08 0.04
0.06 0.03
g g
w w
0.04 0.02
0.02 0.01
0 0
0 02 04 08 08 1 0 02 04 06 08 1
8 8
E=1/48 X107 E=1/120
0.025 10

E()
E(6)

-2
02 04 06 08 1

0.02 8
0015 6
0.01 4
0.005 2
0 0
-0‘0050 0 0.2 0.4 . 0.6 0.8 1

Figure 6.7.1 Continuous error constants E(6) corresponding to TSRK methods

with coefficients listed in Table 6.6.1 with error constants E = %, 512, ‘%8, and Wlo

Continuous extension of TSRK method with F = 1—12- and E(6) = g—:— + %:

1738816 + 1.06271 6% — 1.0418 6
v(§) = ~0.562812 6 + 0.666667 63 ,
0.140703 6

0.140703 6 + 0.5 62
w(f) = —0.5628120 — 262 + 0.666667 63
0.105412 6 + 0.437295 62 — 0.29153 63
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Continuous extension of TSRK method with E = o; and E(6) = -g—::

1.80976 6 + 0.337391 2 — 1.00811 63
v(f) = | —0.6415596 + 0.333333 6% + 0.666667 63 | ,
0.160396

0.16039 6 + 0.166667 6>
w(f) = —0.641559 8 — 6% + 0.666667 63
0.152581 8 + 0.162609 62 — 0.325219 83

Continuous extension of TSRK method with E = & and E(§) = %Z— -

1.47407 6 + 0.222908 62 — 1.00206 63
v(f) = | ~0.5160096 + 0.333333 62 + 0.8333336° |,
0.129002 6

0.129002 6 + 0.166667 2 — 0.166667 63
w(f) = ~0.5160096 — 62 + 1.66667 63
0.299944 6 + 0.277092 §% — 0.831277 63

Continuous extension of TSRK method with E = o35 and E(f) = g—z -

2.7480260 4 0.355711 6% — 1.61389 63
v(0) = | —1.137146+ 0.33333362 + 0.93333363 |,
0.3317856

0.331785 6 + 0.166667 62 — 0.26667 63 |
w(f) = ~1.327146 — 6% + 1.146667 63

0.242691 6 4 0.144289 6% — 0.519441 6% |

335

93

E:

W'Q}
o] w

The conditions given in Theorem 6.7.1 are sufficient but not necessary for
uniform convergence of order p of continuous TSRK methods (6.7.1). It has

been demonstrated [18, 184], that these conditions can be relaxed to

C,=0, v=12,...,p—1,

(6.7.8)
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and

o~

C,(0)=0, v=1,2,....p—1, Cp(1)=0. (6.7.9)
We have the following theorem.

Theorem 6.7.2 Assume that yo = O(hP), y1 = O(hF), F, = O(hP), and

7;1] =0(hP), j=1,2,...,5. Assume also that conditions (6.7.8) and (6.7.9)
are satisfied. Then TSRK method (6.7.1) is uniformly convergent with order
p (i-e, llyn — yllto, 1) = O(RP) as b = max{hn} — 0). Here |yl =
sup{liy(s)l : s € [to, T}

Proof: This theorem follows from Jackiewicz and Tracogna [184, Theorem 3]
(compare also [18]). The discrete version of this theorem follows from Theo-
rem 2.4.3. |

Assuming in addition to (6.7.8) that C, = 0 leads to methods for which
the local discretization error takes the convenient form

le(t,) = EREF1y(PHD (¢, 1) + O(hET?),

with E = E,; that is, the principal part of the error depends on y®*1(t,_;)
but is independent of %5 (y(tn-1))yP (tn—1). This is the case for many meth-
ods discussed in Sections 5.4, 5.5, 5.6, and 6.6.

The construction of continuous extensions of TSRK methods that satisfy
conditions (6.7.8) and (6.7.9) and such that C, = 0 is described by Bar-
toszewski and Jackiewicz [18] for TSRK formulas with p = ¢ = s = 3 consid-
ered in Section 6.6.

6.8 NUMERICAL EXPERIMENTS

The methods constructed in Section 6.6 were implemented in a variable step
size environment with the standard step size changing strategy described for
DIMSIMs in Section 4.5 (compare also [143]). This strategy is based on the
estimate est(t,) = En(t,,hn) of the local discretization error, with error
constant E defined by (6.3.5) and n(t,, hy,) defined by (6.4.6). This estimate
was made to satisfy

|esti(t,)| < Rtol - max {|yn—1:], lyni|} + Atol, (6.8.1)

where Rtol and Atol are given relative and absolute error tolerances and yn—1,
and yn ; stand for the 7th component of the vectors y,_2 and y,_1 and est;(¢,)
stands for the ith component of est(t,). In our numerical experiments we
have used Rtol = Atol = Tol. The required starting values g, and ?E”,
i=1,2,3,4, were computed by formula (6.2.2) using continuous RK method
(6.2.1) presented in Example 1 in Section 6.2.

It is known (compare [156, 255, 256]) that the maximum global error result-

ing from the step size selection based on (6.8.1) is proportional to Tol?/ ("“'1
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Figure 6.8.1  Number of functions evaluations nfe versus global error ge at the end
of the interval of integration for BUBBLE (1.2.1)

Figure 6.8.2 Number of functions evaluations nfe versus global error ge at the end
of the interval of integration for EULR (1.2.5)

where p is the order of a numerical scheme. To obtain proportionality be-
tween Tol and global error, we follow Shampine [256] and inside the code use
a smaller tolerance Tol’ defined by

Tol' = C - TolP*H/?, (6.8.2)

where C is a constant that is problem dependent. This constant was chosen
so that global errors obtained by ode23 are comparable to the global errors
obtained by codes based on TSRK methods defined by (6.1.1) or (6.1.2), and
we have found that a choice C = 7 works quite well for the test problems we
experimented with. These are BUBBLE defined by (1.2.2), EULR defined by
(1.2.5), and ROPE defined by (1.2.7) or (1.2.8). The selection of numerical
results is displayed in Figs. 6.8.1, 6.8.2, and 6.8.3 (see also Tables 6.8.1, 6.8.2,
and 6.8.3). We can observe that this choice of a constant C leads to similar
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Q

mmmm

ge

Figure 6.8.3 Number of functions evaluations nfe versus global error ge at the end
of the interval of integration for ROPE defined by (1.2.7) or (1.2.8)

accuracy for the BUBBLE and EULR problems and to results that are more
accurate by about half to one decimal digit than the results obtained by ode23
for the ROPE problem. As observed in Section 1.2, the BUBBLE problem
places a great demand on the precision and step size control and leads to a
considerable range in step sizes.

code | E=1/12 | E=1/24 | E=1/48 | E=1/120 ode23

ns 201 169 142 231 82

nr 1 1 1 7 1

nfe 421 357 303 490 250
ge 36-1072 | 29.1072 251072 1.6-1072 1.4.107!

Table 6.8.1  Cost statistics and global error for the BUBBLE problem (1.2.1)
for Tol = 10

To illustrate the potential of the new TSRK formulas, we compared the
variable step size implementation of these methods with state-of-the-art ode23
code from the Matlab ODE suite [263]. This code is based on an embedded
pair of RK formulas of order 3 and 2 constructed by Bogacki and Shampine
[22] and uses local extrapolation. In Figs. 6.8.1, 6.8.2, and 6.8.3, we have plot-
ted the number of function calls versus global error at the end of the interval
of integration for the BUBBLE, EULR, and ROPE problems corresponding
to Tol = 107%, k = 2,3,...,8, with the tolerance Tol’ used inside the code
defined by (6.8.2). Observe that all these codes exhibit quite good tolerance
proportionality for small enough tolerances. The more precise cost and ac-
curacy statistics are given in Tables 6.8.1, 6.8.2, and 6.8.3 for Tol = 1074,
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code | E=1/12 | E=1/24 | E=1/48 | E=1/120 | ode2s

ns 327 254 214 208 199
nr 4 0 0 0 0

nfe 676 522 442 430 598
ge 39-107% | 3.4.107° | 29-107® | 56-107* | 3.0.107°

Table 6.8.2  Cost statistics and global error for the EULR problem (1.2.5) for
Tol = 107*

where ns is the number of steps, nr is the number of rejected steps, nfe is the
number of functions calls, and ge is the global error.

E=1/12 E=1/24
1.04 1.1

1.05

0.95

0.96 0.9
0

E=1/48 E=1/120

Figure 6.8.4 Ratios between |[le(tx)| and |lest(tn)|| versus ¢ for methods listed in
Table 6.6.1 applied to the PLEI problem (1.2.6) with Tol' = 10™* Note the different
scales on the vertical axes



340 IMPLEMENTATION OF TSRK METHODS

code | E=1/12 | E=1/24 | E=1/48 | E=1/120 | ode23

ns 2718 2289 1927 1819 1534
nr 6 5 5 12 11
nfe 5475 4612 3888 3686 4636
ge 20-107% | 1.7-107% | 14-107% | 1.2-107% | 7.8-107%

Table 6.8.3  Cost statistics and global error for the ROPE problem (1.2.7) or
(1.2.8) for Tol = 10~*

We can observe that the codes based on TSRK formulas with £ = 1/24,
E =1/48, and E = 1/120 are more efficient (except for BUBBLE) and in
most cases also more accurate than the ode23. We can also see that com-
pared with other formulas, the quality of the method with the smallest error
constant (E = 1/120) deteriorates for large tolerances. In general, ode23 is
taking fewer steps, but its formula involves more function evaluations per step
than the new TSRK formulas (except for E = 1/12). We expect even bigger
gains in accuracy and efficiency for TSRK methods of higher order, as indi-
cated by our preliminary experiments with TSRK methods of order p = 5.
However, the construction of such methods leads to very large and difficult
optimization problems and requires very time consuming and sophisticated
computer searches. This work will be described elsewhere.

To test numerically the quality of error estimation proposed here we have
applied these methods to various test problems discussed in [143] and in Sec-
tion 1.2. We have observed that there is a trade-off between the accuracy of
the methods and the quality of error estimation and that this quality tends to
be higher for TSRK methods with larger error constants E. This is illustrated
in Fig. 6.8.4, where we have plotted the ratio between the norm of the local
discretization error ||le(t,)|| and the norm of error estimate ||est(t, )| versus ¢
for the methods in Table 6.6.1 with error constants E = 1/12, 1/24, 1/48, and
1/120, applied to PLEI problem (1.2.6) with Tol' = 10~%. Note that there
are different scales on the vertical axes. In practice, we would recommend
using methods in the middle of the range of error constant E considered in
Table 6.6.1: for example, formulas with £ =1/24 or E =1/48.

6.9 LOCAL ERROR ESTIMATION OF TWO-STEP COLLOCATION
METHODS

It was demonstrated in Section 5.7 that the local discretization error le(t,) of
two-step collocation method (5.7.1) takes the form

le(tn) = RPF1Cp(1)y ¥ 1) (tn—1) + O(hPH?), (6.9.1)
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which corresponds to (5.7.5) for § = 1. Here y(¢) is the solution to (2.1.1),
and Cp(1) is the error constant of the method of order p. This error constant
is defined by (5.7.6) corresponding to # = 1. Observe that we are using a
different notation for the error constant than in Section 6.3, where the error

constant was denoted by E. We also consider a different variant of local error
le(ty,) defined by

le(tn) = Cp(1)hPT FPTV (tn_1) + O(RPT?), (6.9.2)
where 7(t) is the local solution, that is, the solution to the initial value problem

gty =fFe), teltn1 tal],

g(tﬂ—l) = Yn-1.

(6.9.3)

We make the standard assumption that the function f(y) appearing in (2.1.1)
and (6.9.3) satisfies a Lipschitz condition of the form

| fw) — f2)|] < Llly - =,

with a constant L > 0. Subtracting the integral forms of (2.1.1) and (6.9.3),
we obtain

u(t) = GO < [y(tnos) — gnos]| + L / lu(s) - ()| ds,

n—1

t € [tn—1,tn). Using Gronwall’s lemma 1.4.1 (compare also [137, 257]) yields

ly() = T@)| < [ly(tnr) — ynos bt

Hence,
ly(®) = @) = O(h?),  t € [tn-1,tn].

Assuming that the function f(y) is sufficiently smooth, we have a similar
relation for the derivatives of y(¢) and y(¢):

lyD ) =P = OhP), t€ [ta—r,tn] i=12,...,

(compare [201, 262]). Therefore, we can conclude that the principal parts
(i.e., terms of order p + 1) of the local discretization error le(t,) (6.9.1) and
the local error le(t,) (6.9.2) are the same.

In the remainder of this section we look for estimates of h?™1gP+1) (¢, _1)
of the form

RGP (1) = a1Yn—1 + CoYn—2

: (6.9.4)
+ B (B (Pltney + b)) + 5 (Pltn—z + ;1))
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where a1, ag, 85,75, = 1,2,..., s, are some constants. We have the following
theorem.

Theorem 6.9.1 (D’Ambrosio et al. [104]) Assume that the solution y(t)
to (6.9.3) is sufficiently smooth. Then the constants a1, ag, (35, and 7v;j,
j=1,2,...,8, appearing in (6.9.4) satisfy the system of equations

(6.9.5)

(% )a” Z( +%%>=1.

Proof: Since method (5.7.1) is of order p, it is locally of order p + 1 and we
have

Yn-2 = J(tnoz) — Cp(—1)RPTIFED (¢, 1) + O(RPH2).

We also have
P(tn_1 +6h) = §(tn_1 + 6h) + O(RFTY), H¢ [-1.1].

Substituting these relations and y,—1 = §(tn—1) into (6.9.4), we obtain

PGt _1) = a1f(tn-1) + a0 (ﬂ(tn—1 —h) — Cp(_l)hp+1g(p+1)(tn—1))

+ B (87 bnos + csh) + 7 (bams + (e = DB) ).

Jj=1

Expanding §(tn—1 — h), ¥’ (tn—1 + ¢c;h), and §’(tn—1 + (¢; — 1)h) into a Taylor
series around the point t,_; and comparing the terms of order O(h*) for
k=0,1,...,p+ 1 leads to system (6.9.5). ]

Observe that (6.9.5) constitutes a system of p + 2 equations with respect
to 25 +2 unknown coefficients a1, ag, a2, §;, and v;, j =1,2,...,s5. We have
the following theorem.

Theorem 6.9.2 (D’Ambrosio et al. [104]) Assume that ci # ¢; and ¢; #
c; — 1 for i # j. Then system (6.9.5) corresponding to p = s + r, where
r=1,2,...,8, has a family of solutions depending on s — r free parameters
which may be chosen as, for example, Bri1, Braay .y Bs O Yot1s Yra2s -3 Vs-
In particular, if r = s, the solution to the system (6.9.5) is unique. This
system does not have solutions if r = s+ 1.
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Proof: The proof is similar to that of Theorem 5.7.2 and is therefore omitted.
The interested reader can find complete details in D’Ambrosio’s thesis [103]. m

Choices of free parameters other than those indicated in Theorem 6.9.2 are
also possible. For example, if r = s—1 > 1, there is one free parameter, which
may be chosen as a1; if r = s — 2 > 1, there are two free parameters, which
may be chosen as a; and ag; if r = s —3 > 1, there are three free parameters,
which may be chosen as a1, ag, and §; or vy; andif r=s—-k > 1, k > 3,
there are k free parameters, which may be chosen as a1, ag, and §; or v;,
i=1,2,... k-2

For method (5.7.1) with s = 1, p = 2s = 2, and the polynomials ¢;(8),
wo(0), ¥(6), and x(8) defined by (5.9.4), the constants a1, ag, 8 = 1, and
v =, appearing in the estimator of h3j(®(t,_;) are unique. They corre-
spond to the solution of system (6.9.5) with s = 1 and p = 2 and are given
b,

Y 288 288 2 72
al-g, ao————95—7 ﬁ—%, ’Y——E-
Similarly, for the method with coeflicients ¢1(8). ¢o(6), ¥(8), and x(8) given
by (5.9.5), the constants as, ag, 3 = 81, and v = ¥, assume the form

L2 _ g6

1= 5 Qg = 5! - 5: Y= 5
and for the method with coeflicients ¢1(6), ¢o(6), ¥ (), and x(8) given by
(5.9.6), the constants a1, ag, 3 = £1, and v = ; have the form

18

108 _ s 1,2 5

s T T PT e T T

Consider next the methods (5.7.1) with s = 2 and p = 2s = 4. For the
methods with coeflicients ¢1(8), vo(8), ¥1(8), ¥2(0), x1(8), and x2(0) given
by (5.10.1}, the unique solution a1, ag, 51, B2, 71, and ~y, is given by

a1 =

1244160 1244160
MF T 1197 ¢ %0 T Tor197
5, _ 2488320 1285632
Y7 o127 7 2T T 21127

d
an 4810752 4769280
M= e 0 2T T o119t

For a family of methods with s = 2 and p = 2s — 1 = 3 with coeflicients
¢1(60), 9o(6), $1(8), ¥2(6), x1(8), and x2(6) given by (5.10.2) there is a
one-parameter family of solutions to system (6.9.5) corresponding to s = 2
and p = 3. Assuming that ) = s, the solution a1, ag, 81, B2, 1, and 2 is
given by
77760
9019485 + 11232679q0 — 22936321’

a1 = —0g =
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314280

9019485 + 11232679, — 2293632r,°
B 155520

" 9019485 + 11232679g — 2293632’

By =02 =

1

and
706320

9019485 + 112326790 — 2293632r¢

Here gg and 7g are free parameters that appear in (5.10.2).

Yo =

6.10 RECENT WORK ON TWO-STEP COLLOCATION METHODS

Work is in progress on the construction and implementation of a family of
two-step collocation methods of order p and stage order ¢ = p = s, where s
is the number of stages, for 1 < s < 8, with desirable accuracy and stability
properties. We are aiming at methods that are A- and L-stable with small
error constants and favorable error propagation, including terms of order p+2.
Preliminary numerical experiments with methods of order up to 4 indicate
that local error estimation is very accurate and reliable for small and large
step sizes for stiff systems of differential equations. We are now working on
implementation of these methods of order 1 < p < 8 in a variable step size
variable order environment in a Matlab code intended for stiff differential
systems [103, 105, 106].

We are also working on the construction and implementation of TSRK
methods of high order with quadratic stability functions. This work, which is
a continuation of work by Conte et al. [92], is reported by Conte et al. [93]
and D’Ambrosio [103].



CHAPTER 7

GENERAL LINEAR METHODS WITH
INHERENT RUNGE-KUTTA STABILITY

7.1 REPRESENTATION OF METHODS AND ORDER CONDITIONS

In this chapter we investigate GLMs that possess inherent Runge-Kutta sta-
bility (IRKS). These are methods which have the property that the stability
matrix has only one nonzero eigenvalue, which is an approximation of order
p to exponential function exp(z). As a consequence, the stability behavior of
such methods is similar to that of RK methods of the same order, and it is
said that they possess RK stability. This and IRKS will be made more precise
later in the chapter. In general, it is a very nontrivial task to find GLMs that
satisfy this property. In the case of the DIMSIMs discussed in Chapters 3 and
4, and the TSRK methods discussed in Chapters 5 and 6, after satisfying the
appropriate order and stage order conditions, the RK stability requirement
leads to large systems of nonlinear equations of high degree which are very
difficult to solve. In view of this, it is quite remarkable that choosing the
appropriate values of the parameters p, q, r, and s (i.e., the order, the stage
order, the number of external approximations, and the number of internal ap-
proximations), and assuming that the vector y[™ of external approximations
approximates the Nordsieck vector z(t,, hy), it is possible to characterize all
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explicit and diagonally-implicit GLMs with RK stability. This characteriza-
tion was discovered recently by Butcher [50, 53], Butcher and Wright [79, 80],
and Wright [293, 294]. Practical algorithms for the construction of both ex-
plicit and implicit methods of this type which use only linear operations were
also reported {80, 293, 294]. A special variant of the algorithm presented by
Butcher and Wright [80] was then used by Butcher and Jackiewicz to construct
GLMs with RK stability which achieve good balance between accuracy and
stability [72], and to construct GLMs of this type which are unconditionally
stable for any step size pattern [73].

Following Butcher and Wright [80] and Wright [293], it is assumed through-
out this chapter that p = g and 7 = s = p+ 1. As observed in [80], methods
characterized in this way seem to have considerable potential as the basis of
good solvers for initial value problems. We consider GLMs of the form

Yl = h(AQDF(Y) + (U I)ylr—1,
(7.1.1)
yM =hBDFY ™M)+ (Velyr,

n=1,2,...,N, where all the coefficient matrices have the same dimension
(i.e., A,U,B,V € R°*®), We also assume that y»~1 and y[™ are approxima-
tions to the Nordsieck vectors z(t,—1, h) and z(tn, h), where z(t, h) is defined
by (3.11.1). For easy reference this definition is repeated here:

y(t)

hy'(t)

2(t,h) = (7.1.2)

hPy(P)(t)

Observe that the notation for (7.1.1) differs from that adopted for (3.11.8) in
Section 3.11, where the coeflicient matrices were denoted by A, P, G, and Q,
and they are not of the same dimension.

As in the proof of Theorem 3.12.1 and the comments following it, it can be
demonstrated that the order conditions for (7.1.1) take the form

€% = zAe® + UZ + O(2PT1), (7.1.3)
e’Z = zBe® + VZ 4 O(zPT1), (7.1.4)
where the vector Z is defined by
T
z=[1 F—— Zp} _ (7.1.5)

We consider only type 1 or 2 methods: formulas for which the coefficient
matrix A has the form (2.7.1) with A = 0 or A > 0, respectively. We also
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assume that GLM (7.1.1) is zero-stable (i.e., the coeflicient matrix V satisfies
(2.2.5) and the conditions given in Theorem 2.2.5).
Let J and K be shifting matrices of dimension p + 1 defined by

(00 .- 0 0] (0010 - 0]

10 - 00 00 1 0
J={01 : 00}, K=

000 - 1

(00 - 1 0| 00 0 0

Observe that the matrix K was already defined in Section 3.12. Let Q €
RPFUX(P+1) he a matrix that is partitioned into column and row vectors as
follows:

Fp+1

Then it is easy to verify that the effects of multiplying this matrix by J and
K from the right and the left are

l:cl Cy - Cp+1]J=[C2 <o+ Cpyl 0j|/
[cl e cp+1}K=[0 c1 e cp],
and
r] 0 r; r2
r ro
J = , K . =
rp . . Ip+1
Tpt1 r, Tpi1 0

We have demonstrated in Corollary 3.12.2 that in the case of DIMSIMs
with p = ¢ = s and r = s+ 1, the coefficient matrices P and Q in (3.11.8) are
determined completely by the abscissa vector ¢ and the coefficient matrices
A and G. The same is true in the case of GLMs (7.1.1) with p = ¢ and
r =8 =p+1 (ie., the matrices U and V are completely determined by c,
A, and B). We justify this below using arguments by Butcher and Wright
[80, 293] which differ slightly from that used in the proof of Corollary 3.12.2.
Observe first that

e = CZ + O(zFH1),
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e Z=EZ+0(zF),
where the scaled Vandermonde matrix C is given by
C= [ e c Ef. L2 ] e R+ x(p+1)
21 p! ?

and the special Toeplitz matrix E is given by

11 % L

01 1 o
E=exp(K)=|0 0 1 --- (p_12)! c RPHDX(P+1)

00 0 - 1 ]

This matrix was already defined in Section 3.12. Using the relations above
for €°* and e*Z, the order and stage order conditions (7.1.3) and (7.1.4) can
be reformulated as

CZ=:ACZ+UZ+ 0>,
EZ=:BCZ+VZ+0(P)
Since 2Z = KZ + O(zP*1), it follows that
CZ=ACKZ+UZ+O>F),
EZ=BCKZ+VZ+0(zF),

and comparing the coefficients of 20,2, ..., 2P, we obtain representation for-
mulas for U and V of the form

U=C-ACK (7.1.6)

and
V=E-BCK. (7.1.7)

Formula (7.1.6) was first derived by Butcher and Jackiewicz [69] in the context
of Nordsieck representation of DIMSIMs.

7.2 INHERENT RUNGE-KUTTA STABILITY

We now turn our attention to stability. As discussed in Section 2.6, linear
stability properties of method (7.1.1) are determined by the stability matrix
M(z), defined by (2.6.4): that is,

M(z) = V + 2 B(I - z A)~"'U. (7.2.1)
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It turns out that the principal eigenvalue and the corresponding eigenvector
of this matrix have special forms given in the following lemma.

Lemma 7.2.1 (Butcher and Wright [80, 293]) Stability matriz M(z) de-
fined by (7.2.1) of the GLM in Nordsieck form (7.1.1) with p = q has principal

eigenvalue exp(z)+O(2P*!) and corresponding eigenvector Z+O(zP*1), where
Z is defined by (7.1.5).

Proof : 1t follows from (7.1.3) that
= (I -2A)"'UZ 4 O(zP*),

where T € RPT1X(+1) i5 the identity matrix. Substituting this relation into
(7.1.4), we obtain
eZ=(V+2B(I-2A)"'U)Z+ O(zF"),
so that
M(2)Z = €°Z + P11 0(2) (7.2.2)

for a vector-valued power series ®(z). Since M(z) — V and Z — e; as z — 0,
we have
A% e =e;.

This is one of the preconsistency conditions given in (2.2.1) with preconsis-
tency vector equal to e;. Denote by A(z) the principal eigenvalue of M(z):
the one that tends to 1 as z — 0, and let the corresponding eigenvector be
v(z). Since M(0)e; = e;, we can assume that the first component of v(z) is
equal to 1. Suppose that

e® = Az)+0(z)z™
where 6(0) # 0, and that
Z=v(z)+T(z)"

where ¥(z) # 0 and ¥;(z) = 0. Here ¥;(z) stands for the first component of
U(z). We have to show that m,n > p + 1. This will be done in two steps by
proving that (i) if m < p+1, then n < m, and (ii) it is impossible that n < m
and that n < p+ 1.

To prove (i), observe that

2" (M(2) — eT) ¥(2) - 2™8(2)v(z)
= (M(2) = €T)(Z - v(2)) + (A(z) — ) v(2)
= (M(2) - eT)Z - (M(2) = N)T)v(2),

and since (M(z) — A(2)I)v(z) = 0 using (7.2.2), we obtain

2 (M(z) — e 1) U(2) — 2™0(2)v(z) = P71 B(2). (7.2.3)
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Hence, if m < p + 1, then necessarily n < m, which proves (i).
To show (ii), divide equation (7.2.3) by 2" and then compute the limit as
z — 0. Then

(V-I)T(0) =0 (7.2.4)

ifm>n,or
(V =I)¥(0) = 6(0)v(0) (7.2.5)

if m = n. Since Ve; = e; and ¥;(0) = 0, the matrix V and the vector ¥(0)
can be partitioned as follows:

1 l vt 0
w(0) =

Ve |——o|,
o| v (0)

Hence, it follows from (7.2.4) or (7.2.5) and the fact that v(0) = e; that
(V- Dy(0) =0.

Here I is the identity matrix of dimension p. It follows from zero-stability of
GLM (7.1.1) that V — I is a nonsingular matrix which implies that 1(0) = 0.
However, this is impossible since ¥(0) # 0 and ¥1(0) = 0. This proves (ii). =

Lemma 7.2.1 characterizes the principal eigenvalue and the correspond-
ing eigenvector of the stability matrix M(z) given by (7.2.1). If this eigen-
value is the only nonzero eigenvalue of M(z), the stability properties of the
corresponding GLMs (7.1.1) are very similar to that of RK methods. This
observation motivates the following definition.

Definition 7.2.2 If the characteristic polynomial p(w, z) of the stability ma-
triz M(z) given by (7.2.1) has the special form

p(w, z) = det (wI — M(z)) = wP (w — R(2)), (7.2.6)
the GLM (7.1.1) 1s said to possess RK stability.

If GLM possesses RK stability, then the rational function R(z} in (7.2.6)
plays the same role as the stability function of the RK method of the same
order. Since RK methods have stability properties which are far superior, for
example, to that of linear multistep methods, it is desirable to find GLMs
with RK stability. The characterization of such methods is the goal of this

chapter.
We introduce next some equivalence relation between matrices and column
vectors, denoted by “=", which will be useful to define the property of inher-

ent Runge-Kutta stability (IRKS). We say that two matrices A and B are
equivalent, written as A = B, if and only if they are identical except possibly
their first rows.
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This relation has several useful properties which will aid in the stability
analysis of GLMs. For example, if Fe; = Aej, then

D=E impliesthat FD=FE.
Moreover, if can be easily verified that for any matrix G we have
D=E impliesthat DG =EG.

We also have
zJZ =12, (7.2.7)

where J is the shifting matrix defined in Section 7.1 and Z is the column
vector given by (7.1.5).

It is a complicated task to find conditions which ensure that GLMs (7.1.1)
possess RK stability. However, it is possible to find interrelations between the
coefficients matrices which ensure that this is the case. Such conditions were
discovered by Butcher and Wright [80, 293] and formulated as IRKS. This is
formalized in the following definition.

Definition 7.2.8 GLM (7.1.1) satisfying preconsistency condition V e; = e;
has an IRKS property if

BA = XB, (7.2.8)
BU =XV - VX, (7.2.9)

for some matriz X, and
det(wl — V) = wP(w —1). (7.2.10)

The importance of this property follows from the following theorem.

Theorem 7.2.4 (Butcher and Wright [80, 293]) Assume that GLM de-
fined by (7.1.1) has IRKS. Then its stability function p(w, z) = det(wI-M(z))
takes the form

p(w,2) = w? (w - R(z).
Moreover, R(z) has the form
R(z) =eT(I - 2X)M(2)(I - 2X)e;. (7.2.11)
Proof : Relation (7.2.8) is equivalent to
B(I-zA)=(1-2X)B,

and it follows that
B=(I1-2X)BI-=2A)"". (7.2.12)
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To investigate a characteristic polynomial of the stability matrix M(z) it is
more convenient to consider the matrix related to M(z) by similarity trans-
formation. Using (7.2.9) and (7.2.12), it follows that

(I - 2X)M(2)(I - 2X)™!
= (V= 2XV + 2(I - 2X)B(I - 2A)"'U) (I - 2X)"!
= (V - 2XV + 2BU)(I - 2X)~!
= (V- 2X+2(XV - VX))(I - 2X)~!
= (V

- 2VX)I-2X)"L
Hence,

(I-2X)M(2)(I - 2X)"! = V. (7.2.13)

It follows from the condition Ve; = e; and the relation (7.2.13) that the
matrix (I — 2X)M(z)(I — zX)~! can be partitioned as follows

(I-2X)M(2)(I-2X)"' =

where V is the p X p matrix obtained from V by deleting the first row and
column and r is some vector. Since condition (7.2.10) and Ve; = e; ensures
that V' has only zero eigenvalues, it follows that (I — zX)M(z)(I — zX)~!
and M(z) has only one nonzero eigenvalue R(z), which is the (1,1) element
in (7.2.14). This leads to formula (7.2.11). Observe also that R(z) — 1, the
eigenvalue of V, as z — 0. [ ]

Definition 7.2.3 and the proof of Theorem 7.2.4 make no reference to any
special form of the matrix X. However, it turns out that this matrix must
have a very special form for GLMs (7.1.1) of order p = ¢. This is formulated
in the next theorem.

Theorem 7.2.5 (Butcher and Wright {80, 293]) For GLM (7.1.1) with
p = q, the most general form of the matriz X appearing in conditions (7.2.8)
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and (7.2.9) of Definition 7.2.3 is of doubly companion form:

[ —a1 —02 —03 o —Op-1 —Qp —Opt1— Opt1 ]
1 0 0o - 0 0 -G
0 1 o - 0 0 ~Bp-1
X=1| ¢ & 5 . (7.2.15)
0 0 0 0 0 —B5
0 0 o - 1 0 -5
. 0 0 o - 0 1 -5 i

Proof : Multiplying (7.2.8) by 2B and (7.2.9) by I — 2X and then adding the
resulting relations, we obtain

e*(I-2X)Z = 22(BA — XB)e®* + 2(BU — XV)Z + VZ + O(2P+})
=22(BA — XB)e®* + 2(BU — XV + VX)Z + V(I — 2X)Z + O(2P*+1).
Using (7.2.8) and (7.2.9), the equation above leads to the equivalence relation
ef(I-2X)2=V({I-2X)Z+ O(zPh)
and it follows that
(e*I - V)(I - 2X)Z = O(zP11). (7.2.16)

Set Z = (I — zX)Z and partition the matrix eI — V and the vector Z as
follows:

ez—l‘ oT _ Z
eT-V = 7= ,

0 |er-v Z

where Z, stands for the first component of the vector Z. Then (7.2.16) takes
the form

e*—1 ‘ vT Z (2 —1)Zy +7Z

= O(zP*1). (7.2.17)

0 |e1-v || Z (€] -V)Z

Since the matrix J — V' is nonsingular, there exists € > 0 such that e*] — V is
also nonsingular for |z| < e. Multiplying (7.2.17) by the matrix

1| 0
F =

0| (1-v)
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and taking into account that Fe; = e;, we obtain

(2 —1)Z, +vTZ

= O(2P11),

z

which is equivalent to
(I-2X)Z = O(zP1). (7.2.18)
Using (7.2.7), this relation simplifies to
(J—X)Z = O(2P).

It is easy to verify that this relation implies that all elements of J — X must
be zero except for the first row and the last column. Therefore, X must be of
the form (7.2.15). This concludes the proof. [

The doubly companion matrix (7.2.15) is the most general matrix satisfying
condition (7.2.18), and the conclusion of the theorem follows also directly
from this condition. This can be verified by comparing the coefficients of
z,2%,...,2P on the last p rows of the relation

2XZ = Z + O(zP+1),

which is equivalent to relation (7.2.18).

To provide additional motivation for conditions (7.2.8) and (7.2.9) in Defi-
nition 7.2.3 and the role of the doubly companion matrix X given by (7.2.15),
we reformulate the stage order and order conditions (7.1.3) and (7.1.4) as-
suming that relation (7.2.18), which defines such a matrix X, is satisfied.
Substituting (7.1.3) into (7.1.4), it follows that

e’Z = 2*BAe® + (2BU + V)Z + O(2P+1),
and using (7.2.18) we obtain
e’Z = 2°BAe®* + 2(BU + VX)Z + O(2PT1). (7.2.19)
Multiplying (7.1.4) on the left by 2X leads to
2e*XZ = 2°XBe® + :XVZ + O(zP*1)
and again using (7.2.18) yields
e*Z = 2*XBe® + 2XVZ 4 O(zP+1), (7.2.20)

We can now observe that (7.2.19) and (7.2.20) are equivalent if we assume
that conditions (7.2.8) and (7.2.9) are satisfied.

Theorem 7.2.5 and the discussion above give some indication that doubly
companion matrices (7.2.15) will play an important role in the analysis of
GLMs with IRKS. Such matrices were introduced in the study of effective
order singly-implicit Runge-Kutta (ESIRK) methods by Butcher and Chartier
[55, 56]. In the next section we review some of the properties of doubly
companion matrices following the presentation by Butcher and Wright [80]
and Wright [293].
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7.3 DOUBLY COMPANION MATRICES

Consider the set IT of polynomials of degree less than or equal to p + 1 which
map 0 to 1 (ie., if ¢ € II, then ¢(0) = 1). Examples of such polynomials
related to the doubly companion matrix X defined by (7.2.15) are

a(w) =1+ aw+- -+ opw? + opriw?’ (7.3.1)

Bw) =1+ frw + - + BpuP + Bpr1wPTL. (7.3.2)

The set IT becomes a group if we define the product v = o of o, 3 € I to be
a polynomial « € II such that

Y(w) = a(w)B(w) + O(w?*?).

The identity of this group is the constant polynomial e(w) = 1, and the inverse
element a~! € IT of a € 11 is defined so that

o Hw)a(w) = 1+ O(wP™?).

We denote by X(a, 8) the doubly companion matrix given by (7.2.15), where
the elements in the first row and last column of this matrix are the coefficients
of the polynomials o, 3 € II given by (7.3.1) and (7.3.2). When there is no
possibility of confusion, we write X instead of X(a, 3).

We first consider the characteristic polynomial ¥(w) = det(wI—X(a, 5)) of
the matrix X = X(a, ) given by (7.2.15). It is known that in the special cases
Bi=02= =01 =00ra; =az = = apy1 = 0, the characteristic
polynomials are given by

det (wI — X(a, 1)) = wPt! + a1wP + - + apw + api1,

det (wI — X(1,8)) = wP*! + BiwP + -+ + Bpw + Bpy1,

respectively (compare {160, 197, 228]). Here 1 stands for the identity in the
group II.

To determine the characteristic polynomial of X(a, 3) in the general case,
let A be an eigenvalue of this matrix and x()) the corresponding eigenvector.
It is easy to verify that the last component of x()) cannot be zero. Hence, we
can assume without loss of generality that this eigenvector has the form

T
x0) = 2,00 () w1
We have the following lemma.

Lemma 7.3.1 (Butcher and Chartier[56], see also [293]) The character-
istic polynomial ¥(w) of the matriz X(c,3) given by (7.2.15) assumes the
form

p+1

Y(w) = Tpp1(w) + > kTps1-k(w), (7.3.3)
k=1



356 GENERAL LINEAR METHODS WITH INHERENT RUNGE-KUTTA STABILITY

where Tpy1(w) = wep(w) + Bpt1, and zx(w), k =p,p—1,...,1, are the first
p components of the vector x(w) obtained from the eigenvector x(\) by setting
A=w and zg(A) = 1.

Proof: Comparing components p+ 1,p, ..., 2, of the equation
X(a, B)x(A) = Ax(N) (7.3.4)

which define eigenvalue A and the corresponding eigenvector x(A), we obtain
Iy ()‘) =X + ﬂla

z2(A) = Az1(A) + B2 = A2+ Bid + B,

Tp—1(A) = Azp2(X) + Bp1 = WL+ BINT2 4+ By oA+ B,
zp(N) = Azpo1 + 8p = W+ BN+ 4 B d 4 5,
This can be written more compactly as
zp(A) = Azg—1 (V) + Bk, k=1,2,...,p,

where zg(A) = 1, or in expanded form as

k
zk()\)z)\k+2,3j)\k_j, k=0,1,...,p.

j=1
We also define zp41(A) by the same formulas; that is,

p+1
Tpr1(A) = Azp(A) + By = NPT+ AP+,

Jj=1
Comparing the first components of equation (7.3.4) and using the relation
Tp+1(A) = Azp(A) + Bpt1, we obtain

p+1
Tp1(N) + D Zpp1-k(A) = 0. (7.3.5)
k=1

Consider the polynomial ¢(w) defined by (7.3.3). Then deg(y)) = p + 1, its
leading coefficient is equal to 1, and it follows from (7.3.5) that ¢(A) = 0 if A
is an eigenvalue of X(e, 8). Hence, 1(w) has to be equal to the characteristic
polynomial of X(, 3), that is,

Y(w) = det (wI - X(e, B)),
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which concludes the proof. [ ]

The next lemma provides a more convenient way to compute % (w).

Lemma 7.3.2 (Butcher and Wright [80, 293)) The characteristic poly-
nomial Y(w) of doubly companion matriz X(a, 8) given by (7.2.15) consists
of terms with nonnegative degree in the expansion of the product

WD (WP 4 g wP 4t o) (WP BruP + - By,

Proof : 'We have

pt1 pt+l
w~ (D) <wp+1 + Zakw”"’l_k) (wp"'l + Zﬂjwp“_j)

k=1 j=1

p+1 p+1 '
<1 . Zakw—k> <wp+1 S ,ejwpﬂ—:)
k=1

=1

p+1 p+1
1—k 1—k—j
= Tp1(w) + Y ap | wPi7F 4 > Btk
k=1

j=1

k=1

p+1 p+1—k
Tpi1(w) +Zak (wp+l—k + Z ﬂjwp+l—k—]> +O(w™)

j=1
p+1

= zp1(w) + Zak%+1—k(w) +O0(w™).
k=1

In the formulas above O(w™!) stands for terms with negative degrees in w.

Using (7.3.5), the last relation is equal to v(w) + O(w™') and the conclusion
of the lemma follows. [

Observe that the statement of the lemma can be reformulated as
(WPt +arwP + - opin) (WPt 4 BruP + -+ Bpp1) = wPt g (w) + O(wP),

where O(wP) stands for the terms of degree less than or equal to p. This
observation can be used to compute an alternative form of the characteristic
polynomial of X defined by

zZ(w) = det(I — wX).

We have _
Y(w) = wP det(w] — X) = wPTy(@),

where @ = 1/w. This polynomial can be computed from the relation

P(w) = (af)(w),
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where a and 3 are polynomials defined by (7.3.1) and (7.3.2) and ag is the
product in the group II. This follows from the relations

o(w)Bw) = (I1+aw+ -+ oprwP™) (1 + Bw+ -+ + BprwP ™)
= w2PTO(GPH + 0 @P + -+ + a1 ) (TP + B1@P + -+ + Bpt1)
= 2e+1) (TP (@) + O(@P))
= wPT(®D) + O(ﬁ;—(p+2))

= ¢(w) + O(wPt?).

In applications of doubly companion matrices to the construction of GLMs
which are of interest here, the eigenvalues of the matrix X{(«, 3) and the S,
k=1,2,....,p+ 1, are free parameters to obtain specific properties of the
method. Once they are determined, the parameters ag, k = 1,2,...,p+ 1,
can be computed from the relation

a(w) = $(w)8~ (w) + OwP™?) = ($571)(w), (7.3.6)

where o and 3 are given by (7.3.1) and (7.3.2) and 37! is the inverse of 3 in
group II.

In deriving GLMs (7.1.1) with IRKS it will be necessary to find decompo-
sitions of X(«, 3). We are interested in type 1 and 2 methods for which the
coefficient matrix A has the form (2.7.1) with A = 0 or A > 0, respectively. In
particular, A has a one-point spectrum, o(A) = {A}, and it will be demon-
strated later that this is equivalent to the matrix X (e, 3) having a one-point
spectrum, o(X(a, 8)) = {A}, where X is the diagonal element of A. In this
case the decomposition of X(a, 3} reduces to Jordan canonical form. To de-
scribe this decomposition, we also need a left eigenvector y(\) corresponding
to the eigenvalue X of X(q, 3), which is defined by

yT(NX(e, 8) = yT (V). (7.3.7)

It is easy to verify that the first component of y()) is nonzero and we can
assume without loss of generality that y()\) has the form

YO =[1 5 - ) w ]

Similarly as in the case of the (right) eigenvector x(\), the components of
y(A) can be found from the recurrence relations

yk()\)=Ayk—1()\)+Otk, k:1a2,"'ap’
or, in expanded form, from

k
ve(N) =X+ Y 07, k=0,1,...,p,
j=1
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where yo(A) = 1. Assuming that X (e, 3) has a one-point spectrum {A}, the
factorization of this matrix is described by the following lemma.

Lemma 7.3.3 (see [56, 80, 293]) Given the (right) eigenvector x(\) and
left eigenvector y(}), the doubly companion matriz X given by (7.2.15) has a
characteristic polynomial of the form

d(w) = (w— NP
if X can be factorized as

X =0T+ A0t (7.3.8)

where the unit upper triangular matrices ¥ and ¥~ are given by

U= ;;[_!x(p)()\) (p—ll)!x(p—l)()\) X)) x(N)
and _ _
y(V)T
YN
_.1__ :
Y= 1 =1 (T
-1 *)
YO

Proof : Since A is an eigenvalue of X of multiplicity p + 1, relation (7.3.4)
can be differentiated up to p times and we obtain

(k) (k) (k-1)
x®)(A) )X (N L X (A

= k! T

k= 0,1,...,p, where xX(=D(X) = 0, x(©(X) = x(\). Hence, the sequence
x®) /k!l k= 0,1,...,p, is a Jordan chain of length p + 1 associated with A,
and it is linearly independent (compare [197]). Writing the relation above in
vector form, it follows that

1 1
———xP=D(\) - x(A) 0 [=AU+T]
x x ,
-1 CEPI )
which is equivalent to (7.3.8). The representation for the matrix ¥~! can be
proved in a similar way by differentiating up to p times relation (7.3.7). =

XU = AU+ xP7())

There are two slight variants of the nilpotent matrix K that will be used
in the representation of the matrices ¥ and ¥~! appearing in (7.3.8), when
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the matrix X given by (7.2.15) has a one-point spectrum o(X) = {A}. These
are denoted by K* and K~ and are defined by

K;Fj=i6i+1,j7 K:]=(P+1_Z)5z+1m i7j=1727"'7p+17

where §;; is the Kronecker delta. That is,

010 0 0 O
0 2
0 0

K* = ,
000 0 p—1 0
000 0 0 p
(000 -0 0 O]
[0 0 0]
00 p—1 0
00 O - 000

K™ =
0 0 0 20
00 0
|00 0 00 0

The columns of ¥ are generalized (right) eigenvectors, and the columns of
(I~1)7T are generalized left eigenvectors. Matrices ¥ and ¥~ can be factor-
ized into the product of two matrices, as shown in the following corollary.

Corollary 7.3.4 (Butcher and Wright [80, 293]) Matrices ¥ and ¥~!
can be factorized in the form

U =3(K)exp(AK™), ¥7!=exp(OKT)a(K), (7.3.9)

where o(K) and B(K) are matriz polynomials with o and 3 defined by (7.5.1)
and (7.3.2).

Proof :  Consider first the formula for ¥. Define the matrix $(w) by

B(w) = I%x(”)(w)

1

(p_l)!x(p—l)(w) v X (w) x(w)
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(i.e., by substituting A = w in ¥). It can be verified by direct computations
that

1 B o o Bpoa Bp—1 Bp ]
0 1 B - Bpoz Bpi
S0 1 ) oo Bpes
W(O) - . . . . .
0 o 1 8
(000 0 -~ .- 0 1

= I+ 5K+ 5HK? +--- + B,K?,
and since KP*! = 0, we obtain
2(0) = H(K).

Observe that the coefficient Fp+1 does not affect the value of 3(XK). We also
have

' (w) = — %x(”“)('w) (p_ll)|x(p)(w) x"(w) x’('w)]
_ (p_l 5 w) (w) ¥ (w) ]
M1 1 _ ' -
= Lax(”)( ) (p_l),x@ Y (w) x'(w) x(w) }K
= d(w)K~
Hence,
' (w) exp(—wK ™) — ®(w)K ™ exp(—wK™) =0
or

-L% (@(w) exp(—wK‘)) =0.

Integrating this relation from 0 to A and taking into account that ®(0) = 3(K)
we obtain ¥ = &()) = 5(K) exp(AK ™), which is the formula required for ¥.
The formula for ¥~! can be proved in a similar way. [ ]

It may be more convenient to compute ¥~ from the relation
U ! = exp(AK ™) 1B(K) 7! = exp(-AK7)3(K) ™! (7.3.10)

since this avoids the computation of matrix polynomial a(K), leaving every-
thing in terms of F(X) only. Observe that for any Gk, k = 1,2,...,p, and the
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given value of A, we can always choose the coefficients ax, k = 1,2,...,p+1, so
that the doubly companion matrix X has a one-point spectrum ¢(X) = {A}.

This can be done using relation (7.3.6) with ¥(w) given by
~ 1
= PT! — ) = — pt+l
Y(w) = w Q/J(w> (1= Aw)PHL.

We can then compute ¥ and ¥~! using (7.3.9) or the first equation of (7.3.9)
and (7.3.10) and matrix X from (7.3.8). Observe also that the parameter 8,1,
is redundant since it does not affect the values of 3(X). This parameter enters
the definition of the matrix X only through the combination —apt1 — Bp11,
and without loss of generality we can assume that 8,+, = 0.

The next corollary corresponds to the special case when A = 0, which is
relevant, for example, to (explicit) type 1 methods.

Corollary 7.3.5 (Butcher and Wright [80, 293]) Assume that the poly-
nomials o, 8 € I1 are such that (aB)(w) = 1. Then the corresponding doubly
companion matriz X (o, 8) has a one-point spectrum o(X(a, 3)) = {0} and
the following factorization holds:

X(a, 8) = B(K) J a(K) = B(K) T B(K) ™" (7.3.11)

Proof : Tt follows from the relation (7.3.6) that ¥ (w) = (a8)(w) = 1. Hence,
Y(w) = wPtlyg(w) = wPT! and, as a consequence, X(a,3) has a one-point
spectrum o(X(a, 3)) = {0}. The factorization (7.3.11) is now a direct conse-
quence of Lemma 7.3.3, Corollary 7.3.4, and formula (7.3.10) with A=0. =

It is useful to extend this result so that the polynomials a(w) or B{w) could
be multiplied by a further polynomial v(w). We have the following result.

Corollary 7.3.6 (Butcher and Wright [80, 293]) Assume that o, 3,7 €
I and (aBv)(w) = 1. Then the doubly companion matrices defined by X(ary, 8)
and X(a,v83) have a one-point spectrum {0}. Moreover,

X(ay,8) = X(a; 8) 7(K)

and
X(a, ’Yﬂ) = V(K) X(Oé, /B)

Proof: Since (ay)(w)B(w) =1 and a{w)(y8)(w) = 1, the conclusions follow
directly from Corollary 7.3.5. |

The result from Corollary 7.3.5 can be extended so that it is applicable for
A > 0 by choosing a(w) and B(w) so that af = ¥, where ¥(w) = (1 —Aw)PTL.
We have the following lemma.

Lemma 7.3.7 (Butcher and Wright [80, 293]) Assume that a(w)B(w) =

Y(w) + O(wP™2), where the characteristic function of X(a, 3) takes the form
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J(w) = (1 = Aw)PTt. Then X(a, ) has a one-point spectrum o(X(a, 8)) =
{\} and the following factorization holds:
X(a,8) = B(K) X(aB,1) 71 (K). (7.3.12)

Here X(af,1) is the companion matriz corresponding to af3.

Proof: We have

Yw) = w5 () = (w2
and it follows that o(X(a, 8)) = {A}. Let ¥ = a8; that is,

p+1
yw) =1+ ' = (1~ dw)P* + O(wP+?).

=1

For convenience, we also introduce the notation B = B~1, where 3 has coeffi-
cients 8y, B, ..., 8,11. Using the relations

K'e;=0, >0, elK"=el,,
where by convention e;1x =0 if j + &k > p+ 1, we also have

p+1

BK)X(y,1) 71(K) = (I + Z: ﬁiKi) ( Z v;e1€] ) (1 + Z ﬁkK’“)

4 p+1 p+1l p
+ Z B JKF — Z’y]ele Z Z'yjﬁkele”k
k=1 j=1 7j=1k=1
P
+ Z BK'J + Z > BB KIK",
1=1 k=1
It can be verified that

J, i=k=0,
KF! —ejef, i=0, k>0,

KK = .
K1 — ep+2_ieg+l, 1>0, k= 0,

Kitk-1 i,7 > 0.

Using these relations and observing that K? = elez;+1 and K7 = 0 for j > p,
we obtain

p+1 p+1 ptlptl
BK)X(7,1) 7 (K) = J — Zﬁkelek Z%ele =3 viBrerelyx
J=1k=1
p+1 p+1 p+1 p+1p+1

- Z@emz zep+1+261K’ 1+ZBkK’° 1+ZZ@ B, Kith1,

i=1 k=1
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Since a = 3, that is,

A +mnw+ -+ %puP +ppawP ™)1+ Byw + - + BwP + B, wP™h)
= l+oqw+---+ apwp + ap+1wp+1 + O(wp+2)7

it follows that

p+1 p+1 p+1 p+1 p+1

Z'yjele + Zﬂkelek + Zz'yjﬂkeleﬁ_k = Za eel

7j=1k=1

Similarly, since 3(w)B(w) = 1 + O(wP*?), all coefficients of 33 are equal to
zero and we have

p+1 p+1 p+1p+l pfl
ZﬂKz 1+Zﬂ K+ Y BBKR =) (88) KM =0
i=1 k=1 k=1
Hence,
p+1 p+1

BE)X(1, 1) BHK) =T~ aiere;— Y Biepsz iel.; = X(a, §),

i=1 =1

which concludes the proof. [ ]

7.4 TRANSFORMATIONS BETWEEN METHOD ARRAYS

In this section we describe transformations between the coefficient matrices
of methods that will enable us to find GLMs with IRKS property. The trans-
formed methods and the transformed IRKS conditions will be derived. We
assume that the coefficient matrix A has the form (2.7.1) with A = 0or A > 0,
respectively, which corresponds to GLMs (7.1.1) of type 1 or 2.

We first present two results that will aid in the process of deriving GLMs
with IRKS. The first considers a special connection between lower triangular
matrices.

Lemma 7.4.1 (Butcher and Wright [80, 293]) Assume that L € R™*"
is a strictly lower triangular matriz, with n = p + 1, satisfying

ML = JM.

Then M is lower triangular.

Proof: We prove this result by induction. The lemma is clearly true for
n = 1. Assume that it is true for p = n — 1 and let M,J,L € R"*™. Since
JM = ML implies that JMe,.; = MLe,,; and we have Le,,, = 0, it
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follows that the first p components of Mep41 are equal to zero, so that the
last column of M is a multiple of epy1. Let us partition M, J, and L as
follows:

M‘O J‘O L]O
M= |— |, J=|— | 1=|——|,
mT\ffz e;‘f‘O lT‘O

where M,J,L € R{»=Ux(=1) and m,l € R*"!. Then JM = ML implies
that ML = JM, which, by the induction hypothesis, implies that M, and
therefore M, is lower triangular. =

The second result shows that the first of the IRKS conditions (7.2.8) can
be strengthened to equality between matrices. We have the following lemma.

Lemma 7.4.2 (Butcher and Wright [80, 293]) Given the coefficients
bh,B2,...,0p and the real parameter X, choose coefficients a1, ag,...,0p41,
so that the characteristic polynomial ¥(w) = det(wl —X(w, 3)) is of the form
Y(w) = (w— A)PTL. Then the condition BA = XB implies that

BA = XB. (7.4.1)

Proof: Tt follows from Lemma 7.3.3 that X = ¥(J 4+ AI)T~!, so that the
condition BA = XB takes the form

BA = U(J + ADT'B.
Since ¢! is unit upper triangular, we have U'~le; = e, and it follows that
UT'BA = (J + AU !B.
This can be rearranged in the form
T-'B(A - AI) = JUB. (7.4.2)

Since A — Al is strictly lower triangular, it follows from Lemma 7.4.1 that
U~1B is lower triangular, which implies further that the left- and right-hand
sides of (7.4.2) are equal. This is equivalent to (7.4.1), which completes the
proof. ]

The results of this section are also applicable in a somewhat more general
case, where the coeflicient matrix A is not necessarily of the form (2.7.1),
but it is only assumed to have a one-point spectrum o(A) = {A}. Then it
follows from real Schur decomposition [136] that this matrix can be reduced
to a matrix A of diagonally implicit form (2.7.1) by an orthogonal similarity
transformation

A=wTAWwW.
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If W =1, then A = A and the method reduces to GLM of type 1 or 2.
However, by allowing W # I, more general methods, such as, for exam-
ple, ESIRK considered by Butcher et al. [55, 56, 59] or diagonally extended
singly-implicit Runge-Kutta effective order (DESIRE) methods considered by
Butcher and Diamantakis [61], can be derived. This is discussed in detail by
Butcher and Wright [81, 293], where new ESIRK and DESIRE methods are
also constructed.

The significance of Lemma 7.4.2 consists of the fact that relation (7.4.1)
can be used to find A given that we know B. Clearly,

A =B !'XB

if B is nonsingular. However, the relation (7.4.1) can be used to find A even if
B is singular, although in some cases A may not be unique [293]. Once A and
B are known, the remaining coefficient matrices U and V can be determined
from relations (7.1.6) and (7.1.7), which follow from stage order and order
conditions. Therefore, the method is determined once we know B, and it is
crucial to find a convenient way to represent this matrix. The transformation
is used to represent B in such a way that the remaining conditions (7.2.9) and
(7.2.10) for IRKS are satisfied automatically.

Denote by M the original method and by M the transformed method,

AU _ | A|®T
M=|—""| M=|—"1|,
B|v B|V

and assume that both methods have the same abscissa vector ¢ = ¢. To con-
struct M, we first construct M with some appropriate properties, and then
back transform to find the original method M. This approach was proposed
by Butcher and Wright [79] in a somewhat more restricted setting, where the
definition of IRKS property was less general and where the matrix J instead of
X was used (compare [79, Definition 2.2]). We now use Lemma 7.3.3 to trans-
form method M and the IRKS conditions (7.4.1) and (7.2.9). Substituting
(7.3.8) into (7.4.1) and rearranging terms, we obtain

UTIB(A - AI) =JU !B,
This can be written in the form
BA =JB, (7.4.3)

where _ _
A=A-)I, B=U"!B.

Since A is strictly lower triangular, it follows from Lemma 7.4.1 that B is
lower triangular. Substituting (7.3.8) into (7.2.9) and simplifying, we obtain

BU=WU 'V - ViJu—t
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Using the properties of the equivalence relation = listed in Section 7.1, this
can be rewritten in the form

BU=JV-VJ, (7.4.4)

where _ _
U=Uv, V=vulvy,

Consider next IRKS condition (7.2.10) in Definition 7.2.3. Since ¥~ and ¥
are unit upper triangular matrices and Ve; = e;, we have

Ve, = U 1VUe = U Ve, = U le; =¢,

which is the preconsistency condition for the transformed method M. We also
have

det(wl - V) = det(wl — ¥~'V¥) = det(wl — V),

so that the transformed condition (7.2.10) takes the form

det(wl — V) = wP(w - 1). (7.4.5)

Next we express conditions (7.1.6) and (7.1.7) in terms of the transformed
method M. Postmultiplying (7.1.6) by ¥ and rearranging terms, we obtain

UV = C¥ — ACKY = C¥ — \CKV — ACKV.

Hence, _ _
U=C(I-)K)¥V - ACKV. (7.4.6)

Similarly, premultiplying (7.1.7) by ¥~! and postmultiplying by ¥, we get
v~V = U'EV - BCKU.

Using the formula for ¢ in (7.3.9) and the formula for ¥~! in (7.3.10), this
can be written in the form

V = exp(- K ") {K)EBS(K) exp(AK™ ) — BCK.

It is easy to verify that the upper triangular Toeplitz matrices E and 3(K)
commute and it follows that

V =F - BCKYV, (7.4.7)

where
F = exp(—AK ™ )E exp( MK ™).

The structure of this matrix is described by the following lemma.
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Lemma 7.4.3 (Butcher and Wright [80, 293]) Let A be a real number
and K™, E, and K be the matrices defined in Sections 7.1 and 7.3. Then

exp(—AK " )Eexp(AK ™) = exp (K(I + AK) ™). (7.4.8)

Proof: Observe first that it follows from the Leibnitz rule for the i-fold
derivative applied to the product of z and 27! f(z), where f(z) is a sufficiently
smooth function, that

(x%x))(i) = Z (; ) (I%)>(i_j)x<j> - x(%ﬂ”) © i(ff))(i—l)

=0

or

) = (227 L) e

X Z X Z

This formula will be used when f(z) is a polynomial of degree p:

f(.’l') = P +a11‘p“1 + .. +ap_1:1;+ap = aT&-’

T T
a:l:l ar - Gp-1 ap] , E:I:xp :L.P"l e 1] s

and we will be interested in terms with nonnegative powers of z. It can be
verified by induction with respect to ¢ that

~ (@) = aT (&) Ke + 06,
0
<(Tx) — aTK(K™ )¢ + O(z ™), (7.4.10)
. (i-1)
%(f@) = iaTK(K")KE + O(zY),

where O(z™!) stands for terms with negative powers of z. We illustrate the
proof of the first of the formulas above, which is rewritten as

(f(2))¥ = zaT (K~)'Ke + O(1),

where O(1) includes constant terms and terms with a negative power of z.
Since aT¢ and zal K¢ differ by a constant, this formula is satisfied for i = 0.
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Assuming that it is true for ¢, we have

(F@) Y = aT(K)K(E +t) +0(1)

= aT(K')iK[(erl)xP pzP~l . 2z 1}T+O(1)
= aT(K_)i[pxp“l (p—1zP~2 ... 27 1 or+0(1)
= aT(K‘)iK—[xp @l g 1}T+0(1)

- aT(K—)H—lK[sz—l P g2 xr+0(1)

= za® (K~)"1K¢ + 0(1),

which is the same formula as that corresponding to ¢ + 1.
Substituting (7.4.10) into (7.4.9) and comparing terms with nonnegative
powers of x, we obtain

a’ (K7)K-K(K™)" —K(K")'K)¢ = 0.

Since this relation holds for any value of x and any choice of the components
of a, it follows that

(KT)'K-K(K™)' —:K(K™)" 'K =0.
Multiplying this equation by A*/i! and summing for ¢ = 0,1, ..., we obtain
exp(AKT)K = Kexp(AK ™ )(I + AK),
or, what is equivalent,
exp(—AK 7 )Kexp(AK™) = K(I -~ AK)™!.
This relation implies that
exp(—AK ™)K exp(AK™) = (K(I - AK)™1)’,

j =0,1,..., and multiplying this by 1/;j! and summing over j, we obtain
equation (7.4.8). This completes the proof. [

The next results analyze the structure of the matrix exp(S(I + AS)™1),
where S satisfies the condition p(AS) < 1. Here p(A) stands for the spectral
radius of the matrix A. This condition is clearly satisfied for any A if S = K.
Although the structure of this matrix could be concluded from Lemma 3.5.1
with S playing the role of Z, in what follows we describe it in a somewhat
different way following Wright [293]. The reason for this is that it is more
convenient to use somewhat different notation in the context of GLMs with
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IRKS than that corresponding to the case of DIMSIMs of types 1 and 2
discussed in Sections 3.4 and 3.5. We first need the following lemma.

Lemma 7.4.4 (Wright [293]) For any integer | > 1 and a complex number
w such that |w| < 1, we have

i(kj“l)wk:(iw’“>l=(l_lw)l. (7.4.11)

k=0 k=0

Proof: The result is clearly true for [ = 1. Assuming that it is true for [ > 1,
it follows that

=) +1 oo l oo oo o0
(E)" = (B S £ (e B
k=0 m=0 n=0 m=0 m n=0

Setting k = m + n and rearranging the double sum, we obtain

(£ £ (")

k=0

It can be verified by induction with respect to k that
k
£C)-00)
m=0 m k

(£ -E 00

k=0 k=0 k

Hence,

which corresponds to (7.4.11) with [ replaced by ! + 1. This completes the
proof. [ |

We are now ready to describe the structure of exp(S(I + AS)™1). We have
the following lemma.

Lemma 7.4.5 (Butcher and Wright [80, 293]) For any real number A and
the matriz S such that p(AS) < 1, we have the following representation:

exp (S(I+AS)™1) = I+iNi()\)S", (7.4.12)
i=1
where -
72— Z"" _ k
AEDY ( . 1) ((Z, _’\])C)!. (7.4.13)
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Proof : Expanding exp(S(I + AS)~!) into a Taylor series, we obtain
=1
— l -1
exp (S(I+A8)7) =1+ 7SI+ 28)

=1

Since p(AS) < 1, it follows from Lemma 7.4.4 that the negative binomial
expansion of (I + AS)~! is given by

N [(k+l-1
(I+28)7'=)" < )(—)\S)’“.
k=0 k
Substituting this relation into the expansion of exp(S(I + AS)™!), we get
2l e (k+l-1
-1\ _ Q! S k'
exp (S(I+XS)™1) I+;“S ;( . )( AS)

Setting ¢ = [ + k and rearranging the double sum, it follows that

R A G A
exp (S(I+ AS)™~! _I+;H< . )(i_k)!s.

This is equivalent to (7.4.12) with N;(\) defined by (7.4.13), and the proof is
complete. ]

The polynomials N;()) are listed in Table 7.4.1 for ¢ = 1,2,...,6.

i | Ni(\)

1 1

2 12

3 Lo+

4 L4_1>\+3>\2 >\3

5 o5 — EAF AT =207 0

6 s At AT = 2N 5NN

Table 7.4.1 Polynomials N;(A) fori=1,2,...,6

Next we analyze further IRKS condition (7.4.4), which will aid in the

derivation of the coefficient matrix B of the transformed method M. Substi-
tuting (7.4.6) and (7.4.7) into (7.4.4), we obtain

BC(I - AK)¥ — BACKYU = J(F —- BCKU) — (F - BCKU)J,
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and using IRKS condition (7.4.3) it follows that
BC((I-XK)¥ —- K¥J) = JF - FJ.
Since
I-XMK)? -K¥J =0 - KU(J+ \N)T'¥ = (I - KX)J,
using (7.3.8) we obtain

BC(I- KX)¥ =JF - FJ. (7.4.14)

Since ¥ is unit upper triangular (compare Lemma 7.3.3) it can be verified by
direct computations that the matrix (I — KX)¥ appearing on the left-hand
side of (7.4.14) takes the simple form

- KX)¥U = B(K)e, 0T, . (7.4.15)

which has only the nonzero last column equal to

T
B(K)epH:[gp Bper - B 1] .

Here (3 is defined by (7.3.2). The next result is useful to describe the structure
of the matrix JF — FJ appearing on the right-hand side of (7.4.14).

Lemma 7.4.6 (Butcher and Wright {80, 293]) Given the polynomial
flw)y=1+aqgw+ -+ apo1wP™ ! + apu?,

it follows that f(K) is an upper triangular Toeplitz matriz that satisfies the
relation

-~a1 —az - —ap 0 ]
0 0 - 0 a
Jf(K) - f(K)I =
0 0 0 az
Lo 0 - 0 a

Proof: Partitioning J into columns and K* into rows and performing block
multiplication, we obtain

p—i+l
. - .
JK' = E €jr1€j1;, 1=1,2....,p
j=1

Similarly, partitioning K* into columns and J into rows, we get

p—i
7=0
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Hence, subtracting these relations it follows that

i i T T
JK' - K'J =e€p-_it2€,.; —€1€e;, 1=12,...,p

Multiplying the equation above by a; and summing for + = 1,2,...,p, leads
to

p p
JFE) -T) = (FK) -D)T =D aiep_ipoe),; — > aiere],
1=1 =1

which is equivalent to the statement of the lemma. |

Since p(AK) = 0 for any A, it follows from Lemmas 7.4.3 and 7.4.5 and the
fact that K¢ = 0 for ¢ > p+ 1 that

F=exp(KI+XMK)™ ) =1+ zp:Ni(A)Ki.

i=1

Hence, applying Lemma 7.4.6 to the function f(w) defined by

D
fw) =1+ 3 N,
=1

we obtain
[N =Np(A) e =Ny(N) 0]
0 0 0 Np(A)
JF-FJ= : : : : . (7.4.16)
0 0 0 No(N\)
0 0 0 Ni(\) |

Taking (7.4.15) into account, relation (7.4.14) can be written in the form
BCB(K)epi1el,; = JF - FJ, (7.4.17)

where JF — FJ satisfies (7.4.16). Observe that the matrix on the left-hand
side of (7.4.17) is zero except for the last column, and the matrix on the
right-hand side is zero except for the first row and the last column. Hence,
the equivalence relation (7.4.17) is automatically satisfied except for the last
column, and it can be written in the form

BCA(K)eps1 = (JF —FJ)ep 1. (7.4.18)

This relation leads only to p additional conditions for the (p + 1)(p + 2)/2

coefficients of the lower triangular matrix B. The determination of this matrix
is discussed further in Section 7.7.
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7.5 TRANSFORMATIONS BETWEEN STABILITY FUNCTIONS

In this section we investigate the relationship between the stability matrices of
the original and the transformed method to determine the connection between
their stability functions. The stability matrix M(z) of the original method is
given by formula (2.6.4), and we have

M(z) = V+2B(I-2A)"U

2 1 z -
=V -
+1—)\zB<1—)\zI l—AzA> v

-1
z z
= V+1_>\ZB<I—1_)\Z(A—)\I)> U.
Setting
s__* .z
Tl T TTiw
it follows that _
Z o~
M{——=}|=V+Z -ZA)"'U,
<1+sz> +zB(I-ZzA)"'U,

where we recall that A = A — AL Denote by M(z) the stability matrix of the
transformed method; that is,

M(z) = V +:B(I - 2A)"'U.

It turns out that there is a direct connection between stability matrices of the
original and transformed methods. This connection is given by a similarity
transformation between matrices M(z/(1 — AZ)) and M(Z); that is,

g1 z
M(HAE)‘I’

UV + 30 1B(I - 2A)"1UY

or

\y—lM<le5>\1/ = M(3). (7.5.1)

We have demonstrated in Section 7.4 that the transformed method M satisfies
the preconsistency condition Ve; = e; and the transformed IRKS conditions
(7.4.3), (7.4.4), and (7.4.5), which correspond to IRKS conditions (7.2.8),
(7.2.9), and (7.2.10) of the original method M. This means that Defini-
tion 7.2.3 holds for the transformed method, with A, B, U, V, and X re-
placed by A, B, U, V, and J. Using the same arguments as in the proof of
Theorem 7.2.4, we can establish a similarity equivalence relation

I-Z)ME)I-33)"1=V. (7.5.2)
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This relation implies that M(E’) has a single nonzero eigenvalue which will be
denoted by R(Z) and referred to as the stability function of the transformed

method M. It follows from (7.5.1) that the stability function R(%) of the
transformed method is related to the stability function R(z) of the original
method through the relation

E@:R( z ) (7.5.3)

1+ Az

To express ]72(2) in terms of the coefficient matrices of the transformed method,
observe that similarly as for the original method, it follows from the precon-
sistency condition Ve; = e; and the equivalence similarity relation (7.5.2)

that the matrix (I — EJ)M(E’)(I —2J)7! can be partitioned as

R |7

I-z)M@E)I - 33)"t = , (7.5.4)

0o | ¥

where V is the p X p matrix obtained from \Y% by deleting the first row and
column, and 7 is a vector. Hence, the stability function R(Z) is the (1,1)
element of the matrix above; that is,

R(Z) = el (I - z1)M(Z)I - 33) ley.

To simplify the expression above observe that ef (I —zJ) = e] and denote by
Z the vector

T ~ 1
Z=[5n % - % %u | =0-) e

Then
(I - EJ)Z = e,
or, componentwise,
z1=1, =ZzZz1+2z2=0, ..., —?5p+5p+1=0,

which implies that
Z=2"1 i=1,2,...,p+ 1

Hence,

R(z) = el (V-2B(I1-%A)"'U)Z,
where Z takes the form

~ T
Z=[1 z ... zp-1 gp} .



376 GENERAL LINEAR METHODS WITH INHERENT RUNGE-KUTTA STABILITY

To further simplify this expression, observe that Ais strictly lower triangular
and it follows that (I — ZA)™! is unit lower triangular. Moreover, since B is
lower triangular, it can be verified that e{ﬁ(I —ZA)"l = efﬁ. Hence, the
stability function R(Z) of the transformed method M takes a simple form,

R(Z) = el (V+3:BU)Z. (1.5.5)

If the original method is explicit, the remaining free parameters in the stability
function can be used to control the error constant and the size of the region
of absolute stability. This is discussed in Section 7.8. If the original method
is implicit, the parameter A will be chosen to guarantee A-stability, and the
free parameters in the numerator of the stability function can be used to
guarantee L-stability. To achieve these goals it is convenient to reformulate
various conditions on the original method as corresponding conditions on the
transformed method. Consider first the stability function R(z) of the original
method as the rational approximation of order p to the exponential function
exp(z) with error constant denoted by E. Since A is lower triangular with A
on the diagonal, this function takes the form

R(z) = % = exp(z) — EzP™1 + O(2772), (7.5.6)
where P(z) is a polynomial of degree p + 1. Then it follows from (7.5.3) that
the stability function R(Z) satisfies the relation

R(Z) = P(%) = exp <1_sz> - E<%~>\E>p+l + o<<f~/\z>p+2>,

where }3(2) is a polynomial of degree p + 1. Since

" 1 2 7\ 2
—_ 3P+ o+ — >+
<1+)\5> ZPT 4+ 0(ZP7°) and O<<1 +)\Z> ) O(zPT4),

R(Z) can be written as

R(Z) = P(%) = exp < ) — EZPTL L O(zP12), (7.5.7)

z
1+ Az
To derive explicit expressions for P(z) and P(Z), we have to introduce some

definitions and notation. For integers m and n, m > n, define the polynomials
M, m(z) as

My n(z) = En: <m> (i:”)l)' (7.5.8)

1

fo=

These polynomials can be expressed in terms of the generalized Laguerre
polynomials L, ,(z), [1, 107]. These are polynomials orthogonal with respect
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to the weight function w(x) = z*exp(z), @ > —1, on the interval [0, c0), with
an explicit expression of the form

Lpo(z) = i (n +‘a> (_;)i‘

i=0 NP1

For integers m > 0, they satisfy the relations

Lno(@) = La(2),  Lam(z) = (~1)™LT, (2) (7.5.9)

(compare [1]), where L,(z) are Laguerre polynomials defined by (2.7.6) in
Section 2.7 and L%’”)(x) stands for an m-fold derivative of L,(z). Observe

that we do not use the notation Lgf‘) (z) for generalized Laguerre polynomials
which is employed in [1, 107], since for integer and nonnegative m, the notation

L™ (z) is reserved for an m-fold derivative of L,(z).
For A =0 and any m, we have

M, m(0) ==

and for A #£ 0 and m > n, we have

Mam(Y) = i<m><f:)2)|

Hence, it follows that

My m(N) = (—A)”Ln,m_nG), X #0. (7.5.10)

To determine exact expression for the polynomial P(z), we use the relation
P(z) = (1= A2)P" exp(z) — BE2P* + 0(2777), (7.5.11)

which, since 2P (1—A2)P*+! = 2P+ O(2P*2), is equivalent to (7.5.6). Denote
by (2", f(2)) the coefficient of 2™ in a Taylor series expansion of the function
f(z) about z = 0. We have the following result.

Lemma 7.5.1 (Butcher and Wright [80, 293]) For integers m and n, m >
n, the following relation holds:

(2™, (1= Az)"exp(2)) = Mpm(N), (7.5.12)

[}
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n=01,...,m
Proof: We have
. m m y 0 2 m oc m (_)\)z‘ i+
(L=22)mexp(z) =D [ J(=02 Y = =33 ===
i=0 ¢ =0 J  iZoj=0 J:

Putting n = i + j and then rearranging the double sum and using (7.5.8), we
obtain

(1—-Xz)mexp(z) = Z Z (m) (5:_)\);)!2” +0(z™ 1)

which implies (7.5.12). (]
It follows from this lemma with m = p + 1 that

p+l
(1 — X2)P*exp(z Z My p1(N)2™ + O(2P72),

and comparing this with (7.5.11) and observing that P(z) is a polynomial of
degree p + 1, we obtain

p
= Z My pr1(A)2™ + €287, (7.5.13)

where
€= ]\/[p_i'_lyp_i'_l()\) - E (7514)

The error constant E is presented in Table 7.5.1 for orders p up to 6.
Exact expression for P(Z) in (7.5.7) can be derived using Lemma 7.4.5 with
S replaced by Z in formula (7.4.12). It follows that

exp (1 Y ) 1+ ZN 7 (7.5.15)

where the polynomials N;()) are defined by (7.4.13). Substituting this relation
into (7.5.7) and taking into account that P(Z) is a polynomial of degree p+1,
we obtain

p
PE) =1+ NNF +e7, (7.5.16)

where
€= Np1(N) - E. (7.5.17)
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p E
1 F-224+ 2% ¢
3 2 3
2 P3N+ -2 -
2 2 3 4
3 3= SA+BAT AN AT -
3 3
4 o5~ AT IAT =AY 5 - N —
2 3 4 5 6
5 35— a5 AT AT - AT BT 6AT+ A0 — e
6 o~ AT B BN BN A -0 -

Table 7.5.1 Error constant £ = Mpi1pr1(A) —eforp=1,2,...,6

Alternatively, we can express ﬁ(a in terms of the polynomials M, (A} de-
fined by (7.5.8). Denote by (2", f(2)) the coefficient of 2" in a Taylor series

expansion of f(Z) about zZ = 0. We have the following lemma.

Lemma 7.5.2 (Butcher and Wright [80, 293]) For integers m andn such
that m > n, the following relation holds:

<z'".exp <1 fxz)> = Mo (N) + AMp—1.n-1(N), (7.5.18)

n=0,1,...,m, with the convention that M_; _1(A) =0.

Proof :  Substituting z = z/(1 — Az) into (7.5.15), we obtain

exp(z) =1+ iNi(/\)<1 _zAz)i.

i=1

Multiplying both sides of this equation by (1 — A2)*~! yields

(1—=X)""lexp(z) = (1-Az)" 1+ Z_: Ni(/\)<1 _z/\z) (1-Az)nt
i=1

ZTL
1— Az

<1 —zxz)i(l — )

+ Np(\)

+0(z",

Since the terms with
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are polynomials of degree less than n for ¢ = 0,1,...,n — 1, we obtain

<Z",exp <1 —SAE>> = (2", (1 - 2z)" ' exp(z))
= <z", (1= 22)" 4+ Az(1 = Az)"71) exp(z)>

Nn(A)

= (2", (1 - X2)"exp(2)) + A(2", 2(1 — Az)"Lexp(z))
= (2" (1 - X2)"exp(z)) + A(z"71, (1 —A2)"Lexp(z))
= J\In,n()‘) + Az\/[n_l,n_l()\),

where the last equality follows from Lemma 7.5.1. This completes the proof
of (7.5.18). a

This lemma implies that
Na(A) = My (X)) + AMp_q a1 (A), (7.5.19)

where Np()) is defined by (7.4.13) and M, »(\) by (7.5.8). This equation
can also be verified by direct computations using the relations

()-G2)-07)

if i < n, and

if i = n.
Using (7.5.19), it follows that the relation between e defined by (7.5.14)
and € defined by (7.5.17) is

T= €+ AM,,(N). (7.5.20)

The constants € and € can also be expressed in terms of the (1, 1) element byy of
the transformed matrix ﬁ, the parameter X, and the parameters 81, f82,...,08p
of the doubly companion matrix X. It follows from (7.5.16), (7.5.5), and the
definition of the vector Z that

§= (77" R(%)) = (z**),eT(V + 3BU)Z) = e BUe,.1.

Substituting U = UV with U given by (7.1.6) and ¥ given by (7.3.9), we
obtain B
€=elB(C - ACK)B(K) exp(AK ™ )eps1.
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Since B and A are lower triangular, we have
e{ﬁ =’5116’{, e{ﬁA =511/\e?,
which leads to
£ =b11eTCI - AK)B(K) exp(AK ™ )ept1.
It can be verified using the expansion
A . Gl .
exp(AK™) = 3 S(K ) = D" S (K
i=0 i=0

that exp(AK ™ )e,+1 = A, where the vector A is defined by

A:{,\p PV Y 1}T.

Also taking into account that the matrices K and §(K) commute, the equation
for € can be written in the form

€= bl CHK)(I - AK)A.
This can be simplified further observing that (I — AK)A = e,11. Hence,
€= Elle{Cﬁ(K)ep_,.l.
This equation and (7.5.20) lead to the condition
b1,eT CA(K)epr1 = € + AM, ,(N). (7.5.21)

Observe that the vector 3(K)e,+1 has the simple form

T
ﬁ(K)eP+1= ﬁp ﬁp—l ﬁl 1:| .

7.6 LOWER TRIANGULAR MATRICES AND CHARACTERIZATION
OF MATRICES WITH ZERO SPECTRAL RADIUS

IRKS condition (7.2.10) for the original method M and the corresponding
condition (7.4.5) for the transformed method M require that the characteristic
polynomials of V and V have the form

det(wl — V) =det(wl — V) = wP(w — 1).
Since Ve; = e; and \~fe1 = e, these matrices can be partitioned as

B 1‘1}T

_ |1
V= _

_ |, V= |—],
0| v 0|V
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and it follows that conditions (7.2.10) and (7.4.5) are equivalent to the re-
quirement that matrices V and V have zero spectral radii. In this section we
discuss the characterization of such matrices which was discovered by Butcher
and Wright [80, 293].

Denote by L, the set of n x n lower triangular matrices and by U, the
corresponding set of upper triangular matrices. For a square matrix 2 we
denote by A(Q) the lower triangular part of the matrix. We also use the
notation £(02) and U(Q) for unit lower triangular matrix and upper triangular
matrix, respectively, such that

Q= LQ)U(Q),

assuming that this LU decomposition exists.
The next result shows the connection between two upper triangular matri-
ces and the lower triangular part of a matrix.

Lemma 7.6.1 (Butcher and Wright [80, 293]) (/80/, [293]). Given ma-
trices Uy, Ug € Uy, and a matric H € R™*", the following relation holds:

A(U;AH)U,) = A(U;HU).

Proof: The lemma is clearly true for n = 1. Assume that it is true for n — 1
and partition the matrices U;,Us € U,,, H € R"*" A(H) € £,, as follows:

ul’ulT uglug
U= |——|, U= |—|,
0| 0| e
At n| or
H=|——|, AH)=|—],
c’H C‘A(H)

where uy,u2,h € R, uj,ug,r,c € R*, U;,Us € Uy,_1, H € RIn-Dx{n-1),
and A(H) € £,,—1. It can be verified by direct computations that

urhua +ugufc ‘ oT
A(UAH)U,) =
wlic | A(Uieu]) + AT AH)U:)
and
uihug + ugulc ’ oT
A(UHU,) =
wlic | A(Ureud) + AU HUz)

The lemma follows since by induction assumption we have A(U1A(H)Us) =
A(ULHU,). ]
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The next lemma investigates the inverse of some mapping between the
lower triangular matrices. This result is essential in the derivation of GLMs
with IRKS.

Lemma 7.6.2 (Butcher and Wright [80, 293]) Assume thatH € L,, and
G1,G2 € R™™™, and define the mapping f : L, — L, by the formula

f(H) = A(GHG,).
Then the inverse mapping f~' : L, — L, if it exists, is defined by
FHE) = LIGTHAM(GTFU(G2) ) L(G2) ™
Proof: Given that
Gi' =LGITU(GTY), Ga=L(G2)U(Ga),

we have

FH) = AU(GT) LG TTHL(G2)U(G2)).

Multiplying this equation on the left by (G ') and on the right by U(G2)™!,
we obtain

UGTH FH)U(G2) ™!
= UGTHAU(GTH) LG TTHL(G)U(G2) )U(G) 1.

Hence, taking lower triangular parts of both sides and applying Lemma 7.6.1
to the resulting right-hand side we get

AUGTHFHEHU(G2) ™) = A(L(GT1)TTHL(Gy)).
Since the matrix £L(G] ) 'HL(G3) is already lower triangular, we have
LIGT)THL(G2) = AU(GT ) fF(H)U(G2) ™),
and it follows that
H = L(GTHAUGTH FH)U(G2) N L(G2) ™
Substituting F for f(H) yields the required result. ]

It follows from the proof of this lemma that the inverse of the mapping
f Ly — L, exists if G; and Gy are nonsingular and the matrices Gl_1 and
G; admit LU factorizations. It is demonstrated in the following sections that
these conditions will often be satisfied in applications of this lemma to the
construction of GLMs with IRKS.

The next lemma describes the characterization of matrices with zero spec-
tral radius.
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Lemma 7.6.3 (Butcher and Wright [80, 293]) A matriz Q@ € R"*™ has
spectral radius equal to zero if and only if there exists a permutation matrix
P and a unit lower triangular nonsingular matriz L such that

A(L7'PTQPL) = 0.

Proof: Assume first that A(L7!PTQPL) = 0. Then ) is similar to a
strictly upper triangular matrix and it follows that its spectral radius is zero.
Assume next that the spectral radius of € is equal to zero, and denote by T
a nonsingular matrix that transforms 2 to the Jordan canonical form

T'QT =S.

Since T is nonsingular, there exists LU decomposition with partial pivoting
of this matrix,

T = PLR.

where P is a permutation matrix, L is unit lower triangular, and R is upper
triangular. Hence,

RIL'PTOQPLR = §

or
L 'PTOPL = RSR L.

The result now follows since RSR ™! is strictly upper triangular. [ ]

7.7 CANONICAL FORMS OF METHODS

In this section we describe an approach to generating GLMs with IRKS, which
will lead to the constructive algorithm for the derivation of such methods of
any order using only linear operations. First, for easy reference, we collect
all assumptions on the class of methods we are interested in, and recall some
of the formulas that were derived in previous sections. We are interested in
GLMs of the form (7.1.1) with the abscissa vector ¢ and coefficient matrices
A, U, B, and V, with the following properties:

e The stage order and order of the method are each equal to p.

The number of external stages r and the number of internal stages s are
equaltor=s=p+ 1.

T

The method is nonconfluent (i.e., the abscissa vector ¢ = [c1, ..., Cs]
satisfies ¢; # ¢; for @ # j).

A is a lower triangular matrix with diagonal elements each equal to
A>0.
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e The method has RK stability with stability function given by

P(z)

R(z) = m,

where

P
P(z) = exp(2) (1= 2)PT L —E2PT1 1L O(2PT2) = Z My pr1 (M) 2" et

n=0
and € = Mpi1p41(A) — E (compare (7.5.11, (7.5.13), and (7.5.14)).
e The coefficient matrix V satisfies the preconsistency condition Ve; = e;.

e The method has IRKS. This means that the following conditions are
satisfied:
BA = XB,

BU = XV — VX,
det(wI — V) = wP(w—1)

(compare (7.2.8), (7.2.9), (7.2.10), and Lemma 7.4.2). Here X = X(¢, )
is a doubly companion matrix such that ¢(X) = {A} and X is the diag-
onal element of A. The first row of this matrix, which corresponds to
o, 1s defined once the coefficient A and the last p elements of the last
column, which corresponds to 3, are chosen.

To determine GLMs with TRKS, we start with the construction of the
coefficient matrix B of the transformed method M. It was demonstrated in
Section 7.4 that the transformed IRKS condition (7.4.4) led to the equivalence
relation (7.4.18). It was also demonstrated in Section 7.5 that the stability
function R(Z) of the transformed method M takes the form (7.5.16), which
leads to the condition (7.5.21) with e defined by (7.5.14). We can combine

(7.4.18) and (7.5.21) into one condition. Let b = [by, ..., byr1]T be the vector
defined by o
b =BCs(K)ep+1.

Then it follows from (7.4.16) that equation (7.4.18) can be written in the form

~ ~ T T
by e bp+1} =[Np(/\) o Ni(A) |

and equation (7.5.21) takes the form
by = €+ AM,, ,(N).
Hence, these two equations can be combined into one condition,

BCA(K)e,, =4, (7.7.1)
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where the vector § is defined by

T
5=[6+meu)J%Q)~~ NNM}

We examine next the transformed IRKS condition (7.4.5), where the matrix
V is defined by (7.4.7). To analyze this condition it is convenient to introduce
some matrices that will be used to remove the first row or the first column of
a matrix or to insert an additional first row or first column of zeros to a given
matrix. These p x (p+ 1) and (p + 1) X p matrices are defined by

0/1 0 -~ 0 0
0lo0 1 -~ 0 0
L=[o|r]=|:|: i 5],
00 0 1 0
L 0]0 0 0 1|
000 .- 0 0]
1 0 00
0
Lo | 2|0t 00
I
00 - 10
(00 - 0 1]

where I is the identity matrix of dimension p x p. Then, for example, if A is a
(p+1) x (p+1) matrix, it follows that I. Al is a p X p matrix obtained from
A by removing the first row and the first column. Similarly, if A isapxp
matrix, then I, Al is a (p+ 1) x (p + 1) matrix obtained from A by adding
an additional first row and first column of zeros.

Condition (7.4.5) with the matrix V defined by (7.4.7) can be written in
the form _ _

p(I.VI,) = p(Ic(F ~BCKU)I,) = 0.
It follows from Lemma 7.6.3 that this condition is equivalent to
A(T7'1(F — BCKY)L,T) = 0, (7.7.2)

where T € RP*? is the product of a permutation matrix P and a unit lower
triangular matrix L. Assuming that the permutation matrix is equal to iden-
tity (i.e., T = L), conditions (7.7.1) and (7.7.2) can be combined into one
condition. Let L be the matrix defined by

1|0

L= e RP+Lx(p+1)

0|z
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We can rewrite equation (7.7.1) in matrix form,
BCA(K)e, el = del,

where the last p columns on both sides of this relation are equal to zero. This
relation is equivalent to

L™ 'BCA(K)e,p el L = 6L1elL,

and since L is lower triangular, the last p columns of the matrices on both
sides of this equation are again equal to zero. Hence, this relation is equivalent
to

A(L7HBCAH(K)e,1el —sel)L) = 0. (7.7.3)
We can also rewrite equation (7.7.2) in the equivalent form
A(L7'LI(F - BCKV)LL.L) = 0, (7.7.4)

since the multiplication by I, from the left and by I. from the right introduce
only the additional first row and first column of zeros. Equations (7.7.3) and
(7.7.4) can be combined into one relation,

AL YBCH(K)epsiel + LI BCKYI I, )L) = A(L™Y(LLFLIL + de;)L).
This can be simplified further observing that
KVI I, = KU

and that the (1, 1) element of the matrix II.B is equal to zero. This leads
to the relation B
A(L'BOL) = A(L™!TL), (7.7.5)

where the matrices  and I are defined by
Q= C(B(K)epri1el +KU)

and
I' =1I.FI.I. + de;.

It follows from Lemma 7.6.2 that equation (7.7.5) has a solution if QL is
nonsingular and admits LU decomposition QL = L{QL)U(QL), where L(QL)
is unit lower triangular and U(2L) is upper triangular. Moreover, if this
solution exists, it is given by

B = LA(A(LITL)Y(QL) ™) £(QL) L.
Using Lemma 7.6.1 the equation above reduces to

B = LA(L™!TLU(QL) 1) £(QL) L (7.7.6)
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We now summarize the derivation of GLMs with IRKS by collecting all nec-
essary information that is required in this process. This leads to the following
practical algorithm, which we describe step by step.

1.

Choose the order p and the vector ¢ of distinct abscissas ¢1,¢a,. .., Cs,
where s = p+ 1. It is usually assumed that 0 < ¢; < 1,4 =1,2,...,s.
The typical choice are abscissas uniformly distributed in the interval
[0,1] (e, ;= (G —1)/(s—1),i=1,2,...,8).

. Choose the diagonal element A > 0 of the coefficient matrix A. If A > 0,

which corresponds to implicit GLMs, A is usually chosen to achieve A-
stability of the resulting method.

Choose the zP*! coefficient € of the numerator P(z) given by (7.5.13)
of the stability function R(z) (7.5.6). This is usually done to achieve
some balance between accuracy and stability for explicit methods and
to ensure L-stability for implicit methods.

Choose the parameters 51, 32, ..., 0, appearing in the doubly compan-
ion matrix X = X(a, 8) defined by (7.2.15). The appropriate choice of
these parameters is discussed in Sections 7.9 and 7.11.

. Compute the matrices

¥ = A(K) exp(AK"),
X =T(J+ AP,

F = exp(—AK " )E exp(AK ™),
Q=C(8(K)epr1el + KV),
I =I,I.FLI, + éef.

The alternative computation of the matrix I is discussed in Section 7.10.

Choose a unit lower triangular matrix L and compute the LU decom-
position of the matrix QL:

QL = £(QL) U(QL).

. Compute the coefficient matrix B of the transformed method from for-

mula (7.7.6):
B = LA(L™ITLU(QL) ") £(QL) L.
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8. Compute the coefficient matrices B, A, U, and V of the original method
from the formulas

B = UB,

A = BXB,
U=C- ACK,
V =E - BCK.

These formulas for B and A were derived in Section 7.4, and the for-
mulas for U and V were derived in Section 7.1.

This algorithm will fail if QL is singular or does not admit LU decompo-
sition, or if the matrix B, and as a result the matrix B, is singular. If B is
singular, the matrix A can still be determined on a case-by-case basis from
the relation

BA =XB,

although, in general, A is not unique in such cases. However, it will be demon-
strated in Sections 7.9 and 7.11, that the overall algorithm can be carried out
successfully for many choices of the abscissa vector ¢, the parameter A, the
coefficient e, parameters 51, 3s,..., 3, and the unit lower triangular matrix
L, for both explicit and implicit GLMs.

7.8 CONSTRUCTION OF EXPLICIT METHODS WITH IRKS AND
GOOD BALANCE BETWEEN ACCURACY AND STABILITY

This and the following section follow the presentation by Butcher and Jack-
iewicz [72]. In this section we describe the construction of explicit GLMs with
IRKS, which achieve a good balance between accuracy, measured by the size
of the error constant F of the method, and stability, measured by the size
of region or interval of absolute stability. Since for explicit methods, A = 0,
it follows from (7.5.6) that the stability polynomial of the method of order p
satisfies the relation

R(2) = exp(z) — EzPT! 4 O(2P1?), (7.8.1)

where E is the error constant. It also follows from (7.5.13) and the relation
M, »(0) = 1/n!, where M, n(}\) is defined by (7.5.8), that this polynomial
takes the form
22 2P 2Pl -
R(Z)—RP(Z,T]).—1+~+§+"'+H+T}m, (2)
where, for convenience, we introduced the scaled constant n = (p + 1)le. We
will write Rp(z) instead of Rp(z;0). Observe that R,(z;1) = Rp+1(z). It
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follows from (7.5.14) with A = 0 that the relationship between E and ¢ is

1
SN
(p+1)!

or, in terms of the scaled constant 7,

p— 177 (7.8.3)

Denote by
A= {z L Rp(zim)| < 1}

the region of absolute stability of R,(z; 1) (see also Definition 2.6.2). The next
two theorems are concerned with the stability properties of Rp(2z; 7). The first
theorem examines the intersection of the region of absolute stability with the
real axis.

Theorem 7.8.1 (Butcher and Jackiewicz [72]) The boundary 8.A of the
region of absolute stability A of Ry(z;n) intersects itself at z =T for n =7,
where T and T} satisfy the system of equations
dR, _ _
—, (@) =0,
z (7.8.4)
Ry(@;7) = (1)

Moreover, this value of Tj corresponds to the maztmal interval of absolute
stability (Z,0) C A, where T is a negative real Toot of the equation

Rp(Z;7) = (-1)P*1. (7.8.5)

Proof: We show first that for any p > 0,
Rop(2) > 0. (7.8.6)
This inequality is clearly satisfied for p = 0. Assume that (7.8.6) holds for p.

Since
dRopi1

dz
the function Rzp41(2) is increasing for all real values of z. We also have

(Z) = Rzp(z) >0,

lim Rppi1(2) = —oco and Rgp1(0)=1.

Hence, there exists exactly one point £ < 0 such that Rypi1(§) = 0. Since

Rypiny(2) =1 +/o Rap+1(y)dy,
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it follows that the polynomial Ry(p11y(2) is decreasing for z € (—oc,§), in-
creasing for z € (£, oc), and attains its minimum value for z = £. Hence,

¢
Ryp41)(2) 2 Ropeny(§) = 1+/ Rapr1(y)dy
0

£2p+2 £2p+2

= R2p+1(£) + (2p+2)[ = (2p+2)! >0

which completes the proof of (7.8.6). Consider next the function y = Ry(z;7n)

2
1
y=1
> 0OF 4
-1
y=-1 R,
R,zm) R,zm)
_2 | 1 I L { Y L
-9 -8 -7 -6 -5 -4 -3 -2 -1 0

Figure 7.8.1  The functions R:(z), Rz2(2), Rs(z), Rs(z), and Ri(z;n), Rz(2z;7n),
Rs(z;n), Ri(z;n) for n =7 versus z

for n > 0. Since Rp(2z;n) — o0 as z = —oc if p is odd and R,(z;n) — —o0 as
z — —o0 if p is even, there exists 77 < 0 such that the graph of this function is
tangent to the line y =1 or y = —1 at the point z = Z. This is illustrated in
Fig. 7.8.1. These values of T and 7] are characterized by system (7.8.4). At the
point z = T the boundary 9.4 of the region of absolute stability intersects itself
and the maximal interval of absolute stability (Z,0) € .4 can be determined
from equation (7.8.5) (see also Fig. 7.8.1}. This completes the proof. ]

It is easy to verify that the solution T to (7.8.4) satisfies the polynomial
equation

p_]' 2 p—2 3 1 P _
2(p+1)+pz+—2!——z +—3!——z +~~~+;!z =0
if p is odd, and
p-1_ p—-2, L oot
p+ 2+ 2t =P =0
2! 3! p!

if p is even. The solution 7 to (7.8.4) is then given by

ﬁ = —p!f_p Rp_l(f)
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for any p > 1.
The next theorem examines the intersection of the region of absolute sta-
bility with the imaginary axis.

Theorem 7.8.2 (Butcher and Jackiewicz [72]) Assume that p =2r —1.
Then the mazimal § at which the boundary of the region of absolute stability
of Ry(z;m) intersects the positive part of the imaginary azis is the positive real
root of the equation

% e .
-2 - -1 LA AR | = 7.8.7
v=Y e YT g = (787)
and the corresponding 7j can be determined from the relation
2 2r—2 2r
Y r—1 Y r Y
o7 =D (2r — 2)! +(=1) (2r)! (7.88)

Similarly, if p = 2r, the maximal T at which the boundary of the region of
absolute stability of Ry(2z;n) intersects the positive part of the imaginary azis
is the positive real root of the equation

y2 y2r
1=+ +(=1) =(-1) 7.8.9
g Y g = (U (7.8.9)
and the corresponding T can be determined from the relation
3 2r—1 2r+1
y —1 y [d y
— =4 ()T = -1 —=0. 7.8.10
e o TRA R G s 31 (78.10)
Proof: Assume first that p = 2r — 1. Put z = iy and counsider the equation
2 2r—2 2r \ 2
. 2 y -1 ¥ r Y
. = (1=L +... Y DL B -1 =
3 2r—1 2
Y -1 Y
- =+ o+ (1) = = 1.
i (y g T D (27"—1)!)
(7.8.11)

This relation defines implicitly the function y = y(n) and we are interested
in the values of n for which y attains its maximum value (i.e., ¢'(n) = 0).
Differentiating equation (7.8.11) with respect to n and assuming that y'(n) = 0
leads to relation (7.8.8). The maximal value of y can then be determined
from the equation |R,(iy;n)|? = 1, which taking into account (7.8.8) and
assuming that y is positive leads to (7.8.7). The proof of (7.8.9) and (7.8.10)
corresponding to p = 2r is similar and is therefore omitted. |

After finding values of 7 and 7 satisfying (7.8.7) and (7.8.8) or (7.8.9) and
(7.8.10), we have to verify if

’Rp@y;ﬁ)‘ <1,
for all y € (0,7). This is discussed further for specific examples in Section 7.9.
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7.9 EXAMPLES OF EXPLICIT METHODS WITH IRKS

In this section we apply the algorithm described at the end of Section 7.7 to
construct specific examples of explicit GLMs with IRKS of order p = 1, 2, 3,
and 4, with good accuracy and stability properties. The components of the
abscissa vector ¢ are chosen as

1—1 .
¢ = ——7 i=1,2,...,s, (7.9.1)
s = p+ 1. The parameters 1, 02, ..., 3p, are chosen as follows:
bi=0= =0=E, (7.9.2)

where FE is the error constant of the method, which is related to the parameter
n by equation (7.8.3). This choice of the parameters 3;, i = 1,2,...,p, is
motivated by a result discovered by Wright [293]: that under some conditions

2" = ziltn, h) = Bpaa- PP (1) OB, (7.93)

i=2,3,...,p+1, where z(t, h) is the Nordsieck vector defined by (7.1.2). We
also have
2" = y(tn) = BT EY P (4,) + O(RPT2), (7.9.4)

This is discussed further in Chapter 8. This result means that the param-
eters Bp42—; correspond to the errors of the external stages of the method

zgn], 1=2,3,...,p+ 1. Therefore, it seems to be reasonable to choose them
according to (7.9.2) so that they have the same order of magnitude as the
error constant E, which corresponds to the error in the first component of
2™, The matrix L. appearing in the formula for B is chosen as L = I, so that
the formula for B simplifies to

B = A(TU(Q)~H)L(Q)~ (7.9.5)

7.9.1 Methods withp = q = 1 and s = 2

To guide selection of the appropriate parameter 7, we have plotted in Fig. 7.9.1
the left end of the interval of absolute stability (a,0) C A, corresponding to

Z2
Rl(z;n)=1+z+n?,

versus 77 for 0 < 1 < 1. The boundary of the stability region of Ri(z;n)
intersects itself at z = —4 (the root of 4+ 2), which corresponds to n = i This
region corresponds to the stabilized RK method with Ry(z; 1) = To(1 + %),
where Tp(z) = 22?2 — 1 is the Chebyshev polynomial of degree 2 (compare
[146]). The boundary of this region is shown by a thick solid line in Fig. 7.9.2,
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interval of absolute stability

Figure 7.9.1 Left end of the interval of absolute stability versus n for the
polynomial Ry(z;n) = 14 z+n22/2

Figure 7.9.2  Regions of absolute stability of Ry (z;n) = 1+ 2+ 22/2 for selected
values of the parameter n

together with regions of absolute stability corresponding to n = § — 7
k = 3,4,...,10 (thin dashed-dotted lines), and n = % + 2%, k=1,2,...,8
(thin solid lines). We also show by thick solid lines the stability regions of
the RK method of order 1 which corresponds to n = 0, and of order 2, which
corresponds to n = 1.

There is a trade-off between the size of the error constant £ = (1—7)/2 and
the size of the region of absolute stability. For example, n = % corresponds
to the maximal interval of absolute stability (—8,0) and quite large error
constant F = % As 1 increases from % to 1, the interval of absolute stability
decreases from (—8,0) to (—2,0), and the error constant decreases from E = 2
to E = 0, which corresponds to the method of order 2. Choosing ¢ = [0, 1}75’

n =13, and B; = I leads to the method with E = ; and stability interval
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(—4,0). The coefficients of this method are given by

0 ol 1 o]
AlU & 0| 1 -1
B|V vos| g -1
1 3] 0 0

7.9.2 Methods withp = ¢ = 2 and s = 3

The stability function of methods with p = ¢ = 2 and s = 3 with IRKS takes
the form p(w, z) = w?(w — Ra(z;n)), where

22 23
Ry(zim) =1+2+?+77€,
1 € R, and the error constant is
1-1n
E =
6
We have plotted in Fig. 7.9.3 the left end of the interval of absolute sta-

]

| t ¢ |
[4)] B (&) n

1
[=2]

interval of absolute stability

I
~

o
o
=
o
(S
o
©
o
=N
o
2]
o
=
o
~

0.8 0.9 1

Figure 7.9.3 Left end of the interval of absolute stability versus n for the
polynomial Ra(z;n) =1+ 24 22/24+1n23/6

bility (a,0) C A versus n for 0 < n < 1. The boundary of the stability
region intersects itself at z = —4 (the root of 2 + 3z), which corresponds
ton = % and the interval of absolute stability is (—6.2608,0). This region
is shown by a thick solid line in Fig. 7.9.4, together with stability regions
corresponding to n = 3 — &, k = 5,...,12 (thin dashed-dotted lines) and
n= -3— + 56;;, k=4,...,11 (thin solid lines). We also show by thick solid lines
stability regions of the RK method of order 2 which corresponds to n = 0,
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Figure 7.9.4  Regions of absolute stability of Ra(2;n) = 1+ 2z + 22/2 +n23/6 for
selected values of the parameter n

and the RK method of order 3 which corresponds to n = 1. The method
with n = % achieves a good balance between accuracy (the error constant
is E = g&) and stability (the interval of absolute stability is (—4,0)), and

choosing ¢ = [0, 1,1]7 and 8; = B2 = E = 4. the coefficients of this method

5—6_’
are
0 0 0 1 0 0
279 4 1
574 0 0 1 287 8
81 1968 8 47
A ‘ U 14105 2015 0 1 455 4030
608663 2009 455 241 41
B l v 499968 35712 2304 1 672 124
113815 85567 455 0 0 _urz
71424 35712 2304 2976
17 _4 85
L 24 12 2 0 0 0

7.9.3 Methods withp =q =3 and s =4

The stability function of methods with p = ¢ =3 and s = 4 with IRKS takes
the form p(w, z) = w3(w — R3(z;7)), where

2,3 24
. =1 oL _
R3(z;n) +z+2+6+n24,
1 € R, and the error constant is
l—-7n
E=——.
24

We have plotted in Fig. 7.9.5 the left end of the interval of absolute stability
versus 77 for 0 < n < 1. The boundary of the stability region intersects itself at



EXAMPLES OF EXPLICIT METHODS WITH IRKS 397

}
n

]
w

|
N

1
(4]

interval of absolute stability

1
»

1
~

j=]

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 7.9.5  Left end of the interval of absolute stability versus 7 for the
polynomial R3(z;n) = 1+ 2 + 2°/2 4+ 2% /6 + 1 2* /24

Im(z)

Re(z)

Figure 7.9.6  Regions of absolute stability of R3(z;n) = 1+2+422 /2423 /641 2% /24
for selected values of the parameter 7

z = —4.39035, which corresponds to 7 = 0.442937, and the maximal interval

of absolute stability is (—6.02726,0). This region is shown in Fig. 7.9.6 by a
thick solid line together with stability regions corresponding ton = 7 — %%,
k=17,8,...,14 (thin dashed-dotted lines) and stability regions corresponding
ton="7+ %;f—, k=6,7,...,13 (thin solid lines). We also show by thick solid
lines in Fig. 7.9.6 stability regions corresponding to = 0, which corresponds
to the RK method of order 3, and n = 1, which corresponds to the RK method
of order 4. The method with = % achieves a good balance between accuracy
(the error constant is E = z5) and stability properties (the interval of absolute

stability is (—4.1709,0)) and choosing ¢ = [0, 3,%,1]7 and 81 = 8, = 3 =
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E= 6—10, the coefficients of this method are

0 0 0 0
= 0 0 0
A= ,
_ 1147432 20412 0 0
1657179 20459
__ 884267971 195810716 4990 0
L ~ 603213156 150803289 7371 J
1 0 0 0
1 67 1 1
324 18 162
U= ,
1 14606 _ 20318 _ _10018
20419 184131 1657179
1 343643 _ 5517035  _ 151762489
L 700596 14362218 2714459202
1368599 443273 _ 13343 117 ]
1033200 1033200 25200 400
_ 11208301 12486353  _ 13343 ur
B = 1033200 1033200 25200 400
73403 _ 169549 93689 ur |’
8400 8400 8400 400
171 693 _873 351
L 20 20 20 20 J
[ 1 3L 1027 53117
60 2460 264940
0 0 __ 7301 __ 4649
2460 23247
V= s
190
0 0 0 -0
L 0 0 0 0 ]

7.9.4 Methods withp =g =4and 8 =5

The stability function of methods with p = ¢ = 4 and s = 5 with IRKS takes

the form p(w, z) = w*(w — R4(2; 7)), where

2 3 4

z z z
Ry(z;m) =1 — 4 =+ =
4(2,77) +Z+2+6+24
n € R, and the error constant is
_1-m
© 120

29

+77T2_0’

We show in Fig. 7.9.7 the left end of the interval of absolute stability versus
n for 0 < n < 1. The boundary of the stability region intersects itself at
z = —4.68878, which corresponds to 77 = 0.490435, and the maximal interval
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-2 T T T T T T T T
z
g -3
17}
o
54
(=]
17}
<
- =5
Q
S
g -6
£
_7 | | I } I | | . i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
n

Figure 7.9.7  Left end of the interval of absolute stability versus n for the
polynomial R4(z;n) =1 + 2+ 2%/2 4+ 2% /6 + 2% /24 + 1 2° /120

Figure 7.9.8  Regions of absolute stability of Rs(z;n) = 1 + z + 22/2 + 23/6 +
2*/24 + 1 2° /120 for selected values of the parameter n

of absolute stability is (—6.06060,0). This region is shown in Fig. 7.9.8 by a

thick solid line together with stability regions corresponding to n =7 — 122—,9,
k=19,10,...,16 (thin dashed-dotted lines), and stability regions correspond-

ington =7+ 132%, k = 9,10,...,16 (thin solid lines). We also show by

thick solid lines in Fig. 7.9.8 stability regions corresponding to n = 0, which
corresponds to the RK method of order 4, and n = 1, which corresponds to
R4(2;1) = Rjs(z). The method with n = % achieves a good balance between
accuracy (the error constant is E = 5i5) and stability properties (the inter-

val of absolute stability is (—4.6568,0)), and choosing ¢ = [0, %, %, %, 1] and
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B1 = P2 = 03 = B4 = E = 3k, the coeficient matrix A is

0 0 0 0 0
511
11776 0 0 0 0
3101781017 5166720 0 0 0
7028858144 9550079
_ 83353100372729587 1001725806316 4242403 0 0
145067197462387200 12318885654075 5159700
_ 41921552692643150207  __ 6767984667820805501 696338101127 165375
| ~ 191921635567777915800 4172200468864737300 436876058700 338684 ]
the coefficient matrix U is
1 0 0 0 0
1 2433 1 1 1
11776 32 384 6144
1 5505879 783361 1799999 4383359
13755104 76400632 158403792 3667230336
] 6294407001 _ 73807449337 _ 47184261087409 94210576904551
10784001536 673853574240 1576817363721600 25229077819545600
47665061355 _ 8094188961413  17528291232939607 _ _5780449858046290723
L 62850508052 31418422898040  147038219167039200  267021406007343187200

and the coefficient matrices B and V are given by

[ 172958424193  _ 28218803078 202394939 2106322 2984 W
101787367500 25446841875 99596250 1276875 5625
1692541208191 848483163322 202394939 2106322 2084
50893683750 25446841875 99596250 1276875 5625
B=— 996053384 689424962 1000797904  _ 2106322 2084
16599375 5533125 16599375 1276875 5625 | °
_ 78390032 254922728 91332664 96787928 2084
1276875 1276875 425625 1276875 5625
7136 33344 19072 42044 11936
L 75 75 25 75 75
[ 1 _wm 71723 52375073 2425799989 |
300 153300 358722000 81429894000
0 0 _ll72011 _ 214263247 5298687019
153300 358722000 81429894000
_ 0131 2106853
V= 0 0 0 2925 4249440
63679
0 0 0 0 136200
0 0 0 0 0

7.9.5 Methods with large intervals of absolute stability on imaginary

axis

In what follows we determine the coefficients of methods of order p = 1,
2, 3, and 4 with maximal intervals of absolute stability on the imaginary
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axis. Consider first the method of order 1. It follows from (7.8.7) and (7.8.8)
with » = 1 (p = 1) that the maximal 7 at which the boundary of the stability
region of R1(z;n) intersects the positive part of the imaginary axisis at 7 = 1,
which corresponds to 77 = 2 (compare [146, p. 37|, where optimal stability for
hyperbolic problems is discussed}. We can also verify that |R; (iy;7)| < 1 for
all y € [~1,1]. The error constant of this method is E = —3, and choosing
c=[0,1Tand B =E = —%, the coefficients of this method are

[0 o]l 1 0]
Alvu 4 0|1 1
BIv] |-f -3 1 3
-3 3] 0 0

The region of absolute stability of the method above is plotted in Fig. 7.9.9.
Consider next the method of order 2. It follows from (7.8.9) and (7.8.10)

with r = 1 (p = 2) that the maximal 7 at which the boundary of the stability

region of Ry(z;n) intersects the positive part of the imaginary axis is at 7 = 2,

which corresponds to 7j = 3. We can also verify that |Re(iy;7)] < 1 for all
y € [—2,2]. The error constant of this method is E = —, and choosing

c=10, %, NTand 1 = =E = —1—12-, the coefficients of this method are

o o o0 1 0 0

-4 0 o1 B}

ajul 1203 0|1 B -4

BIV] |-% % &1 8 i
L 3 -% F| 0 0 0]

The region of absolute stability of this method is plotted in Fig. 7.9.9.
Consider now the method of order 3. Tt follows from (7.8.7) and (7.8.8) with
r = 2 (p = 3) that the maximal 7 at which the boundary of the stability region
of Rs(z;n) intersects the positive part of the imaginary axis is at § = 2.84732,
which corresponds to 77 = 1.11501. We can also verify that |Rs(iy;7)| < 1 for
y € [—7,—0.74008] U [0.74008, 7], but |R3(iy;7)| is slightly greater than 1 for
y € [—0.74008,0.74008]. In fact, |R3(iy;7)| attains its maximum value 1.0002
for y = £0.60187. The error constant of this method is £ = —0.00479208, and
choosing ¢ = [0, §7 §7 1]7 and B; = 82 = B3 = E, the coefficients (A, U, B, V)
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35

25r

Im(z2)
n

15+

0.5

-4

Figure 7.9.9  Regions of absolute stability of methods of order p = 1, 2, 3, and 4
with maximal intervals of absolute stability on the imaginary axis

of this method are

0 0 0 0 1 0 0 0
_ 221 311 1 1
907 0 0 0 1 55 18 162
13993 2323 0 0 1 229 1045 417
4190 779 907 1354 3586
1 967 2099 0 1 2 _ 701 572
428 157 2852 517 343 1687
5452 571 377 239 | | 3456 1239 711
573 2455 2751 323 2180 3743
5470 9773 377 239 | 0 24749  _ 382
141 246 2455 2751 2019 225
4622 6132 1912 239 | 0 0 _ 357
5 257 141 2751 554

3 5531 _ 6899 8267
L T 456 152 152 456 0 0 0 0 J
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The region of absolute stability of this method is plotted in Fig. 7.9.9.

Finally, consider the method of order 4. It follows from (7.8.9) and (7.8.10)
with r = 2 (p = 4) that the maximal 7 at which the boundary of the stabil-
ity region of R4(z;7) intersects the positive part of the imaginary axis is at
7 = 2+/3, which corresponds to 7 = 2. We can also verify that |Re(iy; )] < 1
forally e [ 7,7 ] The error constant of this method is E = 720, and choosing
c=10, %, 55 i, 1) and 31 = B2 = B3 = B4 = E, the coefficients of this method
are

0 0 0 0 O
385
z68 0 0 0 O
_ | _ 1037 1245
A 157 188 0 0 04,
1187 1387 293
a1 1126 331 0 O
_ 1702 840 1242 998
| ~ 651 1249 697 2029 |
1 0 0 0 0
1 49 1 1 1
3737 32 384 6144
— 506 _ 163 _ 15 _ 1
U= 1 1697 18 1253 7719 ?
] 661 _369 _ 249 _ 98
1288 793 3199 11807
] 463 _2423 _ 606  _ 130
L £93 2611 2813 1089 |
[ 5027 _ 773 358 206 449 |
998 1 419 200 2025
9324 17301 358 _ 206 449
131 241 19 200 2025
B = 12207 3755 7034 _ 206 449
188 28 101 299 2025 |
16908 12583 13329 5674 449
271 62 1 73 2025
4304 20096 11488 _ 25856 7184
4 15 15 3 reall
[ _as81 1099 314 137 |
720 2321 2013 3758
0 0 483 _767 123
290 134 1625
_ _628 57
V=10 0 0 183 876
_320
0 0 0 0 -
0 0 0 0 0

The region of absolute stability of this method is plotted in Fig. 7.9.9.
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7.10 CONSTRUCTION OF A- AND L-STABLE METHODS WITH
IRKS

In this section we describe the construction of A- and L-stable GLMs (7.1.1)
with IRKS. We recall from Section 7.5 that stability function R(z) of GLM
of order p with IRKS satisfies the relation

P(z)

R@) = gt = o) - E2P*1 4+ 0(27%2)

(compare (7.5.6)), where
p
P(2) =Y Mpp1(N)z" + 2P
n=0

(compare (7.5.13)), and the polynomials M, () are defined by (7.5.8). As-
suming that ¢ = 0, it follows that
lim R(z) =0,
z——00
so that if the corresponding method is A-stable, it is automatically also

L-stable. It also follows from (7.5.14) that the error constant E of the re-
sulting method is given by

E = Afp+1’p+1(/\).

To investigate A-stability, we reformulate P(z) in terms of Laguerre polyno-
mials. Using (7.5.10), we obtain

p p
P(2) = " My pir(N)2" = Z(—A)"Ln,pﬁ_n(%)z",
n=0 n=0

and substituting s = p + 1, it follows from property (7.5.9) of generalized
Laguerre polynomials that

P(2) = S Ay (1)L (5)e" = T (5) 0
n=0 n=0

Observe that this expression is equivalent to the polynomial P(z) defined
by formula (2.7.5). Hence, we can conclude that stability properties of the
resulting GLMs with IRKS are the same as those of stiffly accurate SDIRK
methods of order p = s — 1. In particular, the resulting methods are A-stable
for values of the parameter A listed in the second column of Table 2.7.2.

To construct specific examples of A- and L-stable methods with IRKS, we
again use the algorithm described at the end of Section 7.5. In this algorithm
the matrix I" can be computed more conveniently without the need to utilize
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matrices I, and I.. It follows from formulas (7.4.8) and (7.4.12), with S
replaced by K, that the matrix F = exp(K(I + AK)™!) takes the form

1 M) e Npa() Npoa(d) Np(Y)
0 1 M) o Np(h) Ny (W)
0 1 Ni()\) Np_a(N)
e .
0
0 0 0 1 Nl()\)
_0 0 0 0 1 |

Hence, the matrix I = I, I.FI I, + def takes the form

e+AM,,(\) 0 .- o0 0 0
Np(A) L N(A) o Npa(A) Npa(A)
' 0 1 NN Np—2(})
I =
N3(A) :
No(N) 0 .- o0 1 Ni(N)
I Ni(\) 0 0 0 1 |

It can be verified using (7.4.16) that

0 M) =N
(JF —FI)(K + epy1e7) = Np'(k) 0 .. 0 |
Ni(A) 0o .- 0

and it follows that ' := F + (JF — FJ)(K + e, e7) is equal to T except for
the (1,1) element. As a result, we can compute I' from the formula

e+ AMp(N), i=j7=1,
Yij =
Yijs otherwise.

Here v;; and ~;; are elements of I' and I'*, respectively. This alternative way
to compute I is also applicable in the case of explicit methods (i.e., if A = 0).
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7.11 EXAMPLES OF A- AND L-STABLE METHODS WITH IRKS

In this section we present coefficient matrices A, U, B, and V of GLMs with
IRKS of order p = 1, 2, 3, and 4. The abscissa vector ¢ is chosen according
to (7.9.1) and the parameter A so that the resulting method is A-stable. The
ranges of parameters A for which this is the case for particular orders are
given in Table 2.7.2. We always choose ¢ = 0 so that the resulting methods
are also L-stable. As in Section 7.9, the coefficients 1, 82, ..., 3p are chosen
according to (7.9.2), which can again be justified by (7.9.3) and (7.9.4). The
unit lower triangular matrix L is chosen as L = I, so that the formula for B
again simplifies to (7.9.5).

Method withp=qg=1,5=2,¢=[0,1]7, A =1, e=0, and

h=B=-1
Lol -4 ]
alul | -4 31 B
B|V ~iosly 1
R S

’ 9
_ _ 7
fr=0=E=—-15
_ ) L .
1 0 0 1 -1 0
123 1 631
770 1 0 1 1540 0
_ 1496 1391 1 756 _ 690
A ‘ U 1987 1631 1 1 1163 3911
1376 315 68 1297 140
B ‘ v 1157 269 1277 1 1344 1009
__ 1572 938 483 | 0 560
1093 531 719 1009
55 103 151
L 1B — 24 a8 0 0 0 ]

Method withp=¢=3,s=4,¢c=[0,3,%,1]T, A=1,¢=0, and

Bi=0r=0s=F=55.
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1 1
3 0 0 0 (1 —3 0 0

732 1 _ 829 L _5
1009 4 0 0 11 1291 36 648
556 _ 407 1 o |1 _1lms 187 85
311 804 4 2094 804 3643
1253 _ 1048 598 1 __ 658 306 573

A i U 393 571 1767 i |1 699 481 8374

B ‘ v 2412 3329 339 775 | q 1981 980 379
1927 966 1391 2087 768 879 3204
3517  _ 3161 10l 1084 | 0 2909 253
682 85 2479 899 1855 1344
800  _ 587 _ 9685 1722 | 0 0  _403
1003 11358 1831 379 4312
2277 1 11439 4581
256 256 556 256 | O 0 0 0 ]

1 0 0 0 0]
365 1
8177 2 0 0 0
— | __a0 409 1
1306 1768 2 0 0,
_ 1519 17638 1y
127 9 211 2
36065 _ 22503 24179 _ 89 1
117 37 80 10395 2 |
1 -+ o o o0 |
| _a467  _3 _5  __T_
585 32 384 6144
— |1 _.se 414 71 _ 43
5537 2827 1601 5351 |’
1 203 443 1327 _ 1553
364 1455 253 1173
1 49 645  _ 2291 _ 3347
L 76 118 122 705
11225 36677 10124 2774 311 |
77 T2 69 225 96
7607 23873 22201  _ 8666 1211
51 5 3 167 86
_ 10968 69590 2071 _ 15939 7153
131 667 40 125 300 |°
10431 _ 9664 43573 25580 9575
158 37 108 89 121
1528  _ 7072 4016 8992 2488
15 15 5 15 15
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1 313 3481 2688 2723
599 851 247 1033
V=1|0 0 0 % %’g—g
0 0 0 0 %%
0 0 0 0 0

The methods above are just examples of A- and L-stable GLMs, and we are
not claiming that they are “optimal” in any other sense. Additional examples
of such methods can be found in the literature [50, 77, 80, 81, 167, 293]. The
construction of optimal GLMs with IRKS is the main challenge ahead.

7.12 STIFFLY ACCURATE METHODS WITH IRKS

This section follows the presentation by Wright [293]. The GLM (7.1.1) writ-
ten componentwise takes the form

8 8
Y =h> e f) + 3wy,

=1 =1

. . (7.12.1)
n ] In—1
AR SUCADED D
=1 j=1
i=1,2,...,8,s=p+1,n=1,2,...,N. Assuming that
Ap+1,5 =b1j, Up+1,7 = V15, j=12...,p+1, (7122)

it follows that the last internal stage p[i]l is equal to the first external stage

yi™:

Y =yl (7.12.3)

Since for method (7.12.1) of order p and stage order ¢ = p such that ylol =
z(to, h) + O(h?), we have

Y = yltna1 + cpr1h) + O(hP)

and
W = y(ta) + O(RP)

{(compare Theorem 2.4.3), condition (7.12.3) necessarily implies that the last
component of the vector ¢ is ¢,-1 = 1. Again assuming (7.12.3) we also have

uy = hy/(tn) + O(RP) = hf (y(ta)) + O(KP) = hF(Y,L}) + O(RP),
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and to enforce that this condition is satisfied exactly, that is, that
= hFYT), (7.12.4)
we assume that |
bgj :6p+1,j, V4 =0, 7=L12,...,p+1, (7125)

where 0p11,; is the Kronecker delta. To analyze conditions (7.12.2) and
(7.12.5) further it is convenient to partition the matrices A, U, B, and V
into rows as follows

aj uf b{ vi
A= ; , U= : , B= , V= :
T T T T
Ay Upt1 by Vp+1
Then these conditions take the vector form
T T T T
., = by, U, =Vi (7.12.6)
and
bl =el,, vI=0. (7.12.7)

Assuming that GLM (7.12.1) has TRKS and given that cp41 = 1, it follows
from (7.1.6) and (7.1.7) that

T _ T _ T T _4+T _ 7T
w, =t —a,,CK, vi=t_,—b;CK,

where
1 1 177
tper = 1 T

is the last row of the matrix C (recall that cp41 = 1) and the first row of
the matrix E = exp(K). These matrices are defined in Section 7.1. These
relations imply that it is sufficient to impose only the first condition of (7.12.6)
since the second condition is then satisfied automatically. Comparing the
second rows of (7.1.7), we also have

vI = tg - bICK,

where tg is the second row of E, which is given by

1
- 1 = ...
t=|0 1 q p=1)

Assuming that bl = el ), it follows that

T _ 4T T _+T T __ 4T T _
vi=tl-el [ CK=tl -tI, K=tI -tI =0.
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Hence, similarly as before, the first condition of (7.12.7) implies that the
second condition is satisfied automatically We show next that for GLMs
with IRKS, the condition bj = el ; and the additional condition 8, = 0
implies the first condition of (7.12. 6) Indeed, comparing the second rows of
the IRKS relation BA = XB, we obtain

bJA =b{ - 8,b]., =b].
Hence, if b] = el ;, then al ; = e/, ;A = bJA, and it follows that
al.; = bl. The considerations above motivate the following definition.

Definition 7.12.1 GLM (7.12.1) with IRKS has strict stiff accuracy if the
following conditions are satisfied:

pt1=1, bl =el,;, and B,=0.

The following lemma will aid the description of GLMs with IRKS and strict
stiff accuracy.

Lemma 7.12.2 (Wright [293]) Given the shifting matrices J and K de-
fined in Section 7.1 and the matric K~ defined in Section 7.2, we have the
relation

Kexp(AK™)Jexp(-AK™) =1- XK —ep11€], ;. (7.12.8)
Proof: 1t follows from Lemma 7.3.3 that
X(a,8) =¥(J +A)T~!
and using formula (7.3.9) for ¥ and (7.3.10) for ¥~!, we obtain
X(a, ) = B(K) exp(AK™)(J + AL) exp(-AK )87 (K).

Multiplying this relation by 3~(K) from the left and by 8(K) from the right
yields
B7HEK)X(a, B)B(K) = exp(AK™)J exp(—AK ™) + AL

Using Lemma 7.3.7, we have
X(a, §) = B(K)X(af,1)5" (K),
where X(a3,1) is the companion matrix corresponding to a3. Hence,
X(aB,1) — AI = exp(AK ™ )J exp(—AK ™).

Multiplying this equation from the left by the matrix K and taking into
account that
KX(ab’, 1) =1- ep+1e;{+1,

formula (7.12.8) follows. This completes the proof. [ ]
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Let the unit lower triangular matrix L™! appearing in formula (7.7.6) for
the matrix B be represented by

1 0 0 0 0
0 1 0 0 0
L__1 — 0 72,1 1 e 0 0
0 Tp-1,1 Tp-1,2 1 0
i 0] 7p1 Tp,2 oo Tpp—1 1 ]

The characterization of GLMs with IRKS and strict stiff accuracy is given in
the following result.

Theorem 7.12.3 (Wright [293]) Assume that c,o1 =1 and 8, =0. Then
GLM (7.1.1) with IRKS has strict stiff accuracy for any parameters T;;,
i=2,3,...,p—1,j=1,2,...,p—2, if the last row L}, of the matriz L~}
is given by

_ 1 _
Ll = THEA el B(K) exp(AK ™). (7.12.9)

Proof : 1t follows from B = ¥B and (7.7.6) that the coefficient matrix B
takes the form

B = VLA(L™'TLY(QL) 1) L(QL) ™!

and we have to show that
bl =e]B =e] VLA(L'TLU(QL) ) L(QL)! = el ;.
We first compute ed UL. Using (7.3.9) and (7.12.9), we have
T =€ ﬁ( )exp(AK™) = (92 BK)A) ;-hL
and since L1, = el | L, it follows that

eI B(K) exp(AK ™)L = (e] B(K)A)e], ;. (7.12.10)

This formula implies that only the last row of
A(LTITLU(QL) 1) L(QL)™!
needs to be considered. This row is equal to
el AL TLU(QL) M) L(QL) ! =l L7'ITL(QL) ! = el , LT,
and the condition B = e ; takes the form

(eI BK)N)el LT =€l
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or
(egﬁ(K)A)e§+lL'1F = ez;HQ.

Using equation (7.12.10), the preceding relation can be rewritten in the form
e B(K) exp(AK )T = el , Q. (7.12.11)

To prove (7.12.11), we consider the right and left sides of this equation sep-
arately. Substituting the formula for  and then the formula for ¥, the
right-hand side of (7.12.11) takes the form

el 0 =el C(B(K)epriel + KB(K)exp(AK™)).

Since cp+1 = 1, we have ez;HC = el E and exchanging the order of K and
B(K), we obtain

el 10 =elEf(K)epriel + eTEF(K)K exp(AK™). (7.12.12)

We now consider the left-hand side of (7.12.11). Since G(K) and exp(AK™)
are upper triangular, the first element of the vector eZ (K ) exp(A\K ™) is equal
to zero. This implies that the left-hand side of (7.12.11) is not affected by the
first row of the matrix I'. We have

I =1.IFLI. +del =F +defl.

It can be verified that JFe,.; = §; compare the explicit expression for F in
Section 7.10, which implies that JFepHe{ = 6e{. Hence, also substituting

the formula for F, we obtain the following equivalence relation for the matrix
I

T = exp(-AK7)E exp(AK ™) + Jexp(—AK ™ )E exp(A\K ™ e, 1ef.

Taking into account that exp(AK™)ep+1 = A, where the vector A is defined
in Section 7.5, we get

T = exp(—AK " )E exp(AK ™) + Jexp(— K~ )EAe? . (7.12.13)

Since the left-hand side of (7.12.11) does not depend on the first row of I', we
can substitute the equivalence relation (7.12.13) for I which leads to

eZ5(K) exp(\K~)T = ef3(K)E exp(~\K")
+ elB(K) exp(AK™)J exp(— K~ )EAeT.

We have el = el K, and exchanging the order of matrices K, E, and 3(K)
the preceding relation can be written in the form

el B(K)exp(AK™)I' = el ES(K)K exp(— K™)

+ eTB(K)K exp(A\K~)J exp(—AK~)EAe.
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Using Lemma, 7.12.2, it follows that
el B(K)exp(AK )T = el EB(K)K exp(—AK™)

+ eI B(K)(I - \K)EAel — efﬁ(K)epHeE_‘_lEAe?
It can be verified using the relation A — AKA = e, that
el B(K)(I - NK)EAeT = eT 3(K)E(A — AKA)eT = el §(K)Ee, €.
We also have
e{ﬁ(K)ezﬁl =0p =0.
Hence, the left-hand side of (7.12.11) can be written as
e B(K)exp(A\K ™) = eTES(K)K exp(\K ™) + eTEZ(K)ep,1eT. (7.12.14)

Comparing (7.12.12) and (7.12.14), equation (7.12.11) follows. This completes
the proof. =

These methods can be generated using the algorithm described at the end
of Section 7.7, where the last row L;il of a unit lower triangular matrix L™!
is computed according to (7.12.9). The examples of such methods of order
p=1,2, 3, and 4 are listed below.

Method withp=¢=1,5s=2,¢c=[51T,A=2,¢=0, and
Blzov E:—g%
-, -
5 011 5
12 2 3
alu|l |8 213
12 3
B|Vv Loz|; 2
_0 110 Od
Method withp=¢=2,s=3,¢c=[},3,1]7, A=1,e=0, and

bi=E=-1 B=0

1 1
: o o1 ¥ o0 ]
1591 1 o |1 2u 31
9516 4 634 3053
391 337 1 587 95
A | U 1937 1803 4 1 1625 10689
391 337 1 587 95
B ! v 1937 1803 4 1 1625 10689
0 0 140 0 0
599 3052 192 | 935 0
L 492 738 41 1476 -
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Method withp=¢=3,s=4,c=1[%23,21]T, A=1,¢=0, and
1 -
bh=0=E=g5 0#=0 m=
i 0 0 0 |1 + 1=
345 1 _ 68  _ 345 193
292 1 0 0 1 73 1168 1077
1795  _ 347 1 0 |1 —1892 _ 500 495
669 826 1 903 1387 15797
951  _ 961 664 1 1025 589 199
A \ U 770 695 1987 A 1819 1542 2429
951  _ 961 664 L 1025 589 199
B ‘ v 770 695 1987 R 1819 1542 2429
0 0 0 1 {0 0 0 0
_ 5477 442 _ 731 260 | 9623 1228 506
201 337 164 69 615 989 1605
_ 2378 6515 _ 28557 1024 | 5604 3252 1228
L 23 96 770 69 97 665 89
Method withp=g=4,s=5c=[}22 217 A=1€e=0 and
__1 — _ - -
B1=02=203 =~ B1=0, T =73 =732=0
% 0 0 0 O
_ 359 1
1919 2 0 0 0
- 549 1427 1
A= 881 3395 2 0 01
3403 3831 683 1 g
593 1111 1376 2
—73 2734 2581 _ 1883 1
L 77 891 a6 2 |
r -
1 -3 _2 _13 _ 3
10 25 1500 5000
1 126 _ 239 40  __83
1447 2894 1563 20661
_ _ 69 _ 349  _ 214 _ 89
U=11 671 1562 6517 9947 |’
1 1875 _ 3028 _ _85  _ _229
754 20705 29057 15970
1 5785 691 _ 423 _ 1028
L 146 303 783 25015
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i _73 2134 2581 1883 1]
7 891 116 2
0 0 0 0 1
B = 15391 32605  _ 7181 4283 414
378 337 54 99 163 |°
_ 4261 36328  _ 19093 28065 916
50 69 36 178 163
_ 35635 33584 _ 47636 12825 1920
16 17 29 29 163 |
[ 1 5785 691 423  _ 1028 |
146 303 88 25015
0 0 0 0 0
_ 13930 1455 1267 198
V=10 27 454 999 2303
0 9340 _78 1942 421
1231 11 697 2108
0 3007 6837 1863 751
L 260 460 319 1794 |

In all the examples above we have chosen the parameter A so that the result-
ing methods are A-stable. Since we have also chosen ¢ = 0, all these methods
are also L-stable. Other examples of A- and L-stable GLMs with IRKS and
strict stiff accuracy are available in the literature [77, 81, 293]. Preliminary
tests of methods with strict stiff accuracy indicate that they perform extremely
well compared with RK or linear multistep methods. The design of efficient
software based on such methods is a subject of current work.
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CHAPTER 8

IMPLEMENTATION OF GLMS WITH IRKS

8.1 VARIABLE STEP SIZE FORMULATION OF GLMS

To formulate GLMs (7.1.1) on the nonuniform grid
to<t) < ---<tn, tn2>2T,

and to investigate error propagation of these methods, it is convenient to
partition the coefficient matrices A, U, B, and V as follows:

A\e U
A]U I
_ pT |1 T | (8.1.1)
B]v
Blo vV

where e = [1,...,1]T € RP*! b € RP*! v € RP, and
A e REHUX(H) 7 e ReHDXP B e RPX(PHD 17 ¢ RPXP,

We also denote by ¢ = [c1,...,cp+1]T the abscissa vector of the method. It
is also convenient to partition correspondingly the vector y»~1 of external
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approximations

y[n—l] — yn—l ,
Z['I‘L—l]
where 2["=1! is now an approximation to the Nordsieck vector z(tp_1, hn),

hn, =t, —tn_1, defined by

hy'(t)

demy=| VO (8.1.2)

hPyP)(t)

Observe that this definition of the Nordsieck vector differs from that given
by (7.1.2), since (8.1.2) does not include the solution component y(t). The
resulting GLM now takes the form

Y = (e® Dyn_1 + ha(AQ DF(YM) + (U @ I)2I"-1,
Y = Yn—1 + b (BT @ H)F(YIM) + (0T ® I)zlm—1, (8.1.3)
2 = ha(Bg DF(YM) + (V@ 1)z,

n = 1,2,...,N, where zI™ is an approximation to the Nordsieck vector
z(tn,hp) and I is the identity matrix of dimension m. We recall that as
in Section 2.1, the vectors Y™, F(Y["]), and z/*~1 are defined by

[n Inl -
v 07 A
yinl = , F(Y[”]) = , 2n=1 = \
Ys["] f Ys["] Z["—l]
P

s = p+ 1. The definition of GLM given by (8.1.3) is not yet complete and
we have to prescribe how to compute an approximation z!™ to the Nordsieck
vector z(tn, hnt1), corresponding to a new step size by 41 from ¢, to tp41. This
will be done using the rescale and modify strategy introduced by Butcher and
Jackiewicz [71] and later refined by Butcher et al. [75]. This strategy is
described in Section 8.5.

The solution component y, of method (8.1.3) acts quite differently from
the remaining components z™ or zl™, which approximate Nordsieck vectors
2(tn, hn) or z(tn, hny1), respectively. As a result, partitioning the method as
in (8.1.3) makes it considerably more convenient to understand error prop-
agation and to discuss various implementation issues related to GLMs with
IRKS. Error propagation of GLMs (8.1.3) is discussed in Section 8.3.
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8.2 STARTING PROCEDURES

General-purpose codes based on GLMs will usually change the step size au-
tomatically as well as the order of the method as the integration progresses
from step to step, adjusting the step size and increasing or decreasing the
order according to the smoothness of the right-hand side of the differential
system. The integration usually starts with the formula of order 1, for which
the required approximations to the initial value y(to) and initial derivative
y'(to) are readily available from the initial condition yg and the relation

Y (to) = f(y(to)) = f(yo).

However, one may also wish to design codes based on GLMs of fixed order, in
which case starting procedures are required to compute an approximation z!°!
to the Nordsieck vector z(tg, h1), to start the integration with an initial step
size h;. Starting procedures are also required if one wants to compare a par-
ticular GLM of fixed order with currently available code based, for example,
on an RK or DIMSIM of the same order.

Starting procedures for DIMSIMs of fixed order, discussed in Chapters 3
and 4, were developed by VanWieren [273, 274, 275]. In this section we
describe the construction of starting procedures for GLMs (8.1.3).

For GLMs (8.1.3) of order p with initial step size hy = h, we have to
determine the starting vector z[? such that

hy'(to)

h2y// t
L100 — z(to,h) -+ O(hp-H) - ( 0) + O(hP’H).

Py (to)

This vector will be computed from the formulas

p
Yi=y+ hzaijf(?j)a

Jj=1

v (8.2.1)
20 =h > by f(Y5),
j=1

i=1,2,...,p, where 4 = [a;;] € RP*? and B = [b;;] € RP*? are determined
by requiring that
Y = y(to + Tih) + O(hPTY),
(8.2.2)
A% = hiy® (ko) + O ),
it =12,...,p, where ¢ = [El,...,Ep]T € RP is a given abscissa vector of
the starting procedure (8.2.1). This starting procedure can be specified by a
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partitioned matrix

42

¢ } B
Substituting yo = y(t) and (8.2.2) into (8.2.1), we obtain
p
ylto +@h) = y(to) +h YTy (to +T5h) + O(APHY),
J=1

hiyD(to) y'(to +Tih) + O(hP*1),

i M@

i=12,...,p. Expanding y(to + ¢;h) and y/(¢; + T;h) into a Taylor series
around to and collecting terms with the same powers of A, it follows that

i (El‘v i E?’_l k, (k) +1
o~ B ) HY ) = O,
=\ k! = (k—1)!
P P ak=1 "
- b k, (k _ +1
> (= Yo e JWata0) = 0,
k=1 j=1
i,k =1,2,...,p. These relations lead to the following systems of equations
for the coeﬂiments @;; and by;:
pe R CER IR
i - (8.2.3)
Eij L T 5zk7
i,k=1,2,...,p. Setting
6 = e C é e ip_l_ c RPXP
2! (p-1)! ’
(8.2.3) can be rewritten in vector form as
AC =10y,
L (8.2.4)
BC=1.

Here J is a shifting matrix of dimension p defined as in Section 7.1, and I is
the identity matrix of dimension p. Assuming that the abscissa vector ¢ has
distinct components, the unique solution to (8.2.4) is given by

- =1 —-1

A=CJC ', B=C
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Starting procedures of order p = 2, 3, and 4 obtained in this way are given
below.
Starting procedure of order p = 2:

r |

1] 0 o0
c| 1] 1 0
z\ﬁ_o 10

1] -1 1]

Starting procedure of order p = 3:

—
o
o
o

1 1 1
Ll s 2 —s%
e } A 1{-2 2 -1

o
ol
o
—
o
o

— ol

Starting procedure of order p = 4:

—
o
o
o
o O

5 2 _ 1
1 36 9 36
1 2 7 2
1 3 ) 9 )
T 5 15
e‘A 1 3 -3 T -1

o
o
o
—
o
o
o

1 11 9

|7 9 -z 1
21 18 —45 36 -9
1|-27 81 -81 27

L d

Starting procedures for GLMs of order p were also considered by Wright
[293] and Huang [167]. Wright’s approach [293] requests, in effect, that the
starting vector z[% satisfies a stronger condition than that required for the
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method of order p; that is,
20 = 2(to, ) + O(hP+2).

The starting procedure takes the form

p+1
Yi=w+hd a5f(Y;), i=12,...,p+1,
j=1
| 1 (8.2.5)
T=n3Thf®),  i=12,...p,
j=1

o~

where now A = [a;;] € ReTDx#+) B = [b;;] € RP*®*+1) and ¥; approxi-

mates y(to + C;h) for some vector € = [¢1,...,Cps1]7 € RPTL. Substituting

o~

Y; = y(to + Gh) + O(RPT2),

29 = Riy®) (t) + O(hP+2),

into (8.2.5), expanding y(to + ¢;h) and y/(to +¢;h) into a Taylor series around
to, and collecting terms of order hifori=1,2,...,p+ 1, leads to systems of
linear equations for @;; and b;; of the form

p+1 ak-1 &
Gt =% k=12 +1
U(k—l)' k" ’ [} 7"'7p L]
=1
and
p+1 Akl
wa _5ik, i=1,2....p. k=1,2,...,p+1.

These systems can be written in vector form,

o~ o~ o~

AC=0CJ
and R
BC =1,
where I = [I]0] € RPX(P+D) | the matrix C is defined by
C=|e ¢ e @ c Re+Dx(p+1)
2! p! i

and the matrix J is defined as in Section 7.1. Assuming that the abscissa
vector € has distinct components, the unique solution to these systems is
given by

o~ o~

=CJC!, B=1,C L
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The examples of starting procedures obtained in this way are given by Wright
[293]. Observe that, in general, starting methods obtained using the approach
presented in this section or the approach by Wright [293] are implicit. Huang
[167] proposed an approach to the construction of starting procedures, in
which the coefficient matrix corresponding to A or A is lower triangular,
with the parameter A on the diagonal, which is equal to the corresponding
parameter of the main method.

8.3 ERROR PROPAGATION FOR GLMS

In this section we investigate error propagation of GLMs (8.1.3) up to terms of
order p + 2. Error propagation of GLMs including only terms up to the order
p + 1 was discussed before by Butcher and Jackiewicz {71, 72] and Wright
[293].

Following Butcher et al. [75], assume that the input quantities y,—; and
2["=11 to the current step from t,_; to t, = t,_1 + h, satisfy the relations

Yn—1 = y(tn—l)a

2hU = z(th-1, ha) — (B® DRET YPTD (¢,_1)

(8.3.1)
— (Y@ DhETYPA (¢, 1)

- e I)h:;“g—; (U(tnr))y® ) (tnn) + O(RE™),

where y(t) is the solution to the differential system; 3, v, and § are some
vectors; and I is the identity matrix of dimension m, the dimension of the
differential system (2.1.1). We then try to determine an error constant F and
constants F' and G such that the output quantities y, and zI" computed in
the step satisfy

Un = yltn) — ERETyPHO (L) — FRET2ET2 (1)

= ar 2 (1)) g (1) + O,

Oy
2 = Bt he) - (3 DAEF P (1) (33.2)
— (Y& IRy (¢,,)

- (6®I>hﬂ+2g§(y<tn>)y@“< 2) + O(hE*3),
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for the same vectors 3, v, and é, and the Nordsieck vector Z(ty, h,) corre-
sponding to the solution F(t) of the initial value problem

-gl(t) = f(y(t))7 te [tn»tn+l]7
y(tn) = Yn,

th+1 =tn + hny1. Here hpy1 is a new step size.

The error constant £ was introduced in Section 7.5 as a term of order p+1
in the approximation of the exponential function exp(z) by the stability func-
tion R(z) of GLM (7.1.1) (compare equation (7.5.6)). Later in this section we
demonstrate that the two concepts of the error constant E — the one intro-
duced in (7.5.6) and the one introduced in (8.3.2) — are equivalent. We also
demonstrate that the vector 3 appearing in (8.3.1) and (8.3.2) is composed of
the coefficients 8p, 8p—1, ..., 81 of the doubly companion matrix X = X(a, 3).

Recall that the abscissa vector of the method is ¢ = [c1,. .. ,cp+1]T, and let
¢’ =[c¥,...,c%,]T. We have the following theorem.

Theorem 8.3.1 (Butcher et al. [75]) Assume that method (8.1.3) has or-
der p and stage order ¢ = p. Then the error constant E and the constants F
and G appearing in (8.5.2) are given by

1 chp T
_— — —|— v B 833
P+1! P g (83.3)
1 b cpt!
F=—" - F—— 174, 8.3.4
e R TSV (&34
and
G =bTe+ 076, (8.3.5)
where £ is the vector of stage errors defined by
4% 8.3.6
£= m - E +UgB. (8.3.6)

Moreover, the vectors 3, v, and & appearing in (8.5.1) and (8.3.2) are given
by

B=(I-V)" (t —BCZ:> (8.3.7)
CP+1
=(I-V) ( - 8- B(p+1)> (8.3.8)
and
§=I-V) ' (BE-Ee), (8.3.9)

with e; = [l,Ou..,O]T € R?, E and & given by (8.5.3) and (8.3.6), and the
vectors tp and t, defined by

Lo 1 17" . 1 1 117
Pl (p-1) 1! P (p+ 1) Pl 2! '
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Proof : Since

hnB () = haf (ultn) = BR300 (2) + O(hE2))

= hy/(ta) = E hﬁ“% (u(tn))y D (8n) + O(RE*)

and
heT® () = hEy®(t,) + O(h2*3), k=2,3,...,p+1,

it follows that

af

Ftn: n) = 2(tn hn) = Bler DI 5

(y(ta)) ¥ @D (t) +O(h2T3). (8.3.10)

It follows from the assumption that the stage order ¢ is equal to the order p
that there exists a vector £ € RPT! of stage errors such that

YUl = y(tnr + cha) = (€ ® TRy ® 0 (4, 1) + O(R22).  (8.3.11)
This relation implies that
hnF(YIP) = hy/(tn_1 + chy)

8.3.12
~ (1) hﬁ+2%(y(tn—1)>y(p+l)(tn—1) +O(R5™3). ( )

Substituting (8.3.1), (8.3.2), (8.3.10), (8.3.11), and (8.3.12) into (8.1.3), we
obtain

Y(tn-1+chn) = (€® I)hﬁ+ly(p+l)(tn—l)
= (e® I)y(tn-1) = hn(A® Dy (ty_y + chy) (3.3.13)

+ (U I)(#(tns.hn) = BRI ) + O(hE2),

y(tn) — EWET P (t,) — F AT 2yPHD(1,) — G hi’f"% (y(t)y P (tn)

= yY(tn-1) + GR I) <hny/(tn—l +chy) = (£® I)% (y(tn)>y(p+l)(tn)>

+ @r'en <z(tn_1, hn) —(B© I)hetlylrt(t, 1)
— (v® DhET2Y P, 1) - (0@ I)hﬁ“% (y(tn—l))y(p+l)(tn—1)>

+ O(hE*?),
(8.3.14)
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and

“{tn, o) = ERE 1 ® 1) g (4(ta)Jy®*0) = (9 © D707 1)

~ (y @ DD 1, (6@I)Wajj(y(tn>>y<P+1><tn>

= (B (Rt b1+ o) = (69 DT (y(tr-0)y 1))
# (V8 1) (ltnmssha) = (38 DAY )
- (y®I) hﬁ“y(p“)(tn—ﬁ -6 hﬁ”g—;j—(y(tn—1))y(p+1)(tn—1)>
+ O(hET3).
(8.3.15)

Expanding y(t,—1+chn) and y(t,) in (8.3.13) and (8.3.14) into a Taylor series
around t,_ leads to

Pl
;0 :

= (e®@DNy(tn—1) + (AR ) ZC(JJ 1®)I
=1

v
+ (45 -U8) @ 1R nmr) + (U @ Dsltnen ) + O(1E)

() + (G~ €) D)t

Ry (tn-1)

.

and

P
1 .. 1
-20 Sy (tan) + (m - E> RET YT (1)
]:

= yltae) + (bT@IZC(JJl@)IhJ (o)

j=1

T op
+ (P—plc— - vTa> ReFLy Pt (¢, 1) + (0T ® Da(tn-1, hn) + O(RET2).
Since method (8.1.3) has order p and stage order ¢ = p, all terms up to
order p in the expressions above cancel out and comparing terms of order
p+ 1 corresponding to h2T1y®+1) (¢, ;) and of order p + 2 corresponding to
het2y(P+2) (¢ 1) and hﬁ”%(y(tn_l))y("“) (tn—1), we obtain (8.3.3), (8.3.4),
(8.3.5), and (8.3.6). To obtain expressions for the vectors 3, v, and § we need
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the following relationship between z(t,, hy) and z(t,—1, hp):

2(tpohn) = Tp2(tn_1,hn) +tp BTy, )

(8.3.16)
+ tp hEF2y T (4, 1) + O(RETS),
where )
1
IEER R SR =
1
01 1 e
_— pXp
=100 1 - p«lg)! € RP7P,
Lo 00 -+ 1 |

(This matrix was denoted by E in Section 7.1). This relationship can be
verified by expanding hfyU)(t,) appearing in z(t,, h,) into a Taylor series
around the point ¢,_;. Substituting (8.3.16) into (8.3.15), we obtain
(Tp ® Dz(tn-1,hn) + (tp @ I)hgﬂy(pﬂ)(tn—l) + (?p @ I)hg+2y(p+2)(tn—l)
0
- B e ® D5 (ulta-)y®* V(1)
— (B® ke (y(p+1)(tn—l) + hpy®r2) (tn—l))

0
- (Y@ DAY (ta) ~ (69 I)h’n’+2—f (y(tn-1)y®V (tnm)

Oy
pt2 4
cJ I .
= (B®1)<Z G- Py (tn-1)
Jj=1 '

P @i (p
— (@ D)hET? 99 (y(ta-1))y “)(tn_l))
+ (VeI <z(tn-1, hn) — (B® I)hﬁ“y(pH)(tn_l)

— (Y@ D2y e (t, 1)~ (6 ® I)hﬁﬂg—g(y(tn—l))y(”+l)(tn—1)>
+ O(hﬁ'*’g).

As before, terms up to the order p cancel out, and comparing terms of order
p + 1 corresponding to h2*1y®+1 (¢, _;) and of order p + 2 corresponding to
hPt2y(P+2) (¢, 1) and hﬁ“%g(y(tn_l))y(p+1)(tn_1), we obtain (8.3.7), (8.3.8),
and (8.3.9) with F and £ given by (8.3.3) and (8.3.6). This completes the
proof. "]
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Observe that in formula (8.3.3) for the error constant E of the method, the
term 1/(p + 1)! — bT ¢P/p! corresponds to the error generated by the method
itself in the current step from t,_; to t,, and v7 3 corresponds to the error
inherited from previous steps.

The next result investigates the relationship between the error constant £
defined by (8.3.3) and the error constant E defined by the relation (7.5.6) in
Section 7.5. We have the following theorem.

Theorem 8.3.2 (compare [72]) Assume that GLM (8.1.3) has order p and
stage order ¢ = p. Then the error constant E defined by (8.3.3) is equal to
the error constant E defined by (7.5.6).

Proof: Denote the error constant defined by (8.3.3) by E. We will show that
E = E, where E is defined by (7.5.6). Consider method (8.1.3) with constant
step size h, = h. Applying method (8.1.3) with h,, = h to the linear test
equation
v =€y, t=0,
we obtain
yh = M(2)y" Y,

n=1,2,..., where M(z) = V + 2B(I — 2A)7!U is the stability matrix and
z = h€. Assuming that y,_; and z®~1 satisfy (8.3.1) and that y,, and y[™
satisfy (8.3.2) with E = E, we obtain

Y(tn) — ERPHIye(¢,)
2(tn, h) — BRPF1Y(PH (1)

= M(2) bltn-) + O(hP+2).

2(tn_1,h) — BRP Tyt (¢, 1)

Since the solution of the test equation is given by y(t) = ety(0), it can be
verified that this relation can be written in the form
E 1 0
2T+ (M(z)—€’T) —M(z) 2PTL = O(2P72), (8.3.17)
B z B

where the vector Z is defined by
T
7 = [ z z2 oo 2P ]

and I is the identity matrix of dimension p+1. The equation (8.3.17) simplifies
to

1
1 ~
M(2) — (1= EzP"e? | 7 _ g1 | = 0P,

1 — Ezpt1
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and taking into account that

Z — B2Pt1

1— Boptl Z - B2P* + 0(2P1?)

and 2P*le? = 2Pl 4 O(2P+?), we obtain

(M(z) — (e — Ez”“)l) = 0(2P7?), (8.3.18)

where W(z) = Z — 32PT!. It follows from Theorem 7.2.4 that the stability
matrix M(z) of the GLM (8.1.3) has only one nonzero eigenvalue R(z), given
by formula (7.2.11). As in the proof of Lemma 7.2.1, we can assume without
loss of generality that the eigenvector of M(z) corresponding to this eigenvalue
R(z) can be scaled so that its first component is equal to 1. This leads to the
relation

1
M(z) — R(2)I =0.
(M(2) — R(2)T) W)

It follows from the discussion in Section 7.5 that this stability function R(z)
of GLM (8.1.3) also satisfies (7.5.6), and substituting this equation into the
relation above, we obtain

1
M(z) — (e* — E2PT1)I = 0(2F1?). 8.3.19
(M(z) - ( i, o | o (8.3.19)
Set _
Pz(2) = e — EzPT!,  Pg(z) = e — E2PTL.
Clearly,

P5(2) = Pp(z) = O(z"*")
and we will show that this implies that
PE(Z) - PE(Z) = O(Zp+2).

The idea of the proof of this fact is based on the application of the power
method for computing eigenvalues and eigenvectors, where in each iteration,
one more power of z is gained. We have

[ Mii(z) Mua(z)
L Mgl(z) AJQQ(Z)

M(z) =

[ 142671 — 24) e T 4+ 267(I — 2A)"1U
L zB(I —zA) e V +2B(I - zA)"U
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and it follows from (8.3.18) and (8.3.19) that

Mi1(2) — Pa(z) — Myp(2)W(2) = O(2P+2),

(8.3.20)
Moi(z) + (Ma2(z) — Pg(2))W(z) = O(2P+?)

and
Mi1(2) — Pp(z) — Mig(2)W(2) = O(2P*?),

(8.3.21)
M1 (2) + (Ma2(z) — Pp(z)I)W (2) = O(2F*2).

Here I is an identity matrix of dimension p. Subtracting the first equations
of (8.3.20) and (8.3.21), we obtain

Pz(2) - Pg(2) = Mi2(2)(W(2) = W(2)) + O(zP*2). (8.3.22)

Similarly, subtracting the second equations of (8.3.20) and (8.3.21), after some
computations we obtain

(Pe(2)I = Maa(2)) (W (2) - W(2)) (8.3.23)

—~—

= (Pé(z) — Pg(2))W(z) + O(2P72).

It follows from Pg(z)—Pg(z) = O(2P™1), W (2) = O(2), and equation (8.3.23)
that W(z) — W(z) = O(zP*2). Substituting this into equation (8.3.22), we
obtain Pg(z) — Pg(z) = O(zP™%). This implies that E = E, which is our
claim. |

The next result describes the structure of the vector 3 appearing in (8.3.1)
and (8.3.2).

Theorem 8.3.3 (Wright [293]) For GLM (8.1.8) of order p and stage or-
der ¢ = p and with IRKS, the vector 3 appearing in (8.5.1) and (8.5.2) is
given by

ﬁ=[ﬂp Bp—1 - B ]T-,

where Bp, Bp-1,...,01 are free parameters of the doubly companion matriz
X =X(o, 3).

Proof :  Substituting formulas (7.1.6) and (7.1.7) for the coefficient matrices
U and V into the relation BA = XV — VX, we obtain
B(C - ACK) =X(E - BCK) - VX.

It follows from Lemma 7.4.2 that BA = XB and the relation above simplifies
to
BC=XE - VX.
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Comparing the last columns of this relation, we obtain
BCeyi1 = XEep11 — VXepy. (8.3.24)

It can be verified that

c? tp —0pt1 — Fpt1
Cep+1 = ;— Eep+1 = s Xep+1 =

I 1 -3

and partitioning the matrices B, X, and V appropriately, relation (8.3.24)
can be written in the form

b7 | op _ o’ —api1 = Bpr tp
B | P I -3 1
1 o7 Qpy1 + Opt1
+ )
|0V 8
where
T
& = |: al a2 T ap

Comparing the last p components in this equivalence relation, we obtain the
equation

cp
B =t,— 3+ V0,
p!

which is equivalent to (8.3.7). This completes the proof. [

It follows from Theorems 8.3.2 and 8.3.3 that the free parameters of GLMs
(8.1.3) with IRKS are directly related to the accuracy of the resulting formulas.
In the algorithm for construction of these methods presented at the end of
Section 7.5, the free parameter ¢ is related to the error constant £ = E
through equation (7.5.14), that is,

€= Mpi1p11(A) = E,

and the parameters Gy, Op—1,..., 51 are related to the errors of the external
approximations z¥ through the relation

2 = Z(t,, hn) — (B @ DAZT P (1) + O(R2T?)
(’m n) (ﬁ )n Y (n) (n

(compare (8.3.2) and Theorem 8.3.3). As a result, these parameters control
directly the accuracy of the resulting methods. The corresponding effects on
the stability of these formulas are discussed in Sections 7.8 and 7.9 for the
explicit methods and in Sections 7.10, 7.11, and 7.12 for the implicit methods.
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8.4 ESTIMATION OF LOCAL DISCRETIZATION ERROR AND
ESTIMATION OF HIGHER ORDER TERMS

It follows from (8.3.2) that the local discretization error of GLM (8.1.3) at
the point ¢, is given by

le(tn) = EREFLyPHD (1) + O(RET?), (8.4.1)
where the error constant F is defined by (8.3.3). We look for the estimate of

the quantity h2'y(P+1(¢,), which corresponds to the principal part of le(t,,),
in the form

PP () = (o7 @ Dha FYM) + (07 @ D271 + 0(h5*2),
where p € R?™! and ¢ € R? are some vectors. To compute accurately the
input vector z™ for the next step corresponding to the new step size, we will

also have to investigate terms of order p+2 in the expression above. Therefore,
we consider a more precise estimate of REt1y(P+1)(¢,), which is of the form

REFLyPD(t,) = (9T @ DR F(Y M) + (7 @ 1)z~
+ C1REF 2y (2,) + cghg“g—z(y(tn))y@“)(tn) (8.4.2)
+ O(RE™3),
where C and C; are constants. We have the following result.

Theorem 8.4.1 (compare [75]) For GLM (8.1.3) of order p and stage or-
der ¢ = p, the vectors ¢ and ¢ satisfy the system of equations

T .7—1
e .
m‘f‘l/fg :Oa J= 1727"‘7p7
(8.4.3)
&~wTﬁzl.
p!

Here ¢; stands for the jth component of ¥. Furthermore, the constants C1
and Cy are given by

T p+1
pe T
Ci=1- + Y,
(p+1)! (8.4.4)

Co = pT€ +yT4.
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Proof :  Substituting (8.3.12) and (8.3.1) into (8.4.2) and expanding yP*1(t,,),
y'(tn-1 + chy) into a Taylor series around ¢,_;, we obtain

herlyPr (¢, ) + hBF 2y P+ (1, 1)

dTlerI PRI
= (soT@f)(Z(T_“)—hj Dtn-1) + Thﬁ“y(”“)(tn—l)
i=1 '

Cp+1 ® I

P! hﬁ+2y(1’+2)(tn_1) - (£® I)hﬁ-ﬂg(y(tn_l))y(p+1)(tn_1)>

Jy

+<wT®I>(<n L he) — (8 ® DREF Pty

— (v DhET 2Pt (t,_y) — (6 @ IHHET] gf( (tn—l))y(p+1)(tn—1)>

+ CLhE 2y T2 (t, 1) + G hﬁ“% (¥(ta=1))y®V (tn-1) + O(RET®).

Comparing terms up to order p + 1 leads to the system of equations (8.4.3).
Comparing terms of order p + 2 corresponding to

15)
Ry (4, ) and hfﬁl6—§<y<tn_1>)y@“><tn_1>,

we obtain the expressions (8.4.4) for the constants C; and Cj. [ |
We can also compute an estimate of A2 1y(PT1)(¢,) in terms of h, F(Y "))

and z[™, that is, an estimate of the form

Retly () = (T @ Dh F(Y) + (3" @ I)zi

=T ) < T )y e) (345)

+ O(hE™3),

where % € RPT1, 1) € RP, and C; and Cj are constants. We have the following
result.

Theorem 8.4.2 For GLM (8.1.3) of order p and stage order ¢ = p, the
vectors © and v satisfy the system of equations
grlc—e)y!
G-t
2

+Ej=07 J=12,...,p,

(8.4.6)
c—e)P

p!

z —TB=1
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Here Zb—j stands for the jth component of ¥. Furthermore, the constants C,
and Cy are given by
=T p+1
c—e —T
1= __99 ( )‘ + 1/) e
(p+ 1) (8.4.7)

Co=%T¢+70,+ 706

o

Proof: Substituting

hnF(Y) = by (tn+ (c— €)hn) — (§®I)hﬁ+2%(y(tn))y(p“)(tn)+0(hﬁ+3)
and formula (8.3.2) for Z(", then taking (8.3.10) into account, and expanding
Y'(tn + (¢ — e)hy) into a Taylor series around ¢,, we obtain

p+2 _ g—
c—
hfﬁly(?’“)(tn) = E fal )

=1

1 . .
Whiz@/(ﬂ(tn)

D
- @Tshz“g—g<y<tn>)y@+”<tn> + 3 Yy D ()
i=1

- %hﬁﬂ%(y(tn))y@“)(tn) — T By )

- ET7hfz+2y(p+2)(tn) - ET5hfz+2?i (y(tn))y(p+1)(tn)

dy
— — 7]
+ C1hE 2y P2 (1) + Czhfz“gg- (¥(t2))y "V (tn) + O(RETS).
Comparing terms up to order p + 1, we obtain system (8.4.6). Comparing
terms of order p + 2, we obtain (8.4.7). This completes the proof. u

Observe that systems (8.4.3) and (8.4.6) of p + 1 equations with 2p + 1
unknowns ¢;, ¥; or [ Ej are always solvable with respect to ¢ or @ for any
choice of the vectors v or 1 if the abscissa vector ¢ has distinct components.

Next we will look for the estimates of the quantities of order p + 2:

BE2 P (1) and hz“%(y(tn))y@*”(tn).

in the form
W2y 2 (t,) = (BT @ Dha F(Y™) + (97 @ 1)zt~ + O(h2 %) (8.4.8)

and

hz“g—f(y(tn))y(““(tw = (@7 @ D F(Y) + (97 @ 1)zl
4 (8.4.9)

+ O(R5™®),
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where 3,3 € RPT! and ¢, ¢ € RP. We have the following theorem.

Theorem 8.4.3 (compare [75]) For GLM (8.1.3) of order p and stage or-

der g = p, the vectors $, ¢ and v, 121\ satisfy the systems of equations

~T j—1

e ~ o

m+¢J—O7 ]—1’27"'71)7

sZTcP_JTﬂ_O @Tc”*l_JT _ (8.4.10)
ol B TR

FrE+yT5=0

and

Tl

W+¢J:0, j=1,2,...,p,
’\Tcp N ’\Tcp—&-l
@pv -yT8=0, Z;+ N vTy =0, (8.4.11)

Proof: The proof of this theorem is similar to the proof of Theorem 8.4.1
and is therefore omitted. [ |

Observe that (8.4.10) and (8.4.11) are systems of p + 3 equations in 2p+ 1
unknowns, which usually have solutions for p > 2. The solution corresponding
to the method of order p = ¢ = 2 constructed in Section 7.9 is given in
Section 8.6.

We could also derive, if desired, estimates of the quantities

R (6) end 2L (g (60)y ) 1)
Y

in terms of F(Y) and z!" as was done in the case of the estimate of the

quantity REF1y®+U(t,) in formula (8.4.5). However, we do not pursue this
topic further.

8.5 COMPUTING THE INPUT VECTOR OF EXTERNAL
APPROXIMATIONS FOR THE NEXT STEP

After the step from ¢,_1 to t, is accepted, we have computed y, and the
vector ZI™ such that

Yn = y(tn) = EAE 1Y (1) + O(hE?) (8:5.1)
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and

o
3,
I

E(tna hn) - (5 & I)h£+ly(P+l) (tn)
— (y® Dhp+2yr+A(t,) 8.5
- e I)hﬁ”g—g (u(t))y®* D (80) + O(RE™),

where the error constant E and vectors 3, v, and § are given by (8.3.3), (8.3.7),
(8.3.8), and (8.3.9). We also have available estimates of

Ry (), RET3PTD(t,),  and h2+26—f(y(tn))y(p+l)(tn)-

Oy

As explained in Section 8.4, these estimates, which are denoted by d1(tn),
82(tn), and 83(t,), take the form

81(tn) = (T ® Dha F(YM) + (7 ® I)2"~1, (8.5.3)

82(tn) = (37 @ DR F(YIM) + (47 @ )z, (8.5.4)
and

83(tn) = (37 ® Dh  F(Y!M) + (47 @ I)zl1, (8.5.5)

where ¢, ¢ satisfy (8.4.3), 7,7 satisfy (8.4.10), and @,w satisfy (8.4.11). To
proceed with integration from ¢, to t,+1 = tp + Ap+1, where by, is a new
step size chosen according to some step size changing strategy, we have to
compute a new input vector zI™ such that

2l = 2t hntt) — (8@ DRy (2,,)
_ (’Y ® I)hp+2y(p+2) (tn) (8.5.6)

- ((+ Bey) @ DR (480 () + 0ZD),

The presence of the term involving Ee; can be justified by formula (8.3.10).
Such a vector will be computed by rescaling and modifying the vector z™
according to the formula

Ml = (D(rp) @ 1)z + (01(rn) ® I)61(tn)
(8.5.7)
+ (62(7'n)®1)62(tn) + (63(7'n)®1)63(tn)a

where 7, = hpt1/hn, D(r) is the rescaling matrix defined by

D(r) = diag(r, r,.. TP,
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and 6;(r), 62(r), and 63(r) are appropriate vectors that are determined by
comparing (8.5.6) with (8.5.7). Observe that the ratio of step sizes is now
denoted by 7,, which differs from the notation in Chapters 4 and 5, where
this ratio was denoted by J,. Using formula (8.5.2) and the relations

51 (tn) — hg-&-l y(p+1)(tn) -C hg+2y(p+2) (tn)

of
Oy

8altn) = hET2y T (t,) + O(RE™),

— CohET2 = (y(t,))yPTV (tn) + O(hET?),

and

B3(tn) = h2+2 a£< (ta))y ) (ta) + O(RE™D),

where the constants C; and C; are defined by (8.4.4), this leads to

(D(Tn)®f)<z(tmh) (B® DhEF PV (t,) — (v @ DhE2y P2 (8,

~(6+Ee)® I)hg“% (y(tn))y P (ts) + O(hﬁ”))

+ (91(7‘n) ® I) (hfl“y(p“)(tn) - hﬁ*zy(””)(tn)

- G () 1)

+ (02(7'71) ® I)hg+2?l(p+2) (tn) + (63(rn) ® I)hﬁ+2?9_£ (y(tn))y(p+l)(tn)

= 2(tn, hns1) — (B@ D2 RET y P+ (1)
— (r® Dz Ry e+ 1)
~ (6 + Ben) ® Do hr2 2L (40,) 0 0) + O(RZ)

We have
(D(Tn) ® I)Z(tna h‘n) = Z(tnv hn+1);
and comparing terms of order p + 1 corresponding to h2T1yP+1(t,.) and of

order p + 2 corresponding to

AP ) and 1Ly ),

we obtain

61(r) = (D(r) = rP™1I)B, (8.5.8)
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02(r) = (D(r) — rP*2I)y + C1 61(r), (8.5.9)

and
83(r) = (D(r) = rP*2I)(6 + Ee1) + Co 61(r). (8.5.10)

As mentioned in Section 8.1, the formula (8.5.7) with 6;(r), 82(r), and 83(r)
defined by (8.5.8), (8.5.9), and (8.5.10), respectively, is the integral part of
GLM (8.1.3).

8.6 ZERO-STABILITY ANALYSIS

In this section we analyze the zero-stability properties of the method (8.1.3)
with z[" defined by (8.5.7), 61(t,), 02(tn), 6a(t,) defined by (8.5.3), (8.5.
(8.5.5), and 61(r,), B2(r,), O3(r,) defined by (8.5.8), (8.5.9) and (8.5.1
respectively. Applying this method to the test equation

4),
0),
y =0, t=>0

y(0) =1,
on the nonuniform grid {t,}, we obtain
Yn = yn_1 + v7 2"
and
2 = D(ra) V 2771 4 61 (rn)81 () + 02(rn)B2 () + B3(n)B3 (tn).
Substituting the formulas for §1(t,), d2(t. ), and d3(¢,), we obtain
2 = M(r,) 204, (8.6.1)
n=1,2,..., where the amplification matrix M(r) is defined by
M(r) = D(P)V + 6,(r)YT + 0(r)d7 + 03(r)~. (8.6.2)

Hence,
2" = M(r)M(ra—y) - M(ry)z"

and it follows that the zero-stability of method (8.1.3), (8.5.7) is equivalent
to the uniform boundedness of the product of matrices:

M{rp))M(rp—1)- - M(r1).

To find the conditions under which this is the case, we follow the approach
proposed by Guglielmi and Zennaro {138, 139]. This approach is based on
the theory of the joint spectral radius and the notion of a polytope norm of
a family of matrices. According to this theory the zero-stability of (8.1.3),
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(8.5.7) would follow if we can construct a polytope norm | - ||« in R such that
for the induced matrix norm denoted by the same symbol, we have

M), <1 (8.6.3)

for r € [0,7*] for some r*. These polytope norms are defined by their unit
balls in RP. Set
7* = max {r s p(M(r) < 1},

where p(M) is the spectral radius of the matrix M. As explained by Guglielmi
and Zennaro [138], in many cases these polytope norms || - ||« can be found by
successively applying the matrix M (r*) to the set of vectors

S= {61,62,...,ep},

where ¢; are canonical basis vectors in RP. If
MI(r\P, PcS, j=12,...,

are contained in a common convex hull, symmetric with respect to the origin,
of some points in R? for » € [0,7*], this convex hull defines the unit ball of
the polytope norm || - ||« satisfying (8.6.3). This process was illustrated by
Guglielmi and Zennaro [139] for the variable step size three-step backward
differentiation method, by Butcher and Jackiewicz (71] for some GLMs of
order p = 2, and by Jackiewicz et al. [180] for some two-step W-methods
of order p = 2. In a recent paper by Butcher et al. [75] this process was
illustrated for the composition of Adams-Bashforth methods of order 2 and 3
over two steps of size h/2, and then using PECE scheme with the composite
Adams-Bashforth method as a predictor and the Adams-Moulton method of
appropriate order as a corrector, and for GLMs with IRKS of order 2 and
3. In what follows we illustrate this process for explicit and implicit methods
with p=q = 2 and s = 3. We consider first the explicit method derived by
Butcher and Jackiewicz [72], whose coeflicients are presented in Section 7.9.
For this method the abscissa vector ¢ = [0, 3,1]7, and for easy reference, the
coefficients are given again below.

0 0 0 1 0 0
279 4 1
A \ U 374 0 0 1 287 8
€ 81 1968 0 1 8 47
R e— 14105 2015 455 4030
T T
b 1w 608663 2009 455 1 —241 41
Blo v 499968 35712 2304 672 124
_ 113815 85567 455 0 0 Lz
71424 35712 2304 2076
17 _4 65
L 24 1 24 0 0

(8.6.4)
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It can be verified using (8.3.3), (8.3.7), (8.3.8), and (8.3.9) that the error
constant is F = % and the vectors 3, v, and 4 are

2177 329

7
_ | 96 _ | T 285696 ¢ _ | 142848
B= S RS
d 3 191
96 64 9216

We choose the vector ¥ as 1 = [0, —v11/81]7. This choice will be motivated
in Section 8.8, where the construction of unconditionally stable methods is
discussed. Then solving (8.4.3), (8.4.10), and (8.4.11), we obtain

113815 916034185 513580145
5208 36171524 6595932
— | _sss67 ~_ | _ 33566249 ~_ | _ 20738735
¥ 2604 | ¥ 3207966 |’ ¥ 471138
1849 1262495 429065
168 212772 30396
and
0 2080248 511680
v = 7= 124117 7= 17731
177 |’ 464258 |’ 1369810
217 540661 78523

The amplification matrix M (r) given by formula (8.6.2) takes the form

117(r—1)(1043044+104304r+18214972) r(294867408—f—391508237‘2 —477122599r%)

851088 361833984
r2(r—1)(9156768+3162703r) 72 (r—1)(541382496+815438257r)
5957616 2532837888

Applying the procedure described above, it can be verified that condition
(8.6.3) is satisfied for r € [0,7*], r* ~ 1.11366, for the polytope norm || - ||.
whose unit ball with vertices P1, Py, Ps, Py, Ps, Ps, P7, and Ps is plotted in
Fig. 8.6.1. The coordinates of the points P; are

P = —Ps=[1,0T, P,=—Ps;=[0.9713,0.0807]7,
Py =-P =[0,1]", Py=—Ps =[-0.7303,0.3000]7.

For comparison we have also analyzed zero-stability properties of the method
(8.6.4) with the vector z[™ of external approximations given by

20 = D)2 + 01 ()01 (), (8.6.5)

where 61(r) is defined by (8.5.8) and &;(¢,) is defined by (8.5.3). This cor-
responds to the rescale and modify approach introduced in [71]. It can be
verified that for the method (8.1.3), (8.6.5) the amplification matrix M (r) is
given by

M(r) = D(r)V + 61 (r)y7,
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Figure 8.6.1  Unit balls in the polytope norms for methods (8.6.4}, (8.5.7) and
(8.6.4). (8.6.5)

which for the method (8.6.4) with z["! defined by (8.6.5) takes the form
0 _ 1177l

—~ 2976

0 117773 (r—1)
2976

It follows that the condition {8.6.3) is satisfied for r € [0,7*], r* ~ 1.7895 for
the polytope norm whose unit ball with vertices @1, Q2, @3, and Q4 is also
plotted in Fig. 8.6.1. The coordinates of the points @Q; are

Q1=-Qs=1[0,-1)7, Q2=-Qs=[2.2664,1]T.

We can observe that for the specific method (8.6.4), the rescale and modify
approach of Butcher and Jackiewicz [71] leads to better zero-stability proper-
ties than does the approach described in this section. However, this happens



442 IMPLEMENTATION OF GLMS WITH IRKS

at the expense of losing the ability of estimating the higher order terms of the
form

hﬁ”y(”z)(tn) and hﬁ”g—g(y(tn))y(p“)(tn)-
The construction of highly stable methods (possibly unconditionally stable)
which also allow for the estimation of terms of order p + 2 is the subject of
current work.
We consider next the implicit A- and L-stable method with simple coef-
ficients derived by Wright [293]. For this method ¢ = [0,%,1]T, XA = i, and
€ = 0. The coefficients of this method are given by

1 1
0 o 1 -3 O
i L 9] 1 o0 0
4 4
u 1 1 1 1 0 1

2 4 4 8

T 11 T | = . (8.6.6)
R S IR U S

B0 V P
2 2 4

. 0 -2 2, 0 0 O |

It can be verified using (8.3.3), (8.3.7), (8.3.8), and (8.3.9) that the error

constant is £ = —% and the vectors 3, 7, and § are

8=

-2
Il

. 6=

o J LN
Bl ool
Slov Bleo

We again choose ¢ = [0, —v11/61]7. Solving (8.4.3), (8.4.10), and (8.4.11), we
also obtain

160 22

—4 3 5

¥ = 4 ’ @Z __I%é s (’?: _%

56 64

0 Kl Kl
and -

Y= , Y= A
-2 12 16

The amplification matrix M (r) given by formula (8.6.2) takes the form

_r(r=1)(r*—8r—8) r(7r—12r248) W
9 12

M(r) =
(T) 2r2(r—1)(8r+7) _7‘2(7'—1)(7r+19)
9 6 .
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1.5 L T T T T

0.5

Figure 8.6.2  Unit balls in the polytope norms for methods (8.6.6), (8.5.7) and
(8.6.6), (8.6.5)

Applying the procedure described above, it can be verified that the condition
(8.6.3) is satisfied for r € [0,7*], r* = 1.13614, for the polytope norm || - ||.
whose unit ball with vertices Py, P,, P3y, Py, Ps, Ps, Py, and F; is plotted in
Fig. 8.6.2. The coordinates of the points P; are

P=-Py=[1,00T, P,=-—P;=10.2715,1.0188]7,

Py=-P,=[0,1T, P,=—Ps=][-0.2628,0.7894]7.

For comparison we have also analyzed zero-stability properties of method
(8.6.6) with the vector z[™) of external approximations given by (8.6.5), where
again 61 (r) is defined by (8.5.8) and &;(¢,) is defined by (8.5.3). It can be
verified that for the method (8.1.3), (8.6.5) the amplification matrix given by
M(r) = D(r)V + 6,(r)%T for the method (8.6.6) with z[™! defined by (8.6.5)
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takes the form

0o I

M(r) =
0 r2(r-1)

It follows that condition (8.6.3) is satisfied for r € [0, 7*], r* = 1.69562 for the
polytope norm whose unit ball with vertices @1, Q2, @3, Q4, @s. and Qg is
also plotted in Fig. 8.6.2. The coordinates of the points Q; are

Qr=-Qs=[0,-1", Q=-Qs=[12188,1]T, Q3=-Q¢=[0,1]7.

As before, we can observe that for the specific method (8.6.6) the rescale and
modify approach of Butcher and Jackiewicz [71] leads to better zero-stability
properties than does the approach described in this section.

The refinement of the technique of Guglielmi and Zennaro [138, 139] was
proposed by Butcher and Heard [62] in the context of backward differentiation
methods for ODEs.

8.7 TESTING THE RELIABILITY OF ERROR ESTIMATION AND
ESTIMATION OF HIGHER ORDER TERMS

In this section we test experimentally the reliability of the estimates of

REFLy® (), REF?YP*D (1), and hﬁ“g—g(y(tn))y(p“)(tn)

derived in Section 8.4 in a variable step size environment. These experiments
were performed for explicit GLM (8.6.4) derived by Butcher and Jackiewicz
[72] and given in Section 7.9. This method was applied to the van der Pohl
equation

V1 =2, y1(0) =2,
va=(1—u)y2 —y1, 2(0) =0,
t € [0, 8], with the standard step size changing strategy based on the formula
0.5Tol \Y®+Y
= (22,
lest(p: t)]]

= 2, without any limiters or exceptions (compare, e.g., [143, 257, 261]).
Here Tol is a given accuracy tolerance and est(p,t,) is the estimate of the
local discretization error given by

est(p,t,) = Eé1(tn),

where E is the error constant of the method and & (t,,) is defined by (8.5.3).
We have plotted in the top graph of Fig. 8.7.1 ||le(p, t,)||, and |est(p, t,)|!,
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Figure 8.7.1  Top graph: the quantities ||le(p,t)|| (symbol “o”) and |lest(p,t,)||
(symbol “") versus t for Tol = 107%; every fifth point is plotted. Bottom graph:
ratio(p, tn) versus t

where le(p,t,) is the local error of the method. This local error was com-
puted using the code ode45 from the Matlab ODE suite [263] on the interval
[tn—1,tr] with RelTol = AbsTol = 0.01 - Tol following a suggestion by Hull
et al. [168]. We have also plotted in the bottom graph of Fig. 8.7.1 the
ratio(p, t,) defined by

: llest(®, tr) ||
t t
ra 1o(pa ) Hle p,tn H
We have plotted in the top graph of Fig. 8.7.2 h2+2||yP*2)(¢,)|| and ||62(t.)|,

where d5(t,) is given by (8.5.4). We have plotted in the bottom graph of
Fig. 8.7.2 the ratio of these quantities. Similarly, we have plotted in the top
graph of Fig. 8.7.3 h22|| %L (y(tn))y® D (tn)]] and ||8s(tn)|, where 83(t,) is
defined by (8.5.5). We have plotted in the bottom graph of Fig. 8.7.3 the ratio
of these quantities. The quantities

hfz+2y(p+2)(tn) and hﬁ+2%(y(tn))y(p+l)(tn)
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nomn of hP*2y(P+2). 3,

ratio
T

09r
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t

Figure 8.7.2  Top graph: the quantities h%72(|yPT2 (t,)|| (symbol “o") and
[162(¢n)]l (symbol “7) versus t for Tol = 107; every fifth point is plotted. Bottom
graph: the ratio of these quantities versus ¢

were computed using the systems

vl =vh, 5= —2uyiyz + (1 —yd)ys — i,

m 11

v =, v = =20y — 2u1yye — dyiyivh + (1 — ydvs — vy,

and

4
v =y

4
s = —6y1yly2 — Y2y — 201y vz — 6y1yvh

~ 6yryivy + (1 - )y — vy’

obtained by successive differentiation of the van der Pohl equation (1.8.1) and
the relation

o6  8f
ﬁ(y) | e Bm | 0 1
0 N T B
v 51% 51% “2y1y2 -1 1—y9f
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norm of hP*2Dfy ™™ 5

ratio

Figure 8.7.3 Top graph: the quantities hﬁ+2]|%i(y(tn))y@H)(tn)H (symbol “o7)

and ||83(tn)|| (symbol “) versus ¢ for Tol = 107; every fifth point is plotted. Bottom
graph: the ratio of these quantities versus ¢

0.015

< 0.01

0.005

Figure 8.7.4  Step size pattern for the method of order p = 2 applied to the van
der Pohl equation with adaptive step size control for Tol = 1078

All these figures correspond to the step size pattern displayed in Fig. 8.7.4.



448 IMPLEMENTATION OF GLMS WITH [RKS

Examining these figures we can observe that the quality of the estimation
of the local discretization error for the method of order p = 2 is exceptionally
good. The quality of the estimators for the higher order terms of the form

h§1+2y(p+2)(tn) and hﬁ+2g—£(y(tn))y(p+l)(tn)

is not as high as for the term A2T1y(®+1)(¢,.), but is still very good.
n

8.8 UNCONDITIONAL STABILITY ON NONUNIFORM MESHES

This section follows the presentation by Butcher and Jackiewicz [73]. As
observed in Section 8.6, for GLMs (8.1.3) with the input vector 2™ for the
next step from t,, to t,41 defined by

2 = (D(r) © DE™ + (8(rn) © I)(tn),

where 6(r) = 61(r) is defined by (8.5.8) and §(¢) = 61 (t) is defined by (8.5.3),
that is,

6(tn) = (¢ ® DAnF(Y™) + (7 @ D21,

the requirement of zero-stability usually leads to some restrictions on the ratio
of step sizes r, = h,11/hy,. Similarly, some restrictions on r, usually also
hold if §(t) = 3(t), where 6(t) is defined in terms of F(Y™) and zi7l by the
formula

3(tn) = (77 © Dh FY™) + (@7 ® )z,

with @ and % satisfying system (8.4.6). In this section we adopt a different
approach and try to construct GLMs with reliable error estimates and with
an appropriately defined input vector z[™ for the next step from t, to t,,1, so
that the overall numerical algorithm consisting of (8.1.3) and the formula for
("] is unconditionally stable for any step size pattern. This approach is based
on constructing the vector of external approximations z!™ by making different
corrections to the components of the vector zI™ in such a way that the errors
in these components are asymptotically constant. To be more specific, the
components 2™ of 217 are defined by

H

A =iz (rh = 1B Bi6i(8),

7

i=1,2,...,p, where 6;(t,) is the family of the estimators to hE+1y(PT1(t,),
and J; are the components of the vector 3. This relation can be written in
the vector form

2 = (D(ry) ® 1)z + ((D(rn) — Dy @ I)A(tn), (8.8.1)
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where
61(tn)
Dg :diag(ﬁl,....ﬂp) and Aft,) = :
Sp(tn)
Similarly to (8.4.2) and (8.4.5), we will look for 6;(¢,) in the form
8itn) = (¢ ® DA F(YT) + (0] @ 1)z~ (8.8.2)
or T
5i(tn) = @ @ D FY™) + (4, ® Dz, (8.8.3)

where ¢;, 7, € RP*! and wi,ﬁi € R?. However, in contrast to the algorithm
for the computation of 21"} described in Section 8.5 (compare also [71]), it will
be possible to choose 1; or ¥; to accomplish unconditional stability. This is
explained in the remainder of this section.

It can be verified that the application of (8.1.3) and (8.8.1) to the test
equation ¢’ =0, ¢t > 0, y(0) = 1, leads to the relation

Al = (D(rn)V + (D(ra) — rﬁ+1I)D5\I/>z["'1]
if the d;(t,) are defined by (8.8.2) or

2 = (D(rn) + (D(rn) - rﬁ“I)DgT) Vil
if the 6;(t,) are defined by (8.8.3). Here

T By

T T,

The unconditional stability would then follow if we could choose a scalar
function &(r) and the matrices ¥ or ¥ such that

D(ra)V + (D(ra) = r2"1)Dg¥ = £(rp)V

(D(rn) + (D(ra) — rgﬂf)Dﬁ)v = £(r,)V.

This can be accomplished clearly if we define £(r) = rP*! and if ¥ or ¥
satisfies the equation
DV =-V (8.8.4)

or _
DsTV = -V. (8.8.5)
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Assuming that Dg is nonsingular, this leads to
¥ =-D;'V (8.8.6)

or _
v =-D3. (8.8.7)

Observe that (8.8.4) and (8.8.5) may still have solutions even if the matrix
Dg is singular. Once the matrices U or ¥ are chosen, the vector ¢; or @, can
be determined so that

8itn) = RET1Y P (8) + O(RET?),

i=1,2,...,p

We now describe the construction of the family of error estimators &;(¢n),
i=1,2,...,p. We can argue as in Section 8.4 that h2Tly(P*1(t,) can be
estimated by (8.8.2) or (8.8.3) if the vectors g;, ¥, or By, ¥;, i = 1,2,....p,
satisfy systems of linear equations of the form (8.4.3) or (8.4.6). Introducing
the matrices C, and C, of dimension (p + 1) x p defined by

the linear systems corresponding to (8.4.3) and (8.4.6) can be written in a
more compact form as

=  —-T
oI Cp+vf =0, %, Cp+¢; =0,

cP or _+lc—e)» -—T
@?H_wz‘TﬁZL SD;I( p,) -y 8=1,

1=1,2,...,p. Setting

o7 o1
= : |, &= 1 |,
o5 %

the systems above can be written in the vector form

oC+[w|-wa]=[0]e¢] (8.8.8)

> 66p+1+[@\_@3]=[0\e], (8.8.9)
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where e € RP. Solving (8.8.8) or (8.8.9) for ® or ®, we obtain

d = { — ] Ta+e } C, (8.8.10)

or

b= |: —a‘_\fa—}—e :|6;_&1 (8.8.11)
It was already demonstrated in this section that if ¥ or U satisfies (8.8.4) or
(8.8.5), then GLM (8.1.3) combined with (8.8.1) is unconditionally stable for
any step size pattern. Moreover, assuming that the matrix Dg is nonsingular,
this leads to formulas (8.8.6) and (8.8.7). Substituting these into (8.8.10)
or (8.8.11), respectively, and taking into account that Dglﬁ = e, we obtain
closed-form expressions for matrix ® or ®:

@=| D;'v | Dz'Ve+e |Gl

or .
whose rows represent the vectors ¢? or g7 ,i=1,2,...,p, appearing in (8.8.2)
or (8.8.3).

Summing up the discussion above, GLM (8.1.3) combined with (8.8.1) is
unconditionally stable if §;(¢,,), i =1, 2,...,p, are defined by (8.8.2) or (8.8.3),
that is, if A(t,) is given by

Alty) = (® Q@ Dh, F(YM) + (¥ @ )zl

Alty) = (B @ Dh, F(YM) + (T e 1)z,

The local discretization error
le(tn) = ERET P (t,) + O(RE*?)
of method (8.1.3) can be estimated by the quantities
est(t,) = E&;(t,), i=1,2,...,p,

where E is the error constant of the method. These estimates are asymptoti-
cally correct as h — 0. However, this is not sufficient for implicit methods for
stiff systems, whose efficient implementation requires the construction of error
estimates that are also accurate and reliable for “large” step sizes compared
with certain characteristics of the problem. This is a difficult problem which
is not discussed here since its solution requires techniques that differ from
those employed in this section. This problem was discussed in the context of
DIMSIMs in Section 4.3 (compare also [177]), where we used the approach
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by Shampine and Baca [258]. This approach is based on the design of the
“filtered” error estimates of the form

est™(tn) = (I — hoAJ) "Hest(ty,),

where A is the diagonal element of the coefficient matrix 4, J is the Jacobian
of problem (2.1.1), and p is an appropriate integer. Another approach to
error estimation for implicit RK methods for stiff systems has been proposed
by Swart and Séderlind [268].

It can be verified that for method (8.6.4), the matrices @, U, ®, and U are
given by

T 113815 _ 85567 1849 T 0 urm
©1 5308 2604 168 Y1 217
P = = , v = —
o7 4 8 4 o7 0 0
and
-7
—T 96 96
— P1 0 0 = — Y1 -= 0
(D = = s \I’ = _r =
~=T 96 384 288 96
?2 Ea e ¥ 0 ==

Similarly, for method (8.6.6) these matrices take the form

T T
@ -4 4 0 ¥ 0 -2
(D: ! = y \Il: ! =
o3 4 -8 4 YT 0 0
and
T
_ 7r 0 0 8 — N -8 0
(D = y \I’= -7 =
?r 4 -16 12 ¥, 0 —4

Observe that for both methods
®=3+TB and T=TV.

We would like to stress again that the overall numerical algorithms consisting
of (8.6.4) or (8.6.6) combined with the formula for 2™ defined by (8.8.1) with
0i(tn), i = 1,2, given by (8.8.2) or (8.8.3) are unconditionally zero-stable for
any step size pattern.

8.9 NUMERICAL EXPERIMENTS

Methods (8.6.4) and (8.6.6) implemented as described in Section 8.8 are un-
conditionally stable for arbitrary nonuniform meshes. This property also has



NUMERICAL EXPERIMENTS 453

a desirable effect on the quality of local error estimation. To illustrate this
point, these methods with 2™ defined by (8.8.1) were applied first to the
well-known variant of the Prothero-Robinson test problem

y'(t) = My — et) + pert, t € [to, T}, 9.1
y(to) =yo = 1,

with A = —p = —0.1, t¢ = 0, T = 20, which was used by Butcher and

Jackiewicz [70, 71] in the context of a more general class of Nordsieck methods.

p=2 p=4
1.01— Y T — ]

1.001

Figure 8.9.1  The ratio(t,) := |le(tn)|/|Ed2(t.)| versus t for the explicit method
(8.6.4) with vector of external approximations z\™ defined by (8.8.1) applied to (8.9.1)
for 82(tn) = 3 hnF(YT™) + 47 g™

To estimate the local discretization error le(t,), we can choose &;(t,) de-
fined in terms of @y, ¥; or B, ¥y, or 83(t,) defined in terms of g, 1y or By,
¥,. These vectors are given in Section 8.8. We have verified numerically that
the estimates §;(t, ) are somewhat more accurate than those based on & (t,).
These methods were implemented for a quite demanding, periodic step size
pattern chosen according to the formula

- p(—l)ksin(Sﬂ-tn/(X—a:g))cos(2ﬁtn/(T—to))hn,

(8.9.2)
ho = (T — to)/N, N =800,

n=20,1,...,N — 1, where

1 for n=0 or 1 mod(4),
2 for n=2 or 3 mod(4).
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10

ratio

rat

1.002
0

Figure 8.9.2  The ratio(tn) := |le(tn)|/|Ed2(tn)| versus t for the implicit method
(8.6.6) with vector of external approximations z(™ defined by (8.8.1) applied to (8.9.1)
for 82(tn) = @3 ha F(Y) 4 ¢ gin!

Figure 8.9.3  The norm of the local discretization error |lle(ts)| (symbol “0”) and
the norm of the local error estimate ||E 62(t»)]| (symbol “”) versus x for method
(8.6.6) with 2™ defined by (8.8.1) applied to the problem ROPE with a step size
pattern defined by (8.9.2) for p = 2

and p = 2 or p = 4. This choice of k ensures that the step size is increased
twice successively, then decreased twice over the interval of integration, and
that the step size oscillates around an approximately constant value. In
Fig. 8.9.1 we have plotted the ratio between the norm of the exact local
error |le(t,)| and the norm of the local error estimates |Ed(t,,)| with the g
and ¥z given in Section 8.8 for method (8.6.4). For this figure the ranges of
lle(ty,)| are

1.894- 10710 < |le(t,,)] < 4.683.107%, 2.747-107 < Jle(t,)) < 2.371-1077
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for p = 2 and p = 4, respectively. In Fig. 8.9.2 we present the corresponding
results for the method (8.6.6). For this figure the ranges of |le(t,)| are

9.504 - 107 < [le(t,)| < 2.360- 1078, 1.376- 107! < |le(t,)] < 1.199 1077
for p =2 and p = 4, respectively. For both figures the ranges of h, are
1.272-1072 < h, < 47781072, 6.056-1073 < h,, < 9.068 - 1072

for p = 2 and p = 4, respectively.

These figures confirm a very high quality of the error estimators §3(t,). For
explicit methods with p = 2, the estimator differs by less than 0.2% from the
local discretization error. For more rapidly changing step sizes, corresponding
to p = 4, the difference can be as high as 1%, but this can be judged to be
satisfactory from the point of view of a possible step size control algorithm.
For a similar experiment performed for implicit methods with p = 2, the
estimator understates the local truncation error by less than 1%. Even for
p = 4, the understatement is less than 2%. It can also be verified that the
quality of local error estimation is much higher than that previously reported
[70, 71] for the class of Nordsieck methods withp=g=r—1=s.

le, est

Figure 8.9.4  The norm of the local discretization error |/le(t,)| (symbol “o”) and
the norm of the local error estimate ||E §2(¢5)|| (symbol “”) versus ¢ for method (8.8.4)
applied to the problem ROPE with adaptive step size control for Tol = 1072

In Fig. 8.9.3 we present the results of numerical experiments for the same
step size pattern with p = 2 for method (8.6.6) applied to the problem ROPE
defined in Section 1.2. On this figure we have plotted at every fifth step the
norm of the local discretization error ||le(t,)| using the symbol “o” and the
norm of the local error estimate || E §2(z,,)|| using the symbol “” versus z. In
Fig. 8.9.4 we present |/le(t,)|| and ||E é2(tn)|| versus z, and in Fig. 8.9.5 we
present the step size pattern for the ROPE problem, where the step size is
chosen adaptively according to the formula

Tol \"°
[0}
hn+1 =0.9 (Hes’c H) h’nv
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Figure 8.9.5  Step size pattern for method (8.6.4) applied to the problem ROPE
with adaptive step size control for Tol = 1073

without limiters or exceptions. Here Tol is a given error tolerance. The results
on these figures correspond to Tol = 1073, where in Fig. 8.9.4 we have plotted
every eighth step. We again observe very good agreement between local errors
and local error estimates.

As discussed in Section 8.8, error estimation and control for stiff differen-
tial systems require the construction of error estimates which are not only
asymptotically correct as h — 0, but which are also accurate and reliable for
“large” step sizes. The construction of such error estimators for DIMSIMs is
discussed in Section 4.3. The construction of such estimators for GLMs with
IRKS is the topic of current work.

8.10 LOCAL ERROR ESTIMATION FOR STIFFLY ACCURATE
METHODS

In this section we describe the approach proposed by Butcher and Podhaisky
[77] to the estimation of AET1y(PT1)(2,) and he+2yP+2(¢,) for strictly stiffly
accurate GLMs with IRKS discussed in Section 7.12.

It follows from the localizing assumptions (8.3.1) discussed in Section 8.3
that Y™ and h, F(Y'™) satisfy (8.3.11) and (8.3.12), which, for convenience,
are reproduced here:

YN = y(tnot + chy) — (ER ) BTy D (1, 1) + O(RET?),  (8.10.1)

h F(YIN) = hny' (tn—1 + chy)
- €9 DB E )y 0m) (8.102)

+ O(hP+3).
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Here the vector ¢ depends on the method and does not change from step
to step. This vector is given by formula (8.3.6) with the vector 8 given by
(8.3.7). We also recall that strictly stiffly accurate GLMs with IRKS satisfy
conditions (7.12.6) and (7.12.7) and that c,+1 = 1. It can be verified that
these conditions imply that the first components 31, 41, and é; of the vectors
B, v, and & defined by (8.3.7), (8.3.8), and (8.3.9) are equal to zero. Hence,
it follows from (8.3.1) that the second component of the vector y{»~* or the
first component of the vector z"~!! satisfies the relation

AP = Ry (bam1) + O(RETS), (8.10.3)
Following Butcher and Podhaisky [77], we consider the estimation of scaled
derivatives h2+tly(P+1)(¢,) and h2+2yP+2)(¢.), or the quantities related to
these, using linear combinations of the form

N(tn) = pozi™ M+ (o7 ® Dha F(YT), (8.10.4)

where g € R and ¢ € RPT!. Substituting (8.10.2) into (8.10.4) and expanding
Y (tn—1 -+ chy) into a Taylor series around ¢,_1, we obtain

Ntn) = (vo+ (T @)(e®I))hny (tn-1)

p+1 i
+ wreny S pny e,
=1 7
T +2 of (p+1) p+3
- @enEsnhy gg(y(tn_l))y (tn-1) + O(RET?)
or
PELOTE
N(tn) = (o +@Te)hny (tno1) + ZThﬁly““)(tn-l)
=1 (8.10.5)
- T Syt )y o) + OB,

Assume first that
n(tn) = Nta) = REFIYEED (L)

(8.10.6)
= YO () + BEP2Y P4 () + O(REF?)
and define @y and @ as the solution to the linear system

(1’50 + 9’56 = 07
~T i
pc .

=0 §=12..p-1 (8.10.7)
@Tcp _ @Tcp+1 _1

p 7 (p+1)
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This system was obtained by comparing the terms Ay (t,_1) on both sides
of (8.10.5) with n(t,) = 7j(t,) defined by (8.10.6). Assume next that

0(tn) = A(tn) = RET2Y T2 () = RET2Y P2 (8, 21) + O(RE™?) (8.10.8)

and define @y and @ as the solution to the linear system

/;50 + /5’56 = 07
Fo
3!
(p+1)!

As before, this system was obtained by comparing the terms of order A7 on
both sides of (8.10.5) with n(t,) = 7j(t,) defined by (8.10.8).

Systems (8.10.7) and (8.10.9) for @ and @ can be written more compactly
as

=0, j=12,...,p (8.10.9)

i) c2 P+l 0 --- 0 1 1
c — ror e —_— =
T 2! (p+1)! 0 -«. 0 0 1

Assuming that the abscissa vector ¢ has distinct components, the matrix on
the left-hand side of the relation above is nonsingular, and this system has a
unique solution @ and @&. The scalars $g and @y are then defined by

Go=—¢Te, Po=-¢"e.

We compute next the expressions 37 ¢ and @7 ¢ appearing on the right-hand
side of (8.10.5) and distinguish two cases: 37e =0 and gTe # 0. If 37e =0
we can estimate h2T1y(PT1)(2,) using (8.10.4) with n(t,) = 7(t,) — 6 7(t,) for
any 6 € R; that is,

Ry () + (1 - O)E 2y )t )

= (Bo—050)e 1+ (87 - 05T) @ I)ha F(YTM)) + O(RE®?),
which can also be written in the form
ety P+ (4, —0h,) = (Po—0 Bo)z" U+ (T -0FT)RI) hn F(YI)+O(RE?).

We can estimate h2T2y(P+2)(¢,) just by using (8.10.4) with n(t,) = 7(tn);
that is,
REF2Y D (1) = Go "+ (BT @ DA F(Y™) 4 O(RE™).

Consider next the case 37e # 0. To estimate h2T1y(P+1 (¢, ), we use
(8.10.4) with

SOO:L:O\O_HQZO? ()0:@_99’57
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and choose § to eliminate in (8.10.5) with n(t,) = 7(t,) — 87(t,) the contri-
bution from the term

d
h:ﬁ?éi;(y(tn_l))y(’””(tn‘l).

This leads to 376 —937€ =0, or
0=05"¢/37¢.
Similarly to the previous case, the estimated quantity 7(t,) takes the form
Men) = WD (b00) + (1= OREZY D1, )
+ O(hp+3) (8.10.10)
= hPHlyt(t, — 0 h,) + O(RET?).
To estimate hP+2y(P+2) (¢, ) we use the difference between 7(t,,) and a suit-
ably scaled value of n(t,—1) computed in the preceding step from #,,_2 to t,—1.

It follows from (8.10.10) that

Ntn-1) = W23y (taos = 6 hnor) + O(REEY)

hp+1
;7'+1 y(p+1) <tn _ ( 6 + ]_)hn> =+ O(h£+3),

n—1 Tn—1

il

where r,_1 = hy,/h,—1, and we have

N(tn) — mH7in(ta1)

~ e <y<p+1 (tn = 0a) = 9 (1, = (2 +1)hn)>
Tn—1

+ O(hE*?)

Tn-1+80—Tn1 6h£+2y(p+2)(tn) + O(h£+3).

Tn—1

Hence, the estimate of h2T2y(P+2)(¢,) is given by

Tre
) = T (i) = 2t ) + O,

Butcher and Podhaisky [77] implemented in Matlab a family of stiffly ac-
curate GLMs with IRKS of order 1 < p < 4, which were derived in [77]
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in a variable step size variable order environment, where the step size and
order were chosen using the estimates of h2T1yP+1(¢.) and h22yP+2)(¢t,)
discussed in this section. The order changing strategy for this experimental
code is discussed by Butcher and Podhaisky [77, Section 4] and additional
implementation details are described by Butcher et al. [64]. Butcher and
Podhaisky report in [77] that the observed relative errors

+1)
yéitimated - y(p-H)

y(P"’ iy

(p+2) 2
yeitimated — y(p+ :

y(P'H-))

Y b

on the Prothero-Robinson problem (1.7.1) are almost always less than 10~*
for the p+ 1 derivative and less than 102 for the p + 2 derivative, and rarely,
and only after order increases, relative errors as large as 10~! were observed.

8.11 SOME REMARKS ON RECENT WORK ON GLMS

GLMs with IRKS examined in Chapters 7 and 8 have many desirable prop-
erties that are not shared by other classes of methods. They have the same
stability properties as RK methods of the same order, and this allows the
construction of explicit methods with large regions of absolute stability and
implicit methods that are A- and L-stable. They allow for accurate, efficient,
and reliable estimation of local discretization errors and can achieve uncondi-
tional stability for any step size pattern. Moreover, they can be constructed
using only linear operations, which makes it possible to examine vast collec-
tions of methods trying to identify formulas that are optimal in some sense.

However, the definition of optimal formulas and their construction within
the class of GLMs with IRKS or within other classes of GLMs are the main
challenges ahead and these are topics of recent work. Recent work is also
related to efficient implementation of various methods in variable step size,
variable order environments using sophisticated controllers for step size and
order selection. This should lead to high quality codes for both nonstiff and
stiff differential systems. The design and testing of such software based on
various classes of GLMs is the subject of current work.

Recent work in this area is also related to the construction of various classes
of GLMs with stability properties stronger than A- or L-stability: namely,
methods that are algebraically stable. Various stability concepts for GLMs
are reviewed in Section 2.9. So far this problem has been solved for MRK
methods (see [28, 145] and Section 2.9). A promising new approach to in-
vestigating the algebraic stability of GLMs was proposed recently by Hewitt
and Hill [154, 155]. This approach was also reviewed in Section 2.9, and its
applicability to special cases of GLMs, such as DIMSIMs, TSRK methods,
peer methods, and GLMs with TRKS, is currently under investigation.
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