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PREFACE

This book provides several resources for instructors using Calculus with Applications, Eighth Edition, by Margaret
L. Lial, Raymond N. Greenwell, and Nathan P. Ritchey.

Hints for teaching Calculus with Applications are provided as a resource for faculty.

e Omne open-response form and one multiple—choice form of a pretest are provided. These tests are an aid to

instructors in identifying students who may need assistance.

e One open-response form and one multiple—choice form of a final examination are provided.

Solutions for nearly all of the even—numbered exercises in the textbook are included. Solutions are usually not

provided for exercises with open—response answers.

The following people have made valuable contributions to the production of this Instructor’s Resource Guide and
Solutions Manual: LaurelTech Integrated Publishing Services, editors; Judy Martinez and Sheri Minkner, typists;
and Joe Vetere, Senior Author Support/Technology Specialist.
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HINTS FOR TEACHING CALCULUS WITH APPLICATIONS

Algebra Reference

Some instructors obtain best results by going through this chapter carefully at the beginning of the semester.
Others find it better to refer to it as needed throughout the course. Use whichever method works best for your
students. As in the previous edition, we refer to the chapter as a “Reference” rather than a “Review,” and the
regular page numbers don’t begin until Chapter 1. We hope this will make your students less anxious if you don’t
cover this material.

Chapter 1

Instructors sometimes go to either of two extremes in this chapter and the next. Some feel that their students
have already covered enough precalculus in high school or in previous courses, and consequently begin with Chapter
3. Unfortunately, if they are wrong, their students may do poorly. Other instructors spend at least half a semester
on Chapters 1 and 2 and the algebra reference chapter, and subsequently have little time for calculus. Such a course
should not be labeled as calculus. We recommend trying to strike a balance, which may still not make all your
students happy. A few may complain that the review of algebra, functions, and graphs is too quick; such students
should be sent to a more basic course. Those students who are familiar with this material may become lazy and
develop habits that will hurt them later in the course. You may wish to assign a few challenging exercises to keep
these students on their toes.

Chapter 1 of Calculus with Applications is identical to Chapter 1 of Finite Mathematics and may be skipped by
students who have already taken a course using that text. In this edition, we have streamlined the chapter from four
to three sections, allowing instructors to reach the calculus material more quickly.

Section 1.1

This section and the next may seem fairly basic to students who covered linear functions in high school. Nev-
ertheless, many students who have graphed hundreds of lines in their lifetime still lack a thorough understanding
of slope, which hampers their understanding of the derivative. Such students could benefit from doing dozens of
exercises similar to 39-42.

Perpendicular lines are not used in future chapters and could be skipped if you are in a hurry.

Section 1.2

Much recent research has been devoted to students’ misunderstandings of the function concept. Such misunder-
standings are among the major impediments to learning calculus. One way to help students is to study a simple class
of functions first, as we do in this section. In this edition, even more of the general material on functions, including
domain and range, is postponed until Chapter 2.

Supply and demand provides the students’ first experience with a mathematical model. Spend time developing
both the economics and the mathematics involved.

Stress that for cost, revenue, and profit functions, x represents the number of units. For supply and demand
functions, we use the economists’ notation of g to represent the number of units.

Emphasize the difference between the profit earned on 100 units sold as opposed to the number of units that
must be sold to produce a profit of $100.

Section 1.3

The statistical functions on a calculator can greatly simplify these calculations, allowing more time for discussion
and further examples. In this edition, we use “parallel presentation” to allow instructor choice on the extent tech-
nology is used. This section may be skipped if you are in a hurry, but your students can benefit from the realistic
model and the additional work with equations of lines.

Section 2.1
After learning about linear functions in the previous chapter, students now learn about functions in general. This
concept is critical for success in calculus. Unless sufficient time is devoted to this section, the results will become
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apparent later when students don’t understand the derivative. One device that helps students distinguish f(z + h)
from f(x)+ h is to use a box in place of the letter z, as we do in this section after Example 4.

Section 2.2

This section combines the topics of quadratic functions and translation and reflection, with a minimal amount of
material on completing the square. Our experience is that students graph quadratics most easily by first finding the
y-intercept, then finding the z-intercepts when they exist (using factoring or the quadratic formula), and finding the
vertex last by locating the point midway between the x-intercepts or, if the quadratic formula was used, by letting
x = —b/(2a).

Quadratics are among a small group of functions that can be analyzed completely with ease, so they are used
throughout the text. On the other hand, the advent of graphing calculators has made ease of graphing less important,
so we rely on quadratics less than in previous editions.

Some instructors pressed for time may choose to skip translations and reflections. But we have found that students
who understand that the graph of f(z) =5 — /4 — x is essentially the same as the graph of f(x) = /7, just shifted
and reflected, will have an easier time when using the derivative to graph functions. Since students are familiar with
very few classes of functions at this point, it helps to work with functions defined solely by their graphs, such as
Exercises 25-28.

Exercises 33—40 cover stretching and shrinking of graphs in the vertical and horizontal directions. Covering these
exercises carefully will not only give students a better grasp of functions, but will help them later to interpret the
chain rule.

Section 2.3

Graphing calculators have made point plotting of functions less important than before. Plotting points by hand
should not be entirely neglected, however, because a small amount is helpful when using the derivative to graph
functions.

The two main goals of this section are to have an understanding of what an n-th degree polynomial looks like,
and to be able to find the asymptotes of a rational function. Students who master these ideas will be better prepared
for the chapter on curve sketching.

Exercise 59 is the first of several in this chapter asking students to find what type of function best fits a set of
data. (See also Section 2.4, Exercises 49 and 50, and the Review Exercises 92 and 105.) The class can easily get
bogged down in these exercises, particularly if you decide to explore the regression features in a calculator such as
the TT-83/84 Plus. But there is a powerful payoff in terms of mastery of functions for the student who succeeds at
these exercises.

Section 2.4

Some instructors may prefer at this point to continue with Chapter 3 and to postpone discussion of the exponential
and logarithmic functions until later. The overwhelming preference of instructors we surveyed, however, was to cover
exponential and logarithmic functions early and then to use these functions throughout the rest of the course.
Instructors who wish to postpone this material will also need to omit for now those examples and exercises in
Sections 3.1-4.3 that refer to exponential and logarithmic functions.

Students typically have no problem with f(z) = 2%, but the number e often remains a mystery. Like , the
number e is a transcendental number, but students have had years of schooling to get used to 7. Have your students
approximate e with a calculator, as the textbook does before the definition of e. Notice how we use compound
interest to help students get a handle on this number.

Section 2.5

Logarithms are a very difficult topic for many students. It’s easy to say that a logarithm is just an exponent,
but the fact that it is the exponent to which one must raise the base to get the number whose logarithm we are
calculating is a rather obtuse concept. Therefore, spend lots of time going over examples that can be done without
a calculator, such as log, 8. Students will also tend to come up with many incorrect pseudoproperties of logarithms,
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similar in form to the properties of logarithms given in this section. Take as much time and patience as necessary in
gently correcting the many errors students inevitably will make at first.

Even after receiving a thorough treatment of logarithms, some students will still be stumped when solving a
problem such as Example 7. Some of these students can get the correct answer using trial-and-error. The instructor
should take consolation in the fact that at least such a student understands exponentials better than the one who uses
logarithms incorrectly to solve Example 7 and comes up with the nonsensical answer ¢ = —7.51 without questioning
whether this makes sense. Be sure to teach your students to question the reasonableness of their answers; this will
help them catch their errors.

Section 2.6

This section gives students much needed practice with exponentials and logarithms, and the applications keep
students interested and motivated. Instructors should keep this in mind and not worry about having students
memorize formulas. We have removed the formulas for present value in this edition, having decided that it’s better
for students to just solve the compound amount formula for P. This reduces by two the number of formulas that
students need to remember.

There is a summary of graphs of basic functions in the end-of-chapter review.

Section 3.1

This is the first section on calculus, and perhaps the most important, since limits are what really distinguish
calculus from algebra. Students will have the best understanding of limits if they have studied them graphically
(as in Exercises 5-12), numerically (as in Exercises 15-20), and analytically (as in Exercises 31-52). The graphing
calculator is a powerful tool for studying limits. Notice in Example 9 (c) and (d) that we have modified the method
of finding limits at infinity by dividing by the highest power of x in the denominator, which avoid the problem of
division by 0.

Section 3.2
The section on continuity should be straightforward if students have mastered limits from the previous section.

Section 3.3

This section introduces the derivative, even though that term doesn’t appear until the next section. In a class full
of business and social science majors, an instructor may wish to place less emphasis on velocity, an approach more
suited to physics majors. But we have found velocity to be the manifestation of the derivative that is most intuitive
to all students, regardless of their major.

Instructors in a hurry can skip the material on estimating the instantaneous rate of change from a set of data,
but it helps solidify students’ understanding of the derivative by giving them one more point of view.

Section 3.4

Students who have learned differentiation formulas in high school usually want (and deserve) some explanation
of why they need to learn to take derivatives using the definition. You might try explaining to your students that
getting the right formula is not the only goal; graphing calculators can give derivatives numerically. The most
important thing for students to learn is the concept of the derivative, which they don’t learn if they only memorize
differentiation formulas.

Zooming in on a function with a graphing calculator until the graph appears to be a straight line gives students
a very concrete image of what the derivative means.

After students have learned the differentiation formulas, they may forget about the definition of derivative. We
have found that if we want them to use the definition on a test, it is important to say so clearly and emphatically,
or they will simply use the shortcut formulas.

Section 3.5
One way to get students to focus on the concept of the derivative, rather than the mechanics, is to emphasize
graphical differentiation. We have therefore devoted an entire section to this topic. Graphical differentiation is
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difficult for many students because there are no formulas to rely on. One must thoroughly understand what’s going
on to do anything. On the other hand, we have seen students who are weak in algebra but who possess a good
intuitive grasp of geometry find this topic quite simple.

Section 4.1
Students tend to learn these differentiation formulas fairly quickly. These and the formulas in the next few
sections are included in a summary at the end of the chapter.

Section 4.2

The product and quotient rules are more difficult for students to keep straight than those of the previous section.
People seem to remember these rules better if they use an incantation such as “The first times the derivative of the
second, plus the second times the derivative of the first.” Some instructors have argued that this formulation of the
product rule doesn’t generalize well to products of three or more functions, but that’s not important at this level.
Some instructors allow their students to bring cards with formulas to the tests. This does not eliminate the need for
students to understand the use of the formulas, but it does eliminate the anxiety students may have about forgetting
a key formula under the pressure of an exam.

Section 4.3

No matter how many times an instructor cries out to his or her students, “Remember the chain rule!”, many
will still forget this rule at some time later in the course. But if a few more students remember the rule because the
instructor reminds them so often, such reminders are worthwhile.

Section 4.4 and 4.5
In going through these sections, you may need to frequently refer to the rules of differentiation in the previous
sections. You may also need to review the last three sections of Chapter 2.

Section 5.1 and 5.2
If students have understood Chapter 3, then the connection between the derivative, increasing and decreasing
functions, and relative extrema should be obvious, and these sections should go quickly and smoothly.

Section 5.3
Students often confuse concave downward and upward with increasing and decreasing; carefully go over Figure
31 or the equivalent with your class.

Section 5.4

Graphing calculators have made curve sketching techniques less essential, but curve sketching is still one of the
best ways to unify the various concepts introduced in this and the previous two chapters. Students should use
graphing calculators to check their work.

Because this section is the culmination of many ideas, students often find it difficult and start to forget things
they previously knew. For example, a student might state that a function is increasing on an interval and then draw
it decreasing. The best solution seems to be lots of practice with immediate help and feedback from the instructor.

Students sometimes stumble over this topic because they use the rules for differentiation incorrectly, or because
they make mistakes in algebra when simplifying. Exercises such as 35-39 are excellent for testing whether students
really grasp the concepts.

Section 6.1
This section should not be conceptually difficult, but students need constant reminders to check the endpoints of
an interval when finding the absolute maxima and minima.
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Section 6.2

This section is one of the high points of the course. Some of the best applications of calculus involve maxima and
minima. Notice that some exercises have a maximum or minimum at the endpoint of an interval, so students cannot
ignore checking endpoints.

Almost everyone finds this material difficult because most people are not skilled at word problems. Remind your
students that if they ever wonder whether mathematics is of any use, this section will show them.

Why are word problems so difficult? One theory is that word problems require the use of two different modes of
thinking, which students are using simultaneously for the first time. People use words in daily life without difficulty,
but when they study mathematics, they often turn off that part of their brain and begin thinking in a very formal,
mechanical way. In word problems, both modes of thinking must be active. If and when the NCTM Standards become
widely accepted in the schools, children will get more practice at an early age in such ways of thinking. Meanwhile,
the steps for solving applied problems given in this book might make the process a little more straightforward, and
hence achievable by the average student.

Section 6.3

This section continues the ideas of the previous one. The point of studying economic lot size should not be to
apply Equation (3), but to learn how to apply calculus to solve such problems. We therefore urge you to cover
Exercises 10-13, in which we vary the assumptions, so Equation (3) does not necessarily apply. In this edition, we
have changed the presentation to be consistent with that of business texts.

The material on elasticity can be skipped, but it is an important application that should interest students who
have studied even a little economics.

Section 6.4

There are two main reasons for covering implicit differentiation. First, it reinforces the chain rule. Second, it
is needed for doing related rate problems. If you skip related rates due to lack of time, it is not essential to cover
implicit differentiation, either.

Section 6.5

Related rate applications are less important than applied extrema problems, but they use some of the same skills
in setting up word problems, and for that reason are worth covering. The best application exercises are under the
heading “Physical Sciences,” because those are the exercises in which no formula is given to the student; the student
must construct a formula from the words. The geometrical formulas needed are kept to a minimum: the Pythagorean
theorem, the area of a circle, the volume of a sphere, the volume of a cone, and the volume of a cylinder with a
triangular cross section. Some instructors allow their students to use a card with such formulas on the exam. These
formulas are summarized in a table in the back of the book.

Section 6.6
Differentials may be skipped by instructors in a hurry; you need not fear that this omission will hamper your
students in the chapter on integration. The differentials used there are not the same as those used here, and the
required techniques are easily picked up when integration by substitution is covered. The exception is for instructors
who intend to cover Section 10.3 on Euler’s Method, since differentials are used to motivate and derive that method.
As in the previous edition, our presentation of differentials emphasizes linear approximation, a topic of considerable
importance in mathematics.

Section 7.1

Students sometimes start to get differentiation and antidifferentiation confused when they reach this section.
Some believe the antiderivative of x=2 is (—1/3)x~3; after all, if n is —2, isn’t n + 1 = —3? Carefully clarify this
point.
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Section 7.2
The main difficulty here is teaching students what to choose as u. The advice given before Example 3 should be
helpful.

Section 7.3

Some instructors who are pressed for time go lightly over the topic of the area as the limit of the sum of rectangular
areas. This is possible, but care should be taken that students don’t lose track of what the definite integral represents.
Also, a light treatment here lessens the excitement of the Fundamental Theorem of Calculus.

We have continued the trend of the previous edition in covering three ways of approximating a definite integral
with rectangles: the right endpoint, the left endpoint, and the midpoint. The trapezoidal rule is briefly introduced
here as the average of the left sum and the right sum.

Section 7.4

The Fundamental Theorem of Calculus should be one of the high points of the course. Make a big deal about
how the theorem unifies these two separate topics of area as a limit of sums and the antiderivative.

When using substitution on a definite integral, the text recommends changing the limits and the variable of
integration. (See Example 4 and the Caution which follows the example.) Some instructors prefer instead to have
their students solve an indefinite integral, and then to evaluate the integral using the limits on . One advantage of
this method is that students don’t have to remember to change the limits. This method also has two disadvantages.
The first is that it takes slightly longer, since it requires changing the integral to w and then back to z. Second,
it prevents students at this stage from solving problems such as fol/ 2 x2y/1 — 162* dz, which can be solved using the
substitution u = 422 and the fact that the integral fol V1 — w2 du represents the area of a quarter circle. This is one
section in which we deliberately did not use more than one method of presentation, because this would inevitably
lead to confusion in the minds of some students.

Section 7.5

This section gives more motivation to the topic of integration. Consumers’ and producers’ surplus are important,
realistic applications. We have downplayed sketching the curves that bound the area under consideration. Such
sketches take time and are not necessary in solving these problems. But they clarify what is happening and make it
possible to avoid memorizing formulas. Using a graphing calculator to sketch the curves can be helpful.

Section 7.6

The ubiquity of computers and graphing calculators has made numerical integration more important. Rather than
computing a definite integral by an integration technique, one can just as easily enter the function into a calculator
and press the integration key. Point out to students that this is valuable when the function to be integrated is
complicated. On the other hand, using the antiderivative makes it easier to see the effect of changing the upper limit,
say, from 2 to 3, or for working with the definite integral when one or both limits are parameters, such as a and b,
rather than numbers.

Simpson’s rule is the most accurate of the simple integration formulas. To achieve greater accuracy, a more
complicated method must be used. This is why, unlike the trapezoidal rule, Simpson’s rule is actually used by
mathematicians and engineers.

You may wish to give your students the programs for the trapezoidal rule and Simpson’s rule in The Graphing
Calculator Manual that is available with the text.

Section 8.1

Students usually find column integration simpler than traditional integration by parts. We show both methods
to give instructors a choice, and also to emphasize that the two methods are equivalent. Column integration makes
organizing the details simpler, but is no more mechanical than the traditional method, as some have mistakenly
claimed. At Hofstra University, students even use this method when neither the instructor nor the book discuss it.
They find out about it from other students, and so it has become an underground method. Some instructors feel
that students will lose any theoretical understanding of what they are doing if they use this method. Our experience
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is that almost no students at this level have a theoretical understanding of what integration by parts is about, but
the better students can at least master the mechanics. With column integration, almost all of the students master
the mechanics.

Section 8.2 and 8.3
These two sections give more applications of integration. Coverage of either section is optional.

Section 8.4

Improper integration is not really an application of integration, but it makes further applications of integration
possible.

Many mathematicians use shorthand notation such as the following;:
J e vdx = —e"|;” =0 — (1) = 1. For students at this level, it may be best to avoid the shorthand notation.

Section 9.1

The major difficulty students have with this section, and indeed with this entire chapter, is that they cannot
visualize surfaces in 3-dimensional space, even though they live there. Fortunately, such visualization is not really
necessary for doing the exercises in this chapter. A student who wants to explore what various surfaces look like can
use any of the commercial or public domain computer programs available.

Section 9.2
Students who have mastered the differentiation techniques should have no difficulty with this section.

Section 9.3

This section corresponds to the section on applied extrema problems in the chapter on applications of the deriv-
ative, but with less emphasis on word problems. In Exercise 30, we revisit the topic of the least squares line, first
covered in Section 1.3.

Section 9.4
Lagrange multipliers are an important application of calculus to economics. At some colleges, the business school
is very insistent that the mathematics department cover this material.

Section 9.5
This section corresponds to the section on differentials in the chapter on applications of the derivative.

Section 9.6

Students who have trouble visualizing surfaces in 3-dimensional space are sometimes bothered by double integrals
over variable regions. Instructors should assure such students that all they need to do is draw a good sketch of the
region in the xy-plane, and not try to draw the volume in three dimensions.

Section 10.1

Differential equations of the form dy/dx = f(x) are treated lightly in this section because they were already
covered in the chapter on integration, although the terminology and notation were different then. Remind students
that solving such differential equations is the same as antidifferentiation. The rest of the section is on separable
differential equations. Students sometimes have trouble with this section because they have forgotten how to find an
antiderivative, particularly one requiring substitution.

Section 10.2

If you get this far, your students have covered most of the techniques for solving first-order differential equations.
You can find further techniques in differential equations texts, but most first-order equations that come up in real
applications are either separable, linear, or not solvable by any exact method.
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Section 10.3

This is one of the most calculator/computer-intensive sections of the book. In practice, more accurate methods
than Euler’s method are almost always used, but Euler’s method introduces students to a way of solving problems
that would otherwise be beyond their grasp. You may wish to give your students the program for Euler’s method in
The Graphing Calculator Manual that is available with the text.

Section 10.4
This is a fun section of assorted applications, showing students that the techniques they have learned were not
in vain. You can pick and choose those applications of greatest interest to yourself and your students. You can also

supplement the text with applications from other sources, such as those published by the Consortium for Mathematics
and Its Applications Project (COMAP).

Chapter 11

Probability is one of the best applications of calculus around. In fact, statistics instructors sometimes feel the
temptation to start discussing the definite integral even when their students know no calculus. This chapter is just
a brief introduction, but it covers some of the most important concepts, such as mean, variance, standard deviation,
expected value, and probability as the area under the curve. The third section covers three of the most important
continuous probability distributions: uniform, exponential, and normal.

Chapter 12

Except for geometric series, most of the material in this chapter is of greater interest to the professional math-
ematician or engineer than to the student in business, management, economics, life sciences or social sciences, so
many instructors may choose to skip this chapter.

Many students confuse sequences with series, and often have trouble with the various tests for convergence. To
avoid these sources of confusion, we emphasize summation as a unifying concept, whether of a few terms of a sequence
or of an infinite series. Except for convergence of geometric series and a few words on the interval of convergence, we
devote little coverage to the topic of convergence. We believe this approach is appropriate for a course at this level.

Section 12.1
Geometric sequences are the most important type of sequences for applications. Even instructors who wish to
skip most of this chapter may want to cover the first two sections.

Section 12.2

This material is similar to the material in the Mathematics of Finance chapter in our textbook Finite Mathe-
matics. The section shows how geometric sequences are critical for an understanding of annuities, mortgages, and
amortization. Don’t be put off by the strange notation for the amount or the present value of an annuity; this
notation is not at all strange in the world of finance.

Section 12.3
Taylor polynomials are introduced here as an approximation method, with no hint of infinite series.

Section 12.4
The emphasis here is on geometric series, the most important and simplest type of infinite series to understand.

Section 12.5

Some students find Taylor series a strange and abstract concept. To help make this concept more concrete, cover
Example 4 on the normal curve, as well as the derivation of the rule of 70 and the rule of 72, introduced without
proof in Chapter 2.
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Section 12.6

Students with a “zero” feature on their calculator may lack motivation to learn Newton’s method unless you can
interest them in how one might develop techniques for finding a zero. Newton’s method is not, however, the method
typically used by calculators; calculator manufacturers are usually reluctant to discuss the actual algorithms.

Section 12.7
We have no applications for this sections, but students and instructors who enjoy symbol manipulation may still
find this section satisfying.

Chapter 13

This chapter is a brief introduction to trigonometry and its uses in calculus. Students who need a more thorough
treatment of this subject would be better served by a calculus book designed for mathematics majors. The presenta-
tion is brief, with a limited number of examples. As a result, students may find some of these exercises challenging.
Therefore, tread carefully through this chapter.
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AND
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CALCULUS WITH APPLICATIONS Name:
Pretest, Form A
1. Evaluate the expression —x2 + 3y — 2z when x = —2,
y=3,and z = —1. 1.
Perform the indicated operations.
2. (2362 — 3z + 7) — (5x2 — 8z — 9) 2.
3. (y—4)? 3.
4. 2z —1) (2* + 3z —4) 4.
5. (ba + 2b) (5a — 2b) 5.
Factor each polynomial completely.
6. 322y — 623y + 1522y> 6.
7. 2ac — 3ad + 8bc — 12bd 7.
Solve each equation.
B.6(x—1)—4(2x+8)=2-5(x+2) 8.
1 2¢ 1
9. —x —7T=—+= 9.
e 32
r—1 3-2z
10. = 10.
5 4
11. (z—2)(z+1)=4 11.
12. Solve the inequality 6z — 8 (z +2) < 5 — (x + 14).
Write your answer in interval notation. 12.
13. Solve the equation 2x + 4y = ay — bx for y. 13.
14. Solve the equation % + 95 = % for a. 14.
15. Solve the following system of equations.
3r — 2y = 12 15.

—4x + by = —23



CALCULUS WITH APPLICATIONS Pretest, Form A

Perform the indicated operation. Write answers in lowest terms.

18a2b? 102>

27xy3  8ab?
17 20 +8 | 2?4+ Tx+12
"3y—15 " 2 —10y+25
4 2
18.

x2—1+x2+3x—|—2

16.

17.

18.

Simplify each expression. Write answers with only positive exponents.

19. (2x2y_3)_3

6x_2y5

20, ———
1524y —2

19.

20.

Simplify each radical. Assume all variables represent nonnegative real numbers.

21. /72x3y*

22. {/72x3y*

21.

22.

Write an equation in the form ax + by = ¢ for each line.

23. The line through the points with coordinates (—3,—14)

and (5, 2)

24. The line through the points with coordinates (3, —7)

and (3,5)

25. Graph the solution of the inequality 2z — 3y < 12.

23.

24.

25. Y




CALCULUS WITH APPLICATIONS Name:

Pretest, Form B

Choose the best answer.

2_

1. Evaluate the expression 2= when = —2, y = 4, and 2z = 8. 1.
(a) & (b) 4 (c) 12 (d) 3

Perform the indicated operations.

2. (22 =3z +7) + (42° — 62% — 5z + 4) 2.
(a) 42 —62* — 822 + 11 (b) 423 — 52?2 — 8z + 11
(c) 4x3 —5z% — 22 + 11 (d) 423 — 722 — 8z + 11

3. (5z — 4w)? 3.
a) 2522 — 16w? b) 2522 + 16w?
(a)
(c) 2522 — 40wz + 16w? (d) 2522 — 20wz + 16w?

4. (z—3) (z* +2—2) 4.
(a) 23 —22% -~ 52 +6 (b) 23 — 322 — 52+ 6
(c) 23— 322+ 62 +6 (d) 23 — 222+ 52+ 6

5. (4v +9) (42 —9) 5.
(a) 1622 + 722 — 81y? (b) 1622 — T2xy — 81y?
(c) 1622 — 81y? (d) 1622 — 72zy + 81y>

Factor each polynomial completely.

6. 14a%b® — 7a’V? + 35ab* 6.
(a) 7ab (2ab* — ab + 5b°) (b) a®b® (14 — 7b + 35b?)
(c) 7a’b (2b* — 7b + 5b%) (d) 7ab* (2ab — a + 5b%)

7. 6zt + 8xr — 3yt — 4y 7.
(a) (2z —y) (3t +4) (b) (2x+y) (3t —4)

() 2z —y) (3t —4) (d) 2z +y) (3t+4)



Solve each equation.

CALCULUS WITH APPLICATIONS Pretest, Form B

8. 4m — (Tm —6) = —m 8.
(a) 5 (b) —3 (c) =3 (d) 3
9. ——+ 2 1 9
3 r—1 6 )
(a) —3 (b) & (c) 3 (d) —6
9 _
10. 3y5+ :743/ 10.
() £ (b) % (©) % (@) 4
11. 222 + 2 =28 11.
(a) —4,3 (b) 4,-3
(c) —4,3 (d) 4,3
12. Solve the inequality —6y + 2 > 4y — 7.
Write your answer in interval notation. 12.
(@) (~o0.—3] (5) 3.0
13. Solve the equation x = 4(%?) for y. 13.
(a) y= m (b) y= ﬁ
(c) y=—2g= (d) y =2k
14. Solve the equation % + % = % for x. 14.
(a) &= 2l () = = 52
(C) T = 12y;y3aﬂc (d) T = 30igjy



CALCULUS WITH APPLICATIONS Pretest, Form B

15. Solve the following system of equations and then determine the value
of x 4+ y for the solution.

3z +2y = 0 15.
xr — by = 17
(a) -1 (b) 1 (c) 2 (d) -3
Perform the indicated operation. Write answers in lowest terms.
16 6yz°>  15a3b° 16
" 30a2b*  12y223 )
2 A3 26
(a‘) 1%3123/ (b) 2E?a5zb
O 7 (d) 205
17 a? —y? | 2?4 3wy + 29 17
T 4ab7 12a3b12 )
5 365
(a) 2 O —=»
3% (z—y) 3% (z+y)
(©) Ty (D T
18, — — — + D 18.
T y bxy
2 3y—4z45
(a) 335 (b) %2
4z—3y+5
(c) 3y —4x+5 (d) ==
Simplify each expression. Write answers with only positive exponents.
19. (3a72%) " 19.
8
@) % () —5
a8 d 08
(c) 13w (d) g
P21\ 72
20. 3.7 20.




CALCULUS WITH APPLICATIONS Pretest, Form B

Simplify each radical. Assume all variables represent nonnegative real numbers.

21. V108a*b? 21.
(a) 3a?b\/12b (b) 6aby/3b
(c) 6abv/3a (d) 54abv/b
22. V108a%h3 22.
(a) 3abv/4da (b) 6a%b/3b
(c) 36ab/a (d) 9a%bv/12a
Write an equation in the form ax + by = ¢ for each line.
23. The line through the points with coordinates (1,—1) and (-1, —2) 23.
(a) 2 —2y=3 (b) x+2y=3
(c) x+2y=-3 (d) x—2y=-3
24. The line through the points with coordinates (—5, —2) and (—3, —2) 24.
(a) v4+y=-2 (b) x= -2
() 2 —y=-2 (d) y=-2
25. Graph the solution of the inequality 5z — 3y > 15 25.
(a) f (b) f (c) / (d) y
5
X 3 X 3 X 3 x



CALCULUS WITH APPLICATIONS ANSWERS TO PRETESTS 7

ANSWERS TO PRETESTS

PRETEST, FORM A

L6 11. -2, 3 20. 25
2. =32+ 5z +16 - v
xX xT 12. [ 77 OO) 21. 6$y2 2z
3. 42 — 8y + 16 13, y = &H2e
. a—4 22. 2y 9y
4. 22° 4 52° — 11z + 4
14. a = 18
23. 2r—y =28
5. 25a2 — 4b?
15. (2,-3)
. 3m2y2 203 24. t =3
16. 2—;
7. (a+4b) (2c - 3d) % y’
2(y—5) :
17. %

8. 10

9. —18 18- enEr) /
P
o o /: 2x—3y <12
10. 2 19. &5 _

PRETEST, FORM B

1. (c) 6. (d) 11. (c) 16. (c) 21. (b)
2. (b) 7. (a) 12. (d) 17. (c) 22. (a)
3. (c) 8. (d) 13. (d) 18. (b) 23. (a)
4. (a) 9. (b) 14. (b) 19. (d) 24. (d)







FINAL EXAMINATIONS
AND
ANSWERS






CALCULUS WITH APPLICATIONS

Name:

10.

11.

12.

. Find the coordinates of the vertex of the graph of

f(x) = —222 4 30x + 45.

. Write the equation 2% = d using logarithms.

Graph the function y = log, (x — 3) + 4.

r—4

. Evaluate ilir}i Nt

o

. Find all values of = at which g(z) = £=2 is not continuous.

. Find the average rate of change of y = /2x + 1 between

=4 and z = 12.

. Find the derivative of y = 722e3?.
. . . _ In(3z)
Find the derivative of y = .

. Find the instantaneous rate of change of

s(t):3t2—§

at t = 2.

Find an equation of the tangent line to the graph of
Y= (zQ + 3x + 3)8 at the point (—1,1).

Find A’ (2) if h(z) = Mfw

Find the largest open intervals where f is increasing or
decreasing if

f(x) = 223 — 2422 + T22.

Final Examination, Form A

10.

11.

12.

11
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

CALCULUS WITH APPLICATIONS Final Examination, Form A

Find the locations and values of all relative extrema of g if
(2) = 224+ 5x+3
K="y "1

For the function f(z) = z* — 423 — 5, find

(a) all intervals where f is concave upward;
(b) all intervals where f is concave downward,;

(c) all points of inflection.
Find the fourth derivative of h(x) = ze®.

Find the locations and values of all absolute extrema of
f(z) = 23 — 622

on the interval [—1,2].

For a particular commodity, its price per unit in dollars
is given by

{E2

=120 — —
p () 0- 15

where z, measured in thousands, is the number of units
sold. This function is valid on the interval [0, 34]. How
many units must be sold to maximize revenue?

Find % if 3\/z — 5y° = Tay.
Ifey=y-9, ﬁnd%%ifcfl—lelxz—& and y = 4.
Ify = —3(2+22)°, find dy.

Using differentials, approximate the volume of coating on
a sphere of radius 5 inches, if the coating is .03 inch thick.

Find / (Sx2 —Tx + 2) dx.

Find [ 25 da.

2
Evaluate / V322 4+ 4dx.
0

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

(a)
(b)
(c)




CALCULUS WITH APPLICATIONS Final Examination, Form A

25. Find the area of the region between the z-axis and the
graph of f(z) = ze® on the interval [0,2].

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Find the area of the region enclosed by the graphs of

f(z)=2? —4 and g(x) =1 — 22

Find / x2e® di.

Evaluate / 3xInxdx.
1

2

Find the average value of f(z) =z (2% + 1)3 over the

interval [0, 2] .

Find the volume of the solid of revolution formed by

rotating the region bounded by the graphs of f(z) = vz +4,
y =0, and x = 12 about the x-axis.

Determine whether the improper integral

-1

x 2dx

—0oQ
converges or diverges. If it converges, find its value.

If f(2,y) =32 — 4oy + 3, find fry (1,-3).

For f (z,y) = 22% — 22y + 2% + 42 + 4y + 5, find

all of the following:
(a) relative maxima;
(b) relative minima;

(c) saddle points.

Maximize f (x,y) = 22y, subject to the constraint

y+4x = 84.

Find dz, given z = 322 — 4xy + 2, where x = 0,

y =2, dr =.02, and dy = .01.

2 13
Evaluate / / e dy dz.
1Jo

Find the general solution of the differential equation

dy _ 1+4e®

dr

2y

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

13

()
(b)
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38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

CALCULUS WITH APPLICATIONS Final Examination, Form A

Find the particular solution of the differential equation
%:3:162—7:1:—1—2; y =4 when z = 0.

The marginal cost function for a particular commodity

is g—z = 8z — 922. The fixed cost is $20. Find the cost

function.

The probability density function of a random variable is
defined by f(z) = 1 for « in the interval [12,16]. Find
P(x<14).

For the probability density function f(z) =3z~ on [1,00),
find

(a) the expected value;

(b) the variance;

(c) the standard deviation.

The average height of a particular type of tree is 20 feet,
with a standard deviation of 2 feet. Assuming a normal
distribution, what is the probability that a tree of this kind
will be shorter than 17 feet?

For the function f(z) = ™32, find

(a) the Taylor polynomial of degree 4 at x = 0;

(b) an approximation, rounded to four decimal places,
of e79 using the Taylor polynomial from part (a).

Find the sum of the convergent geometric series
5 5 5

R I T E N B
+3+9+27+

Use Newton’s method to find a solution to the nearest
hundredth of 373 — 222 + 2 — 1 = 0 in the interval [0, 1].

2r
Use I’Hospital’s rule to find liH(l) u

Find the derivative of f(z) = tan (2% +1).

3 2

Find the derivative of y = x” sin” .

Find /8602 (3x +1) dx.

w/6
Evaluate / sin® 2 cos  dx.
0

38.

39.

40.

41. (a)
(b)
(c)

42.

43. (a)

(b)

44.

45.

46.

47.

48.

49.

50.




CALCULUS WITH APPLICATIONS Name:

Final Examination, Form B

Choose the best answer.

1. Find the coordinates of the vertex of the graph of f(x) = 222 + 10x — 17. 1.

@ (-5-3) ®(3-F) ©-w @6

2. Write the equation mP = ¢ using logarithms. 2.
(a) log,,p=g¢q (b) loggp=m
(c) log, g =m (d) logn, g =p

3. Solve (%)Qm = 14. (Round to nearest thousandth.) 3.
(a) —1.320 (b) 2.639 (¢) —2.639 (d) 1.320

: z—9

4. Evaluate i:n%) Nt 4.

(a) 0 (b) 3 (c) 6 (d) The limit does not exist.

5. Find all values of  at which

22 —5r+6
)= 22 —Tr+12
1S not continuous. 5.
(a) 3 (b) 4 (c) 3 and 4

(d) The function is continuous everywhere.

6. Find the average rate of change of y = 22 4+ = between x = 4

and x = 12. 6.
(a) 9 (b) 10 (c) 17 (d) 25
7. Find the derivative of y = —3z3¢%®. 7.
(a) —27z%e?® — 623e2® (b) —18x2¢3*
(c) —92%e?* — 6a3e?® (d) —62%e?® — 6a3e?®

15



16 CALCULUS WITH APPLICATIONS
8. Find the derivative of y = %
222 6xIn3x —x 2zInd3x —x 6xIn3z +
(a) 5 0) ———= O ——w @ V=
(In3x) 3 (In3z) (In 3x) 3 (In3x)
9. Find the instantaneous rate of change of
22
at t = 2.
3 5 7 9
() 5 (b) 5 () 5 (d) 3
10. Find an equation of the tangent line to the curve f(z) = —%4_2 at
the point (2, —i) .
(a) x— 16y =6 (b) 2 —4y =3
1 1
c) fl(x)=— d) y=
©F@=5 @ v=rm
11. Find A (3) if h(z) = —J%.
25 75
(a) 100 (b) 3 (c) 3 (d) 200
12. Find the largest open interval(s) over which the function
g(z) = 23 — 1222 + 362 + 1 is increasing.
(a) (2,6) (b) (=00,2)
(C> (_0076) (d) (_0072) and (6a OO)
13. Find the location and value of all relative extrema for the function
z2 4+ 5z +3
fe)=——1—

(b) Relative maximum of 1 at —2;
relative minimum of 13 at 4

(a) Relative minimum of 1 at —2;
relative maximum of 13 at 4

(c) Relative minimum of 1 at 4; (d) No relative extrema

relative minimum of 13 at —2

Final Examination, Form B

10.

11.

12.

13.



CALCULUS WITH APPLICATIONS Final Examination, Form B

14. Find the coordinates of all points of inflection of the function

g(z) = 23 — 622

(a) (2,-16) (b) (2,-12) (©) (2,0) (d) (=2,16)

15. Find the third derivative of f(z) = v/2z + 1.

(a) %(2“ 1)75/2 (b) 3(2z +1)%2
(c) — (2w +1)7? (@) 3 Qe+ 1)

16. Find the absolute minimum of f(x) = 2% — 423 — 5 on the interval [—1,2].

(a) =30 (b) 0 (¢c) =21  (d) No absolute minimum

17. Botanists, Inc., a consulting firm, monitors the monthly growth of an
unusual plant. They determine that the growth (in inches) is given by

g (l’) =4dx — I2,
where x represents the average daily number of ounces of water the
plant receives. Find the maximum monthly growth of the plant.
(a) 2 inches (b) 8 inches
(c) 4 inches (d) 6 inches

18. Find %, given 422 — 7 = 3y + w%

(@) 4./y (42 — 3) (b) 4,/y (4x° + 3)

3t 3t
B 23
0 WIULY) )

19. Ifacy:y—i—G,ﬁnd%if‘é—f:—?),x:él, and y = 2.
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20. Evaluate dy, given y = 45 — 2z — 322, with 2 = 3 and
Azx = .02.

(a) —.4 (b) .4 (c) .32 (d) —.32

21. Using differentials, approximate the volume of coating on
a cube with 3-cm sides, if the coating is .02 cm thick.

(a) .54 cm? (b) 27.54 cm?
(c) 26.46 cm? (d) 81.54 cm?

22. Find / (422 4 3z —5) du.

4 4

(a) §x3+gx2—5+0 (b) §x3—|—gx2—5x
45,3 5

(c) 3% +§ZL‘ —5r+C (d) 8z +3

; -3
23. Find /md.ﬁlﬁ
3
(a) —§ln|2x+5|+0 (b) =3In|2z + 5|+ C

1 1
(c) —61n|2x+5|+C' (d) §ln|2x+5\+C’

1
24. Evaluate/ 2z/4z2% + 5 dz.

0

3 27 — 5v5
(a) 3 (b) 5
© 27 —85¢5 (@) 27 —45\/5

25. Find the area of the region between the z-axis and the graph of
f(z) = vz + 1 on the interval [0, 3].

Final Examination, Form B

20.

21.

22.

23.

24.

25.
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26. Find the area of the region enclosed by the graphs of f(z) =9 — 22

27.

28.

29.

30.

31.

32.

and g(x) = 2% - 9.

(a) —36 (b) 36 (¢) O (d) 72

Find / 3x2e® dz.

3 3 3
(a) 3e” +C (b) 596262’3 - 595629” + 16290 +C

(c) x3e* +C (d) 3222 — 6xe%® 4 6e2* + C

4
Evaluate / 922 In x d.
1

(a) 192In4—45  (b) 192In4 — 65
(c) 192In4—51  (d) 192In4 —63

Find the average value of the function f(x) =+/3x + 1 over the
interval [0, 8] .

Find the volume of the solid of revolution formed by rotating the
region bounded by f(x) =+/z — 1, y =0, and x = 10 about the
T-axis.

(a) 40.5 (b) 81777 (c) 187 (d) 407
Evaluate / -~ % dx.
(a) ! (b) Diverges (c) L (d) 1

8

Given z = f (z,y) = 22 — 3zy + 29>, find fy, (0,-2).

(a) —16 (b) 2 (c) —24 (d) —3

26.

27.

28.

29.

30.

31.

32.
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33. Which of the following applies to the function
f(z,y) =222 + 8y — 122y + 77 33.

¢) f has a relative minimum at (

d) f has a saddle point at (%, %)

(
(
(
(

34. Maximize f (z,y) = 2%y, subject to the constraint y + 4z = 84. 34.

(a) 0 (b) 14 (c) 5488 (d) 3642

35. Find dz, given z = /22 + 42, with x = 3, y = 4, dv = —.01,

and dy = .02. 35.
(a) .022 (b) .01 (c) .001 (d) .05
2 p4
36. Evaluate // 2%y dy dz. 36.
0J2
112
(a) = (b) 16 (c) 32 (d) 12
37. Find the general solution of the differential equation % = 62:—2_4. 37.

3 1/3 1
a) y=|(=e**—-120+C b) y==e* -4z +C
2 2

1 1/3
(©) y= (§e2x e c) (d) y? = 2 4

38. Find the particular solution of the differential equation
%:7—2x+3m2;y:—2whenx:0. 38.

(a) y=Tr—2?2+22+C (b) y=Tr — 22+ 23 -2
(c) y=—-a2?>+23+C (d) y=Tz—a2?+23+2+C
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39. The marginal cost function for a particular commodity is
% = 10z — 722. The fixed cost is $200. Find the cost
function.

(a) y =200+ 522 — 14z (b) y = 5z% — 14z
7 3
@)y:wﬁ—{%+mm (d) y=10— 14z

40. The probability density function of a random variable is
defined by f(z) = £ for [20,25]. Find P (z < 22).

41. Find the standard deviation for the probability density function
f(z)=3x"%on [1,00).

(a) 1.5 (b) .866 (c) .75 (d) .67

42. The average height of a particular type of tree is 20 feet, with a
standard deviation of 2 feet. Assuming a normal distribution, what
is the probability that a tree of this kind will be taller than 17 feet?

(a) .0668 (b) .9332 (c) .8023 (d) 1977

43. Find the monthly house payment necessary to amortize a $150,000
loan at 7.2% for 30 years.

(a) $1018.18 (b) $975.34 (c) $1112.87 (d) $5478.44

44. Find the sum of the convergent geometric series

R G
278" 32
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45. The nth term of the Taylor series expansion of In (1 + %) is
given by which of the following?

(_1)71 l.nJrl anrl anrl (_1)7‘L anrl
@) o P © G @
(n+1) -2 n+1 (n+1) -2 n+1
—2e%® +2
46. Evaluate lim 6—+.
z—0 X
(a) —2 (b) —8 (c) 0 (d) The limit does not exist.
47. Find the derivative of f(z) = tan/2x + 1.
(a) sec?\/2x + 1 (b) sec? \/2x + 1
V2z+1 2
(c) wsec? 2z +1 (d) 2wsec? 2z +1
48. Find the derivative of y = 22 cos® .
(a) xcos?x (2cosz + 3x) (b) xcos?z (2cosx — 3xsinx)
(c) zcos’z (2cosx — 3x) (d) zcos?z (2cosx + 3z sinz)

49. Find /tan (2z) sec? (2z) du.
(a) %tanz 22)+C  (b) tan? (22)+ C

(c) isec (2z)+C (d) sec(2x)+C

w/2
50. Evaluate/ (10 — 10sin? x cos x) dx.
0

(a) ? (b) 57— 10

30m — 10 157 — 10
°or d) =—/— -
(c) —3 (d) —

Final Examination, Form B

45.

46.

47.

48.

49.

50.
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ANSWERS TO FINAL EXAMINATIONS

FINAL EXAMINATION, FORM A

1. (7.5,157.5)
2. logod=a
3. !

_yflogz(x—3)+4

&
=

7.y = Txe’® (2 + 31)

; _ z+1—zIn(3x)
8.y = z(z4+1)?

9. 14
10. y =8z +9

12
11. —755

12. Increasing on (—o0,2) and (6, 00);
decreasing on (2,6)

13. Relative maximum of 1 at —2;
relative minimum of 13 at 4

14. (a) (—o0,0) and (2,00)
(c) (0,—5) and (2, —21)

(b) (0,2)

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

(x+4)e”

Absolute maximum of 0 at 0;
absolute minimum of —16 at 2

20,000

dy _ _ 3-14a'/?y
dr — 14x3/2+30$1/2y2
12

dy = —18z (2 +J:2)2 dx
3m in?

= It 422+ C
in|z+9/+C

56

He =)

10v10 ~ 10.54

e (22 — 28 +2) +C
3 (3¢ +1) ~ 123.60
39

1207

Converges; 1

—4
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33. (a) None (b) =3 at (—2,—2) (c) None 43. (a) 1 — 3z + % - % + 278”34
(b) .9704

34. 5488 when x = 14 and y = 28
15

35. —.12 44. 3

36. Se! —3e2 ~ 70.81 45. .78

37. Y =z 4+ e* 4+ C 46. 6

38. y=a3—Ia?+20+4
47. 2xsec? (:l:2 + 1)
39. y =42? — 323 +20

48. x2sinx (3sinz + 27 cos 1)
40. .5

1
41. (a) 5§ (b) .75 (c) .866 49. ttan 3z +1)+C

1
42. .0668 50. &

FINAL EXAMINATION, FORM B

1. (a) 11. (c) 21. (a) 31. (a) 41. (b)
2. (d) 12. (d) 22. (c) 32. (d) 42. (b)
3. (a) 13. (b) 23. (a) 33. (c) 43. (a)
4. (c) 14. (a) 24. (b) 34. (c) 44. (d)
5. (b) 15. (b) 25. (a) 35. (b) 45. (a)
6. (c) 16. (c) 26. (d) 36. (b) 46. (b)
7. (c) 17. (c) 27. (b) 37. (a) 47. (a)
8. (c) 18. (b) 28. (d) 38. (b) 48. (b)
9. (b) 19. (a) 29. (c) 39. (c) 49. (a)

10. (a) 20. (a) 30. (b) 40. (c) 50. (d)
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Chapter R

ALGEBRA REFERENCE

14. (6m + 5)(6m — 5)
= (6

R.1 Polynomials m)(6m) + (6m)(—5) + (5)(6m)

+(5)(=5)
= (—4y® — 3y + 8) + (—2y* + 6y + 2) = 36m~ — 25
= —4y? — 3y + 8 — 2y* + 6y + 2
= (—4y* — 2y%) + (=3y + 6y) 16. (2p — 1)(3p% — 4p + 5)
TE+2) = (20)(3p) + (2p)(~4p) + (20)(5)
= 0y +3y+10 + (=1)(3p%) + (=1)(—4p) + (=1)(5)

=6p® — 8p? +10p — 3p?> +4p—5

2(3r% + 4r +2) — 3(—12 + 47 —
(3r? +4r +2) — 3(—r? 4+ 4r — 5) —6p° — 11 + 1dp— 5

= (672 + 8r +4) + (3r? — 12r + 15)
= (6r% + 3r%) + (8r — 12r)

+ (4 +15) 18. (k+2)(12k3 —3k* + k +1)
=9r2 —4r +19 = k(12k%) + k(—3k?) + k(k) + k(1)
+2(12K3) 4+ 2(=3Kk?) + 2(k) + 2(1)
6. 83(57‘2 —2r+ 7) - (7.127“2 + 6.423r — 2) = 12k* — 33 + k2 + k + 24k3 — 62
= (4.15r% — 1.66r + 5.81) Lok 12
+(—7.12T2—6.423T+2) :12k4+21]€3*5k2+3k+2

= (4.15r% — 7.12r?)
+ (—1.66r — 6.423r) + (5.81 +2)

= —2.97r2 — 8.083r + 7.81 20. (r—3s+t)2r—s+1t)
=r2r)+r(—s)+r(t) — 3s(2r)
8. (6k —1)(2k —3) —3s(—s) — 3s(t) + t(2r) + t(—s)
= (6k)(2k) + (6k)(—3) + (—1)(2k) + t(t)
+ (=1)(=3) =2r2 —prs+rt — 6rs + 3s> — 3st
= 12k% — 18k — 2k + 3 + 2rt — st + t2
=12k* — 20k + 3 =212 — Trs + 3s% + 3rt — dst + t2
10. (9% + q)(2k — q)
= (9k)(2k) + (9k)(—q) + (q)(2k) 22. (z—1)(z+2)(z—3)
+(9)(—9) = [z(z +2) + (-1)(z +2)|(z — 3)
= 18k? — 9kq + 2kq — ¢* = (2 +2z —x—2)(z —3)
= 18k% — Tkq — ¢* = (22 +2-2)(z —3)

=2%(x —3)+ax(xr —3)+ (=2)(x — 3)

4 3 4 3 =23 —222 —5x+6

E NG L

n <_28) <ls) = [(z — 2)(x — 2y))(z — 2y)
3 3 = (2% — 22y — 2wy + 4y°) (x — 2y)
— §r2+17’5— Sps— 2g2 = (a —day + 4y (@ — 2)
6 1°°6°°9 = (2% — day + ) + (2? — day + 4y°) (- 2y)
15, 7 2, = 2% — 42%y + 4xy? — 222y + S8xy? — 83
=—r2— —rs—=s =2 — 62%y + 12zy* — 8y

16 12 9 27
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R.2 Factoring

2.

10.

12.

14.

16.

18.

20.

22.

24.

26.

28.

3y° + 24y% + 9y
=3y -y*+3y-8y+3y-3
=3y(y* + 8y +3)

. 60m* — 120m3n + 50m?3n?

=10m? - 6m? — 10m? - 12mn
+ 10m? - 5n?
= 10m?(6m? — 12mn + 5n?)

L2 +dr—5=(z+5)(z—1)

since 5(—1) = =5 and —1+5 =4.

L2 —8b+T7T=(b-T)(b—1)

since (=7)(—=1) =7 and -7+ (—1) = —8.

52 4 2st — 35t2 = (s — 5t)(s + Tt)
since (—5t)(7t) = —35t2 and Tt + (—5t) = 2t.

6a% — 48a — 120 = 6(a® — 8a — 20)
= 6(a — 10)(a +2)

222 — 5z — 3

The possible factors of 222 are 2z and x and the
possible factors of —3 are —3 and 1, or 3 and —1.
Try various combinations until one works.

22% —5x —3 = (224 1)(x — 3)

2a® — 17a + 30 = (2a — 5)(a — 6)
21m? + 13mn + 2n? = (Tm + 2n)(3m + n)

3225 — 20z%a — 122302
= 423(82% — 5za — 3a?)
=423(82 + 3a)(z — a)

9m? — 25 = (3m)? — (5)2
= (3m+5)(3m —5)

922 + 64 is the sum of two perfect squares. It
cannot be factored. It is prime.

m? — 6mn + 9n?
=m? —2(3mn) + (3n)?
= (m — 3n)?

= (a = 6)[(a)® + (a)(6) + (6)?]
= (a — 6)(a® + 6a + 36)

Chapter R ALGEBRA REFERENCE

30. 64m> 4+ 125
= (4m)3 + 53

= (4m +5)[(4m)* — (4m)(5) + (5)?]

= (4m + 5)(16m? — 20m + 25)

32. 16a* — 81b*
= (4a?)? — (9b2)?
= (4a® + 9b?)(4a® — 9b?)
= (4a® 4+ 9v?)[(2a)? — (3b)?]
= (4a® + 9b?)(2a + 3b)(2a — 3b)

R.3 Rational Expressions

25p3_5.5.p.p.p_5_p

2. = =
10p? 2-5-p-p 2
3(t+5) 3

T (t+5)(t—-3) t-3

6 36y° + 72y 36y(y + 2)

) 9y N 9y
_9-4-yy+2)
= 5y
=4(y +2)

8 rP—r—6 (r—3)(r+2)

Tr24r =12 (r+4)(r-3)
_r+2
Cr+4

10 22 —5246 (2—-3)(2—2)

o224 (242)(2-2)
_z—3
z+2

12 6y +1ly+4  (By+4)(2y+1)
32+ Ty+4  By+4)(y+1)
 2y+1
oy +1
14 15p3; 6p _15p3 10p?
Toop2 T o10p2 9p2 6p
_150p5
~ 54p3
_25~6p5
=56
25p



Section R.3  Rational Expressions

a—3 a—-3 a-3 32 1 2 4
R T s R T 2 m T E T
a—3 16-2 5.1 6-2 30 -4
16 a-3 5 6m  65m 30-m
_2 5 12120
1 = 30m ' 30m ' 30m
=2 54124120
18 W18 By+6 30m
"6y +12 15y — 30 _ 137
-2 3u+2) Som
T 6(y+2) 15(y-2) 30. 0 __5
27 3.3 3 ror=2
T 90 10-3 10 _6(r—2) _ 5r
oo, _br—18 12016 rir—=2) r(r-2)
T Or246r—24 4r—12 _ 6(r—2)—5r
6(r — 3) 4(3r — 4) r(r—2)
T 3(3r2+2r—8) 4(r—23) _ 6r—12—5r
. 6(r—3) 4(3r —4) r(r—2)
T 3Br—4)(r+2) 4(r—3) r—12
6 Cor(r—2)
C3(r+2) 9 3
2 32. 5(k—2)+4(k—2)
r+2 4.2 5.3
99, m?+3m+2 . m’+5m+6 74~5(k‘—2)+5-4(k—2)
m2+5m+4 " m2+10m+ 24 8 15
~ m?4+3m+2 m?+10m+24 _20(k72)+20(k72)
T mE+5m44  m2+5m+6 8+ 15
_(mt)m+2) (m+6)(m+4) 20(k-2)
T m+D(m+1) (m+3)(m+2) 93
m+6 T 20(k—2)
m+3
) > 34. 2y - Y
4. 6n” —5n—6 12n° —17n +6 2+ Ty+12 2 +5y+6
6n2+5m—-6 12n2—-—n—=6 B 2% y
_(2n—=3)B3n+2) (Bn—-2)(4n—3) T W+ +3) w+3)y+2)
2n+3)(3n—2) (3n+2)(4n —3) - 2l +2)
-3 T WO+
2n+3
- 3 y(y +4)
26. ot3 (y+3)(y+2)(y+4)
Multiply the first term by 2 and the second by 2. = 2y +2) —yly+4)
2 » (y+4(y+3)(y+2)
E_Fp;lzi_Fﬂ _ 2y2+4y7y2*4y
2:p p-2 2p 2p (y+4)(y+3)(y+2)
_G+p y?

2P W+ Dy +3)(y+2)
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4m m
3m2+7Tm—6 3m2— 1dm+8
_ 4m m
 (Bm—=2)(m+3) (3m—2)(m—4)
dm(m — 4)
(3m —2)(m+3)(m —4)
m(m + 3)
(3m — 2)(m — 4)(m + 3)
~ 4m(m —4) —m(m +3)
~ (3m —2)(m —4)(m + 3)

36.

4m? — 16m — m? — 3m
(3m —2)(m + 3)(m —4)
3m? — 19m
(3m —2)(m + 3)(m —4)
m(3m — 19)
(3m —2)(m + 3)(m —4)
dx + 2 3 1
2—1 224z 22—z
_ br42 3.1
D1 z@+1)  a(z-1)

38.

=(3) <(az ff)j(;z— 1))*@ - 1) (x(:ci 0
(59 ()

(b +2)+ (x—1)(3) — (x + 1)(1)
x(z+1)(z—1)
_ba? 42043 —-3—x—1
N z(z+ 1) (z—-1)
_ 5a? 4 4x — 4
Cz(z+ D (x—1)

R.4 Equations

5 1 2
2. k-2k+-=<
6 +3 3

Multiply both sides of the equation by 6.

() ea(2) (2

Sk —12k+2=4

~Tk+2=4
Tk =2

2

k=—=

7

The solution is f%.

Chapter R ALGEBRA REFERENCE

4. S5r+2=8—-3x

8r+2=28
8r =6
L3

4

The solution is %.
6. 5(a+3)+4a—5=—(2a—4)
5a+15+4a—5=—2a+4
9a+10 = —2a +4

1lla+10=14
1la = —6
a8
11

The solution is —%.

8. 42p—(3—-p)+5]=-Tp—2
42p—3+p+5]=—Tp—2
ABp+2 = —Tp—2
12p+8=-Tp—2

19p+8=-2
19p = —-10
10
P="19

The solution is —%.
10. 22 =3+ 2
22 —2x—-3=0
(x=3)(x+1)=0
r—3=0 or x+1=0
r=3 or z=-1

The solutions are 3 and —1.

12. 2k — k=10
282 —k—-10=0
(2k—=5)(k+2)=0
2k—5=0 or k+2=0
5

k== or

=-2
5 k

The solutions are % and —2.

14. m(m—7) =-10
m2 —Tm+10=0
(m=5)(m—-2)=0
m—5=0 or m—-2=0
m=5 or m=2

The solutions are 5 and 2.



Section R.4

16.

18.

20.

22,

24.

Equations

2(2z+7) =4
222 4+72—-4=0

2z—1)(z+4)=0

22—1=0 or z+4=0

z=—4

zZ == or

2

The solutions are % and —4.

322 —5xr+1=0

Use the quadratic formula.

—5)+/(=5)? —4(3)(1) 542512
2(3) N 6
5++/13 5—+/13
=— o Tr=-—
6 6
~ 1.434 ~ .232
The solutions are 5%@ ~ 1.434 and
V13
5VI3 ~ 232
pPP+p—1=0
~14/12-4(1)(-1) —-1++5
p = =
2
The solutions are _1+‘/5 ~ .618 and
—15 1618
202 + 122 4+5=0
124+ /(122 — 4(2)(5)
B 2(2)
_ —12£4/104  —12+/4-26
N 4 N 4
_ —124+V4V26  —12+£226
- 4 N 4
_2(-6++26) —6+26
B 2.2 N 2
The solutions are _6"’T‘/% ~ —.450 and
=626 ~ _5.550.
202 —Tx+30=0
7+ \/ -7)? 2)(30)
2(2)
_ 7+/A9 210
v 4
_ 7+4/-101

4

26.

30.

31

Since there is a negative number under the radical
sign, v/—191 is not a real number. Thus, there are
no real number solutions.

5m2 +5m =0

S5m(m+1)=0

bm=0 or m+1=0
m=0 or m=—1

The solutions are 0 and —1.

CIor=6-=

3 4

Multiply both sides by 12, the least common de-
nominator of 3 and 4.

12(§—7) —12 (6—%)
12 (%) - (27) = (12)6) - (12) (?jf“)
4oy —84 =72 — 9z

13z — 84 =172
13x = 156
r =12

The solution is 12.
5 3 4
2p+3 p—2 2p+3
Multiply both sides by (2p + 3)(p — 2). Note that
p# f% and p # 2.

<2p+3><p—2>(

. 3
2p+3 17—2)
= (2p+3)(p—2) <2pi-3)
3

(2p+3)(p—2) <2p—5+3> ~@p+3)(r—2) (ﬁ)

4

= (2p+3)(p—2) (ﬁ)

(p—=2)(5) = (2p+3)(3) = (p—2)(4)
p—10—6p—9=4p—38
—p—19=4p -8

—5p—19=—8
—Hp =11
Rt
P="%

The solutions is f%
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2 10 —
32, W _ 5, 10-8&
y—1 'y y -y
2y 5 10-—8y
y—1 y yly-1)

Multiply both sides by y(y — 1).
Note that y # 0 and y # 1.

y(y—1) (%) =yly—1) <§)
1)

y(2y) = (y — 1)(5) + (10 — 8y)
2y =5y — 5+ 10 — 8y
2% =5—3y
22 +3y—5=0
(2y+5)(y—-1)=0
20+5=0 or y—1=0

= —— :1
Y B or Y

Since y # 1, 1 is not a solution.
The solution is —%.

5 -7 a2 —2a+4
34- -_ p—
a+a+1 a?+a
5 -7 a? —2a+4
(2 - (LT
oat ) (24 Z5) —atarn (S5

Note that @ # 0 and a # —1.

5(a+1)+ (=7)(a) = a® —2a + 4
5a+5—Ta=a?>—2a+4
5—2a=a*—2a+4

5=a’+4

0=a®>-1

0=(a+1)(a—1)
a+1=0 or a—1=0
a=—1 or a=1

Since —1 would make two denominators zero, 1 is
the only solution.

Chapter R ALGEBRA REFERENCE

- 2 .5
) 224 3x+42

2—-2x—3 22—2—6
2 . 5 B 1
(x-3)(z+1) (2=3)(z+2) (z+2)(xz+1)

Multiply both sides by (z — 3)(z + 1)(z + 2).
Note that « # 3, x # —1, and x # —2.

(z —3)(z+ 1)(z +2) (ﬁ)

+(z=3)(z+1)(z+2) <m>

= (z = 3)(x +1)(z +2) (m)

20z+2)+5(x+1)=x—-3
2c+4+5x+5=2x—-3

Tct+9=2x—-3

6xr+9=-3
6r = —12
r=—2

However, x # —2. Therefore there is no solution.

R.5 Inequalities

2. x> -3

Because the inequality sign means “greater than
or equal to,” the endpoint at —3 is included. This
inequality is written in interval notation as [—3, 00).
To graph this interval on a number line, place a
solid circle at —3 and draw a heavy arrow pointing
to the right.

4. 5<x <4

The endpoint at —4 is included, but the endpoint
at —5 is not. This inequality is written in interval
notation as (—5, —4]. To graph this interval, place
a an open circle at —5 and a closed circle at —4;
then draw a heavy line segment between them.

—5—4 0



Section R.5 Inequalities

6.

10.

12.

14.

16.

18.

6<=x

This inequality may be written as * > 6, and is
written in interval notation as [6,00). Note that
the endpoint at 6 is included. To graph this in-
terval, place a closed circle at 6 and draw a heavy
arrow pointing to the right.

|
1

0

o @

. [2,7)

This represents all the numbers between 2 and 7,
including 2 but not including 7. This interval can
be written as the inequality 2 <z < 7.

(3,00)

This represents all the numbers to the right of 3,
and does not include the endpoint. This interval
can be written as the inequality z > 3.

Notice that neither endpoint is included. The in-
terval shown in the graph can be written as
0<z<8.

Notice that the endpoint 0 is not included, but 3
is included. The interval shown in the graph can
be written as x < 0 or x > 3.

6k —4<3k—1
6k <3k+3
3k <3
k<1

The solution in interval notation is (—oo, 1).

.
U
1

0

—2(3y — 8) > 5(4y — 2)
—6y + 16 > 20y — 10
—6y + 16 + (—16) > 20y — 10 + (—16)
—6y > 20y — 26
—6y + (—20y) > 20y + (—20y) — 26
—26y > —26
1
——(=26)y < ——(—2
S (=26)y < —=-(-20)
y<1

The solution is (—oo, 1].

20. +5(x+1)>42—z)+=x
r+dbr+5>8—-4dr+=x
6x+5>8—3z
6x >3 — 3x
9x > 3
:U>1
3

The solution is (%, oo) .

0

W=

22, 8<3r+1<13

8+ (—1)<3r+1+(-1)<13+(-1)

7T<3r <12

3(1) < 3(3r) < 5(12)

1

7 —
) 3
7

3

IA

r<4

The solution is [£,4].

I
37
I

0

[SSIEN ]
~ @

oy + 2

24. -1< <4

ans3( )saa

—3<by+2<12
—5 < 5y < 10
-1<y<2

The solution is [—1, 2].

oYy + 2

|
—_
=y B
SR 3

26.  S(z—4)< %(3z+2)

24(z —4) <232+ 2)

24z —96 < 62+4
24z < 624100
182 < 100

100
<
ST

50
< —
=7

The solution is (—oo, 2].

33
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28.

30.

(t+6)(t—1)>0
Solve (¢t +6)(t—1)=0.

t+6)(t—1)=0
t=—6 or t=1

Intervals:  (—o0, —6), (=6,1), (1,00)
For (—o0, —6), choose —7 to test for .
(—7T+6)(=T—1) = (~1)(-8) =8 >0
For (—6, 1), choose 0.
(04+6)(0—1)=(6)(=1) =620
For (1, oo), choose 2.
2+6)2-1)=(8)(1)=8=0

Because the symbol > is used, the endpoints
—6 and 1 are included in the solution,
(—o0, —6] U [1, 0).

—6 0

2k2+ Tk —4>0
Solve 2k2 + 7k —4 = 0.
262 +Tk—4=0
2k—1)(k+4)=0

k= or k=-4

1
2
Intervals:  (—oo, —4), (—4, %) (3, oo)
For (—o0,—4), choose —5.

2(=5)24+7(-5)—4=11>0
For (—4, %) , choose 0.

202+ 7(0) —4=—4 %0

For (3,00) , choose 1.

2(1)24+7(1)—4=5>0

The solution is (—oo, —4) U (%, 00) .

4 0
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32. 2k2 —Tk—15<0
Solve 2k% — Tk — 15 = 0.

2%k — Tk — 15 =0
(2k+3)(k—5) =0

k:f§ or k=5

N

Intervals: (—oo, —%) , (—%, 5),(5,00)

For (—oco,—%), choose —2.

2(-2)2 - 7(-2)-15=7%0
For (—%, 5) , choose 0.
2(0)2 - 7(0) —15 = —15< 0
For (5,00), choose 6.
2(6)% —7(6) —15 £ 0

The solution is [—%, 5] .

[ 3

[(SR[SSEY 3
(]

34. 10r24+r <2
Solve 1072 + 7 = 2.

102 +r =2
1002 4+7r—-2=0
(5r—2)(2r+1)=0

Intervals: (—oo, —%) , (_%7 %) , (3’ oo)

For (—oo, —%) , choose —1.

For (—1,%), choose 0.
10002 +0=0<2
For (2 oo) , choose 1.

5

012 +1=11%2

]

The solution is [f%,

allro

wi— @
o._
wio @



Section R.5 Inequalities

36. 3a®>+a > 10
Solve 3a2 + a = 10.

3a% +a =10
3a2+a—-10=0
(B3a—5)(a+2)=0

Intervals: (—o0, —2), (—2, %) , (g, oo)
For (—o0, —2), choose —3.
3(-3)2 4+ (-3)=24> 10
For (—2, %) , choose 0.
3002 +0=0%#10
For (%, oo) , choose 2.

32 +2=14>10

The solution is (—oo, —2) U (2, 00) .

|

\S)

o
Wl O

38. p> —16p >0
Solve p% — 16p = 0.

p? —16p =0
p(p—16) =0
p=0 or p=16

Intervals:  (—o00,0), (0,16), (16, 00)

For (—o0,0), choose —1.

(=1)> —=16(-1) =17>0
For (0,16), choose 1.

(1) = 16(1) = —15 %0
For (16, 00), choose 17.

(17)2 —16(17) = 17> 0

The solution is (—o0,0) U (16, 00).

A
(—

0 16

35

r+1

40.
r—1

>0

1
Solve the equation It 1=

r+1
=0
r—1

= (- )0)

r+1=0
r=-—1

(r—1)

Find the value for which the denominator equals
zZero.
r—1=0
r=1
Intervals: (—o0, —1), (—1,1), (1,00)

For (—o0, —1), choose —2.

—2+1 -1 1

= —_— = = O

So-1 3 3°
For (—1,1), choose 0.

0+1 1

. _1%0

0-1 -1 7
For (1, 00), choose 2.

2+1 3

o230

2—1 1 >

The solution is (—oo, —1) U (1, 00).

42. 270
a+2
Solve the equation a=5 =—1.
a+2
a—>5
=-1
a+2
a—5=—-1(a+2)
a—5=—-a—2
2a =3
3
a==
2

Set the denominator equal to zero and solve for a.

a+2=0
a= -2

Intervals: (—o0, —2), (*2, %) ) (%a OO)
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44.

For (—o0,—2), choose —3.
-3-5 =8
s S BabRA

For (—2, %) , choose 0.

— = —=——< -1
0or2 2 2°
For (%, oo) , choose 2.
2-5 - 3
—_— = —— —1
2+2 4 4 %
The solution is (—2, %) .
a+2 <5
3+ 2a —
2
For the equation 3 :Qa = 5.
2
a—+ _5
34 2a

a+2="5(3+2a)
a+2=15+10a
—9a =13

13
a=—-——

9

Set the denominator equal to zero and solve for a.

34+2a=0
20 = -3
e 3
2

Intervals: (foo, 7%) , (7%7 f§) , (7%700)
For (—oco,—32), choose —2.

—2+2 0

——=—=0<5
34+2(-2) -1 -
For (—2,—42)  choose —1.46.
—1.46+2 .04
— = — =6.7T54<5
3+ 2(—1.46) .08 ﬁ
For (-4, c0), choose 0.
0+2 2 _.
3+20) 3~
The value —% cannot be included in the solution
since it would make the denominator zero. The
solution is (foo, f%) U [719—3, oo) .
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5 12
46, —— > ——
p+1 p+1
. 12
Solve the equation —— = ——
+1 »p+1
5 12
p+1 pH+1
5=12

The equation has no solution.
Set the denominator equal to zero and solve for p.

p+1=0
p=-1
Intervals: (—o0,—1), (—1,00)
For (—oo0, —1), choose —2.
b —5 and =—12, s0
-2+1 -2+1 7
5 < 12
241" =241
For (-1, 00), choose 0.
5 12
—— =5and —— =12
011 and o= , 8O
) 12
0+1f0+r
The solution is (—oo, —1).
8
48. —— > 1
p*+2p
Solve the equatio =1
AY quation 2
8 _ 1
p*+2p
8=p*+2p
0=p>+2p—38
0=({@+4(p-2)
p+4=0 or p—2=0
p=-—4 or p=2

Set the denominator equal to zero and solve for p.

p?+2p=0
pp+2)=0
p=0 or p+2=0

p=-2

(_OO’ _4)7 (_47_2)’ (—2,0),
(0,2), (2,00)

Intervals:



Section R.6

50.

Exponents

For (—o0,—4), choose —5.

8 8
. ° 241
(-=5)2+2(-5) 15 7
For (—4,—2), choose —3.

s ___ 85,

(-3)2+2(-3) 9-6 3
For (—2,0), choose —1.

8 8
—————=—=-8}%1
ST TS

For (0,2), choose 1.
L — § >1

(1)2+2(1) 3

For (2, 00), choose 3.
8 8
L S |
GFrOE) 157
The solution is (—4, —2) U (0, 2).
a® +2a
<2
a?—-4 —
2
2
Solve the equation a4 2+ @ _ 2.
a® —4
a® + 2a
=2

a?—4

a’ +2a =2(a® — 4)

a’?+2a =2a%> -8

0=a?—-2a-38
0=(a—4)(a+2)
a—4=0 or a+2=0
a=4 or a=—2

But —2 is not a possible solution.
Set the denominator equal to zero and solve for a.

a’?—4=0
(a+2)(a—2)=0
a+2=0 or a—2=0
a=—-2 or a=2
Intervals:  (—o0, —2), (—2,2),
(2,4), (4,00)
For (—o0, —2), choose —3.
—3)2 — _
(=3)°+2(=3) 9 67§<2
(=3)2 -4 9-4 5~

37

For (—2,2), choose 0.

(0)2 +2(0) 0

0—4 — 0=
For (2,4), choose 3.
(3)2+2(3)79+67E£2
(32—-4 9-5 4

For (4, 00), choose 5.

(5)2+2(5)  25+10 35
(5)% —4

= =—<2
25 -4 21 —

The value 4 will satisfy the original inequality,
but the values —2 and 2 will not since they

make the denominator zero. The solution is
(=00, —2) U (—2,2) U[4,00).

R.6 Exponents

89 . 8—7
10. — 89F(=7)—(=3) — g9-T7+3 _ g5
]-3
57055\ —6+3—(—2)\—1
12. ( = ) +3—( ))

(5
(5

5(-1D(-1) =5l =5

—6+3+2)—1 — (5—1)—1

9,7
VY _ o+7-13 _ 3

)
(3,22)_1 B 3—1(2,2)—1 B 3—1z2(—1)
16. 25 - 25 - 25
371272 —1,-2-5
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— 5222 (= 1)y~
— 5—2-2,,2+1, —242

Y
— 574m3y0 — 5_];1 . m3 1
m3
= 5—4

20. <2_02) [ G

43 (d3)—2
2_26(2)(_2) 92,4
ERTC) ) B

d6

0204

_71—1 1/3 .
(¢4

=q 3!

b

p

1

24.b‘2—a:b—2—a
1 b2
2 Y\ w2

1 ab?

B

1— ab?

_ 3n? 4m
T mn2  mn?2
_ 3n? 4+ 4m

30.

32.

34.

36.

38.

40.

42.

44.
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2713 = 37 =3

—125%/3 = —(125'/3)? = —5%2 = —25

(64)1/3 643 4

27 T 2113 T 3

1 1

6251/t = —— ==
6251/4 5

210 RN
100 B (E)Wz B {(121)1/2}3

100 100
11 1000
- 3 7 1331

(L)? — BE 1331

272/3 . 97—1/3 — 97(2/3)+(-1/3)
_ 272/3—1/3
=27/3

375/2 . 33/2

37/2.3-9/2
= 3(=5/2)+(3/2)=(7/2)=(-9/2)
_ 3-5/2+3/2-7/2+9/2
=3'=1

123/4 . 125/4 . y—2 123/4+5/4 . y—2

21 (y3)2  12-1.4-3(2)
_ 128/4 . y—2
121 .46
_ 122 A y—2
127146
—_ 122—(—1) . y—2—6
=123y~8
123
_ F



Section R.7 Radicals

—=3(4p2)—2 -3, 4—2,(2)(-2)
16, 4P & p

=8 -4 2p(=3)+(=4)=(-5)
= 8. 4723445
=8-472p2

1

2

e
i

o

}
(@)

BT

C16p2 2p?

1/3 .,2/3 . ,1/4

Tyl
25/3 . y—1/3. ;3/4

= g1/3-(5/3)4(2/3)—=(=1/3) ;1/4=(3/4)

48.

— g 1/3-5/342/3+1/3 ,1/4-3/4
— x—4/3y3/3 -2/
_ Y
T pA/3,2/4
_ Y
T A/3,1)2
m7/3 . p=2/5 . pd/8

50. m—2/3 . p3/5 . p—5/8

— /3= (=2/3) =2/5-(3/5) 3/8—(~5/8)

— m7/3+2/3=2/5-3/5,3/8+5/8
= m9/3p=5/5p3/8

3
_ .3 -1.1_ MDp
=mn~lpl = —

n

52. 6z(z% +7)% — 622(32% +5) (2> +7)

=6z(z3 + 7) (23 +7) — 62(x)(32% + 5) (23 + 7)

= 6x(z® + 7)[(2® 4+ 7) — (322 4 5)]
= 6x(z® + 7) (2 + 7 — 32 — bx)
= 6x(x® + 7)(—22% — 52 +7)
54. 9(6x +2)Y/2 4+ 3(9z — 1)(6x + 2)71/2
=3-3(6z +2)"/2(6x +2)*
+3(92 — 1)(6x +2)~1/2

3
3(6z +2)"Y2(18z + 6+ 9z — 1)
3(6x +2)~Y2(27x + 5)

39

56. (4224 1)2(2x — 1)7Y/2 + 162(42® + 1)(2z — 1)1/2

= (422 + 1) (42 + 1)(22 — 1)~ 1/2

+ 162 (422 +1)(22 — 1)"Y/2(22 — 1)
= (422 +1)(22 — 1)~ 1/2

-[(42% + 1) + 162(22 — 1)]

= (42% + 1)(2z — 1)~ Y2(42® + 1 + 3222 — 162)

= (422 4+ 1)(2x — 1)"1/2(3622 — 162 + 1)

(62 4 2)"1/2[3(62 + 2) + (92 — 1)]

R.7 Radicals

2.

4.

6.

10.

12.

14.

16.

18.

V1296 = V61 =6
VB0 = /252 = /252 = 5\/2

V32y° = /(16y%)(2y)
= /16y*\2y
= 4y*\/2y

. 43 =512+ 375

— 4V3 - 5(VAV3) + 3(VZ5V3)
= 4v/3 — 5(2v/3) + 3(5v/3)
=43 - 10v/3 + 153
=(4—-10+15)v/3 =93

3v28 — 463 + V112
= 3(VAVT) — 4(V9V/T) + (VI6/T)
= 3(2v7) —4(3VT) + (4V7)
=67 — 12V7T 4+ 47

(6 —12+4)V7

=-2/7

23/3 + 4324 — {81
=2V/34+4/8-3— 3273
=23 +4(2)V/3-3V3
=2¢/3+8V3 33

=73
V223y224 = \/a2y22t - 2
= xy22\/22
V/1628y425 = /8x6y323 - 22222
= 22%y2 /222y 22

Va3’ — 2v/a7b3 + v a3bO
= Va2btab — 2V aSb2ab + v a2bBab
= ab*vab — 2a*b\/ab + ab*\/ab
= (ab® — 2a°b + ab*)V/ab
= abvab(b — 2a® + b®)
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0o, 5 _ B VT _5VT gq LTVZ _ (14+V2(1-VD)
VTOOVT VT T2 2(1—/2)
12
22___3:__3 2(1 —/2)
V12 V43 1
:__3£ :_2(1_\/5)
2V3 V3
33 VT4V +1
_ 36, ————
=76 VT —+vr+1
_ V3 _VERVERT VB Vot
2 ViVl Vi-varl
x—(x+1)
3 3 14+4V5 =
24. = : T—2y/r-vVr+1+(x+1
1-v5 1-V5 1+V5 v | (el
3(1++/5) - —
T T 1-5 2 —2\/z(zx+1)+1
_ 30+ V5 38. \/I6 — 8z + 22
4 =./(4—-x)?
=4 — x|
P V3+V2 nce o .
" B-v2 VB-v2 V312 Since denotes the nonnegative root, we must
have 4 — z > 0.
_ —2(V3+V?2)
- 3-2 40. V4 —252%2 = \/(2+ 52)(2 — 52)
_ *2(\/§ + \/5) This factorization does not produce a perfect square,
1 0 the expression v/4 — 2522 cannot be simplified.
=-2(v3+V2)
28 1 = ! Vi3
CVr=VB O r—VB F+V3
_ VB
- r—3
— — 5
g0, U=5_ _ _y=5 IV

Vi-V5  Vi—VB Jit+B
(y = 5) (/7 +V5)

y—>5
=i++5
39 VZHVe+1l  Vr+Vatl Jat+Vetl
CVE-Varl Vi-vaFl Vitvirl
o+ 2y/x(r+ 1)+ (x4 1)
N x—(x+1)
:256—}—2\/@’(3:—!—1)—!—1
)

=2z —2y/x(x+1)—1



Chapter 1

LINEAR FUNCTIONS

1.1 Slopes and Equations of Lines

2.

10.

12.

Find the slope of the line through (5,—4) and
(1,3).
3-(=4)

1-5

Ly=3r—-2

This equation is in slope-intercept form,
y = mx + b. Thus, the coefficient of the z-term,
3, is the slope.

CAdx+Ty=1

Rewrite the equation in slope-intercept form.

Ty=1-—4x
2(7y) = (1) - = (42)
14
V=777

4 1
O S

4
The slope is —=.

The z-axis is the horizontal line y = 0. Horizontal
lines have a slope of 0.

y=—4

By rewriting this equation in the slope-intercept
form, y = mx + b, we get y = Ox — 4, with the
slope, m, being 0.

14. Find the slope of a line perpendicular to

16.

18.

20.

6 =y — 3.
First, rewrite the given equation in slope-intercept
form.
6r=y—3
6x+3 =y
or =6z + 3

The slope of this line is 6.
Let m be the slope of any line perpendicular to
the given line. Then

6m = —1
m__l
=5

The line goes through (2,4), with slope m = —1.
Use point-slope form.

The line goes through (—8, 1), with undefined slope.
Since the slope is undefined, the line is vertical.
The equation of the vertical line passing through
(—8,1) is x = —8.

The line goes through (8, —1) and (4, 3).
Find the slope, then use point-slope form with
either of the two given points.

3 (1)
M="13
_3+1
T4
4
:—:—1
4

41
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22. The line goes through (—2, %) and (%, %) .

5_3 0 _3
m—_2_4 _ 471
-2  3+%
!
I
EREY
3 921
Sy (=2
)
3_21 42
Y173 3
2 423
Y=33% T3
2211
Y=32" 716" 16
21 33
V=32 16

24. The line goes through (—1,3) and (0, 3).

3-3 0
m=——g" "1 "

This is a horizontal line; the value of y is always
3. The equation of this line is y = 3.

26. The line has z-intercept —2 and y-intercept 4.
Two points on the line are (—2,0) and (0,4). Find
the slope; then use slope-intercept form.

me 220 _4_,
0—(-2) 2

y=mx+b

y=2x+4

28. The line is horizontal, through (8, 7).
The line has an equation of the form y = k where
k is the y-coordinate of the point. In this case,
k =17, so the equation is y = 7.

30. Write the equation of the line through (2,-5),
parallel to y — 4 = 2x. Rewrite the equation in
slope-intercept form.

y—4=2x
y=2xr+4

The slope of this line is 2.
Use m = 2 and the point (2, —5) in the point-slope
form.
y—(=5) =22 -2)
y+5=2r—4
y=2xr—9

Chapter 1 LINEAR FUNCTIONS

32. Write the equation of the line through (—2, 6), per-
pendicular to 2x — 3y = 5.
Rewrite the equation in slope-intercept form.

20 — 3y =5
—3y=—-2x4+5
2 5
= = — —
V=373

The slope of this line is % To find the slope of a
perpendicular line, solve

2

Use m = —32 and (—2,6) in the point-slope form.

3
y—6=—3—(-2)

3
y—6=—=(x+2)

2

3
y—6=—§x—3

3

y:—§x+3

34. Write the equation of the line with z-intercept — %,
perpendicular to 2z — y = 4.
Find the slope of the given line.

20 —y=4
20 —4 =y

The slope of this line is 2. Since the lines are
perpendicular, the slope of the needed line is —%.
The line also has an z-intercept of —%. Thus, it
passes through the point (—%, 0) .

Using the point-slope form, we have



Section 1.1  Slopes and Equations of Lines

36. (a) Write the given line in slope-intercept form.

20 +3y =6
y=—2x+6
2
Yy=—=—x+2

3

This line has a slope of —%. The desired line has
a slope of —% since it is parallel to the given line.
Use the definition of slope.

Y2 — U1
m=-——
T — T1
22— (-1
3 k-4
2 3
3 k-4
—2(k—4) = (3)(3)
—2k+8=9
2%k =1
R
2

(b) Write the given line in slope-intercept form.

or — 2y = —1
2y =b5x+1
) +1
Y=y

This line has a slope of % The desired line has a
slope of —% since it is perpendicular to the given
line. Use the definition of slope.

Y2 — Y1
m=—-
To — I
_2-(=
k-4
2 241
5 k—4
-2 3
5 k-4
—2(k—4) = (3)(5)
—2k+8=15
2%k =7

-
2

43

38. Two lines are perpendicular if the product of their
slopes is —1.
The slope of the diagonal containing (4,5) and
(-2,-1) is

_5—(=1) 6

=-=1

T (2) " 6

The slope of the diagonal containing (—2,5) and
(4,-1) is
516 _
 -2-4 -6
The product of the slopes is (1)(—1) = —1, so the
diagonals are perpendicular.
40. The line goes through (1, 3) and (2,0).
3-0 3
(s e
The correct choice is (f).
42. The line goes through (—2,0) and (0, 1).
o 1-0 1
S 0—-(-2) 2
4. y=x—-1
Three ordered pairs that satisfy this equation are
(0,—1), (1,0), and (4,3). Plot these points and
draw a line through them.

46. y = —4x+9

Three ordered pairs that satisfy this equation are
(0,9), (1,5), and (2,1). Plot these points and draw
a line through them.
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48.

50.

20 — 3y =12
Find the intercepts.
If y =0, then
2z — 3(0) =12
2¢ =12
=206
so the z-intercept is 6.
If x =0, then
2(0) — 3y =12
-3y =12
y=—4

so the y-intercept is —4.

Plot the ordered pairs (6,0) and (0, —4) and draw
a line through these points. (A third point may
be used as a check.)

2
A E 2x-3y=12
LI I()_—I 1 6 T X
3y +4r =12
Find the intercepts.
If y =0, then
3(0) + 4z =12
dr =12
x =3,
so the z-intercept is 3.
If x =0, then
3y +4(0) =12
Jy =12
y =4,

so the y-intercept is 4.

Plot the ordered pairs (3,0) and (0,4) and draw a
line through these points. (A third point may be
used as a check.)

3y +4x=12

52.

54.

56.

Chapter 1 LINEAR FUNCTIONS

y=—2

The equation y = —2, or, equivalently, y = 0z — 2,
always gives the same y-value, —2, for any value
of x. The graph of this equation is the horizontal
line with y-intercept —2.

y
2 =+
—— IO_ ————
4 y=-2
z+5=0
This equation may be rewritten as x = —5. For

any value of y, the z-value is —5. Because all
ordered pairs that satisfy this equation have the
same first number, this equation does not repre-
sent a function. The graph is the vertical line with
z-intercept —5.

T

lIIIIFs_IIIIII\<

L L L

y =2z

Three ordered pairs that satisfy this equation are
(0,0), (—2,—4), and (2,4). Use these points to
draw the graph.

1 11 1 1
L
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58.

60.

62.

Slopes and Equations of Lines

r+4y =0

If y = 0, then x = 0, so the x-intercept is 0. If
x = 0, then y = 0, so the y-intercept is 0. Both
intercepts give the same ordered pair, (0, 0).

To get a second point, choose some other value of
x (or y). For example if x = 4, then

r+4y =0

444y =0
4y =—-4
y=-1,

giving the ordered pair (4,—1). Graph the line
through (0,0) and (4, —1).

;

4
x+4y=0

(a) The line goes through (2, 27,000) and (5, 63,000).

_ 63,000 27,000 _ 1) 00
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y — 27,000 = 12,000(z — 2)

y — 27,000 = 12,0002 — 24,000
y = 12,0002 4 3000

(b) Let y =100,000; find x.

100,000 = 12,000z + 3000
97,000 = 12,000z
8.08=z

Sales would surpass $100,000 after 8 years, 1 month.

(a) Using the points (.7,1.4) and (5.3,10.9), we
obtain
C109-14 95

53-.7 46
~ 2.065.
To avoid round-off error, keep all digits for the

value of m in your calculator; then round the dec-
imals in the final step.

64.

66.
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Use the point-slope form.

y—14= %(x—ﬂ)

16
95 95
v LA= 16T a6t
95 95
_ 20,20 1.4
V=16 160

y = 2.0652 — .0456

(b) y = 2.065(4.9) — .0456 =~ 10.1 million passen-
gers; this agrees favorably with the FAA predica-
tion of 10.3 million.

(a) Let x = age.

u=.85(220 — x) = 187 — .85z
1=.7(220 —z) =154 — .7z

(b) w=187—.85(20) =170

1 =154 —.7(20) = 140
The target heart rate zone is 140 to 170 beats per
minute.

(c) =187 — .85(40) = 153
I =154 — .7(40) = 126

The target heart rate zone is 126 to 153 beats per
minute.

(d) 154 — .72 =187 — .85(x + 36)
154 — .7z = 187 — .85x — 30.6
154 — .7z = 156.4 — .85z
1bx =24
x =16

The younger woman is 16; the older woman is
16 + 36 = 52. [ = .7(220 — 16) =~ 143 beats per
minute.

Let x = 0 correspond to 1900. Then the “life

expectancy from birth” line contains the points

(0,46) and (100, 76.9).
_76.9—46  30.9
©100—0 100

=.309

Since (0,46) is one of the points, the line is given
by the equation

y = .309z + 46.

The “life expectancy from age 65”7 line contains
the points (0,76) and (100, 82.9).

82976 6.9

100-0 100 0
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68.

70.

Since (0, 76) is one of the points, the line is given
by the equation

y = .069z + 76.

Set the two equations equal to determine where
the lines intersect. At this point, life expectancy
should increase no further.

.309x + 46 = .069x + 76
24x = 30
r =125

Determine the y-value when z = 125. Use the first
equation.
y = .309(125) + 46
= 38.625 + 46
= 84.625

Thus, the maximum life expectancy for humans is
about 85 years.

(a) The line goes through the points (0,86,821)
and (26, 217,753).

217,753 — 86,821
- 26 -0
130,932

26

~ 5035.85

Since one of the points is (0,86,821), the line is
given by the equation

y = 5035.85x + 86,821.
€ year corresponds to x = 36.
b) Th 2010 d 36

y = 5035.85(36) + 86,821
y ~ 268,112

We predict that the number of immigrants to Cal-
ifornia in 2010 will be about 268,112.

(a) Using the points (0,9.6) and (31, 19.2),

_19.2-96
~31-0
96

T3l

~ .31

Since (0,9.6) is on the line, the equation is given

by
p= .31t + 9.6.

72.

74.
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(b) The year 2010 corresponds to ¢t = 40.
p =.31(40) + 9.6 = 22

If the trend continues, about 22% of college stu-
dents will be 35 and older in 2010.

(c) Let p = 31 and solve the equation for ¢.

31 =.31t+9.6
21.4 = .31t
t ~ 69

This corresponds to the year 1970 + 69 = 2039.

(a) If the temperature rises .3C° per decade, it
rises .03C° per year.

m = .03
b = 15, since a point is (0, 15).

T =.03t+15

(b) Let T'=19; find t¢.

19 = .03t + 15
4= .03t
133.3 =1t
133~ 1t

1970 4+ 133 = 2103

The temperature will rise to 19°C in about the
year 2103.

13,150 — 2773 10,377

_ _ — 207.54
(@) m = =050 1050 50 07:5

This means that each year there is an average in-
crease of about 208 stations.

(b) Use the point-slope form with (2000, 13,150).
y — 13,150 = 207.54(x — 2000)

y — 13,150 = 207.54x — 415,080
y = 207.54z — 401,930

(c) Let y = 15,000 and solve the equation for x.

15,000 = 207.54x — 401,930
416,930 = 207.54x
x ~ 2008.9

The estimated year when it is expected that the
number of stations will first exceed 15,000 is 2009.
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Linear Functions and Applications

1.2 Linear Functions and

10.

12.

Applications

. This statement is false.

The graph of f(z) = —3 is a horizontal line.

. This statement is true.

For any value of a,
f(0)=a-0=0,

so the point (0,0), which is the origin, lies on the
line.

. $12 is the fixed cost and $1 is the cost per hour.

Let £ = number of hours;
C(z) = cost of renting a saw for
x hours.

Thus,

C(z) = fixed cost + (cost per hour)
- (number of hours)

Cx)= 12+ 1z
12+ .

50¢ is the fixed cost and 35¢ is the cost per half-
hour.

Let £ = the number of half-hours;
C(x) = the cost of parking a car for
x half-hours.

Thus,
C(z) = 50 + 35z
= 35z + 50.

Fixed cost, $100; 50 items cost $1600 to produce.

Let C(x) = cost of producing x items.
C(z) = mz + b, where b is the fixed
cost.

C(z) = mz + 100
Now,
C(z) = 1600 when = = 50, so

1600 = m(50) + 100
1500 = 50m
30 = m.

Thus, C(x) = 30z + 100.

14.

16.

18.
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Marginal cost, $90; 150 items cost $16,000 to pro-
duce.

C(z) =90z +0b

Now, C(x) = 16,000 when x = 150.

16,000 = 90(150) + b
16,000 = 13,500 + b
2500 = b

Thus, C(z) = 90z + 2500.

For a linear function, the average rate of change
will be the same as the slope of the line. If the
function is not linear, the average rate of change
is the slope of the secant line connecting the be-
ginning and ending points.

5
D(q) =16 — Zq

(@) D(0) = 16—%(0) —16-0=16

When 0 can openers are demanded, the price is
$16.

(b) D(4) :16—2(4) —16-5=11

When 400 can openers are demanded, the price is
$11.

(c) D(8)= 16—%(8) —16-10=6

When 800 can openers are demanded, the price is

$6.
(d) Let D(q) = 8. Find gq.

8= 16— ¢
4
5
11~
q=64

When the price is $8, 640 can openers are demanded.

(e) Let D(q) = 10. Find gq.

5
10=16——=¢q
4
5
117
q=4.8

When the price is $10, 480 can openers are de-
manded.
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(f) Let D(¢q) = 12. Find q.

12=16— g
5 _

117
q=3.2

(8)
3
(h) S(q) = Zq
Let S(g) = 0. Find q.
3
0=gq

When the price is $0, 0 can openers are supplied.

(i) Let S(q) = 10. Find gq.

3
10 = -
17
40
3 —4
qg=13.3

When the price is $10, about 1333 can openers are
supplied.

(3) Let S(¢) = 20. Find q.

20=%q

80

g—q
q=26.6

When the price is $20, about 2667 can openers are
demanded.

Chapter 1 LINEAR FUNCTIONS

(k)

5 3

16=70=7

16 = 2¢

8=q

3
S(8) = $(8) =6

The equilibrium quantity is 800, and the equilib-
rium price is $6.

a
@ i
100 « 2 =100-%¢
2
-+ p= §q
50 -+ (125, 50)
: : : ¥
0 125 2509

2 =100 2
74= 54
4
—q =100
5q
q =125
2

5(125) = =(125) = 50

The equilibrium quantity is 125, the equilibrium
price is $50
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22,

24.

Linear Functions and Applications

(a) C(x) = max + b; m = 3.50; C(60) = 300

C(z) =3.50z + b

Find 0.
300 = 3.50(60) + b
300 =210+0b
0=0>
C(z) = 3.50z + 90
(b) R(z) =9z
Clx) = R(x)
3.50z + 90 = 9z
90 = 5.5z
16.36 = x

Yoshi must produce and sell 17 shirts.
(¢) P(z) = R(z) — C(z); P(x) =500

500 = 92 — (3.502 + 90)

500 = 5.5 — 90
590 = 5.5
10727 ==z

To make a profit of $500, Yoshi must produce and
sell 108 shirts.

(a) Using the points (100,11.02) and (400, 40.12),

40121102 291
©400-100 300
y — 11.02 = .097(z — 100)
y —11.02 = .097x — 9.7
y = .097z + 1.32
C(z) =.097x + 1.32

.097.

(b) The fixed cost is given by the constant in
C(z). Tt is $1.32.

(c) C(1000) = .097(1000) + 1.32 = 97 + 1.32
= 98.32

The total cost of producing 1000 cups is $98.32.

(d) C(1001) =.097(1001) + 1.32 = 97.097 + 1.32
= 98.417

The total cost of producing 1001 cups is $98.417.

(e) Marginal cost = 98.417 — 98.32
=8$.097 or 9.7¢
(f) The marginal cost for any cup is the slope,

$.097 or 9.7¢. This means the cost of producing
one additional cup of coffee would be 9.7¢.

26.

28.
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(a) (100,000)(50) = 5,000,000

Sales in 1996 would be 100,000 + 5,000,000 =
5,100,000.

(b) The ordered pairs are (1, 100,000) and

(6, 5,100,000).

~ 5,100,000 — 100,000 _ 5,000,000

B 61 5

— 1,000,000

(c) m

y — 100,000 = 1,000,000(z — 1)
y — 100,000 = 1,000,000z — 1,000,000
y = 1,000,000z — 900,000
S(x) = 1,000,000z — 900,000
(d) Let S(z) = 1,000,000,000. Find z.

1,000,000,000 = 1,000,000z — 900,000
1,000,900,000 = 1,000,000z
z = 1000.9 ~ 1001

Sales would reach one billion dollars in about
1991 + 1001 = 2992.

(e) According to our linear model, in 2003, z = 13
and estimated sales would be

S(13) = 1,000,000(13) — 900,000 = 12,100,000

or about $12,100,000. Sales are growing much
faster than linearly if they reached one billion dol-
lars in 2003.

C(z) =12z + 39; R(z) = 25z
(a)  C(r) = R(z)

12z + 39 = 25x
39 =13z
3=z

The break-even quantity is 3 units.

(b) P(z) = R(z) - C(x)

P(x) = 25z — (12x + 39)
P(z) = 13z — 39
P(250) = 13(250) — 39
— 3250 — 39
= 3211

The profit from 250 units is $3211.
(c) P(z) = $130; find z.

130 = 13z — 39
169 = 13x
13==x

For a profit of $130, 13 units must be produced.
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30. C(z) = 105z + 6000

R(z) = 250
Set C(x) = R(x) to find the break-even quantity.
105z + 6000 = 250x
6000 = 145z
4138~z

The break-even quantity is about 41 units, so you
should decide to produce.

P(z) = R(z) — C(x)
= 250z — (1052 + 6000)
= 145z — 6000

The profit function is P(x) = 1452 — 6000.

32. C(z) = 1000z + 5000
R(z) = 900z

9002 = 1000z + 5000
—5000 = 100z
—50==x

It is impossible to make a profit when the break-
even quantity is negative.
greater than revenue.

Cost will always be

P(z) = R(z) - C(z)
= 900z — (10002 + 5000)
= —1002 — 5000

The profit function is P(z) = —100x—500 (always
a loss).

34. Use the formula derived in Example 7 in this sec-
tion of the textbook.

F = 20+32
5
5

C=2(F-32)
9

(a) C = 37; find F.
:%(37)+32

F=23 3
5

F =98.6

The Fahrenheit equivalent of 37°C is 98.6°F.

Chapter 1 LINEAR FUNCTIONS

(b) C = 36.5; find F.

9
F = 2(36.5) + 32

F=65.7432
F=977

C =37.5; find F.

9
F=(375) +32

=67.5+32=99.5

The range is between 97.7°F and 99.5°F.

1.3 The Least Squares Line

2. For the set of points (1,4), (2,5), and (3,6),
Y =z + 3. For the set (4,1), (5,2), and (6, 3),
Y=x-3.
4. nb+ > x)ym=>y
(Co)b+ (Ca*)m =Yy
nb+ (D a)m = Sy
nb = y)—Qx)m
y_ Sym(y)
b3 T@I%@#)m:zxy

D0y —m ) +nm(a?) = n(xy)
1) 02y —m 2)*+nm(a?) = n(xy)
nm (3 2?)—m(3 x)* = n(Cay - (o) (1
2% -2 = ey -
= 12 -0 90 Y
n(Q )= x)?

s =

8
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6. (a)

8. (a)

The Least Squares Line

10b 4+ 965m = 95.3
10b 4+ 965m = 95.3

10b = 95.3 — 965m
~ 95.3—965m
B 10
b=95.3 —96.5m

b

965b + 93,205m = 9165.1
965(9.53 — 96.5m) + 93,205m = 9165.1
9196.45 — 93,122.5m + 93, 205m = 9165.1
82.5m = —31.35

m = —.38

b= 9.53 — 96.5(—.38) = 46.2
Y = —.382 + 46.2

(b) The year 2004 corresponds to x = 104.
Y = —.38(104) + 46.2 = 6.68 (in thousands)

If the trend continues, there will be about 6680
banks in 2004.

10(9165.1) — (965)(95.3)

(c) r

~ /10(93,205) — 965 - /10(920.47) — 95.37
~ —.986

This means that the least squares line fits the data
points very well. The negative sign indicates that
the number of banks is decreasing as the years
increase.

9000

8000 + ®
7000 + .

6000 +

Debt (in dollars)
[ ]

5000 +

T

| | | | | 1 !
T T T T T

]

T T T

95 96 97 98 99 100101 102
Years Since 1900

Yes, the pattern is linear.

(b) = y Ty a? y?
95 | 5832 | 554,040 | 9025 | 34,012,224
96 | 6487 | 622,752 | 9216 | 42,081,169
97 | 6900 | 669,300 | 9409 | 47,610,000
98 | 7188 | 704,424 | 9604 | 51,667,344
99 | 7564 | 748,836 | 9801 | 57,214,096
100 | 8123 | 812,300 | 10,000 | 65,983,129
101 | 8367 | 845,067 | 10,201 | 70,006,689
102 | 8562 | 873,324 | 10,404 | 73,307,844
788 | 59,023 | 5,830,043 | 77,660 | 441,882,495

51

8b 4 788m = 59,023

8b = 59,023 — 788m

59,023 — 788m

b
8

788b + 77,660m = 5,830,043

738 (59,023 8— 788m

788(59,023 — 788m) + 621,280m = 46,640,344
46,510,124 — 620,944m + 621,280m = 46,640,344
336m = 130,220
m ~ 387.56

> + 77,660m = 5,830,043

59,023 — 788 130,220
b= ( 336 ) — 30.796.74

8
Y = 387.56z — 30,796.74

9000

8000

7000

6000

Debt (in dollars)

5000 +

1,

| 1 l l Il 1 l
T T T T T

|

T T

95 96 97 98 99 100101 102
Years Since 1900

The line appears to be a good fit.

(c)

8(5,830,043) — (788)(59,023)

\/8(77,660) — 7882. \/8(441,882,495) — 59,0232
~ .991

This indicates that the least squares line fits the
data points very well.

(d) Let Y = 10,000 and solve for x.

10,000 = 387.56x — 30,796.74
40,796.74 = 387.56x
T ~ 105

If the trend continues, household debt will reach
$10,000 in 1900 + 105 = 2005.
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(@) £l © 1= 7(28,917.1) — (679)(298.6)
Sl .0 /7(65,891) — (679)2 - \/7(12,330.38) — 298.62
2 451
< * . r A —.923
= 401 .
8 . This indicates a reasonably good fit, as concluded
35+ .
5 in part (b).
Z ’[/I ! | Il | 1 1 1 |
94 95 96 97 98 99 100 101 (d) The line lies near most of the points. The
Years Since 1900 most distant two are still relatively close to the
If all points are included, the pattern is line.
not linear. 12. (a) T y Ty 72 e
88.6 20.0 1772 7849.96( 400.0
® x| o 2 2 71.6 | 160 | 11456 | 5126.56| 256.0
93.3 19.8 1847.34 8704.89| 392.04
) I e R S3 | 1at | dooia| o] ek
96 47'0 4512 9216 2209' 80.6 17.1 1378.26 6496.36( 292.41
97 43'0 4171 9409 1849 75.2 15.5 1165.6 5655.04| 240.25
' 69.7 14.7 1024.59 4858.09| 216.09
98 41.0 4018 9604 1681

82.0 17.1 | 1402.2 6724 292.41
69.4 154 | 1068.76 | 4816.36| 237.16
83.3 16.2 | 134946 | 6938.89| 262.44
79.6 15.0 1194 6336.16| 225
82.6 17.2 1420.72| 6822.76( 295.84
80.6 16.0 [ 1289.6 6496.36| 256.0
83.5 17.0 [ 1419.5 6972.25| 289.0
76.3 14.4 1098.72 5821.69| 207.36
1200.6 | 249.8 [20,127.47| 96,725.86 | 4200.56

99 | 38.5 3811.5 9801 1482.25
100 | 37.1 3710 10,000 1376.41
679 | 298.6 | 28,917.1 | 65,891 | 12,830.38

b+ 679m = 298.6
7b = 298.6 — 679m

_ 298.6 — 679m
N 7

679b + 65,891m = 28,917.1 15b + 1200.6m = 249.8
670 (298.6 — 679m 1200.6b + 96, 725.86m = 20,127.47

7

b

65,891m = 28,917.1
> To.eom ’ 150 = 249.8—1200.6m

249.8—1200.6m

679(298.6 — 679m) + 461,237Tm = 202,419.7 b= =
202,749.4 — 461,041m + 461,237m = 202,419.7 40,8 1900.6
196m = —329.7 1200.6 (1—5m) 196,725.86m = 20,127.47
208.6 670 (3201 m & —1.682 1200.6(249.8 — 1200.6m) +1,450,887.9m = 301,912.05
p= 0 - (=157 — 205.825 299,909.88 — 1,441,440.36m = 301,912.05
Y = —1.6822 + 205.825 +1,450,887.9m
9447.54m = 2002.17
m ~ 212
£ 50 249.8 — 1200.6(.212
S 15
=45+
= Y = 2122 — 315
5 40 1
2. (b) Let z = 73; find Y.
g- Y = .212(73) — .315
Z L/I 1 ] ] | ] ] 1 ]
/9I4 9I5 9I6 9I7 9I8 9I9 l(l)() l(l) ~15.2
Years Since 1900 If the temperature were 73°F,

you would expect to hear 15.2
The line fits the data reasonable well. chirps per second.
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(c) Let Y = 18; find x.
18 = .212x — .315
18.315 = .212x
86.4 ~ x
When the crickets are chirping 18
times per second, the temperature
is 86.4°F.

(d)

15(20,127) — (1200.6)(249.8)

T =
/15(96,725.86) — (1200.6)2 - 1/15(4200.56) — (249.8)?
= .835

14. (a)

Income in thousand
of dollars

|

T T T T T T T T

5 10 15 20 25 30 35 40
Year

0

Yes, the data appear to lie along a straight line.

(b)
7(1460.97) — (105)(75.402)

V/7(2275) — 1052 - 1/7(968.270792) — 75.4022
r~ .998

Yes, there is a strong positive linear correlation be-
tween the income and the year.

(c) 7+ 105m = 75.402
7b = 75.402 — 105m

75402 — 105m
o 7
105b + 2275m = 1460.97

402 — 1
105 (M) 4 2275m = 1460.97
105(75.402 — 105m) + 15,925m = 10,226.79
7917.21 — 11,025m + 15,925m = 10,226.79
4900m = 2309.58
m =~ .471

b

75.402 — 105 (239258
b: ( 4900 ) %3702

7
Y = 471x + 3.702

53

(d) The year 2015 corresponds to
x =45.
Y = .471(45) + 3.702
Y ~ 24.897

The predicted poverty level in the year 2015 is
$24,897.

16. (a)

x y xy x? y?

150 | 5000 750,000 22,500] 25,000,000
175 | 5500 962,500 | 30,625 | 30,250,000
215 | 6000| 1,290,000| 46,225| 36,000,000
250 | 6500| 1,625,000 | 62,500| 42,250,000
280 | 7000| 1,960,000| 78,400| 49,000,000
310 | 7500| 2,325,000| 96,100| 56,250,000
350 | 8000| 2,800,000122,500| 64,000,000
370 | 8500| 3,145,000|136,900| 72,250,000
420 | 9000| 3,780,000 |176,400| 81,000,000
450 | 9500| 4,275,000(202,500| 90,250,000
2970 [72,500 | 22,912,500 [974,650| 546,250,000

10b + 2970m = 72,500
2970b + 974,650m = 22,912,500

10b = 72,500 —2970m
b="7250—-29Tm

2970(7250 — 297m) + 974,650m = 22,912,500
21,532,500 —882,090m + 974,650m = 22,912,500
92,560m = 1,380,000
m = 14.9
b= 17250 — 297(14.9) =~ 2820
Y = 14.9x + 2820

(b) Let x = 150; find Y.

Y = 14.9(150) + 2820
Y =~ 5060, compared to actual 5000

Let = 280; find Y-

Y = 14.9(280) + 2820
~ 6990, compared to actual 7000

Let x = 420; find Y.

Y = 14.9(420) + 2820
~ 9080, compared to actual 9000

(c) Let & = 230; find Y-

Y = 14.9(230) + 2820
~ 6250

Adam would need to buy a 6500 BTU air condi-
tioner.
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18. (a)

(b)

xT

Y

LY

2

Chapter 1 LINEAR FUNCTIONS

y2

15
25
35
45
95
65
75
85
95

113.4
111.9
111.9
109.7
106.6
105.7
104.3
103.7
101.73
101.11

567
1678.5
2797.5
3839.5
4797
9813.5
6779.5
775
8647.05
9605.45

25
225
625

1225
2025
3025
4225
5625
7225
9025

12,859.56
12,521.61
12,521.61
12,034.09
11,363.56
11,172.49
10,878.49
10,753.69
10,348.9929
10,223.2321

500

1070.04

52,3025

33,250

114,677.325

10b + 500m = 1070.04
5006 + 33,250m = 52,302.5
10b = 1070.04 — 500m
b =107.004 — 50m

500(107.004 — 50m) + 33,250m = 52,302.5
53,502 — 25,000m + 33,250m = 52,302.5

b = 107.004 — 50(—.1454)
b 114.27
Y = —.1454x + 114.27

LYy

8250m = —1199.5
m = —.1454

y2

25
35
45
55
65
6]
85
95

144.0
135.6
132.0
125.0
118.0
117.48
113.28

113.28[10,761.6

3600.0
4746

5940.0
6875.0
7670.0
8811

9628.8

625
1225
2025
3025
4225
9625
7225
9025

20, 736
18,387.36
17,424
15,625
13,924
13,801.5504
12, 832.3584
12, 832.3584

480

098.64 [58,032.4

33,000

125,562.6272

8b 4 480m = 998.64
480b + 33,000m = 58,032.4
8b = 998.64 — 480m
b=124.83 — 60m

480(124.83 — 60m) + 33,000m = 58,032.4
59,918.4 — 28,800m + 33,000m = 58,032.4

b = 124.83 — 60(—.4490)
b= 15177
Y = —.4490z + 151.77

4200m = —1886
m = —.4490



Section 1.3 The Least Squares Line

(c) —.1454x 4 114.27 = — 4490z + 151.77
3036z = 37.5
x~ 123.52 ~ 124
1900 + 124 = 2024

The women will catch up to the men in the year 2024.

10(52,302.5) — (500)(1070.04)

/10(33,250) — 5002 - 1/10(114,677.325) — (1070.04)2
8(58,032.4) — (480)(998.64) oess

/3(33,000) — 4307 - 1/8(125,562.6272) — (998.64)2

(d) Tmen = = —.9877

Twomen =

Both sets of points closely fit a line with negative slope.

20. (a) = Yy xy 22

1 33 33 1

2 34 68 4

3 36 108 9

4 35 140 16

5 40 200 25

6 44 264 36

7| 48| 336 49

8 45 360 64

9 46 414 81
10 48 480 100
11 49 539 121
12 49 588 144
13 48 624 169
14 o4 756 196
15 o7 855 225
120 | 666 | 5765 | 1240

15b + 120m = 666
1200 4 1240m = 5765
15b = 666 — 120m

. 666 — 120m
o 15
—12
190 <666 0om

15

8(666 — 120m) + 1240m = 5765
5328 — 960m + 1240m = 5765
280m = 437
m ~ 1.5607

) + 1240m = 5765

666 — 120(1.5607)
o 15

Y = 1.5607z + 31.914

b ~ 31.914
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(b) Let Y =75 (1 hour and 15 minutes beyond
2 hours); find x.

75 = 1.5607x + 31.914
43.086 = 1.5607x
276l ~z

If the trend continues, the average completion
time will be 3 hours and 15 minutes in the year
1980 + 27.61 ~ 2008.

Chapter 1 Review Exercises

2. To complete the coefficient of correlation, you need
to compute the following quantities: > x, >y,

Sy, S22, Y y?, and n.

4. Through (4,—1) and (3,—3).

The slope of the line is undefined.

8.4x—y="7
—y=—4x+7
y=4x -7
m=4

10. 3y —1=14
3y=14+1
3y=15
Yy=2>5

This is a horizontal line. The slope of a horizontal
line is 0.

12.

14.

16.

18.

20.

Chapter 1 LINEAR FUNCTIONS

T =5y
1
57"
1
=5
Through (8,0), with slope f%

Use point-slope form.

1
y—O:—Z(m—S)
1
y:fza:+2

Through (2, —-3) and (—3,4)

43 T
-3-2 5
Use point-slope form.
7
y— (3= —1(z-2)
+3——7x+14
Yro= 5273
7 14
=—= — -3
Y 5J:+5
7 14 15
Y=TEYTS T
7773;71
Y=75 73

Through (—2,5), with slope 0

Horizontal lines have 0 slope and an equation of
the form y = k.

The line passes through (—2,5) so k = 5. An equa-
tion of the line is y = 5.

Through (0, 5), perpendicular to 8z + 5y = 3
Find the slope of the given line first.

8r +5y =3
5y =—-8x+3
-8 3
Y=F s
8
=75

The perpendicular line has m = 2.
Use point-slope form.

2]



Chapter 1 Review Exercises

22. Through (3, —5), parallel to y = 4

Find the slope of the given line.

y = 0z + 4, so m = 0, and the required line will
also have slope 0.

Use the point-slope form.

y— (=5 =0(z-3)

y+5=0
y=->5
24. y=4x+3
Let x = 0. y=4(0)+3
y=3
Let y =0. 0=4z+3
—3=4z
1=

T N

26.3x —5y =15
-5y =—-3x+15

3
=2z-3
Y 5:”
When z =0, y = —3.
When y =0, z =5.
Draw the line through (0, —3) and (5,0).

b

57

28.2+2=0
T=—-2

This is the vertical line through (-2, 0).

1]
(3]
llllll?_lllllll

30. y =2z

When 2 =0, y =0.
When z =1, y =2.
Draw the line through (0,0) and (1, 2).

¥
] y=2

4

IIIlIlIO:I

] T
L L

32. (a) E =352+ 42z (where z is in thousands)
(b) R =130z (where x is in thousands)

(¢ R>FE
130z > 352 + 42«
88x > 352
>4

For a profit to be made, more than 4000 chips
must be sold.

34. Using the points (60,40) and (100, 60),

mo B _B_
100 — 60 40
p — 40 = .5(q — 60)
p—40 = .5¢ — 30
p=.5¢+10
S(q) = .5g + 10

36.  S(q)=D(q)
5g+ 10 = —.5q + 72.50
q = 62.5
5(62.5) = .5(62.5) + 10 = 31.25 + 10 = 41.25

The equilibrium price is $41.25, and the equilib-
rium quantity is 62.5 diet pills.
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38.

40.

42.

Fixed cost is $2000; 36 units cost $8480.
Two points on the line are (0,2000) and (36, 8480), so

8480 — 2000 6480

= = 180.
36 —0 36 80

Use point-slope form.

y = 180z + 2000
C(x) = 180z + 2000

Thirty units cost $1500; 120 units cost $5640.
Two points on the line are (30, 1500), (120, 5640),

SO
5640 — 1500 4140

120—30 90

Use point-slope form.

46.

y — 1500 = 46(x — 30)
y = 46x — 1380 + 1500

y = 46z + 120

C(z) = 46z + 120

(a) C(z) =3z + 160; R(z) = Tx

C(z) = R(z)
3z + 160 = Tz
160 = 4x
40 =z

The break-even quantity is 40 pounds.
(b) R(40) =7 -40 = $280

The revenue for 40 pounds is $280.

44. Using the points (91, 6) and (101, 19),
19-6 13
mETor—or 10
y—10 = 1.3(z — 91)
y—10=1.3 —-118.3
y=13—108.3
46. (a)
x y zy ? y?
75 6000 450,000 5625 36,000,000
80 7500 600,000 6400 56,250,000
85 | 12,000 | 1,020,000 7225 144,000,000
90 | 16,000 | 1,440,000 | 8100 | 256,000,000
95 | 20,400 | 1,938,000 9025 416,160,000
100 | 24,900 | 2,490,000 | 10,000 620,010,000
525 | 86,300 | 7,938,000 | 46,375 | 1,528,420,000

Chapter 1 LINEAR FUNCTIONS

6b + 525m = 86,800
6b = 86,800 — 525m
86,800 — 525m
- =
525b + 46,375m = 7,938,000

b

— 52
595 (M) + 46,375m = 7,938,000

525(86,800 — 525m) + 278,250m = 47,628,000
45,570,000 — 275,625m + 278,250m = 47,628,000
2625m = 2,058,000
m = 784
, _ 86,800 — 525(784)

6
Y = 784x — 54,133.33

~ —54,133.333

(b) Y = 784(105) — 54,133.33
~ 28,186.67

The average cost of a new car in the year 2005 is
predicted to be about $28,187.

(c)

6(7,938,000) — (525)(86,800)
/6(46,375) —5252 - /6(1,528,420,000) — 86,3002

~ .993

Yes, this indicates that the line fits the data points
quite well.

(d) 30,000
25,000 + .

20,000 -
15,000 ¢
10,000
5000+ ¢

0o YH—+—"F—"F+—+——+—

75 80 85 90 95 100105
Years Since 1900

Cost (in dollars)

No, the scatterplot suggests that the trend is lin-
ear.
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48. (a) =z y xy x? >
130 170 22,100 16,900 28,900
138 160 22,080 19,044 25,600
142 | 173 | 24,566 | 20,164 | 29,929
159 181 28,779 25,281 32,761
165 201 33,165 27,225 40,401
200 192 38,400 [ 40,000 36,864
210 | 240 | 50,400 | 44,100 | 57,600
250 290 72,500 62,500 84,100
1394 | 1607 | 291,990 | 255,214 | 336,155

8b + 1394m = 1607
13940 + 255,214m = 291, 990

8b = 1607 — 1394m

1607 —1394m

b
8

1607 — 1394
1394 (M) +255,214m = 291,990

1394(1607 — 1394m) + 2,041,712m = 2,335,920
2,240,158 —1,943,236m+2,041,712m = 2,335,920
98,476m = 95,762
m = .9724400
~ .97

1607 — 1394(.97)
B 8

Y = .97z 4 31.85

b ~ 31.85

(b) Let x = 190; find Y.

Y =.97(190) + 31.85
Y =216.15 =~ 216

The cholesterol level for a person whose
blood sugar level is 190 would be about 216.

(c)
8(291,990) — (1394)(1607)

T =
/3(255,214) — 13942 - /3(336,155) — 16072
= 933814 ~ .93

50. Using the points (90, 52.6) and (100,59.9),

599526 73

100—-90 10 3

y — 59.9 = .73(z — 100)
y—959.9=.73x - 73
y=.73x —13.1

Extended Application: Using
Extrapolation to Predict Life
Expectancy

1. T Y Ty x? y?
1950 | 71.3 139,035 | 3,802,500 | 5083.69
1960 | 73.1 143,276 | 3,841,600 | 5343.61
1970 | 4.7 147,159 | 3,880,900 | 5580.09
1980 | 77.4 153,252 | 3,920,400 | 5990.76
1985 78.2 155,227 | 3,940,225 | 6115.24
1990 | 78.8 156,812 | 3,960,100 | 6209.44
1995 78.9 157,406 | 3,980,025 | 6225.21
13,830 | 532.4 | 1,052,167 | 27,325,750 | 40,548

b + 13,830m = 532.4
13,8306 + 27,325,750m = 1,052,167
7b = 532.4 — 13,830m

5324 —13,830m

b
7

532.4 — 13,830m
7

13,830(532.4 — 13,830m) + 191,280,250m = 7,365,169
7,363,092 — 191,268,900m + 191,280,250m = 7,365,169
11,350m = 2077
m ~ .183

13,830 < ) +27,325,750m = 1,052,167

_532.4 —13,830(.183)
n 7

Y = —285+ .183z

b ~ —285

2. Let £ = 1900

Y = —285 + .183(1900)
Y =62.7

From the equation, the guess is the life expectancy
of females born is 1900 is 62.7 years.

3. The poor prediction isn’t surprising, since we were
extrapolating far beyond the range of the original
data.
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4. T Predicted value | Residual
1950 71.850 —.550
1960 73.680 —.580
1970 75.510 —.810
1980 77.340 .060
1985 78.255 —.055
1990 79.170 —.370
1995 80.085 —1.185

2..
1<_
T 19]50 . 19]70 . 19?0
_1: e °
a1

5. It’s not clear that any simple smooth function will
fit this data—there seems to be a break in the pat-
tern between 1970 and 1980. This will make it
difficult to predict the life expectancy for females
born in 2010.

6. You’ll get 0 slope and 0 intercept, because you’ve
already subtracted out the linear component of
the data.

7. They used a regression equation of some kind to
predict this value!



Chapter 2

NONLINEAR FUNCTIONS

2.1 Properties of Functions

2. The z-value of 27 corresponds to two y-values, 69
and 50. In a function, each value of x must corre-
spond to exactly one value of y.

The rule is not a function.

4. 9 corresponds to 3 and —3, 4 corresponds to 2 and
—2, and 1 corresponds to —1 and 1.
The rule is not a function.

6. y=x

Each z-value corresponds to exactly one y-value.
The rule is a function.

8. x=y*t—-1
Solve the rule for y.

yr=1+4+2 or y=xvi+a

Each value of x (except —1) corresponds to two
y-values

y=+v1l+z and y=—+v1+=x.

The rule is not a function.

10. y=—4x+9

| -2 -1 0 1 3
y|17 13 9 5 1 -3
Pairs: (-2,17), (—1,13), (0,9),
(1,5), (2,1), (3,-3)

Range: {—3,1,5,9,13,17}
)7
20+
2,17
o
8t
4__’
A
6 Te6 *
+ (3,-3)

Pairs: (—=2,-9), (-1,-3), (0,3),
(1,9), (2,15), (3,21)
Range: {-9,-3,3,9,15,21}

N[
[l I NV}
Ol w

Pairs: (-2,20), (-1,12), (0,6),
(1,2), (2,0), (3,0)
Range: {0,2,6,12,20}

y

oL

20

oL

10

-

To
I o e
I4 *

61
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16. y = —2z2

z|-2 -1 0 1 2 3
y|-8 -2 0 -2 -8 -18

Pairs: (—2,-8), (—1,-2), (0,0),
(17 _2)7 (27 _8)7 (37 _18)
Range: {—18,—8,—2,0}

y
H:H}::i::{:}x
T.
-2
18. y =
Y x+4
x|-2 -1 0o 1 2 3
2 1 2 1 2
v -1 -3 -3 -3 -3 -3
Pairs: (_27 1)7 (_17_%)7 (07_%)7

2) 5y 3
y__
2__
T 2
RN L
2+
2r +1
20. y =
y z+3
z|-2 -1 0 1 2 3
1 1 3 7
y|-3 -3 3 1 1 3§
Pairs: (—2,-3), (—17—%), (07%)’
(1,3), (2,1), (3,%)
Range: [—3,—%7%,%,17%}
y__
2__
1 _i : 1 T é |x
_2——
[ ] —_

22,

24.

26.

28.

30.

32.

Chapter 2 NONLINEAR FUNCTIONS

flx) =a+2

x can take on any value, so the domain is the set
of real numbers, which is written (—oo, 00).

f) = (z—2)?

x can take on any value, so the domain is the set
of real numbers, (—oo, o).

f) =l -1

x can take on any value, so the domain is the set
of real numbers, (—oo, 00).

flx)=Bx+5)2=3x+5
For f(z) to be a real number,

3xr+5>0
3z > -5

%(?ms) >

Wl

In interval notation, the domain is [~2, 00).

-8

f(f):m

In order for f(z) to be a real number, 2% — 36
cannot be equal to 0.

When z2—-36=0,
% =36
=6 or x=—6.

Thus, the domain is any real number except 6 or
—6. In interval notation, the domain is

(=00, —6) U (—6,6) U (6,00).

L

x can take on any value. No choice for x will pro-
duce a zero in the denominator. Also, no choice
for = will produce a negative number under the
radical. The domain is (—oo, 00).



Section 2.1  Properties of Functions
34. f(x) =+1bz2 + 2 —2

36.

38.

40.

The expression under the radical must be nonneg-
ative.
1522 4+2—-2>0
(5x+2)(3x—1) >0

Solve (5x +2)(3x — 1) = 0.

br4+2=0 or 3z—1=0
Sr = —2 3r =

2 1

r=—— or r==

5 3

Use these numbers to divide the number line into
3 intervals, (—oo7 —%) , (—%, %) , and (%,oo) .
Only values in the intervals (—oo, —%) and (%, o0

satisfy the inequality. The domain is (—oo, —%] U

1.59).

o) =25

For f(x) to be a real number,

x+1>0.
x—1 "

@1 (7)== 00

x—1

r+1=0
r=-1

Also, x # 1, since this will cause the denominator
to be zero.

Use the numbers —1 and 1 to divide the num-
ber line into 3 intervals, (—oo,—1), (—1,1), and
(1,00).

Ounly the values in the intervals (—oo, —1] and
(1, 00) satistfy the inequality.

The value —1 is included, since the numerator may
be zero, but the value 1 is not included since it
would make the denominator zero.

The domain is (—oo, —1] U (1, 00).

By reading the graph, the domain is all numbers
greater than or equal to —5. The range is all num-
bers greater than or equal to 0.

Domain: [—5,00) Range: [0, 00)

By reading the graph, both = and y can take on
any values.

Domain: (—o00, c0) Range: (—o00,00)

42. f(x)=(z+3)(z —4)

m
or 2(2+3m)§1—2m)
m
(e) fl@)=1
(x+3)(z—4)=1
?—r—-12=1
22—2—-13=0
1+ V1452
e 2
. 1++/53
2

r~ —3.140 or x ~ 4.140

C3()-5 12-5 7
@ /=33~ 333 1

P Ca +
SIS RS
|

—~~
o
N
~
/~
3w
~
Il
RO W
SN— | ~—
_|_

| ot

<y
3
=N
|
ISy
3

+
13 5K

[~ o

~

S 3
|
ot

63
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(e) flx)=
3r—5 _
20 +3
3r—5=2x+3
=28

46. The domain is all real numbers between the end
points of the curve, or [—2,4].
The range is all real numbers between the mini-
mum and maximum values of the function or [0, 5].

(@) f(=2)=5 (b) £(0)=0

@)f(%)—l

(d) From the graph, if f(z) =1, z = —.2, .5, 1.2, or
2.8.

48. The domain is all real numbers between the end
points of the curve, or [—2,4].
The range is all real numbers between the mini-
mum and maximum values of the function, or in
this case, {3}.

(a) f(-2) =3
(b) F(0) =3

(©) f (%) =3
(d) From the graph, f(z) is 1 nowhere.

50. flx) =62% -2
F@r—1)=6(2r —1) -2
—6(4r2 —dr+1)—2
=24r2 —24r +6—2
=24r% — 24r + 4

52. g9(z —p)
=(z=p)?—2(z—-p)+5
=22 —-22p+p*—22+2p+5

s (2)- () (2

25 10
== +—+5
z z
25 10z 522
T2 T T
25+ 10z + 522

56. A vertical line drawn anywhere through the graph
will intersect the graph in only one place. The
graph represents a function.

Chapter 2 NONLINEAR FUNCTIONS

58. A vertical line drawn through the graph will inter-
sect the graph in two or more places. The graph
does not represent a function.

60. A vertical line is not a function since the one z-
value in the domain corresponds to more than one,
in fact, infinitely many y-values. The graph does
not represent a function.

62. f(z) =8 — 322

(a) f(zx+h)=8-3(z+h)?
=8 — 3(2% + 2zh + h?)
=8 — 3% — 6zh — 3h?

(b) flz+h)—f(z)
= (8 — 32 — 6xh — 3h?)

— (8 — 322?)
=8 — 322 — 6xh — 3h? — 8 + 322
= —6xh — 3h?
(©) flx+h)— f(z) _ —6zh - 3h?
h h
_ h(—6x —3h)
h
= —6x — 3h

64. f(x) = —42? + 3z +2

(a) flz+h)
=—4(z+h)?>+3(x+h)+2
= —4(z* + 2hx + h?) + 3z + 3h + 2
= —42? — 8hx — 4h* + 3z + 3h + 2

(b) flz+hn)— f(z)
= —42? —8hx —4h®> +3x +3h + 2
— (—42® + 32+ 2)
= —4x? — 8hx — 4h?® + 3x + 3h + 2

+ 422 — 3x — 2
= —8hx — 4h? + 3h
(©) flx+h)— f(z) _ —8hx — 4h? + 3h
h h
_ h(—8x —4h +3)
h
— 8z —4h+3
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66. f(x):—% (8) S(43)=S(5)=7(5)+4=35+4=39
1 The cost is $39.
(a) fle+h)= NEETE
z (h) To continue the graph, continue the horizontal
_ 1 bars up and to the right.
22 4 2zh + h?
1 1 (i) The independent variable is z, the number of
(b) flx+h)— f(z)= “E TR <_F> full and partial days.
B 1 N 1 (j) The dependent variable is S, the cost of renting
T 224 2ah+ b2 2? a saw.
22
== 22(z2 1 2zh + 12) 70. (a) The curve in the graph crosses the point with

x-coordinate 17:37 and y-coordinate of approxi-
(2% + 2xh + h?) Y PP

x2(x? 4 2zh + h?)
—x? + 22 + 2xh + h?
22(z% + 2zh + 12) (b) The curve in the graph crosses the point with
2h + b2 z-coordinate 17:39 and y-coordinate of approxi-
== 23: 5 mately 240. So, at time 17 hours, 39 minutes the
@?(2? + 2ch + h?) whale reaches a depth of about 240 m.

mately 140. So, at time 17 hours, 37 minutes the

whale reaches a depth of about 140 m.

(c) fle+h) - f(x) _ % 72. (a)(i) By the given function f, a muskrat weigh-
h h ing 800 g expends
B 2c+h
- 22(22 4 2zh + h?) £(800) = .01(800)-88

~ 3.6, or approximately
68. If z is a whole number of days, the cost of renting

a saw in dollars is S(z) = 7z + 4. For z in whole 3.6 kcal /km when swimming at the surface of the

days and a fraction of a day, substitute the next water.

whole number for z in 7x + 4, because a fraction

of a day is charged as a whole day. (ii) A sea otter weighing 20,000 g expends

(a) S(3)=5(1)=7(1)+4=11 £(20,000) = .01(20,000)

The cost is $11. ~ 61, or approximately

(b) S(1)=7(1)+4=11 61 kcal/km when swimming at the surface of the
water.

The cost is $11.
(b) If z is the number of kilogram of an amimal’s

1y _ _ — —
(c) S(11) =5(2)=7(2)+4=14+4=18 weight, then z = ¢g(z) = 1000z is the number of

The cost is $18. grams since 1 kilogram equals 1000 grams.
(d) S(33)=5(4)=7(4) +4=28+4=32 74. (a) P =2L+2W
The cost is $32. 500

However, LW = 500, so L = W
(e) S4)=7(4)+4=28+4=32
The cost is $32.
(f) S(445) =5()=7(5)+4=35+4=39 PW)=——+42W
The cost is $39.
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(b) Since L = 32 W % 0 but W could be any
positive value. Therefore, the domain of P is 0 <

W < .
P = (1000/w) + 2w
300

e

0 100

2.

2 Quadratic Functions;
Translation and Reflection

4. The graph of y = (z — 3)? + 2 is the graph of
y = 22 translated 3 units to the right and 2 units
upward.

This is graph A.

6. The graph of y = —(3 — )% + 2 is the same as the
graph of y = —(z — 3)? 4 2. This is the graph of
y = 22 reflected in the z-axis, translated 3 units
to the right, and translated 2 units upward.
This is graph C.

8. y=22+6x+5
y=(z+5)(x+1)

Set y = 0 to find the z-intercepts.

0= (x+5)(x+1)
rT=-95 x=-1

The z-intercepts are —5 and —1.
Set « = 0 to find the y-intercept.

y=02+6(0)+5
Yy=>5
The y-intercept is 5.
The z-coordinate of the vertex is
L_b_ 6
2a 2
Substitute to find the y-coordinate.

—3.

y=(-3)2+6(-3)+5=9—-184+5=—4

The vertex is (—3, —4).

Chapter 2 NONLINEAR FUNCTIONS

The axis is * = —3, the vertical line through the

/

vertex.

10. y= —222 — 122 — 16
= —2(2? 4+ 62 + 8)
=2x+4)(r+2)
Let y = 0.
0=—-2(z+4)(z+2)

r=—4, x=-2

—4 and —2 are the z-intercepts.
Let z = 0.
y=—2(0)2 +12(0) — 16
—16 is the y-intercept.
-b 12
Vertex: t = — = — =
ertex: ¥ = —— = —
y=—2(-3)2 —12(-3) — 16
=—-184+36—-16=2

-3

The vertex is (-3, 2).
The axis is * = —3, the vertical line through the
vertex.

12. y =222+ 122 — 16

Let y = 0.
202 + 122 —16 =0
22 +6x—8=0
= 62 — 4(1)(-8)

2(1)
—6+168  —6+2/17
2 2

=-3+ V17
The z-intercepts are —3 £ /17 =~ 1.12 or —7.12.
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Let x =0.
y=2(0)2 +12(0) — 16 = —16
The y-intercept is —16.
The x-coordinate of the vertex is
o =b 12 3
v 2 4 7
If x = -3,
y=2(-3)+12(-3) — 16 = 18 — 52 = —34.

The vertex is (—3,—34).
The axis is x = —3.

f)=2x> +12x- 16

14. f(x) =222 —42+5
Let f(xz)=0.
0=22%2—4z+5

o 2(2)
4£v16-40 4+£/-24
N 4 N 4
Since the radicand is negative, there are no x-
intercepts.
Let x = 0.

y=2(0)2—4(0)+5
y=>5
5 is the y-intercept..

Vertex: © =

% 2(2)

The vertex is (1, 3).
The axis is x = 1.

fx)=2x%—4x+5
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1
16. f(x) = —§x2 +2x+4
Let f(z)=0.
L
0= —gac + 2z 44
Multiply by —3 to clear fractions.
0=2%—6x—12

Use the quadratic formula.

6+ /36 —4(1)(-12)

2

_6+VB1  6+2V21
22

Tr =

:2(312@) _ 34 a0

The z-intercepts are 3++/21 ~ 7.58 and 3—+/21 ~
—1.58.

Let x = 0.

T

=-346+4=7

The vertex is (3,7).
The axis is x = 3.

HpHH
fo)==(1/3)2?

I*I 4
X
+2x+4
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18.

20.

22.

*2x2—§x+§
YT3v T3t T3
Let y =0.
2, 8 5
0—513 *gl’+§

Multiply by 3.
0=222—-8x+5

—(=8) £ V(=8> —4(2)(5)

2(2)
_ 8+64—40 8424
B 4 4
_ 8+2V6 V6

=24+
1 2

xr =

The z-intercepts are 2 + @ ~ 3.22 and 2 — @ ~
.78.
Let x = 0.

% is the y-intercept.

_ _(_8 8

Vertex: :c:—b: (23) =3
20 2(3) 3
5

3

The vertex is (2, —1
The axis is x = 2.

The graph of y = v +2 — 4 is the graph of
y = /7 translated 2 units to the left and 4 units
downward.

This is graph D.

The graph of y = /—x +2 — 4 is the graph of
y = /—(z — 2) — 4, which is the graph of y = /%
reflected in the y-axis, translated 2 units to the
right, and translated 4 units downward.

This is graph C.

24.

26.

Chapter 2 NONLINEAR FUNCTIONS

The graph of y = —vx +2 — 4 is the graph of
y = v/ reflected in the z-axis, translated 2 units
to the left, and translated 4 units downward.
This is graph E.

The graph of y = f(z — 2) 4+ 2 is the graph of
y = f(x) translated 2 units to the right and 2
units upward.

28.y=f(2—x)+2

y=fl-(x—2)+2

This is the graph of y = f(z) reflected in the y-
axis, translated 2 units to the right, and translated
2 units upward.

T 696
(-3,2) ‘ }
% G0 7

30. flx)=vVr+1-4

Translate the graph of f(z) = /z 1 unit left and
4 units down.

y__
_'t_
2+ X
H+
(-1 _4)2_: f(x): \x+1-4
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32. f(x) =—v2—z+2=—/—(2—2)+2

Translate the graph of f(z) = \/r 2 units right
and 2 units up.
Reflect vertically and horizontally.

f)y=—N2-x +2

34. If 1 < a, the graph of f(ax) will be taller and
thinner than the graph of f(z). Multiplying x by
a constant greater than 1 pairs xz-values of smaller
absolute value with y-values of points for which
the x-values have larger absolute value.

y

36. If a < —1, the graph of f(ax) will be reflected
horizontally, since a is negative. It will also be
taller and thinner.

69

38. If 1 < a (or a > 1), the graph of af(x) will be
taller than the graph of f(z). The absolute value
of the y-value will be larger than the original y-
values, while the x-values will remain the same.

y

40. If a < —1, the graph of af(z) will be reflected
vertically. It will also be taller than the graph of
f(x) since the absolute value of each y-value will
be larger than the original y-values, while the z-
values stay the same.

y

42. (a) Since the graph of y = f(z) is reflected ver-
tically to obtain the graph of y = —f(z), the y-
intercept of the graph of y = —f(z) is —b.

(b) Since the graph of y = f(x) is reflected hor-
izontally to obtain the graph of y = f(—=x), the
y-intercept is unchanged. The y-intercept of the
graph of y = f(—x) is b.

(c) Since the graph of y = f(z) is reflected both
horizontally and vertically to obtain the graph
of y = —f(—x), the y-intercept of the graph of
y=—f(—x)is —b.
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44. (a) y
30

15

(b) Break-even quantities are values of x = num-
ber of widgets for which revenue and cost are equal.
Set R(x) = C(x) and solve for x.

2

3
=z i 1
2+8:E 2x+ 5

—22 + 162 = 32 + 30
22 —-13x+30=0
(x—10)(x—3)=0
r—10=0 or z—-3=0

x=10 or r=3

So, the break-even quantities are 3 and 10. The
minimum break-even quantity is z = 3.

(¢) The maximum revenue occurs at the vertex of
22 .

R. Since R(x) = —%- + 8, then the 2-coordinate

of the vertex is

T = _—b 8 8
BENEIC
So, the maximum revenue is
82
R(8) = = +8(8) = 32

(d) The maximum profit is the maximum differ-

ence R(z) — C(x). Since

x? 3
P(z) = R(z) — C(x) = -3 +8x — §I+ 15
x?2 13
=ty tge b

is a quadratic function, we can find the maximum
profit by finding the vertex of P. This occurs at

b -2 13
r=——— = —1 = —
2a 2 (—5) 2
Therefore, the maximum profit is

_ (132
P(E) :ﬁJFE(E) 15 = 6.125.

2 2 2\ 2

Chapter 2 NONLINEAR FUNCTIONS

46. (a) y
120

1 1 1 |
T T T T
?/—15 OA Ys 30%

(b) Break-even quantities are values of x for which

revenue equals cost.
Sete R(z) = C(z) and solve for z.

—42? + 402 = 4x + 77
42?2 — 362 +77=0
402 — 140 — 222+ 77 =0
202z —7) =112z = 7) =0
2z —7)(2x —11) =0
20 —7=0 or 2x—11=0
r=235 or xr=2>5.5

So, the break-even quantites are 3.5 and 5.5. The
minimum break-even quantity is x = 3.5.

(c) The maximum revenue occurs at the vertex of
R. Since R(z) = —42? +40x, then z-coordinate of
the vertex is

b —40

S iTEy R

So, the maximum revenue is
R(5) = —4(5)% + 40(5) = 100.

(d) The maximum profit is the maximum differ-

ence R(z) — C(x). Since P(x) = R(z) — C(x)
= —42?% + 40z — (4 + 77)
= —4a® + 362 — 77

is a quadratic function, we can find the maximum
profit by finding the vertex of P. This occurs at

b 36
2a  2(—4)

Therefore, the maximum profit is

SOROROR
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48.

50.

Quadratic Functions; Translation and Reflection

(a) The revenue is
R(x) = (Price per ticket)
- (Number of people flying).
Number of people flying = 100 — z
Price per ticket = 200 + 4x

R(x) = (200 + 42)(100 — x)
20,000 + 200z — 422

(b) R(x) = —42? + 2002+ 20,000
x-intercepts:

0 = (200 + 4z)(100 — z)
x=-50 or x=100

y-intercept:

y = —4(0)? +200(0) + 20,000

= 20,000

b —200
Vertex: # = — = ——— = 25
ertex: % 3

y = —4(25)2 4 200(25) + 20,000 = 22,500

This is a parabola which opens downward. The
vertex is at (25, 22,500).

y

30.000T 2592 500)

wn
(=
(=]
(=]

Revenue (dollars)

(=]

255075100 X
Number of unsold seats

(c¢) The maximum revenue occurs at the vertex,
(25, 22,500).
This will happen when = = 25, or there are 25
unsold seats.

(d) The maximum revenue is $22,500, as seen
from the graph.

Let & = the number of weeks to wait.
(a) Income per pound (in cents):
40 — 2z
(b) Yield in pounds per tree:
100 + 5z
(c) Revenue per tree (in cents):

R(x) = (100 + 5x)(40 — 2x)
R(zx) = 4000 — 102

52.

54.

71

(d) Find the vertex.
p=2- 0
22 20
y = 4000 — 10(0)2 = 4000

0

The vertex is (0,4000).
To produce maximum revenue, wait 0 weeks. Pick
the peaches now.

(e) R(0) = 4000 — 10(0)2 = 4000

or the maximum revenue is 4000 cents per tree or
$40.00 per tree.

1
S(x) = fz(x —10)2+40 for 0 < 2 < 10

1
(a) S(0) = 71(0 —10)2 440 = —25 +40 = 15
The increase in sales is $15,000.

(b) For $10,000, z = 10.
1 2
5(10) = —7(10 ~ 10)? + 40
5(10) = 40

The increase in sales is $40,000.

(c) The graph of S(z) = —%(x — 10)? + 40 is the
graph of y = —ixZ translated 10 units to the right
and 40 units upward.

y S(x)z—%(x—lO)z +40

f(x) = —.23692% + 1.425z + 6.905

This function defines a parabola opening down-
ward, so the maximum percent is at the vertex.
The x-coordinate of the vertex is

—b —1.425
=— =—""""_~3.0076
YT %40 T 2(—2369)
Since x = 0 represents the year 1992, the percent
of freshmen reached its maximum in 1992 + 3, or
1995.
The domain of f(z)is 0 <z <6.
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56. (a) The vertex of the quadratic function
y = .057x — .00122 is at

b .057

= 985,
50~ 3(—oon) P

Since the coefficient of the leading term, —.001,
is negative, then the graph of the function opens
downward, so a maximum is reached at 28.5 weeks
of gestation.

(b) The maximum splenic artery resistance reached
at the vertex is

y = .057(28.5) — .001(28.5)2
~ .81.

(c) The splenic artery resistance equals 0, when
y=0.

057z —.0012% = 0 Substitute in the
expression in x
for y.
2(.057 — .001z) =0 Factor.
x=0or .057 —.00lz =0 Set each factor

equal to 0.
.057
= —_— = 5
S T

So, the splenic artery resistance equals 0 at 0 weeks
or 57 weeks of gestation.

No, this is not reasonable because at x = 0 or 57
weeks, the fetus does not exist.

58. (a) f(x) = —19.32122 + 3608.72 — 168, 310

—b  —3608.7
20 2(—19.321) 93.388

The value x = 93.388 corresponds to 1993.

(b) f(93.388)
= —19.321(93.388)2 + 3608.7(93.388)
— 168,310
~ 194.68

The maximum amount spent is approximately $195
million.

Chapter 2 NONLINEAR FUNCTIONS

(c) Graph
F(z) = —19.32122 + 3608.7z— 168,310.

(f(x) =-19.321x% + 3608.7x 168,310

250 /

97
60. h = 32t — 16t>
= —16t? 4 32t
(a)Find the vertex.
~b  —32
T T TR
y = —16(1)% + 32(1)
=16

The vertex is (1,16), so the maximum height is 16
ft.
(b)When the object hits the ground, h = 0, so

32t —16t* = 0
16¢(2—t) =0
t=0 or t=2.
When ¢t = 0, the object is thrown upward. When

t = 2, the object hits the ground; that is, after 2
sec.

62. Let x = the width.
Then 320 — 2z = the length.

Highway

320 — 2x

Area = (320 — 2z) = —222 + 320z
Find the vertex:

-b —-320
. 2a —4

y = —2(80)2 + 320(80) = 12,800
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64.

Polynomial and Rational Functions

The graph of the area function is a parabola with
vertex (80, 12,800).

The maximum area of 12,800 sq ft occurs when
the width is 80 ft and the length is

320 — 2z = 320 — 2(80) = 160 ft.

Draw a sketch of the arch with the vertex at the
origin.

(15, -15)

Since the arch is a parabola that opens down-
ward, the equation of the parabola is the form
y = a(z — h)? + k, where the vertex (h, k) = (0,0)
and a < 0. That is, the equation is of the form
y = az?.

Since the arch is 30 meters wide at the base and 15
meters high, the points (15, —15) and (—15, —15)
are on the parabola. Use (15,—15) as one point
on the parabola.

—15 = a(15)?
-1 1
152 15

So, the equation is

L 5
Yy = —1—5.1? .
Ten feet from the ground (the base) is at y = —5.
Substitute —5 for y and solve for x.
L
2?2 = —5(—15) =75
z=+V75=25V3

The width of the arch ten feet from the ground is
then

53 — (—5\/5) = 10v/3 meters

~ 17.32 meters.
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2.3 Polynomial and Rational

4.

6.

10.

12.

14.

Functions

The graph of f(x) = (x — 4)3 + 2 is the graph of
y = 22 translated 4 units to the right and 3 units
upward.

| | | |

L[ A =(—4)% +2

The graph of f(z) = —(z + 1)* + 3 is the graph
of y = x* reflected in the z-axis, and translated 1
unit to the left and 3 units upward.

fo=-@x+D*+3

. The graph of y = —23 + 422 + 32 — 8 has the right

end down, the left end up, at most two turning
points, and a y-intercept of —8.
The is graph C.

The graph of y = 223 + 42 + 5 has the right end
up, the left end down, at most two turning points,
and a y-intercept of 5.

This is graph B.

The graph of y = 2* + 423 — 20 has both ends up,
at most three turning points, and a y-intercept of
—20.

This is graph F.

The graph of y = .72° — 2.52% — 23 + 822 + 2+ 2
has the right end up, the left end down, at most
four turning points, and a y-intercept of 2.

This is graph H.
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16

18.

20.

22,

24.

26.

28.

. The graph of y = i’f—j‘f has the lines with equa-

tions x = 1 and x = —1 as vertical asymptotes,

the line with equation y = 2 as a horizontal as-

ymptote, and a y-intercept of —3.

This is graph B.

_ox2_
z2—1

tions x = 1 and x = —1 as vertical asymptotes,

3 has the lines with equa-

The graph of y =

the line with equation y = —2 as a horizontal as-
ymptote, and a y-intercept of 3.
This is graph A.

The graph of y = 2—;2%13 has the line with equation

x = 1 as a vertical asymptote, the z-axis as a
horizontal asymptote, and a y-intercept of —3.
This is graph C.

The graph has the right end up, the left end down,
and four turning points. The degree is an odd
integer equal to 5 or more. The 2" term has a +
sign.

Both ends are up, and there are five turning points.
The degree is an even integer equal to 6 or more.
The 2™ term has a + sign.

The right end is up, the left end is down, and
there are six turning points. The degree is an odd
integer equal to 7 or more. The z" term has a +
sign.

-1
YT +3
A vertical asymptote occurs when x + 3 = 0 or
when & = —3, since this value makes the denomi-
nator 0.
x -6 -5 -4 -2 -1 0
xr+3|-3 -2 -1 1 2 3
T i T T
y 3 3 L -1 -3 -3
As |z| gets larger, I_—Jrls approaches 0,so y =0 is a
horizontal asymptote.
Asymptotes: y =0, x = —3
y
A
A
:[III:III_—IIIII
I T >
P
T
|
=3 TV x+3

Ly =

32. y=

Chapter 2 NONLINEAR FUNCTIONS

x-intercept:
none, since the x-axis is an asymptote
y-intercept:

—%, the value when x = 0

4
5+ 3z
Undefined for

54+3x=0

3r = =5

g2

-3

Since = = —% causes the denominator to equal 0,

T = —% is a vertical asymptote.
x —4 -3 -2 -1 0 1
5+ 3z -7 -4 -1 2 5 8
Y -571 -1 -4 2 8 5

The graph approaches y = 0, so the line y = 0 is
a horizontal asymptote.
Asymptotes: y =0, x = —

wlo

z-intercept:
none, since the r-axis is an asymptote

y-intercept:

%, the value when x =0

4x

3—2x
Since x = % causes the denominator to equal 0,
T = % is a vertical asymptote.

x -3 -2 -1 0 1

4z —12 -8 -4 0 4

3—2x 9 7 5 3 1
Y -133 —-114 -8 0 4

x 2 3 4

4z 8 12 16
3—2x | -1 -3 =5

Y -8 —4 =32
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As x gets larger,

dr 4o
3—2¢  —2
Thus, the line y = —2 is a horizontal asymptote.
3
2

Asymptotes: y = -2, =
z-intercept:

0, the value when y =0

y-intercept:
0, the value when z =0

_x—3
YT e Ts
Since x = —5 causes the denominator to equal 0,
x = —b is a vertical asymptote.

x -8 -7 -6 -4 =3
r—3| -1 -10 -9 -7 -6
xr+5| -3 -2 -1 1 2

Y 3.67 5 9 -7 -3

x -2 -1 0
x—3 -5 -4 -3
x+5 3 4 5

Y -1.67 -1 -6

As x gets larger,
r—3 = r_ 1.
z+5 =z

Thus, the line y = 1 is a horizontal asymptote.
Asymptotes: y =1, = —5
z-intercept: 3, the value when y =0

y-intercept:

—%, the value when z =0

| y

! 1

'y = 5T

! T

L 3T y=1

! T 37
! T

! I

! T, _x-3
! TV x+5

38.

75

4dr+12=0whendx = —-12orz = —-3,s0x = —3

is a vertical asymptote.

T —6 -5 -4 -2 -1 0
6 — 3x 24 21 18 12 9 6
4r+12 | =12 -8 —4 4 8 12
Y -2 =2625 —-45 3 1.125 .5
As x gets larger,
6-3z -3z 3
dr +12 7 4z 4
The line y = —% is a horizontal asymptote.

Asymptotes: y = f%, r=-3

z-intercept:
2, the value when y =0

y-intercept:

%, the value when z =0

I 3
7774
_ —z+8
v= 2r+5
2$+5=0When2x=—5ora:=—%,som:—%
is a vertical asymptote.

x -5 -4 -3 -2 -1 0
—x+8 | 13 12 11 10 9 8
2c+5 | -5 -3 -1 1 3 5

Y -26 -4 —-11 10 3 1.6

As z gets larger,
—x+8 —x 1
20 +5 2 2

The line y = —1 is a horizontal asymptote.
1

2

[N] [

Asymptotes: y =—5, x = —

x-intercept:
8, the value when y =0
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40.

42.

y-intercept:

%, the value when z =0

For a vertical asymptote at x = —2, put = + 2
in the denominator. For a horizontal asymptote
at y = 0, the only condition is that the degree
of the numerator is less than the degree of the
denominator. If the degree of the denominator is
1, then put a constant in the numerator to make
y approach 0 as x gets larger.
solution is y =

Graph

a7 — 42 — 3t + 423 + 1222 — 12

fz) =

3
x+2°

! 4
7 AL
| o0

<
=

T

N—

So, one possible

using a graphing calculator with the indicated view-

ing windows.

(a) There appear to be two z-intercepts, one at

7

x = —1.4 and one at x = 1.4.

(b) There appear to be three z-intercepts, one at
xr = —1.414, one at x = 1.414, and one at © =

1.442.

-~

Chapter 2 NONLINEAR FUNCTIONS

— 500
44. C(z) = =730

(a) C(10) =

500
10+ 30
500
40

500
20 + 30

o) — 500
50 + 30
500
T80
— $6.25

_ 500

¢ =77
_ 500
105

~ $4.76

_ 500
C100) = 155 +30
500

T 130

= 3.8461538
~ $3.85

(b) (0, 00) would be a more reasonable domain for
average cost than [0, 00). If zero were included in
the domain, there would be no units produced. It
is not reasonable to discuss the average cost per
unit of zero units.

(c) The graph has a vertical asymptote at z =
—30, a horizontal asymptote at y = 0 (the z-axis),
and y-intercept 3% ~ 16.7.

(d)

'—3:0' 0] 20 40 60 80X
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y = x(100 — z)(2? + 500),

x = tax rate;

y = tax revenue in hundreds of thousands

(a)

(b)

(c)

(d)

(e)

of dollars.

x =10

y = 10(100 — 10)(10% + 500)
= 10(90)(600)
= $54 billion

xr =40

y = 40(100 — 40)(40% + 500)
= 40(60)(2100)
= $504 billion

x =50

y = 50(100 — 50)(502 + 500)
= 50(50)(3000)
= $750 billion

x =80

y = 80(100 — 80)(802 4 500)
= 80(20)(6900)
= $1104 billion

_
o

| T N N N O N v |
L I N N I N I N N I |

Revenue (in millions)

—

y = x(100 — x)(x>+ 500)

T 11T T
10 100 *

Tax rate (in percent)

48. (a)

0

0

100

w7

(b) The tax rate for maximum revenue is 29.0%.

The maximum revenue is $25.2 million.

6.5
102 — x

50. y =

y = percent of pollutant;
x = cost in thousands of dollars.

(a)z=0
~6.5(0)
Y= 102-0

x =50

_65(50) 325
Y= 10250 52 0

6.25(1000) = $6250
x = 80

(23.636)(1000) = $23,636
~ $24,000

x =90

_65(90) 585
Y=T02-90 12

(48.75)(1000) = $48,750
~ $48,800

r =95

6.5(30) 520
Y=102-80 22

6.5(95)  617.5

Y= T02-05

(88.214)(1000) = 88,214
~ $88,000

r =99

6.5(99)  643.5

Y= T02—-99

— =50

23.636

48.75

= 88.214

=214.5



(214.500)(1000) = 214,500
~ $214,500

z =100

6.5(100) 650
= — = — = 2
Y=1T2_100 2 P

(325)(1000) = $325,000
(b)

x=102

)
o S
S 3o
| |

T

100+

W
S
|
T

Cost (in thousands)

Percent removed

52. (a)

(g(x) = —.006x* + .140x3 — .053x + 1.79x)
20
0 i / |
0
(b) Because the leading coefficient is negative and
the degree of the polynomial is even, the graph will

have right end down, so it cannot keep increasing
forever.

54. A(z) = —.015z + 1.058x

()

(A =—015x + 1.058x]

N

0 9
0

(b) Reading the graph, we find that concentration
is maximum between 4 hours and 5 hours, but
closer to 5 hours.

(c) Concentration exceeds .08% from less than 1
hr to about 8.4 hours.

56. f(x)

Chapter 2 NONLINEAR FUNCTIONS

_ Az
1+ (ax)?

(a) A reasonable domain for the function is [0, 00).
Populations are not measured using negative num-
bers and they may get extremely large.

(b) If A =a = b =1, the function becomes

(d) As seen from the graphs, when b increases,
the population of the next generation, f(x), gets
smaller when the current generation, x, is larger.

. (a) When ¢ = 30,w = 30° _ 1500 220, so the

100 30
brain weights 220 g when its circumference mea-

sures 30 cm. When ¢ = 40,w = % - %80 =
602.5, so the brain weighs 602.5 g when its circum-
ference is 40 cm. When ¢ = 50, w = % — % =

1220, so the brain weighs 1220 g when its circum-
ference is 50 cm.

(b) Set the window of a graphing calculator so
you can trace to the positive z-intercept of the
function. Using a “root” or “zero” program, this
z-intercept is found to be approximately 19.68.
Notice in the graph that positive c values less than
19.68 correspond to negative w values. Therefore,
the answer is ¢ < 19.68.

¢
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60.

Exponential Functions

(c)

50

(d) One method is to graph the line y = 700

on the graph found in part (c) and use an
“intercept” program to find the point of
intersection of the two graphs. This point has
the approximate coordinates (41.9,700). There-
fore, an infant has a brain weighing 700 g when
the circumference measures 41.9 cm.

(a) 1100

o

oW v v v v v oy Y55
300

(b) f(z) = .2255422 + 1.5599x + 438.69

(c) (= 225542 + 1.5599x + 438.69)
1100

o

O\ v v v v v 0 Y55
300

(d) f(x) = —.0124432® + 1.2108z% — 18.050x
+ 487.87

() (= —012443,x + 1.2108:% — 18.050x +487.87)
1100

N

o\ v v v v vy )55
300

79

2.4 Exponential Functions

2. 500 sheets are 2 inches high

500 250
2in.  zin.
2. 250
~ 7500

= 4.503599627 x 10'? in.
=171,079,539.57 mi

4. The graph of y = 37% is the graph of y = 37
reflected in the y-axis.
This is graph D.

6. The graph of y = 3%T! is the graph of y = 3%
translated 1 unit to the left.
This is graph F.

8. Thegraphofy = (%)"r is the graph of y = (371)% =
377, This is the graph of y = 3" reflected in the
y-axis.

This is graph D.

10. The graph of y = —2 4+ 37% is the same as the
graph of y = 3% — 2. This is the graph of y = 3"
reflected in the y-axis and translated 2 units down-

ward.
This is graph B.

14. 4% =64
47 =43
=3

16. 4% =g8vt!
(22)37 — (23)x+1

22w:23x+3
20 =3z +3

—r =3
r=-3

18. 167+t =g®
(24)—954-1 — (23)96
2—4.7:+4 — 23:c

—4x + 4 =3x
4="Tx
4



20. (64)—21 — e—w-‘rl
6781 — efz+1

—8r=-x+1
—Tr=1
I 1
7
22. 21l = 16
olz| — 94
x| =4
r=4 or x=-4
r—4
1
24. 2 v — <—>
16

2z274z — (274)9374
2962—496 — 2—4x+16

22 —dxr = —4x + 16

22 -16=0
(x+4)(x—4)=0
r=—-4 or x=4
26. 8% = 257 +2

(23);&2 — 25x+2
2312 — 25m+2
322 =b5x +2
322 —5x—-2=0
Br+1)(z—2)=0

rT=—— or x=2
3
2
28. AR |
2 -
e —3z+2 _ 60

2 —3z+2=0
(zr—1)(x—-2)=0
r—1=0 or z—2=0

=1 or T =2

30. 4 and 6 cannot be easily written as powers of
the same base, so the equation 4” = 6 cannot be

solved using this approach.

32. f) =1+ Ux)*

0.1 50

0

f(z) approaches e ~ 2.71828.

Chapter 2 NONLINEAR FUNCTIONS

r

tm
34. A:P(l—i——) , P =26,000, 7 =.12, t = 3
m

(a) annually, m =1
12)\°W
A = 26,000 (1 + T)
= 26,000(1.12)?
— 36,528.13
Interest = $36,528.13 — $26,000
— $10,528.13
(b) semiannually, m = 2
3(2)
A = 26,000 (1 + %)
— 26,000(1.06)°
= 36,881.50
Interest = $36,881.50 — $26,000
— $10,881.50
(c) quarterly, m =4
12)\%@
A = 26,000 (1 + T)
— 26,000(1.03)2
— 37,069.78
Interest = $37,069.78 — $26,000
— $11,069.78
(d) monthly, m = 12
19 3(12)
A=2 14—
6,000 ( + 12)
— 26,000(1.01)?6
— 37.199.99
Interest = $37,199.99 — $26,000
— $11,199.99

r

tm
36. A:P(lJrE) . P =5000, A=8000,¢=4

(a)m=1
A1)
8000 = 5000 (1 n I>

8
g = (1+’I")4
= —1=r
)
A25 =7

The interest rate is 12.5%.
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(b) m=4
4(4)
8000 = 5000 (1+£)
8 16
°S_ (1 _)
5= (147

A19=r

The interest rate is 11.9%.

38. P = $25,000, r = 9%

Use the formula for continuous compounding,

A= Pe™.
(a) t=1
A = 25,000e%9M)
= $27,354.36
(b) t=5
A = 25,000e-%9¢)
= $39,207.80
(c) t=10
A = 25,000e99(10)
= $61,490.08

r\ (D(12)
40. (a) 30,000 = 10,500 (1 n Z)

300 _ (1 r>48

105 4

r /300 /48
1+ = (22
1 <105>
1/48
300
A+r=4(ZZ
r <105)

1/48
r=4 @ —4
105

r =~ .0884

The required interest rate is 8.84%.

42.

81

(b) 30,000 = 10,5002

300 _ 127
105 ¢
300
120 =In (22
rem <105)
_In (5)
"T T
r~ .0875

The required interest rate is 8.75%.
(a) f(x) = foa”
fo = 16 million

Use the point (5,451.04) to find a.

451.04 = 16a°
5 451.04
~ 716
. \s/m
16
~ 1.950

f(z) = 16(1.950)

(b) 800

Y1=16%1.95"x

1 1 1 1 1 J
0\Xx=3.0531915 Y=122.92811 )70
-80

These were about 120 million users in December
1998. Yes, this is close to the estimate.
(c) 1995-1996:
f(1) — f(0) _3L.2-16
fO) 716
.95 =95%

1996-1997:

f(2) = f(1) _ 60.84 —31.2
f 7 312

.95 =95%

1997-1998:

f(3)— f(2) _ 118.638 — 60.84
f@ - 60.84

.95 = 95%




82

44.

1998-1999:
f(4) — f(3) _ 231.3441 — 118.638
f3 118.638
= .95 =95%
1999-2000:
f(5) = f(4) _ 451.120995 — 231.344
fa 231.3441
= .95 =95%

The average yearly percent increase in users was
about 95%.

(d) £(6) ~ 879.69

In 2001 there were approximately 879.69 million
users according to the model. No, the model does
not hold.

A(t) = 2600e-017¢

(a) 1970: ¢ = 20

A(20) = 2600e017(20)
= 2600¢3*
~ 3650

The function gives a population of about 3650 mil-
lion in 1970.
This is very close to the actual population of about
3700 million.

(b) 1990: ¢ = 40

A(40) = 2600 017(40)
= 260098
~ 5130

The function gives a population of 5130 million in
1990.

(c) 2010: t =60

_ 26006'017(60)
= 2600e!-02
= 7210

From the function, we estimate that the world
population in 2010 will be 7210 million.

46.

48.

50.

Chapter 2 NONLINEAR FUNCTIONS

(a)

No, the data do not appear to lie along a straight
line.

(b) Yes, the graph appears to be more linear, es-
pecially if the first point is eliminated.

(c) y = .034212 + 9.191
(d) y = 9807(1.0348)®

(e) 1y = 9807(1.0348)
Iny = In[9807(1.0348)"]
— In9807 + In(1.0348)
—9.191 + 2 - In(1.0348)
=9.191 + .03421x

Q(t) = 1000(5~-3t)

(a) Q(6) = 1000539
= 1000(5~"%)
=55

The amount present in 6 months will be 55 grams.
(b) 8 = 1000(5~-3t)
1

- _r—.3t
125 g
573 — 57.31&
—-3=-.3t
10=t

It will take 10 months to reduce the substance to
8 grams.

(a) In 1971, z =0 and y = 2250.
In 2000, = = 29 and y = 42,000,000
First, we find a function of the form y = max + b.
The two points are (0, 2250) and (29, 42,000,000).
42,000,000 — 2250
- 29-0
b= 2250

~ 1,448,198
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Therefore, y = 1,448,198x + 2250.

Next, we find a function of the form y = ax? + b.

When x = 0,y = 2250.

2250 = a(0)2 + b
b = 2250
y = ax?® + 2250

When x = 29,y = 42,000,000.
42,000,000 = a(29)? + 2250

41,997,750 = 841a
a =~ 49,938

y = 49,938z2 4 2250

Finally, we find a function of the form y = ab®.
When z = 0,y = 2250.

2250 = ab?
a = 2250
y = 22500"

When x = 29,y = 42,000,000.

42,000,000 = 2250526

/42,000,000
i ~ 1.4
b 5950 037

y = 2250(1.4037)°

45,000,000
(b)

0 30
0

y = 2250(1.4037)% is the best fit.

(c) In 2008, = 37
y = 2250(1.4037)*
— 2500(1.4037)37
~ 633,000,000

(d) y = 2491(1.369)®

This is close to the function found in part b.

83

2.5 Logarithmic Functions

2.

10.

12.

14.

16.

52 =25

Since a¥ = x means y = log, x, the equation in
logarithmic form is

logs 25 = 2.

. 63 =216

Since a¥ = x means y = log, x, the equation in
logarithmic form is

logg 216 =3

AN 9
" \3 16

Since a¥ = x means y = log, x, the equation in
logarithmic form is
—2.

10g4/3 16 =

. log; 81 =4

Since y = log, x means a¥ = x, the equation in
exponential form is

3 =81.

1
log, 3= -3

The equation in exponential form is

273 = 1.
8

log .00001 = —5

log;, -00001 = —5
10~° = .00001

When no base is written, log; is understood.

Let logy 81 = z.

Then, 9% =81
9% =92
T =2

Thus, logy 81 = 2.

logg 216 =z
6% = 216
6% = 6°

r=3



22

24

2

Qo

30

32.

34

1 1
083 5 =7
1
3= —
27
3m:373
T =-3

(23)[1’:_2—1/4
1
3r=——
YTy
xi,l
12
.lne2==zx

Recall that In means log, .

61_62

r=2
.Inl==x
e! =1
e = el
=0

. logs (8p) =logy; 8 +logy p
1 11p
. log, —
g7 13y

=log, 11p — log, 13y
= (log; 11+ log; p)

— (log; 13 +1log; v)
=log; 11 +log; p —log, 13 —log; y

9v/5
V3

=1n9v5 —1In /3
=1n9-5/3 —n3l/4
=1n9 +In5/3 — In31/4

In

1 1
:1n9—|—§ln5—1 In3

. log;, 24
= log, (8- 3)
— log, (2°-3)
= log;, 23 +log;, 3
=3 log, 2+ log, 3
=3a+c

Chapter 2 NONLINEAR FUNCTIONS

36. log, (4b%) = log; 4 + log, b?
= log;, 2? + log, b
=2 log, 2+ 2 log, b

=2a+2(1)
=2a+2

In 170
In 12

~ 2.07

38. log;, 170 =

In .12
In 2.8

~ —2.06

40. 10g28 .12 -

42.logg 27=m

9™ =27
(32)m:33
32m:33
2m =3
m—3
2

44. log, 8= 3

1
I
(y3/4)4/3 — g4/3
y=(87%)
— 21 =16

46.log; (5r + 1) =2

P2 =b5r+1
9=5xr+1
S5r =8
8
5

48. log, = —log, (x +3) =

lo r
B4 r+3

471 =

W >
8 8 8 &
|

-1

-1

T

8
8 +
w

+ +
W w

— w8 S



Section 2.5 Logarithmic Functions 85

50. log (x+5)+log(z+2)=1 60. 5(.10)* = 4(.12)*
log [(z +5)(x+2)] =1 In[5(.10)*] = In[4(.12)%]
(x+5)(z +2) =10 In5+2In.10 =In4 + xIn.12
224+ Tz +10 =10 2(In.12 —In.10) = In5 — In4
7% 472 =0 In5—1In4
o(z+7) =0 T mi12-m10
r=0 or z=-7 ~1.22
x = —7 is not a solution of the original equa-
tion because if t = -7,z + 5 and = —|—g2 Woul:flyl be 62. f(x) =log (3 - 2)
negative, and the domain of y = log x is (0, c0). 3—x>0
Therefore, z = 0. —x > -3

<3

52. logs(x® +17) — logs(z +5) = 1 The domain of f is x < 3.

2 4+ 17
1 =1 64. logA —logB =0
083 z+5 g gA
31_x2+17 log§:0
- x+5 A
3r4+15 =22 417 5:100:1
_ 2
O=2"—-3x+2 A_B
0=(x—1)(z—2) A—B=0
r=1lorxz=2 I
Thus, solving log A — log B = 0 is equivalent to
54. 3*=5 solving A — B = 0.
In3"=Inb
zIn3=1In5 66. Let m =log, " and n = log, x.
In 5 Then, a™ = z" and a”™ = x.
22 146 Substituting gives
In 3
a'rn — m’f’ — (a/ﬂ)f' — a/fLT’
56. eb=1=4

InefF1=1n4

Therefore, m = nr, or
(k—1)Ine=In4

In 4 log, 2" = rlog, x.
k—1=—
In e
In 4 In 2
1= 68. t=————
k—1= 1 (2) In (1+7)
k=1+In4 ¢ = In 2
~ 2.39 In (14 .06)
t~11.90
5a+12 _
58. 265(”12 =8 It will take 12 years for the compound amount to
€ =4 be at least double.
In e%+12 =1n 4 o 3
n
(ba+12) Ine=1n 4 (b) t=———
ha+12 =In 4 In (1 +.06)
In 4 —19 t~ 18.85
- 5 It will take 19 years for the compound amount to

a~ —2.12 at least triple.
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(c) The rule of 72 gives
72
— =12
100(.06)
years as the doubling time.
70.

7 (sec) | 001 |.02] .05 | .08 | .12
2 635 | 85 | 142 901 | 6.12
In(1+7)

70
700 35 14 | 875 | 5.83
1007
72
2 14.4
1007 720 36 9 6

For .001 < r < .05, the Rule of 70 is more accu-
rate. For .05 < r < .12, the Rule of 72 is more
accurate. At r = .05, the two are equally accu-

rate.

72. If the number N is proportional to m ™5,

is the mass, then N = km 9, for some constant

of proportionality k.

Taking the common log of both sides, we have

log N = log(km %)
=logk +logm™
=logk — .6logm.

.6

This is a linear equation in logm. Its graph is a
straight line with slope —.6 and vertical intercept

log k.

74. H = 7[P1 In Pl +P2 In P2
+P3 In P3+P4 In P4]

H = —[521 In .521 +.324 In .324
+.081 In .081 + .074 In.074]
H=1.101

76. mX + N =m log, x+log, n
=log, =™ +log, n
= log, na™
=log, ¥
=Y

Thus, Y = mX + N.
78. (a) From the given graph, when z = .3 kg

y ~ 4.3 ml/ min, and when 2 = .7 kg
y~ 7.8 ml/min.

where m

80.

Chapter 2 NONLINEAR FUNCTIONS

(b) If y = ax®, then

In y =In (ax)

=lna+bIn x
Thus, there is a linear relationship between In y
and In z.
(c) 4.3 = a(.3)"
7.8 =a(.7)°
43 _a(3)
~a(.7)b

.8
4, 3\’
4.3 3
L (#)
-3
n (%)
b~ .7028

Substituting this value into 4.3 = a(.3)?,

4.3 = a(.3)70%

4.3
Therefore, y = 10.02z 7928,

(d) If x = .5,

y = 10.02(.5)-7028
~ 6.16.

We predict that the oxygen consumption for a
guinea pig weighing .5 kg will be about 6.16 ml/min.

N(r) =-5000 In r

(a) N(.9) = —5000 In (.9) ~ 530
(b) N(.5) = —5000 In (.5) ~ 3500
(c) N(.3) = —5000 In (.3) ~ 600
(d) N(.7) = —5000 In (.7) ~ 1800

(e) —5000 In r = 1000

I — 1000
—5000
Inr=—-
)
r=e /5
T~ .8
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I
82. Decibel rating: 10 log T
0

(a) Intensity, I = 1151,

1151,
10 log ( 1_50)
0

=10-log 115
~ 21

(b) I = 9,500,000,

9.5 x 1097,

10 1og (22100
0

~ 70

(c) T = 1,200,000,0001,

1.2 x 10°1,
10 log <XI—OO

0
~ 91

(d) I = 895,000,000,0001;
11
10 log (8.95 x 10" I
Iy
~ 120

(e) T = 109,000,000,000,0007,

1.09 x 101,

10 log (%
0

~ 140

(f) Ip = .0002 microbars

1,200,000,0001, = 1,200,000,000(.0002)
= 240,000 microbars
895,000,000,0007y = 895,000,000,000(.0002)
= 179,000,000 microbars

1
84. R(I) =1log —
Iy
(a) R(1,000,000 Io)
1,000,000 I,
=log ————
Iy
— log 1,000,000
—6

(b) R(100,000,000 Io)
100,000,000 I,
=log ——M—

Iy
— log 100,000,000
=38

) =10 log 9.5 x 10°
> =10 log 1.2 x 10°

) =10 log8.95 x 10!

) =10 log 1.09 x 104

87

@Rmzm%

I

6.7 = log —

og IO
X I
106.7 I
Iy

I ~ 5,000,000

(@Rm=m%

1
8.1 =log—
og IO
1
103! = —
Iy

1 =~ 126,000,0001¢

1985 quake _ 126,000,001y _

(©) 1999 quake — 5.000,0001,

The 1985 earthquake had an amplitude more than
25 times that of the 1999 earthquake.

E
Ey
For the 1999 earthquake

(F) R(E) =2 log

2 FE
7= —=log —
6.7 3 og o
FE
10.05 = log —
og o
FE
= 1010.05
Ey
E = 101005,

For the 1985 earthquake,

2 FE
8.1 = Zlog —
3%,
12.15 =1 £
15 = log 7
FE
- 1012 15
Ey
E =101,

The ratio of their energies is

1012.15EO

1021

The 1985 earthquake had an energy about 126
times that of the 1999 earthquake.
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(g) Find the energy of a magnitude 6.7 earth-
quake. Using the formula from part f,

2 E
E
log — = 10.05
og EO
E
= _ 1010.05
Ey
E = E01010.05

For an earthquake that releases 15 times this much
energy, £ = E(15)10%0-05.

2 ([ Ey(15)1010.0%
R(Eo(15)10'%%) = S log <7‘)( 5; 0 )
0

2
= 3 log(15-101%)

~ 7.5

So, it’s true that a magnitude 7.5 earthquake re-
leases 15 times more energy than one of magnitude
6.7.

2.6 Applications: Growth and

10.

Decay; Mathematics of Finance

Yo represents the initial quantity; k represents the
rate of growth or decay.

. The half-life of a quantity is the time period for the

quantity to decay to one-half of the initial amount.

. Assume that y = yoe* is the amount left of a

radioactive substance decaying with a half-life of

—In2

T. From Exercise 5, we know k = =5=, so

Yy = yoe(*an/T)t = yoe*(t/T) In2 _ yoeln(Q—t/T)

! I\NHT
= Q_t/T = — = —
Yo Yo [(2) ] Yo <2)
r = 18% compounded monthly, m = 12
18\ 2
=(14+— -1
TR ( + 12)
~ .1956
=19.56%

—t)T

r = 7% compounded continuously
rg=¢e" —1
— e.0’7 -1
=~ .0725
= 7.25%

Chapter 2 NONLINEAR FUNCTIONS

12. A =$45,678.93, r = 12.6%, m = 12, t = 11
months

P:A(1+%)7tm

—(11/12)(12)
12
= 45,678.93 <1 + 1—26)

~ $40,720.81

14. A = $25,000, r = 9% compounded continuously,
t=28
A = Pemt
A

67"t

25,000
T -09(8)

~ $12,168.81

16. r=72%, m=4

072\*
TE=(1+—4 ) -1

~ .0740
= 7.40%

18. A =$20,000, t =4, r = 8%, m =1
mt
A=P (1 + 1)
m
1.4
20,000 = P <1 + ?)

20,000
(1.08)+

$14,700.60 = P

20. A = $20,000, t = 5
(a) r=.08, m=4

A:P(l—k%)mt

5(4)
20,000 = P (1 + $>

20,000
(1.02)20

$13,459.43 = P

=P

(b) Interest = $20,000 — $13,459.43
= $6540.57
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(c) P =$10,000
5(4)
A = 10,000 <1 + %)

= $14,859.47
The amount needed will be

$20,000 —$14,859.47 = $5140.53.

063\ *
22. (a) 11,000 = 5000 (1 + T)

11
+ = (L01575)"
11
In (E) =4t In 1.01575
11
__m(5)
4 In 1.01575
t~12.61

Since the interest is only added at the end of the

quarter, it will take 12.75 years.

(b) 11,000 = 5000¢-063¢
11
5

11
063t =In | —
* (5)

()
.063
t ~ 12.52

— o063t

It will take about 12.52 years.

24. The statement is not correct.

14+ =478+1
1+r=(5.78)1/17
r=(5.78)1/17 -1
r = .109

The required annual percent increase is 10.9%.

26. S(z) = 5000 — 4000e 7

(a) S(0) = 5000 — 4000¢°
= 1000

Since S(x) represents sales in thousands, in year

0 the sales are $1,000,000.

28.

30.

89

(b) Let S(z) = 4500.
4500 = 5000 — 4000e—*
—500 = —4000e™*

A25 ="
—In 125 =2z
r 2

It will take about 2 years for sales to reach $45,500,000.

(c) Graphing the function y = S(z) on a graph-
ing calculator will show that there is a horizon-
tal asymptote at y = 5000. Since this represents
$5000 thousand or $5,000,000, the limit on sales
is $5,000,000.

(a) The function giving the number after ¢ hours
is
y = yo2'/12
(b) For 10 days, t = 10 - 24 or 240.
Y= (1)2240/12
— 220
— 1,048,576
For 15 days, t = 15 - 24 or 360.
Y= (1)2360/12
— 230
— 1,073,741,824
y = yoek!

y = 40,000, yo = 25,000, t = 10

(a) 40,000 = 25,000+

1.6 = 10k
In 1.6 = 10k
047 =k

The equation is

y = 25,000¢ 047,

(b) y = 60,000
60,000 = 25,000¢:%47
2.4 = 6.047t
In 2.4 = 047t
18.6 =t

There will be 60,000 bacteria in about 18.6 hours.
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32. f(t) = 500e:1t

(a)  f(t) = 3000
3000 = 5001t

6 = e.lt
In 6 =.1¢
179~ t

It will take 17.9 days.

(b) If t = 0 corresponds to January 1, the date
January 17 should be placed on the product. Jan-
uary 18 would be more than 17.9 days.

34. (a) From the graph, the risks of chromosomal ab-
normality per 1000 at ages 20, 35, 42, and 49 are
2, 5,29, and 125, respectively.

(Note: It is difficult to read the graph accurately.
If you read different values from the graph, your
answers to parts (b)-(e) may differ from those given

here.)
(b) y = Cet
When ¢t =20, y =2, and when ¢t = 35, y = 5.
2 = (e
5= Ce3%
5 CeSSk
2 Ce20k
2.5 = elok
15k =1In 2.5
In 2.5
k=
15
k ~ .061
(c) y=Cet
When t =42, y = 29, and when ¢ =49, y = 125.
29 = Cet2k
125 = Ceto%
125  Cet*
29  (Ce2k
125 _ o
2 125
Tk=In | —
0 (2 )
_In ()
7

(d) Since the values of k are different, we cannot
assume the graph is of the form y = Ce**.

Chapter 2 NONLINEAR FUNCTIONS

(e) The results are summarized in the following
table.

n Value of k for Value of k for
[20, 35] [42, 49]

2 .0011 .0023

3 2.6 x 107° 3.4 x107°

4 6.8 x 107 5.5 x 1077

The value of n should be somewhere between 3
and 4.

36. §A0 = A()e_'053t
1
5= o—-053t
1
In — = —.053t
19
Inl-—In2=-.053t
0—In2
—.053
13~t

The half-life of plutonium 241 is about 13 years.

t/13
1 100/13
A(100) = 2.0 (5)
A(100) ~ .0097

After 100 years, about .0097 gram will remain.
1\ /13
b 1=20(=
(b) (3)
1 1\ /13
5 ()

t 1
In .05=—1 -
n .05 3 n<2)

13 1In .05
- I (3)
t ~ 56.19

It will take 56 years.
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40. (a) y = yoe 44. P(t) = 100e~-1

When ¢ = 0, y = 500, s0 o = 500. (a) P(4) =100e~'™ ~ 67%

When t = 3, y = 386.
(b) P(10) = 100e—*19) ~ 37%

386 = 500e3*
(c) 10 = 100e~-1*
386 _ o3k A=t
522 - In (1) = —.1¢
e’ =,
3k =In 772 4n_1(1) —
,_In .3772 23~ ¢
k ~ —.0863 It would take about 23 days.
y = 50067.086&
(d) 1 = 100e—1t
1 0l =e 1t
b) =y — yne—-0863t
(b) 3 vo=yoe In (.01) = —.1t
1
In o = —.08863¢ ~In(01) _,
1
- —.0863
t~ 8.0 It would take about 46 days.

The half-life is about 8.0 days.
46. t=9, Ty =18, C =5, k= .6

42, y = 40e—-004t f(t) =Ty + Ce™kt
f(t) =18 4 56
(a) t=180 =18 + 5e 54

y = 40e—-004(180) — 4072 ~ 18.02

7 19.5 watts The temperature is about 18.02°.

(b) 20 = 40¢—-004¢
. 48. C'=—14.6, k = .6, Tp = 18°,
Z 004t
2
1 f(t) =10°
In 5 = —.004t F(t) = Ty + CeHt
In1—1In 2
% - F(t) =18+ (~14.6)e—5!
' —8 = —14.6¢~%
13~ 5479 = =6
In .5479 = —.6¢
It will take about 173 days. Tl 5479 t
6
(c) The power will never be completely gone. 1~ t

The power will approach 0 watts but will never be
exactly 0. It would take about 1 hour for the pizza to thaw.
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Chapter 2 Review Exercises

2
S V=

|-3 -2 -1 0 2 3

1 2 2 1

vl s 201 2 5 3

Range: {%,2,1,2}

27 9

y
3T
||.?Tjt79.||
|||||Q_IIIII X
ST
8. f(x)=8—x—2?
(a) f(6)=8-6—(6)°
=8—-6—-236
=-34
(b) f(=2)=8—(-2) - (-2)?
=842—-4=6

(c) f(=4)=8—(—4) - (-4)
=844—16=—4

(d) f(r+1)
=8—(r+1)—(r+1)>2
=8—r—1—(r*+2r+1)
=8—r—1-r2-2r-1

=6—3r—1r?
v —2
10. y = Y7
2z 43
r—2>0 and 2x+3#0
x> 2 2x # —3
3
$7éf§

Domain: [2,00)

12. y

14.

Chapter 2 NONLINEAR FUNCTIONS

3z —4

x#0

Domain: (—o0,0) U (0, c0)

1
y:7112+x+2

The graph is a parabola.
Let y = 0.

1
0= —sz +x42
Multiply by 4.
0=—2®+42+38

| 4t P ACDE)

v 2(—1)

—44++/48
-2

=2+4+23

The z-intercepts are 2 + 2\/§ ~ 5.46
and 2 — 2v/3 &~ —1.46.
Let x = 0.

1

y = 2 is the y-intercept.
-b -1

Vertex: © = — =92
eriex: r 2% 2(_%)
1 2
=144
=3

-5

T

<
1]

7£lf‘x2+x+2
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16. y = —322 — 122 — 1 22. S
f@)=5—5
x-intercepts: —3.91 and —.09 Vertical asymptote: 3z —1=0or o = %
y-intercept: —1 Horizontal asymptote: y = 0, since 312_1
Vertex: (—2,11) approaches zero as x gets larger.

|0 1 -1 2 =2

EREEE
y=-3x>—12x-1
18. f(z) =1 —2*
4
=—x*+1 6x
24. =
Translate the graph of f(z) = z* 1 unit upward Vertical asymptote: & = —2

and reflect vertically. Horizontal asymptote: y = 6

z| -5 -4 -3 -1
y| 10 12 18 -6

0
0

N~
W N

=

| v |

N
,_.IIIIIIIIIIIIJII

_x4

fx) =

20. y=—(x+2)* -2

6. y=5""+4+1
Translate the graph of y = z* 2 units to the left
and 2 units downward. T | -2 -1 0 1 2
Reflect vertically. | 2% 6 2 g %
y y
| | |_|2| | | ::
(_IZ,I _121) T T UL lx ::
!
1 I3
] ] | SI§I—[> N
T _é T T é T x

y=—(x+2)4-2
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z—1 1/4
1 1 b
- (3) o 3=(3)
T Yy

VR

0]

S

[\

—

=] Do
N~ N

N N
7 N N
—
c»l’_‘
B = SN—
I
>

=b
38. 3/2 =13
The equation in logarithmic form is
30. y=1+log; = 1
y—1=log; x 10g3\/§—§.
-1 _
I =2 40. 10107918 _ 19
1 1
v | s 5 1 39 The equation in logarithmic form is
y|-1 0 1 2 3

log;, 12 = 1.07918.

42. log,, 100 =2

The equation in exponential form is

' 10% = 100.

44. log 15.46 = 1.18921

=T
w4
o
O
=

The equation in exponential form is
10118921 = 15 46.

Recall that log  means log,, .

i

y|-8 -2 6 2 2 6 -2 -8 46. logz, 16 =z
32% = 16
251224
S5t =4

==

LI T 5
/ 1 48. log; 1000 =

100* = 1000
(10%)* = 103
20 =3
3

T ==

3
4 2
3 2z 3 1
<_> _ (_) 50. logy 2y° — log; 8y?
4

2y3
8y?
¥
4

= logs

= logs
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52.5 log, 7 — 3 logy r?
= log, r° —log, (r?)?
.
= logy 76

:1 _
084 ’

=log, r~t

=—log, r

54. 32 =11
In3*>2=1In 11
(z—2) In3=1In 11

56. 15 k=9
In15"%*=In9
—kIn15=In9
In 9
“In 15
~ —.811

58. e3r=1 =12
In (e3*~1) =1n 12

3z—1=1In 12
3r=1+1n 12
1+1In 12
r=———
3
~ 1.162
2 2
60. <1+—p) -3
5
2p
54 2p = +5V3
2p=—5+5V3
_ —5+5V3
a 2
_ —5+5V3
P=
—5—5V3
or = —)

2

95

62. log;(2z +5) =2

32=2r+5
9=2x+5
4 =2z
T =2

64. log,(5m —2) — logy(m +3) =2

66.

68.

5m — 2
1 =2
0go m+3
5771—2:22
m+3

5m—2=4(m+ 3)
om—2=4m+ 12
m=14

fl@)=1log, x;a>0, a#1

(a) The domain is (0, c0).

(b) The range is (—o0, 00).

(c) The z-intercept is 1.

(d) There are no discontinues..

(e) The y-axis, x = 0, is a vertical asymptote.
(f) f is increasing if a > 1.

(g) f is decreasing if 0 < a < 1.

(a) For z in the interval 0 < x < 1, the renter is

charged the fixed cost of $40 and 1 day’s rent of
$40 so

C (2) = $40 + $40(1)
40 + $40
8

0.

$
$
$

(b) C(53) = $40+ $40(1)
= $40 + $40
= $80.

(c) C(1)=19%40 + $40(1)
= $40 + $40
= $80.

(d) For z in the interval 1 < x < 2, the renter is
charged the fixed cost of $40 and 2 days rent of
$80, so
C(12) = $40 +$40(2)
= $40 + $80
= $120.
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(e) For x in the interval 2 < x < 3 the renter is
charged the fixed cost of $40 and 3 days rent of

$120. So
C (25) = $40 + $40(3)
= $40 + $120
= $160.
(f)
C(x)
2 240+ o—e
= 200+ o—e
= 160+ o—e
=120+ o—e
é 80 -0——e
401
U AT B

Days

(g) The independent variable is the number of
days, or x.

(h) The dependent variable is the cost, or C(z).
70. P = $6902, r = 12%, t = 8, m =2
a=p(1+ i)tm
m
A = 6902 (1 + %)8(2)

= 6902(1.06)16
= $17,533.51

Interest = A — P
= $17,533.51 — $6902
— $10,631.51
72. $1000 deposited at 6% compounded semiannually.
r\tm
A=P (1 + —)
m

To double:

t-2
2(1000) = 1000 <1 + %)

2 =1.03%
In2 =2tIn1.03
~ In2
~ 2In1.03
= 12 years

Chapter 2 NONLINEAR FUNCTIONS

To triple:

t-2
3(1000) = 1000 (1 + %)

3 =1.03%
In3 =2tIn1.03
~ In3
~ 2In1.03
=~ 19 years

74. P =$12,104, r = 8%, t = 2

A = Pet
= 12,104¢:08(2)
= $14,204.18

76. A = $1500, r = .10, t = 9

A= Pet
= 1500109
= 1500¢"*
= $3689.40

78. r=7%, m=4
TE:<1+L)m:1
m
4
.07
=|1+—) —1
(1+7)

0719 = 7.19%

80. r = 9% compounded continuously

rg=¢e" —1
— 6'09 -1
=.0942 = 9.42%

82. A =810,000, r =8%, m =2, t =6

P:A<1+%)7tm

~2(6)
= 10,000 <1 + %)

= 10,000(1.04)~12
= $6245.97

84. P=$1, r = 08
A= Pet, A=3(1)

3 — 1¢:08t
In 3 =.08t
.08

13.7=t

It would take about 13.7 years.
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—tm 2 14
86.P:A(1+1) 90. F(z) = — =2 + —u + 96
m 3 3
06\ 312 The maximum fever occurs at the vertex of the
P = 25,000 (1 + E) parabola.
— 25,000(1.005)~36 P s
= $20,891.12 2a —% 2
s y__2<72+14(7>+96
88. C(z) = 5:1 3\2 3\2
_2/49 n 49 496
(a) ~ 3\4 3
y 49 49
1 =——+4+ =496
- =+t
T 49 98 576 625
L =—— 4+ — 4+ —=—=104.2
ST 6 + 6 + 6 6 0
:m_» The maximum fever occurs on the third day. It is
1+ C0="51 about 104.2°F.
L L L 1IOI x 92‘ (a) 60,000
(b) Cz+1) - C(x) SR
5(x+1)+3 bx+3 o,
_ _ B g
($+1)+1 x+1 0 ||||||||||?|12
_ 5z +8 _ or + 3 0
o +2 z+1
(5 +8)(z+1) — (5r +3)(x +2) (b) y= —680.839:2 + 4454;: + 35,620
- (x+2)(x+1) y = 151.72° — 3184x* + 14,9972 + 28,111
52 4 132 4 8 — 52% — 130 — 6 y = 20.592* — 301.223 — 63.2522
_ 27 i v z + 8074z + 30,441
(x4+2)(x+1)
- 9 (C) 60,000
(2w + 1)
C(l’) 51+13
Az) = =zt
(0) Alr) = =2 = =2
_ br+3 : /12
Cx(z+1)
The cubic or quartic function best models the
(d) Al +1) - A() data.
(d) x=12
B 5(x+1)+3 Sz +3
T @+ D[x+1) 1 z(z+1) quadratic:
__ dx+8 = dx+3 y = —680.8(12)% + 4454(12) + 35,620
(r+D(x+2) 2@+1) ~ —8967
(52 +8) — (5 + 3)(x + 2) cubic:

z(x+1)(z+2)
_ 522 + 8x — bx? — 132 — 6
B x(z+1)(z+2)
—5T — 6
= m quartic:

y = 151.7(12)% — 3184(12)2 + 14, 997(12)
428,111
~ 11,717
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94.

96.

98.

100.

y = 20.59(12)* — 301.2(12) — 63.25(12)2
+ 8074(12) + 30,441
~ 24,702

The first value is negative, which is impossible,
and the last two are higher than the 2001 figure,
yet the trend is clearly towards a drop in the num-
ber of deaths.

400

Hawimurm e
o \=1B7.87EE SW=E4E.EN0T o) 400

0

This function has a maximum value at x =~ 187.9.
At x = 187.9,y ~ 345. The largest girth for which
this formula gives a reasonable answer is 187.9 cm.
The predicted mass of a polar bear with this girth
is 345 kg.

1.79 - 101!
(2026.87 — t)-99

(a) p(1999) =~ 6.64 billion

p(t) =

This is about 640 million more than the estimate
of 5996 million.

(b) p(2020) = 26.56 billion
p(2025) =~ 96.32 billion

Graph
y=ct)=et—e?
on a graphing calculator and locate the maximum
point. A calculator shows that the z-coordinate
of the maximum point is about .69, and the y-
coordinate is exactly .25. Thus, the maximum
concentration of .25 occurs at about .69 minutes.
y = yoe ™
(a) 128,000 = 100,000e*(=5)
128,000 = 100,000°%

128 .,
100 ¢

128
I (=22 =5k
n(mo) b
05~k

y = 100,000e 0%

102.

104.
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(b) 70,000 = 100,000e~-0%
7

_ —.05¢t
10 ¢
7
In — = — .05t
" 70
71t

It will take about 7.1 years.

(a) Since the speed in one direction is v + w and

in the other direction is v — w, the time in one

direction is Hiw and in the other direction is ﬁ.
: : d d
So the total time is prearrie s

(b) The average speed is the total distance divided
by the total time. So

2d
Vaver = a4
o T rw
2d
() — d
vt+w + v—w
B 2d (v+w)(v—w)
T ) —w)
B 2d(v? — w?)
~d(v—w) +d(v+w)
B 2d(v? — w?)
~ dv—dw + dv + dw
~2d(v? — w?)
n 2dv
v? — w? w?
pr— f— v [
v v

w
d aver — U — —
(d) v Chl

Vaver Will be greatest when w = 0.

X=12.978723 Y=125.10926
1 1 1 1 1 1 1 1 1

) 20

0

Emissions have decreased the entire time, although
in recent years the rate of decrease has slowed
down.

(b) Emissions were about 125 million short tons
13 years after 1983, or in 1996.
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106. (a) From the graph, horsepower is maximum when If L =60, W =.01289(60)% ~ 1848.8

the engine speed is 5750 rpm. Compared to the curve, the answers are reason-

(b) The maximum horsepower is approximately able.
310.

(c) When the horsepower is maximum, the torque
is 280 foot-pounds.

108. (a)

| ] | x

T T 1
1,000,000 2,000,000 3,000,000
Population

Speed (ft/sec)
S = D Wk U <

(b) Using a graphing calculator, r = .63.
(c)

log x

]
0 14 28 42 56 7.0

Yes, the data are now more linear than in part (a).

(d) Using a graphing calculator, r = .91. r is
closer to 1.

(e) Using a graphing calculator,
Y = .873 log = — .0255.

Extended Application: Characteristics
of the Monkeyface Prickleback

1. Li=L,(1—e )
Ly = 71.5(1 — e—1t)
Ly=715(1—e %) ~23.6
Li; =71.5(1 — e 1) =~ 47.7
Li7 =71.5(1 —e™'7) ~ 58.4

The estimates are low.

2. W =alLb
W = .01289L329

If L =25 W = .01289(25)2° ~ 146.0
If L =40, W = .01289(40)° ~ 570.5



Chapter 3

THE DERIVATIVE

3.1 Limits

2.

100

Since lirgli f(z) = lim f(z)=-1,

z—21
lir% f(x) = —1. The answer is a.
. Since lim f(z)= lim+ f(z) = —o0,
r—1— r—1
lim1 f(z) = —oo. The answer is b.

By reading the graph, as = gets closer to 2 from
the left or the right, F(z) gets closer to 4.

lim F(z)=4

r—2

. By reading the graph, as = gets closer to 3 from

the left or the right, g(x) gets closer to 2.

lim g(z) =2

r—3
By reading the graph, as = gets closer
to 1 from the left, f(x) gets closer to 1.
lim f(z)=1
r—1~"

By reading the graph, as = gets closer to 1
from the right, f(z) gets closer to 1.

Tim f() =1

(iii) Since lim f(z) =1 and hr?Jr flx) =1,

r—1~

lim f(z) =1.

rz—1

(iv) f(1) = 2 since (1,2) is part of the graph.

(b) ()

By reading the graph, as x gets closer
to 2 from the left, f(x) gets closer to 0.

lim f(z) =0

r—2~

By reading the graph, as x gets closer to 2
from the right, f(z) gets closer to 0.

(i)

A T =0

12.

16.

18.

(iii) Since lim f(z) =0 and liI?;1+ f(z) =0,

r—2~

lim f(z)=0.

r—2

(iv) f(2) = 0 since (2,0) is point of the graph.

By reading the graph, as = moves further to the
left, g(z) gets larger and larger. Therefore,
lim g(z) = oc.

T——00
f(z) =222 — 42 + 3; find lirri f(z).
Substitute .9 for z in the expression at the right

to get f(.9) = 1.02.
Continue substituting to complete the table.

z | 9 .99 1999
f(z) [ .02 1.0002 1.000002
x| 1.001 101 11
f(z) | 1.000002 1.0002 1.02

As x approaches 1 from the left or the right, f(x)
approaches 1.

lim f(z)=1

r—1

223 + 322 — Az —
€T =

5 .
f(@) 1 s find lim - f(x).
z | -11  —101 —1.001
f(z) | =368 —3.969 —3.996
x| —999 —99 -9
f(z) | —4.002 —4.02 —4.28

As x approaches —1 from the left or the right,
f(x) approaches —4.

lim f(x)=—4

r——1
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VT —3 ) ) 2 -9 . (z=3)(z+3)
20. = : find 1 : 34. lim — = lim ————
f() o g3 and f(x) s 26 zirrj3<x_2)(x+3)
x 2.9 2.99 2.999 ~ g 23
f(z) [ 12.9706 127.0838 1268.237 2==3 & —2
-3-3
T 3.001 3.01 3.1 T~ 32
f(z) | —1267.66 —125.506 —12.6795 —6
~ T 5
1 =
Ay T =ee 6
. _ =3
Jlim - f(z) = —o0 i
.2 =3x-10 . (z-5)(x+2)
~ : i 36. lim — > — —im — -~
Thus, 11:12% f(x) does not exist. Jm P Jm @—5)
22. lim [(g(z) - f(x)] =lim (z+2)
=5+2=7
= [lim g(:v)} . [lim f(m)}
r—4 r—4 -1 1
=8-16 = 128 38. lim 2 2
z—0 X
: _ . _ -1 1\ /1
24. lim log, f(z) = log, lim f(x) - lm < - 5) <_>
=log, 16 =14 AT r
~ lim -2 n T+ 2 1
26. lim g(z) = lim [g(x)]'/3 a0 [2(242) 2@ +2)] \=x
. 1/3 ~ im —24x4+2
= [1im g(a)] ~a0 2(at (@)
=8/ =2 - lim —
Pty 2x(z +2)
2
28. lim [1+ f(2)]* = {lirri (1+f(x))} ol — 1
— a— 20 2(z + 2)
2
= [lim 1+ lim f(2)] 1
! ! T 2(0+2)
=(1+16)2 =172 )
=289 ==
4
lim [5g(x) +2 _
30, lim 2@ +2_ aoi Byle) =21 40, lim Y20
et 1= f(x)  lim 1 f(2)] v—36 x — 36
: . . VJr—6 Jr+6
1 lim 2 — .
_ 0 g o)t i A w36 VEE6
Jim, 1= Timy - f(2) i (x — 36)
= m
5-842 +—36 (z — 36)(\/Z + 6)
- 1-16 1
= lim ——
:_QZ_% x—36 /T + 6
15 5
!
, -
4 _
32, lim Lty EFPE=2) V36+6
r——2 X —|— 2 r——2 (Q’,‘ —+ 2) 1
= lim (z—2) S 6+6
r——2 1

=-2-2=-4 ~ 1

101
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42.

44.

46.

48.

50.

lim —(:n+h)3—m3
h—0 h
_ 1 (23 + 322 + 3xh? + h3) — 23
a0 h
. 3x2h + 3xh? + h3
a0 h
lim h(3z2 + 3zh + h?)
T =0 h
:}llirr%) (322 + 3xh + h?)
= 322 + 3z(0) + (0)?
= 322
8x +2 . sy 2
AT ST T LW, 2w
. 8+2
:zkrzloo 2_§
840
S 2-0
x> 2x 5
lim —x2—|—2x—5: lim £ 2“’?7’”—2
1+2 -5
= lim Lt
_1+0-0 l
340 3
2 222 1
lim v -1 = lim 2 —=2%
T—00 33:4—|—2 T—00 31:%_’_1_24
2 _ 1
= lim T
*0_0*970
3+0 3
lim —x4—x3—3x:hm ;_Z_;_Z_i_i
T—00 T2 4+ 9 T—00 T2 9
xl x4
1-1-3
= lim LT
_1-0-0 1
040 0

Division by 0 is undefined, so this limit does not
exist. By examining what happens as larger and
larger values of x are put into the function, we see
that

2t — 23 — 3x _

.
o T2+ 9

r—00

52.

54.

58.

60.
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. —bx3 — 422438
hm _—

z—oo  6x2 + 3z + 2
—5z° 4z2 + 3

= lim &&= 2%
- 2
s—oo 6z’ | 3z | 2
4+ 45
. hr—4+4+ %
= lim ———=%

= 342
z—oo 6+ p + P
The denominator approaches 6, while the numer-
ator becomes a negative number that is larger and
larger in magnitude, so
—5a3 — 422 + 8 _

lim % —* T°%
e 622 4+ 3z + 2 o

—6
Gx)=——=
(z) e
(a) lin}1 G(z) = —oo, since by looking at the
Tr—

graph of G(z), we see that as = gets closer to 4
from either the right or the left, g(z) gets smaller.
(b) Since (z —4)? = 0 when z = 4, x = 4 is the
vertical asymptote of the graph of G(x).

(c) The two answers are related. Since x =4 is a
vertical asymptote, we know the lim G(z) does

x—4
not exist.
(a) y = we
From the graph, it appears that
lim ze™® =0.
Tr— 00
x| 1 10 50

y | .37 .00045 9.64 x 10721
(b) y = a%e
From the graph, it appears that

lim z%e % =0.
r—00

x| 1 10 50
y | 37 0045 4.82x 1071

(c) lim z"e® = 0. As n gets larger, y is still

r—00

very small but larger than smaller values of n.
(a)y=zInx
From the graph, it appears that

lim « In z=0.
z—0t

z|1 5 1 01 001
y [0 —347 —230 —.0461 —.0069
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64.

66.

Limits

(b) y = a(ln x)?
From the graph it appears that

lim 2(ln )% =0.

r—0

z|1 5 1 .01 .00l
y |0 .240 53 212 .048

(c) liIf(()1+ z(In )™ = 0. As n gets closer to 0, |y|

is still very small but bigger than smaller values

of n.
. 2+ —18
i) x2—4
(a)
| 201 2001 20001 199 1.999 1.9999
f(x) | 829 825 825 821 825 825
(b) Graph
_ 2+ rx—18
y=—"p_-1

One suitable choice for the viewing window is [—5, 5]
by [0,20]. Because 22 —4 = 0 when z = —2 or
x = 2, we know that the function is undefined at
these two z-values. The graph shows an asymp-
tote at x = —2. There should be open circle to
show a “hole” in the graph at x = 2. The graph-
ing calculator doesn’t show the hole, but if we try
to find the value of the function at x = 2, we see
that it is undefined. (Using the TABLE feature
on a TI-83, we see that for x = 2, the y-value is
listed as “ERROR.”)

By viewing the function near z = 2 and using the
ZOOM feature, we verify that the required limit
is 8.25. (We may not be able to get this value
exactly.)

i 133/2 _8
P R +21/2 — 6
T 4.1 4.01 4.001  4.0001
(a)
flx) | 24179 2.4018 2.4002 2.4
T 3.9 3.99 3.999  3.9999
f(x) | 2.3819 2.3982 2.3998 2.4
(b) Graph
x3/2 — 8
Y="""12_¢
T+ x/*—6

This function is undefined at x = 4 because this
value would make the denominator equal to 0.
However, by viewing the function near x = 4 and
using the ZOOM feature, we verify that the re-
quired limit is 2.4.

68.

70.
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V922 +5

2z
Graph this function on a graphing calculator. A
good choice for the viewing window is [—10, 10] by
[—5,5].

lim

Tr——00

=LA+ ERD

n="9.1489=p BY="-1.50487

(a) The graph appears to have horizontal asymp-
totes at y = £1.5. We see that as x — —o0,
y— —1.5, so we determine that

. V922 +5

lim — =-1.5.

r——00 2(1}

(b) As z— —o0,
V922 +5—v9z? = 3|z,

and
V9x2+5 . 3|z
2x 2¢
Since x < 0, |x| = —z, so
3le| _3(==2) _ 3
20 2z 2
Thus,
. V922 +5 3
lim —=——or —1.5.
T——00 2z 2
. V3622 + 21 + 7
llm —m8m8M
Tr— 00 SLL‘

Graph this function on a graphing calculator. A
good choice for the viewing window is [—10, 10] by

=fzaiE+En+7 100D

n=8.1489zp 1Y=2. 00877 H
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72.

(a) The graph appears to have horizontal asymp-
totes at y = 2. We see that as x — 00, y— 2, so
we determine that

/3622
lim 36x% +2x +7 _9

T—00 3z

(b) As z— o0,

V3622 + 2z + 7— V3622 = 6 || ,

and
V36x2+2x+7 6|
— .
3T 3z
Since © > 0, |z| =z, so
6lz[ 6z
3r 3w
Thus,
) V362 +2x+7
lim ——— =2
T—00 3x
(145213 4 220%/3)°
lim =
r——00 x

Graph this function on a graphing calculator. a
good choice for the viewing window is [—60, 60] by
[0, 20] with Xscl = 10, Yscl = 10.

L L LY R e R L i £ B

n="EY.B9zpe JY=B.&7EEF o

(a) The graph appears to have a horizontal as-
ymptote at y = 8. We see that as x — —oco0,y— 8,
so we determine that

y (1 + 5x1/3 + 2735/3)3
im

T——00 d

=38.

(b) As x — —oo, the highest power term domi-
nates in the numerator, so

. 2\ 3 . .
(1 + 5213 + 2x5/5> — (22%/3) = 2325 = 8aP,

and 5
(1+ 5213 +225/3)7 8P
—— =238.
b xd
Thus,
. (1 + 5213 4+ 2:55/3)3
lim 5 = 8.
T——00 x

74.

78.

80.

Chapter 3 THE DERIVATIVE

As t approaches 12 from either direction, the value
of G(t) for the corresponding point on the graph
approaches 3.

Thus, g,-li—>n112 G(t) = 3 which represents 3 million
gallons.

(b) lim G(t)=15

z—1671

lim G(t) =2

r—16~

hl 1 G 1 # hl 1 t 1 I (; 1 €S
( ) G( )7 16 ( ) dO
n()' eXlSt-

Since

(c) G(16) is the value of function G(¢) when

t = 16. This value occurs at the solid dot on the
graph

(G(16) = 2 which represents 2 million gallons.

(d) The tipping point occurs at the break in the
graph, when ¢ = 16 months.

C(x) = 15,000 + 6

— 15,000 1
Clw) = C(x) 15,0004 6x _ 15,000 +6
x x x
— 1
lim C(z) = lim 5’300—1—6:0—!—6:6

This means that the average cost approaches $6 as
the number of tapes produced becomes very large.

o=t

n— oo 7

N

7 nm—oo

_k { lim 1— lim (1-1—2')’"]

7 Ln—oo n—oo
LT
1 1

(a) N(65) = 71.8¢=8-96e( 0202

~ 64.68
To the nearest whole number, this species of alli-

gator has approximately 65 teeth after 65 days of
incubation by this formula.

(b) Since tlim (—8.96e~0685t) = _8.96-0 = 0, it
follows that

(—.0685t)

=T71.8¢°

=718-1
=718

lim 71.8e~8-96¢

t—o0
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82.

Continuity

So, to the nearest whole number, tlim N(t) =~ 72.

Therefore, by this model a newborn alligator of

this species will have about 72 teeth.

17h
Ah) = ——
(h) h? +2
A7h
A, AR =
ATh
= lim e h 5
17
= lim h
0
= —— = O
140

This means that the concentration of the drug in

the bloodstream approaches 0 as the number of

hours after injection increases.

3.2 Continuity

2.

4.

6.

Discontinuous at z = —1
(a) lim f(x)=2
r——1"

(b) lim f(z)=4

r——1+
(c) lim1 f(z) does not exist (since parts (a) and
T——

(b) have different answers).

(d) f(-1)=2

Discontinuous at 2 = —2 and z = 3

(a) lim f(z)=-1 Jim fz) =1
©) im, f@=-1 iy =1

(c) /limz f(z) =—=1 (since parts (a) and (b)
’ have the same answer)

lir% f(z)=—=1  (since parts (a) and (b)
o have the same answer)
(d) f(=2)=1 f3)=1
Discontinuous at ¢ =0 and z = 2
(a) lilgl_ flz) = -0 1ir£1_ fz)=-2
(b) lim f(z)=—co Jm o f(z) = -2

10.

12.

14.
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(c) ,l_irr(lj f(z) = —oco (since parts (a) and (b)
have the same answer)
lir112 f(z)=—-2  (since parts (a) and (b)

have the same answer)
(d) £(0) does not exist.

f(2) does not exist.

—2x
@) = G G0
. . . o 1 _ .
f(x) is discontinuous at x = —5 and 2 = —2 since

the denominator equals 0 at these two values.

lim2 f(x) does not exist since

T——

lim = +oo and lim
r——2" r——2+1

(z) = —o0.

lim1 f(z) does not exist since

xr— D)
limr f(x) = —o0 and hmﬁ f(z) = +oo.
rT—=3 T——3
2% — 25
J) =
f(x) is discontinuous at x = —5 since the denom-

inator equals zero at that value.
Since

2 - 25 _ (x4 5)(x —5)

—z—5
x+5 z+5 T

lim5 f(z) =-=5-5=-10.

T——

q(x) = =323 + 222 — 4z + 1

Since ¢(z) is a polynomial function, it is continu-
ous everywhere and thus discontinuous nowhere.

5 —x

r(x) pry

r(z) is discontinuous at © = 5 since the denomi-
nator is undefined at that value.
Since lim r(z) =1and lim r(z)=—1,

r—bHt r—5—

lim r(x) does not exist.
z—5
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16.

18.

20.

22,

jx) =el/"

Jj(z) is discontinuous at = 0 since the function
is undefined there.

lir% j(z) does not exist since lir% j(z) =0 and
r— r—

lin% j(x) = oo.

i(2) = In (:c+2)

z—1

The function is discontinuous for —2 < x < 1 since
the function is undefined for these values. The
limit of the function as x approaches any value a
with —2 < a <1 does not exist since the function
is undefined for all values on this interval.

x—1 if x<1
flx)=<0 if 1<x<4
x—2 if x>4
y
@ 1
I /
|||0/| T :ISYIéx

(b) f(zx) is discontinuous at z = 4.

(©) lim f(@)=0, lm f() =2

0 if <0
gx) =<2 -5z if 0<x<5
5 if z>5
y
@ 1
+ O———
0 ' 4'1 ' é X
-10 1

(b) g(x) is discontinuous at z = 5.

(c) lim g(x)=>5%-5(5)

r—5~
=0

lim g(x)=5

r—5+

24.

26.

28.

32.

Chapter 3 THE DERIVATIVE

2+r—12 if <1
h(x)_{S—x if z>1
y
(a) ol
5
* O\ ]
s of T~
10—7

(b) h(z) is discontinuous at = = 1.
(c) zlg?f h(z)=1*+1-12
— 10
lim h(zx)=3-1

r—1t
=2

Find k so that 2% + k = kxz — 5 for = 3.

3¥+k=3k—-5
21+ k=3k-5
32 =2k
16 =k
2 _ _
3z® + 2z 8:(313 4>($+2):3x74

T+ 2 T+ 2
Find k so that 3z — 4 = 32 + k for x = —2.

3(-2) —4=3(-2)+k
—6—4=—6+k
~10=—6+k
A=k

B 22 4+3x—2 . P(I)
@)= s it rsa = Q(x)
(a) Graph

22+ 3z -2
a3 — 922 +4.14x + 5.4

on a graphing calculator. A good choice for the
viewing window is [—3, 3] by [—10, 10].

—
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34.

Continuity

The graph has a vertical asymptote at =~ —.9. It
is difficult to read this value accurately from the
graph.

(b) Graph
Yy = Q(z) = 2% — 922 +4.14x + 5.4

using the same viewing window.

-]
n=-gze0rer 1Y=0

We see that this graph has one z-intercept, ~
—.926. This indicates that —.926 is the only real
solution of the equation Q(z) = 0.

A rational function of the form

will be discontinuous wherever Q(z) = 0, so we
see that f is discontinuous at x ~ —.926.

The result in part (b) is consistent with the re-
sult in part (a), but the result in part (b) is more
accurate.

In dollars,

Cz) =4z if 0 <2 <150
C(x) = 3z if 150 < & < 400
C(x) = 2.5z if 400 < .

(a) C(130) = 4(130) = $520

(b) C(150) = 4(150) = $600

(c) C(210) = 3(210) = $630
(d) C(400) = 3(400) = $1200
(e) C(500) = 2.5(500) = $1250

(f) C is discontinuous at z = 150 and = = 400
because those represent points of price change.
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36. In dollars,

38.

C(t)=30tif0<t<5
C(t)=30(5)=150if t =6 or t =7
C(t) =150 +30(t —7) if 7 < t < 12.

The average cost per day is

=1
() A1) = 28— 30
(b) A(5) = %(5) — $30
(c) A(6) = % — §25

1
(d) A(7) = ? ~ $21.43
150+ 308 - 7)
- 10+ 3008-1)

180

() lilgl A(t) = 30 because as t approaches 5 from
t—5—

the left, A(t) approaches 30 (think of the graph for
t=1,2 .. 5).

(g) lirgl+ A(t) = 25 because as t approaches 5
t—
from the right, A(t) approaches 25.

(h) A is discontinuous at t =5, t =6, t = 7, and
so on, because the average cost will differ for each
different rental length.

(a) Since t = 0 weeks the woman weighs 120 1bs.
and at t = 40 weeks she weighs 147 1bs., graph
the line beginning at coordinate (0,120) and end-
ing at (40, 147), with closed circles at these points.
Since immediately after giving birth, she loses 14
lbs. and continues to lose 13 more lbs. over the
following 20 weeks, graph the line between the
points (40, 133) and (60, 120) with an open circle
at (40,133) and a closed circle at (60, 120).

Weight (Ibs
I
<

—

[\

(=)
&

1 1
20 40 60
Time (weeks)
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(b) From the graph, we see that

lim w(t) = 147 # 133
t—40—

= lim w(?),
t—40+ ( )
where w(t) is the weight in pounds ¢ weeks after
conception. Therefore, w is discontinuous at ¢ =
40.

3.3 Rates of Change

2. y=—422 -6 = f(z) between x =2 and z =5

Average rate of change
)= £2)
5—2
(—106) — (—22)
5—2
_ —106 + 22
I —
=5 =
4. y= 323 +22% —dz + 1= f(x)
between x =0 and x =1

—28

Average rate of change = w
(-
1-0
-5
=0 =-5
6. y=+/3x—2= f(x) between z =1 and x = 2
2)— f(1
Average rate of change = %
21
S 2-1
1
8. y= - = f(x) between x =2 and = = 4
YT =37 o o
4) — f(2
Average rate of change = %
_—1-(-5)
o 4-2
_ —1+5
2

10.

12.

14.

Chapter 3 THE DERIVATIVE

s(t) =t>+5t +2
s(1+h)—s(1
hi%( }1 (1)
[(1+R)2+5(1+h)+2]-[(1)%+5(1) + 2]
h—0 h
[1+2h+h?+5+5h+2]—[1+5+2]
h—0 h
8+ Th+h?—8
h—0 h
Th + h?
h—0 h
- i 25

=lim (T+h)="7
h—0

The instantaneous velocity at ¢ =1 1is 7.

s(t)=t>+2t+9
s(44h) —s(4)

Jim h
b (4+h)342(4+h)+9—[4342(4)+9]
o h—0 h
1 434+3(42) h+3(4h?)+h34-8+2h+9—(43+8+9)
~ a0 h
. R34+ 12h% + 48h + 2R
= lim
h—0 h
. h34+12h2% +50h
= hm _—
h—0 h
. h(h®+12h + 50)
= lim
h—0 h
- ;li”% (h? + 12h + 50) = 50

The instantaneous velocity at t = 4 is 50.

s(t)y=—4t> —6at t =2

L SR~ s(2)

h—0 h
_ 2 _ @ _[_ 2
~ i 42+ h) 6 —[—4(2) 6]
h—0 h
. —4(4+4h+h*) —6+16+6
= lim
h—0 h
. —16h — 4h?
=lim ———
h—0 h
~ fim h(—16 — 4h)
h—0 h
= }lll_)mo (=16 — 4h)

= —16

The instantaneous rate of change at ¢t = 2 is —16.
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16. F(z)=2>+2atz=0

L FO+h) = F(0)
h—0 h
2 N2
e (R 42-[0242]
h—0 h
h2

= 1. —_—
h,lg%) h

= lim h
h—0
=0
The instantaneous rate of change at x = 0 is 0.

18. f(z) =2 at x =3
h

f(3+.01)— £(3)

.01
.01

3.013:01 — 33
01

= 57.3072

F(3+.001) — £(3)
.001

.001

3.0013-001 _ 33
- 001

= 56.7265

£(3+.00001) — £(3)
.00001

.00001

~3.000013-00001 _ 33
B 00001

= 56.6632

£(3+.000001) — £(3)

. 1
00000 .000001

3.0000013-000001 _ 33
- 1000001

= 56.6626

£(3+.0000001) — £(3)

. 1
000000 .0000001

3.00000013.0000001 _ 33
- .0000001

= 56.6625

The instantaneous rate of change at x = 3 is
56.6625.
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20. f(z)=2" " at v =3

h
01 Ff(34.01)— f(3)
' .01
3.01111 3.01 _ 3111 3
- 01
= 2.4573
001 f(34.001) — f(3)
.001
3.001ln 3.001 __ 31n 3
- 001
= 2.4495
F(34.00001) — f(3)
.00001
.00001
3000011n 3.00001 __ 3111 3
B .00001
= 2.4486
The instantaneous rate of change at z = 3 is
2.4486.

22. If the instantaneous rate of change of f(x) with
respect to x is positive when x = 1, the function
would be increasing.

24. (a) p(1995) = 174
p(1997) = 16.4

~ p(1997) — p(1995)

Slope = =957 1095
164-174

B 2

-1
= =_5
2

The rate of change is —.5 which means that the
percentage of sales consisting of imports decreased
an average of .5% per year from 1995 to 1997.

(b) p(1999) = 21.1
p(2001) = 25.0

~ p(2001) — p(1999)

Slope = == 0T 1999
250211

o 2

3.9
=—=195
2
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26.

28.

Chapter 3 THE DERIVATIVE

The rate of change is 1.95 which means that the percentage of sales consisting ofimports increased an average

of 1.95% per year from 1999 to 2001.

(c) No

(a) By looking at the graphs, we see that from 1991 to 1997 the curve representing the ratio of Internet messages
to telephone calls is steeper than the curve representing the ratio of households with PCs to households without
PCs; thus the curve representing the ratio of Internet messages to telephone calls has a greater rate of change

over this time interval.

(b) The nonlinear curve, that is, the curve representing the ratio of Internet messages to telephone calls, has

an increasing rate of change.

R =10z — .00222
R(1001) — R(1000) _ 8005.998 — 8000

(a) Average rate of change = 1001 = 1000 1 = 5.998
The average rate of change is $5998.
R(1000 + h) — R(1000
(b) Marginal revenue = }llm%) ( i }z ( )
_ i [10(1000 4 h) — 0021000 + h)?] — [10(1000) — .002(1000)°]
- h—0 h
_ 110,000 + 10— .002(1,000,000 +2000h + h? — 8000
h—0 h
. 10,000 + 10h — 2000 — 4h — .002h% — 8000
= lim
h—0 h
— .002h? —.002
= lim Gh = .002n7 _ lim h(6 = .002h) = lim (6 —.002h) =6
h—0 h h—0 h h—0

The marginal revenue is $6000.

(c) Additional revenue = R(1001) — R(1000) = [10(1001) — .002(1001)?] — [10(1000) — .002(1000)?]

= 8005.998 — 8000
The additional revenue is $5998.

(d) The answers to parts (a) and (c) are the same.

30. p(t) =t>+1t

(a) p(1)=12+1=2
p(4) =42 +4=20

&) —p1) _20-2

Average rate of change = 1 - 3 6
The average rate of change is 6% per day.
_ 2 _ (92 2 —12
(b) lim p(3+h) p(3):hm B+h)>*+@B+h)—(3 +3):hm9+6h+h +3+h
h—0 22 b h—0 Wb+ 7) h h—0 h
+ . + .
- fi T = g 2 = i 1 =7

The instantaneous rate of change is 7% per day.
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32.

34.

(a) P(2) =5, P(1) =3
P(2)-P(1) 5-3 2
2-1  2-1 1

From 1 min to 2 min, the population of bacteria increases, on the average, 2 million per min.

(b) P(3) =42, P(2) =5

=2

Average rate of change =

P(3)—P(2)_4.2—5_—_.8__8
3—-2 T 3-2 1

From 2 min to 3 min, the population of bacteria decreases, on the average, —.8 million or 800,000 per min.

Average rate of change =

(c) P(3)=4.2, P(4)=2

Average rate of change
P4 —-P3) 2-42 22 99
- 4-3  4-3 1 7

From 3 min to 4 min, the population of bacteria decreases, on the average, —2.2 million per min.

(d) P(4) =2, P(5) =1
P(5)—P@4) 1-2 -1
5-4  5-4 1

From 4 min to 5 min, the population decreases, on the average, —1 million per min.

Average rate of change= =-1

(e) The population increased up to 2 min after the bactericide was introduced, but decreased after 2 min.

(f) The rate of decrease of the population slows down at about 3 min.
The graph becomes less and less steep after that point.

(a) 100

(b) The average rate of change during the first hour is

FQ1) - F(0)

~ 81.51
1-0 8L.5

kilojoules per hour per hour.

(c) Store F(t) in a function menus of a graphing calculator.

Store w as Y3 in the function menu, where Y7 represents F'(t). Substitute small values for X in Y5
perhaps with use of a table feature of the graphing calculator. As X is allowed to get smaller, Y5 approaches
18.81 kilojoules per hour per hour.

(d) Through use of a MAX/feature program of a graphing calculator, the maximum point seen in part (a) is
estimated to occur at approximately ¢t = 1.3 hours.
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36. Let C(t) be cannabis production (in metric tons)

for year t and O(t) be opium production (in metric
tons) for year t.

(a) C(1998) = 15,800
C(2000) = 14,500
C(2001) = 14,900
Average rate of change from 1998 to 2000
C'(2000) — C(1998)

2000 — 1998

14,500 — 15,800

-
= —650

On average, the production decreased about 650
metric tons per year.
Average rate of change from 2000 to 2001
C(2001) — C(2000)
2001 — 2000
14,900 — 14,500
1

=400

On average, the production increased about 400
metric tons per year.

0(1998) = 4486
0(2000) = 5010
0(2001) = 1236

Average rate of change from 1998 to 2000
0(2000) — O(1998)
2000 — 1998
5010 — 4486
B 2

= 262

On average, the production increased about 260
metric tons per year.

Average rate of change from 2000 to 2001
0(2001) — O(2000)
2001 — 2000
1236 — 5010
1
= -3774

On average, the production decreased about 3800
metric tons per year.

(b) Opium had the greatest change in net produc-
tion.

38.

40.

Chapter 3 THE DERIVATIVE

T(3000) —7'(1000) 23 — 15
3000 — 1000 2000
8
~ 2000
4
~ 1000
From 1000 to 3000 ft, the temperature changes
about 4° per 1000 ft; the temperature rises (on
the average).

T(5000) — T(1000)

b =
(b) 5000 — 1000

(a)

22 - 15
4000
7
4000
175
~ 1000
From 1000 to 5000 ft, the temperature changes
about 1.75° per 1000 ft; the temperature rises

(on the average).
@)T@mm—T@mm__w—23
9000 — 3000 6000

From 3000 to 9000 ft, the temperature changes
about —%0 per 1000 ft; the temperature falls (on
the average).

() T(9000) — T'(1000) _ 15—15 ~0
9000 — 1000 8000

From 1000 to 9000 ft, the temperature changes
about 0° per 1000 ft; the temperature stays con-

stant (on the average).

(e) The temperature is highest at 3000 ft and low-
est at 1000 ft. If 7000 ft is changed to 10,000 ft,
the lowest temperature would be at 10,000 ft.

(f) The temperature at 9000 ft is the same as
1000 ft.

(a) Average rate of change from .5 to 1:

J) = f(5) 48-20
=5 5 o0mph

Average rate of change from 1 to 1.5:

f(1.5) — f(1) 80— 48
1.5—-1 5

= 64 mph

Estimate of instantaneous velocity is

56 +64
-

60 mph.
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Step 2 f(z+h) — f(z)

= 622 + 12xh + 6h? — 42 — 4h
= 6h? + 12zh — 4h
= h(6h + 122 — 4)

flx+h)— f(x) h(6h+12x —4)

(b) Average rate of change from 1.5 to 2:

f(2)— f(1.5) 104 —80
2-15 5

Average rate of change from 2 to 2.5

f(2.5) — f(2) 126 —104

252 5 44 mph P h h
Estimate of instantaneous velocity is =6h+12z -4
48 4 44 ; ) = fig L&) — (@)
> = 46 mph. Step 4 f'(x) hli% h
= lim (6h+ 122 —4)
h—0
. er s . . =12z -4
3.4 Definition of the Derivative
F1(~2) =12(~2) — 4 = —28
2. (a) % f(0)=12(0) —4=—-4
8@ =x f1(3) =12(3) —4 =32
5
/ 14. f(x) = —
. L f@)
—_ N 6
f+h) = z+h
-5 6 6
fl+h) = @) = = =
The line tangent to g(z) = ¥z at x = 0 is a
vertical line. Since the slope of a vertical line is _ bx— 6(z + h)
undefined, ¢’(0) does not exist. z(z +h)
—6h
4. If the rate of change of f(x) is zero when = = a, = 2@t h)
the tangent line at that point must have a slope of
Z(i)ri(r)l.t Thus, the tangent line is horizontal at that Fle+h) — f(x) _ _6h
botnt. h ha(x + h)
6. Using the points (2,2) and (—2,6), we have =6
6—9 4 z(z 4+ h)
]U(I):}ILH%) f(1‘+ ]?b_f< )
8. Using the points (3, —1) and (—2,3), we have - 6
— 1'
C3—(-1) 4 4 hoo 2z + h)
-2-3 -5 5 —6
T2
10. The line tangent to the curve at (4,2) is a vertical 6 6 5

line. A vertical line has undefined slope.
12. f(z) =622 — 4x
Step 1 f(x+h)

7(0) = 8—26 which is undefined so f/(0)

=6(x+h)? —4(z+h) does not exist.
= 6(z? + 2zh + h?) — 4o — 4h 6 -6 9
= 622 + 12zh + 6h% — 4z — 4h R =m=5="3
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16. f(z) = -3z

18.

Steps 1-3 are combined.

fle+h) - fz)
h

_ =3Wr+h+3yx
N h

Rationalize the numerator.
_ 3Vat+h+3Va —3Vath-3J/z
h —3vVr+h—-3Jx
9z +h) — 9z
T W(=3Vz+ - 3y7)
_ 9z 4+ 9h — 9z
h(—=3vx +h — 3\/7)
9
—3Vz+h—3yx
3
—Vzth—z

f/(x)_hli% *W \/—

- 3 3
NN N

3
—2v/—-2
does not exist.

FO=—z=3

17(0) does not exist.

3 _ 3
-2/3 23

flx) =6 — %

fl@+h) - f(x)

h
_[6-(+h)? -
N h

_[6 = (2% + 2xh + h?)]

h

_ 6—a?—2zh— h?
h

_ h(=2x—h)

which is undefined so

f'3) =

z=-1

[6 — ()]

— 1627

—6+a?

7—2xh—h2
N h
’ 1 _ _ — _
f(x)_ilzli%( 2x — h) 2x

=-2r—h

which is undefined so f'(—

2)
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f'(=1) = =2(—1) = 2 is the slope of the tangent
line at * = —1. Use m = 2 and (—1,5) in the
point-slope form.

y—5=2(xz+1)
y—5o=2x+2
y=2x+7

3

20. f(x):m;ﬂ; r=1

fl@+h) - f(x)
h
-3 -3
(x+h)+1 x+1
- h
-3(xz+1)+3(z+h+1)
(x+1)(x+h+1)

h
—3x—3+3x+3h+3
(x+1)(x+h+1)

h
3h
hMz+1)(x+h+1)
. 3
Fo) =l e
3
CESIE
()= (1+1)2 = 2 is the slope of the tangent line

at = 1. Use m = 2 and (1,—3%) in the point-

slope form.

22. f(z) =+/z; x =25
fle+h) - flx)
h
YR

VJI_ VI Vr+h+x
h Vo +h+ .z
B r+h—x
h(Vx + h+/x)
h 1
__m¢x+h+v®::vx+h+v5
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F(z) =lim L _
T h—0 \/x—‘,—h—‘,—\/} o 2\/5

1 1
/25 = = — = —
J(25) 2 2-5 10

—_
Ql‘
ot

Use m = & and (25,5) in the point-slope form.

1
y75fm(x—25)
1 25
1,5
Y107 T2
24. f(x) =62 — 4z
flx+h) - fz)
h
_ 6(z+h)? —4(x+ h) — (622 — 4a)
N h
_ 12zh +6h* — 4h
N h
=122+ 6h —4

fl(z) = }llir% (122 + 6h — 4)

=12z -4

fl(2)=12(2) —4=24—4=20
f'(16) = 12(16) — 4 = 192 — 4 = 188
f(=3) =12(=3) —4 = —36 —4 = —40

26. f(z)=-9x—-5

—9(x 4+ h) —5—[—9x — 5]
h
-9 —9h —-5+92+5
h
—9h

=

J'(x) = lim (=9) = =9
F(=2)=-9

£/(16) = -9
f(=3)=-9

115

28. f(x)
fleth) —f@) _Fn =
h N h
6x — 6(x + h)
hx(x + h)
_ —6
~a(x+h)
/ _ T —6
f(x)_}lli% z(x+h)
—6
s
, 6 -6 3
f(Q)ZWZT:—§
, -6 -6 3
f(16)_1_62_ﬁ__38
—6 —6 2

30. f(x)=-3x

fl@+h)— fz)
h
:—3\/x+h+3\/5
h
_ 3Wrth+3yr 3Va+h-3Vz
B h —3vVr+h—3\x
9(x+h) —
=3Vr+h \/_
9
3Vith-3yz
3

~erh—

3 3
YN
3
! _
=5
-3 3
"(16) = —= = —=
f(=3)= %, which is not a real number, so

f/(—3) does not exist.
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32.

34.

36.

38.

No derivative exists at x = —6 because the func-
tion is not defined at x = —6.
For x = —5 and = = 0, the function f(z) is not

defined. For x = —3 and x = 2 the graph of f(z)
has sharp points. For x = 4, the tangent to the
graph is vertical. Therefore, no derivative exists
forx=-5x=-3, =0, x=2,0r x =4.

The zeros of graph (b) correspond to the turning
points of graph (a), the points where the derivative
is zero. Graph (a) gives the distance, while graph
(b) gives the velocity.

flx)=2%a=2

(a) h

F(2+.01) — £(2)
01
2.012:01 _ 92
- 01
—6.84

.01

£(2+.001) — £(2)
.001

.001 2.,0012:001 _ 92
o .001

=6.779

£(2 +.0001) — f(2)
10001
2.00012-0001 _ 92
- 0001

=6.773

.0001

£(2 +.00001) — £(2)
:00001
2.000012-00001 _ 92
- 100001

=6.7727

.00001

£(2 +.000001) — £(2)
1000001

2.0000012-000001 _ 92
- 1000001

= 6.7726

.000001

It appears that f/(2) = 6.7726.

40.
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(b) Graph the function on a graphing calculator
and move the cursor to an x-value near x = 2. A
good choice for the initial viewing window is [0, 3]
by [0, 10].

Now zoom in on the function several times. Each
time you zoom in, the graph will look less like
a curve and more like a straight line. When the
graph appears to be a straight line, use the TRACE
feature to select two points on the graph, and
record their coordinates. Use these two points to
compute the slope. The result will be very close to
the most accurate value found in part (a), which
is 6.7726.

flx)=at/* a=2

(a) h

f(2+.01) - f(2)
.01
2'011/2.01 _ 21/2
.01

.01

=.1071

F(24.001) — f(2)
.001
.001 2.0011/2:001 _ 91/2
.001

=.1084

£(2+.0001) — £(2)
.0001
2.00011/2.0001 _ 21/2
- 20001

.0001

=.1085

£(2+.00001) — £(2)
.00001
2.000011/2.00001 _ 21/2
- 00001

.00001

=.1085

f(2+.000001) — f(2)
1000001
2.0000011/2:000001 _ 92
N 2000001

.000001

.1085

It appears that f'(2) = .1085.
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42.

(b) Graph this function on a graphing calculator
and move the cursor to an x-value near x = 2. A
good choice for the initial viewing window is [0, 5]
by [0, 3].

Follow the procedure outlined in the solution for
Exercise 38, part (b). The final result will be close
to the value found in part (a) of this exercise,
which is .1085.

For Column A, let h = .01

f(z) =Inlz]

In|z 4+ .01] — In ||
.01

Graph y =

Column B
Graph y = e”

Graph y = 322

1
Graph y = —
x

'—__;___--

We observe that the graph of

_Infz +.01] —In |z

.01
is very similar to the graph o
1
y=—-,
T
the graph of
eaz+.01 _
YT

is very similar to the graph o

y=e€", an

f

f

d

117
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the graph of

(x+.01)3 — 23
.01

is very similar to the graph of
y = 322

Thus the derivative of Inx is ;1,, the derivative of
€® is e®, and the derivative of 3 is 3z2.

44. (a) f(z) = —42? + 11z
f(x+h)=—4(x+h)*> +11(z + h)
= —4(2* + 2zh + h?) + 11(z + h)
= —4x% — 8xh — 4h* + 11z + 11k
f@+h) = f(x)
= —42% — 8xh — 4h% + 11z + 11h + 42? — 112
= —8zh — 4h? + 11h
f+h)— f(x) —8xh—4h*+11h
h N h
=—-8x+4h+11

f/(.’E) :’1111% f($+ h}z_ f(x)
= lim (—8z +4h + 11)
h—0
=—-8r+11
f'(3) = —8(3) +11 = —13

fB+.1) - fB3)
f(;-l) — /3
—4(3..11)2 +11(3.1) — (—4(3)% + 11(3))
_—4(9.61) + 11(3.1)'1+ 4(9) — 11(3)
| 3844 +34.1 +.§6 — 33
1

134

=134
fB+.1)—f3-.1
2(.1)
_JBD) - /(29)
2
~ —4(3.1)2 +11(3.1) — (—4(2.9)% + 11(2.9))
B 2
~—4(9.61) + 11(3.1) + 4(8.41) — 11(2.9)
B 2

~38.44+34.1 +33.64 319 26

—13
2 2
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(b) f/(3) = —8(3) + 11 = —13

f(3+.01) — f(3)

01
f(3.01) — f(3)

01
~ —4(3.01)% + 11(3.01) — (—4(3)% + 11(3))
01
—4(9.0601) 4 11(3.01) + 4(9) — 11(3)
.01
~ —36.2404 + 33.11 + 36 — 33
01

—.1304
T 01
f(3+.01) — f(3—.01)
2(.01)
£(3.01) — £(2.99)
.02
—4(3.01)% 4+ 11(3.01) — (—4(2.99)% + 11(2.99))
B 02
—4(9.0601) + 11(3.01) + 4(8.9401) — 11(2.99)
.02
—36.2404 + 33.11 + 35.7604 — 32.89
.02

=—-13.04

—.26
02

Kﬁ
—
8
+
>
S~—
|
kﬁ
—
K
S~—
1
|
)
|
]I —/
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2 2
"(3) = = = = ~.222222
13 ==

fB+.1) - fB3)
1 1

%

o
~
ot
S
S
>~

FB+.1)— f3-.1)
2(.1)

fB.1) = f(2.9)

X

[\
[\
[\
e
D
Nej

fB+.01) — f3) )
01 01

%
O
N
=
>~
%
=

F(3+.01) — f(3—.01)

£(3.01) — £(2.99)

2(.01) .02

(e) flx)=Vx
fl@+h) - f(x)
h
Veith—Vr Voth+z
h Vat+h+\z
_ (z+h)—x
C WVT+h+ V)
h
- h(vVx + h+ /)
1
- h(Vz + h+ /T)

f'(z) = lim ! = 1
=0 h(Va+ h+vT) 2V

1
#(3) = —= ~ 288675

2V/3
fB+ 1D -fB) _ fB1H-fB)
1 1
V31-3
o 1
~ 286309

46.

48.
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fB+.1)—fB-=.1) f(3.1)— f(2.9)

2(.1) N 2
VB1-29
N 2
~ 288715
() f'(3) = 2—;3 ~ 288675
fB+.01) - f3) _ fB.01) - fB3)
01 01
V301 -3
N .01
~ 288435
f(3+.01) — f(3—.01)  f(3.01) — f(2.99)
2(.01) N .02
~ V/3.01-+2.99
N .02
~ 288676

P(x) = 1000 + 32z — 22
(a) $8000 is 8 thousands, so = = 8.

P'(8) =32—4(8) =32-32=0

No, the firm should not increase production, since
the marginal profit is 0.

(b) $6000, = = 6
P'(6) =32 —4(6) =32 —24 =8

Yes, the first should increase production, since the
marginal profit is positive.
(c) $12,000, = = 12
P'(12) = 32 — 4(12)
=32—-48=-16
No, because the marginal profit is negative.
(d) $20,000, z =20

P'(20) = 32 — 4(20)
=3280 = —48

No, because the marginal profit is negative.
C(x) = 1000 + .2422%, 0 < x < 30,000

(a) The marginal cost is given by C’(z) = .48z,
0 < 2 < 30,000.

(b) C’(100) = .48(100) = 48
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(c) This represents the fact that the cost of pro-
ducing the next (101st) taco is approximately 48.
The exact cost to produce the 101st taco is
C(101) — C(100) = [1000 + .24(101)?]
— [1000 + .24(100)?]

= 1000 + 2448.24 — 1000 — 2400

= 48.24.
(d) The exact cost of producing the 101st taco is
.24 greater than the approximate cost. They are
very close.

50. (a) From the graph, V,,, is just about at the turn-
ing point of the curve. Thus, the slope of the
tangent line is approximately zero. The power ex-
penditure is not changing.

(b) From the graph, the slope of the tangent line
at V,,, is approximately .1. The power expended
is increasing .1 unit per unit increase in speed.
(c) The slope of the tangent line at Vo is a bit
greater than that at V,,,., about .12. The power
expended increases .12 units for each unit increase
in speed.

(d) The power level first decreases to V,,,, then
increases at greater rates.

(€) Viur is the point which produces the smallest
slope of a line.

52. I(t) =27+ 72t — 1.5¢*

(a)
. I({t+h)—1I(t)
') = lim ————~=
®) e h

i 27+72t+72h—1.5t* —3th—1.5h* —27—T72t+1.5¢>
h—0
. T2h — 3th — 1.5h?

= lim
h—0 h

= lim 72 — 3t — 1.5k
h—0

=72-3t

54.

I'(5) = 72 — 3(5)
=72 15
=57

The rate of change of the intake of food 5 minutes
into a meal is 57 grams per minute.

(b) rea <o
72— 3(24) = 0
0=0

56.
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24 minutes after the meal starts the rate of food
consumption is 0.

(c) After 24 minutes the rate of food consumption
is negative according to the function where a rate
of zero is more accurate. A logical range for this
function is

0<t<24.

The slope of the tangent line to the graph at the
first point is found by finding two points on the
tangent line.

(z1,y1) = (1000, 13.5)
(22,y2) = (0,18.5)
_185-135 5

01000 _ —1o00 = V%

At the second point, we have

(z1,91) = (1000, 13.5)
(Jig,yz) = (2000,215)

21.5—13.5
"= 2000 — 1000
8
~ 1000
— 008

At the third point, we have

(z1,71) = (5000, 20)
(xg, y2) = (3000, 225)
_225-20
"= 3000 — 5000
25
~ 22000

= —.00125

At 500 ft, the temperature decreases .005° per
foot. At about 1500 ft, the temperature increases
.008° per foot. At 5000 ft, the temperature de-
creases .00125° per foot.

The slope of the graph at © = 24 can be estimated
using the points (24, 360) and (33, 395).

done_ 395360 35
PE= 3308 T 9

©loo

Thus, the derivative for a 24 ounce bat is about 4
ft per oz which means that the distance the ball
travels is increasing 4 feet per ounce.
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Graphical Differentiation

The slope of the graph at = 51 can be estimated
using the points (60,380) and (51, 390).
390 —380 10 10

=——=-1.1

slope = =60 = =9~ 9

Thus, the derivative for a 51 ounce bat is about
—1.1 ft per oz which means that the distance the
ball travels is decreasing 1.1 feet per ounce.

3.5 Graphical Differentiation

4. Since the z-intercepts of the graph f’ occur when-

ever the graph of f has a horizontal tangent line,
Y5 is the derivative of Y;. Notice that Y5 has 2
x-intercepts; each occurs at an x-value where the
tangent line to Y} is horizontal.

Note also that Y5 is negative whenever Y7 is de-
creasing, and Y5 is positive whenever Y] is increas-
ing.

. Since the z-intercepts of the graph f’ occur when-
ever the graph of f has a horizontal tangent line,
Y: is the derivative of Y5. Notice that Y; has 4
z-intercepts; each occurs at an z-value where the
tangent line to Y5 is horizontal.

Note also that Y7 is negative whenever Y5 is de-
creasing and Y; is positive whenever Y5 is increas-
ing.

. To graph f’, observe the intervals where the slopes
of lines are positive and where they are negative
to determine where the derivative is positive and
where it is negative. Also, whereever f has a hor-
izontal tangent, f’ will be 0.

Estimate the magnitude of the slope at several
points by drawing tangents to the graph of f.

F'x)
24
4"<‘74
-4 2
0

10. On the interval (—oo,—3), the graph of f is a

straight line, so its slope is constant. To find this
slope, use the points (=6, —3) and (—3,0).

0-(=3 _3_,

T30 (6 3

12.

121

On the interval (3, 00), the slope of f is also con-
stant. To find this slope, use the points (3,0) and
(6,—3).

Thus, we have f'(z) =1 on (—oo, —3) and f'(x) =
—1 on (3,00). Because the graph of f has sharp
points at x = —3 and x = 3, we know that f'(—3)
and f’(3) do not exist. We show this on the graph
of f/(z) by using open circles.

We also observe that the slopes of tangent lines
are negative on (—3,0), that the graph has a hori-
zontal tangent at x = 0, and that the slopes of
tangent lines are positive on (0,3). Thus, f’ is
negative on (—00,3), 0 at = 0, and positive on
(3, 00). Furthermore, by drawing tangents, we see
that on (—3,3), the value of f" increases from —1
to 1.

0
2__
-0
: } : :
-4 2 o4t
2+

On the interval (—oo,0), the graph of f is a hori-
zontal line, so its slope is 0. Thus, the graph of f’
is y = 0 (the z-axis) on (—o0,0).

Since f is discontinuous at x = 0, f’(0) does not
exist. Thus, the graph of f’ has an open circle at
z=0.

On the interval (0, 00), the slopes are positive but
decreasing at a slower rate as = gets larger. There-
fore, the value of f’ will be positive but decreas-
ing on this interval. This value approaches 0, but
never becomes 0.
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14. The graph of f is a step function. (This is the
greatest integer function, f(x) = [[z]].) The graph
is made up of an infinite series of horizontal line
segments. Thus, the derivative will be 0 every-
where it is defined. However, since f is discontin-
uous wherever z is an integer, f'(x) does not exist
at any integer.

The graph of f’ is an infinite set of line segments
on the z-axis (where y = f’(x) = 0) separated by
open circles wherever x is an integer.

F'®)

24
—O0——0—0—0—0O—0—O——
) 2 4 7

i,

16. Notice how the slope of the graph changes with
time. The slope is positive until early August,
then it is negative until November, then it is posi-
tive until December, then it is negative until mid-
January, then it is positive until April, then it is
negative for the remainder of the data. Use this in-
formation to sketch the graph of the rate of change
with respect to time.

+\
0 : x4 ——
MDJFMAMJJ

wv 4+

18. Let P(V) represent the power corresponding to a
given value of the tern’s speed, V.

The rate of change of power as a function of time
is given by the derivative of this function, P'(V).
We use the graph of P to sketch the graph of P’.

First, we observe that the graph of P has one turn-
ing point, at V = Vj,,, = 5.5. At this value of V,
the graph has a horizontal tangent, so the graph
of V' has an x-intercept at this value of V.

Since the slopes of tangent lines are negative on
the interval (0, V},p) and positive when V' > V,,,,,,
the value of V' is negative on (0, V,,,;,) and positive
when V > V.
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Use the tangents drawn on the graph and addi-
tional tangent as needed to estimate the slope at
several points on the graph of V' to improve the
accuracy of the graph of V.

dZi / |

-0.2
-04
0.6
-0.8

Weight gain
20.

| | | ! |
T T

l
48 12 16

Age (years)

Chapter 3 Review Exercises

4. The derivative can be used to find the instanta-
neous rate of change at a point on a function, and
the slope of a tangent line at a point on a function.

6. (a) lim g(xr)=-2

r——1-

(b) lim g(x)=2

r——1+1
(c) linil1 g(z) does not exist since parts (a) and
(b) have different answers.
(d) g(—1) = —2, since (—1,—2) is a point on the
graph.
8. (a) lirglﬁ h(z) =1
b) lim h(x)=1
(b) lim h(z)
(c) lim h(z) =1
r—2
(d) h(2) does not exists since the graph has no

point with an z-value of 2.

10. lim f(z) = —3 since the line y = —3 is a hori-

r—0o0

zontal asymptote for the graph.
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12.

14.

16.

18.

20.

22,

24.

2x+5
Let
et f(r) = ==
T 2.9 2.99 2.999
f(x) | —108 —1098 —10,998
T 3.1 3.01 3.001
f(z) | 112 1102 11,002

As x approaches 3 from the left, f(x) gets infi-
nitely smaller. As x approaches 3 from the right,
f(z) gets infinitely larger. Therefore, ilg%), 296—9”;:—5
does not exist.

2 _ _
i & +32—-10 _ lim (x+5)(x—2)
T—2 T — 2 —2 x—2
—hm(x+5)—2+5—7
. 3a?—2w-21
lim ——
z—3 r—3
~ im Bz 4+ 7)(x — 3)
—hm(31:+7)—9+7—16
vV —4

1m
z—16 x — 16

i YZ—4 VTt
o6 7 — 16 \/_+4

~ lim r — 16
_x—>16(x—16 (VT +4)
i 1 1
= 1im
¢~usv”4~4 V16 + 4
11
444 8
o a?+6x+8 48 8
h_, 3+2$+1 xl_,ngoa, 2x
T—00 T m,_+x_3+_
i+ 54+ 5
= 1m—
1’—>0<>1—|-w2—|—l_3
_0+04+0
14040
9 1
zkmoo(y+—z—3)
= It I e IS
=04+0-3=-3

As shown on the graph, f(z) is discontinuous at
z1 and x4.

26.

28.

30.

32.

123
2—3x
r)=———
f@) (1+2z)(2—12)
The function is discontinuous at x = —l and z = 2

because those values make the denominator of the
fraction equal to zero.

lin}1 f(x) does not exist since lim f(x) = —oc0

r——1"

and lim1+ flz) =00
lir% f(z) does not exist since liIgf flx) = -0

and liI£1+ f(x) = oc.
f(=1) and f(2) do not exist since there is no point
of the graph that has an z-value of —1 or 2.

2
¢ —9
€T =
f(@) r+3
The function is discontinuous at £ = —3 since this

value makes the denominator of the fraction equal
to zero.

2 -9 o (x4 3)(x —3)

=1

r——-3 X 3 r——3 x+3
= hm3 (x—3)
— 3-3=-6

f(—=3) does not exist since there is no point on the
graph with an z-value of —3.

f(x) = 222 — 5z — 3 has no points of disconti-
nuity since it is a polynomial function, which is
continuous everywhere.

2 if z<0
fley=X —2?+z+2 if 0<2<2
1 if z>2
(a)
VAE)
~—
2(\
4 2 0 o 4
24

(¢) lim f(z)=—-4+2+4+2=0
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2t + 323 + 72? + 11lx + 2 r+4
4. = 38. = = €T
34. /() x3+222 -3 -6 L f(@)
(a) Find values of f(x) when z is close to —2. 544 9
o =5=5=7
x f(x) 244
—2.01 —12.62 1@ = 5—1 0
—2.001 —12.96
—2.0001 | 13 Average rate of change:
—1.99 —13.41
~1.999 | —13.04 . -,
~1.9999 | —13 _1 5 _= _ 5
5—2 3 4
It appears that lim f(x) = —13.
v=2 ;D) - @+490d)
b) Graph (e -1
(b) Grap rz—1-x-4
o (z-1)?
_x4+3z3+7x2+11:n+2 _5
v= 234222 —-3x—6 Zm

on a graphing calculator. One suitable choice for
the viewing window is [—5,5] by [-10, 10].

By viewing the function near x = —2, we see that
as x gets close to —2 from the left on the right, y -5 )
gets close to —13, suggesting that N N

x4+ 323 + 722 + 11z + 2 _

z—lrrlj 3 7 — —13.
2 x5+ 222 -3 —6 40. y = 522 + 6z
36. y=—22° —22+5= f(x) Y = lim flx+h)— f(z)
h—0 h
£(6) = —2(6)3 — (6)2 +5 = —463 _ iy @+ )? 4 6(x + h) — [52 + 62
f(=2) = —2(=2)3 = (=22 +5 =17 h—0 h
_ 1 5(z% 4+ 2xh + h?) + 6z + 6h — 5% — 62
Average rate of change: = Al h
. 522 + 10xzh + 5h? + 62 + 6h — 5az? — 6x
_J6) ~ f(-2) = n
T 6—-(-2)
. 10xh 4 5h* + 6h
—463 — 17  —480 = lim
“ %612z s W " "
. h(10x + 5h + 6)
y = 62> — 20 B S —
= }llm% (10z + 5h + 6)
Instantaneous rate of change at © = —2: =10z +6

F1(=2) = —6(—2)% — 2(—2) = —6(4) +4 = —20
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f(B84.01)— f(3)
.01

3.011n 3.01 __ 31n 3
B 01
= 2.4573

f(34.001) — £(3)
.001

3-0011n 3.001 __ 3ln 3
- 001
= 2.4495

£(3+.0001) — f(3)
.0001

30001111 3.0001 __ 3111 3
- 10001

=2 .4487

.001

.0001

£(3+.00001) — £(3)
.00001

B 300001111 3.00001 __ 3111 3
B .00001

.00001

= 2.4486

£(3+.000001) — £(3)
1000001

- 30000011n 3.000001 __ 3ln 3
B .000001

.000001

= 2.4486

It appears that lirré f(z) = 2.4486.

(b) Graph the function on a graphing calculator
and move the cursor to an x-value near x = 3. A
good choice for the viewing window is [0, 10] by
[0, 10].

Zoom in on the function until the graph looks like
a straight line. Use the TRACE feature to select
two points on the graph, and use these points to
compute the slope. The result will be close to the
most accurate value found in part (a), which is
2.4486.

44.

46.

48.

125

On the intervals (—o00,0) and (0, c0), the slope of
any tangent line will be positive, so the derivative
will be positive. Thus, the graph of f’ will lie
above the y-axis. The slope of f and thus the value
of f’ approaches 0 when x— —oo and x — 0o and
approaches some particular but unknown positive
value > 1 when £ —0~ and z —0F.

Because f is discontinuous at x = 0, we know
that f/(0) does not exist, which we indicate with
an open circle at z = 0 on the graph of f’.

)

R(z) = 5000 + 162 — 322
(a) R'(z) =16 — 6x

(b) Since z is in hundreds of dollars, $1000 corre-
sponds to z = 10.

R'(10) = 16 — 6(10)
=16 — 60 = —44

An increase of $100 spent on advertising when ad-
vertising expenditures are $1000 will result in the
revenue decreasing by $44.

P(z) = 15z + 2522

(a) P(6) = 15(6) + 25(6)?
= 90 + 900 = 990
P(7) = 15(7) + 25(7)?

= 105 + 1225 = 1330

Average rate of change:
_ P(7)—P(6) 1330 —990
- 7T-6 1
= 340 cents or $3.40
(b) P(6) =990
P(6.5) = 15(6.5) + 25(6.5)2
= 97.5 4 1056.25
= 1153.75

Average rate of change:
P(6.5) — P(6)
- 65-6
1153.75 — 990

5
= 327.5 cents or $3.28
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50.

(c) P(6) =990
P(6.1) = 15(6.1) + 25(6.1)2
= 91.5 +930.25
=1021.75

Average rate of change:
P(6.1) — P(6)
6.1 -6

~ 1021.75 — 990
a 1

= 317.5 cents or $3.18

(d) P'(z) = 15+ 50z
P'(6) = 15 + 50(6)
=154 300
= 315 cents or $3.15

(e) P'(20) = 15+ 50(20)
= 1015 cents or $10.15

(F) P'(30) = 15 + 50(30)
= 1515 cents or $15.15

(g) The domain of z is [0, 00) since pounds cannot
be measured with negative numbers.

(h) Since P'(x) = 15 + 502 gives the marginal
profit, and x > 0, P’(x) can never be negative.

(i) Pla) = 7
_ 15z + 2522

=15+ 25z
G) P'(z) =25

(k) The marginal average profit cannot change
—/

since P (z) is constant. The profit per pound

never changes, no matter now many pounds are

sold.

li T(z) = (29,300)(.15
() lm T = (20.300)(15)
= $4395
b li T(x) = 4350 4+ (.27)(29,300 — 29,300
(b) ~lm  T() +(:27)(29, ,300)
= $4350
(¢) lim T(z) does not exist since parts (a)

x—29,300
and (b) have different answers.

Chapter 3 THE DERIVATIVE

(d)

T(x)

Income tax
(in thousands)
A o
1 |
T T

(8]
|
T

l l ! 1 | | | ! l
T T 1T

T T
10 20 30 40 *
Income
(in thousands)

(e) The graph is discontinuous at z = 29,300.

(f) For 0 < z < 29,300,

4350 + (.27)(z — 29,300)
X
27z — 3561

li A(z) = .15
() er%;I,gloof (@)

(h) Jom o A@) = 27— 55506 =

(i) lim
229,300
and (h) have different answers.

A(x) does not exist since parts (g)

() lim A(z)=.27T-0=.27

(k)

Tax rate
TN

1
&

L T T
10

T T T T T

30 50 70 90 *
Income

(in thousands)
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52.

54.

V(t)=—t>+6t—4
(a)

<
YRVEC)
I
T

|
T

People
(in hundreds

—t———
3 t
! Weeks x

V() =12+ 6t—4

=)

(b) The z-intercepts of the parabola are .8 and
5.2, so a reasonable domain would be [.8, 5.2], which
represents the time period from .8 to 5.2 weeks.

(¢) The number of cases reaches a maximum at
the vertex;
-b -6

:—_—:3
YT T

V(3)=-32+6(3)—-4=5

The vertex of the parabola is (3,5). This repre-
sents a maximum at 3 weeks of 500 cases.

(d) The rate of change function is
V'(t) = =2t +6.

(e) The rate of change in the number of cases at
the maximum is

V/(3) = —2(3) + 6 = 0.

(f) The sign of the rate of change up to the maxi-
mum is + because the function is increasing.. The
sign of the rate of change after the maximum is —
because the function is decreasing.

Skeletal Age in Years

2.4

] | 1 | Il ]
T T T T T T T
6.8.10121416

X

Rate of Change of Growth

For a 10-year old girl, the remaining growth is
about 14 cm and the rate of change is about —2.75
CIm per year.

56

127

. (a) The graph is discontinuous nowhere.

(b) The graph is not differentiable where the graph
makes a sudden change, namely at z = 50,
r = 130,z = 230, and = = 770.

(c)

200 400 600 800 @



Chapter 4

CALCULATING THE DERIVATIVE

4.1 Techniques for Finding

Derivatives
2. y=31%—22 - —
Yy x3 —x B
dy 3-1 2-1 L o1
&9 _ _9 _ =
7 33z — 22 3%
1
=972 — 2 — —
9z T D

4. y=32* + 1123+ 22° — 4o

dy _ 3(4z*7 1) +11(32371)

dx
+2(22%71) — 4211
=1223 + 3322 + 4z — 4

6. f(x)=—22%° +8x°
f(z) = —2(2.52%571) + 8(.5x5~1)

=5zt 4= 5or — 5zl 4 —

o

8. y=-100\x — 1122/3
= —1002'/2 — 112%/3

dy 1 2 ..
- a—t —.1/2—-1) _ 11( 2 2/3—1
T 00 <2;r > <3x )

22013 50 22

= 502~ 1/2 — 0

3 r z1/2  3p1/3

10. y=100"2+3x"*—-62

= _6

d
= 10(—22271) + 3(~4e 1) — 62’
—20 12
=-20z"2—-12z7°—6or — 3
X x
6 8
12. f(t)=-— —
I®=7-
=6t — 82
ft) =6(=1t7171) —8(—2t7>71)
—6 16
— —2 -3
= —6t7“+ 16t~ ° or = + el

128

9 8 2
W v=amsmts
=9r 4 —8x73 + 227!
% = 9(—427°) — 8(=3z7%) + 2(—z72)
= 362" 4 242~ * — 2272
36 24 2
T T2

16. p(x) = —10z~'/2 4 8473/2

1
p'(z) =-10 (—5333/2) +8 (—;xs’m)

= 5x~3/2 _ 12575/2

5 12

or —s — —=
2372 15/2

18. = G~ /4

6
AW

dy 1 54
dx _6< 4>3:

22.  g(z) = (822 — 4x)?
= 642 — 642° + 1622
g'(x) = 64(4x*~ 1) — 64(32>71) + 16(22%71)
= 25623 — 19222 + 32z

24. A quadratic function has degree 2.
When the derivative is taken, the power will de-
crease by 1 and the derivative function will be lin-
ear, so the correct choice is (b).
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d .
26. %(431:3 — 6272)

= 4(32?) — 6(—2273)
= 1222 + 12273

12
=122% + = choice (c)

122%(23) + 12
" I

122° + 12 )
= choice (b)

Neither choice (a) nor choice (d) equals

%(4:173 — 6272).
wols
=D, Bz~ V4 —3273/2]
= (_lm—5/4> -3 <_§m—5/2>
2
—22~5/4 4 g 22
or —2 49
25/4 T 9572
30. f(z)= %3 — 822
= %@3 — 82

F1(w) = 5(32) - 8(22)

1
= §m2 — 16z
1
F3)=30)* - 16(3)
=3—-48=—-45

32. y=—22° T3 +8x% z=1
y = —2(52%) — 7(322) + 8(2z)
= —10z* — 2122 + 162

y'(1) = —10(1)* — 21(1)% + 16(1)
=-10-21+16
=-15

The slope of the tangent line at x =1 is —15.
Use m = —15 and (x1,y1) = (1, —1) to obtain the
equation.

y—(~1) = —15(x 1)
y+1=—-15z+415
15z +y =14

36.

38.

129

y' =327 +(
=34 —-2273
32

T3
3 2 3 2
/1 =V — = = — =
VO =TT T aE T 10

The slope of the tangent line at x =1 is 1.

f(x) =223 + 922 — 60x + 4
f'(z) = 622 + 18z — 60

If the tangent line is horizontal, then its slope is
zero and f'(x) = 0.

62% + 18z — 60 =0
6(x? + 3z —10) =0
6(x+5)(z—-2)=0

r=-5 or =2

Thus, the tangent line is horizontal at x = —5 and

xr = 2.

f(x) =2% —42? — Tx +8
fl(x) =322 —-82 -7

If the tangent line is horizontal, then its slope is
zero and f'(z) = 0.

322 —8x—7=0

v 8§+ 164+ 84
B 6
8 £+/148
rT=—
6
P 21/37
6
. 2(4 +/37)
B 6
v 4+ /37
3
Thus, the tangent line is horizontal at x = ﬁTﬁ.



130 Chapter 4 CALCULATING THE DERIVATIVE

40. f(x)=62%+4x—9 50. The demand is given by z = 5000 — 100p.

fl(@)=12z+4

Solve for p.
If the slope of the tangent line is —2, f'(x) = —2. 5000 —
P=—77+"
127 44 = —2 15?(?00
—x
122 = —6 Rla) = o (2000 =2
X (z) == ( 100 )
=73 5000z — 22
f ( 1) v 50001 002
o) =_2= -2z
2 2 R’ ==
(=) 100
The slope of the tangent line is —2 at (—%, —1—29) . 5000 — 2(1000)
/
1 o A
(a) R'(1000) 100
42. f(x) = 2% + 622 4+ 21z + 2 — 30
() =32 + 122+ 21 5000 — 2(2500)
b) R'(2 ik S
If the slope of the tangent line is 9, f/(z) = 9. (b) F'(2500) 100
=0
3r2 + 120 +21=9
2 = 5000 — 2(3000
322+ 120 4+12=0 () R'(3000) (3000)
322 +4x+4)=0 100
3(x+2)2=0 =-10
T=-2 »
f(=2)=—24 52. S(t) =100 — 100¢

The slope of the tangent line is 9 at (—2, —24). — 1002
1 1 _ 100
44. f(x) = §Q(IL‘) + Zh(:p) 2
100 100
1 1 a) (1) = — = — =100
Fa) = 2g/(@) + 20(w) @50 = =7
100 100
1 1 _ 100~ 100
f'2) =592+ h(2) (b) §'(10) = 102 = 100 —
1 1 N B
= 5(3) + Z(6) 54. Profit = Revenue — Cost
3.3 _, P(z) = zp(x) — C(x)
= — + _ =
1
2 2 Px)==z < 220 + 1000> — (:22% + 62 + 50)

flz) 1

Use the rule for the derivative of a constant times

S'(t) = —100(—1¢72)

1000

= + 1000z — .22 — 62 — 50

= 1000x~1 4 994z — .22% — 50

a function. P'(z) = —1000z~2 + 994 — 4z
d [f@)] _d 1 =994 — 4z — 1020
1 | & T ur B f(x) T
1000
P'(10) = 994 — .4(10) —
() =994 —4—10
= =980

The marginal profit is $980.



Section 4.1  Techniques for Finding Derivatives 131

56. (a) 1982: 66. BMI — 70?;“’
1982 — 1932 = 50 h
1ol __ :
C(50) = .0102(50)% — .2164(50) + 3.23 (a) 627 = 74 in.
= 17.91 ~ 18 cents
BMI = &2220) ~ 28
2002: 74
2002 — 1932 = 70
(b) BMI = 03w _ = 24.9 implies
C(70) = .0102(70)2 — .2164(70) + 3.23 42
= 38.062 ~ 38 cents o 24.9(74)? ol
(b) C'(z) = .0102(2z) — .2164(1) T o703 T
= 0204z — 2164 A 220-1b person needs to lose 26 pounds to get
1982: down to 194 Ibs.
C’(50) = .0204(50) — .2164 () 1f F(n) = 183U2) _ o7 0r5h-2 then
= .8036 cents/year h?
2002: f'(h) = 87,875(—2h=271)
175,750
C’(70) = .0204(70) — .2164 = —175,750h 3 = — 3
= 1.2116 cents/year
175,750
58. N(t) = 0043732 (d) f1(65) = ——g5— =~ — 64

(1) — 2.2
N'(t) = 0139841 For a 125-1b female with a height of 65 in. (5'5"),

(a) N'(5) ~ .4824 the BMI decreases by .64 for each additional inch
(b) N'(10) ~ 2.216 of height.
60. V(t) = —2159 + 1313t — 60.82¢> (e) Sample Chart
(a) V(3) = —2159 + 1313(3) — 60.82(3)2 ht/wt | 140 | 160 | 180 | 200
= 1232.62 cm? 60 27 | 31 35 | 39
65 | 23 | 27 | 30 | 33
(b) V'(t) = 1313 — 121.64¢ 70 20 | 23 | 26 | 29
V'(3) = 1313 — 121.64(3) 75 | 17 | 20 | 22 | 25

= 948.08 cm? /yr

68. s(t) = 25t2 — 9t + 8
62. v =2.69]186 ®)

d (a) v(t) =5(t) =25(2t) —9+0
C — (1.86)2.6911%6~1 ~ 5.000-56 50— 9
64. t = 058851125 (b) v(0) = 50(0) — 9 = —9
(a) When s = 1609, t =~ 238.1 seconds, or 3 minutes, v(5) = 50(5) — 9 = 241
58.1 seconds. v(10) = 50(10) — 9 = 491
dt
(b) 5 .0588(1.125s1:125-1) 70. s(t) = -2t + 412 - 1
s
_ 125
= -06615s (a) v(t) = s(t) = —2(3t2) + 4(2t) — 0
When s = 100, £ ~ .118 sec/m. At 100 meters, = —6t> + 8t

the fastest possible time increases by .118 seconds

. b) v(0) = —6(0)2 +8(0) =0
for each additional meter. (

v(5) = —6(5)* + 8(5)
(¢) Yes, they have been surpassed. In 2000, the = 25) +40 = —110

world record in the mile stood at 3:43.13. (Ref: U(IO) = —6(10)% + 8(10)

(
(
—6(
(
www.runnersworld.com) —6(100) 4+ 80 = —520
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72.

74.

s(t) = —16t% + 64t
(a) v(t) =s'(t) = —16(2t) + 64
= —32t + 64
v(2) = —32(2) + 64 = —64 + 64 = 0
v(3) = —32(3) + 64 = —96 + 64 = —32

The ball’s velocity is 0 ft/sec after 2 seconds and
—32 ft/sec after 3 seconds.

(b) As the ball travels upward, its speed decreases
because of the force of gravity until, at maximum
height, its speed is 0 ft/sec.

In part (a), we found that v(2) = 0.

It takes 2 seconds for the ball to reach its maxi-
mum height.

(c) s(2) = —16(2)% + 64(2)
= —16(4) + 128
= —64 + 128
= 64

It will go 64 ft high.

y1 =4.13z + 14.63
Yo = —.0332% + 4.647x + 13.347

(a) When = = 5,y; =~ 35 and y, ~ 36.

dy:

b) — =41

(b) dx 3
dys
—— =. 2 4.64
. 033(2z) + 4.647

= —.066x + 4.647

When o = 5, %44 = 413 and 42 ~ 4.32. These
values are fairly close and represent the rate of
change of four years for a dog for one year of a
human, for a dog that is actually 5 years old.

(c) With the first three points eliminated, the dog
age increases in 2-year steps and the human age
increases in 8-year steps, for a slope of 4. The
equation has the form y = 4x + b. A value of
16 for b makes the numbers come out right. y =
42 +b. For a dog of age © = 5 years or more, the
equivalent human age is given by y = 4z + 16.
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4.2 Derivatives of Products and

10.

12.

Quotients
y = (5z% — 1)(4x + 3)
% = (52? — 1)(4) + (10x)(4x + 3)
= 2022 — 4 + 4022 + 30z
= 6022 + 30z — 4
y=(7Tr —6)2 = (Tx — 6)(7x — 6)
W — (7w~ 6)(1) + ()72 ~6)

=49x — 42 4+ 49x — 42
= 98x — 84

g(t) = (3t* +2)?

t2 +2)(3t2 + 2)

t2 +2)(6t) + (6t)(3t? + 2)
8t3 + 12t + 183 + 12t
363 + 24t

= (3
gt =@
=1

y=(2z-3)(vz-1)
= (22— 3)(2'/%2 - 1)

d 1
d—z = (22 — 3) <§x1/2> +2(x1/2 1)
=gl/2 — gxfl/Q +221/2 -2

—3.1/2 _ a1/

or 3z/2—

2x1/2

glz) = (72 —273) (327 + 4274
¢ (x) = (72 —273)(=3272 — 1627°)

+ (=203 + 327 (Bx + 4271
¢ (z) = -3z - 16277+ 3z7° + 16278 —
— 8277 +9z7% + 12278
¢ (r) = -9z~ +1207° — 2427 + 28278

6x—*

J(@) = 683; +111
, (8z 4+ 1)(6) — (6x — 11)(8)
@) = (8z + 1)2
_ 487+ 6 — 48x + 88
B (8x +1)?
94
B (8x 4 1)2
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9—Tt
14. =
L—
@_(1—t)(—7)—(9—7t)(—1)_—7+7t+9—7t_ 2
de (1—1¢)2 a (1-1¢)2 - (1-1)2
x2 — 4z
16. =
y r+3

dy (x4+3)(2x —4) — (22 —42)(1) 22?4+ 6 —4x—12—2? +4a 2 + 62— 12

do (z + 3)2 (@ +3)2 T T (@+3)?
—x2 4+ 62
18, y=—1—
Y= 1
dy  (42® +1)(—22 +6) — (—2* +62)(8x)  —8x® +24a® — 20 +6+82° — 482  —24a® — 20 +6
dr (4a? +1)2 N (422 +1)2 (422 4+ 1)2
2 _
20. k(z) = -2
T —2
K () = (—2)2x+7)—(?+Tx—2)(1) 222 +Te—4do—14—2?—Te+2 2?—4x—12
B (x —2)? a (x—2)? o (z—2)?
1/2
22, ()= YL _t
264+3  2t+3
o (2t +3) (3t712) — (t1/2)(2) V24 2 _ot/2 12y By
r = = —
(2t + 3)2 (2t + 3)2 (2t + 3)2
Vg s
(2t +3)2 2V/t(2t + 3)2
22‘2
24. h(z) = ——
(2) 23245
Wiz = (32 +5)(2.2212) — 222(3.2222)  2.2z%* + 11212 — 3.2 244 411212
- (232 +5)2 - (232 4 5)2 T (32+5)2
(322 +1)(2z — 1)
26. =
f(@) br + 4
Pla) = (5z + 4)[(322 + 1)(2) + (62)(2x — 1)] — (322 + 1)(2z — 1)(5)
(5x +4)?
~ (5x 4 4)(182? — 62 + 2) — (32* 4+ 1)(10x — 5)
B (5x 4+ 4)2
9023 — 3022 + 10z + 7222 — 24a + 8 — 302% + 1522 — 10z + 5
B (5 + 4)2
602 + 5722 — 24w 4 13
- (5z + 4)2
28. h(x) = f@)
g9(x)
W () = g(@)f'(x) — f(x)g'(x)
lg(x)]?
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30.

32.

34.

36.

38.

Chapter 4 CALCULATING THE DERIVATIVE

In the first step, the denominator, (23)? = 2%, was omitted. The correct work follows.
D 2 -4\  23(2x) — (2 —4)(32?) 22" — 32t + 1227 -2t +1227 2 (—2?+12) —a?+12
x 3 - (x3)2 - 76 - 26 - x2(x) - T4
_ u(x)
f(CL‘) - v(m)
) — i JEEW ZI@) S A (et ho(e) —u(@e(e )
R h ~hh h ~ hv(z + h)v(x)
~ lim u(z+h)v(z) —u(x)v(z)+u(z)v(c) —u(x)v(z + h)
" hs0 hv(z + h)v(x)
(@) [u(z+h) —ul@)] —u(@)[v(x+h) —v(z)]
= lim
h—0 hv(z + h)v(x)
gy V)R () M) () () — u(a)y ()
= lim =
h—0 v(x + h)v(z) [v(z)]?
Graph the numerical derivative of f(z) = (22 — 2)(2? — v/2) for 2 ranging from —2 to 2. The derivative crosses

the z-axis at 0 and at approximately —1.307 and 1.307.

3z +2
C =
() r+4
— . Cl) 3x+2
Cla) = r  x?44x
(a) C(10) = % = 13T20 ~.2286 hundreds of dollars or $22.86 per unit
(b) C(20) = % = % ~.1292 hundreds of dollars or $12.92 per unit
— 2
(c) C(z) = x32$4:r4m per unit
(d) T(a) = (22 +42)(3) — Bz +2)(2x +4)  32? + 12z —62? — 12z — 4w —8 —32? —4x —8
N (22 + 4x)? N (22 + 4x)? (22 4 4x)2
100d>
M) = 3210
(2) M) = (3d2 +10)(200d) — (100d2)(6d)  600d° + 2000d — 600d°  2000d
N (3d? +10)2 N (3d? + 10)2 ~ (3d% +10)2
2 2 4
(b) M(2) = —20002) 4000

[3(2)2 +10]2 484

This means the new employee can assemble about 8.3 additional bicycles per day after 2 days of training.

2000(5) 10,000
M'(5) = = ~14
O) = BErTiE ~ T2

This means the new employee can assemble about 1.4 additional bicycles per day after 5 days of training.
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40. T(z) = €&

x
Let u(x) = C(x), with v/ (x) = C'(z).
Let v(z) = x with v/(x) = 1. Then, by the quo-

tient rule,
=y v(@) - (x) —u(x) o' (2)
Clo)= EGE
- C'(x)-C(x)-1
- >
_ xC'(z) — C(x)
42. f(z) = A[ixx
@) Fla) = LR
AK
fl(x) = [VESE
(b) f'(A)= (Aﬁ—fil)?
_AK
T 1A?
K
T 1A
44. R(w) = 325% 1;‘)
(a) 1) = 2D
~ 8.57 min
(b) R(n) = 2O
~ 16.36 min
(©) R(w) = (w— 1.5)%10)_1.?;(;210 —4)(1)
30w — 45 — 30w + 120
N (w —1.5)2
T
~ (w—1.5)2
) 75
RO =519
min?
~ 612 —
75
R(7) = (7T—1.5)2
~ 2480

" kecal

135

90t
46 () = 55700

(99t — 90)(90) — (90¢)(99)
(99t — 90)2
—8100
(99t — 90)2

7 =

. —8100
(@ f'(1)= 99— 902

—8100
= 9—2
8100

= —100
81

—8100
[99(10) — 90]2
—8100

(900)2

~ —8100

~ 810,000

(b) f(10) =

4.3 The Chain Rule

In Exercises 2-6, f(z) = 42? — 2z and g(z) = 8z + 1.

2. g(—=5)=8(-5H)+1
= —40+1=—39
flg(=5)] = f[=39]
4(=39)% — 2(—39)
6084 4+ 78 = 6162

4. f(=5) =4(-5)* - 2(-5)
=100410 =110
glf(=5)] = g[110]
8(110) + 1
880 + 1 = 881

6. f(52) = 4(52)% — 2(5z)
= 4(2522%) — 102
= 10022 — 10z

glf(52)] = 8(1002% — 102) + 1
= 80022 — 80z + 1
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8. f(z) =—-62+49; g( )=%+7
flg(x)] = —6 E + 7} +9

_ %6"” 4249
—6x
=5 =3
6z — 165
N 5
i) = =2
_ —6z+9 35
5 5
- —6x + 44
N 5
10. () = —5: g() =2~ =
9
o) = =
2 2
@l =2- (5) =2~ %

12. f(z) =922 — 11z; g(x) = 2V/x + 2

flg(@)] = 9(2vx +2)* — 11(2Vz + 2)
=9[4(z +2)] — 22z + 2
=36(x +2) — 227 + 2
=36z + 72 — 22z + 2

glf (z)] = 24/(922 — 11z) + 2
=2922 — 11z + 2

Flo(a)) = ———
- 8 3—x
N 3—:5' 3—x
83—z
- 3-z

i) = yf3- 2= 28
_ V3x -8 ﬁ
= -

312 — 8x

16. y = (3z — 7)'/3
If f(z) = 2"/ and g(x) = 3z — 7, then

y = floa)] = (3 = 1)/%.

18.

20.

22,

24.

26.

Chapter 4 CALCULATING THE DERIVATIVE

y=+9—4x
If f(z) =+v/x and g(z) =9 — 4z, then

y=[lg(@)] = V9 -4z

y:(x1/2—3)2—|—(x1/2—3)+5

If f(z)=2>+x+5and
g(x) = /2 — 3, then

y = flg(z)]
= (21?2 = 3)2 + (z/2 - 3) + 5.
y = (22 + 9x)°

Let f(x) = 2% and g(z) = 223 + 92. Then
(22° + 92)° = flg(x)]

D= Flg(w) o @)

f'(z) = 5a*
f'lg(@)] = 5lg(x)]*
=5(22°% + 9z)*
g (z) =622 +9
% = 5(223 + 92)* (622 + 9)

f(x) = —8(3z* +2)3

Use the generalized power rule with
u=32z*+2,n=23and v = 1223,

f'(x) = =8[3(3x* +2)371 - 1227]
= —8[362(3z* + 2)?]
= —288z3(3z* + 2)?

s(t) = 12(2t* + 5)3/2

Use generalized power rule with u = 2t* + 5,
n= %, and v = 8t5.

3
s'(t) =12 5(2154 +5)1/2 . 8¢3

= 12[12t3(2t* + 5)/?]
= 14413 (2t* + 5)1/?
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28. f(t) =842 +7 (2t +3)?
38. p(t) = ——=
= 8(4t% 4 7)1/? 42 — 1
2 2 9] 3
Use generalized power rule with u = 4t + 7, p(t) = (47— 1)[3(2t+3)" - 2] — (2t +3)°(81)
=3 ‘= (412 —1)2
n =3, and u' = 8t. |
_6(4t2 — 1)(2t 4+ 3)2 — 8t(2t + 3)°
f'(t)=38 2(4t2 +7)712 = e
2t +3)2[6(4¢2 — 1) — 8t(2t + 3
— 8[4t(4t2 + 7)"1/2] _ )[6( : ) . ( )]
2 ~1/2 (4¢2 — 1)
= 32t(4% + 7)Y
(2t + 3)2[24t% — 6 — 161> — 24¢]
= - 2 —1)?
(442 4 7)1/2 o
32t _ (@24 3)4516 I §4t — 6]
VA £ 7 (4t = 1)
5 2 22+ 3)2(44% — 12t — 3)
30. r(t) = 4¢(2t5 + 3) TE—
Use the product rule and the power rule. )
40 Tt
v () = 4t[2(2t° + 3) - 10t] Y= EE o

+ (265 +3)% -4

Al . d 323 42)4(2x4+4) — (22 442)[4(323 4-2)3 - 922
= 80£5(26° + 3) + 4(267 + 3)? dy _ (o 12) @otd) (o +4o) 430 +2) o]

dr 3x3 + 2)4]2
= 4(2t° + 3)[20¢° + (2> + 3)] 4 o I 2) }2 s s
(323 +2)8
_ (3 2 _ 132
82. y=("+2)(@" - 1) 2(32% + 2)%[(32° + 2)(z + 2) — 1822 (2 + 4)]
Use the product rule and the power rule. N (323 +2)8
dy 5 ) 2(3z* + 62 + 2z + 4 — 182* — 722%)
— = 2)(2 —1)-2 =
7= 26 1) 2 Ty
+ (@ — 135 —300% — 1322% + 4z + 8
= (23 4 2)[4z(2® — 1)) = 23 3
+ 32%(2% — 1)? (327 +2)
(55 - 1)[41"9 +2) + 32%(2? — 1) 42. Let f(x) = 2". Then y = f(g(x)) = [g(z)]".
= (2* — 1)(42* + 8z + 32" — 32?) Using the chain rule,
= (2% — 1)(72* — 322 + 8x)
dy
34. p(z) = 2(62 + 1)*/3 = = ['l9@)] - g'(@).

Use the product rule and the power rule. Then, using the power rule, f/(z) = nz"~"
) 9 .

4
p'(z)zz-§(6z—|—1)1/3-6 dy _

1- (624 1)%/3
=82(62 4 1)/ 4 (62 +1)*/3

= (62 +1)/3[82 + (62 + 1)!] 44. (a) D (g[f(2)]) at = =1
_ 1 =g'[f()]- f'(1)
;(6z+1) /3(14z + 1) _ (2)-(—6)
1
36. Yy = m = (3372 — 4)_5 = %(76) — 778
B 5302 )6 6o (b) D (g[f(EC)]) at ¥ =2
— 302(322 — 4)-6 =9'f2)]- ' (2)
B g (1)-(-7)
. —30x 5
(322 —4)6 ==z(-7=-5
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2
46. f(x) = («*+7)*%0 =1 54. R(x) = 1000 (1 - i)
9 500
@) = 3@ +7)71232?)
272 T 1
10 = G 7w =100 2 (1~ 555) (555
2 -2 T
"MH===1 = —(1-=—
F) =3 1000 {500 (1 500)]
(1) = 2/3 _
F(1) = 825 = 4 TR
. 500
We use m =1 and the point P(1,4).
y—4=1xz-1) 4
y—zt3 (@) a0 =4 (1- 557
48. f(z) =2Vt — 122 =2 =—4(1-.8)
f(z) = 22(2* — 12)1/2 =—-4(.2) =-.8
@) = 2 (= 12)7 24
+ 2z(at - 12)1/2 (b) R'(500) = —4 (122
500
@) = o+ (et 1)1
r) = (% —12)1/2 T =—4(1-1)
o — 4(0) =0
112 = s +4(4)1/2
f(2)=324+8=140 ) 600
We use m = 40 and the point P(2,38). =—-4(1-1.2)
— _4(—2)
y—8=40(x —2) 3
y =40z — 72
x
50. = — — R
2 49 o A2 3
) = (x*+4)*-1 2x 4(;1: +4)°(22) _ 1000 (1_i>2
(@2 +4) m 500
(@2 +4)P3[(a? +4) — 8% 4—Ta?
- 2 1 4)8 T (22 +4)5
(2 +4) (@ +4) Sy _1000[ @ 1
If the tangent line is horizontal, its slope is zero (e) R(z)= x ( N ﬁ) 500
and f'(z) = 0. ( " )2 1000
o) (2
-w 500 z
o ) [ )
4—Ta2 =0 3 5
, 4 =2 0-2) (et
Tt = - T 500 250 =z 500
5 1000 x 11
_ B G I Iy (O
r=Ex z < 500)( 500 =
x 2 1000
The tangent line is horizontal at x = +Z. = (1 B %) T T2
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56. q=D(p)

=150 — N

30p
dg _, (p*+1)"2 D, (30p) = (30p) (Dp(p* +1)'/?)
dp { [(p? + 1)1/2]2 }

[0+ 112(30) — (30p) (3) <p2+1>1/2(2p>]

=30 (5 —2—
Vp?+1
30p
P*+

=150 —

(r*+1)

— (p®+ 1)1/2(30) — (30p) (p) (p* + 1)‘1/2]
I (P2 +1)

- _ [(30)(p* + 1)‘1/2([p2+1]—p2)}

(p?+1)

~=30(p% +1)712(1)

B (p>+1)
30

(p? 4 1)3/2

58. C' = 2000z + 3500
x = +/15,000 — 1L.5p

Solve for p.
z = /15,000 — L.op
z% = 15,000 — 1.5p
2? — 15,000
-15
2?2 15,000
15 " T15 P
— 92
; + 10,000 = p
— 972
(a) R(z)=ap==x < + 10,000)
o3
- 3x + 10,000z
_ —223 + 30,000z
N 3
30,000z — 22°
==

60.

139

(b) P(z) = R(z) — C(x)

30,000z — 22°
o 3
— (20002 + 3500)

9.3
:( ff T 10,000x>

— (20002 + 3500)

—2x3
=3 + 8000z — 3500

2 3
— 8000z — % — 3500

P(z) is the profit function.

dP 23
—_ = D, —_—_———
(c) . + (8000x 3 3500)

= 8000 — 222

dP
e P'(z) gives the marginal profit.

(d) If p = $5000 and

z = /T5000 —T5p,
then = /15,000 — 1.5(5000)
= /15,000 — 7500
= /7500.

Thus, z? = 7500.

P'(x) = 8000 — 222
= 8000 — 2(7500)
= 8000 — 15,000
= —7000

When the price is $5000, the marginal profit is
—$7000.

(a) A(r)=mr?
r(t) = t?
Alr(t)] = w[t*]?
= 7(th)
=t

This function represents the area of the oil slick
as a function of time ¢ after the beginning of the
leak.
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(b) D Alr(t)] = 4nt3 / 0 0 1/2
D, A[r(100)] = 47(100)* (b) R(Q) = ot <C - 5)
= 4,000,000 6 (C - 3)

At 100 minutes the area of the spill is changing at If @ =87 and C' =59, then

the rate of 4,000,0007 ft?/min.

62.

N(t) = 2t(5t + 9)V/2 + 12

1/2
R/(Q) = (59 — g) — L
: 6 (59 — &

1 87
N'(t) = (2t) | = —1/2 = 1290
(1) = (21) | 5(5t +9)7/3(5) (30) 6(30)172
+2(5t +9)1/2 +0 548 7
= 5.48
= 5t(5t +9) /2 + 2(5t + 9)1/2 32.88
= (5t +9)" V2[5t + 2(5t 4 9)] =5.48 — 2.65
= (5t +9)~1/2(15¢ + 18) = 2.83.
- 15t—+118/2 (c) Because R'(Q) is positive, the patient’s sensi-
(5t +9) tivity to the drug is increasing.
1 1
(a) N’(0) = —{55’0()012] 15/52 - - -
o 4.4 Derivatives of Exponential
=512 =6 Functions
2. y=e 2

Let g(z) = —2z,

with  ¢'(z) = —2.

2148
N (7 + 9)1/2 @ _ _26721
39 dx
T (16)1/2
(16) 4. y=.2e"
= 39 =9.75
4 % = .2(5e’)
15(8) + 18 _ 5
1(8) — =e
- 120 —+ 18 6. y = _46—.1:6
= —(49)1/2 dy
—Z = —4(—.1e!®
LR TY ! dr A1)
7 = e~ 1z
0 1/2
6. @) 7@ =-Q (%) 8. yme
e g(x) = —a*
1 1 ") = —
r@=a|3(c-$) (gﬂ g(a) = 20
dy — _9 g2
— = —2ze
0 1/2 dx
+ <C — E) (1)
—-1/2 1/2 10. y = —5et”
__1s <C - 9) + (c - 9) / g(x) = 4a®
6 3 g'(x) = 1222
1/2
= @ 7+ (C - %) % = (=5)(122%)e?”
6 (C - ?) = —60z2ete”
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12. y= 3 3u%+5
g(x) = 32?
9'(z) =6z
y/ :( )( ) 32245
— —18pe32 45

14. y=2%%

Use the product rule.

dy

T = 2?(—2e7%%) + 2xe~ 2

= —22%e72%% 4 e~ 2%
=2z(1 —x)e

16. y= (322 —4x)e 3

Use the product rule.

Z—z = (322 — 42)(=3)(e73%)
+ (62 — 4)e~37
= (=922 + 12x)(e73%)
+ (6x — 4)e=3
= (6z — 4 — 922 + 12x)e 32
= (=922 4+ 18z — 4)e3
6(1:
18.
& Y=o
dy _ erar 1)~ (9)(e")
dr (2z+1)
_e"2r+1-2)
O (2z+1)
"2z —1)
(224 1)
20. y=<—F
x
dy _w(e’ = (=De™) — (" —e™")(1)
dx x?
ret +xe "t —et e "
e(x—1)+e *(z+1)
500
22. =—
P= Ta pe
dp  (12+45¢") - 0-500[0+5(—.5)e ]
dt (12 + He—-5t)2
1250e 5"

T (121 5e o)

141

24. y = 8%
Let g(x) = b, with ¢’'(z) = 5. Then
% — (In 8)8% -5
— 5(In 8)8%
26. y =34 +2
Let g(x) = 22 + 2, with ¢/(z) = 22. Then

d
dy 3(ln 4)4°°+2 . 2z
= 6x(ln 4)4°°+2
28. s =23Vt
1
Let g(t) = /%, with ¢/(t) = —=. Th
et g(t) = V1, with ¢'(t) oy [hen
ds 1
2(In 3)3vVE. —
_ (In 3)3V7
RV
30. y=y.et
dy _ d it
dt dt[yoe ]
= yoke
:k<yoekt)

32. Graph the function y = e*.

1Y

8__

6__

4__

24
<] .
b1

0 2 4

Sketch the lines tangent to the graph at x = —1,
0,1, 2.

by

Estimate the slopes of the tangent lines at these
points.
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34.

36.

At x = —1 the slope is a little steeper than % or
approximately 0.3.

At x = 0 the slope is 1.

At x =1 the slope is a little steeper than g or 2.5.
At = = 2 the slope is a little steeper than 7% or
7.3.

Note that e~! ~ .36787944,¢° = 1,

el = e =~ 2.7182812, and e? ~ 7.3890561. The
values are close enough to the slopes of the tangent
lines to convince us that % = e”.

C(x) = /900 — 800 - 1.1-*
C(x) = [900 — 800(1.1-*)]*/2
= %[900 —800(1.17%))~1/2

- [-800(In 1.1)(1.1-%)(~1)]
(400 In 1.1)(1.177)

C'(z) =
(=) /900 — 800(1.1-%)
400 In 1.1
C'(0) = ——— ~ 381
(a) C'(0) VAT

The marginal cost is $3.81.

s (400 In 1.1)(1.172)
(b) C'(20) = /900 — 800(1.1-20) 20

The marginal cost is $.20.

(c¢) As z becomes larger and larger, C'(z) ap-
proaches zero.

f(z) = 16(1.950)°
f'(x) = 16(In 1.950)1.950°

(a) For 1998, = = 3.

f(3) = 16(In 1.950)1.9503
~ 79

The instantaneous rate of change is 79,000,000
users per year in 1998.

(b) For 2000, z = 5.

f'(5) = 16(In 1.950)1.950°
~ 301

The instantaneous rate of change is 301,000,000
users per year in 2000.

38.

40.

42.

Chapter 4 CALCULATING THE DERIVATIVE

p(t) = 14.0(1.017)*
P (t) = 14.0(In 1.017)(1.017)*

(a) For July, 1998, t = 4.

p'(4) = 14.0(In 1.017)(1.017)*
~ .252

The instantaneous rate of change is 252,000 people.

(b) For January, 2005, t = 10.5.

p/(10.5) = 14.0(In 1.017)(1.017)%0-5
~ 282

The instantaneous rate of change is 282,000 peo-
ple.

_ mG,
Gy (m— Gy)e—kmt?
m = 5200; and k = .0001.
B (5200)(400)
(a) G(t) = 400 + (5200 — 400)e(—-0001)(5200)¢
_(400)(5200)
400 + 4800e—-52t
B 5200
14 12e—52t
(b) G(t) = 5200(1 + 12¢—-52t)~1
G'(t) = —5200(1 + 12e7-52t)=2(—6.24e~52)
32,448~ 52
(1 4 12e—-52t)2

G(t) where G, = 400;

G(1) = % ~ 639
4 —.52
@) = % ~ 292
(©) G = Hﬁ% ~ 2081
G'(4) = % ~ 649
d) G(10) = % ~ 4877
Gy ShMse

(1+ 12¢52)2

(e) Tt increases for a while and then gradually de-
creases to 0.

V() = 1100[1023¢ 02415 4 1]—4

(a) V(240) = 1100[1023¢~-02415(240) 4 7]—4
~ 3.857 cm?
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4 /
(b) V= gwr?’, sor(V)=7¢ %
r(3.857) = {/ w ~.973 cm
7I

(c) V(t) = 1100[1023¢—02415¢ 4 1]4 = 5

Derivatives of Exponential Functions

1
2200

(102392415 - 1)* = 2200

[1023e~024150 - 1] 71 =

102302415t 4 1 = 22001/4
1023¢ 02415t = 2200/4 — 1

e—-02415t _ 2200'/* — 1

1023
22001/4 — 1
—.02415t = In | =——
0 bt n < 1023 >
1 220014 — 1
t= 1 ~ 214 ths
— 02415 n( 1023 > HHOBLES

The tumor has been growing for almost 18 years.

(d) As t goes to infinity, e~ 02415¢ goes to zero,
and V (t) = 1100[1023e~92415 1 1] goes to 1100
cm?, which corresponds to a sphere with a radius

of {/ w ~ 6.4 cm. It makes sense that a tu-
mor growing in a person’s body reaches a maxi-

mum volume of this size.
(e) By the chain rule,

% = 1100(—4)[1023e 02415 4- 1] =5

- (1023) (e~ 02415) (—.02415)
= 108,703.98[1023¢ 02415 4 1]~5¢ 024150

At ¢ = 240, 4V 289,
dt

At 240 months old, the tumor is increasing in vol-
ume at the instantaneous rate of .282 cm?® /month.

8t

1—(.96 14t—1
126t 1000 L~ (90 ]}
(a) When t = 180, URR = .589. The patient has

not received adequate dialysis.

(b) When ¢ = 240, URR = .690. The patient has
received adequate dialysis.

44. URR = 1—{(.96)-1‘“1 +

(¢c) D.URR
= —{(In.96)(.96) 14+~ 1(.14)
8t 14t—1
+ T35, 900~ 1 99)(96) 14 (14)
(126t + 900)(8) — 8t(126)

(126t + 900)2

- <.96>-14t-11}

46.
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When ¢ = 240, D:URR =~ .001. The URR is in-
creasing instantaneously by .001 units per minute
when ¢ = 240 minutes.

The rate of increase is low, and it will take a signif-
icant increase in time on dialysis to increase URR
significantly.

M(t) = 3102¢—° 7

.022(200—56)

(a) M(200) = 3102¢¢
or about 3 kilograms.

/2 2974.15 grams,

(b) Ast gets very large, —e ™ 922(t-56) goes to zero,

—eT om0 goes to 1, and M (t) approaches 3102
grams or about 3.1 kilograms.

(c) 80% of 3102 is 2481.6.

.022(t—56)

2481.6 = 3102e~¢

2481.
n 81.6 — o—-022(t—56)
3102

3102
1 = —.022(t —
n(n2481'6> 022(t — 56)
1 3102
= ——In(lh—=
=™ (n 2481.6) 90

~~ 124 days

.022(t—56)

(d) D:M(t) =3102e~¢ Dy (—e—022(t-56))
=3102e~¢ (—e022(6=56))(_ 22)
= 68.244¢—¢ T ¢=022(1-56)

.022(t—56)

When t = 200, D;M(t) =~ 2.75 g/day.
(e)

3200

0 300
0

Growth is initially rapid, then tapers off.

(f) ‘

Day | Weight | Rate

50 991 24.88
100 2122 17.73
150 2734 7.60
200 2974 2.75
250 3059 .94
300 3088 .32




144

48. Wi(t) = 509.7(1 — .941¢~-00181%)

Wa(t) = 498.4(1 — .889¢—-00219)1.25

(a) Both Wy and W are strictly increasing func-
tions, so they approach their maximum values as
t approaches oc.

lim Wy(t) = lim 509.7(1 — 941 00181%)
t—oo t—o00

= 509.7(1 — 0) = 509.7
lim Wa(t) = lim 498.4(1 — .889¢—-00219)1.25
t—oo t—o0

=498.4(1 — 0)!25 = 498.4

So, the maximum values of W7 and W5 are 509.7
kg and 498.4 kg respectively.

(b) .9(509.7) = 509.7(1 — .941¢—-00181¢)
9 =1—.941¢-00181¢

1
_ ,—.00181¢

o911 €

1239 ~ ¢

.9(498.4) = 498.4(1 — .889¢-002191)1.25
9= (1 _ '88967.0021%)1.25

1-.9° — o—-00219¢
.889

1095 ~ ¢

Respectively, it will take the average beef cow
about 1239 days or 1095 days to reach 90% of

its maximum.

(c)  Wi(t) = (509.7)(—.941)(—.00181)e 00181
~ .868126¢ 00181t
W/ (750) ~ .868126¢-00181(750)
~ .22 kg/day
Wi(t) = (498.4)(1.25)(1 — .889e—-00219t).25
- (—.889)(—.00219)e 00219

~ 1.21292¢~-00219¢ (] _ ggQe—-00219t).25

W35(750) ~ 1.12192¢~-00219(750)
. (1 _ .8896_'00219(750))'25

~ .22 kg/day

Both functions yield a rate of change of about .22
kg per day.

(d) Looking at the graph, the growth patterns
of the two functions are very similar.

525

0 2500

50.

52.

Chapter 4 CALCULATING THE DERIVATIVE

(e) The graphs of the rates of change of the
two functions are also very similar.

1
0 F\\"“-— 2500
0

P(t) = 26.7¢ 923
a) P(5) = 26.7¢9230) ~ 29.95
(a)

so, the U.S. Latino-American population in 2000
was approximately 29,950,000.
(b) P'(t) = 26.7¢9231(.023)
= .6141e023¢
P'(5) = .6141¢:023()
~ .689

The Latino-American population was increasing
at the rate of .689 million/year at the end of the
year 2000.

Q(t) = CV (1 — e~/ RCO)

1 t
— OV —t/RC
¢ (RC> ¢

%4
- = e—t/RC

(b) When C = 10~° farads, R = 107 ohms,
and V = 10 volts, after 200 seconds

I.= %0076_200/(107'1075) ~ 1.35 x 10~7 amps

4.5

Derivatives of Logarithmic
Functions

y =1In (—4x)
dy d

d
T [In (—42)] = ~

dx dx
d d -1 1
£1n4+%1n(71')—0+_—1_—5

[In4 + In(—x)]

y=In (1+2?)
g(z) =1+a?
g'(x) =2z




Section 4.5 Derivatives of Logarithmic Functions

6. y=1In |—8x2+6x|
g(z) = —82% + 62
g (x) =—16x + 6

dy  —16z4+6 _ 2(—8x+3)
dr  —8z2+6x  2(—422 + 3x)
—8xr+3

—4z2 + 3z

8. y=In 2z +1=1In(2z+1)"/2
g(x) = (2w +1)"/?

1
g'(@) =522+ 1)712(2) = 2e +1)7 12
dy (2z+1)"1/2 1

dr ~ e+ 1)172 22 +1

10. y = In (5% — 22)3/2
3
=3 In (523 — 2)

% = %Dm In (52 — 2x)
g(z) =52® — 2z

g'(x) = 1522 — 2

dy 3 (15222

dr 2 \ 5a3 — 22
_ 3(1522 —2)
~ 2(ha3 — 2)

12 y=@Bz+1) In(z—1)
Use the product rule.

dy 1

3 1
= x+1 +3In(x—1)

14. y=zxzIn ’27x2‘

Use the product rule.

dy 1
% =7 <2—Jj2) (—2x)+ln ‘27%2’

222
=-—3— |2 — 22|

In u

16. ’U:F

Use the quotient rule.

dv _ u? (1) — (In w)(3u?)

du (u3)?

w? —3u? ln u

u6
~w*(1—31Inu)
T W
~1-3Inu

ul

—2Inz

18. Yy = y—)

Use the quotient rule.

dy _ (3z —1)(=2) (2) = (-2 In 2)(3)

dx 3z —1)2
ﬂ?’f—_l) +6Inz
- (3x —1)2
23z —1)+6z In x
x(3z — 1)2
23z —1-3r In x)
x(3x — 1)2

_ 3 —1
C2hnx
dy (2 In 2)(327%) — (2® — 1)(2) (2)
dr (2 In z)?

622 Inx—2(2% 1)

(2 In x)?

~ 62 In x—2(a® - 1)
N 4z (In x)?
328 Ina—(2® - 1)
N 2z (In z)?

20. y

T
T

22. y=+/In |z —3|=(In |mf3|)1/2

W 2 e —3)2 L in o 3)
B 1 1
~ 2(In |x — 3])1/2 <x - 3>
_ 1
T2 3)(n p a7
1

2(z —3)y/In |x — 3|

145
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24.

26.

30.

32.

y = (In 4)(In [3z[)

P (5) e

3In4
3x
_In4
Tz

(Recall that In 4 is a constant.)

2623:—1
2¢ — 1

y=e>*"11In(22z-1)
dy 221
e (2)e In (22 — 1)
He ) () @
2z -1
=2e*"1In(2x — 1)+
In y
p(y) = o
e’ -1 —(In y)ev
V(Y = —"——
(e¥)
_ ¢/ —y(n y)ev
= o2
C(i-yhny
= T
l—ylny
=
y = log (6z)

g(x) = 6z and ¢'(x) = 6.

dy 1 6
dr  1n 10 \ 6z

1
z In 10

y=log [1— 2z

g(z)=1—z and ¢'(z) = —1.

dy 1 -1

dr In10 1-x
1

~ (In 10)(1 — )
1

o m 10)(z — 1)

34.

36.

38.

44.
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y = logs /57 + 2

)
=5 2 and ¢'(z) = —.

5

dy 1 372

dc  Inb5 Br+2
B 5
" 2In 5 (hz+2)
y = logs (22 + 2x)3/?
g(x) = (2% + 22)3/? and
g(@) = 22 +2)/2 - (20 +2)
=3(z + 1)(2? + 22)'/2

dy 1 3(x +1)(2® + 2x)'/?
dr I3 (22 +422)3?

o 3(xz+1)

~ (In 3)(22 4 22)

w = logg (6 — 1)
g(p) = 6" — 1 and ¢'(p) = (In6)6".
dw 1 (ln 6) 6P

dp s 61
_ _ (n6)6”
~ (In 8)(6r — 1)
Use the derivative of In x.
dIn[u(z)v(x)] _ 1 d[u(z)v(z)]
dx u(z)v(z) dx

dInu(z) 1 du(z)]
dx u(z) dx

dlnv(z) 1 dv(x)]
dx v(z)  dw

Then since Infu(z)v(x)] = Inu(x) + Inv(x),

Multiply both sides of this equation by u(x)v(x).
Then

@) | oy e
dr

This is the product rule.
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Derivatives of Logarithmic Functions

46. Graph the function y = Inx. Sketch lines tangent

48.

to the graphat x = %, 1,2, 3, 4.

T

Estimate the slopes of the tangent lines at these
points

x | slope of tangent
3 2
1 1
2 3
3 5
4 T

1

e

The values of the slopes at x are

dlnx _ 1

dz x’

Thus we see that

R(z) =30 In (22 + 1)

P(z) = R(z) — C(x) =30 In 2z + 1) — g

The profit will be a maximum when the derivative
of the profit function is equal to 0.

1 1 60 1
P,(x):30<2x+1)(2)_§:2m+1_5
60 1
Now, P'(z) = 233—1—1_5:0
when
60 1
20+1 2
120 =22 +1
119
- =z

119
2

or, in a practical sense, when 59 or 60 items are
(Both 59 and 60 give the same

Thus, a maximum profit occurs when = =

manufactured.
profit.)

50.

52.
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C(x) = 100z + 100
(a) The marginal cost is given by C'(z).
C'(z) = 100
(b) P(z) = R(x) — C(x)
=z <100 + ﬂ)
In z
— (100z + 100)
= 100z + 20 _ 1002 — 100
In z
50
=2 100
In z
(c) The profit from one more unit is is 4 for
T =38.
dP _ (In z)(50) — 50z (1)
dr (In x)?
~ 50 In x—-50 50(In 2 — 10)
 (nx)2  (In )2

When z = 8, the profit from one more unit is

50(In 8 — 1)

I - Sl24s

(d) The manager can use the information from
part (c) to decide whether it is profitable to make
and sell additional items.

A(’LU) = 4.688y-8168—-0154log, g w

(a) A(4000) = 4.688(4000)'8168_'0154 logy 4000
~ 2590 cm?

A(w)
b) —<~ = .8166—.0154 log,q w
(b) Toss = ¥ v

Inw
InA —In4. = (1 .8168 — .0154——
n A(w) — In4.688 (nw)<8 68 —.015 1n10>

A 1 1
(w) _ - (.8168 — .0154ﬂ>

A(w) In10
S —.0154\ 1
In10 w
_.8168 B .0308 ln_w
T ow In10 w
1 .0308
1 .0308
/ — — — —
Al(w) = ” .8168 10 Inw

. (4.688’w‘8168_'0154 log,q w)
A’(4000) ~ 4571 ~ .46 g/cm?
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54.

56.

When the infant weighs 4000 g, it is gaining
.46 square contimeters per gram of weight
increase.

(c) 6000,

10,000

F(x) =.774 + .7271og(x)

(a) F(25,000) = .774 + 727 log(25,000)
=3.9713...
~ 4 kJ/day

1
F' =.72
(b) (z) 7 73:111 10

127 -
" 1In10
727

F/(25,000) = 1==525,000""

.000012629. ..
1.3 x107°

~
~
~
~

When a fawn is 25 kg in size, the rate of change
of the energy expenditure of the fawn is about
1.3 x 1075 kJ/day per gram.

>/ 30,000

M(t)=(1t+1) In vVt

(a) M(15) = [.1(15) + 1] In /15
~ 3.385

When the temperature is 15°C, the number of
matings is about 3.

(b) M(25) =[.1(25) +1] In v/25
~ 5.663

When the temperature is 25°C, the number of
matings is about 6.

Chapter 4 CALCULATING THE DERIVATIVE

(¢) M(@t)=(1t+1)In Vt

(1t +1) In /2

e (3:4)

+ (In £1/2)(.1)

M'(t)

1
1 In i+ ﬁ(.lt—k 1)

1 In 15+ L[(.1)(15) +1]

M'(15) BT

~ .22

When the temperature is 15°C, the rate of change
of the number of matings is about .22.

007
E = .007(10'3-3)
~ 1.567 x 10" kWh

(b) 10,000,000 x 247 kWh/month
= 2,470,000,000 kWh /month

1.567 x 10* kWh

~ 63.4 th
2,470,000,000 kWh /month THOEAS

2 2
(c) M= glogE - glog.007

dM 2 1
dE 3\ (In10)F

_2
(3In10)E

When E = 70,000,

dM 2
dE  (31n10)70,000
~4.14 x 1076

(d) 25 varies inversely with E, so as E increases,

dM
<5 decreases and approaches zero.
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Chapter 4 Review Exercises
2. y=ad—4a?

—= =32% — 4(22) = 32% — 8z

dy
—Z = (=3)(=2)x3
2~ (32
6
— 63
6z or 3
6. f(xr)=06x""'—2yz=06x""1—2(x)/?
1
f(z)=—6(z72)—2 <§m_1/2>
— _Gp—2_ p—1/2
—6 1
R =RVE)
8. r(z) = —> — 82z 41)-L
) S 2+1
r'(z) = =8[(=1)(2z + 1)7*(2)]
=16(2z +1)2
_ 16
2z 4+ 1)2
22% — 522
10. = —
Y T+ 2
dy _ (z+ 2)(62% — 10x) — (223 — 522)(1)
dr (x4 2)?
- 623 + 1222 — 1022 — 20z — 223 + 52
B (x+2)?2
_ 423 + 722 — 20w

(z+2)?

12. k(z) = (52 —1)°
K (z) = 6(5x — 1)5(5)
= 30(5z — 1)

14. y=-38t—1=-3(8—1)"/2
dy 1
= =3 |=(8t—1)""2(8
Tr 5( )7A(8)
= —12(8t —1)~1/2
—12

o B2

16.

18.

20.

22,

24.

26.
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y = 422 (3z — 2)°
& _ (422)[5(3x — 2)*(3)] + (3z — 2)°(8x)
= 6022 (3z — 2)* + 8z(3x — 2)°
= 4x(3z — 2)*[15z + 2(3x — 2)]
= 4x(3z — 2)*(15z + 62 — 4)
= 4x(3z — 2)*(21z — 4)

3 —2t
O =G

_ (4t —3)*(3t% —2) — (3 —2t)(4) (4t —3)3(4)

[(42 — 3)*]?
(4t = 3)*(3t% — 2) — 16(¢3 — 2¢) (4t — 3)3
(4t — 3)8
(4t —3)[(4t — 3)(3t% — 2) — 16(¢> — 2¢)]
(4t — 3)8
(4t —3)%(12¢ — 9¢2 — 8t + 6 — 16¢> + 32¢)
- (4t — 3)8
AP 912 424t +6

(4t — 3)5

g(t) =t3(t* +5)7/?

7

g'(t) =1 S(#* +5)5/2(4t%) + 3¢ - (¢ + 5)7/2

= 1415 (t* + 5)%/2 4 3t2(t* 4 5)7/2
= 12(t* 4 5)%/2[14t* + 3(t* + 5)]
= 12(t* 4 5)°/2(17t* + 15)

y = 8e:5®

% - <2w><—24ew2>
= —8zxe”

Y= 771.2673513

Use the product rule.

dy7_2_73:n 3z
dm_( Tx?)(—3e7%%) 4+ e %% (—14x)

= 21z2e7 3% — 14ge=3"
or Txe 3% (3x — 2)
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28.

30.

32.

34.

36.

38.

40.

y=In (52 +3)
g(z) =5z +3
g'(x) =5
dy 5
dr  br+3
_In |22 1]
- x+3
gy (@+3) (2%1) —(In 22 —1))(1) 9, 4
i (z +3)2 221
2@ +3)—(22x—1) In |22 — 1
(2z — 1)(z + 3)?
(an + 1)621
 Inz
dy _ na((@®+1)(2e*) + () (22)] - (@2 + e (3)
dz (In x)?
o In z[2e**(2? + 1) + 2ze®*] — (2% 4 1)e*®
- z(In x)?
¥ 2z (In 2)(2® +1+2) — (22 4+ 1)]
- z(In x)2
g = (e2rt1 — 2)

Use the chain rule.

d
qld_]qg = 4(e?t1 — 2)3[2¢20 1]
— 8e2p+1(62p+1 _ 2)3

y=10-2V"
dy 1
=2 —10-(In 2)-2V® . Zp—1/2
T 0-(In 2) 5¢
_ 5(In 2)2v®
2172
h(z) =log (1 + €*)
1 e?
! — .
ME =50 T e
eZ
" (In 10)(1 +e?)
y = 2 — 6x; tangent at x = 2
dy
— =2x—6
dz .

Slope = ¢/(2) =2(2) — 6 = -2
Use (2, —8) and point-slope form.
v (-8) =2 ~2)
y+8=-2x+4

y+2r=-4
y=—2x—4

Chapter 4 CALCULATING THE DERIVATIVE

3
42. y= pa— tangent at x = —1
3

Y= =3(x—-1)"1
Y =31 - 1))
=-3(x—-1)2

Slope = ¢/(=1) = =3(-1—-1)"2 = f%

Use (—1,—32) and point-slope form.

y+g——%(:ﬂ+1)

6 3 3

x e
z 39
V=3t

44. y = +/6x — 2; tangent at x = 3
y=6r — 2= (62 —2)!/?

dy 1 _
- =5(6z-2) 1/2(6)
= 3(6x —2)"1/2

slope = 3/(3) = 3(6-3 —2)~1/2
=3(16)~1/2
3
T 161/2

3

4
Use (3,4) and point-slope form.

y-4=2@-3)

16

4

3 9
VT
3
4

S
7
T+~

Y= 4

46. y=¢€e% =0
dy
T ©
The value of g—i when x = 0 is the slope
m=¢e =1.
When z =0, y = €’ = 1. Use m = 1 with P(0,1).

y—1=1(z-0)
y=x+1
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48.

50.

y=lhnz z=1

dy 1
dr =z

The value Of% when x = 1 is the slope m = % =
1.

When =1, y =In 1 = 0. Use m = 1 with
P(1, 0).

y—0=1x—-1)
y=xz—1

The slope of the graph of y = z+k is 1. First, we
find the point on the graph of f(z) = v2x —1 at
which the slope is also 1.

f@) = (20— 1)1/2

1
P(a) = 52— 1)72(2)
Pa) = o=
20 — 1
The slope is 1 when
! =1
V2r—1
1=+v2x—-1
1=2x—-1
20 =2
=1,
and
Fo =1

Therefore, at P(1, 1) on the graph of f(x) = v2z — 1,

the slope is 1. An equation of the tangent line is

y—1=1xz-1)
y—1l=z-1
y=x-+0.

Any tangent line intersects the curve in exactly
one point.

From this we see that if £ = 0, there is one point
of intersection.

The graph of f is below the line y = x + 0. There-
fore, if k > 0, the graph of y = x + k will not
intersect the graph.

Consider the point Q(%, 0) on the graph. We find
an equation of the line through @ with slope 1.

52.

54.
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The line with a slope of 1 through Q(%,O) will
intersect the graph in two points. One is @ and
the other is some point on the graph to the right
of P.

The graph of y = x40 intersects the graph in one
point, while the graph of y =z — % intersects it in
two points. If we use a value of k in y = x+k with
—% < k < 0, we will have a line with a y-intercept
% and a 0 and a slope of 1 which will
intersect the graph in two points.

If k, the y-intercept, is less than —%, the graph of
y = x + k will be below point ) and will intersect

between —

the graph of f in exactly one point.

To summarize, the graph of y = x+k will intersect

the graph of f(xz) =2z —11in
(1) no points if k > 0;
(2) exactly one point if k =0 or if k < —%;

. . 1
(3) exactly two points if —5 <k < 0.

Using the result fA g :]A” + ?], the total amount

of tuition collected goes up by approximately

2% + 3% = 5%.

Let T' = tuition per person before the increase and
S = number of students before the increase. Then
the new tuition is 1.037" and the new numbers of
students is 1.02S5, so the total amount of tuition
collected is (1.0377)(1.025) = 1.05067'S, which is
an increase of 5.06%.

C(z) =3z +2

— Cx) V3r+2 (3z+2)1/?
€T €T €T
_ z [2(3z+2)7Y2(3)] — (3z +2)1/%(1)
C(x)= 5
X
S2(342)712 — 3z +2)1/2
~ 3a(3x+2)71/2 —2(3x +2)1/?
o 272
(3 +2)"V2[32 — 2(3z + 2)]
o 222
_ 3r—6x—4 —3r—4
© 2223z +2)1/2  222(3x 4 2)1/2
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56. C(z) = (4 + 3)4

C) = C;:c) (4 ; 3)4

Tlw) = r[4(4x + 3)3(43:]2— (42 + 3)*(1)
_ 16z(4x + 3)% — (4o + 3)*
_ (4ot 3)3[163? — (4z + 3)]
(o 3)3»(21;; ~3)

58. C(z)=In (z+5)

Cla) = In (xx—f— 5)
P L AL
_x—(x+5) In(z+5)
N x?(x +5)
60. P(z)= x—jl, where x > 1
oy = 1D)2e) — @)1
Plw) = (@—1)°
222 — 21 — 22
R
_ x? — 2
S (z-1)2
oy (W2 —2(4)
(a) P'(4) = a-1nr
_16-38
-9
8
"9

In dollars, this is %(100) = $88.89, which repre-
sents the approximate increase in profit from sell-
ing the fifth unit.

(12)% —2(12)
(12 —1)2

_ 144-—24

121

120

T 121

In dollars, this is 122(100) = $99.17, which repre-

sents the approximate increase in profit from sell-
ing the thirteenth unit.

(b) P'(12) =

62.
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(20)% — 2(20)

400 — 40
361
360

~ 361

In dollars, this is %(100) = $99.72, which repre-
sents the approximate increase in profit from sell-

ing the twenty-first unit.

(d) As the number of units sold increases, the
marginal profit increases.

(e) The average profit is defined by

The marginal average profit is given by

d — (z = 1)(1) — (@)(1)
7= P@) = —
r—1—=x
GRS
—1
GRS

The marginal average profit when 4 units are sold
is

d —
&P == =y

In dollars, this is —§(100) = —23%. This indicates
that the average profit is going down at a rate of
100

=5 Or $11.11, per unit when 4 units are sold.

A(r) = 1000 (1+ ﬁ)ﬁ‘s

1

Al 100048 (14 )"
(r) = 100048 (1+ 355) - 35

120 (14 )"
= (*m)

5\
A(5) =120 1+ — ~ 215.15
(5) ( * 400>
The balance increases by approximately $215.15

for every 1% increase in the interest rate when
the rate is 5%.
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In 2
64. T(T') = m

T(r)=In 2 [ln (1 + ﬁ)]_l

T'(r) = (In 2)(-1) [m (1 n L)}‘z. T _

100 T+
—In 2
T'(r) = = .
(100 +7) [In (14 755)]
In 2
T'(5) = = ~ 277

105 (In 1.05)2

The doubling time decreases by approximately 2.77
years for every 1% increase in the interest rate
when the interest rate is 5%.

m G,
66. t) =
¢®) Go+ (m — G,)e kmt’
G, = 2000, and k = 5-1076.

where m = 30,000,

(30,000)(2000)
2000 + (30,000 — 2000)e—5-104(30,000)¢
30,000
T 1 et

(a) G(t) =

(b) G(t) = 30,000(1 4 14e15t)~1
G'(t) = —30,000(1 + 14e—-15t)=2(—2.1¢—-15¢)
(1 + 14e—-15t)2

63, 000e 2
(1 + 14¢—90)2

G(6) = 30,000(1 + 14e~90)~1 ~ 4483

G'(6) = ~ 572

The population is 4483, and the rate of growth is
572.

.020(t—66)

68. M(t) = 3583¢°

.020(250—66)

(a) M(250) = 3583e ¢
~ 3493.76 grams,
or about 3.5 kilograms

(b) As t — o0, _e—.020(t—66) - 07 e_e—.ozo(f—66> N 1’

and M (t) — 3583 grams or about 3.6 kilograms.
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(c) 50% of 3583 is 1791.5.

.020(t—66)

1791.5 = 3583e~¢

. (1791.5> - 020(t-66)

3583
3583
In{ln —— | =—-.020(¢t —
n (n 1791‘5> 020(t — 66)
1 3583
(22
=" (n 1791.5) 00
~ 84 days

(d) D:M(t) = 3583¢—¢ T D, (—e—020(t=66))
= 3583 T (e—-020(t-66)) (_ (20)
= 71.66cc Y (¢ -020(t-66))

when ¢ = 250, D, M (t) = $1.76 g/day.
(e)

3600

0 300
0

Growth is initially rapid, then tapers off.

(f) Day | Weight | Rate
50 904 24.90

100 2159 21.87

150 2974 11.08

200 3346 4.59

250 3494 1.76

300 3550 .66
8 20
)=t
Uy i1 21
(a) The average velocity from ¢t = 1 to t = 3 is
given by
— f(1
average velocity = 1G3) — {( )
8 4 20 8 4 20
_ G+ -GE+F)
2
_4-14
2
=-5

Belmar’s average velocity between 1 sec and 3 sec
is —5 ft/sec.
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72.

(d) f@)=8t+1)"1+20t>+1)!
) =-8t+1)"2-1-20(t2+1)"2-2¢

8 4ot
(t+1)2  (2+1)2
8 120
/ —_— e — e ——
F@) = 16 100
=—-5-12
=-1.7

Belmar’s instantaneous velocity at 3 sec is —1.7
ft/sec.

(a) N(t) = Noe 2™ where t = 1 and Ny = 210

N(1) = 210e~217(M)
~ 169

The number of words predicted to be in use in
1950 is 169, and the actual number in use was
167.

(b) N(2) =210e—217(2)
~ 136

In 2050 the will be about 136 words still being
used.

(c) N(t) = 210217
N'(t) = 210e=217 . (- .217)
= —45.57¢=-217
N'(2) = —45.57¢=217(2)
~ —30

In the year 2050 the number of words in use will
be decreasing by 30 words per millenium.

Chapter 4 CALCULATING THE DERIVATIVE



Chapter 5

GRAPHS AND THE DERIVATIVE

5.1

10.

Increasing and Decreasing
Functions

. By reading the graph, f is

(a) increasing on (—o0,4) and

(b) decreasing on (4, 00).

. By reading the graph, g is

(a) increasing on (3, 00) and

(b) decreasing on (—o0, 3).

. By reading the graph, h is

(a) increasing on (1,5) and

(b) decreasing on (—oo, 1) and (5, 00).

. By reading the graph, f is

(a) increasing on (—3,0) and (3, 00) and
(b) decreasing on (—oo, —3) and (0, 3).
y=.3+ .4z — 222

(a) y=4- 4z

1y’ is zero when

4—4xr=0
r=1,

and there are no values of x where 3’ does not
exist, so the only critical number is x = 1.

i
|
-1 0 1 2 3
I
I
I

Test a point in each interval.

(b) When x = 0, ¢’ = .4 > 0, so the function is
increasing on (—oo, 1).

(¢) When z = 2, ¢/ = —.4 < 0, so the function is
decreasing on (1, 00).

12.

14.

f(x :gm3—x2—4m+2
3

(a) f'(x) =222 —2x—4
=2(2% —2—2)
=2(zx+1)(x —2)

f'(z) is zero when x = —1 or & = 2, so the critical
numbers are —1 and 2.

|
|
2 -1 0 1
|
I

RN NG Y E——
w

Test a point in each interval.
f(-=2)=8>0
f(0)=-4<0
f/3)=8>0
(b) f is increasing on (—oo, —1) and (2, 00).
(c) f is decreasing on (—1,2).
f(x) = 42% — 922 — 302 + 6
(a) f'(x)=122% — 182 — 30
=6(22% — 3z —5)
=6(2z —5)(x+1)
f!(z) is zero when x = 2 or z = —1, so the critical
numbers are % and —1.
| |
I | I 1 I
T t X
2 -1 0 1 233
| |
Test a point in each interval.
f(=2)=54>0
f(0)=-30<0
f(3)=24>0

(b) f is increasing on (—oo, —1) and (Z,00).
(c) [ is decreasing on (—1,32).
155
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16.

18.

20.

f(z) =32* + 823 —182% +5

(a) f'(x) = 1223 + 2422 — 362
= 12z(2% + 2z — 3)
=12z(z 4+ 3)(z — 1)
f/(z) is zero when z = 0, x = =3, or x = 1, so

the critical numbers are 0, —3, and 1.

-4 3 2 -1
1
1
1

|
I
1
12
:
|

———O ===

Test a point in each interval.

F(—4) =—240 < 0
)

f(-1)=48>0
L1\ 21

r(z)--F <0
f(2)=120 >0

(b) f is increasing on (—3,0) and (1, c0).

(c) f is decreasing on (—oo0, —3) and (0, 1).
y==6x—9

(a) y¥y=6>0

There are no critical numbers since ' can never
be 0 and always exists.

(b) Since y’ is always positive, the function is in-
creasing everywhere, or on the interval (—oo, 00).

(c) ' is never negative, so the function is decreas-
ing on no interval.

floy = 222
gy = D=4~ D)z +3)
() J) =
rz—4-x-3 -7
(x—4)2 (z—4)?

f"is never 0, but it fails to exist when x = 4. Since
4 is not in the domain of f, 4 is not a critical num-
ber. Thus, there are no critical numbers.
ever, the line x = 4 is an asymptote of the graph,
so the function might change direction from one
side of the asymptote to the other.

How-

o
—
(3]
w
_———_ s
W

22,

Chapter 5 GRAPHS AND THE DERIVATIVE

A
f(O)_—E<O
fl(5)=—-7<0

(b) f'(z) is always negative, so f(z) is increasing
on no interval.

(c) f'(x) is always negative, so f(x) is decreas-
ing everywhere that is defined. Since f(x) is not
defined at x = 4, these intervals are (—oo,4) and
(4, 00).

y=axv9 — 22 = (9 — 22)1/?

(a) Use the product rule.

v = ()0 -

+§<9—x2>-1/2<— ) (a)
:(9 1,2)1/2 ( _x2)—1/2
= (9~ a?) V29 ~a? —a?)

— (921120 - 24

9 — 222

T

Critical numbers occur when 3’ = 0 or when
fails to exist.
y’ = 0 when

9—-222=0

y' fails to exist when

9-22=0
T = £3.

Thus, the critical numbers are i?’Tﬁ and +£3.

These four values determine three intervals since
f(z) is defined only on [—3, 3]. Note that j:SJQQ ~
+2.12.

1
|
2
_S_T
1
1

> X

1
3

o %
f(—25)=—-211<0
F(0)=3>0
f(2.5) = —2.11 <0

(b) f is increasing on (—T‘/_, T) .
2

ﬂ

(c) f is decreasing on (—3, —%_ and (3—ﬁ,3) .

SN—



Section 5.1

24.

26.

28.

Increasing and Decreasing Functions

f@) = (@ + 1)

4 4
) = = -V — &
@) f@) =5t =t
f'(z) is never zero, but fails to exist when z = —1,

so the critical number is —1.

I
i

-3 2 -1 0 1
I
I
I

gy — 4
f'(-2)= 5<O
() =% >0

)
(b) f is increasing on (—1, o).
(c) f is decreasing on (—oo, —1).

2
Y= Te” —3x

(a) 3 =xe” ~37(2x — 3) 4 2 —37(1)

=" 3% [(20 — 3) + 1]

= e 73222 — 3z + 1)

=’ 302 — 1)(x — 1)
y' is zero when z = % or x = 1, so the critical
numbers are £ and 1.

b
|
i|

-1 0 %1 2
Do
[

Test a point in each interval.

f0)=1(=1)(-1)=1>0

F1(6) = 144 (2) () = S5 <0
£2) = e 23H() = 5 >0

(b) The function is increasing on (—oo,1) and
(1,00).

(c) The function is decreasing on (3,1) .

y = &/ 4 g4/

1 4 144z
r_ L..—2/3 £1/3 —
@y =g g = e
y = 0 when z = —i. The derivative does not

exist at £ = 0. So the critical numbers are —%
and 0.

2 -

[

11

I )
10 ] X
11

I

I
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Test a number in each interval.

(b) The derivative is positive on (—i, 0) and (0, 00)
and the function is defined at x = 0. Thus, y is

1 ).

increasing on (— T

() y is decreasing on (—oo0, —i).

. fl@)=ax? +br+c, a>0

f(x) =2ax+b
Let f'(x) = 0 to find the critical number.

2ax +b=0
2ax = —b
x—_b

T 2

Choose a value in the interval (foo, ;—:) . Since
a >0,

—b 1 fb71<fb
2a 2a 2a 2a°
—-b—-1 -b—-1
(=) () v
=-1<0

Choose a value in the interval (;—:7 oo) . Since

a >0,
—b 1 -b+1 —b
%% T T

f/<_b+1> =1>0.
2a

f(z) is increasing on (52,00) and decreasing on

(=00, 22)
This tells us that the curve opens upward and = =
=b is the z-coordinate of the vertex.

2a
—b —b\? —b
f(?) :(2—) “’(%)“’

_ab2 b?
TR
_b2 26%  4dac
- oto
_4ac—172

o 4a

. _ _ 12 _ 12
The vertex is (—b M) or (—i M) .

2a’ 4a 2a’ 4a



34.

36.

38.

flx)=e
flx)=e*>0
f(x) = e is increasing on (—o0, 00).

f(z) = e is decreasing nowhere.

Since f'(x) is always positive, it is never equal
Therefore, the tangent line is horizontal
nowhere.

Zero.

H(r) = % — 300(1 + .03r2)~
H'(r) = 300[=1(1 4 .03r2)~2(.06r)]
—18r
=TTy

Since r is a mortgage rate (in percent), it is always
positive. Thus, H'(r) is always negative.

(a) H is increasing on nowhere.
(b) H is decreasing on (0, 00).

C(x) = 4.8z — .000422, 0 < x < 2250
R(x) = 8.4z — .00222, 0 < z < 2250
P(x) = R(x) — C(x)
— 8.4z — 0022 — (4.82 — .000422)
= 3.6z — .001622
P'(z) = 3.6 — 0032z
P’(x) = 0 when

e 3.6
©.0032
= 1125.
|
1 | 1 x
]
1100 1125 1200
|
P'(0)=3.6>0

P'(1200) = —.24 < 0
P is increasing on (0,1125).

(a) These curves are graphs of functions since they
all pass the vertical line test.

(b) The graph for particulates increases from April
to July; it decreases from July to November; it is
constant from January to April and November to
December.

(c) All graphs are constant from January to April
and November to December. When the tempera-
ture is low, as it is during these months, air pol-
lution is greatly reduced.

40.

42.
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A(z) = —.0152% + 1.058z
A(z) = —.0452% + 1.058
A'(xz) = 0 when

—.04522 4 1.058 = 0
—.04522 = —1.058
22 ~ 9235
r ~ +4.8.

The function only applies for the interval [0, 8], so
we disregard the solution —4.8.
Then, 4.8 divides [0, 8] into two intervals.

448 6 8
|

A'(4) = 338 >0
A'(5) = —.067 < 0
(a) A is increasing on the interval (0, 4.8).

(b) A is decreasing on the interval (4.8,8).

5t
K(t) = ——
®) t2+1
5(t% + 1) — 2t(5t)
K'(t) =
®) (12 4+1)2
_ 5t2 45— 1042
(12 +1)2
5 —5¢?
(2 +1)2
K'(t) = 0 when
5 — bt?
S —
(12 +1)2
5—5t2=0
5t2 =5
t==+1.

Since t is the time after a drug is administered, the
function applies only for [0, o), so we discard t =
—1. Then 1 divides the interval into two intervals.

[e=]
e —— =
\S]

K'(5)=24>0
K'(2)=-6<0

(a) K is increasing on (0, 1).

(b) K is decreasing on (1,00).



Section 5.2  Relative Extrema

44. (a) F(t) = —10.28 + 175.9te~ /13
F'(t) = (175.9)(et/13)
1
175.9.9¢t) | ——e~t/13
+(7599)< 3¢ >

t
1.3

~ 175.9¢~/13(1 — .769¢)

= (175.9) (e ¥/13) (1 -

(b) F'(t) is equal to 0 at t = 1.3. Therefore, 1.3 is
a critical number. Since the domain is (0, c0), test
values in the intervals from (0, 1.3) and (1.3, 00).

F'(1) ~ 18.83 > 0 and F'(2) ~ —20.32 < 0

F'(t) is increasing on (0,1.3) and decreasing on

(1.3, 00).
46. f(a:):\/IQ_We_g”z/2
(@) = e/ (-a)
_ —T 6712/2

V2T
f'(z) =0 when z = 0.
Choose a value from each of the intervals (—oo, 0)

and (0, 00).
(1) = —=e Y2 >0
f(=1) o
£(1) = —_21 e 12 <0
Z

The function is increasing on (—o0, 0) and decreas-
ing on (0, c0).
48. As shown on the graph,

(a) horsepower increases with engine speed on
(1000, 6100);

(b) horsepower decreases with engine speed on
(6100, 6500);

(c) torque increases with engine speed on (1000, 3000)
and (3600, 4200);

(d) torque decreases with engine speed on (3000, 3600)
and (4200, 6500).

5.2 Relative Extrema

2. As shown on the graph, the relative maximum of
1 occurs when x = 4.

10.

12.

159

. As shown on the graph, the relative maximum of
—4 occurs when x = 3.

. As shown on the graph, the relative minimum of
—6 occurs when x = 1 and the relative maximum
of 2 occurs when x = 5.

. As shown on the graph, the relative maximum of
4 occurs when x = 0; the relative minimum of 0
occurs when z = —3 and = = 3.

flx) =2> 42 +6
fllz)=20—-4=2(x-2)

f/(x) is zero when z = 2.

S
—
e N — -
w
N

0)—d=-4<0

f(0)
(3 3)—4=2>0

f'®3)

Thus, f(x) is decreasing on (—00,2) and increas-

:2(
:2(

ing on (2, 00), so f(2) is a relative minimum.
f(2)=(2)?-4(2)+6=4—-8+6=2
Relative minimum of 2 at 2
flx) =23+ 322 — 242 + 2
J'(x) = 32% + 62 — 24
= 3(2% + 2z — 8)
=3(z+4)(x—2)

f'(z) is zero when x = —4 and = = 2.

-3-2-1 0 1

|
[V}
|
R Q! I
[ N i
w

fi(=5)=21>0
f(0)=-24<0
f'3)=21>0
f is increasing on (—oo, —4) and decreasing on
(—4,2). Thus, a relative maximum occurs at x =
—4. f(x) is decreasing on (—4, 2) and increasing on
(2,00). Thus, a relative minimum occurs at x = 2.
f(—4) = (—4)3 4+ 3(—4)? — 24(—4) + 2
=82
(2)% +3(2)% — 24(2) +2
= —26
Relative maximum of 82 at —4; relative minimum
of —26 at 2

/
/

f2)
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2 . 1

fl(x)=—-222 -2 +3
=—(222 + 2 - 3)
=—2z+3)(x—-1)

f'(x) is zero when z = —2 or x = 1.

i

|
2-3- o 1 2

|

I

I

f'(-2)=-3<0
f(0)=3>0
f2)=-7<0

f is decreasing on (—oco,—32) and increasing on
(—%, 1) . Thus, a relative minimum occurs at z =
3 . . . 3 .
—3. f(z) is increasing on (—32,1) and decreasing
on (1,00). Thus, a relative maximum occurs at

=1

Relative maximum of —% at 1; relative minimum
_59 _3
of —= at —3

16. f(z) =2* — 82249

f'(z) = 42% — 162
= 4x(2? — 4)

=4dz(x +2)(z —2)
f'(x) is zero when x =0 or x = —2 or z = 2.
i | |
1 | |
1 I 1 I 1 I Ly x
3 2-1 01 2 3
| l l
1 | |
F(=3) = —60 < 0
F(=1)=12>0
F(1) =-12 <0
£(3) =60>0

f is increasing on (—2,0) and (2, 00); f is decreas-
ing on (—oo0, —2) and (0, 2).

f(=2) =
f(0)=9
f2)=-7
Relative maximum of 9 at 0; relative minimum of

—T7at —2 and 2
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18. f(z) = (2 —92)?/3

/(@) = 22— 92)7/4(~9)

6
(2~ 90)1/3

Critical number:

F1(0) = —4.76 < 0
(1) =314>0

f is decreasing on (—oo, %) and increasing on (2, oo) .

R

Relative minimum of 0 at %
20. f(z) = 32%/3 — 152%/3
f'(x) = 522/3 — 1021/3
=523z - 2)
5(x —2)
2173

Find the critical numbers:

5(x—2)=0 23 =0
T =2 z=0
1 | 1 X

|
—_
Y E
—_
G
w

f'(-1)=15>0
(1)=-5<0
"(3)=3.47>0

f is increasing on (—o0,0) and (2, c0).
f is decreasing on (0, 2).

f(z) = 322/3(x - 5)
£(0)=3-000-5)=0
f(2) =3-2%2/3(2—15)

=—-9.22/3  —14.987

Relative maximum of 0 at 0; relative minimum of
—9.22/3 ~ —14.287 at 2
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Find the critical number:

223 —-1=0

~ .79

xr = — —

V2
Note that both f(xz) and f'(z) do not exist at
x =0, so 0 is not a critical number.

1 V4
2

0 .7I91 2
(1) =-3<0
F1)=1>0

. . Y1
f(z) is decreasing on (—oo, =5

on (ﬂ,oo>.

) and increasing

(9)-(2)-(8)
CICE

Relative minimum of 34;@ ~ 1.890 at 432@

22 —6x+9
z+2
(22 —6)(z +2) — (1)(z? — 62 +9)
(x+2)?
2?44z —21
(x +2)2
(x4 7)(x—3)
(x +2)2

Find the critical numbers:

24. f(x)=

) =

(x+T7)(r—3)=0

r=-7 or z=3

26.

161

Note that f(z) and f'(x) do not exist at z = —2,
so the only critical numbers are —7 and 3.

o |

|
oo L

i
|
T
34
|
I

I
|
wn
|
RN

.ﬁ(—S)::%%:>O

F1(=3) = —24 < 0
7o) =2 <0
') = ;—é >0

f is increasing on (—oo, —7) and (3, 00).
f is decreasing on (-7, —2) and (-2, 3).

Relative maximum of —20 at —7; relative mini-
mum of 0 at 3

flx) =3ze* +2
f'(z) = 3ze®™ + 3e”
=3e(z+1)

Find the critical numbers:

3¢*=0 or z+1=0
e* =0 or r=-—1
e” is always positive, so the only critical number
is —1.

i
|
-2 -1 0
:
I

f(=2) =3e72(-2+1)
=-3¢2<0
£(0) = 3¢°(0 + 1)
=3>0

f isincreasing on (—1, 00) and decreasing on (—oo, —1).
f(=1)=3(-1)e 1 +2
-3
=—+4+2=9
e

Relative minimum of .90 at —1
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2
T
28. = —
fl@) ==
Fa) = (In z) 2z — 22 (1) 2rlnz-—2
= (In x)2 (In x)2
_z(2lnx-1)
~ (In 2)2
Find the critical numbers:
=0 or 2Inx—1=0 or Inz=0
2Inz=1 r=1
In x =—
x =el/?
— e
~ 1.65

Since the domain of y = In z is (0,00), 0 is not a
critical number. Since In1 = 0, we see that 1 is
also not in the domain of f. Thus /e ~ 1.65 is the
only critical number.

i
L
T
11652 3
|
|
|

15(2 In 1.5 1)
(In 1.5)2

f(x) is increasing on (1.65,00) and decreasing on
(1,1.65).

<0

J'(15) =

>0

(1.65)?
In (1.65)

Relative minimum of 5.44 at 1.65

£(1.65) = ~ 5.44

30. y=ax’+br+c
vy =2ax+b

The vertex occurs when 3’ = 0.

2ax+b=0
a:*_b
T 2a
a b 2—|—b -0 —i—c—a—bQ—b—z—i—c
2a 2a T 442 2a
_62 20 4dac
4a 4a 4da
dac — b?

The vertex is at (_—b 4ai;b2) .

32.

34.
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f(x) = —2° — 2% + 223 — 2522 + 9z + 12
f(x) = =5z* — 423 + 62% — 502 + 9

Graph f’ on a graphing calculator. A suitable
choice for the viewing window is [—4, 4] by [—100, 100],
Yscl = 20.

Use the calculator to estimate the x-intercepts of
this graph. These numbers are the solutions of the
equation f’(z) = 0 and thus the critical numbers
for f. Rounded to three decimal places, these -
values are .183 and —2.703.

Examine the graph of f’ near x = —2.703 and
x = .183. Observe that f'(z) < 0 to the left
of + = —2.703 and f'(x) > 0 to the right of

x = 2.703. Also observe that f'(x) > 0 to the left
of x = .183 and f'(x) < 0 to the right of x = .183.
The first derivative test allows us to conclude that
f has a relative minimum at x = —2.703 and a rel-
ative maximum at x = .183.

£(.183) ~ 12.821
f(—2.703) ~ —143.572

Relative maximum of 12.821 at .183; relative min-
imum of —143.572 at —2.703

(a) When graphing g(z) in the standard window,
no graph seems to appear.

X
—12 1000\° / —1000
o -5 -2 (52) (5)

~—12 1.2x 10"
- 13 7

—12 (1.2 x 10'9)2®
PSE 213

12+ (1.2 x 1019)2®
= 213

Find the critical numbers:

—12+ (1.2 x 10925 =0 or z'3=0
(1.2 x 101926 = 12 r=0
12
6 _
T 12 %10
10
6 __ —18
x = V10-18
= +.001 or z=0
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124 (1.2 x 1019)(—1)°

D= (—1)13 <0
e 22
¢/(.0001) = 2+ (1303011(;12)('0001)6 0

g(1) = 2 (1~1213>< 10118

g(.001) = —10736; g(—.001) = —1036

Minimum of —10%6 at = £.001

36. C(z) = 25z + 5000; p =80 — .01z

P(z) = R(z) — C(z)
=pr — C(x)
= (80 — .01z)x — (252 + 5000)
= 552 — .01z% — 5000

(a) Since the graph of P is a parabola that opens
downward, we know that its vertex will be a max-
imum point. To find the x-value of this point, we
find the critical number.

P'(z) =55 — .02z

P’(x) = 0 when
95 — .02z =0
—.02z = —55
x = 2750.

The number of units that produces maximum profit
is 2750.

(b) If z = 2750,

p =80 — .01(2750)
= 52.50.

The price that produces maximum profit is $52.50.

(c)  P(x) =55z —.01z2 — 5000
P(2750) = 55(2750) — .01(2750)2 — 5000
= 70,625

The maximum profit is $70,625.

38.

40.

42.
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P(z) = In(—2 + 322 4+ 72z + 1), for z in [0, 10].

=322 + 6z + 72
—x3 4+ 3224+ T2z +1
=3 —6)(x+4)

a3 4322 4 T2r + 1

P'(x) = 0 when x = 6 or x = —4, but 4 is not
in the domain of [0,10]. P'(z) fails to exist for
x ~ —0.14 and x ~ 10.123, neither of which are in
the domain of [0, 10]. Thus, the critical number is
6.
Use the first derivative test to verify that z = 6

(a) P'(x) =

gives a maximum profit.

97
Pl(5) = 2=
6) =377 >0
1
PlT) = —— <0
(M="153 <

The maximum profit results when 6 units are sold.
(b) P(6) ~ 5.784
The maximum profit is about $5784.

p = D(q) = 500ge—00104"
R(q) = pq = (500ge—00164")q
_ 500q267.0016q2
R'(q) = 500¢ 00164 (2¢) + 500q26—.0016q2(—.0016-2q)
= (1000g — 1.6¢3)e—00164>

Since e~0016¢° > 0 for all values of q,
R'(q)=0
(1000g — 1.6¢%)e 164" = @
1000g — 1.6¢> = 0

1.6¢> = 1000q
q® =625
q=25

If ¢ < 25, R'(q) > 0; if ¢ > 25, R'(q) < 0. So p
has a maximum value at ¢ = 25.

p = D(25) = 500(25)e0016(25)° ~ 4600

Maximum revenue occurs when the price is about
$4600 and 25 computer systems are sold.

a(t) = .008t> — .288t% +2.304¢ + 7
a'(t) = .024t> — 576t + 2.304

Set a’ = 0 and use the quadratic formula to solve
for t.

.024t% — 576t +2.304 =0
02412 — 24t +96) = 0
12 —24t4+96=0

t ~ 5.07 or t ~ 18.93
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44.

46.

48.

t = 5.07 = 5 hours + .07 - 60 minutes corresponds
to 5:04 P.M.

t = 18.93 = 18 hours + .93 - 60 minutes corre-
sponds to 6:56 A.M.

M{(¢) = 369(.93)"(t) 3
M'(t) = (369)(.93)" In(.93)(+-3%)
+369(.93)(.36) ()¢

132.84(.93)"

= (369t35)(.93" In.93) + T

M'(t) = 0 when t ~ 4.96.
Verify that ¢t ~ 4.96 gives a maximum.
M'(4) >0
M'(5) <0
Find M (4.96)
M (4.96) = 369(.93)496(4.96)-36 ~ 458.22

The female moose reaches a maximum weight of
about 458.22 kilograms at about 4.96 years.

f(z) = 19823 — 1.5622 + 2.03z + 14.8
f'(x) = 59422 — 3.12x + 2.03

f'(z) =0 when z ~ .76 and z = 4.49.

Since the function is accurate only on the finite
domain, {0,1,2,3,4,5}, the critical numbers are
x = 1 and = 4, the closest numbers in the do-
main to the real critical numbers.

f(1) = 15.468 f(4) =10.632

Therefore, there is a maximum of about 1550 ca-
sualties in 1991 (x = 1) and a minimum of about
1060 casualties in 1994 (x = 4).

20t

R(t) = t2 4100
o) — 2007+ 100) — 206(20) _ 2000 — 202

(2 + 100)2 (2 + 100)2
R/(t) = 0 when

2000 — 20t2 =0

—20t? = —2000
2 =100
t = +£10.

Disregard the negative value.
Use the first derivative test to verify that ¢ = 10
gives a maximum rating.
R'(9) =.0116 > 0
R'(11) = —.0086 < 0
The film should be 10 minutes long.

Chapter 5 GRAPHS AND THE DERIVATIVE

5.3 Higher Derivatives, Concavity,
and the Second Derivative Test

f"(x) =

—zt 4 223 — 22

—12(0)2 +12(0) —2 = -2
—12(2)2 +12(2) — 2= —26

—14a2—222
(1—a2)2

-1 —a?
(1—22)2

(1-22)*(=22) - (=1-2?)(2)(1 —2?)(-27)

(1—=x2)4
(1 —2?)[—22(1 — 22) + 42(—1 — 2?)]
(1—22)4

—223 — 6
—2z (2% + 3)
Tr

_ —2(0)(0% +3)

f”(O) - (1 _02)3

7(2) =

=0
—2(2)(4+3)
-8

T 27

28

T 27
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10. f(z) =2z +9

12.

14.

16.

= (22 +9)'/?
f(x ):%(2x+9) /2.2
=2z +9)71/2
f(x) = —%(21: +9)7%/2.2

—(2z49)73/2
_ —1
- (224 9)3/2

~ —.0213

fla) = —202

) = —ga

4 4
" — —»—4/3
f(x) 5% o 7

17(0) does not exist.

4
" = ~
2) = 9 213 1764

2

f(z) = .5be” .
f(x) = (5)(2z)e™ = ze”

(x) = ze (2z) + €* (1) = 222¢%”

2

or e (222 + 1)

~ 491.4
f@)=In 2+ =
1 1”
/ _— —
f(m)_x :L,Q
-1 2
=S
—x 2 2—x
= R

£"(0) does not exist since the
denominator is 0.

2-2 0

f'2)=—5—=35=0

Higher Derivatives, Concavity, and the Second Derivative Test

18.  f(z) =2z* — 323 + 22
f/(z) =823 — 922 + 22
f"(z) =242 — 182 + 2

f"(x) =48z — 18
[ () =48

20. f(x) =325 —a*+22% - Tz
fl(x) = 15:r4 — 423 + 622 — 7
f"(z) = 602> — 1222 + 127

" (x) = 18022 — 24z + 12
@ (x) = 360z — 24
r+1
22.  f(x) .
) )(z) — Lz +1
() (1)(=) xz(w )
_ _% -
1 2
f"(x) =2273 or s
" 6
() 6z~ or =
4
f®(x) = 24275 or e
x
24. f(x)= 5o 1
L (WEr ) - @@
@) = (2 + 1)2
1
= m = (21‘ + 1)_2
f'(@) = =22z +1)7%(2)
= 42z +1)73
F7(@) = 1202+ 1)4(2)
= 24(2z + 1)
24
T2z r1s

FO(z) = —96(2x +1)7%(2)
= 1922z +1)7°

—192
NG ESE
26. f(x)=¢€"
f(x) = e
f'(@) =e”
J"(x) =e
FO (@) = e

28. Concave upward on (—oo, 3)
Concave downward on (3, 00)
Point of inflection at (3,7)

165
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30.

32.

34.

36.

38.

Concave upward on (—2,6)
Concave downward on (—oo, —2) and (6, c0)
Point of inflection at (—2,—4) and (6, —1)

Concave upward on (—o0,0)
Concave downward on (0, c0)
No points of inflection

f(x) =8 — 6z — 22
fl(x)=—-6—2x
f"(x) = =2 < 0for all x.

Always concave downward
No points of inflection

flx) = —a® — 1222 — 452 + 2
f'(z) = —32% — 242 — 45
f(x) = —6x — 24
f"(x) = —6x — 24 > 0 when

—6(z+4) >0
r+4<0
r < —4.

Concave upward on (—oo, —4)
f"(z) = —6x — 24 < 0 when
6z +4) <0
r+4>0
x> —4.

Concave downward on (—4, 00)

f"(x) = —6x — 24 = 0 when

—6(x+4)=0
r = —4.
F(~4) =54
Point of inflection at (—4, 54)
-2
f(@) = x+1
=2@x+1)!
f(@) = 22 +1)
1 — —_4
F(a) =~ + )7 =
" —4
f (ﬂ?) :m > (0 when
r+1<0
r < —1.

Concave upward on (—oo, —1)

f(x) =

—4
—_— h
@t 1P < 0 when
z+1>0

x> —1.

40.

42.

Chapter 5 GRAPHS AND THE DERIVATIVE

Concave downward on (—1, c0)

f"(x) # 0 for any value of z; it does not exist when
x = —1. There is a change of concavity there, but

no point of inflection since f(—1) does not exist.

fl@) = —x(x - 3)?
(@) = —1(x — 3)* + 2(x — 3)(—x)
=—(z—3)?—22% + 62
f"(x)=-2(x—3)—4x+6
=-2r+6—-4x+6
= —6z + 12

f"(x) = —6x + 12 > 0 when

—6(x—2)>0
r—2<0
T < 2.

Concave upward on (—o0,2)

f"(z) = —6x + 12 < 0 when
—6(x—2) <0
r—2>0

T > 2.
Concave downward on (2, c0)

f"(z) = =6z + 12 = 0 when & = 2.

£(2) = -2
Point of inflection at (2, —2)
fz) =2e”

f(x) =2e~ ( 2x) —dze

[ (x) = —dxe™ @’ (—22) + 6712(—4)
f4e*$2(72x2 +1)

f"(z) =0 when —222+1=0

1 =222
V2
Y2 _
2
Check the sign of f”(x) in each of the intervals
determined by x = g and z = —@ using test
points.
F(=1) = ~de” D [2(-1)” + 1]
—4 4
(-1 =2
> (-1) - > 0
£7'(0) = =467 [=2(0) + 1]
—4( ) =-4<0
f(1) Pl-2(1)? +1]
—4 4
= (-1)==->0
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44.

46.

48.

Concave upward on (foo,fg) and (@,oo);

concave downward on (—TQ, 322 ) :
f (i@) =271/ = %

Points of inflection at (— 2 ,%) and (_2 i)

f(z) =27/3 4+ 562%/3

7 224
fl(l‘) _ §$4/3 4 Tml/?)
f”(l‘) — 2_981.1/3 + %m—w?}
_ 28(x+8)
T 9x2/3

f"(x) =0 when x = —8

f"(x) fails to exist when x = 0

Note that both f(z) and f/(z) exist at © = 0.
Check the sign of f”(x) in three intervals deter-

mined by x = —8 and = = 0 using test points.
28(—19) 532
ni_o7y = 222 9/ 292 0
1120 = =5 ST
28(7) 196
n_1) =222 _ 7% 0
FE=5m =57
2
1y =29 _955 0

)
Concave upward on (—8,00); concave downward
on (—oo, —8)

f(=8) = (—8)7/3 4 56(—8)*/3 = —128 + 896
= 768

Point of inflection at (—8,768)

(a) The slope of the tangent line to f(z) = e*
as * — —oo is close to 0 since the tangent line
is almost horizontal, and a horizontal line has a
slope of 0.

(b) The slope of the tangent line to f(x) = €*
as * — 0 is close to 1 since the first derivative
represents the slope of the tangent line, f'(z) =
e, and ¥ = 1.
f(z) = —2% - 10z — 25
fl(x) =—22-10

=—-2(x+5)=0
Critical number: —5
f(x) =—2 <0 for all z.

The curve is concave downward, which means a
relative maximum occurs at x = —5.

50.

52.

54.

56.
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f(z) =323 — 322 +1
f(x) = 922 — 6x
=3z(3x—-2)=0

Critical numbers: 0 and %
f(x) =18z — 6

7"(0) = —6 < 0, which means that a relative max-
imum occurs at z = 0.

f" (%) =6 > 0, which means that a relative min-

imum occurs at r = %

flx) = (z+3)*
fl(z) =4(x+3)> =0
Critical number: x = —3

" (x) = 12(z + 3)?
f"(=3)=12(-3+3)2=0
The second derivative test fails.
Use the first derivative test.

|
¥
|
N
|
[, SO
|
)
|
—_

4(—4 + 3)?
4(-1)3=-4<0

f'(=4)

This indicates that f is decreasing on (—oo, —3).

f1(0) = 4(0+3)°
4(3) =108 > 0

This indicates that f is increasing on (—3, 00).
A relative minimum occurs at —3.

There are many examples. The easiest is f(z) =
v/x. This graph is increasing and concave down-
ward.

fl(@) = 3277 = 57

£/(0) does not exist, while f/'(z) > 0 for all z > 0.
(Note that the domain of f is [0, 00).)

As x increases, the value of f/(z) decreases, but
remains positive. It approaches zero, but never

becomes zero or negative.

f'(z) = 102?(x — 1)(5x — 3)
= 1022 (522 — 8x + 3)
= 50z* — 802® + 3022

" (x) = 20023 — 24022 + 60z
= 20x(1022 — 122 + 3)
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Graph f’ in the window [—1,1.5] by [—2, 2],
Xscl = .1.

This window does not give a good view of the
graph of ", so we graph f” in the window [—1, 1.5]
by [—20, 20], Xscl = .1. Yscl = 5.

(a) The critical numbers of f are the z-intercepts
of the graph of f’. (Note that there are no values
where f/(z) does not exist.) From the graph or
by examining the factored expression for f/, we
see that the critical numbers of f are 0, .6, and 1.
By either looking at the graph of f’ and applying
the first derivative test or by looking at the graph
of f” and applying the second derivative test, we
see that f has a relative minimum at 1 and a rel-
ative maximum at .6.

(At = 0, the second derivative test fails since
f”(0) = 0, and the first derivative does not change
sign, so there is no relative extremum at 0.)

(b) Examine the graph of f’ to determine the in-
tervals where the graph lies above and below the
x-axis. We see that f'(z) > 0on (—o0,.6), f/'(z) <
O on (.6,1), and f'(x) > 0 on (1, 00). Therefore, f
is increasing on (—o0,.6) and (1,00) and decreas-
ing on (.6,1).

58.

60.
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(c¢) Examine the graph of f”. We see that this
graph has three x-intercepts, so there are three
values where f”/(z) = 0. These z-value are 0, about
.36, and about .85. Because the sign of f” and
thus the concavity of f changes at these three
values, we see that the z-values of the inflection
points of the graph of f are 0, about .36, and
about .85.

(d) We observe from the graph of f” that f”(z) >
0 on (0,.36) and (.85, 00), so f is concave upward
on the same intervals. Likewise, f”(z) < 0 on
(—00,0) and (.36, .85), so f is concave downward
on the same intervals.

(a) The left side of the graph changes from con-
cave upward to concave downward at the point
of inflection between cellular phones and digital
video disc players. The rate of growth of sales be-
gins to decline at the point of inflection.

(b) Food processors are closest to the right-hand
point of inflection. This inflection point indicates
that the rate of decline of sales is beginning to
slow.

R(z) —a3 4+ 6622 + 10502 — 400)

0<z<25

4
R/(x) = (=32 + 132 + 1050)

4
7 _ B
R'(z) = —27( 6z + 132)

A point of diminishing returns occurs at a point
of inflection, or where R”(z) = 0.

4
—(—6z +132) =0

27
—6x+132=0
6x = 132
x =22

Test R”(z) to determine whether concavity changes
at x = 22.
4 16
R’'(20) = =(-6-20+132) = — >0
(20) = o (~6-20 4 132) = 0 >

4 1
R'(24) = 5 (=624 4 132) = —§ <0

R(x) is concave upward on (0,22) and concave
downward on (22, 25).
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62.

64.

4
R(22) = [~ (22)° +66(22)* +1060(22) —400]
~ 6517.9

The point of diminishing returns is (22,6517.9).

R(z) = —.62% + 3.722 + 52, 0 <x < 6
R(x)=—-182>+ 74z +5
R'(z)=-36x+74

A point of diminishing returns occurs at a point
of inflection or where R”(z) = 0.

—3.6x+74=0
—3.6x=-74
—7.4
= —— x~2.06
YT 36

Test R”(x) to determine whether concavity changes
at x = 2.05.

R"(2) = —3.6(2) + 7.4
= T2474=2>0

R'(3) = —3.6(3) + 7.4
=-108474=-34<0

R(z) is concave upward on (0,2.06) and concave
downward on (2.06,6).

R(2.06) = —.6(2.06)2 + 3.7(2.06)2 + 5(2.06)
~ 20.8

The point of diminishing returns is (2.06, 20.8).

Let D(q) represent the demand function.
The revenue function, R(q), is R(q) = ¢D(q).
The marginal revenue is given by

R'(q) =qD'(q (@)(1)
=qD'(q ().

R"(q) = ¢D"(q) + D'(¢)(1) + D'(q)
=qD"(q) +2D'(q)

)+ D
)+ D

gives the rate of decline of marginal revenue.
D’(q) gives the rate of decline of price.

If marginal revenue declines more quickly than
price,

qD"(q) +2D'(q) — D'(q) <0
or ¢D"(q)+D'(q) <O0.
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66. (a) R(t) =t*(t — 18) + 96t + 1000; 0 < t < 8

=3 — 18¢2 + 96t + 1000
R'(t) = 3t> — 36t + 96

Set R'(t) = 0.

3t2 —36t+96=0
2 —12t+32=0
(t—8)(t—4)=0

t=8 or t=4

8 is not in the domain of R(¢).

R’ (t) = 6t — 36

R’(4) = —12 < 0 implies that R(t) is maximized
at t = 4, so the population is maximized at 4
hours.

(b) R(4) = 16(—14) + 96(4) 4 1000
= —224 + 384 + 1000
= 1160

The maximum population is 1160 million.

3x
3(2? +4) — (22)(32)
K’ =
(a) (I’) (£U2 +4)2
_ 3412
BCE
—322+12=0
x2 =4
r=2 or x=-2

For this application, the domain of K is [0, 00), so
the only critical number is 2.

(22 4+4)%(—6x) — (=322 +12)(2) (2> +4)(27)
(22 + 4)
_ —6x(a? +4) — du(—32% +12)
(22 +4)3
_ 6x3 — 72z
T @

K'(z) =

K"(2) = 22 = —2& < 0 implies that K () is
maximized at x = 2.
Thus, the concentration is a maximum after 2

hours.

3(2)

(b) K(2) = s = |

The maximum concentration is %%.
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10,000

70 G0 = T e
— 1t - _ —.1t
Gr(1) = L 49e”)(0) — (10,000)(—4.9¢ =)

(1 +49e—1)2

49,000e!
T (14 49¢—17)2

To find G”(t), apply the quotient rule to find the
derivative of G'(t).
The numerator of G (¢) will be

(1 + 49¢11)2(—4900¢ 1)
— (49,000e=1%)(2)(1 + 49 1)(—4.9¢~-17)
= (1 + 49¢e 1) (—4900e~1?)
- [(1 4 49e-1t) — 20(4.9¢-11)]
= (—4900e~*)[1 + 49—t — 98¢ —17]
= (—4900e~1%)(1 — 49¢~1%).

Thus,

—4900e1t)(1 — 49¢—1t)
(1 + 49¢ 1) '

G"(t) = 0 when —4900e 1t = 0 or 1—49e~-1* = 0.
—4900e~* < 0, and thus never equals zero.

G//(t) — (

1—49e—* =0
1 = 49¢—1t
1 _ =1t
E =e€

In1—1In49=—.1¢
—1In 49 = —.1¢t
In 49 = .1t
In 72 =
21In7=.1t
20In 7=t
38.9182 ~ t

The point of inflection is (38.9182, 5000).

72.  L(t) = Be~¢ "
Ll(t) _ Be—cefkt(_ce—k:t)/
= Be=e¢ " [—ce~Ft(—kt)']
— Bcke—(x)*kt—kt
L"(t) = Beke=ce™ "' —kt(—ce=kt — kt)’
= Beke—ce "' —ht[— ce*kt( kt) — k]
(
¢

—kt
= Bcke=ce  —H ck:e_kt k)
kt

= Bek?e=c " “F(ce Tkt — 1)
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L"(t) =0 when ce ™ —1=0

ce ™ —1=0

£ _
okt

ekt =¢

kt =1Inc

Inc
k
Letting ¢ = 7.267963 and k = .670840
In 7.267963

= 70800 ~ 2.96 years

Verify that there is a point of inflection at
t =12¢~2.96. For

L"(t) = Bek2e™ "k (gekt _ 1),

we only need to test the factor ce %" — 1 on the
intervals determined by ¢ ~ 2.96 since the other
factors are always positive.
L”(1) has the same sign as

7.267963¢ 070810 _ 1 ~ 2,72 > 0.
L"(3) has the same sign as

7.267963¢6708403) _ 1 ~ — 029 < 0.

Therefore L, is concave up on (0, lnTc R 2.96) and
concave down on (1<, 00), so there is a point of
inflection at ¢t = h‘Tc ~ 2.96 years.

This signifies the time when the rate of growth
begins to slowdown since L changes from concave
up to concave down at this inflection point.

74.  w(z) = —35.98 + 12.09z — 44502
v'(x) = 12.09 — .89z

v (x) = —.89
Since —.89 < 0, the function is always concave
down.

76. Since the rate of violent crimes is decreasing but at
a slower rate than in previous years, we know that
f/(t) < 0but f(t) > 0. Note that since f'(t) <0,
f is decreasing, and since f”(t) > 0, the graph of
f is concave upward.

78. s(t) = —16t2
v(t) = §'(t) = —32t

(a) v(3) = —32(3) = —96 ft/sec
(b) v(5) = —32(5) = —160 ft/sec
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(c) v(8) = —32(8) = —256 ft/sec

(d) a(t) =v'(t) = s"(1)
= —32 ft/sec?

80. s(t) = 256t — 16t2
v(t) = §'(t) = 256 — 32t
a(t) =v'(t) =s"(t) = —32
To find when the maximum height occurs, set
§'(t) =0.
256 — 32t =0
t=8

Find the maximum height.

s(8) = 256(8) — 16(82)
= 1024

The maximum height of the ball is 1024 ft.
The ball hits the ground when s = 0.

256t — 16t2 = 0

16¢(16 —t) =0

t =0 (initial moment)

t = 16 (final moment)

The ball hits the ground 16 seconds after being
thrown.

5.4 Curve Sketching
4. f(z) =23 — ?CE2 — 18z -1

f'(z) = 32% — 152 — 18
= 3(2% — 5x — 6)
=3(x—-6)(x+1)=0

Critical numbers: 6 and —1
Critical points: (6, —163) and (—1,8.5)

f"(x) =6x—15
f6)=21>0
ff(-1)=-21<0
Relative maximum at x = —1, relative minimum
at x =6
Increasing on (—oo, —1) and (6, c0)
Decreasing on (—1,6)

f(x) =6z —15=0
b D
T2
Point of inflection at (3, —77.25)
5
2

Concave upward on ( ,oo)

171

Concave downward on (—oo é)

y-intercept:

(6,-163)

flr)=x3- gxt 18x -1

6. f(z) =23 —62% + 122 — 11
f(z) =32% — 122 + 12 = 3(2? — 4z + 4)
= 3(z — 2)?

Critical number: 2
Critical point: (2,—3)

f(x) = 6x — 12
77(0)=6(0) —12=-12<0
f"3)=6(3)—12=6>0

No relative extrema

Increasing on (—o0, 00)

Concave upward on (2, 00); concave downward on
(_007 2)

Point of inflection: (2, —3)

y-intercept:

y=0%—-6(0)*+12(0) — 11 = —11

flx) = x3—6x2+ 12x 11
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8. f(z) =a*— 822

f(z) = 42% — 162 = 4z(2? — 4)
=dx(x+2)(r —2)

Critical numbers: 0, —2, and 2

Critical points: (0,0), (—2,—16) and (2, —16)

#(z) = 1222 — 16

£7(0) = —16 < 0
f1(=2)=32>0

F(2) =32>0

Relative maximum at 0, relative minima at —2
and 2
Increasing on (—2,0) and (2, c0)

Decreasing on (—oo, —2) and (0, 2)
f(z) =122 - 16 =0
4(322 —4)=0

" 4

x = =

3

Points of inflection (\/g, 75;_0) and <—\/§, —%)
Concave upward on <—oo, —\/§> and ( %,oo)

Concave downward on ( \/; \/g)

z-intercepts: 0 = x* — 82
0= 2%(2? - 8)
=0 or z==42/2

y-intercept: y = 0* — 8(0)2 =0

b pero

Il

2oz [\ 2] ¢
(e T
3 9 + 3 9
164+
(-2,-16) | (2,-16)
flx) =x*— 8x?
10. f(z)=a2°— 1523
f(z) =5z* — 4522 =0
522 (2% —9) =0
52%(z +3)(x —3) =0
Critical numbers: 0, —3, and 3

Critical points: (0,0), (—3,162), and (3, —162)
f(x) = 203: — 90z
f'(0) =

F(=3) = —270 <0
£7(3) =270 > 0

12.

Chapter 5 GRAPHS AND THE DERIVATIVE

Relative maximum at —3

Relative minimum at 3

No relative extremum at 0
Increasing on (—oo, —3) and (3, 00)
Decreasing on (—3, 3)

" (x) =202® — 90z =0
10x(222 - 9) =0

3
r=0 or x=+—
V2
Points of inflection at (0,0), (—% 100.23) _and
( & ~100. 23)

Concave downward on (—oo7 —%) and (0, %)

z-intercepts: 0 = 2° — 1523
0= 23(2% — 15)
r=0, x==+V15

y-intercept: y = 0° — 15(0)3 =0

(312, -100.23)

200 (3,-162)

flx) =x—15x3

8
:2 —_
fw) =20+
Vertical asymptote at x =0

8

flle)=2-—=0
222 — 8

x? =0

222 —8=0

222 —4)=0

Critical numbers: —2 and 2
Critical points: (—2, —8) and (2, 8)

() = 9
f1(=2)=-2<0
F(2)=2>0

Relative maximum at —2
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Relative minimum at 2

Increasing on (—oo, —2) and (2, 00)
Decreasing on (—2,0) and (0, 2)

(Recall that f(x) does not exist at x = 0.)

f"(z) = 18 is never zero.

There are no points of inflection.
Concave upward on (0, c0)
Concave downward on (—oo, 0)

f(z) is never zero, so there are no x-intercepts.
f(x) does not exist at x = 0, so there is no y-

intercept.
y = x is an oblique asymptote.

f(X)V s

__\III

\
AN
N
i:S
N\
N\
1
L N
|
co
2
a2
1l
[}
=
+
|

T
14.
f(w) = 1+
Vertical asymptote at x = —1

Horizontal asymptote at y = 1

WA +2) - D) 1

TO=""mm  ~arer
f'(z) is never zero.
f(x) fails to exist for x = —1.
F(z) = (1+I) (0) —1(2)(1 + =)
(14 x)4
_2(0+x) -2
14zt (z+1)3
J"(z) fails to exist for x = —1.

No critical numbers, so no maxima or minima
Increasing on (—oo, —1) and (—1, c0)

(Recall that f(z) does not exist at x = —1.)
No points of inflection

F1(=2)=2>0
F7(0)=-2<0

Concave upward on (—oo, —1)
Concave downward on (—1,00)

x
z-intercept: 0 = ——
+x

1
O==x

intercept: y = 0 =0
_inter Sy = —— —
Yy ptt y 110

-2
2 —x—6

16. f(x) =
Vertical asymptote when

2—2-6=0
(x—=3)(x+2)=0
r=3 or x=-2.

Horizontal asymptote at y =0

yo (@2 =2 —6)(0) — (=2)(2z — 1)
Fo = (@ —z—6)2
2020 1)
T (@2 —1—6)?
f'(z) =0when 22 —1=0
1
)
/ N 2(2-0-1) -2
f(o)_w ¥<0
pay= 221z 2,

(12-1-6)2 36

A e
f@)@f——ﬁ—%%

1
2

Relative minimum at ( 32)

173

(2?2 —2—6)%(4)—2(22—1)(2)(2* —2—6)(22—1)

() = —
4(2? — 2 —6)[(2? — 2 — 6) — (20 — 1)?]
(z2 —x —6)*
A —x—6—4da? 4z — 1)
(22 —x —6)3
_ A(=32?+3z—-7)
(22 — 2z —6)3

f"(z) is undefined when z = 3 and z = —2.

f"(z) # 0 since —3x2 + 3z — 7 < 0 for all x.
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4[-3(=3)? 4+ 3(-3) — 7]

I =TS - o
=—-.7963 <0
wy - A=3(0%) +3(0) — 7]
=.1296 > 0
" _ 4[73(42) + 3(4) B 7]
=—-7963 <0

Concave downward on (—oo, —2) and (3, c0)
Concave upward on (—2,3)

There are no z-intercepts since f(x) can never be 0.

No points of inflection

intercept: y = 2 = 1
Y PEy=o—0-6 3
fx)
T
\ 2T {
| _:IS : 1 1 1 ] : ] X
X ! " 0.5, o.'32):3 '
| T |
2+ l
| |
| 4 |
)
Sx) o
1
18. = —

Horizontal asymptote at y =0

(22 +1)(0) — 1(22)

F@) = (22 +1)2
—2x
GRS

Critical number: x =0
Critical point: (0, 1)

(22 +1)*(=2) = (=22)(2) (z +1)(2x)

1) = CEL
_ 622 — 2
gz
f(0)=-2<0

Relative maximum at 0
Increasing on (—oc, 0)
Decreasing on (0, c0)

62 —2
z -0

f”(m) _ m =

Chapter 5 GRAPHS AND THE DERIVATIVE

622 —-2=0
2322 -1)=0
r==

RS
V3

ints of i ; 13 13
Points of inflection at (——, Z) and (%, i

3

Concave upward on (—oo7 —%) and <%,oo)

Concave downward on (—%, %)

f(z) is never zero, so there is no z-intercept.

y-intercept: y = =1

02+1

Sx)

(=113, 3/4)

| I I |

__1
=75
x
20. =
f@) = —
Vertical asymptotes at x =1 and x = —1

Horizontal asymptote at y =0

B (2% = 1)(1) — z(27)

fl(x) - (1_2 _ 1)2
- —2? -1
(@1

f'(z) is never zero.
No critical values, no maxima nor minima,
Decreasing on (—oo, —1), (=1,1), (1,00)

(Recall that f(x) does not exist at © = —1 and
x=1)
Pra) = (22— 1)*(=22) — (22— 1)(2)(2® ~ 1) (22)
R
_ 22° + 62 _0
(22 —-1)3
22% + 62 =0
2z(2%43) =0
z=0

Point of inflection: (0,0)
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22,

9
"(3) = — >0
Concave upward on (—1,0) and (1, c0)

Concave downward on (—oo, —1) and (0, 1)

T
-int t: 0=
z-intercep poR]
O==x
intercept: —L—O
y P~y*0_1*
Iﬂx |
13+ 1
|+
_l3 ] i I i ] 1
T T : (0’0)| é x
VT
T
1 1 |
|3 |
fy= 2

x*—1

y=x—In|z|

Vertical asymptote at x =0

1 x—1
/:1——:
Y T T

Critical number: z =1
(Recall that y does not exist at = 0.)

-1-1

2.1 1
l2 = — = —
y'(2) 5 5 >0

y(1)=1-Inj1| =1
Relative minimum at (1, 1)
Increasing on (—o0,0) and (1, 00)
Decreasing on (0, 1)

PO O

No point of inflection
y'" is positive everywhere it is defined,

Concave upward on (—oo,0) and (0, c0)
There is no y-intercept
z-intercept: © —In|z| =0

x = In|z|
T~ —.b67
y
6
4
5 L D)
I o I /% L e
-6 —4 2 4 6 °*
y=x-1n|x|
In 22
24. y= =

There is a vertical asymptote at x = 0.
There is a no y-intercept.
There are z-intercepts when y = 0:

In 22 =0
=1
r = =*1.
, 2?2z —(In 2?) 2
y - .’E4
~ 2z(1—-In 2?)  2(1—In 2?)
N xt N a3
Y =0when 1—1In 2%2=0
In 22 =1
?=e
r = +/e.
, o 2%(=2- % 22) —2(1 —In 2?)3a?
y - .’1:6
~ 2[4 -6(1—In 2?)]
= p
~10+6 In 2?
Tt
—10+6Ine —4
y'(£ve) = =~ = < 0

There are relative maxima at (£y/e, 1) .

y"(z) =0when —10+6 In 22 =0

6 In 22 =10
In 22 ==
nax 3

22 — 5/3

175

z =+Ved/3 = +b/6
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y'(3) = w = .0393 > 0

y'(1) = _10+1—ZM ~-10<0
yi(-1) = =2 7?;;(_1)2 —-10<0
y(—3) = —0+ 6 (=37 _ 0303 > 0

By

Concave upward on (—oo, —¢*/%) and (¢%/, c0)
Concave downward on (—e®/% 0) and (0, e5/9)
5

Points of inflection at (ie5/6, 365/3)

vt _Inx?

b Ty

5
(- e W) 1

26. y=z2e "
y-intercept: y = 0%2e=9 =0
0 is the only intercept.
y' = 2%e %(—1) + e *(22)
=ze *(—x+2)

Critical numbers x =0or —2+2=0
xr=2.

f'(—=1) = (=)e D[—(=1) +2] = -3e <0
F(1) = (e (14 2) = é >0

F(3) =33 +2) = = <0

The function is decreasing on (—o0,0) and (2, 00)
and increasing on (0, 2).
£(0) = 020 =0
4
@) =22 =5
e
Relative minimum at (0, 0); relative maximum at

(2.%)

y' =xe (=1)+ (—x + 2)(—we " + e %)
=—ze " 42" —gze ¥ —2xe T 427
=22 % —Adge " 4 2e7
=e (2% —4x +2)

Chapter 5 GRAPHS AND THE DERIVATIVE

y” =0 when

22 —4x+2=0
4+ 4/16 —4(1)(2)
xTr =
2

=4i\/§=2i\/§.
r=2+4+V2x34 or 2—2/2~~ 6

f7(0) =e0[02 —4(0) + 2] =2 >0
') =e (12 —4(1) +2) = —% <0
f'(4) =e*4* —4(4) + 2] = 634 >0

Concave upward on (—o0,.6) and (3.4, 00); down-
ward on (.6,3.4)
Points of inflection at (.6,.19) and (3.4,.38)

y
13
y=x26—x
+2
1 (2,%)
(0,0) S (3.4,038)
R
-1 T h 2 3 4 *

(0.6, 0.19)

28. y=¢e*4+e*
y-intercept: y =e +e 0=14+1=2
The y-intercept is 2.
y =e" —e "

Critical numbers:

er —e =0

el‘

62'”—1:0

efL’

e —1=0
e =1
2r=1In 1
20 =0

rz=0

The only critical number is 0.

1
fl)y=et—e (=D = S—ew —2.35<0

ff()y=e' —e1~235>0
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g2 _ o
o/ 1\%/3 3
o(-p7F

Decreasing on (—o0, 0); increasing on (0, 00) I 1
Relative minimum at (0, 2)

) ()-(2) "+ ()

Since 3" # 0 (€2* + 1 is always positive), there is 5

y/I:ex+e—C[ —

no point of inflection. = s ~ —.472
" 0, .—0 . . 1 3
ff0)=€e"4+e"=2>0 Relative minimum at s )~ (—.25,—.472)
. . 144z
The entire graph is concave upward on (—o0, 00). I = 5575 undefined at x = 0.
x

Test sign of ¢ on intervals defined by x = f%,
z=0.

-3
Y(-1) =5 =-1<0

1T

5
TR 1(0,121) y/(l):_ >0
1 |_2|' T 1 T |2 T T ¥ 3
T y increases on (—i, 00), y decreases on (—oo, —%)
y=e+e? No extreme point at (0,4(0) = 0/3 + 0%/3 = 0)
y’ =0 when 4v —2=0
. ) 1
80, y= a1/t 4 41/ o= 1
y = lx*Q/S + éx1/3 y"" undefined when 92°/% =0
3 3
z=0
_ 1+4x C
 3x2/3 ,,_1:4—1 _2=2>0
Criticalpoints:x:—z and z =0 (1 _4(%)72__E<0
T T
, 3a?3(4) — (1+42)3 (%) = 1/3 8
- 41) -2 2
(322722 YO =50 =570
120%/3 — 2(1 + 4z)2~1/3
- 9x4/3 Concave upward on (—o0,0) and (3, 00)
120 —2(1 4 4x) Concave downward on (0, 3)
92/ Points of inflection at (0,0) and
4 — 2
= 053 1 3
925/ <§, W) ~ (.5,1.191)
y-intercept: y = 0Y/3 + 043 =0 R
z-intercept: 0 = z/3 + 24/3 _n, 4/34——
= 21/3(1 + ) y=x XLl
z=0o0rz=-1 4
14 0.5, 1.191)
y =0when 1+42=0 L ©0
| R W s B
r=—= (-0.25, -0.472)

4
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32. In exercise 4, 8, and 10, either the relative max-

imum or relative minimum is outside of the nor-
mal window of —10 < y < 10. In exercise 6, the
y-intercept is outside the window.

34. In exercise 20, the values of f(x) near the vertical

asymptotes are so small and the asymptotes are
so close together, it is difficult to determine the
behavior of the function in that region. In exercise
24, the relative maxima and points of inflection
are so small, they are hard to distinguish from the
T-axis.

For Exercises 36 and 38, other graphs are
possible.

36.

38.

(a) indicates that the curve may not contain breaks.

(b) and (c) indicate relative minima at —6 and 3
and a relative maximum at 1.

(d) and (e), when combined with (b) and (c) show
that concavity does not change between relative
extrema.

(f) gives the y-intercept.

Jx)
3“‘(\/
I_GHIIHO__IIéHx
i

(a) indicates that the curve may not contain breaks.

(b) and (c) indicate relative maxima at —2 and
3 and a relative minimum at 0.

(d) shows that concavity does not change at 0.
(d) and (e) are consistent with (i).

(f) shows critical values.

(g) and (h) indicate that the function is not dif-
ferentiable at 0, and is differentiable everywhere
else.

Thus, a sharp corner must exist at 0.

Chapter 5 GRAPHS AND THE DERIVATIVE

(i) indicates that concavity changes just once, at
(5,1).

<

| T T |

N N R i |

Chapter 5 Review Exercises

6. f(z)=—-22%—-3x+4

10.

fl(x)=—4z -3

f'(z) =0 when z = —3 and f’ exists everywhere,
so the only critical number is —%.

By testing an x-value in the interval (—oo — %)

and an z-value in the interval (—2,00), we see

that f'(z) > 0 on (—o0,3) and f/(z) < 0 on
(—3,00). These results tell us that f is increas-
ing on (—oo, —2) and decreasing on (—32,00).

. flz) =423+ 322 — 18z + 1

f'(z) = 1222 4+ 62 — 18
=6(222 +x — 3)
=62z +3)(x—1)

f'(z) = 0 when
20 +3=0 or

r=-—5 o
f exists everywhere, so the critical numbers are
—% and 1.

Test one x-value in each of the following intervals:
(00, —2),(=2,1),(1,00). We find that f'(z) > 0
on (—oo,—32) and (1,00), and that f'(z) < 0 on
(—32,1). From this information, we know that f is
increasing on (—oo, —3) and (1,00) and decreas-
ing on (—3,1).

5
f@) =503
fl(zx) = ﬁ < 0 for all =, but f is not
defined for x = —%.

f is never increasing; it is decreasing on (—oo, —%)
1
and (75, oo) .
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12.  f(z) = 3ze®®
f'(z) = 32(e**)(2) + 3e**
= 3e2*(2x + 1)
f'(z) =0when 2z +1=0

1
F(=1) = 3e2CD[2(=1) + 1]
=3e"%(-1) = ;—23 <0
f(0) =3e2@(2.0+1)

=3(1)=3>0

Decreasing on (—oo, —%) ; increasing on (

14. f(x) =22 —-62+4
fl(x)=2z—-6

f'(z) =0 when z = 3.
Critical number: 3

f"(x) =2 >0 for all z, so f(3) is a relative mini-

muim.

fB)=-5

Relative minimum of —5 at 3

16. f(z)=-322+22x-5
f(x)=—62+2

f(z) =0 when z = 3.
1
Critical number: 3

Since f”(x) =—-6<0 for all Z, f (%

maximum.
1 14
/ (5) =73

Relative maximum of —1?4 at %

18. f(z) =223+ 322 — 122 +5
f'(z) = 62% + 62 — 12
=6(z*+2-2)
=6(z+2)(x—1)
f'(x)=0whenz=—-2o0rxz=1.
Critical numbers: —2, 1

f'(z) =12z +6

f"(=2) = =18 < 0, so a maximum occurs at © =

—2.

f"(1) =18 > 0, so a minimum occurs at x = 1.

J(-2) =125
J(1) = -2

) is a relative

Relative maximum of 25 at —2
Relative minimum of —2 at 1
In (3z)
20. y=
y 212
1
= 222 -1 — (In 3z) - 4z
4z
2z(1 -2 In 3x)
4ot
~1-21In 3z
o 213

y' =0 when

1—-2In3x=0
1=21n 3z

1
—=1In 3z

el/2 = 3z

f (?) ~ .83

Relative maximum at (lé, .83) or (.55,.83)

1
22.  f(z) =92° + ~

=923 + 271
fl(x) =272% — 22
f"(z) = 54z + 2273

2
= b4x + el
f7(1) =54(1) + & = 56
2
f"(=3) =54(-3) + ESE
2
=-162 — —
4376 27
T T

179
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S
PR 1;1(11))2(4 — 30)
=G +71)2 = —T(z+1)2
frl) =+ 1) = 141)3
1= = (—31—Tj 13~ _g

F1(t) = —5 (5~ 12)712(-2) = (5 — 12) 12
F(E) = (1)(5 — 2712 4t [ 2 (5 — 12)72/2(~21)

= (5—2) V2 4 t[t(5 — 12) 7%/

5
(F _42\-3/2[r _ 42 | 427 _
(5= ) 9205~ £+ ) =
5 5
"1y = — 2 2
5
m_gy— 2
This value does not exist since (—4)3/2 does not
exist.

4
28. f(z) = —§m3 + 2%+ 30z -7

f(z) = —42? +2x + 30
= —2(22% — 2 - 15)
=22z +5)(z—-3)=0

Critical numbers: f% and 3

Critical points: (—2,-54.91) and (3,56)
f'(x) = -8z +2

i (—g) =22>0

f78)=-22<0
Relative maximum at 3

Relative minimum a —%

Increasing on (—%, 3)
Decreasing on (—oo, —2) and (3, 00)
f(2) =8z +2=0

1

r=-

4

Chapter 5 GRAPHS AND THE DERIVATIVE

Point of inflection at (i, .54)
Concave upward on (—oo, %)
Concave downward on (%, oo)

y-intercept:

fx) = _(%))9 +x2+30x—7

2 9
30. f(x)= —§:c3 + 5332 +5x+1

fl(@)=-2224+92+5=0
(=2 —1)(z—5)=0

Critical numbers: —% and 5
Critical points: (—1,—.29) and (5,55.17)

f'(z) = -4z +9

f (—%) =11>0
f"(5)=-11<0
Relative maximum at 5
Relative minimum at —%
Increasing on (—1,5)
Decreasing on (—oo, —3) and (5, 00)

f(x)=—424+9=0
9

T =-

4
Point of inflection at (%,27.44)

Concave upward on (—o0, ¥)

Concave downward on (%, oo)
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y-intercept:

2r — 5
32. f(x) = P

Vertical asymptote at x = —3

Horizontal asymptote at y = 2

;o 2(x+3)— (22 —5)

o
- (z+3)2

f! is never zero.

f(z) has no extrema.

—22
1 —
@) =
f"(-4)=22>0
F1(=2) =22 <0
Concave upward on (—oo, —3)
Concave downward on (—3, 00)

z-intercept: 2x =5 =0
T+3

)

r=3

y-intercept:
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34. f(x) :x3+gx2—2x—3

fl@)=322+52-2=0Bax—-1)(z+2)=0

Critical numbers: 1 and —2

Critical points: (3, —3.35) and (-2,3)
f(x) =6x+5

1 <%> =7>0
f'(=2)=-7<0

Relative maximum at —2

Relative minimum at %

Increasing on (—oo, —2) and (%, 00)

Decreasing on (-2, 1)

»3
fl(x)=62+5=0
5
€r = ——

6
Point of inflection at (—2 — .18)
Concave upward on (—2, c0)
Concave downward on (—oo, —%)

We are unable to compute the z-intercept because
this would require solving a cubic equation where
the cubic polynomial cannot be factored. The
graph will show that there are 3 z-intercepts.
y-intercept: —3

A

7,{3:5
(_g,_o}.'lg){ NIARE

[ O.-3F (%,-3.35)

=2+ 32 - 2x-3

36. f(z) =623 —2?
f(z) = 1822 — 423 = 222(9 — 22) = 0

Critical numbers: 0 and %
Critical points: (0,0) and (3,136.7)

f(x) = 36x — 1222 = 122(3 — x)
f//(o) —0

7" (g) = _81<0
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38.

Relative maximum at %
No relative extrema at 0

Increasing on (—oo7 %)

Decreasing on (, 00)
f'(x)=122(3—2) =0
r=0o0rxz=3
Points of inflection at (0,0) and (3, 81)

Concave upward on (0, 3)
Concave downward on (—o0,0) and (3, 00)

z-intercepts: 622 —ax* =0
23(6 —2) =0
r=0,x=6
The x-intercepts are 0 and 6.
y-intercept: 0

Sfx)

1 fo= 6x° — x*

Vertical asymptote at x =0
Oblique asymptote at y = x

8

flla)y=1-—
%2 -8

= x2 =0

Critical numbers: z = +2v/2
Critical points: (2\/5, 4\/5), (—2\/5, —4\/5)
16
) =2

F1(=2v2) = —? <0

2
F1(2v2) = g >0
Relative maximum at —2v/2
Relative minimum at 2v/2
Increasing on (—oo, —2v/2) and (2v/2, 00)
Decreasing on (—2v/2,0) and (0,2v/2)

f"(x) =18 >0 for all .

40. f(x) =

Chapter 5 GRAPHS AND THE DERIVATIVE

No inflection points
Concave upward on (0, c0)
Concave downward on (—o0,0)

fx)
12 V2. 4\2)
8: / ~ i

~
\I{III

Loy

L \

S
111

T
Lo

§NOO

Il

=

+

|

—4x
142z

Vertical asymptote at x = —%

Horizontal asymptote at y = —2
—4(1+ 22) — 2(—4x
oy = M0 20) 2 40)
(1+2x)
_ —4-8r+38z
 (1422)2
—4
(1+2z)?
f'(z) is never zero.
No critical values; no relative extrema

F0)=-4<0
F(=1)=—-4<0

Decreasing on (—oo, —3) and (—3, o)
16
" _

f"(z) is never zero; no points of inflection.
£7(0) = 16 > 0
F1(~1)=-16<0

Concave upward on (—3,0)

Concave downward on (—oo, —3)

z-intercept: 0; y-intercept: 0

_ fx)
f(x)_l+2x X
|
H-
x=—% :_2
| 1 I! (O’O)I 1 l
T T T T T T T
) -1, 1N\ 2 X
Y=o . e o
|
-+
= 4
|
.
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42.

44.

46.

48.

Other graphs are possible.

(a)-(b) When a stock reaches its highest price
of the day, P(t) is at a maximum. Maxima and
minima occur when P’(¢) = 0. Since this is a max-

imum, the graph would be concave down. There-
fore, P"(t) < 0.

(a) Since the second derivative has many sign
changes, the graph continually changes from con-
cave upward to concave downward. Since there is
a nonlinear decline, the graph must be one that
declines, levels off, declines, levels off, etc. There-
fore, the first derivative has many critical numbers
where the first derivative is zero.

(b) The curve is always decreasing except at fre-
quent points of inflection.

Sketch the curve for [;(v) = .08¢33?

I} (v) = .0264e33v
6‘331} 75 0

14 (v) has no critical points.

1Y (v) = .008712¢33
6.3311 75 0

1Y (v) has no inflection points.

Sketch the curve for Iy = —.87v% 4 28.17v —211.41

Iy(v) = —1.74v + 28.17

—1.74v 4+ 28.17 =0
v~ 16.19

Critical point: (16.19,16.62)

Ih(w) =-1.74

50.

52.
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’(v) has no inflection points.
15(v) has a relative maximum at (16.19, 16.62).

v)
1 e (v)=-87v2+28.17v —211.41

e,(v) =.08e3%"

y = 34.7(1.0186) % (z—5%8)

In chapter 4, the function was originally defined
as
logy = 1.54 — .008z — .658 log x

80,0 <z < oo,and 0 <y < 0.
The function will have a vertical asymptote at
x = 0 and a horizontal assymptote at y = 0.

d .
& _ —34.7(1.0186) % x—-658 (ln(l.0186) + @>
dx T

For every value in the domain, % < 0, so y has
no critical points and is decreasing on (0, 00).

y

304 \V= 34.7(1.0186)* x~058

N N
(a) f(x) = .8172% — 15.422 + 49.4z + 874

f'(z) = 2.45122 — 30.8x 4 49.4
f'(x) =0 when z ~ 1.89 and when x = 10.68.
f/(1) =21.051 > 0
f'(5) = —43.325 < 0
f(12) = 32.744 > 0

There is a maximum at x ~ 1.89 and a minimum
at x =~ 10.68. At year 2, which is 1992, there is a
relative maximum of about 918. At year 11, which
is 2001, there is a relative minimum of about 640.

(b) f"(z) = 4.902z — 30.8
f"(x) =0 when z ~ 6.28
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54.

There is a point of inflection at about x = 6.28.
In year 6, which is 1996, the rate of increase started
to slow down.

(a) The U.S. stockpile was at a relative maximum
between 1965 and 1967, at 1974, 1980, 1984, and
at 1987.

(b) The U.S. stockpile was at its largest relative
maximum from 1965 to 1967. During this period,
the Soviet stockpile was concave upward. This
means that the stockpile was increasing at an in-
creasingly rapid rate.

Chapter 5 GRAPHS AND THE DERIVATIVE



Chapter 6

APPLICATIONS OF THE DERIVATIVE

14. f(x) = 2* — 3222 - 7; [-5,6]

6.1 Absolute Extrema f(z) =42° — 642 =0
4z(z* —16) =0
2. Asshown on the graph, the absolute minimum oc- dr(x —4)(zr+4)=0
curs at xy; there is no absolute maximum. (There r=0orr=4or rv=-4
is no functional value that is greater than all oth-
z f(z)
ers.) — 1390
4. As shown on the graph, there are no absolute ex- —4 —263  Absolute minimum
trema. 0 =7
4 —263  Absolute minimum
6. As shown on the graph, the absolute maximum 6 137 Absolute maximum

occurs at xy; there is no absolute minimum.

8. As shown on the graph, the absolute maximum 16. f(z) = 8+ : [4,6]
occurs at xo; the absolute minimum occurs at x7. 8-
f’(x) — (8 _ 1')(1) B (8 + :E)(—l)
10. f(z) = 2® — 322 — 242 + 5; [-3, 6] (8 — )2
Find critical numbers: _ 16
(8 — )2
fl(x) =322 —6x—24=0
3(2%2 -2 —-8)=0 f/(z) is never zero. Although f'(x) fails to exist
3(x+2)(x—4)=0 if z = 8, 8 is not in the given interval.
r=-2 or x=4
T f(@)
L f(x) 4 3 Absolute minimum
-3 23 6 7 Absolute maximum
-2 33  Absolute maximum
4 —75 Absolute minimum x
6 _31 18. f(z) = Zi [0, 4]
2
1 1 vy (@ 4+2)1 —2(2x)
12. f(z) = §x3 - 5952 — 6z + 3; [—4,4] fi(z) = (22 1 2)2
Find critical numbers: _ —x2 42 —0
(22 42)2
fll@)=a*-2-6=0 —2242=0
(x+2)(x—-3)=0 42 —9
r=-2 or =3
. f(z) z=+2orx=—2, but —/2 is not in [0, 4].
7 f'(z) is defined for all z.
—4 ——~-23
3
. : [
—2 3 ~ 10.3 Absolute maximum 0 0 Absolute minimum
V2
21 v2 -
3 - ~ —10.5 Absolute minimum V2 4 35 Absolute maximum
2
23 - .

185
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20. f(z) = (2% + 18)%/3; [-3,3]

(@) = 2@+ 18)7/2(22)

_ 4x
© 3(z2 +18)1/3

The derivative always exists, and is 0 when

3(z2 +18)1/3 0

4r =0

xz=0.

x f()
0 182/3 ~ 6.87 Absolute minimum
-3 9 Absolute maximum
3 9 Absolute maximum
22. f(x) = (v +1)(z +2)% [-4,0]
@)= (z+1)(2)(x +2)(1)
+ (x4 2)2(1)

Brx+4)(x+2)=0

4 2
r=——= or x=—
3
x f()
—4 —12  Absolute minimum
-2 0
4 4
3 27
0 4 Absolute maximum
3 +2rx+5
24. e
fo) = S 3,0

The indicated domain tells us the z-values to use
for the viewing window, but we must experiment
to find a suitable range for the y-values. In order
to show the absolute extrema on [—3,0], we find
that a suitable window is [—3,0] by [-9, 1].

From the graph, we see that on [—3,0], f has an
absolute maximum at 0 and an absolute minimum
at about —2.35.

Chapter 6 APPLICATIONS OF THE DERIVATIVE

9
26. f(x)=12—2—— x>0

f’(x):—l—{—%

B+z)(3—12)

)
f/(x) = 0 when ¢ = -3 or x = 3, and f/(x)
does not exist when x = 0. However, the specified
domain for f is (0,00). Since —3 and 0 are not in

the domain of f, the only critical number is 3.

x| f)
3| 6

There is an absolute maximum at x = 3. There is
no absolute minimum, as can be seen by looking
at the graph of f.
28. f(r) =t — 423 + 422 + 1
f(z) = 42® — 1222 + 8x
=4x(2? — 32+ 2)
=dx(x —2)(z—1)

The critical numbers are 0, 1, and 2.

z | fz)
0ol 1
1| 2
2| 1

There is no absolute maximum, as can be seen by
looking at the graph of f. There is an absolute
minimum at x =0 and x = 2.
x
30. = —
(22 +1) — 2(27)
fl(x) = 2 2
(x2+1)
2?41 — 227
(22 +1)2
2

1—=x
RGETE
(1+2)(1—2)
(2 + 12
The critical numbers are —1 and 1.

There is an absolute maximum of .5 at z = 1 and
an absolute minimum of —.5 at x = —1. This can
be verified by looking at the graph of f.
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32. f(x) =2z — 322/3

34.

fl@)=2- 2~ 1/3

= 7
22
==
f'(x) =0 when 2¥x—2=0
24/7 =2
Jr=1
r=1

f'(x) is undefined at = 0, but f(z) is defined at
x = 0. So the critical numbers are 0 and 1.

(a) On [-1,.5]
v | f@)
-1 -5
0 0
1 -1
5| —.88988
Absolute minimum of —5 at x = —1; absolute

maximum of 0 at x =0

(b) On [.5,2]

Absolute maximum of about —.76 at x = 2; ab-
solute minimum of —1 at z =1

(a) By looking at the graph, there are relative
maxima of 226 in 1986, 264 in 1992, and 146 in
2002. There are relative minima of 206 in 1984,
222 in 1988, and 145 in 2000.

(b) The rate (per 100,000 inhabitants) at which
automobiles were stolen reached an absolute max-
imum of 264 in 1992 and an absolute minimum of
145 in 2000.
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36. P(x) = —2% + 922 4+ 120z — 400, = > 5

P'(z) = —32% + 18z + 120
= —3(2% — 62 — 40)
= =3(x-10)(z+4)=0
r=10 or x=-4

—4 is not relevant since x > 5, so the only critical
number is 10.

The graph of P’(z) is a parabola that opens down-
ward, so P'(z) > 0 on the interval [5,10) and
P'(z) < 0 on the interval (10,00). Thus, P(z)
is a maximum at x = 10.

Since z is measured in hundred thousands, 10 hun-
dred thousand or 1,000,000 tires must be sold to
maximize profit.

Also,

P(10) = —(10)® + 9(10)? 4 120(10) — 400
= 700.

The maximum profit is $700 thousand or $700,000.

. C(z) = 2® + 37z + 250

(a)1<z<10
3
— 2
C(:C):C(x):x + 37x 4 250
T T
2
:gz:2+37+ﬂ
T
— 250
3 _
:LZ%OZOWhen
T
223 = 250
3 =125
xr =25.

Test for relative minimum.

C'(4) = —7.625 <0

C'(6) ~ 5.0556 > 0

C(5) =112

C(1) =1+ 37+ 250 = 288

C(10) = 100 + 37 + 25 = 162
The minimum on the interval 1 < ax <10 is 112.
(b) 10 <2 <20

There are no critical values in this interval. Check
the endpoints.

C(10) = 162

C(20) = 400 + 37 + 12.5 = 449.5

The minimum on the interval 10 < z < 20 is 162.
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40.

42.

44.

46.

48.

The value x = 11 minimizes @ because this is

the point where the line from the origin to the
curve is tangent to the curve.

A production level of 11 units results in the min-
imum cost per unit.

(@)

— because this
is the point where the line from the origin to the
curve is tangent to the curve.

A production level of 100 units results in the max-

The value * = 100 maximizes

imum profit per item produced.
S(z) = —a® + 322 + 360z + 5000; 6 < 2 < 20

S'(x) = =322 + 62 + 360
= —3(2? — 22 — 120)
S'(z) ==3(x—12)(x+10) =0

x=12 or x=-—10 (not in the
interval)
x f(x)
6 7052
12 8024
10 7900

12° is the temperature that produces the maxi-
mum number of salmon.

The function is defined on the interval [15,46]. We
look first for critical numbers in the interval. We
find

R'(T) = —.0002172 + .0802T — 1.6572

Using our graphing calculator, we find one critical
number in the interval at about 21.92

T R(T)
15 81.01
21.92  79.29
46 98.89

The relative humidity is minimized at about 21.92°C.
M(z) = —.0182% + 1.242 + 6.2, 30 < 2 < 60
M'(z) =—.036x+1.24=0

r =344
30 27.2
34.4 27.6
60 15.8

The absolute minimum of 15.8 mpg occurs at 60
mph.
The absolute maximum of 27.6 mpg occurs at 34.4
mph.
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50. Total area = A(x)

() (%)

2?2 (12 —x)?
=—+
47 16
x 12 —x
Alx)= — — =0
(z) o 3
4r — w(12 — x) _0
8 o
12
v = —1 ~5.28
447
T Area
0 9
5.28 5.04
12 11.46

The total area is maximized when all 12 feet of
wire are used to form the circle.

6.2 Applications of Extrema
2. x+y =200
Minimize x? + y2.
(a) y=200 —z
(b) Let P =a?+y* =2%+ (200 — z)?
— 2% + 40,000 — 400z + 22

= 222 — 400z + 40,000.

(c) Since y = 200—x and « and y are nonnegative
numbers, the domain of P is [0, 200].

(d) P’ = 4z — 400

4 —400=10
4z = 400
z =100
(e) =z P
100 | 20,000
200 | 40,000

(f) The minimum value of 22 + y? occurs when
z =100 and y = 200 — 2z = 200 — 100 = 100. The
minimum value is 20,000.
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Applications of Extrema

4. v +y =45

Maximize zy?.
(a) y=45—=x

(b) Let P = zy? = x(45 — z)?
= 2(2025 — 90z + 2?)
= 2025z — 9022 + 23.

(c) Since y = 45 — z and z and y are nonnegative
numbers, the domain of P is [0,45].

(d) P’ = 2025 — 180z + 32

322 — 180z + 2025 = 0
3(22 — 60z + 675) = 0
3(x — 15)(z — 45) = 0

r=15 or x =45

(f) The maximum value of xy? occurs when z =
15 and y = 30. The maximum value is 13,500.

. C(x) =10 4 202'/2 + 1623/2

The average cost function is

— C(x
Alz) =C(x) = %
10+ 2021/2 + 162%/2
- T
10

=—+ 202~ 1/2 4+ 1621/2
or 10z~' 4202712 + 1621/2.
Then
Al(z) = —102~2 — 1023/ + 82~ 1/2.

Graph y = A’(z) on a graphing calculator. A
suitable choice for the viewing window is [0, 10] by
[—10, 10]. (Negative values of x are not meaningful
in this application.) We see that this graph has
one x-intercept or “zero.” Using the calculator, we
find that this z-value is about 2.110, which shows
that 2.110 is the only critical number of A.

Now graph y = A(z) and use this graph to confirm
that a minimum occurs at x ~ 2.110. Thus, the
average cost is smallest at x ~ 2.110.

8.

10.
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p()=6-¢

(a) Revenue from x thousand compact discs:
R(z) = 1000zp
x
~ 1000z (6 - )
SRS
= 6000z — 12522

(b)R/(z) = 6000 — 250z

6000 — 250z =0
6000 = 250x
24 = ¢

The maximum revenue occurs when 24 thousand
compact discs are sold.

(c) R(24) = 6000(24) — 125(24)2
= 72,000

The maximum revenue is $72,000.

Let x = length of field;
y = width of field.

Perimeter:
P =2z + 2y = 200
z+y =100
y =100 —z
Area:
A=uxy
= 2(100 — x)
=100z — 22
Thus,
A(z) = 100z — 22
A'(x) =100 — 2z.
A'(z) = 0 when
100 =22 =0
x = 50.

A" (x) = =2, 80 A”(50) = —2 < 0, which confirms
that a maximum value occurs at x = 50.
If x = 50,

y =100 —x =100 — 50 = 50.

A maximum area occurs when the length is 50 m
and the width is 50 m.
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12. Let x = the length at $3 per foot

14.

y = the width at $6 per foot

zy = 20,000
20,000
y = —_—
x
40,000
Perimeter = 2x 4 2y = 2x + ’x
40,000 240,000
Clost = 20(3) + ——2(6) = 6z + —
T T
Minimize cost.
240,000
C/ — 6 _ bl
@) -
24
6 0,2000 —0
x
240,000
= —23
622 = 240,000
2 = 40,000
x =200
20,000
— ? — 1
200 00

400 ft at $3 per foot will cost $1200. 200 ft at $6
per foot will cost $1200. The entire cost will be
$2400.

Let x = the number of seats.
Profit is 5 dollars per seat for 60 < x < 80.

Profit (in dollars) is 5 — .05(z — 80)per seat for
x > 80.

We expect that the number of seats which makes
the total profit a maximum will be greater than
80 because after 80 the profit is still increasing,
though at a slower rate. (Thus we know the func-
tion is concave down and its one extremum will
be a maximum.)

(a) The total profit for x seats is
P(z) =[5 —.05(x — 80)]x
=(5—.05z+4)x
= (9 — .05z)x
= 9z — .05z
P'(z)=9—-.10z
9—-.10x =0

09 = .10z
x =90

90 seats will produce maximum profit.
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(b) P(90) = 9(90) — .05(90)2
= 810 — .05(8100)2
= 405

The maximum profit is $405.

16. Let x = a side of the base
h = the height of the box.

Base X

An equation for the volume of the box is

V = a2h,
so 32 =2z2h
32

The box is open at the top so the area of the
surface material m(z) in square inches is the area
of the base plus the area of the four sides.

m(z) = 22 + 4zh

32
=22 +4x <—2>
T

128
2+_
X
128
m’(x)z —?
223 — 128
T g _ 0
X
22° — 128 =0
2(x3 —64) =0
r=4

m/(z) =24 22 > 0 since z > 0.
So, x = 4 minimizes the surface material.

If x =4,

32 32

T2 16
The dimensions that will minimize the surface ma-
terial are 4 in by 4 in by 2 in.
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18. Let x = the width.
Then 2x = the length
and  h = the height.

An equation for volume is

V = (2z)(x)h = 22%h
36 = 2z2h.

__ 18
SO, h= 2

The surface area S(z) is the sum of the areas of
the base and the four sides.

S(z) = (2z)(z) + 2zh + 2(22)h
=222 + 62h

1
=22% + 62 (—f)
x

1
:2$2—|—£

216
:4+—3>Osincea:>0.
T

So x = 3 minimizes the surface material.

If x =3,

The dimensions are 3 ft by 6 ft by 2 ft.

20. 120 centimeters of ribbon are available; it will
cover 4 heights and 8 radii.

4h 4+ 8r =120
h+2r =30

h=30-2r
V = mr3h

V = mr?(30 — 2r)

= 307r? — 2773
Maximize volume.

V' = 60nr — 672
60mr — 67r2 =0
6mr(10—r) =0

r=0 or r=10
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If » = 0, there is no box, so we discard this value.
V" = 6r — 127r < 0 for r = 10, which implies
that » = 10 gives maximum volume.

When r = 10, h = 30 — 2(10) = 10.

The volume is maximized when the radius and
height are both 10 cm.

22. V =7nr2h =16
16

2

h =

The total cost is the sum of the cost of the top
and bottom and the cost of the sides or

C = 2(2)(wr?) + 1(27rh)

16
= 4(7r? 1(2 —
(mr2) + 1(27r) <7rr2)
2
= 47r? + 3—
r
Minimize cost.
32
C' = 8nr — —
r
2
8mr — 3—2 =0
r
8mr3 = 32
=4
.14
r= ¢/ —
T
~ 1.08
16
h=————-=4.34
7(1.08)2

The radius should be 1.08 ft and the height should
be 4.34 ft. If these rounded values for the height
and radius are used, the cost is

$2(2)(7r?) + $1(27rh)
= 47(1.08)% + 27 (1.08)(4.34)
= $44.11.

24. (a) From Example 3, the area of the base
is (12 — 22)(12 — 22) = 422 — 482 + 144
and the total area of all four walls is
4z(12 — 2x) = —8x? 4 48x. Since the box has
maximum volume when x = 2, the area of
the base is 4(2)? — 48(2) + 144 = 64 square
inches and the total area of all four walls is
—8(2)2 + 48(2) = 64 square inches. So, both
are 64 square inches.
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26.

(b) From Exercise 23, the area of the base
is (3 — 22)(8 — 2x) = 42% — 222 + 24 and
the total area of all four walls is

22(3 — 2x) + 22(8 — 22) = —8x2 + 22z.
Since the box has maximum volume when
T = %, the area of the base is

4 (%)2 —22 (%) +24 = 1(—80 square feet

and the total area of all four walls is

;(]% (%)2 + 22 (%) = 18—0 square feet. So, both are
=5~ square feet.

(c) Based on the results from parts (a) and (b),
it appears that the area of the base and the to-
tal area of the walls for the box with maximum

volume are equal. (This conjecture is true.)

Distance on shore: 9 — x miles

Cost on shore: $400 per mile

Distance underwater: /22 + 36

Cost underwater: $500 per mile

Find the distance from A, that is, (9 — ), to min-
imize cost, C(x).

C(x) = (9 — 2)(400) + (V% + 36)(500)
= 3600 — 400 + 500(22 + 36)/2

C'(x) = —400 + 500 (%) (2 +36)"1/%(2x)

— 00+ 202
V2 + 36
If C'(z) =0,
500x
—— =400
vz + 36
5
Ix:\/xQ—l—SG
25 9 o
1633 =x°+ 36
9 2
36-16
2 __
T
6-4
=23
T3

(Discard the negative solution.)
Then the distance should be

9—2x=9-8
= 1 mile from point A.

28.

30.
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Let r = the number of additional
tables.
Then 90 — .25z = the cost per table and
and 300 + z = the number of tables
ordered.
R = (90 — .25x)(300 + x)
= 27,000 + 152 — 2522
R =15—-.5x=0
=30
R" = —.5 <0, so when 300 + 30 = 330 tables are

ordered, revenue is maximum.

Thus, the maximum revenue is

R(30) = 27,000 + 15(30) — .25(30)2
= $27,225

The maximum revenue is $27,225.
Minimum revenue is found by letting R = 0.

(90 — .252)(300 + ) =0
90 — .25x =0 or 300+z=0
=360 or xz = —300
(impossible)
So when 300 + 360 = 660 tables are ordered, rev-

enue is 0, that is, each table is free.
I would fire the assistant.

In Exercise 29, we found that the cost of the alu-
minum to make the can is

2000 60
.03 (271’7“2 + T) = 0672 + —

The cost for the vertical seam is .01h. From Ex-
ample 4, we see that h and r are related by the

equation
b 1000

wr2’
so the sealing cost is

.01h = .01 <10020>
r

10

mr2

Thus, the total cost is given by the function

10
or .06mr? +60r—1 4+ —r2.
T
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Then
20 .
C'(z) = 12mr — 60r=2 — —¢r—3
T
60 20
127r — — — —.
or [
Graph
60 20
= 127 — = —
Y [ Jp——

on a graphing calculator. Since r must be posi-
tive, our window should not include negative val-
ues of x. A suitable choice for the viewing window
is [0, 10] by [—10, 10]. From the graph, we find that
C'(z) = 0 when x ~ 5.454.

Thus, the cost is minimized when the radius is
about 5.454 cm.

We can find the corresponding height by using the

equation
1
b 0020
wr
from Example 4.
If r = 5.454,
1000
h= —— ~10.70.
m(5.454)2

To minimize cost, the can should have radius 5.454
cm and height 10.70 cm.

203 — t*
32. p(t) = ———, [0,20
p(t) 1000 [0, 20]
3 1
'(t) = —t* — —¢
(a) P'(t) = 55" — 525
1 1
50 {3 5 }
Critical numbers:
1 1
%t2:0 or 3—=t=20
t=0 or t= 15

The number of people infected reaches a maximum
in 15 days.

(b) P(15) = 16.875%

193

34. (a) p(t) = 10te=t/%, [0,40]
p'(t) = 10te™ /8 <é) + e7t/8(10)

t
=10et/8 [ —= +1

Critical numbers:

P/ (t) = 0 when

The percent of the population infected reaches a
maximum in 8 days.

(b) P(8) = 29.43%
36. H(S) = f(S)— S
258
8 =53
S +2)(25) —255
(S+2)2
255 +50 — 255 — (S +2)?
B (S +2)2
50— (57445 +4)
(S +2)?
—8% — 45 + 46
(S+2)2
H'(S) =0 when

S? 445 —46=0
g_ A= VIGT 18I
e

=5.071.

(Discard the negative solution.)

The number of creatures needed to sustain the
population is Sy = 5.071 thousand.

(S+2)2(—25—4)—(S?—45+46)(25+4)

H/l — 0
(S +2) <5
so H is a maximum at Sy = 5.071.
25(5.071)
H = ——+ 5071
(50) o >0T

~ 12.86
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38.

40.

The maximum sustainable harvest is 12.86 thou-

sand.
r=.1, P=100
f(S) — Ser(l—S/P)
1
"S) = — . §e1(1—5/100) .1(1-5/100)
f(S) Too0 ¢ +e
1(So) = —.001Sye 1(1=50/100) 4 .1(1=50/100)
Graph
Yl — _.0011,6.1(1—17/100) 4 e.l(l—m/lOO)
and

Yo =1

on the same screen. A suitable choice for the view-
ing window is [0, 60] by [.5, 1.5] with Xscl = 10 and
Yscl = .5. By zooming or using the “intersect” op-
tion, we find the graphs intersect when x ~ 49.37.
The maximum sustainable harvest is 49.37.

Let x = distance from P to A.

B
V1 +x2
1
P
A X 2—x L
| 2 >|

Energy used over land: 1 unit per mile

Energy used over water: % units per mile

Distance over land: (2 — ) mi
Distance over water: v/1 + x2 mi
Find the location of P to minimize energy used.

4
E(CU):1(2—517)-|-§\/1—0—CE27 where 0 < z < 2.

E'(z)=-1+ % <%> (1+22)~1/2(22)

Chapter 6 APPLICATIONS OF THE DERIVATIVE

If E/(z) =0,

4
31’(1 +22)71/2 =1

4z

I ———"
3(1+22)/°

4
—z=(1+ :r2)1/2

3
16
3952 =1+2z2
7
§.Z‘2 =1
9
2 _ 2
T
po 3
7
Y
==
0 3.3333
1.134 2.8819
2 2.9814

The absolute minimum occurs at ¢ ~ 1.134.
Point P is Y7 ~ 1.134 mi from Point A.

42. (a) f(9) = aSe " £(S) = Ser1=5/»)
= Ser—rS/p
= Sere "5/P

e 6T567(T/p)s

Comparing the two terms, replace a with e and

b with r/p.
(b) Shepherd:

£(5) = —95

" 1+ (S/b)e

[1+ (S/b)°)(a) — (aS)[c(S/b)*~ (1/b)]

Fs= L+ (S0P

a+a(S/b)¢ — (acS/b)(S/b)c1

[14 (5/b)]?
_a+a(S/b)° —ac(S/b)°
[14(5/b)?
~a[l+(1—=¢)(S/b)°]
[1 4 (5/b)]?
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Ricker:
f(S) = aSe~bs
F(S) = ae™% 4 aSe~t5(—b)
= ae (1 - bS)
Berverton-Holt:
asS
" Em
oy L+ (S/b)](a) — aS(1/b)
T = smp
a(S/b) — a(S/b)
[1+ (S/b)]?
ENGDE

(c) Shepherd:

e[l (190
FO="rramar -

Ricker:

f(0) = ae™O[1 —b(0)] = a
Beverton-Holt:

£1(0) = ——r

D

The constant a represents the slope of the graph

of f(S)at S=0.

(d) First find the critical numbers by solving
F(8) =0
Shepherd:

f'(0)
a[l+ (1 —c)(S/b)°]
(1=¢)(5/b)°
(c=1)(5/b)° =

Substitute b = 248.72 and ¢ = 3.24 and solve for

S.

(3.24 — 1)(5/248.72)324 = 1

S 3.247L
248.72 T 2.24

S ~193.914

195

Using the Shepherd model, next year’s population
is maximized when this year’s population is about
194,000 tons. This can be verified by examing the

graph of f(95).

(e) First find the critical numbers by solving
f'(8)=0

Ricker:
f1(8) =
ae (1 -09) =0
1-b65=0
bS =1
1
S ==
b
Substitute b = .0039 and solve for S.
1
©.0039
S ~ 256.410

Using the Ricker model, next year’s population is
maximized when this year’s population is about
256,000 tons. This can be verified by examining
the graph of f(95).

(g) We solve the equation f/(S) =1 using the Shepherd

model.

all + (1 —¢)(S/b)]
[1+ (S/b)]?

Jea-a (][ @)T
a+aﬂ—%ﬂ<%>621+2(%)s+<%>%

=1

>QC+[2a(1c)} <§>C+1 —a=0

Substitute 3.026, 248.72, and 3.24 for a, b, and c,
respectively, simplify, and solve the resulting
equation in S using a graphing calculator.
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S 2(3.24) IS 3.24
(248 72) +[2 - 3.026(1 — 3.24)] (m) +1-3.026=0

S6.48 3.24

S ~ 156.958

Using the Shepherd model, the maximum sustainable harvest occurrs when this year’s population is about 157,000
tons.

44. Let x = width.
Then x = height
and 108 — 4x = length.

(since length plus girth = 108)

Vi)=1l-w-h
= (108 — 4z)x - x
= 10822 — 423

V'(z) = 216z — 1222
Set V'(x) = 0, and solve for .
2162 — 1222 = 0
122(18 —2) =0
z=0 or =18
0 is not in the domain, so the only critical number is 18.

Width = 18
Height = 18
Length = 108 — 4(18) = 36

The dimensions of the box with maximum volume are 36 inches by 18 inches by 18 inches.

46. Let 8 — x = the distance the hunter will

travel on the river.

19

X

Then /192 + 22 =the distance he will
travel on land.
Since the rate on the river is 5 mph, the rate on land is 2 mph, and t = %,
88—z
5

V361 + 22
2

= the time on the river

= the time on the land.



Section 6.3

The total time is

8—x V361422
T(x) =
5 2
8 1 1
= O L Z(361 - a2)1/2,
s 53:4—2(36 + 2?)
/ L1 2\—1/2
T(m)z—g+z-2x(361+x)
1 T
—— —:O
5 20361+ 22)12

1 T
5 2(361 + 22)1/2
2(361 + 22)'/2 = 5z
4(361 + 2?) = 2522
1444 + 422 = 2522

1444 = 2122
38

\/ﬁ =

829 ==z

8.29 is not possible, since the cabin is only 8 miles
west. Check the endpoints.

T'(x) is minimized when = = 8.

The distance along the river is given by 8 — x, so
the hunter should travel 8 — 8 = 0 miles along the
river. He should complete the entire trip on land.

6.3 Further Business Applications:

Economic Lot Size; Economic
Order Quantity; Elasticity of
Demand

4. Use equation (3) with & = 1, M = 100,000, and

f = 500.
- \/2 fM \/ 2(500)(100,000)
1=V T 1
= /100,000,000 = 10,000

10,000 lamps should be made in each batch to min-
imize production costs.

. From Exercise 4, M = 100,000, and ¢ =10,000.

.. M _ 100,000 _
The number of batches per year is % = To.000 =
10.

8.

10.

12.
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Here k£ = .50, M =100,000, and f = 60. We have

_ [2fM _ [2(60)(100,000)
q_\/ 2 _\/ 50

= /24,000,000 ~ 4898.98

T(4898) = 2449.489792 and T'(4899) =
2449.489743, so ordering 4899 copies per order
minimizes the annual costs.

Using maximum inventory size,

T@%:%¥44M4+km(Qaﬁ

T'(0) = L 4k

Set the derivative equal to 0.

Since lim T'(q) = oo, lim T(q) = oo, and

q—0 q—o0

q = % is the only critical value in (0, 00),

q= 1/% is the number of units that should be

ordered or manufactured to minimize total costs.

Assuming an annual cost, k1, for storing a single
unit, plus an annual cost per unit, ks, that must
be paid for each unit up to the maximum number
of units stored, we have

M k
7g) = L2 g0t + B2+ o (0,00)
Mk
T'(q) = WL
(q) q2 + ) + K2
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Set this derivative equal to 0.

—fM |k
q—2+7+k2:0
k1 _fM
7+k2—q—2
k1 4 2ks _fM
2 2
qz(k;1 +2k2) :fM
2
q2: 2fM
ky + 2k

] 2fM
= k1 + 2ko

Since lim T'(q) = oo, lim T(q) = oo, and

q—0 g—00

q= \/ﬁ% is the only critical value in (0, 00),

q = ,/% is the number of units that should
be ordered or manufactured to minimize the total

cost in this case.

14. ¢ = 25,000 — 50p

dq
__p dq
q dp
P
S A— )
25,000 —50p( )
__p
500 — p
(b) R=pq
dR
— =q(1—-FE
o q( )

When R is maximum, ¢(1 — E) = 0.
Since ¢ = 0 means no revenue, set 1 — F = 0.

E=1
From part (a),
p -1
500 — p
p=>500—p
p = 250.

g= 25,000 — 50p
25,000 — 50(250)
= 12,500

Total revenue is maximized if ¢ = 12,500.

16.

18.
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q = 48,000 — 10p?

dq
—~ —=_9
(a) o Op
__Pp. dq
q dp
—p
S ——
18,000 — 10520 20%)
7 20p?
48,000 — 10p2
2y
~ 4800 — p?
(b) R=pg
dR
g1 -E
o q( )

When R is maximum, ¢(1 — E) = 0. Since ¢ = 0
means no revenue, set 1 — F' = 0.

E=1
From part (a),
2p? _
4800 — p?
2p? = 4800 — p?
3p? = 4800
p? = 1600
p = £40.

Since p must be positive, p = 40.

q= 48,000 — 10p?
= 48,000 — 10(402)
= 48,000 — 10(1600)
= 48,000 — 16,000

= 32,000
q=10—1np
dq 1
a) —=—-
(a) D
_p
q dp
—p 1
10 —1Inp P
1
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(b) R=pq
dR
— =gq(l—F
” q( )

20.

When R is maximum, ¢(1 — E) = 0. Since ¢ =0
means no revenue, set 1 — F = 0.

E=1
From part (a),
1
- 1
10 —Inp
1=10—1Inp
Inp=9
p=e¢’
q=10—Inp
=10 —1Ine’
=10-9
=1

Note that F = %, thus we would expect E to be
maximum when ¢ = 1.

g =300 —2p
dg
dp_
__p dq
q dp
g __P=2)
300 — 2p
__ %
"~ 300 —2p

(a) When p = $100,

200
E= 300 — 200

=2

Since £ > 1, demand is elastic. This indicates
that a percentage increase in price will result in a
greater percentage decrease in demand.

(b) When p = $50,

100
E= 300 — 100
1

==-<1
2

Since E < 1, supply is inelastic. This indicates
that a percentage change in price will result in a
smaller percentage change in demand.

22.

24.

26.
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q = 100p~—17
dq
= = _17 —1.17
@) 2 P
__p da
q dp
—p _
= Toop 7 P
B 17p—.17 -
= 00T A7
(b) Since E = .17 < 1, the demand is inelastic.
g = —.225p + 3.74

dq
)
(a) dp 5

__p dq
q dp
—p
=— =  (-.225
—.225p + 3.74( )
.225p

—225p + 3.74

(b) When p = 10,

_ .225(10)

- —.225(10) + 3.74
B 2.25

- —225+3.74

= 1.51.

.225p
—.225p + 3.74

225p > —.225p + 3.74
A50p > 3.74

S 3.74
.450

p>8.31

(c)

At $8.31, the demand for marijuana is unit elastic.

p—_ P d
q

dp

Since p # 0, £ = 0 when Z—Z = 0. The derivative is
zero, which implies that the demand function has
a horizontal tangent line at the value of p where
E=0.



200

6.4 Implicit Differentiation

2. 222 -5y =4

d 5 5 d
%(296 —5y)—%(4)
d d d
—(2 AN 2 = (4
= (2a%) — - (3?) = - (4)
dy
4r — 10y— =
T Oydx 0
dy
10y—= =4
Oyd:z: T
dy _ 2z
dr by
4. 82% = 6y% + 2zy
d oy _ 0o
dx(8x)—dz(6y + 2zy)
d oo
16x—5(6y + 2zy)
dy d d
16x = 12y— 4 20— —(2
6z = 12y—— + 20 ——(y) +y=—(22)
dy dy
16x = 12y— 4 2x—=(1 2
6x vyt xdm()Jr y
dy
16x — 2y = —=(12 2
6z —2y = -~ (12y + 22)
16x —2y dy
12y + 22  dx
8zx—y dy
6y +x dx
6. 2° —6y> =10
d, 4 o d
d ., 3 d ooy _
dy
219y~ =
3x ydx 0
dy
—12y~2 = — 342
yda: 3z
dy_x2
de 4y
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2:5+:r
5—x

d d (54«
— (2% = —
dx(y) daz(E)—x)

4y@ _ MG =—2) - (=D(GE+)

8. 2y

dr (5—x)2

dy 5—x+5+x 10
Vi G 27 S

dy 10 )

10. 27— =1
(2012 2y = L)
dx
1 dy
—1/2 _ 2. —172%Y _
. 2y dx 0
1 5dy
s X )
Qy dx .
dy
—Z — _yl/2(—p—1/2
- y (= E)
2y1/2
e

12, (z)*3 + 213 =y +1

d d
@) 4+ 2P = —(y° + 1)

dx
d, 4 d d d
& oaza3y Gy @y @
(@03 4 2 (@17) = 24 + 2 (1)

4 .dy 4 1
4/3 % 139 % 1/3.4/3 | L —2/3
L e A e
dy
— 65 1o
Y dx *

4 1 1 _9/s rdy 4 dy
213403 L Zp-2/3 _ g5 %Y _ 243,130
U YT g Var 37 YV

4x1/3y4/3 423 = 18y5@ _ 4x4/3y1/3@
dx dx
dy

AV /3yA/3 4 =23 = (18P — dat/3y1/3). -

4z /3yA/3 4 2213 gy

18yP — 4a*/3y1/3 — dx
72/3 4x1/3y4/3 4 p2/3 dy

22/3 18y5 — da*/3yl/3 dr
day*3 1 dy

1822/3y> — 4a2y1l/3 — dr
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14. 2%e¥ 4y =23

d, 5 d
—_ Y = (3
L a2er 1 y) = L (%)
d
= (@2e) + - (y) = 32
Qxe”—i-xge”dy—l-@:l% 2
r dr
Qyj—i—l-di:f%xQ—Qwey
dy

(x2%e¥ + 1)% = 322 — 2xeY

dy 312 — 2xeY
de  x2e¥ +1

16. ylnz + 2 = 23/2y5/2

d d
1 9) — 3/2,5/2
dm(y nzx+ 2) dw(ﬂ: y°'?)

lnx@ +Y 0= §x1/2y5/2+g:r3/2y3/2

dr x

5 3/2 3/2dy _ 3 1/2,5/2 _ Y
233 Y d:c_2x Y x
¥
T

lnx—y
dx
d 5 3
ﬁ <lnm — 5953/2y3/2> — §m1/2y5/2 _

@ B %x1/2y5/2 oy

X

dr — Inx — 323/2y3/2

3333/2?]5/2 _ 2y

— x(2Inx — 5a3/2y3/2)

18. 22 + y? = 100; tangent at (8, —6)

42y = L ao0)

dx dx
2x+2y@20
dx
dy _ =
dx y
T 8 4
m—= —— —=— —— — —
Y -6 3

y—y1=m(r— 1)
4
y+6=-(x—28)
3
3y + 18 = 4x — 32
3y =4z — 50

20. x?y® = 8; tangent at (—1,2)

d, 54 d
<y = L)
2218 + 3022 = 0
dy 23
dx 3122
2zy° 2(-1)(2)3
m= — _
3x?y?  3(-1)%(2)?
16 4
1203
4
3y — 6 = 4z + 4
3y = 4z + 10
22, y+ % = 3; tangent at (4,2)
d N3 d
() - 50
dy —d (Vr\ 0
de de \y )

dx 32
dy dy
2@y _ L —1)2 ay
dx v +\/de
d
W~ Va7 =~y
dy —y
dr ~ 20702 — )
—Y
212(y? ~ V)
_ -2
S 2(2)4-2)
1
4
1
y—2=-7(-4)
1
y=——x+3
r+4y =12

201
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24. Y3+ 2%y — 8y =23 +19, 2 =2
dy dy dy
3y? == + 222 == + 4oy — 8 —= = 322
Y da:+ * da:+ o dz v

(3y? + 222 — 8) % = 32% — day

@7 322 — dxy
dr  3y? +222 -8

Find y when = = 2.

v+ 8y —8y=8+19

yd =27
y=3
dy ~12-24 12 4
de 274+8—-8 27 9
4
—3=—Z(z-2
Y 9(3j )
4 8
y—3——§x+§
_ 4.3
Y=y
26. y*(l—2)+ay=22=1
Find the y-value.
y'i(1-1)+y=2
y=2
The point is (1, 2).
Find 4.
dy dy
A1)+ 431 —2) =2 = =
y*(—=1) + 4y°( x)dm+wdx+y 0
dy dy dy
_ .4 43__4 3 2 - =
y+ydm Y dx—’_wd:v—’_y 0
dy
43_4 3 7 4
(4y® — 4xy +:v)dx vt -y
dy yt—y

% at (1,2) is

24 — 2 16 —2

[ — = = 14.
4.2 —4(1)28+1  32-32+1

y—2=14(x—1)
y—2=14x — 14
y = 14x — 12

de 43 —4dxy3 +x
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28. %( 2 64) +2?B3yt3 =12, x =38

Find the y-value of the point.
Z (64 — 64) + 82/3y1/3 = 12

18
4yt/3 =12
y1/3:3
y =27
The point is (8, 27).
dy
Find —=.
ind =~
Y 1, ., dy 1 5,5 5/3dy
Yiomy+ (22— W o 223,239
TR RTINS

2 .
+ 53771/32/1/3 =0

<$2 — 64 N :c2/3y_2/3> @ _ —2zy B 2x_1/3y1/3
18 3

dr 18 3
—2zy 2z—1/3yl/3
Ay _ s
dr 2264 z2/3y—2/3
18 + 3

| —2py — 122713yl
22 — 64 + 622/3y—2/3

% at (8,27) is
—2(8)(27) — 12(8)¥/3(27)1/3  —432 — 18
64 — 64 + 6(8)2/3(27)~2/3 z
9
a0 (5)
=675
4
y—27= —@(m—S)
4
675

Yy = —64Ea: + 1377

30. 2%/% + %% =2; (1,1)

d
Find d—y.
X
2 2 dy
el VA SR Pl V4 B Ay
TR Y
gy—l/z’)@ _ 2 s
3 dx
@ _ _%m—l/f}
dx %y*1/3
y1/3

SVE
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At (1,1)
dy_ 11/3_ )
dx 11/3
y—1=-1(z-1)
y—1l=—-ax+1
y=—-xc+2

32. % (2% +9?) = 202%; (1,2)

Fd
in dx

2y(x? + y2)% + 92 <2x + 2y >

dy 3 dy
222 yd +293 == - +2azy2+2y I Y — 40z

dy d

2xyd +43dz —2zy% + 40x
d

(22%y + 49°) (_y) = —2xy? + 40z

dx
@ _ —2xy% + 40x
dr 222y + 493

At (1,2),

_32_38
369

8
3/—2:5(33—1)
8 8
92y 2
Y 97" 7 9
—§Jr—|-E
Y=9% T

34. 2> +y2+1=0

d oy d
@+ = = (1)

d
2x+2y£:0
dy —2v @

vz 2y oy
If x and y are real numbers, 22 and 3? are nonneg-
ative. 1 plus a nonnegative number cannot equal
zero, so there is no function y = f(z) that satisfies

22 +y?+1=0.
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36. Vu++v2v+1=5

Vi vET =2 )

1 1 dv
—u Y2 (0 +1)"V2(2) = =
5U +2(v+) ()du 0
dv 1
2 1 1222 _ -, —-1/2
(2v+1)7 du 2u
dv (v 1)Y?
du 2ul/?
38. C? = 22 +100\/x + 50
dC
(a) 2Cd— =2r+ = (100) —1/2
dc 2a:+50x_1/2
dr 2C
ac x4 252712 g1/2
dr C x1/2
dC 2% 425
de  Cz'/?

When = = 5, the approximate increase in cost of
an additional unit is

(5)3/2 425 3618
(52 4+ 100v/5 + 50)1/2(5)1/2  (17.28)v/5
~ .94.

(b) 900(z — 5)2 + 25R2 = 22,500

R? =900 — 36(x — 5)?

2Rﬁ = —72(x —5)

@ _ —36(x —5) 180 — 36z
de R o R

When x = 5, the approximate change in revenue
for a unit increase in sales is

180 —36(5) 0



204

40. b—a=(b+a)?

d
Lo —a) = [+ )]
da d
1—% (b+a)d—b+a)
da
1—% b+a ( )
da da
1—— = 3b+a)+30b+a )%
da oda 9
—db—3(b+a) db—3(b+a) 1
d
[1-3(b+ )%= = 3(b+a)* — 1
da  3(b+a)*-1
db —1-3(b+a)
da
%—0
3b+a)?*—1=0
1
b 2=z
(b+a)? =5
b—&—a:L
3
1\* 1
S b—a=(b+ ) =
ince a=(b+a) 3) 373
1
b+a=—
V3
1
“(b—a) = —
(b—a) Wi
2(1:i
3v3
1
a = ——
3v3

42, s3 —4st+2t3 -5t =0

382§—<4td +4s>—|—6t2—5=0

dt dt
ds ds
22 gt — —4 t2 -5 =
3s 7 7 s+ 6 5=0
ds

pn (38 —4t) =4s —6t2 +5

ds_4s—6t2—|—5
dt — 3s2—4t

Chapter 6 APPLICATIONS OF THE DERIVATIVE

6.5 Related Rates

dx
2. =1; — =2, z= =_1
8y® + a2 7 , =3,y
dy dx
U2 = 420 — =0
at T
dy 209 o &
dt 24y 1242
___3)®
12(—1)2
1
2
d
4.4m3—9xy2+y=—80;d—f:4,w:—3,y:1
dx dx dy dy
1222 — — [ 9y — + 182 —= =0
T (y @ dt)+dt
dx dx dy dy
1222 — 22 _18ry— 4 —= =
a g Bty =0
dy dx
1-1 —12
( Sxy)dt (9y° x)dt

dy  3(3y* —4a®) 9 3(3-1-4-9)(4)

dt  1—18xy 1 —18(-3)(1)
_ 396 36
-5 5

(y° —a?) = 17(x + 2y)
Ty? — 72? = 17z + 34y
dy dx dx dy

—ldr— =17T— + 34—

2
2l 5 dt dt dt

dy dx
2 _an% _ ar
(21y* — 34) o (17 4 14x) pr

dy (17 + 14z) dr
dt — 21y2—34
174+ 14(=3)] -1
T 21-4-34
25 1

50 2



Section 6.5

d
8. ylnx + ze¥ = 6; a =5z=1

10. C

12.

Related Rates

p Y =
dy ydzx dx dy
mr—2 + 2 22 4 gyZ yZd _
nr e T T =0

dy Y dx
yy 2 Zaey) 2 =
anx+xe)ﬁ'+(x+e) a =
dy y dx
1 L_:_G yy_
(nx—l—xe)dt :r+€ o
ay__(Erenk
dt  Inz+ zev
(y e
 zlnx + 22ev
0+ @®eB)
 (1)In1+ 12€0
R? dC
= — +10,000; — =10
400,000+ T dx
R = 20,000
iC__R_dr
dr 200,000 dx
_ 20,000 dR
© 200,000 dx
dR
10=.1—
dx
dR
100 = —
00 o

Revenue is changing at a rate of $100 per unit.

dx

R =50z — 422, C = 5z + 15; x = 200, I =50
dR dx dx
= 50(50) — .8(200)(50)
= 2500 — 8000
= —5500

Revenue is decreasing at a rate of $5500 per day.

) &= 5%

= (5)(50)
= 250
Cost is increasing at a rate of $250 per day.

(¢ P=R-C

dP _dR dC

dt At dt
= —5500 — 250
= —5750

Profit is decreasing at a rate of $5750 per day.
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dq_

14. R=pq; — =25

16.

dt

Find the relationship between p and ¢ by finding
the equation of the line through (0, 70), and
(100, 60).

m_m—m_ 0 1
T 6-—100 —100 10
1
—70=——(¢—0
p m@ )
1
—70=-——
D 109
- +70
P=—14

I
|
=}
[v]
_l’_
-
e
Q

-é(20)(25)4-70(25)

= —100 + 1750
= $1650

Revenue is increasing at a rate of $1650 per day.

y=na™
Note that n is a constant.

In y =1In (nz™)
Iny=Inn+In ™
Iny=Inn+milnx

Now take the derivative of both sides with respect
to t.

1 dy 1 dx
2 -
y dt +macdt
ldy _ Ldw
ydt  xdt
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18. E = 429w~-35

dE 1 asdw
- = 429(—.35)w -
— 1501501572
dt
= —150.15(10)~+35(.001)
~ —.0067

The rate of change of the energy expenditure is
about —.0067 cal/g/hr?.

20. E = 26.5w 34

dE oy dw
— =26.5(—.34)w 13—
7 6.5(—.34)w 7
oy AW
= —9.0lw 13¢+—
7
= —9.01(5)_1'34(0.05)
~ —.0521

The rate of change of the energy expenditure is
about —.0521 kcal/kg/km/day.

2 d
22. T(x):%,x:zl, &y

., dT
Find E .

ar _ (2+2%) F2+a) - 2+a) F (2 +27)
dt (2 + 22)2
@)t o))k
(24 x2)?
_ (2+2%) L — (4o +222) &
(24 x2)?2
(2 —da —2?) &
(2 4 x2)?
(2— 16 — 16)4
2+ 16)2
120
324
~ —.370

Chapter 6 APPLICATIONS OF THE DERIVATIVE

24. Let © = the distance of the base of
the ladder from the base of
the building;

y = the distance up the side of
the building to the top of
the ladder.

25 ft

~

X
Find Z—Zt’ when z =7 ft and 4% = 4 ft/min.
Since y = /252 — 22, when z = 7,
y = 24.

By the Pythagorean theorem,

2% +y? = 252,
d 9 d
—_ = —(25)2
2 (@2 4 42) = L2
dx dy
20— +2y— =
T Ty =0
dy dx
oy — 9, &
Y Tt

The ladder is sliding down the building at the rate
of L ft/min.

26. Let r = the radius of the circle formed
by the ripple.

Find 4} when r = 4 ft and £ = 2 ft/min.

A=mr?

dA_, dr

at dt
=2m(4)(2)
=167

The area is changing at the rate of 167 ft2/min.
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28. Let r = the radius of the base of the
conical pile.

Find 4% when r =5 in, and & =1 in/min.
h = 2r for all ¢t.

V= gﬂh
V= grz(%)
= 2—7T7"3
3
awv 3. 2wr? dr
dt 3 dt
dV
— =27(5%)(1
= 2n(5)(1)
= 507

The volume in changing at the rate of 507 in® /min.

30. Let x = one-half the width of the
triangular cross section;
h = the height of the water;

V' = the volume of the water.

dv
— = 4 cu ft per min

dt

6 ft [e——6 —

I 3
I
Find % when h = 4.

Area of
V= triangular - (length)

cross section

207

Area of triangular cross section

= %(base)(height)

= %(Zz)(h) = zh

By similar triangles,

6 _6
2¢ k'’
_h
SO .7)—2
V = (zh)(16)
h
=(=h)1
(31)10
= 8h2
dv dh
— —16h —
dt 6hdt
L av_dn
16h dt  dt
=2
16(4)" 7 dt
dn_ 1
dt 16

The height of the water is increasing at a rate of
% ft /min.

32. Let x = the horizontal length;
r = the rope length.

r =200
100
X
d
d—f = 50 ft/min
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By the Pythagorean theorem,

x? 41002 = 2002
= /30,000 = 100/3.

r? = 2% 4 100
dr dx
o — =2 —
Tdt T 7 +0
. dr . dx
dt 7 dt
dx
dr _ G
dt r
d 1
dr _ 100v/3(50) _ 953
dt 200
~ 43.3

She must let out the string at a rate of 25v/3 =
43.3 ft/min.

6.6 Differentials: Linear
Approximation
y=a°—3x; x =3, Ar=.1
dy = (2z — 3) dx
~ (2x — 3x) Az
= [2(3) = 3](-1)
=3)(1)=.3

4.

6.

y=2234+22—dx; 2 =2, Ac =—.2

dy = (622 + 2z — 4)dx
~ (622 + 2x — 4) Ax
= [6(2)* +2(2) — 4)(--2)
=(2444—-4)(—.2)=-438

y=+4x —1; =5, Az = .08
(4 —1)"Y%(4) dx

| —

dy =

(4r — 1)~ 2 dx
(4 —1)"Y2 Ax
[ 1

2

4(5) — 1]71/2(.08)
(19) 1/2(.08)

s
NN NN o

= .037

Chapter 6 APPLICATIONS OF THE DERIVATIVE

6x — 3

. =3, Ax =—-.04
8. y= w1 3, Ax 0
6(2z 4+ 1) — 2(6z — 3)
dy = d
Y (2 + 1)2 v
12
L
(2z +1)2
12
~——A
Qr+12 "
12
S ——
ORI
—.48
=——=-.01
49 010
10. V23
We know /25 =5, f(x) = \/x, = 25, and
de = —2.
dy 1 _1/2
dr 2"
1 1 1
dy=——=dor=——=(-2)=—= =—-.2.
RPNV, ASC
V23 f(z)+dy=5—.2=48
By calculator, V23 =~ 4.7958.
The difference is |4.8 — 4.7958| = .0042.
12. /17.02
We know /16 = 4, f(x) = \/x, = 16, and
dr = 1.02.
dy 1 _1/2
dr 2"
1 1
dy = —=dr = —=(1.02
N 2\/E( )
1
= £(1.02) = 1275

17.02 = f(z) + dy = 4+ .1275 = 4.1275
By calculator, v/17.02 ~ 4.1255.

The difference is |4.1275 — 4.1255| = .0020.
14. =092
We know €? =1, f(x) =e®, x =0, and
dxr = —.002.
@y,
dr

dy = e* dx = ¢°(—.002) = —.002
e 992 ~ f(x) +dy =1 — .002 = .998

By calculator, e~902 a~ .9980.
The difference is |.9980 — .998| = 0.
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16. In .98
We know In 1 =0, f(z)=1n z, z =1, and
dx = —.02.
dy 1
dr x
1 1
dy = — —(—.02) =—-.02
y=—de=7(=02)=-.0

In .98~ f(z)+dy=0-.02=—-.02
By calculator, In .98 ~ —.0202.

The difference is |—.02 — (—.0202)| = .0002.

18. A(x) = .042® + 12> + 5z + 6
(a)z=3, Az =1
dA

(1222 + 2z + .5)dz
(1222 + 2z + .5) Ax

[(12)(3)* + (:2)(3) + (:H)I(1)
=2.18

(b)xz=5, Ax=1

dA = [(.12)(5)% + (.2)(5) + (.5)](1)
=45

1
20. P(x) = —390 + 24x + 52 — gm?’
z=1000, Az =1

dP = (24 + 10z — 2?) dx
~ (24 + 102 — 2?) Az
= (24 + 10,000 — 100,000) - 1
~ —990,000

The change in profit is about —$990, 000.

22. Let x = the number of beach balls;
V' = the volume of x beach balls.

Then ﬂ ~ the volume of material in
beach balls since they are
hollow.

V= gwr?’x
r = 61in, x = 5000, Ar = .03 in
4
av = §7r(3r2x +73)Ar

4
= 5m(3 365000 +216)(.03)

= 21, 608.64r

21,6087 in® of material would be needed.

51
9+ a2
5(9 + 2?) — 2x(5x)
(9 4 22)?
45 + 522 — 102?
e
45 — b2
“Grer
45 — 522
(a)xz=1, Az =.5

24. C=

dC = dx

dx
dx

Az

45 — 5(1)2
(9+1)2
40

— m(f))

=.2

(b) x=2, Az =.25

45 — 5(2)?
(9+4)2

=.037

dC =~ (.5)

dC =~ (.25)

26. A=7r? r=17mm, Ar=—.1 mm

dA = 27rdr

AA =~ 2mr Ar
=27r(1.7)(—-.1)
= —.347 mm?

28. A=7r? r=12mi, Ar =.2mi

dA = 27rdr
AA =~ 27r Ar
=27(1.2)(.2)
= 487 mi?
1.181p
. Alp) = ——
30- A(p) = gi359 D
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(a) Since values for p must be non-negative and
the denominator can’t be zero, a sensible domain

would be from 0 to about 94.
(94.359 — p)(1.181) — 1.181p(—

b) dA =
(b) (94.359 — p)?
111.437979 — 1.181p + 1.181p
(94.359 — p)?2
111437979
= (94.350 —p2 P
We are given p = 60 and dp = 65 — 60 = 5.
A~ A3 oy 47

(94.359 — 60)2
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It will take about .47 years.
The actual value is

A(65) — A(60) ~ 2.615 — 2.062 = .553

or about 0.55 years.

4
32. V= 5777°3, r=4cm, Ar =.2 cm

dV = 47r? dr

AV =~ 47r? Ar
= 4m(4)2(.2)
= 12.87 cm?

34. A=2?% x =345 Azx = +.002

dA =2xdx
AA ~ 2z Ax
= 2(3.45)(£.002)

= +.0138 sq in?

4
36. V= §Wr3; r=5.81, Ar =+.003

4
dVv = §7r(37"2)dr

4
AV = §7r(3r2) Ar

= 47(5.81)2(£.003)
= +.4057 ~ +1.273 in®

Chapter 6 Review Exercises

2. f(x) =42® — 8z —3; [-1,2]
() =8r —8 =0when z = 1.

J(=1)=9
7(1) =7
f(2)=-3

Absolute maximum of 9 at —1; absolute minimum
of =7 at 1

Chapter 6 APPLICATIONS OF THE DERIVATIVE

4. f(z) = —223 — 222 + 22— 1; [-3,1]
f(z) = —62% — 42 + 2

f'(z) = 0 when

32 +2x—1=0
Bx—1)(xz+1)=0

T = % or x=-1
f(=3)=29
f(=1)=-3

1 17
f§>:‘ﬁ
J(1) = -3

Absolute maximum of 29 at —3; absolute mini-
mum of —3 at —1 and 1.

10. 22y3 + 4oy = 2

d 45 4 d
4 dzy) = L (2
~ (@Y +day) = ——(2)
d d
2zy° + 3y? <£> x2+4y+4$£:0

d
(3z%y? + 4x) ﬁ = —2xy3 — 4y

dy —2xy? — 4y
dr  3x2y% +4x

2
12. 9z +4y* = =
xT

4 oy ayt) = (;)
12y° % = ;—22 - 91;1/2
12y2 % _ —4 ;mg;EB/Q

dy ——4—923/2

dr — 24x2%y?
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TH _9-dx du

14. = 20. - . __1 - _
x — 3y 0- ¥ 342z dt v 5
dy (-4)(3+2z) — (2)(9 —4x) dz
+2y =y (x = 3y) & B+ 20)2 @
d d
o (0 2y) = [y (@ — 3y)] R
dz dz (3+2x)? dt
1+2Z—y:y1/2 (1—3j—y> __ 30 (—1):@=E
v * 3+2(-3)]2 9 3
1 179 Ay
Ay — —1/2 24
+5 (= 3y)y -
dy dy 1 _,,,dy
149% _ 12 _g02% 2 128 25 d
te Ty e 92, W o 0T 9 =0
3 dy T —2y dt
1/2
—59/5 2% + 5y = 2(x — 2y)
2%+ 5y =2x — 4y
(2+3 1/2_13; —1/2+§1/2)@: /2 _ 1
Y oY oY gy T Y 9y = —2% + 22
Y2 (24 Y12 — Lay~1/2) gy ) 1
@ _ e — S (=22 42
e ==y 1 y =gz +2z)
1 2
WPy -\ dy _ ~ v gt
2y1/2 dx
dy _ -2 p 5 9\ g
dr  4yt/2 + 9y —zx W_ (2, 2) %
dt 5" "5) @
16. V27 — dyx — —22, tangent line at (2,3) _ K_g) @) + g} 1)
d d
— (V2z — 4yz) = — (-22) _ 4,2 _ 2
dx dx 9 9 9
1 dy
—(22)"Y2(2) — 4y — 4 == =
L) 1/2(2) 4y —4x P g
d
(2m)_1/2—4y:4md—i 24. y=8— 22+ 2% v =-1, Az = .02
_ L _
dy _ (22) 71/ — 4y = Vo= i dy = (—2x + 32?) dx
dz 4z iz ~ (—2x + 32%) Az
At (2,3), = [-2(=1) + 3(-1)*](.02)
=.1
1
_ v 43312
4.2 8
- 26. —12z +2° + =4
16 . y+y =
The equation of the tangent line is dy d
—Z(—12 3 ?)=—(4
7y T2t ty 4+ yt) = oo (4)
— = — d d
y—y=mle-a) 12432+ L+ 2yL =0
y—3=-——(z - d
16 (1+2y) =2 = 12— 32
232 + 16y = 94.

dy 12 - 327
de 142y
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12—-322=0
12 = 322
+2 = .
T =2
—244+8+y+y* =4
y+y* =20
Y 4+y—20=0

(y+5)(y—4)=0
y=-5or y=4

(2,—5) and (2,4) are critical points.

r=-2:
24—-8+y+y*=4
y+y?=-12
Y +y+12=0
—1++v1%2-148
Y= - 9
This leads to imaginary roots.
x = —2 does not produce critical points.

(b) = | Y1 | Y2
1.9 | —4.99 | 3.99
2 =5 4
2.1 | —4.99 | 3.99

The point (2,—5) is a relative minimum.
The point (2,4) is a relative maximum.

(c) There is no absolute maximum or minimum
for x or y.

28. (a) P(z)= -3+ 102 — 122
P'(z) = =322 420z —12=0
322 —20x +12=0
Bz —2)(x—6)=0

3r—2=0 o z—-6=0

is location of minimum.
P"(6) = —16,

which implies that z = 6 is location of maximum.
Thus, 600 boxes will produce a maximum profit.

Chapter 6 APPLICATIONS OF THE DERIVATIVE

(b) Maximum profit = P(6)
—(6)% +10(6) — 12(6)

2

=7
The maximum profit is $720.

40
30. V = nr?h = 40, so h = —;.
r

A =27mr? 4+ 21rh
40
=272 4 277 (—2)
r

=27mr? + @
r

Cost = C(r) = 4(2mr2) + 3 (%)

240
=8mr? 4+ —
r
240
C'(r) = 167r — =
24
16mr — —20 =0
r
167r® = 240
1
o=
T
r = 1.684
" 480 L
C"(r) = 167 + — > 0, so r = 1.684 minimizes
cost. "
4 4
h= 0 0 =4.490

72 7(1.684)2

The radius should be 1.684 in and the height should
be 4.490 in.

32. M = 980,000 cases sold per year
k = $2, cost to store 1 case for 1 yr
f = $20, fixed cost for order
x = the number of cases per order

M
TN TR

2(20)(980,000)
2

= /19,600,000

= 1400+/10

~ 4427

The store should order 4427 cases each time.
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34.

36.

38.

Use equation (3) from Section 6.3 with k£ = 2,
M =240,000, and f = 15.

2/ M 2(15)(240,000)
1= \/T - \/f

= /3,600,000 ~ 1897.4

T(1897) ~ 3794.7333 and T'(1898) ~ 3794.7334.
Since T(1897) < T(1898), then the number of
batches per year should be

M 240,000 _

— = ~ 127.
q 1897 7
_A
q pk
dq A
d_p phtl
__p dq
q dp
P A
= _——_— —k —_—
( ﬁ>( )(7#)
k+1
- (-50) ()
A phtl
=k

The demand is elastic when & > 1 and inelastic
when k < 1.

T =ra(N —x)
=rzN — ra?
de— d—x—Qvad—x
dt? dt dt
:rd—x[N—Q:v]
dt
= r[rz(N — z)][N — 22]
=7r2z(N —z)(N — 2x)
2
%:Owhenx:(), x:N,orx:%.

2
On (0, %) , Z—é > 0; therefore, the curve is con-

cave upward.

2
On (%, N) , % < 05 therefore, the curve is con-

cave downward.

Hence =z = % is a point of inflection.

40.

42.

44.
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(a) 300

(b) To find where the maximum and minimum
numbers occur, use a graphing calculator to locate
any extreme points on the graph. One critical
number is formed at about 87.78.

t P(t)
0 237.09
87.78 43.56
95 48.66

The maximum number of polygons is about 237
at birth. The minimum number is about 44.

% = 1.2 ft3/min

Find % when r = 1.2 ft.

V= gwr?’
dv 4 o dr
% = §7T(3)’l" %
Y ﬁ
dt
dr
1.2 =47(1.2)2 —
m(1.2)° —
1.2 dr
41(1.2)2  dt
dr 1
iy .0663

The radius is changing at the rate of

== ~ .0663 ft/min.

4 .
V:§7rr3, r=4in, Ar =.02in

dV = 4nr? dr
AV = 47r? Ar
= 4m(4)2(.02)
= 1.287 or about 4.021

The volume of the coating is 1.287 in® or about
4.021 in®.
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46. V=I1l-w-h
w=44+h
l+9g=130; g=2(w+h)
I+ 2(w+ h) = 130
l+2w+2h =130

=130 — 2w — 2h
=130 —2(4+ h) — 2h
=122 —4h

V=Ilw-h
= (122 —4h)(4 4+ h)h
= 488h + 106h> — 4h3
dVv

4V _ 488+ 2120 — 1202
dn +

dv
Set — = 0.
T
488 + 212h — 12h2 =0
12h2 — 212h — 488 = 0
3h2 —53h—122=0
53 + /2809 + 1464
6

~ —2.06 or h=19.73

h:

h can’t be negative, so
h ~ 19.73.

Thus,
=122 —4h
=~ 43.1.

The length that produces the maximum volume is
about 43.1 inches.

48. Let x = width of play area;
y = length of play area.

Building

y
An equation describing the amount of fencing is

900 =2z +y
y =900 — 2x.

Chapter 6 APPLICATIONS OF THE DERIVATIVE

Then,
A=uxy
A(x) = 2(900 — 2z)
= 900x — 22°.

If A'(z) = 900 — 4z = 0,
x = 225.

Then y = 900 — 2(225) = 450.

A"(x) = —4 < 0, so the area is maximized if the
dimensions are 225 m by 450 m.

Extended Application: A Total Cost
Model for a Training Program

1. Z(m) = ﬁ + DtCy + DC4 (mTl)

C DC.
Z'(m) = ——5 + 0+ ="

Cq + DCs

Tm2 2

2. Z'(m) =0 when

DOy
2 m2
o 2Ch
DCs
G

3. D=3, t=12, C; = 15,000, C5 = 900

2(15,000)
900
/30,000
2700

_ [
a 9
~ 3.33
4. 3<333<4
mT =4and m™ =3



Extended Application: A Total Cost Model for a Training Program

m(m—1)
_ CiamDiCy DCs [—2 ]

m m

C -1
it + DtCy + DC (m—>
m 2

5. Z(m)

Cy = 15,000; D=3, t = 12,
Cy = 100; C3 = 900

Z(m™*) = Z(4)
15,000 4-1
= ’4 + 3(12)(100) + 3(900) (T)
= 3750 4 3600 + 4050
— $11,400
Z(m~) = Z(3)
1 _
15,000 oo (900)(3 - 1)
3 2
= 5000 + 3600 + 2700
— $11,300
6. Since Z(3) < Z(4), the optimal time interval is 3
months.
N =mD
=33
=9

There should be 9 trainees per batch.
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Chapter 7

INTEGRATION

7.1 Antiderivatives

6./2dy:2/1dy:2/y0dy

2

=2y+C

8. /(333—5) de

:3/xda:f5/z0dx

1 1

32
:%—5$+C

10. /(5332 — 62+ 3)dx

:5/x2dx76/xdx+3/x0dx

523 6a?
—T—T—FBJI—FC

5 3
:%—3x2+3x+0

12. /(12y3 + 6y — 8y +5)dy

:12/y3dy+6/y2dy—8/ydy

+5/dy
61> _ 8y?

12y%
=Ty T3 g e

=3y* +2y° — 4> + 5y +C

t1/4+1
14./t1/4dt: — +C

4

t5/4
=5 tC
1

4t5/4
5

+C
216

16. /$2($4 + 4z + 3)dx = /(x6 + 423 + 32%)dx

18. /(15x\/5+2\/5)dx
=15/x(x1/2)dx+2/x1/2da:

:15/1’3/2(13:4—2/331/26133

1525/2  243/2
-~ 75 3
2 2

=15 (%) x5/2+2<§) 32+ C

4$3/2

+C

= 625/ 4+ +C

20. / (56t°/2 4 18t7/2) dt

:56/t5/2 dt+1s/t7/2 dt

56t7/2  18¢9/2
=——+-—7F—+C

2 2
= 16t7/2 + 492 + C

22/(%) da::/4x_3dx
T
:4/x*3 dx

42
= C
) +
=-2272+C
—2
=§+C
1
24. /(\/17+—2> du:/ul/Qdu—k/u’Qdu
U
3/2 -1
UL
ER
ut/? 1
_ ——4+C
3 U



Section 7.1  Antiderivatives 217

26. /(8m_3+4x_1)dx:8/m_3dx+4/m_1 dx 38. /(2y—1)2dy=/(4y2—4y+1)dy
8r—2 43 4y
= 41 = _ =
— +4In |x|+C 3 5 +y+C
=47 2+41n |z|+C 4y
=3 -2 +y+C

—4
:F—i—élln |z| + C

1—2f 1 29z
2 2 _ 40. dz = -—
zz/z 4dw Z/(z_1/3—2)dz
3
2/3
3 3
2/3
2
TR 4 22 LS
2. Tdx =
/3 v 2(1n3)+
30./ 4e? dv = 4/ 2v dy
44. Find f(z) such that f'(z) = 62% — 4z + 3, and
— (—4)%@'2”+C’ (0,1) is on the curve.
- 2v
= —20e™+C f(x)z/(6$2—4x+3)da:
9
32. /(— —36'4$> dx 623 4x?
v B
9 ;
:/Ed:r:—?)/e_"l”dx =223 - 222+ 30+ C
—9n || -3 <_l> 4T 4 O Since (0,1) is on the curve, then f(0) = 1.
A4
15e—42 f(0) =2(0)> —2(0)? +3(0) +C =1
=9 1In |z|+ +C cC=1
Qyl/2 _ 32 Thus,
34. /y_&vdy .
Yy f(z) =22° — 22 + 3z + 1.
_/2y1/2d _/3ydy
N Y 4 Y 46. C'(z) = .22% + 5a; fixed cost is $10.
— ~1/2
—2/y /dy—3/ydy C(x)z/(.2x2+5x)dx
1/2
y 3y 23 Ba?
SRV RGN e _wt s
;2 3 T2 "
2 2(0)2  5(0)2
:4y1/2_3i_|_c C(0) = (0) + (0) +hk=k
2 3 2
36. /(v — e )dU:/UQdU—/63UdU Since C'(0) =10, & = 10.
S e N
3 3 C(x):_x+i_|_10
U3763v 3 2

= C
3 +
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48. C'(z) = x/2, 16 units cost $45. Since C(2) = 9.44,

3/2

2 _
Clw) = [odr =T b= 24 144+ & = 9.44
2 k=8.
2 2 128 Thus
16) = S(16)%2 + k= >(64) + k= — +k ’
Since C'(16) = 45, =1.2%+48.
%Jrk:% 54. R'(z) =50 —
k:Z. Rz/(50—w)dsc
3
2
Thus, 2 7 =50z — — +C.

If x = 0, then R = 0 (no items sold means no

1
50. C'(z) = x + —; 2 units cost $5.50, so revenue), and
x

C(x):/<x+%> dx 0=_C.

x
Thus, R = 50z — -
:/(:r—i—x*Q)dx s T

gives the revenue function. Now, recall that

— x_2 + ﬂ +k R = xp, where p is the demand function. Then
2 -1
2
2 1 — m— =
C’(m):?—;—f—kz 50z 5 =P
T
22 1 50— =p,
which gives the demand function.
=2—-—=-+4k
" 56. R'(x) = 600 — 5e0002«
Since C'(2) = 5.50,
550 — 15—k R= /(600 — 25,000e00022) d
4=k — 6002 — 25,000e0002% 4 (.
Thus, 2 If x =0, then R = 0 (no items sold means no
C(z) = % ——+4. revenue), and
x

0 = 600(0) — 25,000e:0002(0) 4 ¢
0= —25,000 + C
0 = 25,000.

52. C'(z) =1.2%(In 1.2); 2 units cost $9.44
(Hint: Recall that a® = ¥ I @)

C(x) = /1.21’(111 1.2) dx
Thus, R = 600z — 25,000e:°°92% 4 25 000

=In 1.2/1.2"” dx = 600z + 25,000(1 — :0002)

gives the revenue function. Now, recall that
R = xp, where p is the demand function. Then

=In 1.2/6“' In 1.2 7o

6002 + 25,000(1 — e9002¢) = 2p

25,000

1.2
. 600 + — (1 _ e.OOOQw) =,

— et In 1.2 —l-k’
C2)=e2m 12 4 k=144+k

1
=In 1.2 (l—ez ln“) +k

which gives the demand function.
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58. P’(x) = 2x+ 20; profit is —50 when 0 hamburgers

are sold.

Plz) = / (22 + 20) do

22
:%+20x+k

=22 4+20c+k
P(0) = 0% +20(0) + k

Since P(0) = —50, k = —50.

P(z) = 2% 4+ 20z — 50

60. (a) f'(t) = .0le—0U

ft) = /.01e—-°” dt

0l 01
e,

— _e—.Olt + k

(b) £(0) = —e=0O 11
=—e'+k

— —6_'1 + 1

.095 unit is excreted in 10 min.

62. (a) c(t) = (co — O)e FAYY 4 M

/0 = (o~ O) (2 ) et

_ _‘]jA (Co _ C)e’kAt/V

(b) Since equation (1) states

_kd

¢(t) = ~2C - ),

64.

219

then from (a) and by substituting from equation
(2), we obtain

—kA
(Co _ C) ( % )e—kAt/V

kA kA
= 70 — 7[(60 — C)eikAt/V + M]
—kA
‘Ij (co — C)e *AV 1 M
kA ey, KA KA
= % (CQ—C)G +VC—VM

Ift =0, c(t) = co, s0

co = (co— C)e® + M Equation (2)
Co = Cy — C + M

or C=M.
Thus,
_‘IjA (CO _ C)ekat/V
kA ey KA KA
= (co—C)e + v M v M
or
—kA —kA
% (CO _ C)ekat/V — (CO _ C)ekat/V_

g'(x) = —.0009723 + .0222% — 1372 + .0989
(a) g(z) = / (—.0009723 +.02222 — 137z +.0989)dx

= —.000243z* + .0073323 — .06852>
+.0989z + C

In 1985 (x = 0), g(x) = 2.4, and

2.4 = —.000243(0)* + .0073323 — .0685(0)2
+.0989(0) + C
2.4=C.

Thus,

g(z) = —.000243z* 4 .007332> — .0685x2
+.0989z + 2.4.

(b) In 2000, z = 15, and

g(15) = —.000243(15)* + .00733(15)? — .0685(15)2
+.0989(15) + 2.4.

—12.3019+24.7388 —15.4125+1.48354-2.4

91,

Q

There were .91 deaths per 100 million miles driven
in 2000.
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66.

68.

70.

2
v(t) = 6t% — =

s= /v(t)dt

= /(6t2 —2t72)dt
=234+ 2t71 +C
5 2
s =204 5+ C
Since s(1) = 8,

2
8:2(1)3+I+C
8=4+C
4=C.

Thus,
2
s(t) :2t3+¥ + 4.
a(t) =18t +8
v(t) = /(18t+8) dt
=9t* + 8t + Cy

(1) =9(1)2+8(1)+CL =17+ 4
Since v(1) = 15, C1 = —2.

v(t) =9t2 + 8t —2

s(t) = /(9752 + 8t —2)dt

=3t +4t2 — 2t + Oy
5(1) = 3(1)% +4(1)? — 2(1) + Oy
=54+ Cy

Since s(1) =19, Cy = 14.
Thus,
s(t) = 3t + 4% — 2t + 14.

(a) First find v(t) by integrating a(¢):
o(t) = /(—32)dt — 3%+ k.
When t = 0,v(t) = vo:

vy = —32(0) + k
Vo = k

and v(t) = —32¢ + vp.
Now integrate v(t) to find s(¢).

s(t) = / (—32t + vo)dt

= —16t>2 + vt + C

Chapter 7 INTEGRATION

Since s(t) = 0 when ¢ = 0, we can substitute these
values into the equation for s(t) to get C = 0 and

s(t) = —16t* + vot.
(b) When t = 14, s(t) = 0, so

0= —16(14)2 + vy(14)
vy = 224

The velocity was 224 feet per second at time ¢ = 0.
(c) vot = 224(14) = 3136

The distance the rocket would travel horizontally
would be 3136 feet.

7.2 Substitution

2. (a) / (322 — 5)4 2 da

Let u = 322 — 5; then du = 6x dx.
(b) / Nigr e
Let u =1 — z; then du = —dx.

22
(©) / o
Let v = 223 + 1; then du = 622 dx.
(d) /42?36:64 dx

Let u = x*; then du = 423 dzx.

4. /(7415 +1)3dt

= 7%/—4(74t+ 1)3dt

Let u = —4t + 1, so that du = —4 dt.
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3du _
V3u—5

Let w = 3u — 5, so that dw = 3 du.

= /w’l/de

1/2
=1 +C
2

3(3u — 5)" Y2 du

=2uw'/?2 4+ C
=203u—5Y2+C

3 / 622 dx
T ) (223 +7)3/2

= /6x2(2x3 +7)73/2 dx

Let u = 223 + 7, so that du = 622 dx.

= /u’?’/2 du

w12

= +C

“aerne e

10. /r\/r2 +2dr = /r(r2 +2)1/2qr
Let u = r2 + 2, so that du = 2rdr.

1
= 5/27‘(7"2 +2)1/2dr

12. /56_'39 dg = 5/6_'39 dg

Let u = —.3¢, so that du = —.3dg.
_ 5

-3

—50

— [ e*du
3

~ —50e"
3

_ —50e—-39
a 3

(—.3)e"39dyg

+C

+C

14. /7"e’r2 dr

Let u = —r2, so that du = —2rdr.

/7"@”2 dr = fl / —2re="" dr
2
1
= —5/6“ du

_e/u‘

16. /(CL‘2 —1)e”’ 3% dy

Let u = 23 — 3x, so that

du = (32% — 3)dx = 3(2® — 1) dx.

/ (22 — 1)es*=3% dg
-3/
/

=3+0

3(z2—1) e’ =37 dy

col»—\

=—+4C

18 [ &2 4~ —eymd
'/2\@ y_/2y1/2 Y

:/ %y””ey”z dy

Let u = y'/2, so that du = Jy~/? dy.

:/e“duze“—i—C

—ev'?fC0=eV+C

221
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2 +2
2. [ T2 4
/t3+6t+3 .

Let u = t3 + 6t + 3, so that du = (3t> 4 6)dt.

/ 242 dx_l/(3t2+6)dt
B+6t+3 3] 3+6t+3

1 [du
3 U
:%ln|u|+C

:%ln|t3+6t+3{+0

B3 -1
2. [ Gpr gy P

= /(33 —1)(2B* —8B)~*/?dB

Let u = 2B* — 8B, so that
du = (8B% — 8)dB = 8(B3 — 1)dB.

= é/S(BS —1)(2B* —8B)~*/2dB

-1 ___ ¢
12BT —8B) 2

24. /47"\/8 —rdr

= /47’(8 — ) 2ar
Let w =8 — r, so that

du = —dr; also, r = 8 — u.

= —4/—7"(8—r)1/2d7‘
= —4/(8—u)u1/2 du

= —4/(8u1/2 — u3/2) du

3/2 5/2
:—4(—8“3 - )+0

3 5
2 2

_ »)5/2 4(8 — r)3/2
:8(8 r)>E 648 — 1) LC

5 3

Chapter 7 INTEGRATION

26. /Q—xdx
(x+5)8

28.

30.

32.

:/2m(m+5)_6d:r=2/x(m+5)_6dm
Let w =z + 5, so that

du = dzx; also, u — 5 = z.

= 2/(u —5)uSdu = 2/(u’5 —5u=%) du

4 -5 4
—2 (“—) 10 (u—> +C = —uT+2u_5+C

—4 )
-1 2
pu— O
2w+5)7  (@wisp |

[T - 3)de
= /(m2 —62)Y%(z — 3)dx

Let u = 22 — 6z, so that
du = (22 — 6)dz = 2(z — 3) du.
1

- /(332 — 62)V/22(x — 3) da

1 1 1 [ud/?
/2
——2/u du-—2( % +C

3/2 2 _ 3/2
ZUTH;:%W
—4

/2_”95
x4 43

Let u = 22 + 3, so that du = 2z dx.

—4x 2x dx du

— gr= | 2 o [

/x2—|—3 v /732—1—3 u
=—21In |ju+C

=—2In@*+3)+C

/\/Q—Hn xd
——dx
T

Let w =2+ In x, so that

1
du = —dzx.
T

/Q%dez/\/ﬂdu

:/ul/Qdu

W32
_Y e
52 ©

2
=§u3/2+0

2
:§(2+1n )2 4+ C
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1

Let u =In z, so that

1
du = —dx.
x
/;d:r:/ldu
z(In ) u
=In |u|+C
=ln |ln 2|+ C

38. (a) M'(z) = Va2 + 12z(2x + 12)
= (2% + 122)'/2(22 + 12)

M(z) = / M (z) do

= /(;cQ + 122)1/2(22 +12) dx

Let u = 22 + 12z, so that

du = (2z 4+ 12) dx.

3/2
M(z) = /u1/2du= UT +C
2
2U3/2
= C
3 +
2(z% + 122)3/2
3

M(x) =
Now, when z =4, M = 612.

2((4)% +12(4) P2

12 =
6 3 +C
3/2
612 — 2(16 + 48)
3
2(64)3/2
612 — % e
270.67 = C

Thus,

2
M(z) = 5(12 +122)%/2 + 270.67.

223

2
(b) M(x) = 3 (a®+120)*/>4+270.67 = 2000

2
g(asz +122)3/2 = 1729.33

(22 +122)3/? = 2593.995
2% 4+ 122 = 188.79
22+ 122 — 188.79 = 0

12+ \/122 —4(1)(—188.79)
B 2(1)
—12 4+ 29.99
r=—
2
=899 or x=-20.99

9 yr must pass.

2

40. (a) P'(z) = ze ™

Let —2% = u, so that

—2xdr = du
du
de = ——.
rdx 5
1
p:—§/e“du
J— 1 u
e*fE
= — C
5 +
9
P(3):—T +C

Since 10,000 = .01 million and p(3) = .01,

-9

e
—+4+C=.01
5 +
-9
e
=.01+—
C=.01+ 5
= .01006
~ .01.
_z2
e
P(z) = 2 +.01

(b) lim (z)= lim (‘;I +.o1)

r—00 r—00
. 1
=.01

Since profit is expressed in millions of dollars, the
profit approaches .01(1,000,000) = $10,000.
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42, V(t) = —kP(t) (b)
P(t) = P()eimt
V/(t) = *kpoeimt

V(t) = k Pyem™t + C
m

k
V(0) = — Py’ +C
m
k
Vo——P=C
m
Therefore,
k —mt k . . .
V(t) = ooy Poem™ +Vp — - Po The sum is approximated by the integral.
:@e_mt_f_vo_@. /5/2 1
m m —dzx
1/2 &

7.3 Area and the Definite Integral 6. [(x) =322 fomz=1t0z=5

3 n .
2. / (22 + 2)dor = lim Y (232 + 2)Ax, where For n = 4 rectangles:
0 n—oo oy
_30_3 ¥ ; - _
.Aa: == = and x; is any value of x in the ith Ap — 5—1 _ o
interval. 4
4. f(z) = % and z; = %, Tro =1, x3 = %, T4 = 2, (a) Using the left endpoints:
and Az = %
4 i | Z; | f(z)
(a) > flz:)Ax 11 5
i=1 21 2 8
= f(x1)Ax+f(xo) Azt f(as) Azt f(xg) Az 313 11
1 1 4| 4 14
1 2 !
flaa) =f(1) =7 =1 A:;f(xi)A;c
3 1 2 3
f(w3) —f(§) =3=3 =5(1) +8(1) + 11(1) + 14(1)
. 2 =38
z4) = f(2) ==

flad) = 12) 2 (b) Using the right endpoints:
Thus,

4 i | x; | f(x;)
> fxi)Ax 12| s
i=1 213 11

1 1 2 1 1 1 31 4 14
-@(3)r0(3)+(5) (3)+() ) tf5 | 7
1 1 1
=lt3t3Tg
A=8(1)+ 11(1) + 14(1) + 17(1)
12464443 _ 50
B 12
25 38+50 88
= —. A = = — = 44
B (c) Average 5 5
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(d) Using the midpoints:

i || f(x)
R
2 2
5 19
o | 2| =
2 2
7 25
3| 2| 2
2 2
9 31
41 2] =
2 2
4
A= f(z)Ax

1

~.

3 19 25

1
=S+ )+ S M+ 50

=44

8. f(x) =2 fromz=1to5
For n = 4 rectangles:

5-1
Ar=2""—1
T

(a) Using the left endpoints:

i@ | fl)
111 1
2| 2 4
313 9
41 4 16
4
A= Z flz)Ax

=1
= 1(1) +4(1) +9(1) + 16(1)
=30

(b) Using the right endpoints:

i | @i | fl@)
1] 2 4
213 9
314 16
415 25

A=4(1)+9(1) 4+ 16(1) + 25(1)
=54
30+54 _ 84

— =42
2 2

(c) Average =

(d) Using the midpoints:

3 9
a2l 3
5 25
91 2 =
2 4
7 49
Sl 71
9 81
4| 2 =
2 4
4
A= Z flz)Ax
=1
9 25 49 81
= Z(l) + Z(l) + Z(l) + Z(l)
=41

10. f(x)=e*—1fromx=0tox =4

For n = 4 rectangles:

1{o] o
21| 1718
3| 2| 6389
4| 3| 19.086
4
A=) fr)Ax

i=1

= 0(1) + 1.718(1) 4 6.389(1) + 19.086(1)

~ 27.19
(b) Using the right endpoints:

i@ | fla)
111 1.718
21 2 6.389
31 3 | 19.086
41 4 | 53.598

A =1.718(1) + 6.389(1) + 19.086(1)
+53.598(1)
~ 80.79
27.19 + 80.79

(c) Average = —5 = 53.99
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(d) Using the midpoints: (d) Using the midpoints:
| x| f(x) i @i | f(@)
1 3 2
1 1|2 2
1 5 .649 D) 3
3 ) 2
z 2| = -
2 5 3.482 5 5
5 7 2
5 3| < | =
3 5 11.182 D) 7
7 9 2
L 41 2 z
4 5 32.115 5 9
4
4 A=) f(z;)Az
A= Z flz) Az ;
- _2 1 2 1 2 1 2 1
= 649(1) + 3.482(1) + 11.182(1) + 32.115(1) =zW+zM+71)+50)
~ 47.43 ~ 1.57
1 . 4-0 x
12. f(zr)=—fromxz=1to5 14. (a) Width = T:L f(x):§
x
F = 4 rectangles: 1 3 ) 7
orn rectangles Area=1-f(=)41-F(2)41-F(2)+1-7(
2 2 2 2
v =22 =1 J1.3,5, 1 16,
4 4 4 4 4
(a) Using the left endpoints: (b)
y
{ | T; | f(z;)
i f =%
202 5 |
313 .33
41 4 .25 L [ s
4 x
4
A=Y f(z:)Az =1+ .5+ 33+ .25 = 2.08
N y y 1 1
(b) Using the right endpoints: / f(z)dx :/ %d:c = §(base)(height) = 5(4)(2) =4
0 0
{ | T; | f(xi)
1| 2 5 16. (a) Area of triangle is %-baseyheight.
23 33 The base is 4; the height is 2.
314 .25
415 2

* 1
/f(x)dx:—~4~2:4
A 2

A=5(1)+.33(1) +.25(1) +.2(1) = 1.28 1
2
2.08 + 1.28 The smaller triangle has an area of % -1-

(C) Average = T =1.68 The sum is % +% = 12—0 = 5.

(b) The larger triangle has an area of 5-3-3 =
1

ST N e}
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0
18. / V16 — 22 dzx
-4
Graph y = V16 — 22.

y
4:y=\/16—x2
4 7

/ V16 — 22 dx is the area of the portion of the

circle in the second quadrant, which is one-fourth
of a circle. The circle has radius 4.

1 1
Area = Zm“2 = Zw(4)2 =4
20. / (14 2zx)dx
2
Graph y =1+ 2x.
y
I fy =1+2x

T T

L

5
(1 4 2x)dx is the area of the trapezoid with

B2 =11, b = 5, and h = 3. The formula for the

area is
A= %(B +b)h,
so we have
A %(11 +5)(3)
= 24.

227

22. (a) With n =10, Az = 32 = 1, and 21 = 0+
.1 = .1, use the command seq(XAS,X, 1,.1,.1) —»L1.
The resulting screen is:

ET-0 [ o PP I P
12+L4
{.881 882 .827..

(b) Since Z flx) Az = Az (Z f(;r,)), use the

command .1*sum(L1) to approximate |, o #3dz. The
resulting screen is:

 lE=umild 2
. 3825

1

/ 23dx =~ 3025

0

(c) With n =100, Az = 358 = .01, and 2y = 0+

.01 = .01, use the command seq(X"3,X,.01,.1,.01) —L1.

The resulting screen is:

TR G b I

Sl
Bl
1e-& BE "6 2.FVE..

Use the command .01xsum(L1) to approximate
fol x3dx. The resulting screen is:

AlEsumilg )
230825

1
/ 23dx ~ 255025
0
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(d) With n = 500, Az = 153 = .002, and
x1 = 0+ .002 = .002, use the command
seq (X”3,X,.002,1,.002) —L1. The resulting

screen is:

Syl E™3. ¥, L B8, 1
) e
{89 6.4E-8 Z..

Use the command .002xsum(L1) to approximate
1 5 . .
fo x°dx. The resulting screen is:

BEZEsgmLq 2
231881

1
/ 23dr ~ .251001
0

(e) As n gets larger the approximation for fol r3dx
seems to be approaching .25 or i. We estimate
f01 idr = 1.

For Exercises 24-32, readings on the graphs and

answers may vary.

24. Left endpoints:

Read values of the function from the graph for
every 2 hours from midnight to 10 P.M. These
values give the heights of 12 rectangles. The width
of each rectangle is Ax = 2. We estimate the area
undelr2 the curve as

A:}jfugAx
=3.0(2) 4+ 3.2(2) + 3.5(2) + 4.2(2) + 5.2(2)
+6.2(2) +8.0(2) +11.0(2) 4 11.8(2)
+10.0(2) 4 6.0(2) + 4.4(2)
=153.0

26.
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Right endpoints:

Read values of the function from the graph for
every 2 hours from 2 A.M. to midnight. Now we
estimate the area under the curve as

12
A=) fx)Ax
=1

=3.2(2) +3.5(2) +4.2(2) + 5.2(2) + 6.2(2)
+8.0(2) + 11.0(2) + 11.8(2) + 10.0(2)
+6.0(2) +4.4(2) + 3.8(2)

= 154.6

Average:

153.0 + 154.6 _ 307.6
2 2

=153.8

The area under the curve represents the total elec-
tricity usage. We estimate this usage as about 154
million kilowatt hours.

Left endpoints:

Read values of the function on the graph every
hour from 0 to 7. These values give us the heights
of 8 rectangles. The width of each rectangle is
Az = 1. We estimate the area under the curve as

8
A ZZ f(zi)Az
i=1

= 0(1) + 1.2(1) + 2.1(1) + 2.9(1) + 3.5(1)
+3.7(1) +3.3(1) + 2.4(1)
—19.1.

Right endpoints:

Read values of the function on the graph every
hour from 1 to 8. Now we estimate the area under
the curve as

8
A :Z flz)Ax
i=1

=1.2(1) +2.1(1) +2.9(1) + 3.5(1)
+3.7(1) 4+ 3.3(1) 4 2.4(1) 4+ 1.0(1)
=20.1.

Average:

19.1+20.1

=19.6 =20
2

The area under the curve represents the total al-
cohol concentration. We estimate that this con-
centration is about 20 units.
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28. (a) Left endpoints:

Read values of the function from the graph for
every 14 days from 18 Feb. through 30 Apr. The
values give the heights of 6 rectangles. The width
of each rectangle is Az = 14. We estimate the area
under the curve as

6
A :Z f(z)Ax
i=1

=0(14) + 15(14) + 33(14) + 40(14)
+ 16(14) + 5(14)
= 1526.
Right endpoints:

Read values of the function from the graph for
every 14 days from 4 Mar. through 13 May. Now
we estimate the area under the curve as

6
A :Z fz)Ax
i=1

= 15(14) + 33(14) + 40(14) + 16(14)
+5(14) + 1(14)
= 1540.

Average:
1526 4 1540

2

There were about 1533 cases of the disease.

= 1533

(b) Left endpoints:

Read values of the function from the graph for
every 14 days from 18 Feb. through 30 Apr. The
values give the heights of 6 rectangles. The width
of each rectangle is Az = 14. We estimate the area
under the curve as

6
A=) fa)Aw

= 0(14) + 10(14) + 15(14) + 10(14)
+3(14) + 1(14)
= 546.
Right endpoints:

Read values of the function from the graph for
every 14 days from 4 Mar. through 13 May. Now
we estimate the area under the curve as

6
A :Z fz)Ax
= 10(14) + 15(14) + 10(14) + 3(14)

+1(14) +1(14)
= 560.

30.

32.

34.
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Average:
546 + 560

=553
2

There would have been about 553 cases of the dis-
ease.

Read the value for the speed every 5 sec from
z = 2.5 to x = 22.5. These are the midpoints
of rectangles with width Az = 5. Then read the
speed for x = 26.5, which is the midpoint of a rec-
tangle with width Az = 3.

6
D flai) Az ~ 28(5) + 54(5) + T2(5)

+82(5) 4 92(5) + 98(3)
= 1934
1934

The BMW 733i traveled about 2800 ft.

(a) Read the value for a plain glass window facing
south for every 2 hr from 6 to 6. These are the
heights, at the midpoints, of rectangles with width
Az = 2.

3" =10(2) +30(2) + 80(2) + 107(2)
+79(2) +29(2) + 10(2)
~ 690

The heat gain is about 690 BTUs per square foot.

(b) Read the value for a window with Shadescreen
facing south for every 2 hr from 6 to 6. These are
the heights, at the midpoints, of rectangles with
width Az = 2.

D =4(2) +10(2) + 20(2) + 22(2)
+20(2) + 10(2) + 4(2)
~ 180

The heat gain is about 180 BTUs per square foot.

Using the left endpoints:

Distance = vg(1) + v1(1) + v2(1) + v3(1)
=0+8+13+17
= 38 feet

Using the right endpoints:

Distance = vy (1) + va(1) + v3(1) + v4(1)
=8+13+17418
= 56 feet
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. o 3
36. (a) Using the left endpoints: 6. / (—a? — 3z +5) da
n -2
Distance = xi)Az;
; fx:)Az; ) . )
:—/ xde—B/ CL‘d.CL'—‘r5/ dx
=0(1.84) 4+ 12.9(1.96) + 23.8(2.58) -2 -2 -2
+26.3(.85) + 26.3(1.73) + 26.0(.87) 1 3 3 3 5
= 0+ 25.284 + 61.404 + 22.355 = - | —s2?| 45
+45.499 + 22.62 - - -
= 177.162 1 3
= —3[3° = (-2)’] - 5[3° = (-2)] +5[3— (-2)]
Since we multiplied the units of seconds by miles 3 2
per hour, we need to divide by 3600 (the number 1 3
of seconds in an hour) to get a distance in miles. = _5(27 +8) — 5(9 —4)+5(5)
177.162
~ .0492 35 15 35
=———-—+4+25=—
3600 3 5 + 5

The estimate of the distance is .0492 miles.

(b) Using the right endpoints:

9 9
8. / \/2T—2d7‘=/ (27’—2)1/2dr
3 3

Distance = Z flxi)Ax;
i=1 Let w = 2r — 2, so that du = 2dr.
=12.9(1.84) + 23.8(1.96) + 26.3(2.58)
+ 26.3(.85) + 26.0(1.73) + 25.7(.87)
= 23.736 4 46.648 + 67.854 + 22.355

Ifr=9, u=2-9—2=16.
Ifr=3 u=2-3—-2=4.

+ 44.98 4 22.359 9 1 /9
= 227.932 / (2r—2)1/2dr: 5\/ (2T—2)1/22d7"
3 3
Divide by 3600 (the number of seconds in an hour) 1 6
to get a distance in miles. = 5/ u/? du
4
227'932%.0633 B W32 (16
3600 =3 ? )
The estimate of the distance is .0633 miles. 6
(©) -2+ 0622 REN & ’

1609 3 4
Johnson actually ran .0622 miles. The answer to _ l(163/2 _ 43/2)
part b is closer. 3

1 56
=—(64—-8)=—
3( ) 3

7.4 The Fundamental Theorem
of Calculus 10. /4_(33;3/2+331/2)dx

1 1 1
2./ 6xdx:6/ a:d:c=3-:c2‘ 4 4
4 4 —4 — _ / .773/2(1.737/ SCI/de
0 0

= 3[12 — (—4)?] = 3(1 — 16) = —45

2 2 2 25/2 4 43/2 4
4./(4z+3)dz:4/ zdz—l—?)/ dz =-3—| -5
-2 —2 -2 3 lo 5 o
22)2 32|
—222| 43| 6 9
— — =—=(32) — =(8
2"l 2(32) - 2(8)

2[2% - (=2)*1 +3[2 - (-2)]
2(4—4) +3(4) =12 =3 1
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9
4

9 9
:4/ Tl/zd’l"—3/ r3/2dr
4 4

12. / (4y/r = 3ry/r)dr

_8 3/2‘9 6 5/2‘9
_ST 4 5T 4

8 6
= 5(27-8) — (243 - 32)

8 6
=—-.19— =(211
760 3798 3038
15 15 15

4 -3
14. ——d
/1 2pt+12
4
=—3/ (2p+1)~2dp
1

Let u = 2p+ 1, so that du = 2dp.

Ifp=4, u=2-441=09.
Ifp=1,u=2-14+1=3.

4
73/ (2p+1)"2dp
1

9
——§/ u2du
2 /3

3 w9
:_5'—_1‘3
319
e
3_3__1
18 6 3

-1 I2 -3 2
33 1 3
Tzl 3?‘2
1 1 1 1
_3<§_§)+ﬁ_ﬂ
_q43 1 oun

231

271 21 3 [?
18. — 2B B = ——dB+ — 2e2BdB
8 /1 <B+3e >d /1 Bd +.2/1 e“"d

2 3 2
=—1In B‘ —|——e'23’
1

2 1
= —1In 2+ 15e* — 15¢2
~ 3.363
1 1 1
20 / (p® — e*?) dp = / p?dp — / e*? dp
5 5 5
pt 1 edr 1

3
22. / m?2(4m? + 2)3 dm
0
Let u = 4m?3 + 2, so that
du = 12m? dm and % du = m? dm.

Also, when m = 3,
u = 4(3%) +2 =110,
and when m = 0,

u=4(0%)+2=2.

110
i/ u3du:i~u—4 110:iu4 110
12 J, 12 4 12 48 2

146,410,000 16
48 48
146,409,984
48
9,150,624
3
3,050,208

Q
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8o . 1/3
3—y
24 /1 —pn W

8
:/ (By=2/3 —y=13)dy
1

8 8
=/ 3y‘2/3dy—/ y~ P dy
1 1

_ 3yl/3 ‘8 y?/3 8

3 b 3 h
_ gy1/3 ‘s B 3y2/3 ‘8
1 2 h
3
=921 -5(4-1)
9 9
:9——:_
2 2
3
V1
26. g
1 $

Let u =1In z, so that
du:ldar.
x
When x =3, u =1n 3, and
when x =1, u=1In 1 =0.

In 3 In 3

\/ﬂdu:/ u’? du
0

W32
3
5 o

0
In 3

In 3

0

2 4y 2
[ /2 _ 2 3/2
~(n 3%~ 2(0)

2
= 5(111 3)3/2

~ 76767

? 3
28. / ——dx
1 z(l+1n x)

Let u=1+In z, so that
1
du = —dx.
x

When x =2, u=1+1n 2, and
whenzx =1, u=1+In 1=1.

1+1In 2
3
/ —du
1 U

1+ln 2
=3ln |u ‘

1
=3mn(l1+4mn2)—3In1l
=3ln(1+1n2)

~ 1.5798
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1 622
30. —dz
/0 A /1 + 622
Let u = 1+ €%?, so that
1
du = 2¢%*# dz and 3 du = e%? dz.

When z =1, u=1+¢?, and
when 2 =0, u=1+¢e"=2.

1 14e? 1 1 14-e2
z —du== -1/24
2/2 \/ﬂ U 2/2 U U

1 ul/2 ‘1+62
2 1h
1+€2
— /2 ‘
2

=Vi+e2 -2
~ 1.4822

32. f(z) =4z —T7; [5,10]
y

30F

201

101

/ 5 10 15
fx)=4x -7

.S

The area of the region is

5

10 10
/ (4x — 7)dx = (222 — Tx)
5

= (200 — 70) — (50 — 35)
= 115.

The graph crosses the x-axis at

0=9— 22
x?2=9
T = +3.
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In the interval, the graph crosses at x = 3.
The area of the region is

/03(9—m2)dx+ /36(9—:cz)dx

23\ |3 23\ (6
(D)L |-2)
(=)l (=),

= (27— 9) + (54— 72) — (27— 9)|
=18 + |—36|
=18 436 = 54.

36. f(r) =23 —22; [-2,4]

y

f@) =x3£2x

FS
T T T

The graph crosses the z-axis at

0=23—22
=z(z? - 2)

r=0, x=+2 and x = —/2.
These locations are all in the interval.
The area of the region is

,\/5 0

'/ (2% — 2x) dx| + I/ (23 — 27) dx

—2 -2

-V2

/ (23 — 22) dx

0 V2
4 V2 4

R A T2

), ()
4 V2 4
T2 T2

A=)l )

=[(1-2)-(4-49[+[0-(1-2)|
+](1-2)—0+(64—16) — 1 — 2|

= |=1] + [1[ 4+ [=1] + [49]

=1+1+1+49

= 52.

_|_

0

V3

4

0 V2

+‘/_4 (23 — 2z)dx

38. fla)=1—e7; [-1,2

fx)=1—e*

The graph crosses the z-axis at

0=1—¢e"

e =1
—rzlne=In1l

—x =0

xz = 0.

The area of the region is

‘/:(1—6—96)@;

—|@+e)

+ /02(1 —e ") dx

0

=) —(—14+eh)|+2+e2) — ()
2—el+2+e2-1

|—.718] + 14 2

718 +1.135

= 1.854.

40. f(r) =2 [e,e?)

The graph does not cross the z-axis.
2
(& 1 e2
/ —dr=x
e x e

=Ine2—Ine
=2-1=1

233
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42. f(x) = 2% —22; [-1,2] 52. (a) g(t) = t* and ¢ = 1, use substitution.

From the graph, we see that the total area is z
t/ g(t)dt
C

/_O (22 —22)dx + /02(51:2 —2z)dx

1
0 .
“|(5-+)
Y 3

2

"
0 = =
51
()
4 4 4 4 8 55
=—+|-z|=z+z=1x. A
3 ‘3‘ 3 3 3 =% 75
c b c
44. f(z)dx = f(a:)da:+/ f(z)dx (b)
a a b , d
g 2 5 F'(@) = ()
46 f(x)dx:/ f@)dx+ | f(x)dx d /25 1
' ' 8 i 16 _%<?_5>
[ @ [ s (1)
5 8 e o ey
1 o3 3 1 5 dx dr \ b
:4+§7T—%7T—12 !

=- Since g(t) = t4, then g(x) = z* and we see f'(z) =
g().

48. Prove: /f dx—/f dx+/f ) x
(c) Let g(t) = €' and ¢ = 0, then f(z) = / et dt.
Let F(x) be an antiderivative of f(x) 0
1 1.01
_ t? — t?
/ f(x)dw—i—/ F(z)da f(l)—/o e!”dt and f(l.Ol)—/O et dt.
. b Use the fnlnt command in the Math menu of your
=F F ! 2 ' 2
(@) a +F@) c calculator to ﬁnd/ e’ dx and/ e” dx. The
0 0
= [F(c) = F(a)] + [F(b) — F(c)] resulting screens are:
=F(c)— F(a) + F(b) — F(c
= F(b) — F(a) ‘FTgntce“ch;,H,a\
b T 1.462651746
= / f(z)dx
4
50. / f(z)dx \ J
~1
0 . 4, . . ’%?Ia%ge*cxz>,x,a\
= 2 —_— — 3 =
j{f z+3) “ﬂé (-3 @ 1.498169133
0 2 4
(z +3:r)’ + (———3:5) '
8 0
- J

—2-14 £(1) ~ 1.46265
= _12 F(1.01) ~ 1.49011
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f+h) - f(1)

Use to approximate f’(1) with
h=.01
fa+h)—fA)  fA.01) = f(1)
h .01
N 1.49011 — 1.46265
- .01

= 2.746

So f/(1) ~ 2.746, and

g(1) =" = e~ 2.718.

54. H'(x) = 20 — 2z is the rate of change of the
number of hours it takes a worker to produce the
xrth item.

(a) The total number of hours required to produce
the first 5 items is
5

/ (20 — 2z) dx = (20 — 2?)

0 0

5

=100 — 25 = 75.

It would take 75 hr to produce 5 items.

(b) The total number of hours required to produce
the first 10 items is

/ (20 — 27) dx = (202 — 22)
0 0
= (200 — 100) — (0) = 100.

It would take 100 hr to produce the first 10 items.

56. The tanker is leaking oil at a rate in barrels per

hour of
80 In (¢t +1)

L'(t) =
®) t+1

24
80 In (t+1
()/ 8o (itl),
t+1
Let w=1In (t + 1), so that du = til dt.

When t =24, v =1n 25.
Whent =0, u=1In 1=0.

In 25 w2
80/ udu = 80—
0 2

= 40u?

In 25

0
In 25

0
= 40(In 25)? — 40(0)?
~ 414

About 414 barrels will leak on the first day.

235

80 In (t+1)

dt
by L+1

(b)

Let w = 1n (¢+1), so that the limits of integration
with respect to u are In 25 and In 49.

In 49 In 49
80 wdu = 40u?
In 25 In 25

= 40(In 49)2
~ 191

— 40(In 25)2

About 191 barrels will leak on the second day.

(c) lim L'(t) = lim 8oy

t—o0 t+1

The number of barrels of oil leaking per day is
decreasing to 0.

58. Total growth after 2.5 days is

2.5 2.5
/ R/ (z)dx = / 200e%* dx
0 0

2 125
=2
00 5

0

2.5
= 1000e-2*
0

= 1000e5 — 1000€°
/2 648.72.

[e(ln unT _ 1}
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62. w'(t) = (4t + 1)1/3

(4t + 1)%/3 '3

3
1
w(t):/ (4t + 1)Y3at = = -
o 4 0

3(4t + 1)4/3 ’3

— 1_36 (134/3 _ 14/3)
3

=1 (1343 —1)

= 5.5439

The change in weight is 5.5439 mg.

9
64. / (.17622% — 3.986x + 22.68)da
3

9
3

= 85.5036 — 51.6888
= 33.8148

1762 .
= (ﬁx‘? — %:}:2 + 22.68x>

3

The total increase in the length of a ram’s horn
during the period is about 33.8 cm.

100
66. / .85¢:01337 -
0

Let w = .0133x, so that du = .0133dx, or
dr = ﬁdu

When x = 100, u = 1.33.

When z =0,u = 0.

1.33
1 85
85et [ —— ) du = ——ev
/O c (.0133) TR

85
~ 0133

~ 177.736

1.33

0

(€133 — ¢0)

The total mass of the column is about 178 g.

5
68. / (.05823 — 1.082% + 4.81x + 6.26)dx
2.5

5

B (.058 i LO8 5 481

2
1 T 3 5 x +6.26:c>

2.5
5

= (.01452* — .362% + 2.40522 + 6.262) ‘
2.5

~ 55.4875 — 25.6227

— 29.8648

In 2000, approximately 30% of the population had
an income between $25,000 and $50,000.
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70. C(t) = 1.2e0%

T
c(T):/ 1.2¢04¢
0

1.2 T
_ 4 .04t
~ ’0
= 30(e 7 — €0)
=30 (™ —1)
In 5 yr,
c(5) = 30(e10) — 1)
=30(e? - 1)

=~ 6.64 billion barrels.

7.5 The Area Between Two Curves

4. 2=-2,2=0,y=1—-22,y=0

y

1_y=1—x2
EEV4AA NN

The region is composed of two separate regions
in [—2,0] because y = 1 — 2 intersects y = 0 at
r=—1

Let f(z) =1— 22, g(z) =0.
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In the interval [-2,—1], g(x) > f(z). 8. y=a>—-18, y=x—6
In the interval [—1,0], f(z) > g(x).
-1 0
/ 0—(1—2)]de+ [ [(1—2?) —0]dx
—2 -1 x

_y=x2—18

Find the intersection points.

2?2 —18=x—6
2 —x—12=0
(x—4)(x+3)=0

The curves intersect at x = —3 and z = 4.
4
N /_d[(x —6) — (22 — 18)]dw
To find the intersection of y = 5z and y = 32+ 10, 4 )
substitute for y. - /_3(:5 —6—2"+18)dx
2z =10 :/ (2% + 2 +12)dx
T=05 -3
_ _ _ 3 2 4
Ifz=5, y=>5(5=25. _ :(—x +—+12x>’
The region is composed of two separate regions 3 2 -3
because y = 5z and y = 3+ 10 intersect at z = 5
i —64 9
Let f(x) =3x 4+ 10, g(x) = bz. 3 2

In the interval [0,5], f(x) > g(x).

—64 9
In the interval [5, 6], g(x) > f(x). = <T + 56) - <—27+ 5)
5 6
/ (3x + 10 — 5z) dx +/ [bx — (3x + 10)] dz
0 5 _ Mg
5 6 6 3 2
- / (—2z + 10) da:+/ (22 — 10z) ‘
0 5 5 343
—222 5 222 6 T 6
= +100) |+ (5~ 10z |
2 0 2 5
~ 57.167

5 6
= (—2? 4+ 10z) ’ + (2% — 10z) ‘

0 5
— 95450 + (36 — 60) — (25 — 50)
=26
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10. y=2%, y==z

Find the intersection points.

2% =23
22 -3 =0
2?2(1—-2)=0

The curves intersect at © = 0 and z = 1.
In the interval [0,1], 22 > 23.

1 3 4 1
2 g (T
/O(:c x%)dx (3 4)‘0

11
3 4
1
12
1 r—1
12. =0, z=4, y= =
‘/L‘ )x 7y m+17y 2
y
I x—1
y:
y=_1 2

Find the intersection points.

1 z-1
r+1 2
22 —1=2
22 -3=0

In the interval [0, 4], the only intersection point is

atx:\/g.
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/4 (x—l 1 )
— dz
V3 2 r+1

/ﬁ s A
y \z+1 2 )™

1 1 332 xXr \/§

—<“W+'—z+§)k
sz

+<Z—§—ln |x+1|)‘\/_

(V1) -2 V3

3 3
:1n(\/§+1)——+£+2
4 2
—ln5—%+§+ln(\/§+l)
=In(vV3+1)+In(v/3+1)
1
—In5+5+3
3+1)2 1
:1n(\/_—+)+_+\/§
5 2
~ 2.633
4. z2=-1, z=2, y=e% y=¢€"

A

The total area between the curves from x = —1
tox =21is

/_Ol(e"” —e¥)dz + /02(69” —e ") dx

=[(-1-1) —(-e—e)]

+[(e2+e72) = (1+1)]
=e?+e?+tete -4
~ 6.6106.



16. x:2,x:4,y:§+3,y:

Section 7.5 The Area Between Two Curves

2 rx—1
22 +50—-6=2
22 +52—-8=0

=5+ /254 4(8)
2
=567
2
r=127 or x=-6.27

There are no intersection points in the interval.

2 4
= (x—+3x—ln |x—1|)‘
4 2

=(44+12-1In 3)—(1+6-0)
=16—-In3-7

=9—1In 3

~ 7.901
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18.y =222 + 22 + . + 5,
y=a34+22+2x+5

=2 +x*+2x 45
y=2x34+x24+x+5

0/

To find the points of intersection, substitute for .

203+l +x+5=a3+22+2x+5

2> —x=0
x(22 —-1)=0
The points of intersection are at z = 0, * = —1,

and x = 1.
The area of the region between the curves is

0
/ (223 + 22 + 2 +5) — (2% + 2% + 22 + 5)] dx
-1
1

[(a: +a22+20+5)— (223 + 22 +x+5)|dx

/ix ) dw+/01(—:c3+x)dx
(7-2)[ (gl
- (i3)) |(5+3) )

1 1

_|_

S—

1
4 4 2
20.y =% -2 In (x +5),
y=2°—21In (z +5)
To find the points of intersection, substitute for .
25 —2In(z+5)=2%—-2 In(x+5)
2 —23=0
(2?2 -1)=0

The points of intersection are at x =0 and z =1
and z = —1.

In the interval [—1,0],
2° =2 In (z+5) > 2% —2In (x +5).
In the interval [0, 1],

2° =2 In (z+5) <2®—2In (z +5).
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The area between the curves is

/ [(z° =2 In (z+5)) — (2 — 2 In (z + 5))] dx

-1

+/0 [(z> =2 In (z+5)) — (z° —2 In (z + 5))]dx

1,1
12 12 6
22. y= .z, y=xx

To find the points of intersection, substitute for y.

VI =z
T/ —/T=0
Va(r—1) =0

The points of intersection are at x = 0 and =z = 1.

I [0,1], V& > 2v/7.

The area between the curves is

/Ol(ﬁ—xﬁ)dx:/01(331/2—353/2)d:c
2 252\ 1
- (m‘m> !

1
232 _ 2.5/2 ‘
( ) o

Chapter 7 INTEGRATION

24. Graph y; =23 — 522 + 62— 1 on
your graphing calculator. Use the intersect com-
mand to find the two intersection points. The re-

=Inz and yo

sulting screens are:

~
J

v
\H=448151 Y=1.237EF01 )

These screens show that Inz = 23 — 522 + 6z — 1
when x ~ 1.4027 and = ~ 3.4482.
In the interval [1.4027,3.4482],

Inz > 2> — 52% + 62 — 1.

The area between the curves is given by
3.4482
nz — (2 — 52% + 62 — 1)]d.
1.4027

Use the fnInt command to approximate this defi-
nite integral. The resulting screen is:

falntilnoaa—Ccxs™3

—SEe+ER-12.4.1.4

B27 5. 44322
3.382916816

The last screen shows that the area is approxi-
mately 3.3829.

26. (a) S(z) = —2® +4x +8,0(x) = 2%12
S(z) =C(x)
3 o

—2522 4+ 100z + 200 = 322

0 = 28z2 — 100z — 200
0= 722 — 25z — 50
0= (7x 4+ 10)(x — 5)

T=—— or rT=05



Section 7.5 The Area Between Two Curves

Since time would not be negative, 5 is the only
solution.
It will pay to use the device for 5 yr.

(b) The total savings over 5 yr is given by

5
/ (—2% + 4z +8) dx
0

3 5
= <— +2x2+8x> ’
3 0

—125
=—= 190
-+

= 48.33.
The total cost over 5 yr is given by

3 |5
/—:rd 25 1o =b.

Net savings = $48.33 million — $5 million
= $43.33 million

28. (a) R(t) = 104 — .4et/?;C(t) = .3et/?

It will no longer be profitable when C(t) > R(t).
Find t when C(t) > R(t).

3et/2 > 104 — 4et/?
Tet/?2 > 104

104
t/2 5 0%
¢ 7

In e/2 > In (&.74>

104
t>21In
(%)
t>10

It will no longer be profitable to use the process
after 10 yr.

(b) The total net savings is

10
/ [(104 — .4et/?) — 3et/?] dt
0

10
:/ (104 — .7et/?) dt
0

Tet/2Y\ (10
h (104t_ 1/2 > ’0

10
= (104t — 1.4¢t/?) ‘
0

= [(104¢ — 1.4€'/?) — (0 — 1.4)]
=1041.4 — 1.4¢°
~ 834.

The net total savings will be $834,000.
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30. S(q) = 100+ 3¢3/2 + ¢°/?; equilibrium quantity is
q=29.
q0

Producers’ surplus = / [po — S(q)]dq
0

po = S(9) = 424

9
/ [424 — (100 + 3¢*/2 + ¢°/2)] dg
0

9
= / (324 — 3¢%/2 — ¢°/?)] dg
0

6 2 9
— (3940 — 245/2 _ 2,7/2 ‘
< 1751 71 0

~ [(32190 - S0 - 202 ) -]

1458 4374
= 2916 — —— — ——
5 7

=1999.54

The producers’ surplus is 1999.54.

16,000
32. D(q) = m; equilibrium quantity is ¢ = 6.
g0
Consumers’ surplus = / [D(q) — po] dq
0
16,000

6
16,000
—— -2/ d
/o [<2q+8>3 } !
6 6
16,000
= —_— dq—/ 2dq
/0 (29 +8)3 0
Let u = 2¢g+ 8, so that

1
du = 2dq and Edu = dgq.

1 201 6
:_/ 6’000du—/ 2o
2 8 U3 0

20 6
= 8000/ w3 du — / 2dq
8 0

4000 |20

e
u 8 0
4000 4000

_ (2200 2000 g,
( 100 ' o4 >

=—-10+62.5—-12
=40.5

The consumers’ surplus is 40.50.
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34. S(q) = (¢g+1)?

1000
D(q) = ]
(a) The graph of the supply function is a parabola
with vertex at (—1,0). The graph of the demand
function is the graph of a rational function with
vertical asymptote of x = —1 and horizontal as-

ymptote of y = 0.

S(g)=(g+1)

2468101214 4

(b) Find the equilibrium point by setting the two
functions equal.

, 1000
Cg+1
(¢ +1)3 = 1000
¢ +3¢% + 3¢+ 1= 1000
@ +3¢> +3¢—999 =0
(g—9)(¢* +12¢+111) =0

(¢+1)

Since ¢? + 12¢ + 111 has no real roots, ¢ = 9 is
the only root. At the equilibrium point where the
supply and demand are both 9 items, the price is

S(9) = (9+1)* = 100.
The equilibrium point is (9, 100).
(c) The consumers’ surplus is given by
9
1000 9
—— — 100 ) dg = (10001 1| — 100
| (755~ 100) da = (100011 + 1] - 100g)]
=10001n(9 + 1) — 100(9) — 0
~ 1402.59

Here the consumers’ surplus is 1402.59.

(d) The producers’ surplus is given by

/O [100 — (¢ 4 1)*]dg = /0 (99 — ¢* — 2¢)dq

1
= (994 - 34" — ¢°)

0

= 99(9) ~ 5(9)" ~ (9)° ~ 0
= H67

Here the producers’ surplus is 567.

Chapter 7 INTEGRATION

38. (a) The pollution level in the lake is changing at
the rate f(t) — g(t) at any time t. We find the
amount of pollution by integrating.

12
A[ﬂw—mmﬁ

- /12[15(1 — e 0% — 3tldt

_ (15t - 15—t 05t _ 3lp )12
- —05 23" ) o

12

— (300e~0% + 15¢ — .15t2))
0

= [300e0°(12) 4 15(12) — .15(12)?
— [300e=9%(0) 4+ 15(0) — .15(0)?]

= (300e~6 4 158.4) — (300)

= 300e~% — 141.6

~ 23.04

After 12 hours, there are about 23.04 gallons.

(b) The graphs of the functions intersect at about
44.63. So the rate that pollution enters the lake
equals the rate the pollution is removed at about
44.63 hours.

@)A' () — gt))dt

44.63

= (300e~%5% + 15¢ — .15¢%)
0

= [300e~-05(44:63) 4 15(44.63) — .15(44.63)?]
—300

= (300e=22315 4 370.674465) — 300

= 300e~22315 1 70.674465

~ 102.88

After 44.63 hours, there are about 102.88 gallons.
(d) For t > 44.63,¢(t) > f(t), and pollution is

being removed at the rate g(t) — f(t). So, we want
to solve for ¢, where

Lﬂﬂo—mmwzo

(Alternatively, we could solve for ¢ in

c

[g(t) — f(t)]dt = 102.88.)
44.63

One way to do this with a graphing calculator is
to graph the function

y:/umgywut

0
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and determine the values of x for which y = 0.
The first window shows how the function can be 7.6 Numerical Integration

defined. )
Flakl Flatz Flats 2. / 2z +1)dx
0
03 Rt n=4,b=2 a=0, f(z) =2z +1
W=
Li-= .
Ny i | @i | f(w)
Y= ol o 1
1 1 2
A suitable window for the graph is [.75] by [0, 110]. 2
211 3
110
= 3|3 4
ST )
- ~,
ff" h a2 5
Y. i
v h (a) Trapezoidal rule:
0 ~) 75 )
0 2—-01 1
/(2$+1)dac%—[—(1)—&-2-&-3—%44——(5)}
0 4 |2 2
Use the calculator’s features to approximate where 1/1 5
the graph intersects the z-axis. These are at 0 D) (5 +2+3+4+ 5) =6

and abaout 73.47. Therefore, the pollution will

(b) Simpson’s rule:
be removed from the lake after about 73.47 hours.

2
x 2z +1)dx
40.y:\/5,y:§ /0( )
2-0
~——|1+4(2) +2(3)+4(4)+5
y 3(4)[+()+()+()+]
1
—(36) =6
20 Y= (c) Exact value:
. _x
y=s5 2 2
D /(2z+1)dz:(x2+x)
0 0
=442
=6
To find the points of intersection, substitute for y. 54
4. d
x n=4,b=5 a=1, f(z) =L
_- — =0 ’ ’ ’ x+1
2 VT
i | @i | fl@)

x—2y/x=0
Va(yz—=2) =0 01

=0 or z=4

>
—~
@]
s
Il
S—
B
5
I
|
~—
=¥
8
Il
S—
'
—~
8
=
=
[\v]
I
~—~
IS
8
[N}
w
DN~ R RWIRN-
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(a) Trapezoidal rule:

/5 de  5-1f1/1y 1 1 1 1
L e4+17 4 |2\2) 73747572

(b) Simpson’s rule:
/5 dx
1 .’L'+1
5—-111 1 1 1 1
~2 a2 ) r2(=)+4(=) 42
L2+ 4(5) (1) +(5) 4
1(1 4 1 4 1

§+§+§+5+6):1‘1000

3

(c) Exact value:

5 5
/ dv =In |x+1|‘
1 $+1 1
6

=ln6—-—In2=In -
n n n g

=1n 3~ 1.0986

3
6. / (222 + 1) dx
0

n=4,b=3 a=0, f(z)=222+1

il x| f@)
00 1

1 75 2.125
2115 9.5
31225 | 11.125
413 19

(a) Trapezoidal rule:

3
/ (22% + 1) dx
0

3-011 1
= {5(1) +2.1254 5.5+ 11.125 + 5(19)}

3
= 2(28.75)

= 21.5625

Chapter 7 INTEGRATION
(b) Simpson’s rule:
3
/ (222 + 1) dx
0
= ﬂu + 4(2.125) + 2(5.5)
=30 . .

+4(11.125) + 19]

1
= Z(1 +8.5+4+11+44.5+19)
= 21.0000

(c) Exact value:

/93(2x2 +1)dx = (% +x> ’2

—1843=21
4
8. / % dx
o T
n=4,b=4,a=2 f(:z:)—1
) ) ) :1:3

i x| fl)
012 125
1125 .064
213 .03703
3| 3.5 | .02332
4| 4 .015625

(a) Trapezoidal rule:

4
dr 4-21]1
— ~ — | =(.12 .064 + .
/2x3 1 {2( 5) +.064 + .03703

1
+ 02332 + 5 (.015625)

1
5(-19466) ~ 0073

~
~

(b) Simpson’s rule:

4
dr 4-2
— ~ ——.12 4(.064) + 2(.
| = 3(4)[ 5+ 4(.064) 4 2(.03703)
+ 4(.02332) + .015625]
1
~ —(.56397
£ (56397)
~ .0940

(c) Exact value:

4 4 -2
d 4 1 4
[ [ a2
o T 5 =2 12 22212
-1 1 3

= 55 +3 =33 = 09T
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4
10. / V2zx + 1dx
0

n=4,b=4,a=0, f(x)=v2r+1

i | x| f(xi)
010 |1
11 | 1.7321
21 2 | 2.2361
31 3 | 2.6458
41413

(a) Trapezoidal rule:

4
/ V2 + 1dx
0

4-01 1
~—— [5(1)+1.7321+2.2361+2.6458+§(3)

~ 8.614

(b) Simpson’s rule:

4

V2z + 1dx

S~

~ %[1 +4(1.7321) 4 2(2.2361) + 4(2.6458) + 3]

[1+6.9284 + 4.4722 4 10.5832 + 3]

~
~

Wl

~
~

[25.9838] ~ 8.661

Wl

(c) Exact value:

4 3/2 4
1(2 1
0 3

2

~ 8.6667
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12. 422 + 9y* = 36
o 36— 422
9
Y= :I:%\/36 — 42

An equation of the semiellipse is

Y= %\/36 — 42

<

S|y = IV36—4x2

-3 3

n=12 b=-3, a=3
% T; Y
0] -3 0
1 [ —2.5] 1.1055
2| -2 1.4907
3 | —1.5 | 1.7321
4 | -1 1.8856
5 —.5 | 1.9720
6 0 2
7 .5 | 1.9720
8 1 1.8856
9 1.5 | 1.7321
10 2 1.4907
11 2.5 | 1.1055
12 3 0

(a) Trapezoidal rule:

A 6 .1

5= 1 [ 5(0) + 1.1055 + 1.4907 4 1.7321

+1.8856 + 1.972 + 2 + 1.972 + 1.8856
+1.7321 + 1.4907 + 1.1055 + 2(0)]

= 9.1839
(b) Simpson’s rule:
A 6

7 = 379y [0+ 4(1-1055) + 2(1.4907)

+ 4(1.7321) + 2(1.8856) + 4(1.972)
+2(2) + 4(1.972) + 2(1.8856) + 4(1.7321)
+2(1.4907) + 4(1.1055) + 0]

1
= —(55.982
- (55.982)

~ 9.3304
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14.

16.

18.

(c) The trapezoidal rule gives the area of the re-
gion as 9.1859. Simpson’s rule gives the area of the
region as 9.3304. The actual area is 37 ~ 9.4248.
Simpson’s rule is a better approximation.

(a) f(z) =% [0,3]

T>l”@ﬂm

By looking at the graph of y = z? and dividing
the area between 0 and 3 into an even number of
trapezoids, you can see that each trapezoid has an
area greater than the actual area.

(b) f(x) = V/z; [0,9]

T<l”@ﬂx

By looking at the graph of y = /z and divid-
ing area between 0 and 9 into an even number of
trapezoids, you can see that each trapezoid has an
area less than the actual area.

(c) You can’t say which is larger because some
trapezoids are greater than the given area and
some are less than the given area.

As n changes from 4 to 8, for example, the error
changes from .020703 to .005200.

.020703a = .005200

ar =

4

Similar results would be obtained using other val-
ues for n.
The error is multiplied by i.

As n changes form 4 to 8, the error changes from
.0005208 to .0000326.

.0005208a = .0000326
1

a~ —

16

Similar results would be obtained using other val-
ues for n.
The error is multiplied by 11—6.

1
20. Midpoint rule: n =4,b=4,a =2, f(x) =

1
Az ==
T3

Chapter 7

INTEGRATION

3’

i x| f(z)
NN
4 | 729
11| 64
21 7| 331
1
s 13| 64
2197
Ll 1| o4
4 | 3375
4
1
4
%Zf(xz)Ax
=1
64 (1 N 64 (1 N 64
“ 729\ 2 1331 \ 2 2197
~ .09198

Simpson’s rule:

1
n=8b=4a=2,f(x)=

(3)

n 64 (1
3375 \ 2

1.3
| x| f(=m)
1

0 2 —
8
R
4 729

S| 5] 8
2 125
11 64
3 _ -
4 1331

1

4 —_
31 o7

5 13 64
4 2197
7 8

61 3| 313
. 15 64
4 3375

1

8 4 —
64
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4
1
4-2 11 64 8 64
e oA [ 42— ) +4 [ —
3(8) [8+ (729)7L (125)+ (1331>
1 64 8
2 = 4 —— 21 —
- <27)+ <2197>+ (343)
64 1
4 —— i
M <3375>+64}
1

R~ 12(1.125223) ~ .09377

From #8 part a, T' ~ .0973, when n = 4. To verify
the formula evaluate 2MT+T

2M +T _ 2(.09198) +.0973
3 3
~ .09377
22. (a)
Yy
105+
100 +
95+
9.0:—
T oy
0f 1234567=x
171
(b) A= 7T 5(9)+9.2+9.5+9.4
1
+9.8+10.1+ 5(10.5)
=57.75
(c) A= 7_1[90+4(92)+2(95)
=35 ) .
+4(9.4) +2(9.8) +4(10.1) + 10.5]
1
==(172.9
3( )
= 57.63

247

7
2
24. y:/ (2 +e—’f2/2> dt
1

n=12,b=7,a=1
i w | f(w)
0|1 2.607
1 | 1.5 1.658
2 |2 1.135
3 |25 .8439
4 |3 6778
5 |35 | .b736
6 |4 .5003
7 | 45| .4445
8 |5 .4000
9 | 5.5 | .3636
10 | 6 3333
11 | 6.5 | .3077
12 | 7 .2857

(a) Total growth

7T—111
=T [5(2.607) + 1.658 + 1.135 + .8439 + .6778

+.5736 + .5003 + .4445 + .4000 + .3636 +.3333

1
+.3077 + 5(.2857)]

~ 4.3421 ft

(b) Total growth

~1

= %[2.607—&—4(1.658)+2(1.135)—|—4(.8439)
+ 2(.6778) + 4(.5736) + 2(.5003) + 4(.4445)
+2(.4000) + 4(.3636) + 2(.3333) + 4(.3077)
+.2857]

~ 4.2919 ft

26. n=10, b=20, a =0

T; Y

2.0
2.9
3.0
2.5
10 | 2.0
12 | 1.75
14 | 1.0
16 | .75
18 [ .50
20 | .25

0 O =N O

© 00 DT W~ O

—_
o
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20—-0

A= 10

2(0)+2+29+3+25+2

1
HL75+ 10+ .75 4.5 + 5 (.25)

= 33.05 (This answer may vary depending
upon readings from the graph.)

The area under the curve, about 33 mcg/ml, rep-
resents the total amount of drug available to the
patient.

28. The area both under the curve for Formulation

B and above the minimum effective concentration
line is on the interval (2,10).
n=28,b=10, a=2

&

Y
2.0
24
2.9
2.8
3.0
2.6
2.5
2.2
2.0

00 N O T i W N~ O
© 00 N O U = W N

—
o

Let Ag = area under Formulation B curve be-
tween t = 2 and ¢t = 10.

10-211
AB:T {5(2)+2.4+2.9+2.8+3

1
+2.6+25+22+ 5(2)}

Ap = 20.4

Let A g = area under minimum effective concen-
tration curve between t = 2 and t = 10.

Ayp = (10-2)(2) = 16

So the area between Ap and Ay g between ¢ = 2
and t =10 is 20.4 — 16 = 4.4.

This area, about 4.4 mcg/ml, represents the total
effective amount of the drug available to the pa-
tient.

Notice that between ¢ = 0 and ¢t = 12, the graph
for Formulation B is below the line.

Thus, no area exists under the curve for Formula-
tion B and above the minimum effective concen-
tration line in the intervals (0,2) and (10, 12).

Chapter 7

30. For the period Feb. 18 through May 13, there are

six 14-day intervals or 84 days.

n==06,b=284,a=0, f(t) as listed

(a) i ti f(t)
0 Feb. 18 0
1 Mar. 4 12
2 Mar. 18 30
3 Apr. 1 40
4 Apr. 15 18
5 Apr. 29 8
6 May 13 3

Simpson’s rule:

/f

4— 10+ 4(12) + 2(30) + 4(40) + 2(18)

6)
+4(8) +3]

= 1,582

(b) i ti f(ti)
0 Feb. 18 0
1 Mar. 4 10
2 Mar. 18 14
3 Apr. 1 11
4 Apr. 15 2
5 Apr. 29 1
6 May 13 1

Simpson’s rule:

/a " Foye

84_)[0 +4(10) + 2(14) + 4(11) +2(2)
+4(1) +1]

14

3

~ 564.67

—(121)

There were about 565 cases.

INTEGRATION
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32. (a)
y
n+t

4+
16 1
8 4

Il 1 1 Il |
T T T T T T

0] 1 23456
7—1[1

(b) A==

6 |2

1
+ 27+ 5(32)}

A =1(128)
=128

7—1

f
7 x

~(12) + 16 + 18 + 21 4 24

(c) A= |12+ 4(16) + 2(18) + 4(21)

3(6)

+2(24) + 4(27) + 32]
A=128

34. We need to evaluate

1

1.1
/ (.22° — 682" + .82% — 3922 +.005 + 100) dx.

Using a calculator program for Simpson’s rule with
n = 100, we obtain 99.9929 as the value of this in-
tegral, which represents the area under the curve

from .1 sec to 1.1 sec.

Chapter 7 Review Exercises

2
6. /(5x—1)dm:%—x+c

23
8. /(6—$2)dx:6w—3+0

1
10./§dx—/§x1/2dx

%ws/z
== +C

23/2
=—+C
3 +

12. /(2x4/3 + 2~ Y?) dx

927/3 /2
=7 + I +C

3 2

6]]7/3

+22Y2 4 C

5
14./—4dm:/5a:_4dx
T

16. /56_” dr = —be ™ +C
2 2
18. /Qxe”” dr=¢e% +C

—x 1 —2xdx
20, [ ——do=-= [ /=
/2—952 v 2/2—x2

Let w = 2 — 22, so that

du = —2xdzx.
1 du
2 u

1

_1 2
72111}2 :L"+C

22. /(x2 —5z)* (22 — 5)dx

Let u = z? — 5z, so that

du = (22 — 5) dx.

/(1’2 —5z)* (22 — 5)dx

:/ 4 du

u5
== +C
=+

24. / 37 g dy

Let u = 3x2 + 4 so that

dy = 6z dx.

32244 1 322
e’® xdmza (62)(e**”) dx
1
= E/e“du

1
:geu—FC

3x244
= +C

6

249
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4
26. (a) / f(z)dx = 0, since the area above the z-
0
axis from 0 to 2 is identical to the area below the

z-axis from 2 to 4.
4
(b) / f(x)dz can be computed by calculating

0
the area of the rectangle and triangle that make
up the region shown in graph.

Area of rectangle = (length)(width)
3)1) =3

1
Area of triangle = §(base)(height)

4
3 9
= —:—:4.
/0 f(z)dx 3+2 3 5

4
28. / 2z +3)dx
0

Graph y = 2z + 3.

11 /y=2x+3

/il

(22 + 3) dx is the area of a trapezoid with B =
0
11, b =3, h = 4. The formula for the area is

A= %(B +b)h.

1
A= (11+3)(4)
A =28,
SO

4
/ (2x + 3) dx = 28.
0

30. The Fundamental Theorem of Calculus states that

[ rwyae=rw

where f is continuous on [a,b] and F is any anti-

derivative of f.

Chapter 7 INTEGRATION

- x+az
3 2
LG 6_>2_ 201)° , (1
o 2 3 2
2 1
=1444+18 - — =
+ 3 2
2 1
=162—=—=
3 2
965
6
~ 160.83

1
34. / xvVbx? + 4dx
0
Let u = 522 + 4, so that
1
du = 10z dz and 0 du = x dx.

When x =0, u = 5(0%) + 4 = 4.
When =1, u = 5(12) +4 = 9.

1 L2y
_ _ 1/2
10/4 Vaudu 10[1 ul/? du

1 w329 1

_ v 3/2‘9
10 3/2 14 15

4

1 3/2 1 3
= — — —(4)3/2
27_8
15 15
19
15
6 6g
36./ 8x_1d3::/ —dx
1 1 T
6
= 8(In x)’
1
=8(In 6 —1In 1)
=8 1In 6
~ 14.334
6
1
38./ > e** dx 5/ 4e** dx
1 2 4 2 J;
5641 6
8 Ih
5(624 —e4)
N 8

~ 1.656 x 1010
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40. f(z) =z —1; [1,10] 46. f(z) =22 -4z, g(z) =z +1,2=2, 2=4

y

10
Area = Vo —1ldx

1

10

:/ (x — 12 dx
1
2

:-(11'}—1)3/2’10 L ._1 L
3 1 / !
2, .. 2 . L
— 2(9)3/2 _ Z(()3/2 L
35 g0 =i p1 T =7 —dx
= 2(27)
3 g(z) > f(x) in the interval [2,4].
=18

/2 (2 +41) — (2 — 42)] do

2

2
42. / erdr =e*
0

=e?—e¥=¢% - 1~6.3891 4 )
0 = [ (z+1—2°+42)dz
44. f(z)=5—-22 g(z)=2%-3 /2
. - ag - 4
y :/(5m+1—m2)dx
g(x)=x2—3 2
<5x2 x3)4
= _+Jj__
2 31,
b (4)°
= =(4)2 +4 — L
> x <2() * 3
5002 (2)°
—(2(2) +2 3
fx)y=5—x

40
5—a2=22>-3
222 — 8 =
e —4) =0 48. / ln_xd:r
r =42

) ) Trapezoidal Rule:
Since f(z) > g(z) in [-2,2], the area between the

graphs is n=4,b=3,a=1, f(l’)zlnTw
2 2
[ @ —g@lde = [ (5-2%) ~ @ - 3)do i|o | )
) -2 0 1 0
2 1] 15| 27031
_ 5.2
_/_2( 207+ 8) dx 22 | .34657
f 2 3|25/ .36652
—273
= ( +8m) 403 | .3662
3 —2
2 2 Sln z 1
= —Z(8) + 16 + =(—8) — 8(—2) DT e~ S X0y 1 27081 + 34657
3 3 1 |2
32
=3 132 436652 + = ( 3662)}
64

=3 = 58325
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Exact value:

/lnx

1 3
=3 (In )2

1
1
= %(ln 3)2 — §(ln 1)2

~ .60347

1
50. / ety/et + ldx
0

Trapezoidal Rule:

n=4,b=1a=0, f(z)= et +1
(R f(xi)
010 1.4142
1 .25 | 1.9405
2 .5 2.6833
3 75 | 3.7376
411 5.2416

1
/ e*ver + 1dx
0

1-01
= TO {5(1.4142) + 1.905 + 2.6833

1
+ 3.7376 + 5 (5. 2416)}

/2 2.9223

Exact Value:

1
/ erver + ldx
0

1
z/ e (e® +1)1/2dx
0

2 ) 1
:_(ez+1)3/2’
3 0

= S(e+ Y2 - 22

~~ 2.8943

Chapter 7
10
52./ xdx
s x—1
Simpson’s Rule:
i | x| flxy)
0f 2 2
4
1] 4 =
3
6
2| 6 -
5
8
31 8 =
7
10
4 | 10 —
9

10
x
/Qx—ldx
10 -2 4 6
~—— |24+4( - 2| =
i 24(3) 2 )

~ 10.28

INTEGRATION

8
4 =2
a3

)+

10

d

9

This answer is close to the answer of 10.197 ob-
tained from the exact integral in Exercise 49.

54. (a) /15 [m_ <x21>] dz

:/f(ﬁ-%%@)
(o)

(2093

16
= —_— 2 e
3 6+ 3
b)n=4,0=5 a=1, f(z)=

01110
1| 2 .5
21 3 41421
3| 4 .23205
41510

2

/15 (m —=+ 2) dz
_ <%> E(o)+.5+.41421

1
+ 23205 + 5(0)}

= 1.14626

5

1

“3)

r—1-—

|8
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(c)/ ( 1:—1——+;)d

_ (21
= (3(4) > [0+ 4(.5) + 2(.41421)

+4(.23205) + 0]
1
- <—> (3.75662)
3
= 1.2522
56. C'(x) = 3v/2x — 1; 13 units cost $270.

Cz) = /3(21:— 1)1/2 dg
= %/2(293 —1)Y2dx

Let u = 2x — 1, so that
du = 2dzx.

= g/ul/Z du
3 ud/?
: (3)+¢
=2z -1%2+C
C(13) =[2(13) — 132 + C

Since C(13) = 270,

270 = 25%3/2 4 C

270 =125+ C
C = 145.
Thus,
C(x) = (2a — 1)%/% 4 145.

58. Read values for the rate of investment income ac-
cumulation for every 2 years from year 1 to year
9. These are the heights of rectangles with width
Ax = 2.

Total accumulated income
= 11,000(2) + 9000(2) + 12,000(2) + 10, 000(2)
+ 6000(2) =~ $96, 000

60. S'(z) = /7 + 2
9
S(z) = /0 (Y2 +2)dx
23/2 9
- (5 )

2
= 3(9%2+18=36

0

Total sales = 36,000

253

62. S(q) = ¢*> +5q + 100
D(q) =350 — ¢°
S(q) = D(q) at the equilibrium point.

¢+ 5q + 100 = 350 — ¢2
2¢% +5q¢ — 250 =0
(—2¢+25)(¢—10) =0

2
q:—;5 or ¢g=10

Since the number of units produced would not be
negative, the equilibrium point occurs when q =

10.

Equilibrium supply
= (10)2 4 5(10) + 100 = 250

Equilibrium demand
=350 — (10)? = 250

(a) Producers’ surplus

10
= / [250 — (¢* 4 5q + 100)] dz
0

10
= / (—q¢* — 5q + 150) dx
0

3 2 10
—-q°  5q
=—=—-—=+1
( 3 5 + 50q>

0

—1000 500
= — —— + 1500
3 2 +
2
= $%50 ~ $916.67

(b) Consumers’ surplus

10
= / [(350 — ¢2) — 250] da
0

10
= / (100 — ¢?) dx
0

ENE
= | 100g — =
(1o %)

0

— 1000 — 1900
3
$2000
3
~ $666.67
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64.

66.

f(t) =100 — /24T + 1

The total number of additional spiders in the first
ten months is

10
/ (100 — ZAFT) dt,
0

where ¢ is the time in months.

10 10
= / 100 dt —/ (2.4t +1)Y/2dt
0 0

Let u = 2.4t + 1, so that
du = 2.4t dt and ﬁ du = dt.
When ¢t =10, v =25. When t =0, u=1.

10 1 25
:/ IOOdt——/ ul/? du
0 2.4 1

5 u3/2 25

10
= ]_ t‘ —_——_—f —
0 o 12 3/2Ih

5 25
— 1000 — —2y3/2 ‘
18u 1

5 5
= 1000 — —(125) + —
000 — —(125) + -
310
= 1000 — =—
9

~ 965.56 ~ 966

The total number of additional spiders in the first
10 months is about 966.

(a) The total area is the area of the triangle on
[0, 12] with height .024 plus the area of the rectan-
gle on [12,17.6] with height .024.

1
A= 5(12-0)(.024) + (17.6 — 12)(.024)
— 144 4 .1344

=.2784

(b) On [0,12] we defined the function f(z) with

024-0 — 002 and y-intercept 0.

f(z) =.002z
On [12,17.6], define g(x) as the constant value.
g(x) = .024.

slope

The area is the sum of the integrals of these two
functions.

12 17.6
A :/ .002zdx —I—/ .024dx
0 1

2

17.6

12
- .0013:2‘ + .024:15‘
0 12

.001(122 — 02) 4.024(17.6 — 12)
— 144+ 1344
2784

Chapter 7 INTEGRATION
70. v(t)=t> -2t
t
s(t) = / (t? — 2t)dt
0
3
s(t) = 3 —t2 + 59
Ift=3, s=8.
8§=9-9+4+ So
8 = S0
Thus,
t3
s(t) = g—t2+8.

Extended Application: Estimating
Depletion Dates for Minerals

1. 2,300,000 + 17,100 ~ 135

The reserves would last about 135 yr.

17,100
2. 2,300,000 = —— (0271 _ 1)
.02
2300000002) ooy
17,100
2.6901 + 1 = ¢:02T
3.6901 = 0271
In 3.6901 = .027}
7, = In 3.0901
.02
T, ~ 65.3

The reserves would last about 65.3 yr.

63,000
3. 15,000,000 = T(e.oen )
15.000.000(06) |y _ o,
63,000

15.286 =~ 06T
In 15.286 ~ .061;

T, ~ In 15.286
.06
=454

The depletion time for bauxite is about 45.4 yr.



Extended Application/Estimating Depletion Dates for Mineralsl

2200

4. 2 — (e
000,000 = ==(e )
2,000, 000(.04) | _ 0Ty
2200
37.36 = 0411
In 37.36 = .04T1
The depletion time for bituminous coal is about
90.5 yr.
D
5. k(t) =
®) t+25
(a) For t =0,
.5
= —— =.02.
k(1) 0+25 0
This gives a growth rate of 2% for 1970.
For ¢ = 25,
.5
k(t) = =.01
®) 25+ 25
This gives a growth rate of 1% for 1996.
(b) Use the form of the function k(t) = t—?—b’
where a and b are both constants. Since k(0) =
03, k(t) = %, where
a a
03 = =—. =.03b.
03 T Ora=.03
Also, since k(25) = .02,
a
.02 = . =.02(2 D).
0 T Or a = .02(25 + b)
Solve:
03b = .02(25 + b)
.03b = .5+.02b
01b=.5
b=50

Find a using substitution.

a =.03b
a = .03(50)
a=1.5

The function that satisfies these conditions is
1.5

T
6. (a) Total consumption = 17,100/ eFtat

(=)

T
= 17,100 / -5t/ (1450) gy
0

255

(b) Use the fnInt command on a graphing calcu-
lator to evaluate

T
17,100 / el-5t/(t+50)
0

for different values of T.

For T = 70 the integral is about 2,158,000.
For T = 71 the integral is about 2,199,000.
For T' = 72 the integral is about 2,240,000.
For T = 73 the integral is about 2,282,000.
For T = 74 the integral is about 2,324,000.

We would estimate that starting in 1970 the petro-
leum reserves would last for about 73 years, that
is, until 2043.



Chapter 8

FURTHER TECHNIQUES AND APPLICATIONS OF INTEGRATION

8.1 Integration by Parts

2. /(:r—i—l)e"”dx
Let dv = e*dx and v = = + 1.
Thenvz/e”dac and du = dx.

v=e"4+C

Use the formula

/udvzuv—/vdu.

/(J:—&-l)e”d:v:(x—&-l)e”—/exdaz

=zef +e* —eT+C =g+ C

4. /(Gx +3)e ¥ dx
Let dv = e 2® dx and u = 6z + 3

Then v = /e’h dx and du = 6dx.

672z

-2

+C

v =

/(633 +3)e 2 dx

(62 + 3)e~2* / 6e 2%
= - d
—2 —2

32

1
= —5(6x+3)e*2f+ +C

1 3
= —5(6:13 +3)e 2 — 56_2:6 +C

1 1
1-— 1
6./ de:r:—/ (1—z)e *dx
0 3e® 3 0

Let dv=e"%dx and u=1— x.
Then v = —e™% and du = —dz.

%/(1 —z)e Tdx

_ % {_(1 _z)e T — /e‘mdx}

256

1
[-(1—x)e ™ +e Tdx] = gare_‘”

1
—T

xre

Wl

1
/ (1—x)e Tdax =
0

e

0

@)

2
8. / In Sxdx
1

Let dv=dx and v =1n 5zx.

Then v = 2 and du = ldm.
T

/ln Sxdxr =z In 5x—/x<ldaj>:x1n br —x
T

2

2
/ In 5xdr = (z In 5%‘—%‘)‘
1 1

=2mn10—-2-In5+1
102

=In ?—1:1n 20 —-1~1.996

10. /ﬂcQ Inzdx, x>0

Let dv=2?dv and u=1n z.

3
Then v = r and du = l dzx.
3 T

31n x 3 /1
2ty = 22 [ 21
/a: nxdr 3 T\ dx

31 1
_z nxi_/xde

3 3
»nz 2°
= ——+4+C
3 9+

1
12. A:/ ze® dx
0

Let dv=e*dr and u = z.
Then v = e* and du = dx.

/xe“d:c:xe‘”—/ewd:c

=ze® —e® =e%(x—1)
A=ev(z—1) ];
=e(0) — 1(—1)
=1
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2
14. / (1 —2?)e* dx
1

Let u=1— 2% and dv = e** dz.
Use column integration.

- 2 4 8
B (1 _ .’L‘2)62w erx B 2x
2 2 4

o2
= —2(362 +1) ~ —42.80

16. /(Q:E —1) In(3z)dx
Let dv=(2x —1)dx and v =1n 3z.

1
Then v = 2 — z and du = —dx.
T

/(Zx —1) In(3z)dx
=(@?’—-2)In 3m—/(m2 —x) (idm)

@ -3 (-

2
:(mQ—x)ln3x7‘%+x+C

1
18. /J:e””2 dr = 5/2$e$2 dx

Let u = 22 and du = 2z dzx.
1 -
— —eT C
26 +

e

5 ¢

257

1 2
20. / _rdr
o 223 +1

Let u=2x3+1.
Then du = 622 dzx.

/1 x2dx _1/1 622 dx
b 203 +1 6 )y 223 +1
1 3 1
:g(ln |2x —|—1|‘0)

_1
6
~ .183

22 x2dx _l 622 dx
T ) 2341 6) 22341

Let u=2x3+1.
Then du = 622 dzx.
1
:gln|2x3+l’+c

6
24. /x279da§

1

Use entry 8 from table with a = 3.

1
26[—ln —_—

(In 3)

2 1
_g/x(3x75)dl‘

Use entry 13 from table with a = 3, b = —5.

2 1 T
=Z(-21
3( 5 n’3x—5‘>+0

2
=——1n

15

28. /\/x2+10dx

Use entry 15 from table with a = v/10.

x
C
3x—5‘+

/\/x2+10dx
:g\/xQ—i-(\/m)Q
+(\/1_TO)21n z+4/2? + (V10)2|+ C

= g\/x2+10+51n’x—|—\/332+10|—|—C’
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32. /m"e‘” dz,a # 0
Let dv = e dz and u = z™;

leam
a

et 1
e dx = — Ze® . nz" 1) dx
a a

= - —/x"‘le‘mdx—l—C

then v = and du = nz" " 1dz.

34. The integration constant is missing.

6
36. r(x) :/ 222~ dx
1

Let dv= e %dr and u = 222.

Then v= —e® and du =4xdx.

Use column integration.

D I
2x2+\ e
4x - —e™

/2x267ﬂC dx

=222 (—e7%) —4x(e™®) + 4(—e7?)
= —22%e7% —dre™" — 47
= —2e (22 4+ 22 +2)

6

6
/ 222 dr = —2e (2% + 22 + 2)
1 1

= —100e7% + 10e~! ~ 3.431

The total reaction to the drug fromz =1tox =6
is about 3.431.

9
38. A:/ Vilntdt
4
Let u=Int and dv = /tdt = t*/2dt.
1 2
Then du = ?dt and v = §t3/2.

2 , 2 1
_ 22 | (2821
/\/Elntdt S1%/2 Int /<3t t)dt

2 2
= Z¢3/2] t—/—tl/th
30 3
2 . 4
=t32Int — —t3/2 4+ C
Fimb gt
6 76

9
1
/ Vilntdt =18In9 — —Ind — —
4 3 9

~ 23.71 sq cm

1
40. / ke k(1 — t)dt
0
Let u=1—t and dv = e *tdt.

1
Then du = —dt and v = —Eefkt

1
/ ke k(1 — t)dt
0




Section 8.2  Volume and Average Value

1
k=—":
b /12
— e tI2(1 —#)dt
| e
1 1
] 112
1/12 + 1/12
=12e"Y12 _ 11
=~ .0405
1
k=—:
24
— e 241 — t)dt
/0 S )
1 1
—1_ —1/24
124 " 1/2a¢
= 24e~1/24 _ 923
~ .0205
1
k=—:
48
—e I8(1 —t)dt
/0 e
1 1
=1—- — - .—1/48
1748 T T/R°
= 48¢~1/48 _ 47
~ .0103

6 J—
(b) / ket 0=ty
| 5

The integral, easily found by comparing it to the
integral in part (a), is

1 . 1
= ——_6(1/12) 1— —-1/12
5(1/12)¢ * { 5(1/12)] ¢
12 7
_ 36—1/2 _ 56—1/12

~ .1676

259
1
k=—:
24
6
/ A ejpab—t
21 5
1 1
= —— ¢ 6(1/29) 1— —~1/24
5(1/24) " [ 5(1/24>} ‘
24 19
_ 3671/4 _ 3671/24
~ .0933
1
k=—:
48
6
1 6—t
_— —t/48 dt
/1 8¢ 5
1 1
_ —6(1/48) 1— —1/48
5(1/48) ¢ - [ 5(1/48>} ‘
48 43
_ 36—1/8 . 36—1/48
~ .0493

8.2 Volume and Average Value

2. f(x)=2z,y=0,2=0, =3
Graph f(z) = 2z. Then show the solid of rev-
olution formed by rotating about the z-axis the
region bounded by f(z), x =0, and x = 3.

~

fx)=2x

3
V= 7r/ (22)2 dx
0

3
=7r/ 422 dx
0

3
47

3
= 367

0
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4. f(x)=2z—4,y=0,z2=4, =10 8. flx)=vVax+1,y=0,2=0, z=3

fxr)=x—4 "

f@)=vx+1

V= w/og(\/m)%zm

3
:77/ (x+1)dx
0
3 x? s 9

=T -« (F+e)],-m (2 +9)
157
1 —
6. f(x):§x+4,y:0,x=0,m:5 Ty

10. f(z)=+3z+2, y=0,z=1, =2

y
b f(x) =+/3x4+2

_27r
3

C2m (2197 512 (T
BERUE 8 -7 2

16857 137

(g) . 64] —|(3er+20) - (3w +20)]

12 2



Section 8.2  Volume and Average Value
12. f(x)=2¢", y=0,x=-2, 2 =1

1
V= 7r/ (2¢%)? dz

2

1
=7T/ 422%% dx
-2

=2m(e? —e %) ~ 46.3

1
14. = =0,z=0,x=2
f(a:) \/m)y 7"1“ 7:1:
v [ () o
= —— €
0 z+1
_W/Q dzx
T Jo x+1
2
— 7l |z + 1) ]
0
=mnln3
=7ln 3~ 3.45

2

16. f(a:):%,y:O,xzo,:r:4

4 22 2
V—7r/0 (;) dx

4 4
=7 J;—dx

O 4

x (25\|* T
4<5)0 20()
2567
5

Since f(x) = 2 — 22 intersects y = 0 where

2—22=0

x::t\/i,

261

a=—v2 and b=+2.

V2
V:ﬂ/ (2 —2%)?dx

V2

V2
:w/ (4 — 422 + 2% do

V2

43 5
:W@_iﬁ_)

3

5

V2

V3

. Km_ Svat gﬁ)

- (—4\/§+ 2\/_— %ﬁ)]

32 32
:7T<E\/§+ 1—5\/§>
_ 64mV2
15
20. f(z) =16 —x?
r=+v16=4

V=7r/4(\/W)2dx:7r/

—4

23
p— 1 R —
7r(6x 3)

4

—4

4

—4

(16 — 22) dw

(o))

24. f(x) =3 —22% [1,9]
Average value

1 9

- (128 _ %) _ 26m

—— [ (3—22%)dx =

T9-1),
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26. f(x) = (22 —1)"/2%; [1,13]

Average value

1

13
- _/ (22 — 1)/2dz
1

13-1

1 /1 13 )
_ 2 _1)1/2
=1 <2>/1 22z — )Y 2 dx

1 2
- — .z _1)3/2
o 3(233 1)

13

1

10
/ el dx
0

1
= %(253/2 —1)
1 1
= %(125) T
S T
36 9
28. f(x) = e1%; [0,10]
A lue = ——
verage value 0=0
10
10
= S(e™)
10 0

Chapter 8 FURTHER TECHNIQUES AND APPLICATIONS OF INTEGRATION

34.

=el—-1=e—1~1.718

30. f(z) =z Inx; [1,

Average value =

Let w =In z and dv = x dx.

€l

e —

Use column integration.

1 €
/ z In zdx
1/

36.

D I
Inx + X

1

Tg_ %xz

/xlnxda:

1
2533211133—

\
N
8=
N

1 1 2
V:7r/71 <—1—|—x2> dz

1

= 7r/ (1+2%)2dw
~1

Using a graphing utility with the fnInt feature

to evaluate the integral, we get 4.038197427 =~

4.0382.

Use the formula for average value with a = 0 and
b = 5. The average price is
1 5
50 A [t(25 — 5t) + 18]dt
1 /3
= —/ (25t — 5% + 18)dt
5 Jo

1 /252 5t3

= ([ - = +18¢
5 ( 2 3 " >
1 /625 625

=3 <7 R 90)

125 125

— — — + 18 =~ $38.83
5 3 T $

At the end of any given business day, CFFC has
400 — 80t cases of perfume on hand, where t = 1
represents Monday, ¢t = 2 represents Tuesday, and

5

0

SO on.
The average daily number of cases in inventory is

1 /5 5

1 80t2
—_— 400 — 80t)dt = = ( 400t — ——
5—0 0( ) 5< )

2

0
5
(400t — 40t?)

0
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R .
38. (a)/ erk(R? — r2) dr (b) Using the formula
0

4
R V= gab27r
= 27rk:/ r(R? —r?)dr
0

a is half the length, [, and b half the midth, w, of

R a bird egg.
(b) = 2mk / (rR? —r%)dr Substituting these expressions and writing [ in
0 I (R terms of w, we have
= 27k {r 2R — %]
: y_d (i) (L)'
TR il2)

4 (1585w — A48T (w?
ok <R_4):7rk:R4 =z|\— )

~ w(1.585w® — .487w?)
B 6

40. F lem 22, the vol f llipsoid with
0. From problem 22, the volume of an ellipsoid wit i Canada goose: w — 5.8

_ 7[1585(5.8)° — 487(5.8)*]

major axis 2a and minor axis 2b is

4 Y 6
V= §ab27r. ~ 153.3
The volume is about 153 cubic cm.
(a) i. Canada goose: a = % =4.3,b= ? =29 ii Robin: w =1.5
v 2(4'3)@.9)% L v 7r[1.585(1.5)367 487(L.5)?]
The volume is about 151 cubic cm. A 2.227

il.

iii.

iv.

Robin: a = .95,6 =.75
4
V= g(.95)(.75)27r ~ 2.238

The volume is about 2.24 cubic cm.

Turtledove: a = 1.55,b = 1.15

4
V = 2(155)(1.15)°7 ~ 8.586

The volume is about 8.59 cubic cm.

Hummingbird: a = .5,b=.5

4
V= 2(5)(5)%r ~ 5236

The volume is about .524 cubic cm.

Raven: a = 2.5,b = 1.65

4
V = 2(25)(1.65) ~ 28.51

The volume is about 28.5 cubic cm.

iii

iv

The volume is about 2.23 cubic cm.

Turtledove: w = 2.3

. 77[1.585(2.3)36— 487(2.3)2]

~ 8.749
The volume is about 8.75 cubic cm.
Hummingbird: w = 1.0

V= 77[1.585(1.0)36— 487(1.0)?]

~ .5749
The volume is about .575 cubic cm.

Raven: w = 3.3

_ m[1.585(3.3)° — 487(3.3)"]

v 6

R 27.047

The volume is about 27.0 cubic cm.
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42. W (t) = —3.75t2 + 30t + 40

(a) W(0) = —3.75(0)2 + 30(0) + 40
W (0) = 40 words/minute

(b) W/(t) = —7.50t + 30
—7.50t+30=0
t=4

Ifo<t<4, W(t)>0.
Ift4<t<b, Wi(t)<O.
Therefore, a maximum occurs when t = 4.

W (4) = —3.75(4)2 + 30(4) + 40
W(4) = 100

A maximum speed of 100 words per minute occurs
when ¢ = 4 minutes.

(c) The average value of W over [0, 5] is given by

1 5
G (—3.75t% + 30t + 40) dt
- 0

5
(—1.25¢3 + 15t% + 40t)
0

[(=156.25 + 375 + 200) — 0]

ol = o =

Il

oo
o
-
ot

The average value is 83.75 words per minute.

8.3 Continuous Money Flow

2. f(z) =300

(a) P— /0 * (300)e= 12 d

10

300
— e—.121‘

—12 o

= —2500(e"12 — €%)
= $1747.01

Store the value for P without rounding in your
calculator.

10
(b) A:e'lz(lo)/ 300e~12% dx;
0

=el2p
= $5800.29

4. f(x) = 2000

(a) P

(b) A

10
:/ 2000e~12% dx
0

10
_ 2000 o,

—.12

0
= —16,666.67(e 12 — €°)
= $11,646.76

10
:e'12(10)/ 2000e~12% dx
0

=et2p
= $38,668.62

6. f(x) = 80005

(a) P

(b) A

10 10
:/ 800e:0%%e =122 dgp = 800/ e~ dy
0 0
10
= 800 o —11,428.57(e~ 7 — 1)
-.07 0
= $5753.31

10
— 6'12(10)/ 800e95%e—-122 o
0

10
:e1~2/ 800e ™07 dx
0

=el2 P =$19,101.66

8. f(x) = 1000e—92*

(a) P

(b) A

10 10
= 1000/ e 027122 g — 1000/ e~ 147 dy
0 0
10
= —1000 e~ 4Tl = —7142.86(@‘1'4 -1
—.14 0
= $5381.45

10
_ 6.12(10)/ o022 ,— 122 g,
0

10
_ 61.2/ o142 o
0

= el2 P = $17,867.04
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10. f(z) = .5z

12.

14.

10 10
(a) P= / Sre= 120 dy = .5/ ze 127 dy
0 0

.5/me"12$ dx
re 12z .5 19
_'5< —12 >_—.12/e de
pe—12z 5 [e—12¢ 10
P=|5|——— —
() wm (5w,
= —4.167(10e~12)

+(—34.72)(e 12 — 1)
= $11.71

10
(b) A:e'12(10)/ BSre 127 dy
0

f(z) = .05z + 500

10
(a) P— / (.05 + 500)e—12¢ d
0

10 10
= .05/ xe 22 dr + 500/ e 122 dy
0 0

.05/xe*'12$ dx

12 12 -1z
re 12w 12z 500 12 10
P=|. - ~ 12z
{05 ( —12 (.12)2> AT )} .

—.4167(10e~2) — 3.472(e~ 12 — 1)
— 4166.67(e 12 — 1)
= $2912.86

10
b) A=e!2010) 052 + 500)e 12" du
(b)

0
=el?2 P = $9671.04

f(x) = 2000z — 15022

10
(a) P= / (2000 — 15022)e~12% dx
0
10 10
:/ 2000xe~12% dx —/ 1502212 4
0 0

10
For/ 2000z 127 dz,
0

265

let © = 2000z and dv = e~ 12 dx;
then du = 2000dx and

/ 2000ze12% dx

/20002 . [2000 .,
_( 12 )e /—.126 de

_2000e'2* 2000
=12 (—.12)2

For [1502%e~12*dx, let u = 15022 and dv
e 127 dg.

e~ 12 4 C

Use column integration.

D 1
150x2+\ eI
300x \( 12) —12
\( 123) 12y
/15033267'12“3 dx
_ 150z2%e'2*  300xe'2®
—12 (—.12)2
300e—-12=
—+C
a2 ©

10 10
/ 2000xe=12% do — / 150z2e—12% g
0 0

_ [2000ze= 12 2000e "2
N —.12 (—.12)2
150z2e~12¢  300xe—-12*
—.12 (—.12)2
~300e 12
(—.12)3
~20,000e 12 2000e~!-2
=12 (—.12)2
~ 15,000e~"2 3000e"2
—.12 (—.12)2
~300e~'2 2000 300
(—.12)3 " (=.12)2 T (=.12)3
= $25,934.95
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10 3
(b) e12010) / (20002 — 1502%)e 2% dx 20. A= e-10<3>/ (1000 — 2?)e =107 dy
0 0
—el2p , /3
=e 1000e =1 dx
= $86,107.05 o
3
3 2, ,—.1x
16. (a) Present value —€ /0 ate” " dy
6 3,—1z |3
:/ 8000e 12 dx _ 10007 77 —e3(7.2)
0 —.1 0
6 ,
_ 8000 120y = —13,498.59(¢ % — 1) — 9.72
—12 0 = 3498.59 — 9.72
— —66,666.67(c~ ™2 — 1) — $3488.87
= $34,216.52
(b) Present value
6
_ / 80006107 gy 8.4 Improper Integrals
0
8000 0
— (e—.lOw)
~10 .
= —80,000(e=¢ — 1) 2. / ) dr = blirn 5 = blim x2dx
= $36,095.07 > 5 5
: 2| : 1|’
(c) Present value - blggo (__1> . - bhjfjo (_E) .
o . 11
:/ 8000e 157 dx =lim (—=+=
0 b—o0 b )
8000, |
N —.15(6 ) 0 As b— o0, —3 —0. The integral is convergent.
= —53,333.33(e=? — 1)
= $31,649.62 o q 1 1
) —dr =042 =<
/5 2 =015 =53
18. (a) Present value
4
= / 100005 =112 dg;
4 4. / —dx = lim —327 12 dx
_ 1000/ o—-06z . 16 VT b—oo Ji6
0 i (—33:1/2> b
4 = lim T
= —1082(6*'061) bmoe 2 16
' 0 = lim (—6v/b— 6y/16)
= —16,666.67(e=2* — 1) b0
= $3556.20 = Jim (—6vb — 24)

(b) Final amount
As b— o0, (—6vb —24) — —o0, so the integral

4
= e 11(4) / 1000e95% =112 o is divergent.
0

= 44(3556.20)
= $5521.74
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—4 3 —4
6. / — dr = lim 3x—*dx
e T a——oo f,

= lim 3o
sy -3

. 1
—m (5),

= lim 1 + !
_aﬂfoo 64 (13

—4

a
—4

As a— o0, a—13 — 0. The integral is convergent.

4
3 1 1
2 de = — -
/,oo A= =g

1

.,E.OOl
= <.001)

b
= lim (1000201

b—o0 ’1

= lim (10006-%°1 — 1000)

b

1

As b— o0, (1000b°°t — 1000) — oo.
The intergral is divergent.

a——00
o0 a

-1
lim (x_)
a——00 —1
-1
lim (—)
a——0o0 x

~ lm (4
T a5t \ =4 q

—4 —4
10./ z72dr = lim x 2dx

—4

a

—4

a

As a— —o0, %—>O. The integral is convergent.

—4
1 1

—2
dr=-4+0=-
[ T T 4+ 1

oo

—27

L-2/3
= m ( 2 )
3

14.

267

Asa— —o0, a%g — 0. The integral is convergent.

27
1 1
By =4 0=—=
[wx TET T 6

o) b
/ 10e=19% g = lim 10e=10% dg
0

b—oo 0

10 b
—10z
) 0

= lim (—e

b—oo

— lim (76710b+60)

b—oo

= lim (—e1% 4+ 1)

b—oo

As b— o0, ;—Olb — 0. The integral is convergent.

/ 10e 1 %dr=0+1=1
0

0 0
16./ 3% dr = lim 3e*? dx

18.

oo a

I
S|
5
3
N
(V8]
>~ O
8
N———

4a

As a— —o0, €** is in the denominator of the frac-

tion. So, —%64“ — 0. The integral is convergent.

0
/ 3¢ dx =

o] b
/ In |z| de = lim / In |z| dx
1 b—oo Jy

Let w=In|z| and dv = dx.

3
0==:
=7

=1 w

Then du = %da: and v =x.

/ln\x|dw:xln|x|—/§da:

=zln|z|—2+4+C

/ In |z| dz
1

b
= lim (zIn|z| —2)
b— oo 1

lim [(blnb—b) — (~1)]

b—oo

= lim [blnb—b+1]

b—oo

Asb— o0, (blnb—b+ 1) — co. The integral is
divergent.



268 Chapter 8 FURTHER TECHNIQUES AND APPLICATIONS OF INTEGRATION

. /b dx
= hm D ——
b—oo 0 (21’ + 1)3

1 b
= lim (—/ 22z +1)73 dx)
b—oo 2 0

[ e+
= o 2T 2 } 'o
— lim |—2(2p 4 1)-2 ’b
o b—o0 4 0
li 1(2b+1)*2 - 1(1)*2
= lm |—- -
b—oo 4 4

As b — 0o, —1(2b+ 1)72 — 0. The integral is
convergent.

/oo dx _0+1_1
o Qrz+1)3 4 4

2 3
22./ SEED g
1 T4+ 3z

b
2
:hm/ﬁgiiﬂ
b—oo 1 T +3.’E

lim [ln |x2 +3x| ‘b]
b— 1

o0

= lim [In(b* + 3b) —In 1]
b—o0

As b— o0, [In(b? + 3b) — 10] — 0.
The integral is divergent.

24 /OO 1 d
")y z(lnx)? v

b

= lim ———dx Use substitution
b—oo Jo z(In x)2

. 1
T \Inb ' In2

1
As b— o0, e — 0. The integral is convergent.
n

e 1 1
/2 x(lnx)2d$_o+m

26.

28.

0 0
/ re3®dr = lim xe3® dx
— 0 a——00 a

Let dv=e3*dx and u = .

Then v = 3% and du = du.

xe3® 1.,
3 9 +
0
/ ze3® dx
xe3® 1 0
= 1 _ 3z
am, (55 -5)),
1 ae’® 1
= 1 - — s3a
aimoo< 53 T9 )

3a

As a — —o0, e°? is in the denominator of a frac-

tion. The integral is convergent.

0
1 1
3z
dt=——=—-04+0=—=
/ xe X 9 9

— 00

[e'e) 0 oo
/ (WM:/ gm®+/ 17l d
—00 —00 0

We evaluate each of the two improper integrals on
the right.

0 0 0
/ e 1zldy = / efdr = lim e*dx
— 0o o b——o0 Jp

= lim [e"”

b——o0

Z] = lim (1-¢Y)

b——o0

As b — —o0,e® — 0. The integral is convergent.

0
/ e7leldr =1-0=1

oo o) b
e lzldy = e Fdr = lim e Tdx
0 0 b—oo Jy

b
= lim [—e‘” }
b—oo 0
= lim [—e7® +1]

b—oo

As b — 00,e7® — 0. The integral is convergent.
[ee]
/ e 1ldr =—-04+1=1
0

Since each of the improper integrals converges, the
original improper integral converges.

/ e lPlder=14+1=2

o0
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30.

32.

34. f(x) =

* 2r+1 d
T2t +4 .

0 o'}
2 1 2 1
:/ 29“—+dx+/ 241
o T2t +4 o T2+x+4

We evaluate the first proper integral on the right.

/0 2z + 1
" iz
o T2tz +4

0
2 1
= lim 2m—+ dx  Use substitution
b——o0 y T +x+ 4
0
= lim [In(2?+z+4)
b——o0 b
= lim [In4 —In(b* + b+ 4)]

As b — —oo, In(b? + b+ 4) — oco. The integral
is divergent. Since one of the two improper inte-
grals on the right diverges, the original improper
integral diverges.

f(z) =e® for (—o0, €]

(& e
/ e = lim e Tdx

a— —0oQ
o0 a

= lim (—e™®)

€

a

= lim (—e °+e %)

a——0oQ

As a— —o0, e = 00, and (—e ¢ + e %) — 0.
The integral is divergent, so the area cannot be

found.

ﬁ for (*OO, 0]

[

— lim OL
=t ) =y

I
]
s
8
\
[N
—
8
[
—_
~—
(]
[

Since area is positive, the area is ‘f%‘ = %

269

36/00 T4
C a2

0 T o T
‘/mu+ﬁvm+l Trae ™

i O xdr T b rdx
= 1m e 1m e
am—co J, (14 22)2  booco Jy (14 22)2

= lim -1 ’ + lim !
I e 2( =+ 1‘2) o b—oo 2( + LL‘Q)
I -1 + 1
= 1m
a——o0 2( —|—02) 2(1 —l—a2)

-1 1
.
T [2(1 TP o +02)}

b

0

1 1
=—404+0+==0
5 T0+0+3

. (a) Use the fnInt feature on a graphing utility to

obtain

1 5
/ e~ dy ~ .7468; / e~ dy ~ .8862;
0 0

0 20
/ e 7 dr ~ .8862; / e % dr ~ .8862.
0 0

(b) Since the approximate values of the last three
integrals in part a are all .8862, it appears that
the integral fooo e~ dx converges with an approx-
imate value of .8862.

(c) For z > 1,e® < e ®. Thus, the area be-
tween the graph of y = e~ and the z-axis on
the interval [1,00) is less than the area between
y = e~ and the z-axis. Since

[ b
/ e Tdr = lim e Tdx
1

b—oo 1
b
= lim [—e™*
b—oo 1
: [ 1 1}
= lim |——+ -
b—oo e &
1 1
=0+-=-,
e e

the area between y = e™* and the z-axis on the

interval [1,00) is finite. It follows that the area
between y = e~ and the z-axis, being smaller,
must also be finite, so the integral floo e~ dx con-
verges. Since the area between y = e=*" and the
x-axis on the interval [0,1] is finite as well, the
integral fooo e dx converges.
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42.

44.

46.
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Capital value is

/ 60,000 98¢ d¢
0

b
— lim | 60,000e—08t d¢
b—oo Jq

o (89000 o,
b—oo —.08

b

0
= 750,000 lim (e~ % — 1)

. 1
= —750,000 blg(r)lo (m - 1) )
As b— o0, FO% —0.

= —750,000(—1)
= §750,000

o0 b
(a) / 6000e %% dt = lim | 6000e~0% dt
0

b—oo J
gy 8000c0% ("

b—oo —.08 0
_ iy ((5000e% 6000
oo —.08 —.08

=0+ 75,000 = $75,000

0 b
(b) / 6000e 1t dt = lim 6000e 1% dt
0

b—)OO 0
_ 6000e1t "
= hm _—
b—oo —.1 0
iy (80006000
o b—oo —.1 —.1

= 0+ 60,000 = $60,000
R(t) = 6000 + 200¢, r = .05

The capital value is given by

/ (6000 + 200¢)e =05t dt
0

b
= lim [ (6000 + 200¢t)e~05dt.
b—oo Jj

Let u = 6000 + 200t and dv = e~-95d¢t.

Then du = 200dt and v = =05t — _ 9005,

1
e
5

/(6000 +200t)e—%%tdt

— —20e~95 (6000 -+ 200t) + [ 4000 "%
= —20e~-05¢(6000 + 200t) — 80,000e 05 + C

o0
. P:/ e "(at +b)K dt = K lim
0

/ (6000 + 200¢)e 05t gt
0

b
= lim [ (6000 + 200¢t)e—%%dt

b—o0 0

Jlim [~20e79%(6000 + 200t)

b
— 80,000¢—051)] ‘
0

b
lim [e~9%((—20)(6000 + 200t) — 80,000)]
0

b—o0

= lim [e~05%(—120,000 — 4000b — 80,000)

b—o0

+ 200,000]
= 0+ 200,000 = $200,000

48.1'(z) = 22%e™®

[eS) b
r(x) = / 222 % dr = lim 222~ dx
0 b—oo Jy
Let u = 222 and dv = e~ dx.
Use column integration to obtain
b

lim 2x2e % dx
b—oo 0

b—o0

b
= lim {(—2:526_5" — 4ze™" — 4e™") ]
0
= lim [(—2b%e¢™" —4be™® —4e™ %) — (0 — 4 - 1)]

b—o0

= —(—4) Use hint to evaluate limits
=4.

c
(at + b)e~"tdt

Cc— 00
o

Evaluate / (at + b)e~"'dt using integration by

parts.

Let u = at + b and dv = e "tdt.

Then du = adt and v = —=e~ ",
r

/ (at +b)e "t dt
0

e n (L) - [ (L) oad

[ at+b ¢
S e‘”—i—g/e_”dt}
T

C

0

r 0
r c
— at + b —rt a —rt
= |— e — —26
T T 0
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Therefore,
K lim [ (at+b)e "tdt
Cc—00 0
b b
— K lim (~%F e Qe 2 0
c—00 r r2 r o r?
b
K <0 0+ -+ %)
roor
K(a+ br)
==
52. / 50e =4 dt
0
b
=50 lim e 0t dt
b—oo Jo
—.04¢ |0
= 1.
50 bobe —.04 0

50 . 1
=0 (e-o4b - 1)

As bHOO, ETIM)HO

= —1250(—1)
= 1250

Chapter 8 Review Exercises

4. /x(8—$)3/2d33
Let w= 2 anddv=(8—2x)%2
Then du = dz and v=—2(8—x)%2.

/x(8 — )32 dx

6. /zezdz

Let u= 2 and dv=e*dx.

Then du = dr and v = e”.

/xezdm:azemf/eidx

=ze¥ —e +C

8. /ln |22 + 3| dx

First, use substitution.

Let a = 2x + 3. Then da = 2dx.

1
/ln |2z + 3| da:zi/ln la| da

Second, integrate by parts.
Let  w= In|a|] and dv = da.

Then du = %da and v =a.

1

5/1n|a|da
_1(1 d
—2an|a|— a)

(alnla] —a)+C

N —

Finally, substitute 2z 4 3 for a.

/ln |22 + 3| dx

[(22 4+ 3) In |2z + 3| — (22 + 3) 4+ (]

N —

= %(2x+3)[ln 2z +3|—1]+C

x
10. _—
0 /9_4x2dz

Use substitution.
Let w =9 — 422. Then du = —8zx dx.

/ €T do — 1/—8xdw
9227 78 ) 9—a2

1 [du
- 8] w
1
=3 In |u|+C

1
:—gln |9 —42?| + C

271
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e 3 5 9 2621 6293 621’
12. In zd Ty = p2— — Qp—— 1+ Qe
/1 x° In xdx /w e T =T 5 X 1 + 3
Let w = In = and dv = 23 dz. B 22628 pe2t N o2
Use column integration. 2 2 4
D | A <§e2z+ 22627 B re2® +£) 1
Inx + x3 2 2 2 4 /1
3 e2 e e 3 1
1 — 1.4 =Ze2 4~ 4 (4
¥ 4% 5 T T T (2 +4>
(6+2-241Y) , 7
/:n?’ In zdx = 1 S Wt
7
1 1 1 — L2 1) &
= Za:‘l lnx_/(1$4 _) dx 4(6 1) =~ 11.181

1

1 )
:Zx‘llnx—z/:ﬁdx
1y L,
—43: In z 16:1: +C

/xglna:dx

1
(1, L, ‘
—<4a: Inz 16:1:)1

et et 1

—<z><1>—1—6 AT
_e4_e4 1
4 16 16
_3@4+1
16
~ 10.300

1
14. Az/ (3 + 22)e?® dx
0

1 1
= / 3e2? dx +/ r2e?® dy
0 0
2z 3 2z
/36 dr = 3¢ +C
For the second integral, [ x2e?® dx, le

dv = e2* dzx.

Use column integration.

D I

g

e

e

e

x2 +
\ 2x
2x — >
\ 2X
2 +
4
O \ . o
8

16. f(x)=2x—1,y=0, 2=3

fo)y=2x—1

T T T T <

Since f(z) = 2z — 1 intersects y = 0 at x = 1, the
integral has a lower bound a = %
3

V:ﬂ'/
1/2

(22 —1)%dx

<4x3 422 N >
= —_— —— 4z
3 2 1/2
1 1 1
=71(36—-1843—=+=-—=
t u = 22 and W( + 6+2 2)
1 1257
= 21— = | = —71 = 65.45
W< 6) o
18. f(x)=e*, y=0,z=-2, =1
1 _2gx 1
V:ﬂ'/ e dy = 25
-2 —2 -2
e ? 7r_e4 ~ w(et—e?)
-2 2 2

~ 85.55
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20. f(x)=4—-2% y=0,z=-1, x=1

1
V:W/ (4 — 2%)%dx

1

1
:w/ (16 — 822 + 21) dx

1

8x b
16 — —
= (1054 5[

8 1 8 1
:w(16——+—+16——+—)

1

3 5 3 5
16 2
32 - —
-m(32-5+3)
4067w
15
~ 85.03

22. The frustum may be shown as follows.

\

Use the two points given to find

f@) =~

2h

h 9
V—7r/0 (—ﬁx—i—r) dx
27h r 3|h
e ~gpe ) .

24. f(x)=+r+1

,a/f

T38-0 0

1 8
=§/ (x+1)Y?dx
0

= % (g) (z+1)3/2
1

\/x—l— dx

8

0

1
25(9)3/2—E(1)
1 2%
12 12 12
13
6

o) b
d
26. / z ldzr = lim @
1

b—oo J1 X
. b

= lim lnx’
b—oo

= lim Inb
b—oo

273

As b— o0, In b— oo. The integral is divergent.

& dx
28. —_
/0 (5z + 2)2

b
= lim (bx +2)~2dx

b—oo 0

b

b—oo

lim [—%(593 4 2)—1}

0

~ lim 1 [0 2zdx
R ——} . 22 +3
— lim =(In |x2+3})’

= lim %(m 3—1In |a® 4 3|)

a——00

As a——o0, 3(In 3 —In |a® 4 3|) - o0

The integral is divergent.
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36. f(x)=5000; 8 yr; 9%

8
5000 o097

8
P=[ 5000e=% dz =
/0 c T T09

0

~5000 _ ., 5000
_ 2O e 2900 698 513.76
00 ¢t o ©8%8

38. f(x) = 100e°%*, 5 yr; 11%

5 5
P = / 100e9%% . e =11 g = / 100e =997 dg
0 0

100
~ 09

~ $402.64

5
—100 100
— —.45

—.09z e
o 09 09

40. f(z) =2000; 5 yr, 12% per year

5
6'12(5) / 2000e~ 12t Jt = 6 2000 e—-12t
g — 12 .

_ o (%(6_'6 - 1))

~ $13,701.98

5

42. f(z) = 20z; 6 yr, 12% per year

6 6
e-12(6) / 20ze™12% dg = 20e 72 / xe 127 dy
0 0

Let u= zdr and dv = e~ 122,
ef.l2w
Then du = dr and v = .
—-.12
—.12x —.12x
a2e g Te [ d
/me YT T / —12
xe—.lZ:L- e—.12:c

12 ((12)2

6
206'72/ R
0

_ ope? |:_xe—.12w B e—.lzx] 6
12 (12)2 ||,
_667.72 67.72 1
= 20e7? - 0+ —
$4Z4 45[ 12 (e Ut (.12)2]

44. f(x) = CeF* where C' = 1000, k = .05
f(x) = 1000e:05*

t
Use P = / f(z)e "™ dx with r = .11 and t = 7.
0
7
P = / 1000e9%% . e~ 112 gy,
0

7
= 1000/ e=06% dy
0

1
= 1000 [ ——¢ 067
(—.066 >

1000
~ 06

7

0

(e=42 — 1) = $5715.89

b
46. / Re Ft dt
0

/ 50,000 =09 gt
0

. (50,0006-0%) b
hrn _—

b—oo —.09 0
i [20000 o 50000
b—oo | —.09 .09
o [~50.000 50,000
oo | .09e:0% .09
= $555,555.56
As b— oo, e — 00, so 200 —0.

48. f(z) = 100e95*

The total amount of oil is

o b
/ 100e=9% dz = lim 100e—-957 dz;
0

b—o00 0

_ (100e~ 05"
= lim —_—
b—o00 —.05 0

. —2000
=t (—b - 2000)

= 0+ 2000 = 2000 gal.
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10
. T=— 400 — 2522
50. (a) 10-0J, (400 5x%) dx
1 ( 259:3) 10
400
10 3 /1,
1 25
= — [400(10) — =2(10
5 |100010) - 107
= L3016.7)
- 10 '
=391.7
1 40
b) T = 400 — .2522)d
(b) 40_10/10(00 5x%) dx
1 ( 25;1:3) 40
400z —
T30 3 )l
1 25(40)3
= — | (400(40) —
55 | (100ta0) — 2525
25(10)3
- (400(10)— ( ))]
3
_ 1 (10, 666.7 — 3916.67)
300 '
=225
1 40
T—=_—_ 400 — .2522) d
(c) 00 ), (400 5x*) dx
1 2523\ |
1 (.25)(40)3
400)(40) — 20
~ 55 |w00ya0) - L2
L —[10,666.71]
)
= 266.7

Extended Application: Estimating
Learning Curves in Manufacturing
with Integrals

1. C(280) ~ C(1) - 280152 ~ 284,000 - 280152
~ $121,000

2. No; using the Change of Base formula for loga-
rithms, we have

Inr logr

b= 2T _logyr = 2T
m2 82" T og2

3. If C(z) = ax’ is a solution to the function equa-

tion C(2n) = r - C(n), then

a(2n)® =r-an®

a-20.nb=q-r-nb
20 =7 a#0,n#0
bIln2 =Inr
_lnr
" In2

Thus, choose b = iﬁ; The only condition on a is

that it be nonzero. Thus, choose a = 1.

. (a) The sum 1+ 3 + % + 7 is the area of the

region comprised of the four rectangles in the pic-
ture. The integral f15 %dm is the area of the part
of the region lying below the graph of y = % The
graph at the right shows the parts of the region
above the graph of y = % stacked vertically inside
a rectangle of height 1. The lowest point in the
shaded region is at a height %; thus, the height of
the shaded region is 1 — % Since the width of the
shaded region is 1 at its widest points, the shaded
regions lies in a rectangle of area 1 — % By obser-
vation, we see that slightly more than half of that
rectangle is shaded, so 1;2_17- is a slight underesti-
mate of the area of the shaded region.

Thus, fls Ldw + % is a slight underestimate of

x

the area of the rectangles, which is 1+ % + % + %.

)
(b) / =lnz | +-=
1 9
2
=Inb+ = ~ 2.009

1 1 1 25
ldodot-="n2
t5 3ty = 1 N 2083

The percent error is approximately

2.009 — 2.083

5083 ~ —.036 =~ —3.6%.
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MULTIVARIABLE CALCULUS

9.1 Functions of Several Variables

2. g(z,y) = —a® —day +y°

(a) g(=2,4) = —(-2)? = 4(-2)(4) + (4)°
=92

(b) g(—1,-2) = —(=1)* = 4(-1)(-2) + (-2)°
=-17

(c) 9(=2,3) = —(=2)* = 4(-2)(3) + (3)°
=47

(d) 9(5.1) = =(5)* = 4(5)(1) + (1)
= —44

vV9z + Sy

4. f(x,y) = Tog =

9(10) + 5(2)

(a) J(10,2) = ==

9(1000) + 5(0)
log 1000
/9000
3

=10v10

(c) £(1000,0) =

1 9(15) +5(5)
5.9
=

=—v25.9

276

6. v+y+2z=12

To find x-intercept, let y =0, z = 0.

r+0+0=12
r =12
To find y-intercept, let x =0, z = 0.
y=12

To find z-intercept, let x =0, y = 0.
z =12

Sketch the portion of the plane in the first octant
that contains these intercepts.

12 X+y+z=12

X

CAr+2y+32=24

z-intercept: y =0, 2 =0
dr =24
=06
y-intercept: z =0, 2 =0
2y =24
y=12
z-intercept: * =0, y =0
3z=24
z=28

Sketch the portion of the plane in the first octant
that contains these intercepts.

4x +2y+3z=24
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10.

12.

14.

Functions of Several Variables

y+z2=>5

z-intercept: y =0, 2 =0
0=5
Impossible, so no z-intercept
y-intercept: x =0, 2 =0
Yy=2>5
z-intercept: x =0, y =0
z=95

Sketch the portion of the plane in the first octant
that contains these intercepts and its parallel to
the x-axis.

z2=3

No z-intercept, no y-intercept

Sketch the portion of the plane in the first oc-
tant that passes through (0,0,3) parallel to the
xy-plane.

T+3y+22=28

If z =0, we have x + 3y = 8. The level curve is a
line in the zy-plane with an z-intercept of 8 and
a y-intercept of %.

If 2 =2, we have x + 3y = 4. The level curve is a
line in the plane z = 2 passing through the points
(4,0,2) and (0, 3,2).

If z =4, we have x + 3y = 0. The level curve is a
line in the plane z = 4 passing through the point

(0,0,4) on the z-axis.

277

Sketch segments of these lines in the first octant.

16. 2y — — =2

3

If 2 =0, we have y = %x2. The level curve is a
parabola in the xy-plane with vertex at the origin.
If z = 2, we have y = 222 + 1. The level curve is
a parabola in the plane z = 2 with vertex at the
point (0,1, 2).

If z = 4, we have y = %332 + 2. The level curve is
a parabola in the plane z = 4 with vertex at the
point (0,2,4).

Sketch portions of these curves in the first octant.

—_
IR
I
[«=R S

O N BE X O DL

2345678*%

. z-intercept: y =0,2=0 (a #0)

ar =d

d

T =-

a

y-intercept: © =0,2=0 (b#0)

by=d

_d

Y7

z-intercept: £ =0,y =0 (c#0)

cz=d
d
z=—-
c
If d # 0, then for the plane to have a portion in
the first octant, one of %, %, or % must be positive,
so at least one of a, b, or ¢ must have the same sign

as d.
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22.

24.

26. z = 5(z2 +9?) /2 =

If d = 0, then the trace in the zy-plane is the line

_ b : : _ c
x = —y, the trace in the yz-plane is y = —7z,
and the trace in the wz-plane is ¥ = —22. —£,
—4, or —g must be positive, so a,b, and ¢ cannot

all have the same sign.

2?2 =1
If z =0,
- +a?) =1.

This is impossible so there is no xy-trace.
If x =0,
22—y =1
yz-trace: hyperbola
If y =0,

22—zt =1.
xz-trace: hyperbola

The equation is represented by a hyperboloid of
two sheets, as shown in (f).

2 =y? —a?

If z=0,
22 = y?
T = *ty.

xy-trace: two intersecting lines.
If x =0,
z =y

yz-trace: parabola, opening upward
If y =0,

z = —a.
xz-trace: parabola, opening downward
Hyperbolic paraboloid

Both (a) and (e) are hyperbolic paraboloids, but
only (a) has traces described by this function.

_5

Va4 y?

Note that z > 0 for all values of x and y.
xz-trace: y =0

28.

Chapter 9 MULTIVARIABLE CALCULUS

This gives one branch of the hyperbola zz = 5,
where z > 0 and « > 0, and one branch of the
hyperbola xz = —5, where z > 0 and = < 0.

Z

yz-trace: x =0

This gives one branch of the hyperbola yz = 5,
where z > 0 and y > 0, and one branch of the
hyperbola yz = —5, where z > 0 and y < 0.

e

Level curves on planes z = k, where k > 0, are

5
k= ——
Va2 42
25
$2 +y2 = ﬁ

These are circles with centers (0,0, k) and radii 2.
The graph of z = 5(x? +y?)~ /2 is (d).

flz,y) = 723 + 8y?
f(x+h,y) _f(ajvy)

(@) )
[7(x + h)? + 8y?] — (723 + 8y?)
- h
B 723 + 2122h + 21zh? + Th3 — 723
h

= 2122 + 21xh + 7Th?
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30.

Functions of Several Variables

f(a:,y—i—h)—f(x,y)

(b) W
(723 4 8(y + h)?] — (72® + 8y°)
- h
8y? + 16yh + 8h? — 8y?
- h
=16y + 8h
. fl@+hy) = flz,y)
(c) fim h

= ’llir% (2122 + 21xh + Th?)

= 2122 + 212(0) + 7(0)?
= 2122

(:U,y—i—h)—f(a:,y)
h

= %iH(l) (16y + 8h)
= 16y + 8(0)
= 16y

@ fim

A linear regression on the y = 0 column gives
fo(z) = 4.019 4 1.989z.
The y = 1 column gives

fi(x) = 7.045 4 1.98z.
The y = 2 column gives
fa(x) = 9.978 4 2.013x.
The y = 3 column gives
fa(z) = 12.989 + 2.019z.

Use the nearest integer values.

fo(z) = f(2,0) =4+ 2z
=a+ bx + ¢(0)
=a+bx

filz) = flx, 1) =742
=a+bx+c(1)
=a+bx+c

fa(z) = f(2,2) =10 + 22
=a+bx+c(2)
=a+ bxr+ 2c

fa(x) = f(2,3) =13+ 2z
a+ bx + ¢(3)

=a+bx+ 3c

279

Thus, b = 2 and we have

4=a

T=a+c
10=a+2c
13 =a+ 3¢

soa=4and c=3.

flz,y) =4+ 2x + 3y

32. M = f(25,.05,.28)

34.

36.

38.

~(14.05)%(1 — .28) + .28
1+ (1— .28)(.05)]%

~1.12

Since M > 1, the IRA account grows faster.

z = .’I}'7y'3 and Z = 5007 S0 500 = I'7y'3~
500 500
3 3/10 __
Y —F or y/ _.CE7/10
/500 \'"* 9.9.108  10°
Y= 27/10 e
y
2000+
1500+
1000+
500+
S R
0 500 1000 *
2= Ty

If = is doubled, z is multiplied by 27, or approxi-
mately 1.6.

If y is doubled, z is multiplied by 23, or approxi-
mately 1.2.

If both are doubled, z is multiplied by 27 - 23 =
210 = 2. Thus, z is doubled.

_25(T —F)

m
w67

25(38-6) _
~2.5(40 — 20)

(b) m= (135 ~ 4.02
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40. A = 2020425 [[-725 ) L2
D 5
_ 425 25 o 2 2
(a) A =.202(72)*°(1.78) 1.89 m - gD
b) A= .202(65)42°(1.40)7%° ~ 1.52 m? 2
(b) (65)2°(1.40) m 2
_ 425 725 2
(c) A=.202(70)*°(1.60)"* ~ 1.73 m =15
(d) Answer will vary for each person. f ( 5,3.75)
(1.5)2 + (3.75)2
~ 4.04
42. N(R,C) =329.32+ .0377R — .0171C ) . .
The length of the ellipse is approximately 4.04
(a) N(141,319,37,960) inches, and its width is 3.75 inches.
= 329.32 4 .0377(141,319)
—.0171(37,960) . . .
~ 5008 9.2 Partial Derivatives
Approximately 5008 deer were harvested in Tus- 2. 2= g(x,y) = bx + 92%y +
carawas County. dg
-2 _ 1
o (a) e 5+ 18zy
0
(b) a—g =922 + 2y
0z dg
—(=3,0) = ==(-3,0) = 9(—3)? +2(0
(6) Fo(=3.0) = 52(=3,0) =9(-3)? +2(0
=81
(@) 0:(2.1) = 22(2,1) = 5 +18(2)(1) = 41
4. f(z,y) = 4a®y — 9y°
fo(x,y) = 8y
fy(z,y) = 4a® — 18y
44. The girth is 2H + 2W. Thus, fz(2,—1) =8(2)(—=1) = —16
£,(~4,3) = 4(—4)> ~ 18(3) = 10
LW, H)=L+2H+2W.
it ) 6. f(z,y) = —22%y*
fa(z,y) = —4932/
46. f(H, D) =+vH?+ D? with D =3.751in fy(qj7 y) —83;'
y e i -
(@) 5=7 fy(=4,3) = =8(~4)*(3)* = —3456
— 2z+y
o3 8. flay) =364
4 fa(z,y) = 6=
3 fy(z,y) = 3e*+Y
—(3.75 yr o
4< ) fe(2,-1) = 621 = 6e
H =2.8125 fy(—4,3) = 36203 = 3¢5
£(2.8125,3.75) .
= /(2.8125)% ¥ (3.75)2 10. f(z,y) =8e™™¥
~ 4.69 fo(,y) = 56
fy(z,y) = —8e™Y
The length of the ellipse is approximately 4.69 in, fe(2,—1) = 567~ (1) = 56¢15

and its width is 3.75 inches. fy(=4,3) = =87+ =3 = _ge=31



Section 9.2  Partial Derivatives

12.

14.

16.

3 2,3
fla,y) = xf—f/yQ
2 + PANE 6 3 _ 3 2,3, 2
fulayy) = G ey
_ bay®
- (xQ +y2)2
2+ 2.922_323.2
~ 9zty? + 3a2%y?
-~
_62)(=1)°
J2 20 = o cipp
12
25
_9(=4*(3)* +3(=4)*(3)*
WA = T e app
24,624
625
fx,y) =1n 225 — 2yt
1
folz,y) = T2 — gt (10z* — y*)
_ 102* — 4
225 — oyt
1
fy(z,y) = m (—4ay®)
—4xy3
o225 — oyt
__
oyt —2gt
_10@) - (1)
R0 = 5y
159
T 62
_ 4B
fy(—4,3) = BT =207
108
431
fz,y) = yPer 3

ff (ﬂ?, y) = y26$+3y
fy(a,y) =y - 3™ et . 2y
=y (3y +2)
fo(2,-1) = (=1)%e*H3C1 = ¢!
fy(=4,3) = 3e~4+3G)[3(3) + 2]
= 335

281

18. flz,y) = (T2? + 18zy> + y3)/3

o y) 14z + 18y?
z\T, = -
Y 3(Tx? + 18xy? + y3)2/3

Fo(z,y) = 36y + 3y>
nhy = 3(Tx? + 18xy? + y3)2/3

14(2) + 18(—1)?

fo(2,-1) = 3(7(2)2 + 18(2)(—1)2 + (—1)3)2/3
46
~ 3(63)2/3
36(—4)(3) + 3(3)?
Jo(=4:3) = 3(7(—4)2 j(u 18)((—31)(3)g l (3)3)2/3
135
~ T (509)2/3

20.  f(x,y) = (7e"t 4 4)(e” + 42 +2)
fo(m,y) = Te* T2 (63”’2 +y2+2)
+ 2ze”” (Te™+2Y 4 4)
Fyl,y) = 14em+20(e”” 4y 4+ 2)
+ 2y (Te™ T2 4 4)
(2, 1) = 77202 4 (<1)2 +2)
+2(2)e?’ (Te2+2(=D) 4 4)
= 7e%(e* + 3) + 4e*(7e" + 4)
= 51et 4 21
fy(—4,3) = 14e=41203) (-9 4 32 1 9)
4 2(3)(Te420) 1 4)
= 14e?(el® +11) + 6(7e% +4)

22. g(x,y) = bxy* + 823 — 3y

gz (z,y) = by* + 2422
Juz(2,y) = 482
oy (2, y) = 20y°
gy(x,y) = 20zy> — 3
Gyy (@, y) = 602y>
Gy (2, y) = 20y°

he(z,y) = 102y + 12y
h:c:c(xvy) = 10y
hay(x,y) = 10x + 24y
y(z,y) = 30 4 5a? + 24zy
hyy(z,y) = 24z
hys(x,y) = 10z + 24y
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26. k(z,y) = — 0 — _5y(z + 29)~
) ’ x+ 2y
oY
ko (2, ) = 2y) 2= —2__
(z,y) = 5y(z + 2y) EFTmE
(x +2y)(=5) — (-Hy) - 2
k p—
—5x
- 2) 2
CESTE Sx(x + 2y)
—10y
xx\ L) =-1 2) % = ———=
v (,y) Oy(z + 2y) (z + 2y)3
) 20x
_ -3 .9 _
kyy(x,y) = 10x(x +2y)™° -2 = EFTE
(xr+2y)?-5—5y-2(z +2y) -2
k{L’ ) =
y(x Y) (z + 2y)3
b5z — 10y
C (r+2y)
~ (z+2y)? - (=5) — (—5x) - 2(z + 2y)
k’ya:(l’;y) = (1, T 2y)4
5z —10y
- (z+2y)?
28. z = —3ye”
z(x,y) = —3ye”
Zyx (93’3/) = _3yez
ny(xay) = —3¢”
zy(z,y) = —3€”
Zyy(xa y) =0
Zyz(x,y) = —3€”
30. k =1n |5z — Ty|
5
ks = = —Ty)~ !
(@,9) = 57— 7 5(52 — Ty)
ky(z,y) = il =—7(5x — Ty)~!
v\ Y = Ty Y
krr(‘r,y) = 75(5:6 - 7)72 -5
—-25
= —2 — -2 -—
5(5x — Ty) or e
kyy (z,y) = 7(52 — Ty) =2 - (=7)
—49
= —4 — —2 e EE————
9(5x — Ty) or Gr—Ty)°
kry(x7y) = —5(5$ - 7)_2 . (_7)
35
= 35(5x — Ty) 2 Y
(52 —7y) or (5x — Ty)?
k‘ya:(xay) = 7(5‘77 - 7:’/)72 ’ (5)
35

_ =2
= 35(5z — Ty) or B = 7y)°
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32. z=(y+1) In |2%y|
=+ 1)@ In [z +n |y|)
o) = - (307)

3(y+1)

=3 Yy+1)

zy(z,y) =(y+1)- (i) +Blnaz+lny)-1

+1
:yT+31n|x|+ln|y|

—3y+1
Zxx(xay) = _3‘7772(y + 1) = %
y-lf(erl)-l 1
Zyy(T,y) = 12 +§
771+1
vy
3
() =301 =2
1 3

34. f(z,y) = 5044z — 5y + 2> + > +ay
folw,y) =442z +y, fy(z,y) = -d+2y+2

Solve the system

442x+y=0
—5+x+2y=0.

Multiply the second equation by —2 and add.

4+2z+ y=0
10 -2z —4y =0
14 —3y=0
14

V=3

Substitute into the second equation to get x =
—1,—33. The solution is = = —%w = 1?

36. f(x,y) = 2200 + 2723 + T2zy + 8y>
fo(x,y) = 812% + 72y, fy(x,y) = 72z + 16y

Solve the system

8lz2 +72y=0 (1)
72¢ + 16y =0. (2)

Divide equation (1) by 9 and equation (2) by 8.

922+ 8y=0 (3)
9z + 2y=0 (4)
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From equation (4), y = — 3. 42. f(z,y,2) =In |8a¢y + byz — :U?’{
Substitute into equation (3). )
o(T,y,2) = —————— - (8y — 3a?
2 ol ) = g (50— 327)
9x* — 362 =0 ,
9z(r —4) =0 _ 83z
=0 or z=4 8xy + Syz — a3
1
- (8245
Sincey:_gx fy(xayvz) 8xy+5yz—m3 ( T + Z)
o B 8x + 5z
ifr=0,y=0 8wy +5yz — 2
b) b 1
fz(mayvz) =—7-5y
ifx =4, y=—2(4) = —18. 8zy + byz — a3
2 - 5y
-~ 8xy + byz — a3
The solutions are x = 0,y = 0, and = = 4, vy 3
y=—18. e Z):(837?/+5y2—33)'5—(8x+52)-5y
v\B Y (8zy + byz — x3)?
. —5a3
38. f(x,y,2) =32° — 22 +¢° (8zy + byz — a3)?
fx(‘r,yv Z) = 152" — 2; fy(xa Y, Z) = 53/4;
fa(,y,2) = 0; fyz(2,y,2) =0 44. f(x,y) = (v +y?)>=ty
40 B 222 + 2y h—0 h
@y 2) = Yz — 2 We will use a small value for h. Let A = .00001.
1
= 2° (2,1
7 o2 ) f2(2,1)
= (222 + zy)(yz — 2)~! _ £(2.00001,1) - £(2,1)
.00001
fol@,y,2) = ——(4z +) (200001 4 12)2E0000 11 _ (3 1 12)22)+1
yz =2 - 00001
4
e (3.00001)5:00002 _ 35
yz —2 A~
(7 —2) - — (2% + 23) 200001
_(yz—=2)-x— (22" tay) -2 ~
fy(z,y,2) = 72 ~ 938.9
—233—23322 (b)f(2 1)*11111 f(271+h)7f(271)
= —-— y B =
(yz — 2)2 h—0 h
foz,y,2) = —(22% +2y)(yz — 2) "2 -y Again, let h = .00001.
_ @y +ay?) £,(2,1)
(yz —2)?
 £(2,1.00001) — f(2,1)
fy=(2,y,2) .00001
[2 4 (1.00001)2]2(2)+1.00001 _ (9 4 12)2(2)+1
_ (yz— 2)2(—22?) — (—2x — 22%2) - 2(yz —2) -y - 00001

—9)4
e =2) __[2+(1.00001)2]5-00001 _ 35

.00001

B 42 + dxy + 223yz
B (yz —2)3 ~ 1077
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46. R(z,y) = 522 + 9y? — 4y

(a) R(9,5)=5(9)>+9(5)* — 4(9)(5)
= 450
R.(9,5) = 10(9) — 4(5) = 70
R would increase by $70.

(b) Ry(z,y) =18y —4x
R,(9,5) = 18(5) — 4(9) = 54

R would increase by $54.

48. P(x,y) = 100y/22 + y2

= 100(z? + )2,

where x is labor, y is capital.

oP 2 a1 100z
= =
(a) 5 50(x* + y*) x Nrerwr
8—P( ,3) = —1020(4) = = 80 units
%7}—’ W) 100
b) & —50(22 4+ 2)"1/2 .9y = ——F
8—P( ,3) = _1008) = 60 units
5z D7+ o)

50. z = 2"y, where z is labor, y is capital.
Marginal productivity of labor is

0z
— =Tz 3y3.
ox Ty

Marginal productivity of capital is

0
gz _ 3Ty

.y
Oy '

52. f(z,y) = 32'/3y?/3, where z is labor, y is capital.

2/3 2/3
2323 Y (Y
(a) fm(:ray) x y .7:2/3 (x)

— — = 1.5625
64 ’

125\*° 25
16

£2(64,125) = (

which is the approximate change in production (in
thousands of units) for a 1 unit change in labor.

fy(@,y) = 221/3y~1/3
X

1/3 . (x)1/3
y/3 y

64\ 8
14125) =2 — ) =2-1.
1(64,125) (125) 5 =10

=2
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which is the approximate change in production (in
thousands of units) for a 1 unit change in capital.

(b) Increasing to 65 units of labor would result in
an increase of approximately
25

1_6(1000) ~ 1563 batteries.

(c) An increase of approximately

1
?6(1000) = 3200 batteries

would be the effect of increasing capital to 126
while holding labor at 64. Increasing capital is
the better option.

54. m(T, F,w) = 2.5(T — F)w=°%"
=2.5Tw =57 — 2.5Fw—67

(a) Increasing T from 38°C to 39°C while F re-
mains at 12°C and w remains at 30 kg results in
a change in oxygen consumption of

mr(38,12,30) = 2.5w%7
= 2.5(30) 67
~ .256.

(b) Increasing F' from 14°C to 15°C while T re-
mains at 36°C and w remains at 25 kg results in
a change of oxygen consumption of

mp(36,14,25) = —2.50w =67

= —2.5(25—67)
~ —.289.
56. C(a,b,v) = b =bla—v)!
. a,b,v) = P a
200
_ 200
- 35
~ 5.71

(b) Cu(a,b,v) = —bla—v)~2-1

b
- (a —v)?
C,(160,200,125) = _(1602—¢125)2
200
T35
~ —.163
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(c) Cy(a,b,v) = (a—v)~?

Cy(160, 200, 125) = (160 — 125)~!
1
~ 35
~ .0286

(d) Cy(a,b,v) =—bla—v)"2-(-1)

b
" (a0
200
C, (160,200, 125) = 60 125
200
= 352
~ .163

(e) Changing a by 1 unit produces the greatest de-
crease in the liters of blood pumped, while chang-
ing v by 1 unit produces the same amount of in-
crease in the liters of blood pumped.

703w
58. B(w,h) = 2
703(220)
B(220,74) = ———— =2
oB 703
b) — = —
(b) ow h?
8_B _ —=2(703)w 1406w
oh h3 N h3
Since g—f} is positive, as w increases, so does B.
Since % is negative, B decreases as h increases.

(c) If wy, and hy, represent a person’s weight and
height, in kilograms and meters, respectively, then
Wy, = 4555w, where w is weight in pounds, and
hy = .0254h, where h is height in inches. To

transform the formula B = 7%32’” to handle metric

inputs, make the substitutions w = 2= and h =

hop
.0254

_ 703z 703(.0254)° wn

o 22 72
(.(})254) 4555 i

m

703(.0254)>
4555

Wiy
.
hi

Since ~ .996 ~ 1, use B,, =

285

l
60. p(l.t) =1+ —(1—27t/5
p(l,1) +33( )

(a) p(33,10) =1+ %(1 — 2-10/5)

=1+ (1)(1-272)
3

=1 —
+4

=1.75

The pressure at 33 feet for a 10-minute dive is 1.75
atmospheres.

(B)  pill1) = 55(1-2779)

p(tt) = g5(-(m2) (~3277))

= ()27

1 1 (3
33,10) = —(1—-271/%) = — (=
pi(33,10) 33 ) =133 (4>
~ .023 atm/ft

Increasing the depth of the dive by 1 foot (to 34
feet), while keeping the dive length at 10 minutes,
increases the pressure by approximately .023 at-
mospheres.

33
p:(33,10) = ﬁ(1r12)(2*10/5)

Lo
“0 "

~ .035 atm/min

Increasing the dive time by 1 minute (to 11 minutes),
while keeping the depth of the dive to 33 feet in-

creases the pressure by approximately .035 atmospheres.

(c) Solve p(66,t) = 2.15

66
1+ —(1-2"t5%) =215
2(1—-271%) =1.15
1—27t/5 = 575

[

2-t/5 = 495

—%1n2 = 1n .425

5In.425
In2

t~6.17

The maximum dive length is 6.17 minutes.



286 Chapter 9 MULTIVARIABLE CALCULUS

62. (a) £(90,30) ~ 90 ) _ Tty
66. w(x,y) e
(b) f(90,75) ~ 109 (a) w (50,000, 150,000)
(c) £(80,75) ~ 86 ~ 50,000 + 150,000

(50,000)(150,000)

ok
£(95,30) — £(90, 30) (186,282)2

(d) fr(90,30) ~

5 ~ 164,456
~ 9 -9 _ 1 The rocket is traveling 164,456 m/sec relative to
5 the stationary observer.
(e) fu(90,30) ~ {0039~ S0, 30) (b) w, = L H) &ty
) r =
92 —90 i (L+ %)2
~ = 4 Ty Ty y2
1+ 2)°
£(95,75) — £(90,75) (1+ 3
f 90,75) =~
( ) fT( ) ) 5 1— (H)Q
130 — 109 =
N =42 (1+ %)

1(90.80) — £(90.75) w, (50,000, 150,000)

(g) fH(907 75) ~

5 1— (150.000)2
Jlu-109 _ O~ 238
~N— = (50,000)(150,000)

5 (1 + (186,282) )

64 £ ) = 003a + 1(sn)"/2 The instantaneous rate of change is .238 m/sec
. p= f(s,n,a) = .003a + .1(sn

per m/sec.
(a) £(8,6,450) =.003(450) + .1[(8)(6)]"/* () wle,e) = —St¢ X _,
= 1.35 + .1(48)1/2 14 a2
= 2.0428 The speed is the speed of light, c.
p =~ 2.04%
(b) f(3,3,320) = .003(320) + .1[(3)(3)]"/* 9.3 Maxima and Minima
= .96+ .1(9)/2 =1.26
p = 1.26% 2. f(z,y) =4xy +8x — 9y
1 fe(z,y) =4y +8, fy(z,y) =42 -9, fa(z,y) =0
() fn(s,n,a) =.003(0) + .1 [5(371)1/2(5)} and fy(x,y) = 0 when
dy+8=0
1 1 y=—2
e —_ /2
f3.3,30) =1 (3 ) [BE]26) NP
1 1 9
Pn = .05% fea(2,y) = 0, fyy(2,9) =0, fay(w,y) =4
fa(s,n,a) = .003 for all ordered triples (s,n,a). Hince
Therefore, p, = .OO??%. Dn = .05% is the rate of D=t 97_2 o g,_2 e 27_2
change of the probability for an additional semester 4 4 4
of high school math. =0.0-42=-16<0,

Pa = -003% is the rate of change of the probability
per unit of change in an SAT score. (%, 72) is a saddle point.
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4. f(z,y)=2*>+ 2y +y> — 62— 3
fo(z,y) =22 +y -6, fy(v,y) =z +2y

224+ y—6=0
T+ 2y =0
2z4+ y—6=0
—2z — 4y =0
—3y—6=0

y=-—2
x+2(-2)=0
r=4

foa(@,9) = 2, fyy(2,y) =2, foy(z,y) =1
D=2-2-12=3>0and fy.(z,y) >0
Relative minimum at (4, —2)

6. f(z,y) =2 +zy+y>+ 32— 3y
fo(z,y) =20 +y+3, fylv,y) =2+2y—3

22+ y+3=0
r+2y—3=0
2+ y+3=0
—2r—4y+6=0
—3y+9=0
y=3

z+23)-3=0
r=-3

fea(2,y) =2, fyy(2,y) =2, fay(z,y) =1
D=2-2-12=3>0and fu(x,y) >0
Relative minimum at (—3,3)

8. f(x,y) =5ry —Tz? —y? + 32 — 6y — 4
fa(z,y) = by — 4o+ 3, f,(z,y) =5z —2y—6

oy — 14z +3=0
—2y+ d5z—-6=0

10y —28z+ 6=0
—10y +25x —30=0
—3x—24=0

Tz =-8

—2y+5(-8)—6=0
—2y =46
y=-23
Jea(z,y) = —14, fyy(xvy) = -2, f¢y($ay) =9
D= (-14)(-2) = 5*=3 >0 and f..(z,y) <0

Relative maximum at (—8, —23)

287

10. f(z,y) =22 +2y+3x+2y—6

20 +y+3=0
z+2=0
r=-2

2(-2)+y+3=0
y=1
foa(@,y) = 2, fyy(2,9) =0, fay(2,y) =1
D=2-0-12=-1<0
Saddle point at (—2,1)
12. f(z,y) =22+ ay+y*>-32-5
fol@,y) =20 +y =3, fy(z,y) =2 +2y

20+ y—3=0
T+ 2y =0

2v+ y—3=0
—2z — 4y =0
—3y—-3=0
y=-—1

x+2(-1)=0
T=2
foa(@,y) = 2, fyy(@,y) =2, fay(2,y) =1
D=2-2-12=3>0and f..(z,y) >0
Relative minimum at (2, —1)
14. f(x,y) = 523 + 2y* — 60ay — 3
fo(z,y) = 1522 — 60y, f,(z,y) =4y — 60z

1522 — 60y =0 (1)
dy —602=0 (2)

Divide equation (1) by 15 and equation (2) by 4.

22 —4y=0 (9)
y—150=0 (4)

Solve equation (4) for y.
y =15z

Substituting in equation (3), we have
2?2 —4(152) =0
22 — 60z =0

=0 or x=060
y=0 or gy =900.
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16.

18.

fmr(may) = 30z, fyy(xvy) =4, fzy<$vy) = —60
At (0,0),
D=0-4- (760)2 = —3600 < 0.

Saddle point at (0,0)
At (60,900),

D = 1800 - 4 — (—60)?
= 3600 > 0 and fy,(x,y) > 0.

Relative minimum at (60, 900)
flx,y) =322+ Ty? — 42xy +5
folz,y) = 62 — 42y, fy(z,y) =21y* — 422

6r —42x=0 (1)
21y? — 422 =0 (2)
Divide equation (1) by 6 and equation (2) by 21.

x—Ty=0 (3)
P -2=0 (4)

Solve equation (3) for .
r="Ty

Substituting in equation (4), we have

y> —2(Ty) =0

y2—14y =0
y=0 or y=14
r=0 or x=98.

fmm(may) =6, fyy(may) = 42ya fmy(xvy) = —42
At (0,0),
D=6-0—(—42)2 = —1764 < 0.

Saddle point at (0,0)
At (98, 14),

D =6-588 — (—42)2
=1764 > 0 and [, (z,y) > 0.

Relative minimum at (98, 14)
flwy) =2 +e

falz,y) =22, fy(z,y) = e

The latter equation has no solutions. There are
no extrema and no saddle points.

Chapter 9 MULTIVARIABLE CALCULUS

22, z = Ly 4 2L
c2=3Y 29 Yy 16
0z oz 3 3
—~Z —=_9 _:___2_ 2
B WGy T2V T
—2z2y =0
z=0 or y=
3 3, 9
222429
2 2V 77
If x =0,
3 3,
222 —0
2~ 2Y
y = =£1.
If y =0,
3
5-3)2:0
N ER()
2 2
822__2 & B 0%z _ oy
oz Y Oy? v oyox

2

0°z

1
1L
16 16

_|_

z =

N W
N —

Relative maximum of 175 at (0,1)

At (0,-1),
9%z
D=6>0and =— =2>0.
> 0 an 72 >
3 1 1 15

TR T 16

Relative minimum of —12 at (0, —1)
At (i@,o) . D=—6<0.

Saddle points at (\/76,0> and (—@,0)

The correct graph is (d).
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1
24. z = 2% — 3y* + 62y + 6
0z

0
E 6224 6y2, £ = 1243 + 122y
or oy

—622+ 6y =0 (1)
—12y3 + 122y =0 (2)

Divide equation (1) by 6 and equation (2) by 12.

—2?4+y*=0 (3)
PP +ay=0 (4)

Solve equation (3) for y. Substitute y = +x in
equation (4).

If y =z,
22422 =0
—23(-x+1)=0
z=0 or x=1.
Ifx=0,y=0.
fx=1y=1
Ify=—x,
2 —22=0
2?2z —-1)=0
=0 or z=1.
Ifx=0 y=0
fx=1 y=-1.
0%z 2z 5
0%z
— =12
Oyox Y

D = (—122)(—36y2 + 122) — (1242

At (0,0), D =0, which gives no information.
At (1,1),

D = —12(—36 +12) — 144

=144 >0and 2% = —12 < 0.

11
= 2-34+6+—=1—
: AR TRRT:

so there is a relative maximum of 17 at (1,1).

At (1,-1),

D= —12(—36 +12) — 144
_ 8%z _
—144>Oandw——12<0,

so there is a relative maximum of 1% at (1,-1).
The correct graph is (c).

289
4 2 1
26. z = —y" +4zy — 22 +E

— =4y — 4z, —Z:—4y3+4x
Or Y

dy—4x=0 (1)
—4y3+4x =0 (2)

Divide equation (1) by 4 and equation (2) by —4.

y—z=0 (3)
P +r=0 (4)

Solve equation (3) for y.

Substituting, we have

—234+12=0
z(—2?+1)=0
r=0 or z=1 or xz=-1.

Ifz=0,y=0.
Ifa=1y=1.
Ifae=-1y=-1
0%z 0%z 0%z
— =4, — =127 =4
Ox? T Oy? y’@yam

D = —4(—12y2) — 42 = 48y% — 16

At (0,0), D = —16 < 0.
Saddle point at (0,0)
At (1,1) and (—1,-1),

D =48 —16 =32 > 0 and

9%z
2

Pz _4<0,

Relative maximum of 14- at (1,1) and at (—1, —1).
The correct graph is (f).



28. f(z,y) =2+ (z —y)?

fo(@,y) =322 +2(x —y), fy(z,y) = —2(x—y)

322 +2xr -2y =0
—2x +2y =10

322 =0

=0

0+2y=0
y=20

fra(w,y) = 62 + 2, fyy(xay) =2, fzy(xvy) =-2
D= (6x+2)(2) — (—2)2 =12z

At (0,0), D =0, which gives no information. Ex-
amine the graph of z = 23 + (z — y)?: in the yz-
plane, the trace is z = y?, which has a minimum at
(0,0,0); in the xz-plane, the trace is z = 2 + 22,
which has a minimum at (0,0,0).

But in the plane y = z, the trace is z = 2, which
has neither a maximum nor a minimum at (0, 0, 0).
So the function has no relative extrema. Notice
the orientation of axes in the following figure: This

is a back view.

Fe,y) =x3+(x —y)?

30.  S(m,b) = (mx+b—y)?
S (m,b) =Y " 2(ma +b—y)}(x)
=2 (ma®+ bz — zy)
Sp(m,b) = 2(ma +b — y)(1)
=2 (ma+b—y)
If S, (m,b) = 0, then
2 (ma? + bz —ay) =0
D (ma?)+ > (br) =Y (xy)
O a?)m+Y (@)= (zy). (1)

32.
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If Sy(m,b) = 0, then

ZZ(mm—l-b—y):O

Y (ma)+Y ()= y=0

Equations (1
of equations.

O b+ (D _a*)ym= wy
nb+(Zx)m: Zy

P(z,y) = 1000 + 242 — 2> + 80y — y?

A critical po

Px(l;(x7y) = -

(Zx)m+ nb = Zy (2)

) and (2) give us the following system

P.(x,y) =24 — 2x

24 —2x =0
80 -2y =0
12=x
40=y

int is (12, 40).

2a Pyy(xay) = 72a P.Ey(xvy) = O

For (12,40),
D=-2(-2)—0>=4>0.
Since Py (x,y) <0,

P(12,40) = 1000 + 24(12) — (12)2
+ 80(40) — (40)2
= 2744.

The maximum profit is $274,400.

34. C(z,y) = 222 + 3y* — 22y

+ 2z — 126y + 3800
Cr=4x—2y+2
Cy =6y — 2z — 126
0=4x —2y+2
0 =6y —2x— 126
0= 2z— y+ 1
0= —2z + 6y — 126

0= by — 125
y=25
0=2rx—-25+1

If y =25, x =12.
(12,25) is a critical point.
Cre (x7 y) =4

Cyy(z,y) =6
C:ry(x7y) = -2
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36.

Maxima and Minima

For (12,25),
D=4-6-4=20>0.

Since Cyy(x,y) > 0, 12 units of electrical tape
and 25 units of packing tape should be produced
to yield a minimum cost.

C(12,25)
=2(12)2 + 3(25)2 — 2(12 - 25)
+2(12) — 126(25) + 3800
= 2237

The minimum cost is $2237.

P(x,y) = 36y — 2° — 8y
P.(z,y) = 36y — 322
P,(z,y) = 36z — 24y
Py(z,y) =0
36y — 322 =0
36y = 322
1
Py(,y) =0
362 — 24y% — 0
362 — 2412

2
_Z.2
T=3Y

Use substitution to solve the system of equations

y 2

—y3 1= or

38.

291
2 2
Ity =32=2(3)”=6

2
Ity =0a=3(0)?=0.

The critical points are (6,3) and (0, 0).

P, (z,y) = -6z
Pyy(z,y) = —48y
ny(x, y) = 36
Py, (6,3) = —36
P,,(6,3) =—144
P,,(6,3) =36

D = (—36)(—144) — (36)2 = 3888

Here D > 0 and P,, < 0, so there is a relative
maximum at (6, 3).

Pyy(o, 0)=0
P,,(0,0) = 36

D=0-0-36%=—-1296
Since D < 0, there is a saddle point at (0, 0).
P(6,3) = 36(6)(3) — (6)° — 8(3)°

= 648 — 216 — 216

=216

So 6 tons of steel and 3 tons of aluminum produce
a maximum profit of $216,000.

P(a,r,8) = a(3r?2(1 —r) +73) + (1 — )
(3s%(1 — 8) + 83)

(a) P(.9,.5,.6) = .9(3(.5)%(1 — .5) + (.5)%)

+(1-.9)(3(:6)%(1 — .6) + (.6)%)
= .5148
P(.1,.8,.4) = .1(3(.8)%(1 — .8) + (.8)%)

+(1—=.1)(3(:4)2(1 — .4) + (.4)®)
4064

The jury is less likely to make the correct decision
in the second situation.

(b) If r = s = 1 then P(a,1,1) = 1, so the jury
always makes a correct decision. These values do
not depend on «, but in a real-life situation « is
likely to influence r and s.
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(c) When P reaches a maximum, P,, P,, and P
equal 0.

P.(a,r,8) =3r2(1 —r) + 13
— (358%(1 — 5) + 5%)
=3r? —2r3 — (352 — 25%)

P.(a,7,8) = a(6r(l —r) — 3r2 + 3r?)
= 6ar(l —r)
Py(a,r,8) = (1 — a)(6s(1 — s) — 3s® + 3s%)
=6s(1 —a)(1—s)
Py(a,r,s) =0 when r=s.
Since P.(a,r,s) = 6ar(l —r), and Ps(a,r,8) =
6(1 — a)s(l — s), then P,, P, and Py are simul-
taneously 0 at the points (o, 1,1) and (a, 0,0). So
(a,1,1) and («, 0,0) are critical points.
P(a,0,0) =0 while P(a,1,1) =1

Since P(«, r, s) represents a probability, 0 < P(a,r,s) <

1. Thus, P(«,1,1) = 1 is a maximum value of the
function.

9.4 Lagrange Multipliers

2. Maximize f(x,y) = 4xy + 2,

subject to x +y = 24.
Lg(x,y) =z+y—24
2. F(z,y,\) =day +2 — MNa+y—24)

3. Fp(z,y,\) =4y — A
Fy(z,y,\) =4z — A
F,\(l‘,y,)\) :—(l‘+y—24)

4. dy—-)2=0

dr—A=0

r+y—24=0
5. A =4y and A = 4x

4y = 4x

y=x

Since x+y—24 = 0 and y = x, we have 2x—24 = 0,
so x =12 and y = 12.
The maximum is f(12,12) = 4(12)(12) +2 = 578.

. Maximize f(z,y) = 4232,

subject to 3x — 2y = 5.
1. g(xz,y) =3z —2y—5
2. F(z,y,\) = 4xy?® — \(3x — 2y — 5)

3. Fy(x,y,\) = 4y% — 3\
Fy(z,y,\) = 8xy + 2\
F}\('r’y7 )‘) = _(3$ - 2y - 5)
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4. 42 -31=0

8ry+22=0
3r—2y—5=0
42
5./\=%and)\=—4xy
42
Al
3 Y

4 1
0=§y2+4xy:4y (gy—&-az)

y=0 or y=-3z
Substituting into 3x — 2y — 5 = 0, we have
fory=0, 3z —5=0, sox:%, and for
y= -3z, 3x —2(-3x) —5=0,s0x = 2

9
and y = —%.

r(5.0)=1(3) 02 =0
)0 (-8

The maximum is f (g, —%) = 5—010 ~ 6.2.

. Minimize f(x,y) = 32% + 4y — 2y — 2,

subject to 2z +y = 21.
1. g(x,y) =2z +y—21
2. F(z,y,)\)
=322 +4y? —ay —2 - A2z +y —21)
3. Fp(z,y,\) =62 —y— 2\
Fy($7y7)‘):8y_x_)‘
F)\(xvya/\) = —(2£U+y—21)
4. 6z —y—22=0
y—x—A=0
204+y—21=0

6x — vy

5. = and A\ =8y — =z
61 —
1:2 y:8y—x
_3
AT

Substituting into 2x + y — 21 = 0, we have

8
2m—|—1—733—21—07

soa:z%andy:él.

2
Minimum is f(if,4) =3 (£> +4(4)2 - E(4)—2
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8. Maximize f(z,y) = 12xy — 22 — 392,
subject to x +y = 16.
1. g(z,y) =x+y—16
2. F(:L'vy»)‘)
=122y — 2% — 3y? — A\(x +y — 16)

3. Fu(z,y,\) =12y — 2x — \
Fy(z,y,\) =12z — 6y — A
FA(xayv)‘) = _(I—i_y - 16)

4. 12y -2z - A =0
120 -6y —A=0
r+y—16=0

5. A =12y — 2z and A\ = 12z — 6y
12y — 22 = 12z — 6y
7

y:§x

Substituting into z 4+ y — 16 = 0, we have

T+ gx —16 =0,
sor=9and y="7.
Maximum is
£(9,7) =12(9)(7) — (9)? — 3(7)% = 528.

10. Maximize f(x,y,z) = vy + 22z + 2yz,
subject to xyz = 32.

1. g(z,y,2) = xyz — 32
2.F(x,y,2,A) = 2y + 222z + 2yz — Mzyz — 32)

3. Fp(z,y,2,\) =y+2z— \yz
Fy(z,y,2,\) =2+ 2z — \xz
F,(x,y,2,\) =2z + 2y — Azy

Fy(z,y,2z,A) = —(xyz — 32)

4. y+2z—Ayz=0
r4+2z—Azz=0
2042y — Axy =0

ryz —32=0
2 2 2 2
5.)\:M,)\:x+ Z7and)\:u
Yz Tz Ty
y+2z x+22
yz  xz

ryz + 2x2% = xyz + 222
222 — 2x2% = 0

222(y —2) =
z=0 or y==z

12.

14.
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and
y+2z 2rx+2
yz  ay
xy? + 2wyz = 2xyz + 2y°%2
2%z —xy? =0
y?(2z—x) =0

x
:0 = -
Y or z 3

Since zyz = 32, z =0 and y = 0 are impossible.

Substituting y = x and z = 5 into xyz — 32 = 0,

we have
x
z(x) (5) =32,s0x =4, y=4, and z = 2.
Maximum is
f(4,4,2) = 4(4) +2(4)(2) +2(4)(2) = 48.
Let x and y be the two numbers such that z+y =

36.
Maximize f(z,y) = %y, subject to x +y = 36.

1. g(z,y) =x+y— 36
2. F(z,y,\) = 2%y — Mz +y — 36)
—ny A

_;p—

—(z+y—36)

3. F(z,y,
Fy(,y,
Fx(z,y,

4. 2a:

A
A
A) =
— A
—A

x—l—y—36

0
0
0
5. A=2zy and A =

2xy = 2
z(x—2y)=0

Since z = 0 gives a smaller value of f(z,y) = 2%y
than any positive values of x and y, we can assume
r#0,s0y=3

Substituting into x 4+ y — 36 = 0, we have

x
-—-36=0
J:+2 ,

sox =24 and y = 12.

Let x, y, and z be three positive numbers such
that x + y + z = 240. Maximize f(z,y,z) = zyz,
subject to x + y + z = 240.

1. g(z,y) =x+y+2z—240

2. F(z,y,2,A)
=zyz — Mz +y + z — 240)
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18.

3. Fp(z,y,2,\) =yz— A
Fy(z,y,2,\) =xz — A
F.(z,y,2,A) =xy — A

( )=

E\(x,y,2,A) = —(z +y+ 2z —240)
4. yz—A=0

zz—A=0

zy—A=0

r+y+2—240=0

5. A\=yz, A=xz, A=y

yz = w2
z =0 (impossible) or x =y
rz =2y

x = 0 (impossible) or z =y
Thus, x =y = z.
r4+x+x—240=0
z =80
Thus,
z=y=z=380.
The three numbers are 80, 80, and 80.

Let = be the width and y be the length of a field
such that the cost in dollars to enclose the field is

6x + 6y + 4 + 4y = 1200
102 + 10y = 1200.

The area is
[l y) = y.
1. g(z,y) = 10z + 10y — 1200
2. F(z,y) = vy — A(10z + 10y — 1200)

3. Fp(z,y,\) =y — 10A
Fy(z,y,\) = x — 10\

Fx(z,y,\) = —(10x 4 10y — 1200)
4. y—10A=0
z—10A=0

10x + 10y — 1200 =0
5. 100 =y and 10\ ==z
y=cx
Substituting into the third equation gives

10z + 10z — 1200 = 0

20x — 1200 =0
r =60
y = 60.

These dimensions, 60 feet by 60 feet, will maxi-
mize the area.
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20. C(z,y) = 222 + 6y> + 4xy + 10,

22,

subject to x +y = 10

1. g(z,y) =z +y—10

2. F(z,y)
= 222 + 6y + 4ay + 10
— Mz +y—10)

3. Fp(z,y,\) =4dx+4y — A
Fy(z,y,\) =12y + 4 — A
F)\(x,ya/\) = —(.’l?—l—y - 10)

4. drx+4y—A=0
2y+4ze—-X1=0
r+y—10=0

5. A =4x + 4y and A = 12y + 4x.
Az + 4y = 12y + 4z

8y=20
y=20

Since x +y = 10, = 10.
10 large kits and no small kits will maximize the
cost.

f(z,y) = 32'/3y2/3 subject to
80z + 150y = 40,000

1. g(z,y) = 80z + 150y— 40,000

2‘ F(‘I’7y)
= 321/3y%/3 — \(802 + 150y — 40,000)
3. and 4.
Fo(z,y,\) = 27 2/3y2/3 —80A =0
Fy(x,y,\) = 221/3y~1/3 — 150\ = 0
Fx(z,y,\) = —(802 4 150y — 40,000) =0
x*2/3y2/3 2:c1/3y*1/3
80 150
Ly
16

Substitute into the third equation.

80 ( 5;’) 4150y — 40,000 = 0
y = 178 (rounded)
15(178)
16
~ 167

Use about 167 units of labor and 178 units of cap-
ital to maximize production.
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24. Let x and y be the dimensions of the field such

26.

that 2x + 2y = 200, and the area is f(z,y) = xy.
1. g(z,y) = 2z + 2y — 200

2. F(z,y)
= zy — A2z + 2y — 200)

3. Fo(z,y,\) =y—2A

Fy(%ya)\) =z —2A
Fx(z,y,\) = —(2x + 2y — 200)
4. y—2\1=0
T—2X2=0

2¢+2y—200=0
5. 2\ =yand 2\ =z,s0x =y.
20 +2x —200=0

4x —200=0
x =50
Thus, y = 50.

Dimensions of 50 m by 50 m will maximize the
area.

Let = be the radius r of the circular base and y
the height h of the can, such that the volume is
nx?y = 250m.

The surface area is
f(z,y) = 2oy + 2ma.
1. g(z,y) = mx?y — 2507
2. F(z,y) = 2mzy + 272 — A(ma?y — 2507)
3. Fu(z,y,\) = 2wy + 4dmx — A\(2mzxy)
Fy(z,y,\) = 2mz — A\(mz?)
Fa(z,9,) = —(ma?y — 250)
4. 2y + dnx — A(2mzy) =0
21 — M =0
T2y — 2500 =0

Simplifying these equations gives
y+2r—1dxy =0

2 — 1Ax2 =0
2y — 250 = 0.

28.
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5. From the second equation,

z(2—Ax) =
2

=0 or A=-—
x

If x = 0, the volume will be 0, which is not possible.

Substituting z = % into the first equation gives

4
— 9y =
y+A y =20
4_
Y=Y
4
A==,
Yy

Since A = %, y = 2x.

Substituting into third equation gives

22(22) — 250 = 0

223 — 250 =0
r=25
y = 10.

Since ¢(1,250) = 0 and

£(1,250) = 5027 > f(5,10) = 150,

a can with radius of 5 inches and height of 10
inches will have a minimum surface area.

Let x, y, and z be the dimensions of the box such
that the surface area is

zy + 2yz + 2xz = 500
and the volume is

f(z,y,2) = zyz.

1. g(z,y,2) — 500 =0

2.F(x,y,2) = vyz — Mzy + 2yz + 222 — 500)
3. and 4.

Fo(z,y,2,A) =yz — My +22) =0 (1)
Fy(x,y, 2, )\)—xz— Az +22)=0 (2)
FA(x,y,z A) = (wy+2:cz+2yz —500)=0 (4)
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30.

Multiplying equation (1) by z, equation (2) by y,
and equation (3) by z gives

zyz — Mx(y+22) =0
xyz — My(r +22) =0
xyz — Az(2y + 2z2) = 0.
5. Subtracting the first equation from the second
equation gives
Ax(y +22) — My(z+22) =0
2 xz — 2 \yz =0
SO T =y.
Subtracting the third equation from the second

equation gives

Az(2y +2x) — Ay(z +22) =0

20 xz — Axy =0
Ax(2z —y) =0,
Y
SO =3
Substituting into the fourth equation gives
y2+2y(%) 2y (%) — 500 =0
3y? = 500
~ /500
Y=V
~ 12.9099
z ~ 12.9099
12,9099
)
~ 6.4649.

The dimensions are 12.91 m by 12.91 m by 6.45
m.

Let z, y, and z be the dimensions of the box.
The surface area is

2zy + 2z2 + 2yz.
We must minimize
f(zyy, 2) = 2xy + 222 + 2y2
subject to xyz = 27.
1. g(z,y,2) = zyz — 27
2. F(x,y, 2) =22y + 22 + 2yz — Mayz — 27)

3. Fulz,y,2,\) =2y +2z— A\yz
Fy(z,y,2,\) =2x 4+ 2z — \xz
F,(x,y,2,\) =2z + 2y — Azy
Fy(z,y,2,\) = —(zyz — 27)

Chapter 9 MULTIVARIABLE CALCULUS

4. 2y+2z2—Ayz=0 (1)
2e+2z—dxz=0 (2)
20+ 2y —Axy =0 (3)

xyz—27=0 (4)

5. Equations (1) and (2) give

2y +2 2x +2
Y22\ and 2222 )
yz xz
Thus,
2042z 2z 42z
yz w2
2xyz + 2x2% = 2xyz + 2y2>
2022 — 2y22 =0
222 =0 or x—y=20
z=0 (impossible) or x=y.
Equations (2) and (3) give
2042 20+ 2
T2 = X and T+ %Y =\
xz xy
2r+2z  2x+2y
vz oy
Thus,
222y + 2xyz = 2222 + 2xyz
2%y — 2222 =0
22%(y — 2) =0
222 =0 or y—z=0
x = 0 (impossible) or Yy =z

Therefore, x = y = 2. Substituting into equation
(4) gives

23 —27=0
x® =27
T =3.
Thus,
y=3and z = 3.

The dimensions that will minimize the surface area
are 3 m by 3 m by 3 m.
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32. (a) The surface area of the box is
SA =zxy+ 2xz + 2yz.
Let the sides with area xz be those made from the

free material (along with the bottom). This gives
the constraint 2zz + zy = 4. The volume of the

box is xyz, thus it will take %2 trips to transport
40

the material at a cost of 222(.10) = —. The
vz TYz

total cost also includes the cost of the material for
the ends of the box: (2yz)(20) = 40yz.
Thus, the total cost is

40
TYZ

(b) Using a spread sheet, z = 2 yards,y = 1
yard, z = % yard.

0.5 Total Differentials and
Approximations

2. Let z = f(x,y) = /22 + 2.
Then
dz = fo(z,y) dx + fy(z,y) dy.

1
dz = 5(3:2 + )2 (2x) dx

+ (@ +y»)"V2(2y) da

5 NI

Y
= dx + d
/x2+y2 r /LUQ _|_y2 Y

To approximate v/6.072 + 7.952, we let x = 6,
dx = .07, y =8, and dy = —.05.

6 8
dz = ——=(.07) + ——=—==(-.05
\/62+82( ) \/62+82( )
6 8
= 1—0(.07) + E(—.OE))
=.002

£(6.07,7.95) = f(6,8) + Az
~ f(6.8) +dz
= V62 + 82 +.002
£(6.07,7.95) ~ 10.002
Using a calculator, v/6.072 4 7.95% ~ 10.0024.

The absolute value of the difference of the two

results is |10.002 — 10.0024| = .0004.
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4. Let z = f(z,y) = (2 — y?)/5.

Then
dz = fo(x,y)dx + fy(x,y) dy.
dz = %(mQ —y?)2/3(22) dx
30—y () dy
dz = 2 dx — 2y dy

3(x2 — y2)2/3 3(x2 — y2)2/3

To approximate (2.93% —.942)1/3, we let x = 3,
dr = —.07, y =1, and dy = —.06.

oy
* =5 — e
o
e s
dz = 207 - 1(Z.06)
2 6
= —.025

£(2.93,.94) = f(3,1) + Az
~ f(3,1) +dz
=2+ (—.025)

£(2.93,.94) ~ 1.975

Using a calculator, (2.93% — .94%)'/3 ~ 1.9748.
The absolute value of the difference of the two
results is [1.975 — 1.9748| = .0002.

. Let z = f(x,y) = zeY.

Then

dz = fo(z,y) dx + fy(2,y) dy
= e¥dx + xe¥ dy.
To approximate 1.02¢9 we let = 1, dr = .02,

y =0, and dy = —.03.

dz = €°(.02) + (1)(e%)(—.03)
=-.01

£(1.02,-.03) = £(1,0) + Az
f

Using a calculator, 1.02e9% ~ .9899.
The absolute value of the difference of the two
results is .99 — .9899| = .0001.
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8. Let z=xIny.
Then

dz = fu(x,y)dx + fy(z,y) dy

= (Iny)dz + gdy.

To approximate .95 In 1.04, we let z =1,
dxr = —.05, y =1, and dy = .04.

dz = (In1)(—.05) + %(.04)

=.04

£(.95,1.04)

f(1,1)+ Az
f(1,1) +d=

=(1)(In1) 4 (.04)
£(.95,1.04) ~ .04

Q

Using a calculator, .95 In1.04 ~ .0373.

The absolute value of the difference of the two

results is |.04 — .0373| = .0027.

10. z=8z3+22%y —y
r=1,y=3,
dx = .01, dy = .02

dz = (242% + 4xy) dx + (222 — 1) dy
= [24(1)* + 4(1)(3)](.01)
+(2(1)%2 - 1)(.02)
= .38

12. z=In (2?4 1?)
z=2,y=3, dev=.02, dy =—.03
2z dx 2y dy
dz =
2 +y2 xr2 +y2

Substitute the given information.

~2(2)(.02) | 2(3)(—.03)
2243 22432
= —.00769

Chapter 9 MULTIVARIABLE CALCULUS

14.w=xIn(yz) —yIn (f)
z
=z(lny+Inz)—y(nz—Inz),

z=2,y=1, z=4, dr = .03, dy = .02,
dz =—.01

dw = (lny—l—lnz—%) dx—!—(%—lnx—l—lnz) dy
Ty
+(3+2)dz
1
= <ln1+1n4§> (.03)
2
+<T—Jn2+m4>pm)
2 1
+—<Z+—Z>(—in)
~ .0730

16. Let r be the radius inside the tumbler and h be
the height inside.

mdr

K A San

V=mr’h, r=15h=9, dr =dh = .2

dV = 2xrhdr + mr2 dh
= 2m(1.5)(9)(.2) + 7(1.5)%(.2)
~ 18.4

Approximately 18.4 cm?® of material is needed.

18. M (x,y) = 4022 + 30y? — 102y + 30
r=4,y=T,
dr=5—-4=1, dy=6.50—7=—.50

dM = (80z — 10y) dx + (60y — 10z) dy
= [80(4) —10(7)](1)
+[60(7) — 10(4)](—.50)
=60

Expect costs to increase by approximately $60.
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20. z=a3%y?, =20, y =18,
dr=21-20=1,dy=16—-18 = -2

dz = 8z 2y2dx + 228y S dy

() aa()
_ 8 (%)2 de+ .2 <§)8 dy
_ 8 (;%)2 (1) +.2 G—g)s (-2)

~ .348

The change in production is .348 units.

22. Assume that blood vessels are cylindrical.

V =mr’h, r=.8, h="1.9, dr = dh = £.15

dV = 2xrhdr + nr? dh
= 27(.8)(7.9)(£.15) + 7r(.8)2(:I:.15)
~ +6.26 cm®

The maximum possible error is 6.26 cm3.

_25(T— F)
w67
T =38, F=12°, w =30 ke,
dT = (36 — 38) = —2°,
dF = (13— 12) = 1°,
dw = (31—-30) =1kg

w97(2.5)(1) — 2.5(T — F)(0)

24. m

mr(T, Fw) = (@ o7)2
25
=%
w7 (2.5)(—1) — 2. B
mp(T, F,w) = (2.5)( 2].67325@ F)(0)
—-2.5
==
wb7(0) — 2. B r—
my (T, F,w) = (0) 2525567)5)(67)
_ —1675(T - F)
T e
2.5 ~2.5

—1.675(T — F)
- wl67

dw
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dm(38,12, 30)
2.5 —2.5
= 30-67 (=2)+ 30.67(
—1.675(38 — 12)
301.67 ( )
= —.5120 — .2560 — .1490
= —.917 units

1)

h
26. V = %(r% + 717 +73)

40
(a) V = ?7T(52 +5-3+3%) & 2052.51

The volume is about 2052.5 cm?.
(b)  dV = Vidh + Vi, dy, + Vidy,

™

h
3 (r? +riry +173)dh + %(27’1 + ro)dry

h
+?ﬂ—(7"1+27’2)d7"2
dh =42 —40=2
d7“1:5.1—5:.1
d’l"2 =29-3=-.1

dV(40,5,3) = §(52 +5-3+432)(2)

+%”(2.5+3)(.1)

40
+ %(5 +2-3)(—.1)
~ 111.00
V(42,5.1,2.9) ~ V(40,5,3) + dV
~ 205251 + 111.00
~ 2163.51

Using differentials, the volume is about 2163.5

cm3 .

42
V(42,5.1,2.9) = 777(5.12 +5.1-2.9+2.9?)

~ 2164.37

The volume found by using the original formula is
about 2164.4 cm?.

28. The area is 1
A= =bh
2

with h = 42.6 cm, b = 23.4 cm, dh = 1.2 cm,
db =9 cm.

1 1
A=— =
d 2hdb + deh
Substitute.
1 1
dA = §(42.6)(.9) + 5(23.4)(1.2) = 33.2 cm?



300 Chapter 9 MULTIVARIABLE CALCULUS

30. Let z= f(L,W,H) = LWH T34 5y
8. dy
2 VT
Then
_(3y , 5y
dz = fL.(LW,H)dL + fw (LW, H) dW = ﬁ+2ﬁ
+ fu(LW,H)dH
— WHAL + LHdW + LWdH. Kgl N 2;45) ~ <6 N ?)}
A maximum 1% error in each measurement means
that the maximum values of dL, dW, and dH are =3 \/5
given by dL = .01L, dW = .01W, and dH =
.01H. 6 6
x+4 _ x+4
Therefore, 10. /2 e Vdx = e*Y ‘2
_ 644
dz = WH(.0LL) + LH(.01W) + LW (.0LH) = 0T — 2
=.01LWH + .01LWH + .01LWH 6 .
= 03LWH. 12. / et 9 gy = L +9y ‘
1 Y 1
Thus, an estimate of the maximum error in calcu- _z (€m2 +54 _ ga? +9)
lating the volume is 3%. 9

14. (See Exercise 2.)

[ o] a

3
=/ (18z) dx = 92>
0

- (%-4)-G-)

— 18z 16. (See Exercise 5.)

/03 [/5x\/Mdy} dx

9.6 Double Integrals

’ 3

0

7
4. / (z + 5y)'/2 dy
3

2
) . :/ ;[( 15)3/2 — (22 4+ 12)3/?] da
=1—5(1:+5y)3/2‘ 0

3

2 . e |3
= —[(a? +15)%/2 — (2% + 12)°/?] .

2 ] .
= g5l +35)"2 — (x + 1) ®
= 3(245/2 —215/2 — 155/2 4 125/2)
. 15
6. /3 y/@? + 3y dx 18. (See Exercise 8.)
25 [ o7
Let u = 2% + 3y. Then du = 2xdz / {/ 3+5ydy] dx
When z = 6, u = 36 + 3y. 6 L VT
When z =3, u =9+ 3y. /25 255
1 [36+y e 2\/_
= —/ u'/? du 05
2 Joysy _ / 25 12y
2
L2 0 2
23 o+3y = 25521/ ’ = 255(5 — 4)
16
1
= 5[(36 +3y)>/ — (94 3y)*/?] — 255
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4 45 4 |5 4
20.//dyd:”:/ Yy dw:/ (E_Z
1 J2 € 1 Tg 1 r

45 4
:/ —dx:31n|x|‘
1 X 1

=3In4
22//<6—I 2) dx dy
3 1 5 X
2
3z
= —_— ylna:) dy
[ (5 1

2 3
m2—2)4d
T ym 5)y

I Il
0\% C\’b
7N /\ N
ol © =

—+yln 2) dy

2 4
= 9y+%ln2>

3

24. //(4x3+y2)dxdy;1§x§470§y§2
R

//(4x3+y2)dxdy
R
2 4
:/ / (42 + y*) dx dy
0o J1

2 4
]
0

1
2
:/ (256 +4y? — 1 —y?) dy
0
2
2/ (255 + 3y?) dy
0

2
= 255y +1°) |

=510+ 8 =518

26. //x2\/x3—|—2ydxdy;0§x§2,0§y§3
R

//562\/1‘3 + 2y dx dy
R

3 42
= / / x2 (2% 4 2y) /2 da dy
0o Jo

2

dy
0

39
= [ w2
0

39
=/ Z[(8 4 2y)3/2 — (29)*/?] dy
) O

3

= 5+ 207 - (2)°7 |

45 0

— 3 145/2 _ 65/2 _ 85/2

dedy;0<x<3,1<y<2

28 //\/6 - 52
R T+ oy
//—y dx dy
A v/ 62 + 5y?

Y
= Y drdy
/1 /0 /62 + 5y?

2 43
= / / y(6z 4 5y*) "2 dx dy
1 Jo

3

dy
0

2
= / 2;(6x—i—5y )1/2

[(18 + 5y?) 1/2 — (5y2)1/2} dy

y(18 + 5y*) 12 — y(5y*)!/2] dy

w|»—u

- 4
[
:% [1(18+5 )‘WWﬁ

= 4%(383/2 —20%/2 — 23%/2 4 53/2)

1
or 4—5(383/2 —23%/2 — 35\/5)

301
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30- //ﬂemg”ydwdy;l <r<21<y<3
R

// 22 +2 d dy
R
3 2 ,
= / / x2e® T2 dx dy
1 )1
3 2
— / 1€;r +2y
1 3

dy
31
— [ §(68-‘,-231 _ €1+2y)dy

1

32. z=92+5y+12,0<x<3,-2<y<1

1 /3
V:/ / (9 + 5y + 12) dz dy
—2.Jo
1 2 3
= / <9i + Sxy + 12x)
9\ 2 0
1
81
=/ (2+15y+36> dy
153
= (— + 15@/)
([ 133y 15y
S\ 2 2

(153 4+ 15 + 306 — 60)

dy

-2

NlH

=207

34. 2= ,/51;0<zx<4,0<y<9

/ / Y2 dy dx

/ 2
= 3/2 dw—/—27daz
%3 = [ 2
4 4
:/18dx:18x
0

=72

0

Chapter 9 MULTIVARIABLE CALCULUS

36. z=yr\/2? +y*0<2r<40<y<1

1 4
= / / y(x? + )V 2 dx dy
o Jo

dy
0

(22 + 42)3/2

wlw

Juy

(16 + %)%/ = (4*)*/?] dy

[y(16 +y?)3/% — y*] dy

1

I
GHEHWH wl= ﬁC\ S—
>
gl wl~ wie

5
(16 +y2)°/2 — %]

—

0

(1752 — 1 - 16°/2)
—(17%/2 =1 —1024)

—(175/2 — 1025)

38. z=e"Y;0<2<1,0<y<1

1 .1
:/ / e*TY dx dy
o Jo
1 1
— / €x+y
0

0
1
= [e—enay
0

= (€1+y — ey) ‘1
0

=e2—ec—e+1
=e2 -2 +1

40. //22736I2ydmdy;0§x§ 1,0<y<1
R

1 el
//2x3exzy d:cdy:/ / 2a3er"Y dydx
o Jo
R
1 1
1
= / (23:3 . —26I29>
0 X

dx
! 2
:/ (2ze*” — 2xeY) dx
0

0
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5 2y
42.// (22 + y)dzdy
0 0
[ (5+m)
= —_— ij
0 3 0
5 3
8y
—+2y2>
[ (5
B 2y4+2y3 5
U3 3

2
= 5 (625 + 125]

2y

dy

5
dy
0

0

=500

4 x
44. / / Ve +ydydx
1 Jo

4 x
:/ / (z +y)Y/? dydx
1 Jo

19
=/ =z + )2
.3

4

dzx
0

[(22)3/% — 23/?] dx

I
—

4

2
3
1
5

20)3/2 — 245/
30 - 2o

2
3 1
2

(85/2 — 2(4)5/2 — 25/2 1 9)

—_

5
2
T 15

= 1%(85/2 — 62 — 25/2)

4 pa? 1 4
46. / / —dydx = / Iny
1 Jaz Y 1 x

4
:/ (In 22 — In ) dx
1

(8%/2 — 64 — 25/2 4 2)

.’L’2

dx

4
:/ 2Inx—1Inz)de
1

4
:/ In xdx
1

:(xlna:—/dac)l

Integration by parts
u=1Inz, dv=dx

4

du=3Ldx, v==z
x

4

:(xlnxf:v)‘
1

=4lnd4-4+1

=4In4-3

303

Note: We can say In y instead In |y| since z is in

[1,4] and y is in [z, 2?], so y > 0.

1 4x
48. / / e* Y dy dx
0 J2z

1 4z 1
:/ erty d:c—/ (€5 — e3%) dx

0 2x 0

1 1 | 1 1 1
_ — b _ — 3z 1 — 3 _ —
(56 36)0 5¢ 739 513
_65 e3+ 2
5 3 15

2 1,
50. / / e’ dxdy
0 Jy/2

Change the order of integration.

2 1 12w
// e’ d:rdy:// e’ dydzx
0 Jy/2 o Jo
1 2x
:EZ
0

dx

=e—1

52. //(3:r+9y)dyda:;2§x§4,2§y§3x
R

4/(31: + 9y) dy dx

4 3z
= / / 3z +9y) dy dz
2 J2

4 27 (3%
= / [Bxy + gi]
2 2

dx
4 2
81
:/ [9x2+ a —6:r—18] da
2

2
2
4 2
:/ [999” —61:—18} dx
2 2
3 4
- (33”3 322 18x) ‘
2 2

= 1056 —48 — 72 — 132 4+ 12 + 36 = 852
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T

// dydx
T
R
1 Jo €
x—1
_ /%
1 X

dyd
54. // Y 1< p<20<y<a—1
R

dx

0

56. //(:c2fy)dydx;fl <z <l,—2?<y<a?
R

//(3:2 —y)dydx

R
1 x?

:/ / (2% —y) dy dx
1 J—z2

1 2

_ 2 Y

[ e

58.

62.

Chapter 9 MULTIVARIABLE CALCULUS

//w2y2 dydz; R bounded by y = z, y = 2x,
R

and r =1
y
2-
=2
Y y x=1
"
y=x
L X
1
1 2x
/ / 22y? dy dx
0 x
2x
_ /1 «T2y3 dx
0 3 x

1 [ 4
8x°  x°
= _— — d

1+.5
:/ de
0 3

725 |*
ST
_
18
flz,y) =bry+2y; 1< <4, 1<y<2
The area of region R is

0

A=(4-1)2-1) =3

The average value of f over R is

1[4 2
§/1 /1 (5zy + 2y) dy dx
1 5xy? 5 ?
== d
5 “’]1 '
1t %4
== 1 4———1|d
3/1 {Ox%— 5 ] T

1 [*[152
—5/1 |:T+3:| dx

B {15.752 !

+ Sx}

1

1
3
1 15
=-l60+12———3
g o012-7 -3
87
4



Section 9.6  Double Integrals

64. f(z,y) =e " 0<2<2,0<y<2

The area of region R is

(2-0)(2—0) = 4.

The average value of f over R is

/ / e V3T dy dx

68. P(z,y) = 500z2y3, 10 < o < 50,
20 <y <40

A=40-20=2800

Average production:

50 (40
2 Sd d
800 / 5002 “y° dy dx

305

2

=1 / _é —5y+3z| _ § /50 x2yts 0 du
0 0 8 Jio 1.8 |y
— 1/2 _l[e?)a:fl(] _ 63w]dl' 25 50
4 0 5 = E 33'2(401'8 — 2018)d$
IR SN UPRETI. o | y
20 |3 3 o _ 25(4018 — 201-8) _ ﬁ
1 72 1.
_ @[674 — b —e 10 4 1] s
- 66 N 6710 B 674 1 432( 01 8 _ 01.8)(501.2 _ 101.2)
60 ~ 14,750 units
66. The plane that intersects the axes has the equa-
tion 70. R = q1p1 + q2p2 where g1 = 300 — 2pq,
z=06—2r—2y. g2 = 500 — 1.2p5, 25 < p; < 50, and
‘ 50 < py < 75.

A=25-25=625
R = (300 — 2p1)p1 + (500 — 1.2p3)ps
R = 300p; — 2pf + 500py — 1.2p3

Average Revenue:

50 75
555 | [ (3000 =207 + 5000 ~ 1.23) dpady

//fx’y _ 1 50(300 2p2py+250p2 — 4pd) "
= 525 s P1P2 — 4P1 P2 Dy — APy 50 P1
—x+3 50
_ 1
/ / (6 =22 = 2y)dydu = o5 | (22:500p;~150pf+ 1,406,250 + 50,000)dp
o 25
= / (6y — 2zy — ) da —168,750 — 15,000p; + 100p2— 625,000
0 0
3 1 50 9 2) 4
:/0 (62 + 18 — 20(—3+3) = 55 .. (662,500 + 75001 — 50pF) dpy
—(3—2)%dx 1 50p2\ [
2 A
= & (662:500p; +3750p7 — — .

3
:/ (—6z + 18 + 222 — 62 — 9 + 62 — 22) dx
0

6,250,000
, , \ = = (33 125,000 + 9,375,000 — 2=
:/ (22 — 62 +9)dx = <% —3m2+9x)
0 781,250
0 — 16,562,500 — 2,343,750 + o= )
= (9—27+27)—0=09 3

The volume is 9 in3. ~ $34,833
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72. P(z,y) = 36y — 23 — 8y3

Areas = (8 = 0)(4 —0)
=32

The average profit is

1 . ;
3 //(36:cy — 2% — 8y3)dy dx
R

1 8 4
= 3—2/ / (36zy — 2% — 8y3)dy dx
0Jo

_ L rseey st
32/, \ 2 L

0

1 [®[36z(4—0)% 8(4 — 0)*

1 8
=3 . (2887 — 423 — 512)dx

1 /28822  4at s
== — = —5122 )| d

32 < 2 0 "”> .
1 [288(8—0)2  4(8—0)*
== [ 5 — = —512(8 - 0)

1
= —(9216 — 4096 — 4
559216 — 4096 — 4096)

= 32 thousand dollars

Chapter 9 Review Exercises

4. f(z,y) = —4a? +6zy — 3

f(—=1,2) = —4(=1)2 +6(-1)(2) — 3
=-19

f(6,—3) = —4(6)> +6(6)(—3) — 3

= —4(36) + (—108) — 3
= —255

T — 3y
T +4y

6. f(z,y)=

Chapter 9 MULTIVARIABLE CALCULUS

8. The plane x + y + z = 4 intersects the axes at
(4,0,0), (0,4,0), and (0,0,4).

10. The plane 5z + 2y = 10 intersects the x- and y-

axes at (2,0,0) and (0,5,0). Note that there is no
z-intercept since = y = 0 is not a solution of the
equation of the plane.

2
Sx+2y=10

12. x =3

The plane is parallel to the yz-plane. It intersects
the x-axis at (3,0,0).

24

14. Let z = f(z,y) =

0z
(a) 9z

—5x? + Toy — y?

—10z + Ty

0z
(b) 3 Te — 2y

(&)

facy(xvy) =7
fmy(Q, -1)=7

16. f(x,y) =923y — bz

fo(m,y) =272%y% — 5
fy(x,y) = 182%y

= 7(—1) — 2(4)
=15

(c)



Chapter 9 Review Exercises

18. f(z,y) = V422 + ¢

fulw,y) = 342 +4?) V2 (50)
_ 4z
NN

Fula,y) = 5 (422 + ) 71/2(2y)

(422 + y2)1/2

20. f(x,y) =22 e%

fa:(xa y) = 2zeY
fy(‘ra y) = 2332622/

22. f(z,y)=In ’2x2 + 92

1
Jo(z,y) = 2T 2 -4z
_ 4x
C 22 4 y?
1
fy(x,y) = TSR 2y
_ 2%
2224 y?
24. f(z,y) = 423y* — 8xy
fo(2,y) = 122%y* — 8y
foa(,y) = 24ay?
Jay(@,y) = 242y — 8
2x
2 —
6. flz.y)=— 5
B 2(x — 2y) — (22)
fal®:3) (z — 2y)?
(z —2y)?
= —dy(z —2y)~?
f:c:c(xa y) = —4y[—2(x _(2y)73]
= 8y(x —2y) 3
8y

CEPTE

Use the quotient rule on

to get

f:cy(xa y) =

_4y

fo(z,y) = CESTE

—4(x — 2y)* + 4y[2(z — 2y)(=2)]

(z —2y)*
—4(z —2y)[(z — 2y) + 4y|
(z —2y)*
—4(x + 2y)

CEPNE

Jea(2,y) =

—4x — 8y
(z—2y)%

2 — 22y
2zy
2y — 2
(z%y — 2)2y — 2xy(2xy)
(z2y — 2)?
2y[(2°y — 2) — 22%y]
(z?y —2)?

_ 2y(=2%y—2)

fxy(xa y) =

(=27
—2x2y2 — 4y
(2 —a?y)?
2z (x%y — 2) — 22 (2xy)
(z%y —2)?
2z[(2%y — 2) — 2%y
(z?y —2)?
2x(—2)

T (a%y -2

—4x

C(2—a%y)?

307



308 Chapter 9 MULTIVARIABLE CALCULUS

32, z=22+2% —4dy Zoa(,y) = 1, 2yy(2,) = 1, 2oy(2,y) =2

ze(x,y) = 22 For (3,1),

— 4y —4
zy(2,y) = 4y D=1-1-4=-3<0.

Setting 2, and z, equal to zero simultaneously im-

plies z = 0 and y = 1. Therefore, z has a saddle point at (3,1).

312 A 20
For (0,1), ze(z,y) =32% + 2y — 4
zy(z,y) =2y +2x—3
D=2-4-0=8>0.
Setting z,(x,y) = 2zy(x,y) = 0 yields
Since
Zew(2,9)(0,1) =2 > 0, 32242y —4=0 (1)
2y +2x—-3=0. (2
z has a relative minimum at (0, 1). Y v (2)
34. f(z,y) = 22 + 5oy — 10z + 3y? — 12y SOlVlI’%g for .2y in equa.tlon (2) gives 2y = —2x+ 3.
Substitute into equation (1).
fa(2,y) = 20 4 5y — 10

2 — —_ J—
Jy(@,y) = bz + 6y — 12 322 + (—22) +3—-4=0

322 —2x—1=0

Setting f, and f, equal to zero and solving yields Bz+1)(x—-1)=0
2z + 5y = 10 O
5x + 6y = 12. 3
1 1
107 — 25y = —50 ¥y=% o Y73
10z + 12y = 24 Z:cw(xay) = 6, Zyy(xvy) =2, ZTy(xvy) =2
—13y = -26 T
Y =2 For (-3, %),
2z +10=10 1
D=6(—=](2)—4
0=l (-3) @
fea(w,y) =2, fyy(xay) =6, fuy(z,y)=5. =-4-4=-8<0,

For (0,2), so z has a saddle point at (—1,1L).

—9.6_52— _
D=2.6-5"=-13<0. D=6(1)(2) —4=8>0.

Therefore, f has a saddle point at (0, 2). 265 (L, 1) = 6 > 0, 50 # has & relative minimum

’ 2
1, 1 X
36. 2 = sa + 5y + 2y — Br — Ty + 10 at (1,3).
42. f(x,y) = 2% + y?, subject to x =y + 2.
Zp(x,y) =x+2y—5
zy(,y) =y +20 -7 1. g(z,y) =z —y—2

2.2 oy —
Setting z, = 2z, = 0 and solving yields 2. F(z,y,\) =2 +y* = Mz -y —2)

3. Fu(z,y,\) =2z — )\

T+2y=>5

—22 — 4y = —10 Fx(z,y,A) = —(x —y —2)
2r+y= 7 4. 22-A=0
-3y= -3 2y + A =0

yzl,l':g x—y—Q:O
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44.

46.

5. A =2z, A=—-2y

20 = -2y
y=-—x

Substituting into z — y — 2 = 0, we have

rT+x—2=0
r=1,y=-1,

so the extremum is f(1,—1) =2 at (1,—1).
Fro=2, Fyy =2, Fyy =0
D=2.2—(0)2=4and F,, > 0.

F(1,-1) = f(1,—1) = 2 is a relative minimum.
Maximize f(z,y) = xy?, subject to x +y = 50.

1. g(z,y) =z +y—50

2. F(z,y,\) = 2y?> — Mz +y — 50)

4 > —A=0
20y — A =0
r+y—950=0

y? =2y
y* — 2wy =
y(y—2x) =0

y # 0 since f is larger for positive x and y than for
y = 0. So y = 2x. Substituting into x4y —50 = 0,

we have
z+2x —50=0,

_ 50 , _ 100
soxr =%,y =5
2z =212 —4y* + 6zy; x =2, y=—3,
dxr = .01, dy = .05

fo(2,y) = 4x + 6y
dz = (4x + 6y) dz + (—8y + 6x) dy

Substitute.

dz = [4(2) + 6(—3)](.01)
+[-8(=3) + 6(2)](.05)
=—-14+18=1.7

48. Let z = f(z,y) = /22 + 92

50.

52.

Then
dz = fo(z,y)dz + fy(x,y) dy.

1
dz = §(x2 +y?)"V2(2z) dx

+ = (22 + y?)(2y) dx

&Ml}—ﬂ

/2 + y2 /2 + y2
To approximate v/5.12 + 12.052, we let © = 5,
dr =.1, y =12, and dy = .05.

Then,
5 12
dz = q)+ .05
52—1—122( ) 52+122( )
5 12
= 1—3(1) + E('%)
~ .0846.
Therefore,

f(5.1,12.05) = f(5,12) + Az

~ f(5,12) +dz

= /52 + 122 + .0846
£(5.1,12.05) ~ 13.0846

Using a calculator, v/5.12 4+ 12.052 ~ 13.0848.

309

The absolute value of the difference of the two

results is [13.0846 — 13.0848| = .0002.
96y —8

i VT
= (6y — 8)(2v7)

=203y —4)(2)(vV9 - V4)
= 4(3y — 4)
=12y — 16

dx

9
4

° 6
/ T ir
0 +/4x? + 2y2
Let u = 422 + 2y?; then du = 8z dx.
When z =0, u = 2y°.
When z =5, u = 100 + 2y°.
3 1004-2y>
= —/ w2 dy
4 2y2

10042y
(2u'/?)

292

NIW =W W

-2[(100 + 2y%)1/2 — (2y%)1/]

[(100 + 2y2)*/2 — (2y%)1/?]
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2 4
54./ [/ (a:2y2+5x)dx} dy
o LJo
2
_ 132,55
/0 <3xy +2:E>
/64
:/ <6—y2+40> dy
0 3

643 ?
:( 9y —|—40y)

4

dx
0

0

64
= 5 (8)+40(2)

512 720

9y T 9
1232

9

4 5
56. / [/ V/6x + 3yd:£} dy
3 LJ2

5

dx

*1
:/ —(6z + 3y)*/?
3 9 2

4
= / §[(30 + 3y)3/2 — (12 + 3y)3/?] dy
3

4
- [(30 + 3y)>/% — (12 + 3y)®/?] ,

2
135

4 4
58‘//dmdy
2 J2 Yy
4
LG
2 Yy 2
4
1
= —(4-2)| d
[ -]
4
—21ny||
2

4
2

=2In2o0rln4

[(42)5/2 — (24)/% — (39)5/% + (21)°/7]

4

=21In

Chapter 9 MULTIVARIABLE CALCULUS

60. //(:r2+y2)da:dy;0§x§270§y§3
R

//(:U2 +y?) dx dy

R
3 2
:/ / (22 +y?) dx dy
0o Jo
3 3 2
[
0 3
3
/ <§ +2y2) dy
o \3

0
S+ 2y 3
3Vt 3V

=8+18=26

0

62. //\/y—ﬁ—xdxdy;OS:cS?, 1<y<9

R

//\/mdxdy

R

709
:/ / Vy+xdydx
0 J1

[ o]

' g[(9 +2)3/2 — (14 2)3/?] da

9

dx
1

S—

7

(S )

[(9+a)%/2 = (L+2)] |

CHﬂl’J; wl N

[(16)5/2 — (8)°/2 — (9)7/2 + (1)°?]

. %[45 (V) -3 4 1]

—_

= %(1024 —32(4v/2) — 243 4 1)

—

4

= (782 — 1281/2)

4
= —(782 — 8%/2
15( )
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64. z=2+9Y+8;, 1<z<6,0<y<8

V://(J:+9y+8)dxdy
R

8 16
:/ / (x +9y + 8)dxdy
0o J1
8 .2

:/O {% + (9 + S)xda,}
36— 1

6

dy
1

- [[E + ovv96-0)] a

8

= [%:H 5 <§y2 +8y)]
=2@®)+5 Kg) (64) + 8- 8)]

_ 352(8) +5 (9(24) e 8)

= 140 + 5(352)
= 1900

1 2x
66.// zy dy dx
o Jo
L/ oy
-/ (%)

(422 — 0) dw

1
= / 223 dx
0

0

2z

dx
0

|
N
=
|8

2 1 1
70. / / ———dydx
0 Jz/2 y2 +1

Change the order of integration.

R
——dydx
/0/35/21/2+1
1 2y 1
:// 5 dx dy
o Jo Yy +1
1 2y
x
= —| d
/0y2+10 Y
1
1 1
= |—(@2y) - ——(0)] d
[ om0 - ) @
1
2y
= d
/0y2+1 Y

1
=In(y* +1)|

=n2-Inl
=In2-0=1In2

72. //(2:U—|—3y)dxdy; 0<y<1,
R

y<x<2-y

1 2—y
/ / (2x + 3y) dx dy
0 Jy

1 2-y
= / (2% + 3zy) dy
0

Y

1
=/ (2—y)?—y* +3y2—y—y)]dy
0
1
:/M—@+f—ﬁ+®—®%@
0
1
=/ (4+2y —6y°) dy
0

1
=4y +y* —29°) .
—4+1-2=3

74. C(z,y) = 222 + 49> — 3zy + /7

(a) C(10,5)
= 2(10)% 4 4(5)% — 3(10)(5) + v/10
=200 4 100 — 150 4+ /10
= $(150 + /10)

(b) C(15,10)
= 2(15)2 + 4(10)2 — 3(15)(10) + /15
= 450 4 400 — 450 + /15
$(400 + V/15)

311
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(c) C(20,20)
= 2(20)% + 4(20)% — 3(20)(20) + v/20
=800 + 1600 — 1200 + /20
= $(1200 + 2v/5)

76. z = 25y*

(a) The marginal productivity of labor is

0z

—~ _ 6 —4,,.4

or Ty
6yt
==

(b) The marginal productivity of capital is

0z
—~Z -4 .6, —.6
oy Ty
_ Az
- Y6

78. C(z,y) = In(2? + y) + ™/
=15, y=9,der=1, dy=-1

Qm Y
dC = :ry/20 d
C + 50° ) x

my/QO
<:r2 +y > W
dC(15,9)

2(15) 9
(15)(9)/20
(152 o " 20° ) (1)

115,
)(15)/20
+(152+9+ 20° >( 2

_ 2 3 ot
234 10
— —256.10

Costs decrease by $256.10.

4
80. V:§7TT3,r:2ft,
1
dr=1in = — ft
r in =1

1
dV = 4rr?dr = 4m(2)? (E) ~ 4.19 ft3

Chapter 9 MULTIVARIABLE CALCULUS

82. P(z,y) = .01(—2? 4 3zy + 160z — 5y?

+ 200y + 2600)
with z +y = 280.
(a) y=280—x

P(z) = .01[—2% + 32(280 — x) + 160x
—5(280 — 2)2 +200(280 — )
+ 2600]
=.01(—22 4 8402 — 322 4 160x
— 392,000 + 2800z — 522
+ 56,000 — 200z + 2600)
P(z) = .01(—92* + 3600z — 333,400)

P'(z) =.01(—18z + 3600)
01(—18z 4 3600) = 0
—18z = —3600
z = 200

If x < 200, P'(x) > 0, and if z > 200, P'(z) < 0.
Therefore, P is maximum when x = 200. If z =
200, y = 80.

P(200, 80)
=.01[—2002 + 3(200)(80) + 160(200)
— 5(80)% + 200(80) + 2600]
=.01(26,600)
= 266

Thus, $200 spent on fertilizer and $80 spent on
seed will produce a maximum profit of $266 per
acre.

(b) P(x,y) =.01(—2? + 3zy + 160z — 5y
+ 200y + 2600)
P.(z,y) = .01(—2z + 3y + 160)
Py(z,y) = .01(3x — 10y + 200)
01(—2z + 3y + 160) =0
01(3z — 10y + 200) = 0

These equations simplify to

-2z + 3y =—-160
3x — 10y = —200.

Solve this system.

—6x + 9y = —480
6z — 20y = —400

—11y = —880
y =80
If y = 80,
3z — 10(80) = —200
3z = 600
x = 200.
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Py (z,y) = .01(-2) = —.02
Py (z,y) =.01(—10) = —.1
Py(2,y) =0

For (200,80), D = (—.02)(—.1) — 0% = .002 > 0,
and P, < 0, so there is a relative maximum at
(200, 80).

P(200,80) = 266, as in part (a). Thus, $200 spent
on fertilizer and $80 spent on seed will produce a
maximum profit of $266 per acre.

(c¢) Maximize P(z,y)
= .01(—22 + 3zy + 160z — 5y?
+ 200y + 2600)
subject to z + y = 280.

1. g(x,y) =z +y— 280
2. F(l‘,y,)\)
=.01(—22 + 3zy + 160z — 5y?
+ 200y + 2600) — A(z + y — 280)
3. F, = .01(—22 + 3y + 160) — A

F, = .01(3z — 10y + 200) — X
Fy = —(z 4y — 280)

4. .01(—2x +3y +160) —A=0 (1)
01(3z — 10y +200) —A=0 (2)
T+y—280=0 (3)

5. Equations (1) and (2) give

01(—2z + 3y + 160) = .01(3z — 10y + 200)
—22 + 3y + 160 = 3z — 10y + 200
—5a + 13y = 40.

Multiplying equation (3) by 5 gives
52 + 5y — 1400 = 0.

—5r+13y= 40
5z + by = 1400

18y = 1440
y =80
If y = 80,
5x + 5(80) = 1400
5z = 1000
z = 200.

Thus, P(200,80) is a maximum. As before,
P(200,80) = 266.

Thus, $200 spent on fertilizer and $80 spent on
seed will produce a maximum profit of $266 per
acre.

84.

86.

88.

313

T(A,W,S) = —18.37 — .09A + .34W + 255

(a) T(65,85,180) = —18.37 — .09(65) + .34(85)
+.25(180)
= 49.68

The total body water is 49.68 liters.
(b) Ta(A, W, S) = —.09

The approximate change in total body water if
age is increased by 1 yr and weight and height are
held constant is —.091.

Tw (A, W,S) = .34

The approximate change in total body water if
height is increased by 1 kg and age and height are
held constant is .341.

Ts(A, W, S) = .25

The approximate change in total body water if
height is increased by 1 cm and age and weight
are held constant is .25[.

(a) f(60,1900) ~ 50

In 1900, 50% of those born 60 years earlier are still
alive.

(b) £(70,1995) ~ 80

In 1995, 80% of those born 70 years earlier are still
alive.

(c) f.(60,1900) ~ —1.25

In 1900, 5the percent of those born 60 years earlier
who are still alive was dropping at a rate of 1.25
percent per additional year of life.

(d) f.(70,1995) ~ —1.45

In 1995, the percent of those born 70 years earlier
who are still alive was dropping at at rate of 1.45
percent per additional year of life.

Let x be the length of each of the square faces of
the box and y be the length of the box.

Since the volume must be 125, the constraint is
125 = 22y,



314

f(x,y) = 222 + 42y is the surface area of the box.
1. g(x) = 2%y — 125
2. F(z,y,\) = 222 + 4oy — A(a?y — 125)

3. Fy(z,y,\) = 4o + 4y — 2xy\
Fy(z,y,\) = 42 — 2%\
Fa(w,y,A) = —(a?y — 125)

4. 4o +4y — 22y =0 (1)
dr — 22X =0 (2)
2?y—125=0 (3)

5. Factoring equation (2) gives

z(4—2A) =0
=0 or 4—xzA=0.

Since = 0 is not a solution of equation (3), then
4—zA=0

A:

€~2'|4>

~—

Substituting into equation (1) gives

4
4x+4y—23:y<—> =0
x

or dr+4y—8y =0
T =1y.

Substituting « = y into equation (3) gives

2%y — 125 =0
y3 =125
Yy =05.

Therefore, x = y = 5. The dimensions are 5 inches
by 5 inches by 5 inches.

Extended Application: Using
Multivariable Fitting to Create
a Response Surface Design

1.

The general cubic function of two variables has
the form

G(x,y) = Ax® + By® + Cay + Day?
+ E2? + Fy? + Gry + Hx
+Ty+J

which has 10 terms.

. The maximum appears to be close to orange = 56,

banana = 48.

=}

Chapter 9 MULTIVARIABLE CALCULUS

G(x,y) = —.002022% — .00163y> + .000194xy
+.21380x + .14768y — 2.36204
G.(z,y) = —.00404z + .000194y + .21380
Gy(z,y) = —.00326y + .000194z + .14768
—.004042 + .000194y = —.21380
—.00326y + .000194x = —.14768

The solution to the system is x ~ 55.254,y ~
48.589.

. Gaa(z,y) = —.00404

Y
Gyy(z,y) = —.00326
Gay(x,y) = .000194
D

= (—.00404)(—.00326) — (.000194)2
~ .0000131

Since D > 0 and G, = —.00404 < 0,
(G(55.254,48.589) is a relative maximum of G(z, y).

. The test results include random errors or “noise,”

which may explain the 7.2 rating. Also, the func-
tion that best fits all of the data points is not
necessarily above all of the points.

. The two flavor surfaces have saddle points near

the middle of the domain. For overall flavor, the
maxima are at the edges of the domain, either 400
minutes at about 130°C or 20 minutes at about
160°C.

. With this more stringent requirements, the allow-

able regions in the three contour plots do not over-
lap. The blanching efficiency would need to be
allowed to be less than 93%.

. The lower area of overlap suggests a processing

temperature between 145°C and 155°C with treat-
ment times from 50 to 70 seconds. This region
represents processing nuts at higher temperatures
but for a shorter time.



Chapter 10

DIFFERENTIAL EQUATIONS

10.1 Solutions of Elementary and
Separable Differential Equations

“ /(yz—y)dy=/wd:v

2. 2 =3¢ 2% 3

2 2
dx y_y _ ¥
G020 g 3 2 2 +c
y—/ € r 2y — 3y? =32+ C
*36721
=—5—+C 12 dy _y
o odr a2
dy 1
4. 322 -3-==2 —dy = —dz
dx y Yy 2
2 1
dy _ 3a%—2 /—dy:/x72d$
dx 3 Y
s 2 !
Z/:/ xz—z dx ly| = e~ 1/7HC
3 —e l/z'eC
ot 2 o y = +eCe1/x
~3 3" y=Me/*
dy 9 dy
- = 71 e — —_
ydx T 14. T 3—vy
2
ydy = (2% — 1) dw 1 dy = da
3-y
/ydy=/(x2—1)d$ 1
/—dy:/dm
y? 3 3-y
I “ln[3-yl=z+C
943 In3—y|l=—-2+C
2 __ =2 —x
V=3 2¢ +C 13— y| = e—2+C
:efzec
8 @ =22y 3—y=+eCe®
dx = Me %
—dy = 2%dx y=3—Me™™®
1 dy _e*
/Zdy:/aﬁdm 16. Iz o
23 eVYdy = e*dx
ln|y|:?+0
. eVdy= [ e*dx
gl = e#/3HC = /3
y:j:ecel'g’/?) ey:€;1;+0
y:Mex3/3 y=In(e* +O)

315
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d
18 :cd—‘z—xQ 32, 4y = — when z = 0.
d
d—z:xe&‘
y:/xez)’mdx
Let w==x dv = 3% dx
3x
du=d = —.
u T v 3
3x
y—ge?’“" %dm
3z
_E 3x 6_
y—Se 9 +C
8 1
- =0—=+C
9 9+
Cc=1
3x
:E Sx_e_ 1
y=3° g "

d
20. :rd—y—y\/E:O;yzlwhenx:O.
x

—dyzﬁdx
x

1
/—dyz/x’l/Qd:r
Y

In |z| = 2012 4 C

|z| = e2e/*+C
szeQmU2
1=Me°
M=1
y:€2m1/2

g9, Jy _ 2 +5 11 wh 0

. — = N = when r = u.
de 2y 1Y

(2y —1)dy = (2 + 5) dx

/(2y—1)dy:/(x2+5)d$

23
yz—y:E+5x+C

121-11=C

C =110

23
yz—y=§+5x+110

Chapter 10 DIFFERENTIAL EQUATIONS

dy 2x+1
“dr y—3"

y =4 when x = 0.

/(y—?))dy:/(21:—|—l)dx

2 2
Y 2z

= —3y=— C
5 Y 5 +x+

Since y = 4 when = = 0,

1
§f12:0+0+c

C=—-4

So,
2
%—Sy:xQ—I—x—éL

d
26. xQ—i:y;y:—lwhenle.

1 1
Yy x

See Exercise 12.

y= Me 1/
—1=Me™ !
M= —e

Y= 76171/1

= _e(-1l/x)+1

d
28. &Y _ z'/?2y?; y =12 when z = 4.
dx

1
—zdyle/Qd:U
Y

/y_zdy:/a:l/Qda:

= %xa/z +C

12, .
—— =24 3/2
o3 HC

65
C=—-——

12
“1_252 65
Y 3 12
—~1  82%%2-65
y 12

12
Y= 832 —65
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d
30. % = (z+2)%Y; y =0 when z = 1.

e Vdy = (x+2)%dx

/e’ydy:/(x+2)2d:c

23
_e*y:M_FC
3
—-1=9+C
C=-10
3
e 2 EEDT g
3
(x+2)3
Y — 10—
3
3
—y=In {10@—'—2)]
3
3
y=—In [10_(x+2)}
3
dz
2. — 1-— 1
3 o =k(1—2)z, 0<z<
Note 1 — z > 0 also.
1
——dz=kd
(1-2)z : .
Observe that
1 1 1
z (172)
[l—z ;} dz = kdx
1
[1—z+_} kdx

—1n(1—z)+lnz:k‘x—|—0

In <L> —kr+C
1—=2

Z )
_ ka+C
1—2

= MeF® where M = €.

1
z = = when x = xy. Let b = eF?o

1
51 = Mek®o,
=3
1=Mb
1
M=-.
b

Therefore,
T _ ekx
1—=2
bz = ek — zeke
(€F* +b)z = eb®
ekr:v
2 =—-—
ekr 4+ b
B 1
14 be ke
N
34. y= = for all x # HT, where

0 <N <ypand

Yo — N
Yo

b:
(a) Since 0 < N < yg, 0 < yo — N and 0 < yo,
so b > 0. Also, yo — N < o, so

yo— N
Yo

<land b< 1.

(b) lim e ** =0 (assuming k > 0), so

N N
AT e 10

Thus, y = N is a horizontal asymptote to the
curve as T — oo.

lim e % = o0, so
r— —00
lim — =0

z——00 | — be—km

Thus, y = 0 is a horizontal asymptote to the curve
as x — —oo.

(c) The graph has a vertical asymptote when

1—be k=0
1 = be k=
% — efk:z
b71 — efk:v
Inb ! =1Ine ke
—Inb=—kx
Inb
I
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(d) y=N(1— be”“)’l T # M 36. Let y = sales, t = time, and k = —.25.
’ k
dy
We assume that k& > 0. (a) a —-25y
d
d_z = —N(1—be ") =2 (—be=k= . (—k)) (b) From Example 4, y = Me =25,
_ —kbNe " () Ift=0, y=.3M.
(1 — be—hw)2
BM = Me-25¢
e % > 0 for all z, (1 —be **)2 > 0 for all 3 — 25t
b —.25t =1In .3
x#—,k>0,b>0,and N > 0.
B . In.3 48
T -2
Therefore, % < 0, and y is decreasing on (%, oo)

Sales will become 30% of their original value in
approximately 4.8 yr.

and on (—oo, h}gb) .

(e) To find %, apply the quotient rul(; to find 38. F— 2. dq
the derivative of %. The numerator of g—mg is q ap
d*y ka\2 . —k e = %’
i —kbN (1—be™"*)%. e " (—k)

+ kbNe k. 2(1—be~ k) - (kbe—F) * _ p dg
= kbN [—ke " {(1 — be™*) 4 2be~F}] > q dp
= k2bNe F*(1 + be k), dpdp = —qdg.

and the denominator is / dpdp = — / qdq

[(1 —be )22 = (1 — be™F)4, op? — %qz e

Thus, Multiplying by 2, we have
@ _ k2bNe F= (1 4 be‘kx). 4p? = —? + 20,
dz? (1 — be—k=)3 q? = —4p? + 2Cs.
e " > 0and b >0, s01+be * > 0 for all z. Let C = 2C5. Then
k> > 0 and N > 0, so the numerator is always
positive. ¢ =—-4p*+C

q=++/—4p?+C.
(1 —be~**)3 > 0, if and only if
Since g cannot be negative,

1—be % >0
1> be k= qg=+/—4p* +C.
b71 > eszz;
—1 —kzx d
Inb™ >Ine 40. Y_ —.03y
—Inb>—kx dt
d
In b /—y:—.OBy/dt
T > x. Yy
In |y = —-.03t+C
Thus, y is concave upward on (%, c0) and con- elnlyl = g=03t+C

cave downward on (foo, %) . y = Me—03t



Section 10.1

Since y = 6 when t = 0,

6= Me°
M =6.
So y = 6e~03,
If £ = 10,
y = Ge—0310)
~ 4.4

After 10 minutes, about 4.4 cc of dye will be present.

dy
42. - = 01 -
=0 (5000 — )

dy

—1In |5000 — y| = .01z + C
In [5000 — y| = —.0lz + C
|5000 _ y‘ — 67.011+C
|5000 — y| = e=017 . ¢
5000 — y = Me= 01
y = 5000 — Me~01®

Since y = 150 when x = 0,

150 = 5000 — Me"
M = 4850.

So y = 5000 — 4850017,
If x =5,

y = 5000 — 4850~-01(%)
~ 387.

At the end of 5 years, there will be about 387 fish.

dw 1
44. (a) &% = (2500 — 17.5w): wt =1

(a) = = 5255(2500 — 17.5w); wt = 180
when ¢ = 0.

3500

5500 — 1750 W = ¢
3500
/2500—17.5w dw_/dt

3500/ 175 7/0%
175 ] 2500 — 175w "

—200 In |2500 — 17.5w| =t + C
In 2500 — 17.5w| = —.005¢ + Co
|2500 — 17.5w| = e—-005t+C2
12500 — 17.5w| = eC2e=005¢
2500 — 17.5w = +eC2e =005
—17.5w = —2500 + Cge~-005
w = 143 4+ Cye—-005¢

46.
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Since w = 180 when ¢t = 0,

180 = 143 + C4(1)
Cy =37
w = 143 4 37¢ 005,
(b) tlim w= tlim (143 + 37¢~-005%)
— 143 + 37(0)
=143

The asymptote is w = 143.

200

0 300

120

According to the model, the value 143 will never
be attained.

(c) 145 = 143 + 37e 005t

9 — 37005t
9
—.005t _ 2
€ 37
2
—005t=1In (=
()
_In(F)
~.005
t ~ 533.55

About 584 days (about 19.5 months) would be
required to reach a weight of 145.

()

175,000

0\& 100

The points suggest that a logistic function is appropriate.
(b) A calculator with a logistic regression function
determines that

B 484,900
1+ 28.32¢ 02893z

Y

best fits the data.
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48.

(c)

175,000

0\= 100

The model does produce appropriate y-values for
the given z-values, particularly for the more re-

cent years.
(d) As x gets larger and larger, e~-92893% approaches
0, so y approaches
484,900 484,900
4 = ’ =484 .
14+2832-0 1 84,900

Therefore, according to this model, the limiting
size of the Jewish population in Toronto is 484,900.

dy _

dt = ky

First separate the variables and integrate.

dy

— =kdt
Y
d

/—y :/k;dt
Y

In|y| =kt +Cy

Solve for y.
|y| — ekt+01 — eclekt

y = Ce, where C' = +¢¢1.
y(0) = 35.5, s0 35.5 = Ce® = C, and
y = 35.5ekt.
Solve for k. Since y(50) = 60.6, then

60.6 = 35.5¢50k

oo _ 606
35.5
60.6
—In [ ==
50k =In (35'5>
In (M)
k=—3557 ~ 01070
50 ’

so  y = 35.5¢ 01070t

Chapter 10 DIFFERENTIAL EQUATIONS

50. (a) A calculator with a logistic regression function

determines that

B 11.74
YT T (1.423 x 1022)¢—02554x

best fits the data.

(b) From the graph, the function from part (a)
seems to fit the data from 1927 on very well. For
the year 1804, the function does not fit the data
very well.

2100

(c) After subtracting .99 from the y-values in the
list, a calculator with a logistic regression function
determines that

B 9.803
YT T4 (2612 x 1029)¢— 03301z

best fits the data.

(d)

1800 \s 2100

From the graph, the function in part (c) does seem
to fit the data better than the graph found in part

(b).

(e) As x gets larger and larger, e~
0 so that y approaches

03391z anproaches

9.803
— =9.803.
140

If you add back the .99 that was subtracted from
the y-values, the result is approximately 10.79 bil-
lion.
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52.

Linear First-Order Differential Equations

(f) For the function found in part (c), as = gets
smaller and approaches negative infinity, the de-
nominator of this logistic function approaches in-
finity so that y approaches 0. After adding back
the .99 that was subtracted earlier, this would im-
ply that the limiting value for the world popula-
tion as you go further and further back in time is
.99 billion. This does not seem reasonable though
because the world population was not always more
than 990 million.

dy

w)/%:—/DMt

In |y| = —.05t+ C
61n|y| — 6_'05+C

Y= :|:€_'05t . €C
Y= Me—.05t

(c) Since y = 90 when ¢t = 0.

90 = MeY
M =90.

So y = 90e—05¢,
(d) At ¢ = 10,

y = 906_‘05(10)
~ 55.

After 10 months, about 55 g are left.

10.2 Linear First-Order Differential

2.

Equations

d
YWy 4y =10
dx

I(l’) _ e‘/'4dm — 64:0

d
e4z_y + 464zy — 106493
dx

D, (e**y) = 10e**
etry = /1064:6 dx

5
= 564% +C

5
y=3 +Ce %

d
4. —y+2:cy:x
dx

I(CC) — o) 2wdw _ emz
d
6m2d_z + 2xe”2y = ze®’

D, (e"”Qy) = ze®”

d
6. :r—y+2:vy—x2:0; x>0
dx

Integration by parts:

Let u==x dv = e** dx

2z
e
du=d = —.
U Xr v 5
2z 2z
20, _ T e_d
ey 5 5 X
:L,€2x 6296
-= % 4c¢
2 4 +
_a: 1 —2z
y=73 4+C’e
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Integration by parts:

Let u=a2 dv = e 2 dg
e—29c
du =2z dx v = .
-2
_ 2,2z
ey = re —l—/xe*h’ dx
2
Let u==x dv = e 2 dx
67293
du=d = .
u T v —
2, ,—2x —2x —92x
Loy —X7€ e e d
ey 5 5 +/ 5 x
—.’1726_2$ "E€_2$ e—2a:
= — — C
2 2 4 +
2 4 Ce
= —— = — = e
Y=m95 73
dy

. —x+2y263m;y:50Whenx:O.

I(.T) _ ef2d;c = 2%
6231:3_3/ + 262xy — 2z 3w
4y
D, (2e%%y) = e7*

ety = [ e*de+C

=—+4+C
3 +
e?m
- C —2z
Y 5 + Ce
1
50==+C
5 +
249
C=—
5
_ €3 249¢72%
Y= 5
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d d
16. x£—3y+220; y = 8 when x = 1. 20. d—‘Z—&—me—e*mQ; y = 100 when x = 0.
dy 3, __2
dx T - T I(SL’) _ efZ;L'da; _ emz
d
I(z) = elf —3/zdx :3673 In e”2£ +2mey = e e
—=e x = Dm(esz):l
1 dy 3 2 2
Bdr AV A ezy:/ld:c
1 2 _
DI<F?J)=—F =r+C
1 Y= ze ™ 4+ Ce
Ey:/flr*“d:r 100=0+C
0p—3 Yy = ze=*" +100e~"
=3 +C
2
g 22. E :(I—KG
8§==-+C
3+ G = (a — KG) dt
22
C== 1
dG = dt
3 ) a—KG
2+ 2213 1
¥y=3 dG = [ dt
3 3 /a—KG /
dy L [_=K _
18.2%—4a:y:5m;y=10vvhenx=1. _K/Q—KGdG_ dt
1
dy 5z ——Inla— KG|=t+C
%—Qxy:7 K | | 1
Inja — KG| = —Kt + Cy
I(x) = of 2edr _ oo la — KG| = e~ Kt+C2
J— CQ —Kt
d 5 = e “e
2 arety = e a— KG = ke Kt
_ 2 5% g2 ~KG = —a+ke ™!
Dw(e y):76
e‘”2y:/5—x6_”2 " Dividing by — K, we get
k
5 :i —Kt = —
:_Ze_$2+c G K—l—C’e where C =
5
y=-—7+0e"
5
10:—14-06
45
 4e
__§+§ 12
YZ LTS
or —§+§ 21
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dN ~ar(a+b+o)
24. E—TN 5[a 7«(1+#>}
dN _ ar(a+b+v)
a [3[ r(1—|- b}iv)}

Integrating factor: [ = e/ —7dt = =7,

e~ ﬂfe’”rN—e” — ar(a +b+v)
d B[ar <1+—v ﬂ
b+~
Dt(Ne’”) = — — (Oé + b + U 67”
14—
5_& < b+v>
Ne "t = —— (a+b+v /e‘”dt
Ba—r< )
o (a+b+v (_l)e—ru_c
,
B_a_r< b+7>
_ ala+b+v) et 4
v
14—
o (14755
N(t):oz—i—b—I—v o L Cert

g '[

o+b+vﬂ

Use the initial condition N(0) = (a«+b+~)/0.
N(O) = a"‘g‘i"l] . @ +C€T(O)
oa-—r (1—|— T
a+ﬂb+v:a+g+v' o e
v
oa—r (1—|— b+w)
a+b+v a+b+wv o
C=—% "3
a—r (1+ b+v)
a+b+v a
a—r (1—|— b+'y>
Replace this in the antiderivative previously found.
b
N(t):a—l-ﬁ—l-v. « ,
a—r <1+ b+w)
a+b+v e

1— e

s a—r(l—i—

v
by

rt
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Now use the substitution

Rza—r(l—l— Y )
b+~
a+b+wv «

3 -a_r(1+b17)

a+b+wv 1 « ot

g a—r(l—&—b_’i,y)

a+b+wv a+a+b+v(1 oz) t
p— . — — — e
B R B R

— Lm[a+(3_a)ert]

g
_ a—'_g—’_v[(R—a)e”—i—oa]

N(t) =

26. f(t)=e¢""t

dy

- = .02
pn =ky+ f(t), k=0
dy

= .02 -t
o y+e

dy
YW _ 2y =
dt y=e

of —02dt _ 02t
—02t) — =02t

I(t) =
Di(y-e
—.02t

ye— 2/6_1'02tdt

=—.98e 1 1+ O
y=—.98¢"t + Ce 02

Since y = 10,000 when t = 0,

10,000 = —.98¢® + Ce® = —.98 + C
C = 10,000.98.

Therefore,

y = —.98¢"" + 10,000.98¢ 9%,
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28. f(t) =t
dy
—~ =k t
— y+ f(t)
dy
o Ryt
dy
o =t

dy
—kt —kt —kt
e — ke =te

dt y

Dy(e Fty) = te=*

ety = /te’kt dt

Use the table or integration by parts.

e_kty = — (kt];_ 1> ekt 4+ O

At k= .02, y = 10,000, ¢ = 0,

10,000 = — (

12,500 = C.

Therefore,

02+ 1
y=— ( 021 + >+ 12,500¢-02

.0004
= —50t — 2500 + 12,500e-2.

dr
30. = = —k(T —Ty) with T — Ty > 0
! dT = —kdt
T—-Ty =

1
/T_TOdT——/kdt

In(T —Ty) =—kt+C4
T —Ty=e Mt
T=Ty+e"*
T = ce " 4+ Ty, where ¢ = 1.
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32. Refer to Exercise 27.

T=Ce ™ +T,

In this problem, Ty = 68°F; when t = 0,
T = 98.6°F; and when t = 1, T'= 90°F.

98.6 = C'(1) + 68
C =306
T = 30.6e~kt + 68
90 = 30.6e—*1) + 68

30.6e % =22
22
~30.6

22
22

~ .33
Therefore, T = 30.6e~ 33t 4 68.

(a) When ¢t = 2,

T = 30.6e~-33(2) 4 68
= 83.8.

After 2 hours, the temperature of the body will
be 83.8°F.

(b) 75 =230.6e"-33 + 68

7 = 30.6¢ 3
_3_ T
30.6
7
~33t=In ( —
" (30.6)
. _ I (50%)
— 33
~ 4.5

The temperature of the body will be 75°F in ap-
proximately 4.5 hours.

(c) 68.01 = 30.6e~-33 + 68

.01 = 30.6e 3%
01
30.6
01
—33t=In (=
33t =In (30.6)
. _ In (555)
—.33
~24.3



The temperature of the body will be within .01° of
the surrounding air in approximately 24.3 hours.
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+ 9% 9(0) = 0,h = .1; find y(.6).

Zg Yi

10.3 Euler’'s Method

. % =zy+2; y(0) =0, h =.1; find y(.5)
T

g(z,y) =xy +2

2o=0; y0=0
9(xo,y0) =04+2=2
CL‘1:.1

By Euler’s method,

Yir1 = Yi +9(i,y:)h.
Thus, y; =0+ 2(.1) = .2.
glz1,y1) = .1(.2) +2 = 2.02

Ty = 2
Yo = .2+ 2.02(.1) = .402

g(22,y2) = .2(.402) + 2 = 2.0804

T3 = 3
ys = 402 + 2.0804(.1) = .61004
g(zs,y3) = .3(.61004) + 2
= 2.183012
Ty = 4
ya = 61004 + 2.183012(.1)
= .8283412
9(xa,y4) = .4(.8283412) + 2
= 2.33133648
Ty = .0
ys = 8283412 + 2.33133648(.1)
= 1.061474848

Tabulate the results as follows.

£g Yi

0
1
2
3 .03001
4
S
6

0
.0
.01

6.01007 x 10~2
.1004613
.1514705

Therefore, y(.6) ~ .151.

y(1) =0,h = .1; find y(1.4).

0 0

1 2

2 402

3 .61004

4 .8283412
) 1.0614748

Therefore, y(.5) ~ 1.061.

Use Euler’s method as outlined as in the solution
for Exercise 2 in the following exercises. The
results are tabulated.

L Yi

1 0
1.1 1
1.2 .2090909
1.3 .3265152
1.4 14516317

Therefore, y(1.4) ~ .452.

o= e Y +z;4(0) =0;h = .1; find y(.5).

T Yi

0 0

1 1

2 .2004838
3 3023172
4 4062276
.5 5128435

Therefore, y(.5) ~ .513.

10. o= 4x 4+ 3; y(1) =0, h=.1; find y(1.5).
i

£ Yi

1 0
1.1 .7
1.2 1.44
1.3 2.22
1.4 3.04
1.5 3.9

Therefore, y(1.5) = 3.900.
Exact solution:

y=222+3x+C
0=2(1)2+3(1)+C
C=-5
y=2224+3x -5
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Therefore,

16.
y(1.5) = 2(1.5)2 + 3(1.5) = 5
= 4.000.
dy 1
12. == =—; y(1) =1, h=.1; find y(1.4).
o= v =1 ; find y(1.4)
T Yi
1 1
1.1 1.1
1.2 1.190909
1.3 1.274243
1.4 1.351166

Therefore, y(1.4) ~ 1.351.

Exact solution:

y=hz+C

l1=ln14+C=C

y=lnz+1
y(l4)=In1.4 4+ 1 ~ 1.336

14. B 020 00) =1, h = 1; find y(.6).

dx 18.
£ Yi
0 1
1 1
2 1.001
3 1.005004
4 1.014049
5 1.030274
.6 1.056031
Therefore, y(.6) ~ 1.056.
Exact solution:
d
= 20.
Yy
3
T
mhy=—+C
ny 3 +
Inl=0+C
=C
3
x
Iny="—
ny 3
y=y() =
y(.6) = e(9°/3 ~ 1.075
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W _ T 0) =2, h=1; find y(.3)
— = = = = .1 n . .
dm y, y ) b y
Lq Yi
0 2
1 2
.2 2.2005
3 2.014975
Therefore, y(.3) ~ 2.015
Exact solution:
dy
y@ =
2 2
y x
I 2 40
2 2 +
2=0+C=C
2 2
y x
I 2 49
2 2 +
y?=2%4+4
y = Va2 + 4, assuming y > 0.
y(:3) = /(3)2 + 4~ 2.022
dy
I ¢ 0:1'h22'ﬁd 1.
- =) =1L ; find y(1)

Using the program for Euler’s method in the Graph-
ing Calculator Manual, the following values are
obtained:

; Yi y(@i) yi — y(@i)
0 1 1 0
2 1.2 1.2214028 —.0214028
A4 1.44 1.4918247 —.0518247
.6 1.728 1.8221188 —.0941188
.8 2.0736 2.2255409 —.1519409
1.0 2.48832 2.7182818 —.2299618
dy
T LY y(0) = .5, h = .2; find y(1).

Using the program in the Graphing Calculator
Manual, the following values are obtained:

i Yi y(zi) yi —y(xi)
0 .5 .5 0
2 D .5099007 —.0099007
4 .52 0384418 —.0184418
6 .5584 .5823649 —.0239649
.8 611392 .6369255 —.0255335
1.0 6735693 .6967347 —.0231654



328 Chapter 10 DIFFERENTIAL EQUATIONS

22. W _ ) y0) =1 g(ts,ys) = .3(38.95366588)
da — .002(38.95366588)
y=¢e% See Exercise 18. = 8.651323593

y ty =4; ys = 38.95366588
+ (8.651323593)
= 47.60498947

About 48 firms are bankrupt in 2004.

y(x)
25T
20T
15 d
104 28. d—gz = .02(100 — y'/?) = 2 — .02,/F
0.5 to=0; yo=10; h=.5

0204 06 0.81.0
g(t,y) =2—.02/y

24. y’ =x — VY, y(O) =5 g(to, yo) =2 —.02/10 = 1.9368
_"1/42 .
y=1—.5e"""/2 See Exercise 20. t1 = .5; y1 = 10 + 1.9368(.5)

= 10.9684
y y(x)

0.7+ 9(t1,y1) = 2 —.02/10.9684
0.6 = 1.9338

04+ ty =1, yo = 10.9684 + 1.9338(.5)
T =11.9353

27 gta,y2) = 2 — .02v/11.0353
T N N N RO B | :19309

0.2 0.4 0.6 0.8 1.0 x

ty = 1.5; y3 = 11.9353 + 1.9309(.5)

dy = 12.9008
26. (a) gl ky(150 — y); k = .002 g(ts, ys) = 2 — .02/T2.9008
dy — 1.9282
i .002y(150 — y)
ty = 2; ys = 12.9008 + 1.9282(.5)
% 3y — 0022 — 13.8649
(b) If to = 0 corresponds to 2000, then ¢, = 4 9(ta; ya) = 2 — .02V/13.8649
corresponds to 2004. = 1.9255
Yo = 20; glt,y) = 3y — 00242 ts = 2.5; y5 = 13.8649 + 1.9255(.5)
g(to, o) = .3(20) — .002(20)? = 14.8277
=5.2 g(ts, ys) = 2 — .02/ 14.8277
= 1.9230
t1=1; y1 =20+ (5.2)(1) = 25.2
g(t1,y1) = .3(25.2) — .002(25.2)> te =3, ye = 14.8277 + 1.9230(.5)
— 6.28992 = 15.7892
ty =2; yo = 25.2 + (6.28992)(1) 9(ts, yo) B 3 9_2'(?52 V15.7892
= 31.48992 -
g(ta, yo) = .3(31.48992) tr = 3.5, yr = 15,7892 + 1.9205(.5)
— .002(31.48992) = 16.7495
= 7.463745877 g(t7,y7) = 2 — .02¢/16.7495
= 1.9181

t3 = 3; Yz = 31.48992
+ (7.463745877)(1) ts =4, ys = 16.7495 + 1.9181(.5)
= 38.95366588 = 17.7086
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g(ﬁg, yg) =2—- .02\/ 17.7086
= 1.9158

to = 4.5; yo = 17.7086 + 1.9158(.5)
= 18.6665
g(to, yo) = 2 — .021/18.6665
=1.9136
t10 = 5; y10 = 18.6665 + 1.9136(.5)
= 19.6233

There will be about 20 species.

d

30. d—i’ = —y+.02y% + .003y?; for [0, 4]
h:]., t():O, y0:15

g(t,y) = —y + .02y% + .003y3

g(to, yo) = —15 +.02(15)% +.003(15)3
=375

tl = 1; Y1 = 15 + (—375)(1)
= 14.625
glt,y1) = —14.625 + .02(14.625)?
+.003(14.625)3
= —.963

to = 2; yo = 14.625 + (—.963)(1)
= 13.662
g(ta,y2) = —13.662 + .02(13.662)?
+.003(13.662)>
=—-2.279

ts = 3; y3 = 13.662 + (—2.279)(1)
=11.383
g(ts,ys) = —11.383 + .02(11.383)2
+.003(11.383)3
= —4.367

ty = 4; yg = 11.383 + (—4.367)(1)
= 7.016 thousand

There will be about 7000 whales.

32. (a) Using Method 2 described after Example 1
of the text, store % for the function variable Y;
with &£ = .5 and m = 4. That is, Y7 should equal
5(P — P?)15. Store 5 for H (use keystrokes 5 —
H),to —h=-5for T (-5 — T), and py = .1 for
P(.1 — P). Next enter the keystrokes T+H — T
P+ Y H — P. Each time the ENTER key is
pressed, the subsequent values for ¢; will be stored
into T" and the corresponding values for p; will
appear on the screen. This summarized in the
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table below.

t; Di

0 1

5 .1675
10 297678
15 .536660
20 .846644
25 .963605
30 .980024

(b) By continuing to press the ENTER key, it
appears that the values for p; are approaching 1.

10.4 Applications of Differential

Equations
—2000 -+ 2120e-0%¢
2. A=
06
. .06t
20,000 — —2000 +2120¢
06
80 — .06t
53 ©

80
In [ —= ] = .06t
1 80

dA
4. — =.07TA+D
7 07A +

1

07A+D dA = dt

In(.07A 4 D)

— T _t+C

.07 +
D

When ¢t =3, A = 50,000.

A —1+e07)

D
_ -1 .07(3)
50,000 .07( +e )

D
= ﬁ(
~50,000(.07)
D= —14e2l

-1+ 6'21)

~ $14,977.87
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dy
6. (a) i 3y — 2zy = y(3 — 2x)

dx
29
7 T+ 3zy
T z(—2+ 3y)

dy _ i{ _ y(3 — 2x)

dv 4 g(—2+3y)

dt

52 (52)
62 (2

3y—2lny=3Inzr—-2x+C

When x =1, y =2,
6—-2In2=3mn1-2+C
8§—In4=C.
Therefore, 3y —2Iny =3lnz —2xr+8 —In4 is an

equation relating  and y in this case.

(b) 0=3y —2zy = —y(—3+2x)
0=—2z+ 3zy ==x(—2+ 3y)

0=—-y(-3+2z) and 0=uaz(-2+3y)
y=0 and r=0 or
—3+2x=0 —243y=0
3 2
T=3 and y=§

8. (a) Let y = the number of individuals infected.
The differential equation is

The solution is Equation 12 in Example 4, which
is

B N

14+ (N —1)e-aNt’

h = —.
Y where a = —

The number of individuals uninfected at time ¢ is
N
N —
1+ (N —1)e-alNt
_ N+N(N — e Nt - N
T T 1+ (N De oMt
 N(N-1)
TN — 14 ealNt’
Now substitute N = 5000 and a = .00005.
B 5000(5000 — 1)
Y= 5000 — 1 & ¢(-00005)(5000)¢
24,995,000
4999 + 25t

y:
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(b) t =30

24,995,000

Y= 1009 ez 2072
(c) t =50

24,995,000
4999 + ¢-25(30)

(d) From Example 4,

91

In(N —-1)
aN
In (5000 — 1)
(.00005)(5000)

= 34.

by =

The maximum infection rate will occur on the
34th day.

10. (a) The differential equation is

dy
~Z —a(N —y)y.
I a(N —y)y

yo = 50; y = 300 when ¢t = 10, N = 10,000.

The solution is Equation 11 in Example 4, which
is

N
1 4 be—kt?
where b = N—yﬂﬁ and k = aN.
Since yo = 50 and N = 10,000,
b= 1000050 — 199; k = 10,000a.

Y

Therefore,

B 10,000
1 1 199¢—10,000at "

y = 300 when ¢ = 10.

Y

10,000
1 + 199¢—10,000(10)a

300 4 300(199)e~100.:000a — 10 00
e—100,000a _ 9700

~300(199)
= .1624791

 In(.1624791)
~ 7 2100,000

=.000018

300 =

k = 10,000a = 10,000(.000018) = .18
Therefore,

10,000 10,000¢-18¢
Y= 17 199¢ 150 e 18t 1199




Section 10.4  Applications of Differential Equations

(b) Half the community is y = 5000. Find ¢ for
y = 5000.

10,000
1+ 199¢ 18

5000 + 5000(199)e 18 = 10,000

s 5000
5000(199)
,_ In(.005)
— 18
=29.44

5000 =

= .005

Half the community will be infected in about 29
days.

12. (a) % =—ay+b(f—y)Y

a=1,b=1 f=.5,Y =.01;
y = .02 when t = 0.

% — —y+1(5-y)(01)

= —1.010y + .005

/L = /dt
~1.010y + .005

1

In [~1.010y + .005| = —1.010¢ + C;
|—1.010y + .005| = ¢~ 1-010t+C1
= ecl e*l.OlOt
—1.010y + .005 = Cle—1-010t
y = .005 — .990Ce 1010t

Since y = .02 when t = 0,

.02 =.005 — .990Ce"
—.990C = .015.

Therefore,

y = .005 + .015¢~1-010t,
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(b) % =AY + B(F-Y)y

A=1, B=1,y=.1,F = .03;
Y = .01 when ¢t = 0.

dy
= = ~Y +1(.03 - Y)(.1)
=—1.1Y +.003
dy o
—1.1Y —.003

1
—77 I [FL1Y +.003) = ¢ + C

In ‘—1.1Y + .003‘ =—1.1t+C,
|—1.1Y + .003| = e~ 1-1t+Cs

— 6016—1.1t
—1.1Y +.003 = Ce~ L1t
. Cc ., 003
Y==3° 11

=.909Ce~ 11t 4 .00273

Since Y = .01 when ¢t = 0,

.01 = —.909Ce" + .00273
—.909C = .00727.

Therefore,

Y = .00727¢~ " 4+ .00273.

dy
14. (a) — = a(N - y)y
Yo =25 y=15whent=3; N =50

The solution to this differential equation is Equa-
tion 11 in Example 4, which is

— Yo

Y= m where b = m and
k=aN.
Since y =5 and N = 50,
b:M:& k = 50a.
5
50

y= 1+ Qe—50at
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y = 15 when t = 3, so

50
J L
b 1 4 9e—50a
15 + 135e~ 1502 = 50
35
—150a _ 22
© T3
_
27
7
—150a = In 77
= —1.350
—50a = —.45.
Therefore,
B 50
Yo T ge— st
(b) When y = 30,
50
30 = 1 4 9e—-45t

30 + 270e 4%t = 50
s 202

270 27
1 2
t = —— 1 _— = J. .
a5 Moy =T
In about 6 days, 30 employees have heard the ru-

mor.

d
16. (a) d—? =kye % a=.1; y =5 when t = 0;

y =15 when ¢t = 3.

dy _ k/e"ltdt

Yy
In|y| = —10ke™' 4+
ly| = e~ 10ke™ 40y

— ¢C1p—10ke !
y = Cve—lOlcef'lt
Since y = 5 when ¢t = 0,
5= Ce 10k
C = 5e!0F,
Since y = 15 when t = 3,
15 = Ce—10ke™® _ (yo—T7.41k
C = 15741k,
Solve the system
C = 5el0k
C = 15e741F,

5610k — 1567.41k

el0k _ 3,741k

Chapter 10 DIFFERENTIAL EQUATIONS

Take natural logarithms on both sides.

10klne=In3+741kIne
2.59k =1n3

1

k=-—In3=.424
259

C = 5e'00420) = 347

Therefore,

y = 3476—10(.424)6*-“
= 34742,

(b) If y = 30,

30 = 347 4-24e

49401t 30

e =3 .0865
—4.24¢= In e = In .0865
P L In .0865
4.24
= .5773

—1tIne=1n .5773
t=-101In .5773
= 5.493.

30 employees have heard the rumor in about 5.5
days.

18. Let y = the amount of salt present at time ¢.

(a) % = (rate of salt in)

— (rate of salt out)
rate of salt in = (3 gal/min) (2 1b/gal)
= 6 lb/min

rate of salt out = (% lb/gal) (2 gal/min)

2

= <Vy lb/min)
dy 2y
Y62 yo)y=201b
7 7 ¥(0)
% = (rate of liquid in)

— (rate of liquid out)
=3 gal/min — 2 gal/min
= 1 gal/min

v _,
dt
V=t+C
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When ¢t =0, V = 100. Thus,

Cy = 100.
V =1t +100.
Therefore,
dy _ 6 2y
dt t+ 100
dy 2

at " tr100Y ~°

I(t) = oJ 2dt/(t+100)
— 2 In|t+100|

= (t +100)?

%(t +100)2 + 2y(t + 100) = 6(t + 100)?
Dy [y(t +100)?] = 6(t + 100)?

y(t +100)% = 6/(t + 100)2 dt

y(t +100)% = 2(¢t + 100)% + C

y = 2(t + 100) + ¢

Since t = 0 when y = 20,

20 = 2(1 —

0= 2(100) + o3

C = —1,800,000.

1,800,000

= 2(t + 100) — 2———

y=2(t+100) = 550072
~2(t+100)® — 1,800,000
N (t +100)2

(b) t =1 hr = 60 min

~2(160)* — 1,800,000
N (160)2

= 249.69

After 1 hr, about 250 Ib of salt are present.

(c) As time increases, salt concentration continues
to increase.

(t + 100)2
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20. Let y = the amount of salt present at time ¢
minutes.

(a) % = (rate of salt in)

— (rate of salt out)
rate of salt in = 0

rate of salt out = (% lb/gal) (2 gal/min)

= 2Vy Ib/min
dy _ 2y
Y2 0y =20
o = 7 v
% = (rate of liquid in)
— (rate of liquid out)
= 2 gal/min — 2 gal/min =0
av
@
V=0

When t =0, V =100, so C; = 100.

Therefore,

dy 2y

. -

dt 100 Y

d

Y 024t

Yy

In|y| = —.02t + C4

|y| — 67‘02t+01 — eclef.OQt

= Ce=02,

Since t = 0 when y = 20,

20 = Ce'
C = 20.
Y= 2067.021&.

(b) t =1 hr = 60 min
y = 20e02(69) = 6,024

After 1 hr, about 6 1b of salt are present.

(c) As time increases, salt concentration continues
to decrease.
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22. Let y = amount of the chemical at time ¢.

(a) % = (rate of chemical in)
— (rate of chemical out)
rate of chemical in
= (2 liters/min)(.1 g/liter)
= .2 g/min
rate of chemical out

= (% g/liter) (1 liter/min)

= % g/liter

dy y

Yoo Ly =
7 v y(0) =5
% = (rate of liquid in)

— (rate of liquid out)
= 2 liter/min — 1 liter /min
= 1 liter/min

av
dt
V=t+0C

When ¢t =0, V =100, so C; = 100.

V =t+100
Therefore,
dy_ 5 Y
dt £+ 100
d 1
(i*moo y=2

I(t) = ef dt/(t+100) _ ,ln |¢+100]
=t+ 100
dy
= (t+100) +y = 2( + 100)

D, (t +100)y = .2(t + 100)

/ (t +100)d

1(t+100)2 4+ C

(t +100)y

(t + 100)y =

— 1(t+1
y=-1(t+100) + =0

t=0,y=5
C
5=.1(100) + —
A )+100

500 = 1000 + C
C = —-500

Chapter 10 DIFFERENTIAL EQUATIONS

Therefore,
—500
=.1(t+1
y=-1t+100)+ 555

_.1(t +100)% — 500

B t+100
(b) When ¢ = 30 min,

1(130)2 —
y = M =9.154,

130
After 30 min, about 9.2 g of chemical are present.
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6.

10. —

12.

14.

16

d
_y + y2 = myQ
dx

Since the equation can be rewritten in the form
% = (x — 1)dz, then the equation is separable,
but since it cannot be rewritten in the form %;i +
P(z)y = Q(z), then the equation is not linear.

d
—y:xy—i—lnx

Cdx

Since the equation can be rewritten in the form
% + (—x)y = lnz, then the equation is linear.
Since the equation cannot be rewritten in the form
g9(y)dy = f(x)dz, then it is not separable.

x dy EPERPEYE
Y dx

Since the equation can be rewritten in the form
%% + (*%—3/2) y = 0, then the equation is lin-

ear. Since it can be rewritten in the form %i =

1+fb—,g/zdx, then it is also separable. Therefore, it
is both linear and separable.

dy

dx

Since the equation cannot be rewritten in either
d

form #£ + P(z)y = Q(x) or the form g(y)dy =

f(x)dz, then the equation is neither linear nor

separable.

=z —I-y

dy

et x? 4 5zt

3
y=%+:r5+0

dy 1

“dr  2r+3

1
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18. dy etz
dx y—1
(y—1)dy = (e* + x)dx
2 2
Y _j—er X
5 —y=e + B +C
dy 33—y
20. —= =
dx er
1
mdyzeff”dx
—In|3—yl=—-e"+C
Inj3—y|l=e*-C
3—y=ke
y=3—ke
or y=3+Me "
22 @—l—xyzélx
dx

I(z) = efxdx — /2
ey = /43:6””2/2d3:

=472 4 C
y=4+ Ce="/2

dr T

I(m):efdz/a::elna::x

1
:By:/as —e’ dx
x
:/e““’dacze""—l—C
e* C
y=—"+—=
T

335
dy 9
26. e (3z + 2)%e¥; y = 0 when x = 0.
e Vdy = (3x +2)%dx
1
—e ¥ = 5(31" +2)34+C
Lo\s
—-1= 5(2) +C
17
C=——
9
17 1
V=" —(3x+2)3
e 5 9( x + 2)
_ 1 17— (32 +2)3
v= 9
V17 -2
Notice that x < 7T
dy 9
28. e’”%—e’”y:x —1; y =42 when x = 0.
dy _w
oY= (22 —1)e
I(x) — effldz —e
e Ty = /(x2 — e * e *dx
= /(x2 — e 2*dx
Integration by parts:
Let u=2x%2-1 dv =e 2" dzx
1
du = 2z dx v = 756’2””
21
ey = ——(x 5 )6*2‘T —|—/me*2‘” dx
Let u=ux dv = e 2*dx
du = dx v = —16_2“.
2
21 1
€7m/y _ (‘T 5 )67293 6721’ + / 5672m dz
_ (‘1’2 _ 1) —22 T _op -2z
5 € 5¢ e +C
2
—1
y=— (z )e_”” et Zemr 4 et
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1 1

D2==-0—-=+C
2 4+
C =41.75
(x> -1) _  x _ 1 ,
N S x et x x 41 x
Y 5 e 26 46 + 41.75¢e

2 1
—e? [‘T— ~IZy —] +41.75¢%

2 2 4
_ T _wet e tser
N 2 2 4 '
d
30. el + 2%y =22, y =8 when x = 0.
dx

I(x) = of #Pdu _ 2?3
613/3% + :L.26;c3/3y — 12077 /3
Dw(e$3/3y) — 22e2%/3
ef”g/?’y = /erwB/?’ dx

=e’ /34 C
yzl—l—Ce’””S/?’

Since x = 0 when y = 8,

8=14+Ce°
C=".

Therefore,
y=1+ Te /3,
d
32. + Y —22%y + 322 =0
dx

y = 15 when z = 0.

3
= §€_w2 +C
3
y=3 + Ce*”
Since = 0 when y = 15,
3
15 = B} +Ce°

T
-

C

Chapter 10 DIFFERENTIAL EQUATIONS

Therefore,

dy

x
34. — =
de 22 -3

; ¥y =52 when z = 2.

xT

T
y:lln ’x2—3|—|—C
2
Since y = 52 when z = 2,
1 2
52=5In|(2?-3[+C

=—Inl+C

N —

(0)+C

N =

C:

(S5

2

The particular solution is

1
y:§ln |:c273}+52.

d
36. m2d—y+4my762$3 =0; y =e? when z = 1.
T

66293 +C
o 1,
l-e 266 +C
5
C__2
66
62“’34—562
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dy
38. — = “Ly(0)=1; h=.2;
=Lty ; 4(0)

1
g(w,y) =z + -
(z, ) ;
xo=0; yo=1
1
g(xo,yo)ZO‘FI:l
x1=.2; 1 =14+1(.2)=1.2
1
=.24+— =1.0333
g(xlﬂyl) +1.2

Ty = 4; yo = 1.2+ 1.0333(.2)

= 1.4067
=. =1.11
9(x2,12) = 4+ 14067 09
x5 = .6; ys = 1.4067 4+ 1.1109(.2)
= 1.6289
(23, 3) = .6+ —
I3 ¥3) =0 776989
=1.2139
ot = .8; y, = 1.6289 + 1.2139(.2)
= 1.8717
=8+ —— =1.334
9(xa,ys) = .8+ T 3343
x5 = 1.0; ys = 1.8719 4 1.3343(.2)
ys = 2.13855
y(1) =~ 2.139
dy =«
40. 2 == 44; y(0)=0; h =1,
o =3 T4l )
X
g(x,y) = 5 T4
20=0; 59 =0

0
9($0,y0)25+4:4

r1=.1,yp1=0+4(1)=4

1
g(x1,y1) = 35 +4=4.05

2
9(x2,92) = 35 +4=4.1

x3 =.3; v = .805+4.1(.1)
=1.215

Solving the differential equation gives

d
y_Z .y

dr 2
T
/dyz/(§+4>d3:
22
yzz+4$+0.

Since x =0 when y =0, C = 0.

2

yz%—i—élm

2

y(zs) =y(.3) = % +4(.3) =1.223

ys — y(xs) = 1.215 — 1.223 = —.008

44. A = 10,000 when t = 0; r = .05,
D = —1000

dA
— =. — 1000
(a) o 05A

1
(b) 054 — 1000 dA = dt

1
— In|.06A -1 =1
G n|.05 000] +C

In|.05A — 1000| = .05¢ + k
In|.05(10,000) — 1000| = &
k = In |—500| = In 500
In |.054 — 1000| = .05¢ + In 500
.054 — 1000] = 500¢-05t

Since .05A4 < 1000,

.05A — 1000| = 1000 — .05A4
1000 — .05A = 500e05¢

1
A = —(1000 — 500¢05*
05 ™)

=10,000(2 — e:05t).

When t =1,
A =10,000(2 — e%M)) ~ $9487.29.
dy
46. i .2(125 — y); y = 20 when a = 0;
y <125
1
=.2d
25—y .
—In(125—y) =22+ C
—In1056=C

—In (125 — y) = .22 — In 105
In (125 — y) = 1In 105 — .2z
125 —y = 105e—2*
y = 125 — 105e— %
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48.

50.

(a) If = = 10,

y = 125 — 105e—-2(10)
~ 111 items.

(b) For large x, e~ 2 ~ 0, so y ~ 125. For exam-
ple, if x = 30, y = 125 — 105¢~% ~ 124.7 which
rounds to 125. Mathematically, however, y = 125
requires e ~2* = 0 which is impossible.

Although not exactly possible mathematically, for
practical purposes, a worker can produce 125 items

in a day.
dy
—=ky, k=.1,t=0, y=120
dt y? ) ) y
d
Y~ kat
Y
In |y| = kt+ C
ly = ettt
y = MeFt
y= Melt
120 = Me°
M =120
y = 120e1t
Let t =6 and find y.
y = 120e°
~ 219

After 6 weeks, about 219 are present.

d
YW _ rate of smoke in

— rate of smoke out
rate of smoke in = 0

12
rate of smoke out = (%) (1200) = _OOy
dy — —1200y
a Vv
ﬂ = 1200 — 1200 =0
dt
V(t)=C: at t =0, V = 15,000.
Cy, = 15,000
V(t) = 15,000
dy — —1200y
at 15,000
d
YW ogdt
Yy
Iny=—-.08t+C
.08t

y=ke”

52.

Chapter 10 DIFFERENTIAL EQUATIONS

At t =0, y=20.

20 = ke®
k=20
Therefore,
y = 20e 08,
At y =5,
5 = 20e 08t
25 = e~ 08¢
‘o —1In(.25)
- .08
= 17.3 min.

(a) The differential equation for y, the number of
individuals infected, is

— =a(N —y)y.

o = N =)y

The solution is equation 12 in Example 4 of Sec-
tion 9.4, which is

N . . .
14 (N — 1)e—aNt’ t is in weeks.

Y

The number of individuals uninfected at time ¢ is

N
= N —
Y 1+ (N — e oMt
_ N(N-1)
- N — 1+ et
Substitute N = 700.
~700(699)
¥y= 699 14 ¢700at
489,300
" 699 4 700at
Substitute t = 6, y = 300.
489,300
300 = 559+ croo@ra
489,300

~ 699 + ¢4200a

209,700 + 300e42000 = 489 300
e4200a =932
~ In 932
4200
700a = 700(.00163) = 1.140

=.00163

Therefore,
489,300

y= 699 & el 140t -
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54.

56.

(b) At ¢t = 7 weeks,

489,300
Y7 699 4 el 1400

~ 135 people.

(c) From Example 4,

. In(N—1)
me alN
~In(700 — 1)
~ (.00163)(700)
t,, = 5.7 wk.
1
1412
N = Y1 - 3_ 13/2
Y1Y3 ?5

(a) Using the formula for N with y; = 5.3, y2 =
23.2, and y3 = 76.0, N ~ 185. So, the upper
bound that the U.S. population was approaching
during these years was approximately 185 million.

(b) Using the formula for N with y; = 23.2, yo =
76.0, and y3 = 150.7, N =~ 207. So, the upper
bound that the U.S. population was approaching
during these years was approximately 207 million.

(c) Using the formula for N with y; = 39.8, yo =
105.7, and y3 = 203.3, N = 326. So, the upper
bound that the U.S. population was approaching
during these years was approximately 326 million.

(a)

300

22

The points suggest the lower portion of a logis-
tic growth curve, so yes, a logistic function seems
appropriate.

(b) A calculator with a logistic regression function
determines that

389

Y= 15 5a1e 22w

best fits the data.

58.

339

(c)

300

0 22
0

The model does produce appropriate y-values for
the given z-values.

(d) As x gets larger and larger, e~-22"® approaches
0, so y approaches
389 389
— = 389.

1+541-0 1
Therefore, according to this model, the U.S. pop-
ulation has a limiting size of 389 million.
d
(a) T2 = a(N —y)y: N =100; yo = 4
y =15 when x = 3.

The solution to the differential equation is equa-
tion 11 in Example 4, which is

_ N
L
where b = N;Oyo and k = aN.
100 — 4
b= 004 — 24: k =100a
100
Yy

= 1 +2467100a1’
Since y = 15 when z = 3,
B 100
1+ 24e~100a(3)
15 + 360e 300 = 100
—300a _ 85
360

85

—100a = 1 In < 85 ) = —.481.

15

37 \360
Therefore,
100
Y= T 20e 10
(b) For x =5 days,
B 100
YT T 20e w10
y = 31.58

In 5 days, about 32 people have heard the rumor.
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dT
60. —- = k(T —Tr); Tr = 300; T =40 when ¢ =0.

T =150 when t = 1.
From Section 10.2, Exercise 27, the solution to the
differential equation is

T =ce + T,

where ¢ is a constant (—k has been replaced by &
in this exercise.)
Here, T = ce®* + 300.

40 = ¢ + 300
¢ = —260
T = 300 — 260"t
150 = 300 — 260¢*
15
k15
“ T %

15
k=In (=]~ -.55

T = 300 — 260e~ 5%

250 = 300 — 260e %
_s5t _ O
26

1 5
=——In|{—)~3h
b="%s n<26> 3 b

e

Extended Application: Pollution of
the Great Lakes

1. t= % In (%8)

_og PL®)
(a) — =2.6; B, (0) =4
t—261n<l4> 2.4 yr
(b) = =2.6; ]]jj((é)) =3

2.

et (B0

Chapter 10 DIFFERENTIAL EQUATIONS

)

Pr(t)
(a)——308 P (0 =4
1
t =30.81n <—4 =282 yr
Pp(t)
b) — =30.8; =3
() P (0)

1
t=30.8 In <—3> =371yr

k Pp(t)
1 P(t)
2 189 — 4
(a) : 89; PL0)
1
t =189 In (—4) =173 yr
Pr(t)
b) — = 189; =.3
( ) P (0)
t =189 In (%) =228 yr
t
. (a) ekt P (t) = Pr(0) + k/ P;(x)ek*dx
0
dP,
ekt—L + kekt Py (t) = kP;(t)ekt
dP
—= +kPL(t) = kPi(1)

(b) Substituting ¢ = 0 in both sides of

t
Pu(t) = e | PL(0) + & / P(z)etd
0

produces Pr(0) on both sides. On the right side,
e " becomes e = 1, and the integral goes to zero
(because lower limit = upper limit).

(c) Since 30.8 = ,k = 535 ~ 0.0325. This rep-

r __ _flow rate
resents V' 7 lake volume’

year, the total flow is 3.25% of the lake’s volume.
That is the percentage replaced. The higher &

So the lake with the biggest

turnover is Lake Erie.

which means that every

1
is, the lower z is.
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t

5. Substitute P;(x) = Pr(0)e ?* in / P,(z)e**dx.

0

t t
/ Pr(0)e Prekrdy = PL(O)/ elk=p)z g
0 0

1 t

k—p

-7

1
= RO [t

6. (a) For Lake Michigan, k =~ 0.0325. Graph

e(k:—p)?(?:|

0

1
Yy = m(.OSQSe_'Oz’” —.02¢7:0325%) and
y2 = .90,

and find the intersection point:

1

>

nkgrseckion

I
0\ H=BB.9ZZA26 =5 1) 100
0

It will take about 67 years to reduce pollution to
50% of its current value. This compares with 21

years assuming pollution-free inflow.

(b) With p = 0, the inflow is constant at the same

pollution level as the lake. The ratio

1
— k —pt __ —kt
PL(O) k’ _p( € pe )

becomes

1
m(keo — 0) = 1,

which means that the lake pollution level is con-

stant, as would be expected.

341



Chapter 11

PROBABILITY AND CALCULUS

8. f(x) =222 [-1, 1]

11.1 Continuous Probability . )
Models / 20 dz = Za®
-1 _1
2
11 Z(1+1
2 f@) =55 (3 4 A
3 6
Show that condition 1 holds. = § 71
Since 3 <z <4, No, f(x) is not a probability density function.
1 4 3 12 45
1<-x<= 10. =—z2 - = 4
<3TS3 0. f(z) 3% 13x+ ) ; [0, 4]
1 1 3
< 7 So f(x) < 0 for at least one z-value in [0, 4].
-6 No, f(z) is not a probability density function.
Hence, f(x) >0 on [3, 4]. 12. f(z) = ka®/2;[4, 9]
Show that condition 2 holds.
9 2% 9
171 1 22 z\|* / kad/? do = =ab/?
/ —r—=|dr=——= 4 5 4
, \3° 7% 6 6/, o
—Lli6—4—943) =5 (243-32)
6 422k
=1 T 5
Yes, f(x) is a probability density function. If 42% =1, k= 422
4. f(z) = ixl 3, 5] Notice that f(x) = 422:c3/2 >0 for all z in [4, 9].
98 ) )
— 1.2,
Since 22 > 0, f(z) > 0 on [3, 5. 14. f(z) = ka%; [-1, 2]
L2
2 4 23 / ka? dx = 37 3
/ —z? dr = 98 —1 . -1
1 _
= —(125 - 27 =3B8+1)
=1 =3k =
Yes, f(x) is a probability density function. k= %
3
6. f(z)= %; [0, 3] Notice that f(z) = $2% > 0 for all z in [-1, 2].
/5 3 T 16. f(z) = kz; [2, 3]
~dr = —— 3 3
81 324 k k 5k
0 0 = — 2 = — = —_— =
I /2 kx de = 5% (9—-4) 5 1
T4
k=2
#1 5
No, f(z) is not a probability density function. Notice that f(z) = £z > 0 for all z in [2, 3].

342
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18. f(x) = ka?; [2, 4]

4
/kadm:Efl
2 4,

— (256 — 16)

4

NES

k= —
60

Notice that f(z) = g2 > 0 for all z in [2, 4].

24. f(z) = ¢ [0, 00)
o) b
/ e % dr = lim e Tdx
0

b—oo Jq
b
0

= lim | —e™*
b—o0o

1
= lim (1 — _b> =1
b—oo e

f(z) >0 for all .

f(z) is a probability density function.

(a) P(nggl)—/lezdaﬁ
0

() P(x<2)

Il
D\_,
o
m|
8
QU
)

Il
—_
|
Rl
X
o0
D
g
\]

Notice that

Plx<2)=P0<z<1)+P(1<z<2).

20

26. f(x) = ———; [0, o0)

(x+20)2’

343

o0 20 . b s
e dr = lim [ 20(z+20)"2 dz
0

(L‘+20)2 b—oo 0

= Jim —20(x + 20)!

= lim 1—i =1
b— 00 b+ 20

f(z) >0 for all .

b

0

Therefore f(x) is a probability density function.

(a) P(0<x<1):/120(x+20)‘2 do

1
— 20(x + 20)*1‘
0

1 1
= -2 _—— —
0(21 20)

1
21

(b) Pl<z<5h)= /5 20(z +20)"2 dz

5
— 20(z + 20)—1)
1

1 1
=20 (2_5_ﬁ>

= 16 ~ .1524
105

(c) P(x>5)= /500 20(z +20)"2 dz

b
= lim 20(z +20)"2 dz
— OO 5
b
= lim [-20(z +20)71]

b—oo

5

1 1
=lim |20 ( —— — —
birf}o[ O<b+20 25
4

—2-3
5

Alternatively,

Pz >5)=1-P0<xz<5)
=1— (.048 + .152)
—1-2=28

)
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20x*

ifo<x <1
28. f(z) =

20

First, note that f(z) > 0 for all > 0. Next,

Therefore, f(x) is a probability density function.

dx

(a) P(Og:cgl):/o 209"’“"

i (-2} (3
S a—oo \| 9at 9
_3
-9
1 4 2
20z 20
PO0<z<2)= —
@ PO<a<2= [ Trdes [ e

() ()
) (5

Chapter 11 PROBABILITY AND CALCULUS

30. f(z) = % (1 + %) . [4,9]

9
(a) P6<z<9) = /6 %(1 + 3212

1 9
= — 1/2
11(3:-1—690 )

6
1
:ﬁ(9—|—18—6—6\/€)

1
= ﬁ(21 —6/6) ~ .5730

5
(b) P(4<z<5)= A 1—11(1 +3271/2)dx

1 5

_ 1/2
11(33—1—63: )

4

1
:ﬁ(5+6\/5—4—12)

1
= ﬁ(G\/E —11) ~ .2197

7
(c) PA<z<T) :/4 1—11(1 + 327 Y2)dw

1 7
= — 1/2
11(:1:+6:c )

4

1
:ﬁ(7+6\/774712)

1
= ﬁ(ﬁ\/? —9) &~ .6250

32. f(z) = [1, 20]

(In 20)z’

(a) P(1§x§5):/5(;dx

(b) P(10§x§20)—/20 =




Section 11.1  Continuous Probability Models

6—.172/(4Dt)

) = T e,

(a) Let t =12, L =6, and D = 38.3.

e—a°/1838.4
p(l‘, 12) = fOG €_u2/1838'4du

Evaluate this (and other)integrals using the inte-
gration feature on a graphing calculator.

1

~ e—z°/1838.4
5.9611

p(z, 12)
PO<z<3) = /3p(x, 12)dx
0

[ 5=
~ e
o 5.9611

~ .5024

—2°/1838.4 4,

The probability that a flea beetle will be recap-
tured withing 3 meters of the release point is about
.50.

(b)Pu§x§5)—/%m%1ﬂm:

[

N/“’ 1
~ ], 5.9611°

~ .6673

—m2/1838.4dx

The probability that a flea beetle will be recap-
tured between 1 and 5 meters of the release point
is about .67.

8

36. f(z) = w22 [

3, 10]

10
= ——(z—-2)"1
5
81 1
T 7\8 3
__8(_5
T\ 4
5
21
~ .2381
38. f(t)= L o-t/960
960
365 1960
P(t < 365) = — e t/960¢
() Plr<365) = [ 5o
— _—1/960 ‘365
0
— _—365/960 4 |
~ .32
| .
b) P(t > 960) = — e t/960¢
(b) P(t > 960) / e
b
= lim e—t/960 q¢
b—0oo Jogo
b
= lim (—e7/2%) |
b—oo 960
— lim (7efbﬂm0%7671)
b—oo
=0+e!
~ .37
1906
40. f(z) = g [16,44

(a) P(16 <z <25)=

Q

(b) P(35 <z <44)=

Q

Q

25
.1906

/16 —so1z 4%

25

1906 g5
4988

16

.38213;4988}25
16

3821(25-4988 — 164988
3798

44
1
/ 906 e

$'5012
44
3821(24989) ‘
35

.3821(44'4988 _ 35.4988)
2722

345
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30 10
.1906 , (1
() Pe1<o<30) = [ onde Var(o) = [ (=57 (g5) da
~ .3821@4988)‘30 1 (@-5?"
2t 10 3 1o
— _3821(30.4988 _ 21.4J88) - 25 ) 95
~ .3397 =% 6
25
=— =833
42. f(x) =3z"% [1, 00) 3

(a) P(1§x§2)—/23x_4da:

e —xig‘
1 1 1
1 uw= / 22(1 —z)dx = / 2z — 22%)dx
=1-= 0 0
8 N )
7 5 2T
_ = _Z2Z ) =122
8 875 <x 3 ) 0 3
1
b — = ~.33
(b) P(3§x§5):/3x do 3
3
=2 ’ 3 Use the alternative formula to find
1 1
= — - — ~.029 ! 2
27 125 Var(z) = / 22%(1 — x)dx — (%)
0
© Pazy=[ sta - [[eat 2y
3 o 9
b
= blim 374 dx <2333 x4) |
— 00 = _— —_ =
3 , 3 2/, 9
= lim (279 _2 b 11
_ 1 1 o=/ Var(z) ~ .24
= (27 b3)
1
= — =.037 1 3
27 - 2 ).
6. f() =7 (1+ )+ 0.9
11.2 Expected Value and Variance 9 5
- . = L(1+==)d
of Continuous Random Variables # /4 11 ( * \/z) v
9
1
:/ —(x + 32/?)dx
1 11
2. f(z) == [0, 10]
10 1 CL'2 9
— = 2 3/2
xTr) = = | — X
RN =L (S is-s-16
22|10 1\ 2
= — = 5
201 M e
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9 2 8 —~1/3 2
x 3 z= Y 16
Var(z) = — 1+ —=)dx — p? b) V: :/ 2 dr — | —
@) A n( %J a (b) Var(w) = | o { =5 | dr — (3
9 8 ,.5/3
1, %/ 256
— — 3 3/2 dr — 2 _ _=r
All(x—l—x Ydz — 1 e dx o
_L<$_3+§xs/z)9_ua _ B 256
11\3 5 4 16|, 25
1 1458 64 192 256
== (34 =22 == =162
11 ( T3S ) LT
_(lny’ = =5
22
~ 2.09
o~ y/Var(z) = 1.45 (c) o =/ Var(z) =24
8. f(z)=327% [1, o0) 8 ,—1/3
oo (d) Plx>p) = / dx
u:/ x(3x™4)dx " 6
! , L 8
= lim \ 3z73 dx 4 |3,
32\ [° L (3.2)%/3
= lim (— ) 4
b—oo 1
~ .46

(e) P(32—24<z<32+24)

00 ) . 3 2 :P(8<1'<56)
Var(z) :/1 z*(3z~%)dr — (5) 5.6 .—1/3
\ = / r dx
' 9 8 6
= lim 3 2de— =
b—oo 1 4 $2/3 50
b = -_-_-—
4
= lim (—3z7Y)| — % 1 ¢
oo L _ 2/3 2/3
= =-[(5.6 — (.8
o 1662/ — ()27
9 3
4 4

14. f(z) = ;(1—352); [0, 1]

2-1/3
12, f)= 22 0, 9 1
(a) u:/ §:10(1—932)d;z:
8 /.-1/3 0 2
@ = [ () L
0 :/ =(z —23)dz
8 12/3 0 2
= —d
g 6 v 3 <x2 B m4> !
B 25/3 8 2\ 2 4 0
=T, S TESEAT
16 2\2 4 8

I
|
I
w
o
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Il
—_ U NDIWw ol w

©

Q

(e) P(.375—.

o w |
[N}
< (@n)

24 < x < .375+.24)

= P(.135 < x < .615)

2
~ .60

=0
10’[’

(b) E(z)=p

615 g
/135

3 x3
(-9

615)3 135)3

5(1 — 2%)dx

.615

135

10]

:iwhenm:&

=5 (from Exercise 2)
)

Pbh<x<5)=Plx=5)=0

Chapter 11 PROBABILITY AND CALCULUS

18. f(z)=2(1—2); [0,1]

@ [

=2m —m?
1
T2
2m? —4dm+1=0
2-V2
T
~ .293
(Reject m = %, which is not in the interval
[0, 1].)
(b) E(x)=p= é (from Exercise 4)

(1 —2)dx = 2z — 2?) "
0

P(.29 < x < .33)

(a) Seddr = —a 9
1 1
_ 1 1
===
m3 =2
m= /2
~ 1.26
(b) E(z) =p =15 (From Exercise 8)

P(1.26 <z < 1.5)

1.5
/ 3z~ dx
1.26

1.5
=~

1.26
1 1
~(1.26)3  (1.5)3
~ .204
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20z*

ifo<z<1
22. f(x) = 0

Expected value:

1 4 a
20
:/0 T 933 dz+ GILH;O ) m9—5dm
1 5 a
20z 2
—/0 9 dx+ alin;o ) ?d:c

a

1-1— lim (— 20
0 a— 00 27133

_ 2028
—\ 54

1

10 20
RETRT
10
)

Variance:
Var(z) = / 22 f(x)dx — p?
0

1 4
2
:/x20xdx
o 9

@ 90 10\?
+ lim :v2—d:v—<—>

1 6 a
20z 20 100
= dr+ i L dr— —
/0 g T 9T g
(20:&) 1+ i < 10) “ 100
= —= m | —=— - —
63 0 a—00 912 1 81
(20 o)l g (22O (10| _ 100
~\63 a—oo \ 9a2 9 81
_ 20 10 100
63 9 81
110
T 567

Standard deviation:

o = y/Var(z) ~ .44046

24. f(z) = % <1 + %) 4, 9]

(a) From Exercise 6, p =~ 6.41 yr.
(b) o~ 145 yr
(c) P(x>6.41)

’ 1
/ —(1+3271/?)dx
6.41 1

9

1 1
J— /2
11(:5—1—63; )

6.41

1
70+ 18641~ 6(6.41)'/2]
49

Q

1
~ (In 20)x

20 1
(a) u:/l x~md:c

20
1
= d
/1 n 20
T |20
In 20’1
19

~In 20

; [1, 20]

=~ 6.34 seconds

(b) Var(z) = /1 x? - m dr — p?

20
X
= d—2
/1 20 @ H

20
113‘2

2 In 20

399 )
w3

~ 26.40
o~ 1/26.40
~ 5.14 sec

— (6.34)2

1

(c) P(6.34—5.14 < x < 6.34+ 5.14)
= P(1.2 < x < 11.48)

11.48 1
:/ 1w
1o (In 20)x

11.48
In z

In 20

1.2

1
= 55 (0 1148~ In 1.2)

~ .75



30.

~
o
~
=
|
»—\
'S
8
U
8

I
»—\
'S
8
o
[ V)

IS

8

~ .76

o = 4/ Var(zx)
.87 cm

Q

(c) P(z > 2.33+2(.87))
= P(z > 4.07)
=0

The probability is 0 since two standard deviations

falls out of the given interval [1, 4].

f(l') =1.185- 10—9m4.5222e—.049846m

1000
E(x):/1 x f(x)de

Using the integration function on our calculator.

E(z) ~ 110.80

The expected size is about 111.

Chapter 11 PROBABILITY AND CALCULUS

82. f(r) = 2=2: [0,

Il
O\
(@3
VR
—_| Ot
o] tn
8
|
—_
cnl'_'
8
[\v]
~~
S
5]

Il
7N
|Ul
ot
[N
<3
I
| —
—
N
&2
~_
|
o

0

55 1 ,
= 2125 6250 —p
~ 1.60108

o = /Var(x)
~ 1.265

= P(x < 1.806 — 1.265)
= P(z < 541)
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1906

34. f(z) = ; or [16,44]

750127

(a) Expected value:

.1906

44
E(x):/‘:/ T 5012
16 T

dx

44
= / 1906249884

16
.1906
1.4988

1906
T 1.4988

1.4988

44

16

Special Probability Density Functions

351

11.3 Special Probability Density

1.4988 _ 1.4988
(44 1614988

~ 28.8358 ~ 28.8 years

(b) Standard deviation:

44
Var(z) :/ x? 1906

1 002

dx — 28.83582

44
= / 1906214988 g — 28.83582

16

1906 72-4988
2.4988

1906
~ 2.4988

~ 65.75

44

16

o = 4/ Var(zx)
V65.75
8.1

Q

(c) P(16 <z < 28.8—8.1)

— 28.83582

20.7
/16

.1906

4988
.1906

4988
.2088

(442.4988 _ 162.4988) _ 2883582

.1906

——dz
15012

20.7
.4988

16

(20.7.4988 _ 16.4988)

Functions

2. f(x) =2 for [1.25, 1.75]

This is a uniform distribution.
1
(a) p= 5(1.75 + 1.25) = $1.50

1
——(1.75 — 1.25)

V12
)

V2
~$.14

(b) o=

(¢c) PAb5<z<1b+.14)
=P(1.5<z<1.64)

1.64 1.64
= / 2 dx = 2z =
1.5 1.5

.28

. f(t) = .05e% for [0, o)

This is an exponential distribution.

1
—— =90
(a) p 05 yr
(b) = 20 yr
o= — =
05 Y

(c) P(20 <z <20+ 20)
= P(20 < z < 40)

40
:/ .05¢=-95% q¢
20

40
05t

20
=€

~ .23

. f(x) = .1e=1* for [0, o0)

This is an exponential distribution.

1
(a)u:—lzlom

1
(b)U:—1:10m

(c) P(10 < x < 10+ 10)
= P(10 < z < 20)

20
= / dle 17 dg
10
— _p—lz 20
10
=el—e2x.23
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In Exercises 8-14, use the table in the Appendix
for areas under the normal curve.

8. z=1.68

Area between mean z = 0 and 2 = 1.68 is
.9535 — .5000 = .4535.

Percent of area = 45.35%

10. Area between z = —2.13 and 2 = —.04 is
4840 — .0166 = .4674.

Percent of area = 46.74%

12. Since 2% = .02, the z-score that corresponds to
the area of .02 to the left of z is —2.05.

14. 22% of the total area to the right of 2 means 1—.22
of the total area to the left of z.

1-.22=.78

The closest z-score that corresponds to the area
of .78 is .77.

18. For the uniform distribution, f(z) = 7%= for z in
[a, b].

If m is the median,

P(x<m)=

mo1
/a bfadx_
1 /m
b—a /,

&
8
I

N~ N~ N~

Chapter 11 PROBABILITY AND CALCULUS

Multiply both sides by b — a.

m 1 1
/a dm—ﬁb—§a

m 1 1

:—b——

M. 72772

1 1

—a==-b—=

m—a 5 2a

1 1

__b _

m 5 +2a

m_b+a

2

20. f(z)=ae * for [0, o) with a > 0.

o0
u:/ xae” " dx
0

We first consider [ zae™®* dx using integration
by parts.

Let wuwu== and dv = ae” " dux;

du=dx and v = —e

/wae_‘m dr = —xe™* — /(—e_m)dm

1
= —ge ¥ — Ee_“x +C

—axr

ar +1
== aeaw
oo
I :/ xae” " dx
0
b
= lim rae” ** dx

b—oo Jo

. ( azx + 1) b
= lim [ —
b—oo aed®

p=-
a

since e*® grows more rapidly than ab.

&) 1 2
Var(z) = / r2ae”% dx — (—)
0 a

We first consider [ z2ae™** dz using integration

by parts.
Let u=2x and dv = xae ** dx

1 .
du=dx and v = —xe W — —e” ¥

IS

from the previous integration by parts.
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/x%e‘” dx
=z | —xe ¥ — le“w
a
1
— / <:z:e”’ — —e‘”) dx
a

2 ,—ax 1 —ax —ax
= —x°¢e — —zxe + [ ze dx
a

1
+ —/e“” dz
a

_ 7‘%26711:5 _ Zgpeax
a
—axr —ax 1 —axr
+ = | —ze — —e - —e
a a
— _l,2€—aac _re 9T _ lxe—aac
a
T
a? a?
a’x? + 2ax + 2
- a2ea
> 1
Var(z) = / z?ae” " dr — —
a
0
b 1
= lim x2ae” % dx — —
b—oo 0 a
b
. a’x? + 20z +2 1
= li T 2 ax | 2
b—oo a“edr 0 a
. a?b? 4+ 2ab+ 2 2
= lim |-+ — | —
b—oo a“e? a
2 1
a?  a?’

since e’ grows more rapidly than a?b? + 2ab + 2.

Var(z) = iz

a

Thus,

IS

g = Y

22. f(x) =

f(x) =

f'(x) =

f(z)

24.

353

1

oV 2w

1 e—(z—p)? /20" |:_2('r — ,u)}

oV 2w 202
—(z—p)

o3 2nela—7 /207

o (@—1)?/20

f'(x) =

f'x) =

=/

C o3Vor
—el@—n)?/20 (1 _ <z;5>2)

o3/ 2melz—n)?/o?

2
1_(»”05)

o3/ 2me(z—n)? /202

If f”(2) =0, then 1 — Z=° — ¢

o2

(x—p)?=o°

T—pu==x0
r=p+to.

Ifx<p—o, f'(z)>0.
Iftpu—o<zx<p+o, f'(x) <0.
Ifx>p+o, f'(xz) > 0.

Therefore, there are points of inflection when
= p—o and when z = u + o.

From Exercise 23(b) and 23(c),

50
A

50
/ = 522e5% dx 2~ 8.00003
0

BSre~ 57 dr ~ 1.99999 and

From Exercise 23(a), we have the exponential dis-
tribution f(x) = .5e75* for z in [0, oo) with
a=.5.

For this distribution,

0o 50
= / bre™>% dr ~ / 5xe® dx
0 0

~ 1.99999

1 1 1
1.99999 ~ — since — = — = 2.
a a .5

1 <€(m,u)2/20'2(_1)+(x_'u)e(x;L)2/202 (:L’;;’«)

)
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26.

28.

Also, for this distribution,

Var(z) = / Sa2e™ 5 dy — p?
0

50
~ / Sa?e™5% dr — (1.99999)2
0

~ 8.00003 — (1.99999)>
~ 4.00007.
o ~ v/4.00007 ~ 2.00002

1 1 1
2.00002 ~ — since — = — = 2.
a a 5

Use f(z) = abx®~le=2" with a = 4 and b = 1.5.

flz) = (4)(1.5)ztoLe—4a"”

1.5
— 633.5674‘%

(a) u:/ 2(6z-5e 4" ") da
0

> 1.5
=/ 6zl 5e4* " dx
0

3
1.5
M%/ 6331.5674:5 dr
0

Using the integration feature on a graphing calcu-
lator,

W~ .3583.

3
(b) o2 %/ (z — .3583)262-5¢ 47" " dx
0

Using the integration feature on a graphing calcu-

lator,

0% ~ .05916
o~ .2432.

Qo

We have an exponential distribution with mean
w=3.

‘U/: :5

o I

a =

(a) f(x) = .2e=2 for [0, co)

6
(b) P2<z<6)= / 220y
2

Q

i
>N
°
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30. We have a normal distribution with p = 32.8,

32.

34.

o=1.1.
Let = number of ounces of juice.

(a) P(x<32)

r—328 32-328
=P <
1.1 1.1
= P(z < —.73)
— 2327
(b) P(z > 33)
r—328 33328
=P <
1.1 1.1
= P(z > .18)
=1-P(2<.18)
=1-.5714

= .4286

We have a normal distribution, with p = 54.40,
o = 13.50.

1
Pl—a<z<a)= 3
P(z < —a) = .25

Since the closest value to .25 is .2514, we use
z = —.67.

—.67 < z < .67

x — 54.40
—.67 < W < .67

45.36 < x < 63.45

Therefore, P(45.36 < < 63.45) = 1, and the

middle 50% of the customers spend between $45.36
and $63.45.

For an exponential distribution, f(x) = ae™** for
[0, 00). Since a = 2, f(z) = 2e~2* for [0, 1].

(a) The expected proportion is

(b) P(0<z<3)

I
O\‘.
=
~
w
[\
D
©)
8
U
S

|
+
—
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36. u=32ft o=.2ft

If we wish to find the middle 50%, or .50, we want
to find the value of z corresponding to a proba-
bility of .25 in the standard normal distribution
table. This is about .675. Since the desired area
is symmetric about the mean, we use +.675.

_r—pu
T
T —3.2
+. =
675 5
+.135 =2 —3.2
r=32%.135

x = 3.065, 3.335

The largest height is 3.335 ft, and the smallest
height is 3.065 ft.

38. For an exponential distribution, f(x) = ae™ %" for
[0, 00).
1

1
Since p = - =24.8,a = 48
a .

* 1
Plx > 25) = —x/24.8
(a) P(z > 25) /25 518°¢ dx

= 1 —x 24.8d
el /25 248° *

b
= lim _e—z/24.8 ‘
b—oo 25

— lim (_e—b/24.8+e—25/24.8)

b—oo

— o—25/248

~ .36

20
(b) P(.’L‘ < 20) :/ e_m/24'8dﬂf
0

20
— /248 ‘

0
— _—20/248 4

~ .55

40. (a) We have a normal distribution with p = 6.9
and o = 4.6.

No, this is insufficient evidence.

42.

44.

355

(b) We have a normal distribution with 4 = .6
and o = .3.

Yes, by today’s standards there is sufficient evi-
dence to conclude that Andrew Jackson suffered
from mercury poisoning.

Uniform distribution on [32, 44]

1 1
W= -15

for [32, 44]

1
(a) p= 5(32 + 44) = 38 inches

(b) P(38 <z <40)

40
1
/ — dx
g 12

x ‘40

38

For an exponential distribution, f(z) = ae™*" for

[0, 00). Since a = z55=, f(z) = gosge */60%5.

(a) The expected number of days is

Q|

@ == =609.5. The standard deviation is

Q=

= 609.5.

g =

~
b) Pz >365) = [ ———e~2/0095¢
(b) Pl > 365) /365 609.5° v

365 1 y
=1— —x 609.5d
/O 6095 v

14 (e—x/609.5 '365)
0

=1+ (6_365/609'5 _ 1)
— 67365/609‘5

~ .55
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Chapter 11 Review Exercises
4 ()= 5o+ 1, 4

4

4
1 1
—(2 4dr = —(2? + 4
/127(:r+)x 27(az+x)1
1
= — 2—
27(3 5)
=1

Since 1 <z <4, f(x) >0.

Therefore, f(x) is a probability density function.

6. f(z)=.1; [0, 10]

10 10
/ dde = .1z
0 0

= 1(10)—0=1
f(z) >0 for all z in [0, 10].

Therefore, f(x) is a probability density function.

8. f(x) = kv [1, 4]

4 4
/I{:\/Ed;v:/ kx'/? dx
1 1

9 4
— §k/.aj3/2

1

2
=_-k(8-1

k(s 1)

14
=k

3

Since f(z) is a probability density function,

—k=1
3
3
k_ﬂ'
1
10. f(l‘):].— 7[27 5]
z—1

=5-2(2) —3+2V2
~ .828

12.

14.

16.

Chapter 11 PROBABILITY AND CALCULUS

(b) P(2<z<4)

4

:/ - (@ —1)"2de
2

= [z =2z — 1)

=4-2/3-2+2
~ 536

(c) PB<xz<4)
= /34[1 —(z—1)"?]dx
= [z —2(z - 1)Y/? z

=4-23-3+2V2
~ .364

If we consider the probabilities as weights, the ex-
pected value or mean of a probability distribution
represents the point at which the distribution is
balanced.

1
fa)=3: 14,9
9 219
1 T
E(x :u:/ :r(—)da:——
(z) 4 5 101,
81 16 65

9
Var(z) = /4 %(1‘ —6.5)% dx

1 9

— 2 _65)3
= 15(x 6.5)

4

~ Loss 15
15

~ 2.083

o =/ Var(z) = 1.443

f@) =7 (1+2%) s 1.4

B(zx)=p= /14 T E(l + 2x1/2)} dx
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4 2
Var(a:)z/ %(1+2x_1/2)dm—(2.405)2
1
4,2
x 2 4
= — + Z2%/? ) dx — (2.405)?
/1 (7 +7a: ) x — (2.405)

a® 4 5/2 ! 2
=|—=4+= — (2.4
<21 + T > 1 (2.405)
64 128 1 4 9
= (ﬁﬁ-g—ﬁ—%) — (2.405)

A .759
o = +/Var(z) ~ .871

18. f(z) = 4z — 32%; [0, 1]

@) p= /01 2(4z — 322)dz

1
:/ (42% — 323)dx
0

1

357

(d) Plu—o<z<p+o)
~ P(.339 <z < .827)

827
= / (4z — 32?)dz

.339
_.827
= (222 — xs)’
.339
= 2(.827)% — (.827)3
—2(.339)2 4 (.339)3
~ 611

20. f(z) = %(1 —z73/2); [1, 25]

25
dx
= 22 (1 — 32
@)ul[1m< e=3/2)da

5 25

=13,

= 5 x_2_2x1/2
112 \ 2 1

5 625 1
_ﬁEGT_m_§+ﬁ

~ 13.6

(x — 2z~ Y?)dx

25

25 2
(b) Var(x) = /1 DU (1 -3/2)dy — (13.6)?

112
T
=1 (x? — 21/?)dx — (13.6)?
1
5 (28 2 ,,\|7
= = [ _Zp3/2 _ 2
5 (3 3¢ ) 1 (13.6)
5 25% 250 1 2
= — —_ = — _ 1 . 2
112(3 3 3+3) (136)
~ 43.85

() Plu—o<z<p+o)
=P(7T<2<202)

202 g )
= — (1 —2732)dx
/7 112

20.2

_ b —1/2
= 112(3:—!—23: )

7

5 2 2
— (2024 — -7-—=
112( V20.2 ﬁ)
~ .b®



358
For Exercises 22-28, use the table in the Appendix
for the areas under the normal curve.

22. Area to right of z = 1.53 is

1 —.9370 = 0.63 or 6.3%.

24. Area to left of z = 1.03 is
.8485.

Areas to left of z = —1.47 is equivalent to area to
right of z =1.47:

1—.9292 = .0708.
Area between is

.8485 — .0708 = .7777 or 77.77%.

26. 0 =25, u=0,2=0+25
Area to left of 2 =2.51s

.9938 or 99.38%.

28. We want to find the z-score for 21% of the area
under the normal curve to the left of z. We note
that 21% < 50%, so z must be negative. The
z-score for the value in the table nearest .21 is
7z~ —.81.

30. f(z) = .05 for [10, 30]
(a) This is a uniform distribution.

(b) The domain of f is [10, 30].
The range of f is {.05}.

(c)
y
) = 0.05 for [10, 30]

0.10+

005t o —
i i
i i
| I
S

(d) For a uniform distribution,

1
H= §(b+a) and

b% — 2ab + a?

Var(z) = 13
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Thus,
1 1
uw==(30+10) = =(40) = 20
2 2
and
2 2
Var(z) = 30 2(10)(30) + 10
12
_ 400
127

/400

() Plu—o<z<pu+o)
= P(20 = 5.77 < z < 20+ 5.77)
= P(14.23 < 2 < 25.77)

25.77
/ .05 dz
14.23

25.77

.05x‘
14.23

= .05(25.77 — 14.23)
58

Q

_‘/172

32. f(x) = eﬁ for (—o0, o)

(a) Since the exponent of e in f(x) may be written

2= _(55_0)2,
(%)
and ) )
N

f(x) is a normal distribution with g =0 and o =
1

7
(b) The domain of f is (—oo, 00).

The range of f is (O, Lﬂ) .
(c)

X

fy =%

a1

0.564

| |

T T
-1\2 12 x

(d) For this normal distribution, ;& = 0 and
_ 1
g = E
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% -0

1 2

Ifxzjg,z: T = 1.00.
V2

Thus,

Plp—o<z<p+o)
=2P(0 < 2 <1.00)
= 2(.3413)
~ .68.

5

(-t 3/2): 1, 25

34. f(t) =

P(No repairs in years 1-3)
= P(First repair needed in
years 4-25)

25 5
/4 - t=3/2)dt

25

5
2—1/2
112(t+ t )

2
— 35 |3 -4-1]

4

112 )

1 X
36. f(z) = ge’“’/" for [0, co) is an exponential

distribution.
1

(@) p=—=6
6
1

(b) g = T = 6
6

(c¢) P(x>6)= / 1e_””/6 dx
s ©

b

1
= lim Ze /6 dy
b—oo 6
b
= lim —e /6
b—oo 6
1
7 -1
—bhHI{.lo <€ N eb/6>
1
=—-=.37

38. f(xr) = .01le=%% for [0, oo) is an exponential

distribution.

P(0 < z < 100)

100
= / .0le—01 {g
0

6
15,925

40. f(z) = (2 + ) for [20, 25]

25 6 )
(a) “_/0 15,005 @t
:15925/ 2% + %)

l’ :c
T 15,925 925 4

15,925
(25"  (25° (20'  (20)°
[ 1 3 1 3
~ 22.68°C
(b) Pz <p)

22.68 6
= 2 d
/20 T5.005 % T o)d

6 x3 $2 22.68
15,925 { 3 2]y
6
15,925
(22.68)3 N (22.68)> (20 (20)°
3 2 3
~ .48

42. Normal distribution, p =2.4g, c = 4 g,
T = tension

1 ST 1

— P(z < —1.25)
= 1056

—24 1.9-24
P(x<1.9)_P<”’ ) )
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44. (a)
3500

0 \=% 100

polynomial function
(b) N(x) = —.001142512* + .26175223 — 21.6938x2 + 729.694x — 5266.33;

3500

0 100

The function models the data well.

(c) From part b, N(z) =

—.001142512* + 26175223 — 21.6938x2 + 729.694x — 5266.33

93.2
/ N(x)dx =~ 177,514
9.7

So, let k = Then

177,514°
(d) Using the integration feature on the calculator,

P25 <2 <35)= S(z)dx ~ 181
65

P(45 <z <65) = / S(x)dx ~ .266
45
93.2

P(z > 55) = / S(z)dx ~ .338

From the table, the actual probabilities are

3010
<z < = ~ .
P25 <2< 35) = oo < 1T
2647 + 1859
P45 < x < = — .2
(45 < z < 65) 5 57
1859 + 1906 + 1608 + 494
Pz > 55) =
(z > 55) 17,559
~ .334

93.2
(e) E(z) = / zS(z)dr ~ 46.4 years
9.7
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m 1 .00114251 .261752 21.6938 729.694 "
f dx = — 5 4 3 2 — 5266.
(f) . S(x)dx 77514 ( e t—r 3 2 + x* — 5266 33:6) .-
N 1 00114251 . .261752 , 21.6938 . 729.694
~ 177?514( 3 m° + " 5 ™ + g 5266.33m (—.1284)

= % when m = 43.9 years,
using the INTERSECT feature of a graphing calculator.

46. Normal distribution, g =40, 0 = 13, x = “take”

— 40 50 — 40
P(:c>50):P(x >

3~ 13
= P(z > .77)
—1—P(z<.77)
—1- 7794

— 2206

Extended Application: Exponential Waiting Times

1. If the density function is continuous, the probability of any event of the form (z = ¢) is 0, so it does not matter
whether we use strict or inclusive inequalities.

2. We already know that the probability of a gap of 30 minutes or longer is about .05. Over 40 trips, the expected
number of waits that are 30 minutes or longer is 40(.05) = 2.

o 1 20 1 20
3. P(t>20) = / —e /104t =1 —/ —e t/10qt =1 — (—e_t/lo ) )
a0 10 o 10 0

=1—(—e?24+1)=e2~.135

4. For the exponential schedule,

10 1

0
ie‘t/lodt = —et/10 ’ =—e 14910~ 039
10 9

P(9<t<10):/

9
For the uniform schedule,

10 1 |" 9
PHO<t<10)= —dt=—t| =1-—=.1
( ) /9 10 10 |4 10
5. For the exponential model,
12 4 12
PB<t<12) = / —e 10t = —et/10 ’ = —e 12/10 4 =8/10 » 148
8 8

For the uniform model, all interarrival times are 10 minutes, so they all meet the +2 criteria.

6. The trick used at the HotBits site is the following: they measure times between successive pairs of decay
events; if the first wait is shorter than the second, the generator omits a 0, and if the first wait is longer than
the second, it omits a 1. For more details, see http://www.fourmilab.ch/hotbits/hw/html.
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SEQUENCES AND SERIES

12.1 Geometric Sequences

2. a1 =4, r=2,n=5

362

. a1 =

Since n = 5, we must find a1, as, a3, as and as
with a = a1 = 4.

a; = 4

ax=412)°""'=412)' =4(2) =38
as=4(2)""1=4(2%=4(4) =16
ag=4(2)"1'=4(2)® =4(8) = 32
a5 =4(2)° ' =4(2)" =4(16) = 64

The first five terms of this geometric sequence are
4, 8,16, 32, and 64.

wln

,r=6,n=3

Since n = 3, we must find a;, as, and az with

a:a1:%.
a 2
=3
2 _ 2 2
02*5(6)2 125(6)125(6):4
4= 2 (6 = 2 (6" = 2 (36) = 24

The first three terms of this geometric sequence
are %, 4, and 24.

a3 =9 a3=3, n=4

Since n = 4, we must find a1, as, az, and a4 with
1
9 3

r:%:gz%.Toﬁnda,use@:Q, r=
and n = 2 in the formula.

27 = a

10.

12.

3—1 2
1 1 1
=27 (= —27(=) =27(2) =
O NEIOREIOR
! 1\* 1
wen(s) n () =rla) -
The first four terms of this geometric sequence are
27,9, 3, and 1.

a1 =8,r=4

Since we want as, use n = 5 in the formula with
a=a; =8andr=4.

ap=—4,r=-2
Since we want as, use n = 5 in the formula with
a=a; =—4andr=-2.

as = —4(=2)""' = —4(-2)*
=—4(16) = —64
an = —4(=2)"""

as = 6, r=3
To find a, use a3 = 6, r = 3, and n = 3 in the
formula.

6=a(3)""!
6=a(3)?
6=a(9)
2_

g—a

Since we want as, use n = 5 in the formula with
a= % and r = 3.

s

[

\ |
WLl b Wt

S
s
|
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14. a4y =81, r=-3
To find a, use a4 = 81, r = —3, and n = 4 in the

formula.
81 =a(-3)""
81 =a(—3)°
81 =a(—27)
—-3=a

Since we want as, use n = 5 in the formula with
a=—-3and r = —3.

as = —3(=3)°"' = —3(-3)" = —3(81) = —243
an==3(=3)"" = (=3 = (-3)"

16. 4, 16, 64, 256, ...

,_16_ 64 2%
4 16 64

Since r=4and a =ay =4, a, =4(4)" ' =4,

18. -7, -5, -3, -1, 1,3, ...
Since :—? = % and :—::’) = %, the ratio is not con-

stant, so the sequence is not geometric.

20. 6, 8, 10, 12, 14, ...
Since % = % and % = %, the ratio is not constant,

so the sequence is not geometric.

22, L L L T
4" 127 36° 108
_ L T 1
_ 13 _ 36 _ 108 _
r=—t=30= 7% =
1 12 36

. n—1
Since r = —f and a=ay = I, a, = 3 (-3)

24. 5, 20, 80, 320, ...

Sincea=a; =5 and r = 22 =4,
9

T 4-1
5(1024 — 1)
3

= 1705

The sum of the first five terms of this geometric
sequence is 1705.

363

1 1

26. 18, -3, =, ——, ...
) ,27 12,

Sincea:a1:18andr:1—§:_%’

1111
72

The sum of the first five terms of this geometric

to 1111
sequence 18 5 -

28. a1 =—-4,r=3

Since a = a1 = —4,
—4(3° -1
o AE )
3—-1
_ —4(243-1)
2
= —484

The sum of the first five terms of this geometric
sequence is —484.

30. a; = —3.772, r = —1.553
Since a = a; = —3.772,

3772 [(—1.553)5 - 1]

S fr—
b (—1.553) — 1
 —3.772(-9.0335 — 1)
- —2.553
~ —14.8243

The sum of the first five terms of this geometric
sequence is about —14.8243.

3 .
32. For ) 2(3'), use the formula with n = 4,
=0

r:3_,anda:2.

2(3"—1) 2(81-1)

Si= 3T T T

=380

3
Therefore, > 2 (3") = 80.
i=0
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34.

36.

38.

40.

4
For > 2 (2%), use the formula with n = 5,
i=0

r=2 anda=3

5 .

3
6 2@ 56271 4
2—-1 1 2
4 .
Therefore, ;} 3(2") = 2.
1=

4 .
For Y~ 2 (3%), use the formula with n =5,
=0

r=3,and a =3

g .

% (35 — 1) % (243 — 1) 605
55 = = = —

3—-1 2 3

4 .
Therefore, Y 3 (37) = 82,
i=0

6 .
For " 81(2)", use the formula with n =7,
i=0
r:%,anda:8l.

2)7 _
S — 81 {(3) 1} _8 (i —1) _ 2059
7 2 I 9
3 3

6 .
Therefore, y 81 (%)z - %.
i=0

The yearly incomes produced by the well form a
geometric sequence with r = % and a; = 4,000,000.
To determine the total amount produced in 6 years,
use the formula to find S,, with n =6, r = %, and
a = a1 = 4,000,000.

= 7,875,000

The total amount of income produced by the well
in six years is $7,875,000.

42.

44.
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If the machine loses 20% of its value, it maintains
80% of its value. With an initial value of $100,000,
its value at the end of the first year will be 80%
of $100,000, and its value at the end of each sub-
sequent year will be 80% of its value at the end
of the previous year. Thus, the end-of-year values
form a geometric sequence with r = .80. If we let
a; = 100,000, then as represents the value of the
machine at the end of the first year, ag is the value
at the end of the second year, and so on. To find
the value at the end of the sixth year, we are look-
ing for a7 in the geometric sequence with n = 7,
r = .80, and a = a; = 100,000.

az = 100,000 (.80)" "
= 100,000 (.80)°
= 100,000 (.262144)
= 26,214.4

The value of the machine at the end of the sixth
year will be $26,214.

If 1015 molecules are present initially, then £ (10%5)
molecules will be present after 3 years. The num-
bers of molecules present at the end of each 3-year
period form a geometric sequence with r = % and
a; = 10'5. To determine the number of molecules
unchanged after 15 years, we want the number
of molecules after five 3-year periods. If we let
a; = 10", then ay represents the number of mole-
cules after the first 3-year period, ag is the number
present after the second 3-year period, and so on.
To find the number of molecules after five 3-year
periods, we are looking for ag. Use the formula to
find a,, withn =6, r = %, and a = a; = 105,

=10 (.03125)
= 3.125 x 103

After fifteen years, 3.125 x 103 molecules will be
unchanged.
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46.

48.

(a) The thicknesses of the paper form a geometric
sequence with » = 2 and a; = .008. If a; = .008,
then ay represents the thickness after the first fold,
a3 is the thickness after the second fold, and so
on. To determine the thickness after 12 folds, use
the formula to find a, with n = 13, » = 2, and
a = ay = .008.

as = .008 (2)"*71
.008 (2)"?
=.008 (4096)
= 32.768

After twelve folds, the final stack of paper is 32.768
inches thick.

(b) aso = .008(2)*° " ~ 4.5036 x 10'2

The stack would be about 4.5036 x 10'2 inches
thick, or about 71 million miles.

(a) In round one, there are 81 players playing in
% = 27 games that produce 27 winners to play
in round two. In round two, there will be % =9
games that produce 9 winners to play % = 3 games
in round three. These games will determine the
3 winners that will play in the championship in
round four. Therefore, the total number of games
is the sum 27 +9 + 3+ 1, or 3% + 32 + 3 + 30,
which is the sum of the geometric sequence a; =
33, as =32, az =3', ay = 3°.

(b) Notice that the ratio for the geometric se-
quence in part (a) is r = g—z = 1. The number of
players and the number of games decreases by %
from one round to the next. The total number of
games therefore is the sum S,, with n =4, r = %,
and a = a; = 27, or

S5 =

so 40 games are required in all to determine a
champion.

365

(c) When there are 3* = 81 players initially, we
know from part (a) that 4 rounds are required to
determine a champion. For 3™ players, n rounds
are required.

To determine the total number of games in such
a tournament, we know that 3™ players will play
3"~1 games in the first round, and for each suc-
ceeding round, % fewer games will be played. There-
fore, the number of games played in each round

forms a geometric sequence with a; = a = 377!
1

g.

The total number of games played is then

and r =

1
1-1
1 n—
_(5-3Y)
2
3
3 (1 n—1
—‘5(5‘3 )
1
:——1 n
or
3" —1
Sn = —5 =3" 4. 43243041

(d) For a tournament where t" players are initially
present, if the total number of games played is a
sum of a geometric sequence as in parts (a) and
(c), then it must be that " players will play "1
games in the first round. This means the num-
ber of winners and the number of games played in
subsequent rounds will decrease by a factor of %
We also know from parts (a) and (c) that a tour-
nament that begins with ¢ players will require
n rounds to produce a champion. Therefore, the
total number of games played is the sum

tn_1+tn'_2—|-"'+t2+t+1,

which is equal to
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12.2 Annuities: An Application of

Sequences

2. R =1000, i = .06, n = 12

(1.06)"% — 1
S =1000 | ~———r
l .06

The number in brackets, 5T3].06> is 16.8699412, so
that

S =1000 (16.8699412) ~ 16,869.94,

or $16,869.94.

. R = 100,000, i = .08, n = 23

B (1.08)** — 1
S = 100,000 [ e

The number in brackets, $33].08" is 60.89329557,
so that

S = 100,000 (60.89329557) ~ 6,089,329.56,

or $6,089,329.56.

. R=11,200,i=.08, n=25

(1.08)*° —1
S =11,200 | ~———
’ l .08

The number in brackets, 575].08° is 73.10593995,
so that
S = 11,200 (73.10593995) ~ 818,786.53,

or $818,786.53.

. Interest of %% = 6% earned semiannually In 11

years, there are 11 x 2 = 22 semiannual periods.

Since szo5 = |95 = 43.30220028, the

$3700 deposits will produce a total of
S = 3700 (43.39229028) ~ 160,551.47,

or $160,551.47.

10.

12.

14.

16.

18.
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Interest of %% = 4% earned quarterly In 9 years,

there are 9 x 4 = 36 quarterly periods. Since
36
S31.01 = %] — 77.59831385, the $4600

deposits will produce a total of
S = 4600 (77.59831385) ~ 356,952.24,

or $356,952.24.

This describes an ordinary annuity with .S = 100,000,

i =08 (=14%), and n =9 2 = 18 periods.

100,000 = R * 57508
100,000 = R (37.45024374)
R = 2670.21

The periodic payment should be $2670.21.

R =1000, i = .08, and n = 9 payments.

1—(1.08)7"
4ol08 = | T o8

SO

] = 6.246887911,

P = 1000 (6.246887911) ~ 6246.89,

or $6246.89.
R =890, ¢« = .08, and n = 16 payments.

1— ) —16
o (1.08)
08

‘| = 8.851369155,
S0

P =890 (8.851369155) ~ 7877.72,
or $7877.72.

R = 10,000, i = 1% = 5%, and n = 15-2 = 30
payments.

1—(1.05)"%
a35].05 = [%1 = 15.37245103,
so P = 10,000(15.37245103) ~ 153,724.51,
or $153,724.51.
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20.

22,

24.

26.

Annuities: An Application of Sequences

1—(1.04)""
0T T or

P =10,000 (11.11838743) ~ 111,183.87, or $111,183.87.
A lump sum deposit of $111,183.87 today at 4%
compounded annually will yield the same total af-

ter 15 years as deposits of $10,000 at the end of
each year for 15 years at 4% compounded annu-

] = 11.11838743, so

ally.
C|r-oe)”|
ats).06 = lT = 9.712248988, so

P = 10,000 (9.712248988) ~ 97,122.49, or $97,122.49.
A lump sum deposit of $97,122.49 today at 6%
compounded annually will yield the same total af-
ter 15 years as deposits of $10,000 at the end of
each year for 15 years at 6% compounded annu-
ally.

$1000 is the present value of this annuity of R
dollars, with 9 periods, and ¢ = 8% = .08 per
period.

P=R-am;
1000 = R * ag) g
1000
agj.08
1000

= 6.246887911
~ 160.08

R:

Each payment is $160.08.

$41,000 is the present value of this annuity of R
dollars, with 10 * 2 = 20 periods, and i = 2% =
6% = .06 per period.

34.

P = R Al
41,000=R - a301.06
41,000
R p—
a35].06
41,000

= 11.46992122
~ 3574.57

Each payment is $3574.57.

28.

30.

32.

367

$5500 is the present value of this annuity of R
dollars, with 24 periods, and i = %;% = 1.5% =
.015 per period.

P=R- ami
5500 = R * aqy 015
5500

74015
5500

= 20.03040537
~ 274.58

R:

Each payment is $274.58.

Pat’s payments form an ordinary annuity with
R = 12,000, n = 9, and 7 = .08. The amount
of this annuity is

B (1.08)° — 1
S = 12,000 l—_% :

The number in brackets, 59].08> is 12.48755784, so
that

S = 12,000 (12.48755784) ~ 149,850.69,

or $149,850.69.

From Exercise 30, Pat will have 149,850.69 on de-
posit using the bank that pays 8% interest com-
pounded annually. From Exercise 31, she will have
$137,895.79 on deposit using her brother-in-law’s
bank which pays only 6% interest compounded an-
nually. If she uses her brother-in-law’s bank, she
will lose 149,850.69 — 137,895.79 = 11,954.90, or
$11,954.90 over 9 years.

This ordinary annuity will amount to $10,000 in
8 years at 12% compounded quarterly. Thus, S =
10,000, n = 8+ 4 = 32, and i = 2% = 3% = .03,
SO
10,000 = R * s33).03

10,000
$732].03

10,000

= 52.50275852
~ 190.47,

R:

or $190.47.
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36.

40.

44.

This ordinary annuity will amount to $12,000
in 4 years at 16% compounded semiannually.
Thus, S = 12,000, n =42 =8, and

i =18% = 8% = .08, so

12,000 = R - 55,05
5 12000 12,000
"~ smos  10.63662763

~ 1128.18,

or $1128.18.

Interest of %% = 6% is earned semiannually. In
65 — 40 = 25 years, there are
25 + 2 = 50 semiannual periods. Since

(1.06)°° — 1

$%50].06 = [T] = 290.3359046,

the $1000 semiannual deposits will produce a total
of

S = 1000 (290.3359046) ~ 290,335.90,

38.

42.
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Interest of ST% = 4% is earned semiannually.
In 65 — 40 = 25 years, there are 25 - 2 = 50
semiannual periods. Since

(1.04)* — 1

5%50].04 = l o ] = 152.6670837,

the $1000 semiannual deposits will produce a
total of

S = 1000 (152.6670837) ~ 152,667.08,
or $152,667.08.

or $290,335.90.

This ordinary annuity will amount to
$40,000 in 7 years at 8% compounded annually.
Thus, S = 40,000, n = 7, and i = .08, so

40,000 = R * 577 0
40,000 40,000

R = =
s70s  5.92280336

A 4482.90,

or $4482.90.

(a) The total amount of interest paid is (4000) (.06) (5) = $1200. This total is divided into 5+ 2 = 10 equal

1200

semiannual interest payments. Since =

= 120, each semiannual interest payment will be $120.

(b) This ordinary annuity will amount to $4000 in 5 years at 8% compounded annually. Thus, S = 4000,

n =5, and ¢ = .08, so

4000 = R - 55 08

4000

4
5 4000 _
or $681.83.
(c) Payment Amount of Interest
Number Deposit Earned
1 $681.83 $
2 $681.83 (681.83) (.08
3 $681.83  (1418.21) (.08
4 $681.83  (2213.50) (.08
5 $681.83 (3072.41) (.08

505 5-86660096

~ 681.83,

Total in
Account
$681.83
$54.55 681.83 4 681.83 4+ 54.55 = $1418.21
$113.46 1418.21 + 681.83 + 113.46 = $2213.50

$177.08 2213.50 + 681.83 + 177.08 = $3072.41
= $245.79 3072.41 + 681.83 + 245.79 = $4000.03

So that the final total in the account is $4000, subtract $.03 from the last amount of deposit.

Thus, line 5 of the table will be:
5 $681.80

(3072.41) (.08) = $245.79 3072.41 4 681.80 + 245.79 = $4000.00
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46.

48.

50.

We want to find the present value of an annuity of
$50,000 per year for 20 years at 6% compounded
annually.

.06
50,000 (11.46992122) = 573,496.06,

1—(1.06)"%
a30].06 = lL] = 11.46992122, so

P

or $573,496.06. A lump sum deposit of $573,496.06
today at 6% compounded annually will yield the
same total after 20 years as deposits of $50,000
at the end of each year for 20 years at 6% com-
pounded annually.

First, we want to find the amount of the annuity
with R = 1000, n = 8, and 7 = .06.

(1.06)° — 1
= 1000 | ————| .
S = 1000 l 06

The number in brackets, 55].06> is 9.897467909, so
that

S = 1000 (9.897467909) = 9897.47,

or $9897.47.

Next, we want to find the lump sum that must be
deposited today at 5% compounded annually for
8 years to provide $9897.47.

A =9897.47, i = .05, and n = §, so

9897.47 = P (1.05)
989747

o ~ 6699.00,

or $6699.00.

For parts (a) and (b), if $1 million is divided into
20 equal payments, each payment is $50,000.

(a) i = .05,n =20

ponp {1—(1'“')”}
= 50,000 {—1 - _46505)_20}

~ 623,110.52

The present value is $623,110.52.
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(b) i = .09,n = 20

Pon [1 - (13@)1
= 50,000 [#9'09)_20}

~ 456,427.28

The present value is $456,427.28.

For parts (¢) and (d), if $1 million is divided into
25 equal payments, each payment is $40,000.

(c) i=.05,n=25

= 40,000 [—1 it 13505)_25}

~ 563,757.78

The present value is $563,757.78.

(d) i = .09,n =25

PR [1 — (1i+ z‘)”}
— 40,000 [—1 it ;9'09)25}

~ 392,903.18

The present value is $392,903.18.

52. The present value, P, is 170,892, i = &1 ~

0067583333, and n = 12 - 30 = 360.
170,892 = R - 360].0067583333

5 [1-(1+ .0067583333)_360]

0067583333

[1—.0884944586

| -0067583333
_n —.9115055414}

1.0067583333
R ~ 1267.07.

Monthly payments of $1267.07 will be required to
amortize the loan.
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54.

56.

58.
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Use the formula for the unpaid balance of a loan with
R =1267.07,7 = .0067583333,n = 12 - 30 = 360,and x = 12 -5 = 60.

1 — (1 + .0067583333)~300

1—(1+4)~ (=)
j .0067583333

7

y=R [ } = 1267.07 [ } ~ 162,628.91

The unpaid balance after 5 years is $162,628.91.

The present value, P, is 196,511, i = 25T ~ 0063083333, and n = 12 + 25 = 300.

196,511 = R * azgy, =
96’5 R 0’300|‘0063083333 R .0063083333

1-(1+ .0063083333)300]

_[1-.1515930387]  [.8484069613
N 0063083333 | ~|.0063083333
R ~ 1461.16.

Monthly payments of $1461.16 will be required to amortize the loan.

Use the formula for the unpaid balance of a loan with R = 1461.16, ¢ = .0063083333,n = 12 - 25 = 300,
and z =12 -5 = 60.

1—(1+d)~ (=)
i

1 — (1 +.0063083333)~240

y="n 10063083333

} = 1461.16 [ =~ 180,417.11

The unpaid balance after 5 years is $180,417.11.

a) $150,000 is the present value of this annuity of 5 + 2 = 10 periods with interest of 82 = 3% = .03 per year.
2

atg) 03 = 8.530202837, s0
150,000 = R (8.530202837)
R~ 17,584.58

Withdrawals of $17,584.58 at the end of each six-month period are needed.

(b) $150,000 is the present value of this annuity of 7+ 2 = 14 periods with interest GT% = 3% = .03 per year.

atqes = 11.29607314, so
150,000 = R (11.29607314)
R~ 13,278.95

Withdrawals of $13,278.95 at the end of each six-month period are needed.

First, find the amount of each payment. $72,000 is the present value of an annuity of R dollars, with 9 periods,
and i = 9%% = 4.75% = .0475 per period.

P = R * aml-
72,000 = R * a5 0475
n_ 72,000 72,000 ~ 10,017.22

g osm;  7.187624181

Each payment is $10,017.22.
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Payment Amount of Interest Portion to Principal at End

Number Payment for Period Principal of Period
0 — — — $72,000.00
1 $10,017.22 72,000(.0475) = $3420.00  10,017.22 — 3420.00 = $6597.22  72,000.00 — 6597.22 = $65,402.78
2 $10,017.22 65,402.78(.0475) = $3106.63  10,017.22 — 3106.63 = $6910.59  65,402.78 — 6910.59 = $58,492.19
3 $10,017.22 58,492.19(.0475) = $2778.38  10,017.22 — 2778.38 = $7238.84  58,492.19 — 7238.84 = $51,253.35
4 $10,017.22 51,253.35(.0475) = $2434.53  10,017.22 — 2434.53 = $7582.69  51,253.35 — 7582.69 = $43,670.66
5 $10,017.22 43,670.66(.0475) = $2074.36  10,017.22 — 2074.36 = $7942.86  43,670.66 — 7942.86 = $35,727.80
6 $10,017.22 35,727.80(.0475) = $1697.07  10,017.22 — 1697.07 = $8320.15  35,727.80 — 8320.15 = $27,407.65
7 $10,017.22 27,407.65(.0475) = $1301.86  10,017.22 — 1301.86 = $8715.36  27,407.65 — 8715.36 = $18,692.29
8 $10,017.22 18,692.29(.0475) = $887.88 10,017.22 — 887.88 = $9129.34  18,692.29 — 9129.34 = $9562.95
9 $10,017.22 9562.95(.0475) = $454.24 10,017.22 — 454.24 = $9562.98 9562.95 — 9562.98 = —$.03

So that the final principal is zero, subtract $.03 from the last payment. Thus, line 9 of the table will

be:
9 $10,017.19  9562.95 (.0475) = $454.24 10,017.19 — 454.24 = $9562.95 9562.95 — 9562.95 = $0
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60. Marissa’s total cost is 14,000 + 7200 = $21,200.00. After making a down payment of $1200, she owes a balance
of 21200 — 1200 = $20,000. To amortize this balance, first find the amount of each payment. $20,000 is the
present value of an annuity of R dollars, with 5+ 2 = 10 periods, and ¢ = 87% = 4% = .04 per period.

P = R * aml»
20,000 = R * a5 04
£ _ 20000
a70].04
~ 20,000
~ 8.110895779
~ 2465.82
Each payment is $2465.82.
Payment Amount of Interest Portion to Principal at End
Number Payment for Period Principal of Period
0 — — — $20,000.00
1 $2465.82 (20,000) (.08) (%) = $800.00 2465.82 — 800.00 = $1665.82  20,000.00 — 1665.82 = $18,334.18
2 $2465.82  (18,334.18) (.08) (1) = $733.37  2465.82 — 733.37 = $1732.45  18,334.18 — 1732.45 = $16,601.73
3 $2465.82  (16,601.73) (.08) (1) = $664.07  2465.82 — 664.07 = $1801.75  16,601.73 — 1801.75 = $14,799.98
4 $2465.82  (14,799.98) (.08) (1) = $592.00  2465.82 — 592.00 = $1873.82  14,799.98 — 1873.82 = $12,926.16
5 $2465.82  (12,926.16) (.08) (1) = $517.05  2465.82 — 517.05 = $1948.77  12,926.16 — 1948.77 = $10,977.39
6 $2465.82  (10,977.39) (.08) (%) = $439.10 2465.82 — 439.10 = $2026.72  10,977.39 — 2026.72 = $8950.67
7 $2465.82 (8950.67) (.08) (%) = $358.03  2465.82 — 358.03 = $2107.79 8950.67 — 2107.79 = $6842.88
8 $2465.82 (6842.88) (.08) (%) =$273.72  2465.82 — 273.72 = $2192.10 6842.88 — 2192.10 = $4650.78
9 $2465.82 (4650.78) (.08) (%) = $186.03  2465.82 — 186.03 = $2279.79 4650.78 — 2279.79 = $2370.99
10 $2465.82 (2370.99) (.08) (%) = $94.84 2465.82 — 94.84 = $2370.98 2370.99 — 2370.98 = $.01
So that the final principal is zero, add $.01 to the last payment. Thus, line 10 of the table will be:
10 $2465.83 (2370.99) (.08) (%) = $94.84 2465.83 — 94.84 = $2370.99 2370.99 — 2370.99 = $0
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12.3 Taylor Polynomials at 0

2. Derivative Value at 0
flx) = e f(0) =1
fO (@) = 3e% f00) =3
f@ (@) = 9¢% F&0) =9
O (x) = 273 f3(0) =27
fW(z) = 81e3® f@(0) = 81
fD (0 @ (0 (0 f@ (0
Py (z) = f(0)+ 1!( ):c+ 2!( ):c2+ 3!( )w3+ 4!( )a:4
3 9 27 5, 81 9, 9., 27,
—1+1'—|—2'm+3| +4x—1+3 +2x+2x+8x
4. Derivative Value at 0
flx) = e o) =1
fO@) =~ FO©) = -1
() = e F®(0) = 1
fO(a) = —e7 f@ ) = -1
[ (@) = e FO ) =1
(0 @ (0 30 (0
Py(z) = £ (0) + 1'( )+ 2'( )2 4 3!( )3 4 4'( )
et A e +1 S O P
1 X 2'.17 3' .CE‘ T, .1? x Z.T 6.%‘ 24QL‘
6. Derivative Value at 0
f(x) = Vo +16 = (z+16)"/? f(0) =4
1 12 1 1
fO(z) = = (z+16 e fO0) = =
(@) = glo+ 10 = o 0) = ¢
1 _ 1 1
@(p) = —= 16) 3= =~ @ () = ——
@ (@) = ~ (@ +16) YT 1@ 0) =~
3 _ 3 3
(3) =2 16) 2= — 2 ®3) =
FO@) = §lat16" = o F90) = $53
15 _ 15 15
@ (g) — —=2 62— @ (0) = —
PR = g le 10 16(z+16)° 0= “amm
P 15
_ f(l) (0) f(z) (0) 2 f(s) (O) 3 f(4)( ) 5 256 2 81392 3 262,144 4
Puo) = FO) + T T b Tt o St = Ak Qe et 4 St
::4+1x—ix2+ 1 3 5 4

¥ 512" T 16384" T 2,097,152°
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8. Derivative Value at 0
fx) = Yz +8=(x+8)"/3 £(0) =2
1 a3 1 ) 1
fO(z) = = (x+8 P fH0) = =
(@) = gla+d) = o 0) = =
2 2 1
(2) - _Z P A . R @) () = ——
10 _ 10 5
B () = — Q¥ ®3)(0) = ——
80 _ 80 5
(4) - /s S (4) - _
- SO0 D0 5 80 5 fD(0)
Py(z) = f(0)+ T T+ T + 30 x° + T
5 — 1= 255 _10?’;68
_ 12 144 2 | 3456 .3 : 4
_2+ﬁx+ o1 x° + 3!a:+ 1
1 1 5 5
—9 4 g2 3 _ 4
T s Taome” 282t
10. Derivative Value at 0
flz) = Yz +16 = (z+16)"/* £(0) =2
1 34 1 1
fO@) = 2 @16 - — L F0(0) = —
@) = 316" = 0=
3 _ 3 3
@) (p) = —= 16 /Ao 2 @) () = ——2—
21 21 21
@) () = 2= 16" WA 2 3)(0) =
@) = = (2 +16) T 0 = 57
231 _ 231 231
B (g) = -2 16) /4 20 @) = ——=2"
- SO0 D0 5 0 5 fD(0)
Py(z) = f(0)+ T T+ T + TR + VTR
1 3 21 231
_ 32 —3048 o , 131,072 3 8,388,608 4
R TR T T Al
1 3 7 77
— 94—y 2 3 4
T 527 " J006" T 262.144” T 67.108.864"
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12.

14.

16.
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90 4

3+ T

Derivative Value at 0
f(z) = In(1+22) f(0)=0
O = o =2
PO = o 7 (0) = ~4
FO(z) = ﬁ F®(0) = 16
FO@) =~ 79 (0) = 96
&) (2)
Py (z) = f(0)+ ! 1!(0)96 + ! 2!(0) z? +
=0+ 2x+2—f1x Jr:;)—? 3+ 496
Derivative Value at 0
f(@) = In(1-2?) f(0) =0
2.2 2
) = =0 = T ) =0
f@(x) = % @) =0
FO () = % F®(0) = —
F®(z) = ~182® (xigf:i‘l 1802 f®0) =0
(1) (2) (3) (4)
Derivative Value at 0
flx) = a?e” f(0) =0
fM(x) = x2e® + 2ze” fA0) =0
fP(z) = x%e® + 4we® + 2¢® @) =2
@) (2) = x%e® + 6ze” + 6e® @) =6
f® () = 22e® + 8xe® + 12e* f@(0) = 12
(1) (2)
Py(z)=f(0)+ ! 1!(0)33 + ! 2!(0) x?

0) 5 SDO 4

4!

=2z — 222 + %x?’ — 4t

0 0 —6 0 3
—O—i——x—i——x + =2+ -zt =z

21 31 41

6

n

0 2 12 1
—O+—x+—:1c + =2+ =zt =22+ 2%+ =2t

2! 3!

4!

2
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18. Derivative Value at 0
fl@) = A +2)*? £(0) =1
) = 5+ o =3
3 _ 3 3
@) (p) = 2 vz 9 (2) _ 2
P = 0 = f20) =3
: 3 _ 3 . 3
(3) - _Z 32 9 (3) - _=Z
@) = §a+a) s SO0 = 3
9 _ 9 9

@(z) = = 52 Y (4) -2
0@ = ™ =y Y0 = g

@) (2) (3) (4)
Py(z) = f(0)+ f 1,(0)1174— / 2'(0)x2+ / (O)x3—|— f 4'(0)554
3 3 _3 9
:1+%$+%I2+3—!8x3+%x4
=1+gx+g:€2—1—16m3+%8x4

20. Derivative Value at 0
f@) = —==@-1" FO) = -1
W(g) = —(p—1)2=—— 1 W) () —
O (@) (x—1) Go17 £ (0) 1
fP@) = 2@-1)" = —2— £ ) = -2

(x—1)
fO@) = —6(—1) = —— £ (0) = —6
(x—1)
fO(@) = 24(z-1)" = 24 - FD(0) = —24
(x—1)
(1) (2) (3) (4)
P =+ 10, 0 SO, 0

1!

1

=—1—z—22

2!

-1 -2 -6 ., 24
=1+ —ao+—=—2+ =2+ ——

3! 4
4

— I =X
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For Exercises 22-34 even, each approximation can be determined using the Taylor polynomials from Exercises

2-14 even, respectively.

22. Using the result of Exercise 2, with f(z) = €3* and Py (z) =1+ 3z + 322 + 23 + %71‘4, we can approximate

e’%3 by evaluating f (.01) = e3(9) = 93, Using P, (x) from Exercise 2 with 2 = .01 gives

9 9 27
Py (:01) = 143(01) + 5 (.01)* + 5 (.01)° + 5 (.01)*
~ 1.030454534

To four decimal places, P, (.01) approximates the value of e:%% as 1.0305.
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24.

26.

28.

30.

32.

34.
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Using the result of Exercise 4, with f(z) = e @ and Py (z) =1 — 2 + 12% — %xS + 572, we can approximate
e~ by evaluating f (.04) = e~ (9% = ¢=04 Using P, (z) from Exercise 4 with z = .04 gives
1

o (.04)*

1 1
Pi(04) =1- 04+ 5 (.04)% — S (.04)° +
~ 96078944

To four decimal places, Py (.04) approximates the value of =% as .9608.

Using the result of Exercise 6, with f(2) = vz + 16 and Py (z) = 4+ 57— :152° + 155572 — 3052534, We can
approximate v/16.01 by evaluating f (.01) = /.01 + 16 = /16.01. Using P, (z) from Exercise 6 with z = .01
gives

)

—(01)° - ———(01)*
16,384(0) 2,097,152(0)

1 1 )
Py (01) =4+ 2 (01) = 255 (01) +

~ 4.001249805

To four decimal places, Py (.01) approximates the value of v/16.01 as 4.0012.

Using the result of Exercise 8, with f(z) = /z + 8 and P4 () = 2+ 57 — 5i52% + 552552° — g5 We can
approximate v/7.98 by evaluating f (—.02) = /—.02 + 8 = v/7.98. Using P, (x) from Exercise 8 with x = —.02
gives

5

—— (=.02)° = ——— (—.02)*
20,736( 02) 248,832< 02)

1 1 )
Py (=02) =24 75 (=02) = = (—02) +

~ 1.998331943

To four decimal places, P, (—.02) approximates the value of v/7.98 as 1.9983.

Using the result of Exercise 10, with f(z) = ¥z +16 and P4 (z) =2+ %52 — 1552 + 3095 2" — sreesr
we can approximate v/15.97 by calculating f (—.03) = /—.03 + 16 = v/15.97. Using P, (z) from Exercise 10
with x = —.03 gives

_T
262,144

7

4
67,108,864 (—03)

Py (—.03) =2+ L (—.03) — 5 (—.03) + (—.03)*

32 4096
~ 1.99906184

To four decimal places, Py (—.03) approximates the value of v/15.97 as 1.9991.

Using the result of Exercise 12, with f(z) = In (1 + 2x) and P4 (z) = 2z — 222 + §2% — 42, we can approximate
In1.04 by evaluating f(.02) = In(1+2(.02)) = In(1+.04) = In1.04. Using P4 (z) from Exercise 12 with
x = .02 gives

Py (.02) = 2(.02) —2(.02)> + = (.02)* — 4(.02)"

w] oo

~ .0392206933

To four decimal places, Py (.02) approximates the value of In1.04 as .0392.

Using the result of Exercise 14, with f(z) = In (1 — x?’) and Pj () = —a3, we can approximate In.999 by
evaluating f (.1) =1In (1 —.1%) = 1n.999. Using P, (x) from Exercise 14 with 2 = .1 gives
Py(1)=—(1)°
~ —.001

To four decimal places, Py (.1) approximates the value of In.999 as —.0010.
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M @0 3)(0) . 6 12 24 :

36. Ps(z) = f(0) + ! 1'( ).I—l— ! 2'( )x2—|— ! 3'( ):c3 =3+Ix+?x2+€m3 =3+ 6x + 622 + 423
38. (a) Derivative Value at 0
fr)=1+7)" fo)=1

@) =DA+nP [0 ©)=D
Pl(r)zlJr%r:lJer

So the Taylor polynomial of degree 1 for the function f (r) = (1+r)” is P, (r) = 14 rD. If r is small, then
(1 +r)D ~ 14+ rD, and so V(1 +r)D ~ V (14 rD). Therefore, for small r, the two formulas for S give
approximately equal values.

(b) Using S ~ V (14 rD) with V' = 1000, r = .1, and D = 3.2 gives S ~ 1000 [1 + (.1) (3.2)] = 1320.
Using S ~ V (1+7)” with V = 1000, r = .1, and D = 3.2 gives S ~ 1000 (1 + .1)*? ~ 1356.61.
The two approximations for S are 1320 and 1356.61 which are relatively close.

40. Derivative Value at O
20 + x2
P = P(0) = 4
@) = 572 )
241 —2
PO (z) = w PW (0) = —.008
(50 + )
50 + 2(2 +100) — (22 + 1002 — 20) [2 (50 +
pe) () = B0F )" (e +100) G — ) [2(50 +2) P@ (0) = .04032
(50 + x)
PM (0 P® (0 —.008  .04032
Py (x)=P(0)+ 1'( )x—i— 2'( )x2 =4+ T x+ 5 22 = 4 — .008x + .020162>

Py (.3) = .4 —.008(.3) + (.02016) (.3)* = .3994144

The Taylor polynomial P; (.3) approximates P (.3) as .3994144. The approximate profit when 300 tons of
apples are sold is .399 thousand dollars, or $399.
Finding P (.3) by direct substitution gives:

_ 20+ (.3)°

3)="""" ~ 3994
(3) =557 gy 3094035785

Direct substitution also estimates the profit as .399 thousand dollars, or $399.

42. Derivative Value at 0
C () = e #/%0 co =1
W () = ?ioer/m cW (0) = ?io
CO(z) = me*‘f/m C?(0) = 3500
Py () =C(0) + C(ll)!(O)x+ 0(22)!(0)932 =1+ _15!% T+ T 22 =1- 5—10x+ Wl()OxQ
P2(5):1—5—10( )+ﬁ(5)2— 905

The Taylor polynomial P, (5) approximates C (5) as .905. The approximate cost is .905 dollar, or about $.91.
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Finding C (5) by direct substitution gives:
C (5) = e7°/%" &~ 904837418
Direct substitution estimates the profit as .905 dollar, or about $.90.
44. Derivative Value at 0
6z
A®@) = 0 A0) =0
AW () = LQ A1 (0) = 6
(14 10x)
AP (z) = —&3 AP (0) = —120
(14 10x)

A A®) —-12
Py (x)=A(0) + 1'(0)z+ 2'(0>x2:0+§x+ 5 0x2:6x—60z2

P (.05) = 6 (.05) — 60 (.05)> = .15
The Taylor polynomial P, (.05) approximates A (.05) as .15. The approximate amount of the drug in the

bloodstream after .05 minutes is .15 milliliters.
Finding A (.05) by direct substitution gives:
6 (.05)

A(.OS) - HT('OS) - .2

Direct substitution indicates that .2 milliliter of the drug remain in the bloodsteam after .05 minutes.

12.4 Infinite Series
2. 1+.94 .81 4.729 + ... is a geometric series with a = a1 = 1 and r = .9. Since r is in (—1,1), the series

converges and has sum
a 1

34+9427+81+...is a geometric series with a = a; = 3 and r = 3. Since r > 1, the series diverges.

4.
6. 81+27+94+3+1+...1is a geometric series with a = a; = 81 and r = % Since r is in (—1,1), the series
converges and has sum
a 8 81 243
- I 2 "o
8. 1284+ 64+ 32+ ... is a geometric series with a = a7 = 128 and r = % Since r is in (=1, 1), the series converges
and has sum 198 198
—— = — = =26
-r l-35 3

and r = % Since r is in (—1,1), the series converges and

10. % + % + % + ... is a geometric series with a = a1 = ¢

has sum
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12. 1+ TB1 + (1#5 + ... is a geometric series with a = a; = 1 and r = TBI' Since r is in (—1,1), the series

)
converges and has sum

o =101

14. e +e? + e + et + ... is a geometric series with @ = a; = e and r = e. Since r > 1, the series diverges.

1 1
16. Sl:al:mzi
522(11-1—(12:#4-#Zl-l-lz§
141 2+1 2 3 6
Sz =a; +ax+az= : + ! + ! :14_14_1:2
141 241 341 2 3 4 12
54:a1+a2+a3+a4: L + L + L + ! :l+l+l+l:z
1+1 2+1 341 441 2 3 4 5 60
Ss=a1+az+az+as+as= ! + ! + ! + ! + ! Zl—i-l-i—l—i—l—i—l:@
1+1 241 341 4+1 5+1 2 3 4 5 6 20
1 1
18. Sl:al:mza
So=ai; +as = 1 + 1 :1+1_1
3(1)-1 312)-1 2 5 10
Sz =ai;+ax+az= + ! + ! *l-l-l—i—l:ﬁ
3()—-1 3(2)—-1 3(3)—1 2 5 8 40
Sy=a1+ax+az+ays= ! + ! + ! + ! =1+l+l 1
3()-1 3(2)—-1 3(3)-1 34)-1 2 5 8 11 440
Ss =a1 +as+az+as+as = L + L + L + 1 + 1
3()—-1  3(2)—-1 3(3)—-1 34-1 3()-1

_1+1+1+1+1_3041
T2 5 8 11 14 3080
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20. Si=a; = 1 _ 1
A+3)2M)+1 12
So=ai;+as = 1 + 1 :i+i:£
1+3) 20+  C+3)2@) +1 12 25 300
Sz =ai +az+az = L + ! + ! =i+i+i=@
A+3)20)+1  C+3)R@+1  B+3)[2B)+1 12 25 42 700
Sy=a1+ax+az+as= L + . + . + .
I+3)2(1)+1] (243)[2(2)+1] B+3)[23)+1] (4+3)[2(4)+1]
1 1 1 1 1027
"R n T e o
Sy =a; +as +az +ayg +as
1 1 1 1 1
= + + + +

1+3)2(1)+1]  2+3)22)+1] B+3)23)+1] (“@A+3)24)+1] (B+3)[2(5)+1]
1 1 1 1 1 24,169

" T TR B T T 3o

22. (a) Consider the finite sequence

CA+r)", CcQ+r2, CcA+57°, ..., CQ+r)".
This is a finite geometric sequence having first term a = a1 = C' (1 + r)_l and common ratio w = (1 + 7")_1 .
Thus,
P=S, = a(w"—1)
w—1
C+n " [a+n ™ -1
- (1+r)'—1

(L+n) [+ 1]
A+r) " 1=147)

:C(I—H")*"—l
—r
_oltn "1 (4"
—r 1+7)
A+t -1
r(l+7r)" "~

(b) The present value over an infinite amount of time is given by the infinite geometric series
P=CQA+r)'+CO+n+CO+r)>+...
where a = a; = C' (1 +r)”" and the common ratio w = (1+r)~". This series converges to

a  CQ+n" CA+r)" e,

l—w 1-(1+n)" (Q4+n ' 1+r -1

Here, P = €.
T
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24.

26.

28.

The height that the ball returns to after the first bounce is given by 10 (%), after the second bounce 10 (%)2,
after the third bounce 10 (%)37 and so on. Thus, the distance that the ball travels before it comes to rest is

given by 2 i
10 + 2(10) <Z)+2(10) @) +2(10) <%> o

2(10) (2) +2(10) (%)2 + 2(10) (%)3 + ... is an infinite geometric series with a; = a = 2(10) (3) = 15 and
r= %. This series converges to

So, the total distance traveled by the ball is 10 4+ 60 = 70 meters.

On its second swing, the pendulum bob will swing through an arc 40 (.8) centimeters long, on its third swing
40 (.8)2 centimeters long, on its fourth swing 40 (.8)3 centimeters long, and so on. Thus, the distance it will
swing altogether before coming to a complete stop is given by

40 + 40 (.8) + 40 (.8)> + 40 (.8)* + ... .

This is an infinite geometric series with a; = a = 40 and r = .8. This series converges to

a 40 40
Ty 1-8 =2 20

So, the total distance altogether before coming to a complete stop is 200 centimeters.

The first triangle has sides 2 meters in length, the second triangle has sides 1 meter in length, the third triangle
has sides % meter in length, the fourth triangle has sides % meter in length, and so on. Thus, the height of the

first triangle is v/3 meters, the height of the second triangle is 3§ meter, the height of the third triangle is 3?
meter, the height of the fourth triangle is @ meter, and so on. The total area of the triangles, disregarding

the overlaps, is given by
L1\ (V3) 1/1\ (V3
3 (5) <T> 3 (z) (?) +

This is an infinite geometric series with @ = a; = v/3 and r = i. This series converges to

o« B VB A3

1—7r 1- % 3

1
4

The total area of the triangles, disregardng the overlaps, is given by %@ square meters.

12.5 Taylor Series

2. This function most nearly matches ﬁ To get 1 in the denominator, instead of 4, divide the numerator and

denominator by 4.
3
-3 -7z
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by starting with the Taylor series for 2=, multiplying each term

382
_3
Thus, we can find the Taylor series for —2-
Tz
by —%, and replacing each z with 7.
-3 _ f%
4d—x 1-7%
(L3 (3 (2)+ _3 (£)2+ _3 (2)3 (23 (£)+
S\ 4 4) \4 4) \4 4)\4 4)\4
__ 3 3w 32 3 3
4 16 64 256 4+l

The Taylor series for 1% is valid when —1 <z < 1. Replacing = with ¢ gives

1<fctlor —d<a<a

The interval of convergence of the new series is (—4,4).



Section 12.5  Taylor Series 383

Tx 7

Tr2:  © 1-(-22)
Use the Taylor series for ﬁ, multiply each term by 7, and replace & with —2z. Also, use property (3) with

k=1.

4.

Tz . 7
1422 1—(—22)
:$'7'1+$'7(*2$)+$‘7(*2%)2+$‘7(*2%)3—1—...—1—‘%'7(72x)n—|—,,,
= Tx — 1422 + 2823 — 56x* + ... + (=1)" - 7-2ngntl 4 .

The Taylor series for ﬁ is valid when —1 < = < 1. Replacing x with —2x gives
1< -2rx<1 ! >x > L
— —2x or —>x>——.
2 2

The interval of convergence of the new series is (—%, %) .

9zt 9
6. =t~
1—=2 * 11—z
Use the Taylor series for ﬁ, and multiply each term by 9. Also, use property (3) with k = 4.

9z i 9

1—2x

=249 142 9@+t 9@+t 9@+ 4t 9@ ...
=02 +92° + 928 + 927 + ... + 92" Tt ...

1—2

The Taylor series for % has the same interval of convergence, (—1,1), as the Taylor series for ﬁ

We find the Taylor series of In (1 — %) by starting with the Taylor series for In (1 + z) and replacing each x

8.
with —2,
A A e N e M OB ()" (=9)""
m(-p=(g) s
x 22 2 ke
TT27% T2 64 mrnoer T

The Taylor series for In (1 + ) is valid when —1 < < 1. Replacing x with —% gives

“l<-Z<lor2>a>-2
The interval of convergence of the new series is [—2,2) .

10. We find the Taylor series for e—3” by starting with the Taylor series for e* and replacing each x with —3z2.

3 =14 (—31:2) + Bl (—3:62)2 + 30 (—3x2)3 +--+ — (—3332) + -

71” n.2n
:1_3$2+gx4_2x6+...+()¢+
2 2 n!

The Taylor series for e=37" has the same interval of convergence, (—oo, 00), as the Taylor series for e.
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12. Use the Taylor series for e* and property (3) with k = 5.

14.

16.

1
et =% 142’ v+’ —a?+2° =t ot ="+
2! 3! n!
) 1 1 n+5
— 5 b T et e T
2 6 n!

The Taylor series for #%¢® has the same interval of convergence, (—oo, c0), as the Taylor series for e®.

6 2

3+x2_1 x?
3

Use the Taylor series for ﬁ, multiply each term by 2, and replace z with —%.

6 2

3+m271 x?
3

The Taylor series for ﬁ is valid when —1 < x < 1. Replacing = with —%2 gives

$2
—1<—§<1or3>x2>—3.

The inequality is satisfied by any z in the interval (—\/3, \/5) .

X —T
et —e 1 1
=—e——e”

2 2 2
We find the Taylor series for %em by starting with the Taylor series for ¢* and multiplying each term by %

x

1, 1 1 1 1, 1 1., 1 1
SR R R T T Ry L
I T S B I
—§+§£E+ZIE +E$ +"'+%IE + -

We find the Taylor series for —%e‘x by starting with the Taylor series for e*, multiplying each term by —%,

and replacing x with —zx.

gt =gl (—%) (—2) + (—%) () (—%) = () (—%) ()
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—T

Use property (1) with f(z) = e and g(z) = —1e

e — e
2
_lew_lefi
) 2
TS A USRS B A U R DS 1+(—1)"+1 -
—\273 2 2)* T \171)" 2 12)" onl ol )"
_ 1 L5 L 1+(_1)n+1n
B 7 e VT S B ™Y R

_ 1 3 1 5 1 7 1 2n+1
ST ET T " Troa” T T eyt T

The new series has the same interval of convergence, (—oo, 0o), as the Taylor series for e®.

18. In (1 - 5:£2) =In [1 + (7512)]
Use the Taylor series for In (1 + ) and replace o with —5z2.

(-522)° N (-52%)°  (=5a?)" (—1)" (=5a2)""!

In (1 —52?%) = (—bx?) —
n(1-5a%) = (=527) 3 T T A
e Boa 125, 625 o grtlgents
B 2 3 4 n+1

The Taylor series for In (1 + x) is valid when —1 < < 1. Replacing  with —52? gives

1 1
—l1<-5z2<1lor=>a?>—-2.
x” < or5 x° > 5

The inequality is satisfied by any x in the interval (—%, %) .

. 14z
1—=
The Taylor series for In (1 4 z) is given as

20. 1 ):ln(l—l—x)—ln(l—fv)

2 2 2t (—1)" g+t
In (1 T N TSR Gk A
n(tez)=z-Fd o - phet

We find the Taylor series for —In (1 — x) by starting with the Taylor series for In (1 + ) multiplying each term
by —1, and replacing x with —zx.

—1'2 _$3 —£U4 _1\" —x n+1
—ln(lfm):—l(fa:)f(fl)( 2) +(—1)( 3> —(—1)( 4) +~~+(71)—( 1)n(+1) +-
2 3 gt 1
SRR vk s R e
Use property (1) with f(z) =In(1+z) and g(z) = —In(1 — z).

ln(i_'_x):ln(l—&—m)—ln(l—x)
11 11 11 (-1)" 1
=(1+1 e % S N (e [ SR (P R |5 SR ) antlg.
(+)x+< 2+2>az +<3+3)x +< 4+4>x+ +<n+1+n+1>x +

2 2 2 _177, 1
:2x+—1‘3+—x5+—x7+...+umn+1+
3 5 7 n+1

21.2n+1

2, 2, 2
=2 a3 S T T
S CER S S P
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22. Use the Taylor series for e* and replace = with —x to find the Taylor series for e™*.

—x 1 2 1 3 1 4 1 5 1 n
e :1+(—m)+§(—x) +§(—:c) +I(—:c) +a(—a:) +~~~+E(—x) +e
_ N 2 23 N xt ab R (—=1)" 2™ N
T T2 T T2 120 nl
x? r 22 a3 (—1)" 22
=1— Sl A U S A A R
T+ 5 3 + 260 + + %, +
2 3 n—2
x x x x x x x
—l—z4+ 1__(1__>__<1__>_..._ 1— .
TS 3U7"1) 60\ 6 of ntl
Compare the series —% (1 — %)—% (1 — %)—- - —”—%;—2 (1 - n%_l)— -~ with the series —% (1 — %)—% (1 - %)—
— 3””4—;: (1—2) —.... The second series is an infinite geometric series that is less than or equal to the
first series term by term. The geometric series has a = —% (1 — i) and r = %, and sums to —%. Thus,
for0<xz <1,
x? 162 — 422 x? x x a3 T "2 T
o+ [1- -2 2 |1zt 1f—(1f—)f—(1f—)f~-f - -
S [ 48—3:1:2] S sU77) 60\ 6 ol nt1
22
<l—z+—,
T+ 5

or

1—:r+m2 1-— 167 — 4o” <e*“"<1—35+962
2 48 — 322 2

For values of x sufficiently close to 0, 146;'__3‘;{”22 approaches 0, and

1 +ZL’2 1 162 — 422 ~1 +:L'2
T 8-322 ) T2
Thus, e ™ =~ 1—x+ $—22
For x < 0, a similar argument can be made.
24. The area is given by
1
2

/ e da.

0

Find the Taylor series for e’ by using the Taylor series for e* and replacing = with 22.
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Using the first five terms of this series gives

1

2 9
/e“’dwz/

0 0

N[

1 2 1 3 1 4
[qua(ﬁ) b)) () }dx

1
2 1 1 1
:/0 <1+x2+§x4+6x6+ﬁx8) dx
1
- s, 1 s, 1 7 L 9)|?
- (m+3m Tt TR T oe” ;
1 n 1 n 1 n 1 n 1 0
224 320 5376 110,592
~ .5450
26. The area is given by
3 1
2
——dz.
/l 11—z
1
Find the Taylor series for 171 7= by using the Taylor series for % and replacing x with /.

1 n
R Y/ i Y/ S/
1—+x

Using the first five terms of this series gives

1 1
31 2 .
dzz/ 1+ x+a+ 23?4+ 2%) de
/1 1-Vx 1 ( )

w1

1

Il
7N
8
+
|
8
w
~
[ V)
+
8
+
ot
~
[ V)
+
8
N————

(1,2 13/2+1+2 15/2+1 LS TS S
“ (27302 8 5\2 24 4712 732780 192

%

o
©
S
&

28. The area is given by

5 ) 1 5 )
e 2dy = —/ e 2dx.
/0 V2T V2T 0

. R —x2/9 - P T . . 2
Find the Taylor series for e=* /2 by using the Taylor series for e® and replacing  with -5

2 1 1 1 1 -1)"
e /2 22—t x6+_x8+__.+ux2n

2 222" T 3193 4127 alon T

1

)

387
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Using the first five terms of this series gives

1 . 1 [ 1 1 1 1
- —x°/2 ~ _ _ 2 - 4 - .6 - .8
Var ) € dIN\/ﬂ/O (1 27 T o T 3s” +4!24$>dff
:L/.5 1——m2+—x4—ix6+—m8 dx
om J, 2 8" 48 384
1 1 1 1 1 o
- 3 I s S _ - 9
NG (x 67 T 0" 3367 +3456”3)0
1 1 3 1 5 1 7 1 9
=— (5= (5 +—=(5)" - — (. — (5)7 -
\/27r< 6 (D) T (D)~ 355 (0 355 (9 )
1
N ———— (.479925)
2 (3.1416)
~ .1915

30. The doubling time n for a quantity that increases at an annual rate r is given by

In2 In2
= = ~ 16.47.
"ThT+r)  In.0425
It will take about 16.47 years, or about 16 years 8 months.
According to the Rule of 70, the doubling time is given by
70 70
Doubling time =~ = 16.47.

100r  100(.0425)

It will take about 16.47 years, or about 16 years 6 months, a difference of 2 months.

oy > )\zef)\
2. )3 1) =3 2
=0 =0 :
_ Ae=A  Ale=A AZemA A3 Ale A
S T T A A A B
)\2 —A )\3 - A7 -
—e e A 2
2! 3! n!
A28 A"
P _A — — .« .. — .« ..
—e (1+A+2!+3!+ + ot )
— e A e
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e et AI€7A
(b) > af(e) = w55
=0 =0
)\Oe—)\ )\16_>‘ /\26—)\ )\Be—A )\ne—A
=0 ol +1 1 +2 o1 +3 30 +---+n o + -
A367A AnefA

= )\7/\ )\27)‘ e
0+ Xe ™+ A% " + o + +(n_1)!+

AQ Anfl
:)\e—k(l_’_/\_i_?_i_..._i_ _|_>

=Xe M-t

(c) Since 7 is the expected value, from part b we have

722 xf(x) =\

For = < 4, find
3 3

Ae~A
> fl) =) —

x=0 =0
2 e
*Z !

=0

70677 71677 72677 73677
+ + +

0! 1 2! 3!
49 343
=e T+ Te T4+ —e T+ —e7
2 6
~ .08177
34. (a) The probability, p, of popping a 6 is p = 1.
From Exercise 31b, the expected value is given by
oo
1 1
> wf@)=-=1=6
r=1 p 6

(b) For x > 4, find

> fa)
r=4

3
1-Y " f(2)
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12.6 Newton’s Method

2.

flx) =22 — 6z +4

flx)y=2x-6

f(5) =—-1<0and f(6) =4 > 0 so a solution
exists in (5,6).

Let ¢4 = 5.
B f(e1)
Co = C1 f/ (01)
-1
=5——=15.25
4
by = ey f(e2)
[ (c2)
.0625
=520 — ——
4.5
= 5.2361
f(c3)
Cy = C3 —
4 3 f/ (63)4 . \
1.4-10™
= 5.2361 — 11722
= 5.2361

Subsequent approximations will agree with ¢z and
¢4 to the nearest hundredth. Thus, x = 5.24.

f(z) =523 — 222 — 22— 7
f'(z) =152% — 4z — 2
f(1)=-6 <0and f(2) =21 > 0 so a solution
exists in (1,2).
Let ¢; = 1.

—6
ey = ¢ — 1(0) = 1— ' = L6667

[’ (e1)
c5 =y — }f,((z)) — 1.6667 — % — 1.4467
4= cy— J{,((CCZ)) — 1.4467 — % — 1.4018
Cs = cq — J{/((it)) — 1.4018 — % — 1.4000

Subsequent approximations will agree with ¢4 and
¢5 to the nearest hundredth. Thus, x = 1.40.

6.
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f(z) =323 — 1422 + 172 — 22
f'(z) =92% — 28z + 17

f(B)=-16 <0 and f(4) = 14 > 0 so a solution
exists in (3,4).

Let Cc1 = 3.
_ fla) , 16
Co = C1 f/(61)—3 14
= 4.1429
f(c2) 21.46
=cCcy — = 4.1429 —
BT H () 9~ 5t
= 3.7560
3 fle) 3.3102
Cq4 = C3 f/ (CS) = 3.7560 338
= 3.6707
B fle) 14282
s =4 () = 3.6707 35437
= 3.6667

Subsequent approximations will agree with ¢4 and
cs to the nearest hundredth. Thus, x = 3.67.

f(z) =22% +72% + 622 + T2 — 6
fl(z) =823 +2122 + 122 + 7
f(=3) =0so z = -3 is an exact solution.

f(0)=—-6<0and f(1) =16 > 0 so a solution
exists in (0,1).

Let ¢4 = 0.

cy=c1 — /(1) ZO—_—6=.8571

[ (er) 7
cs=co— J{,((Z)) — 8571 — gfgg — 5950
c1=cs— J{,((C;)) = 5950 — 22'2.12463 = 5084
5 = cq — }f,((cc‘:)) — 5084 — '12?’5088 — 5001
co = c5 — J{,((CCZ)) = 5001 — '1%0;23 = 5000

Subsequent approximations will agree with ¢; and

c¢ to the nearest hundredth. Thus, x = —3 is a
solution in [—3,—2] and = = .50 is a solution in
[0,1].
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10. f(x) =23 — 22 +3

f(z)= %m_z/g — 2z

F(0) =3 > 0and f(3) = —4.55775 < 0 s0 a
solution exists in (0,3).

Let ¢; =0.

f7(0) is undefined, and ¢y = ¢; =0, so let ¢; = 1.

c=c — J{,((Ccll)> —1- %667 — 2.7996

3= cy — f/tj — 2.7996 — %ﬁf — 2.1684
ey =cs— J{,((CC?’;) —2.1684 — %?;g — 2.0699
c5 = ey — J{}&é — 2.0699 — % — 2.0673

Subsequent approximations will agree with ¢, and
¢5 to the nearest hundredth. Thus, = 2.07.

12. f(z)=e* + 3z —4
[ (x) =2e* +3

f(0) = -3 < 0and f(3) = 408.42879 > 0 so a

solution exists in (0, 3).

Let ¢; = 0.
fla) -3
C2 C1 f/ (Cl) 5
F(c2) 1.1201
=y —. — 4
T2 () 9.6107 — 1538
£ (cs) 08302
- — 4838 — = 4738
“ATB T () 8.2632
F(ca) 9.1-107%
=cy— = 4738 = 4737
T AT ) 8.159

Subsequent approximations will agree with ¢4 and

c5 to the nearest hundredth. Thus, x = .47.

391

14. f(x) =2+ 2% -2
fl(x) = —2%e ™ + 2ve % + 20

F(—3) = 187.76983 > 0 and f(0) = —2 < 0 s0 a
solution exists in (—3,0).

Let ¢; = —-3.
cr=c1— J;f/((ccll)) ——3- % — —2.3890
3 =y — ]{,((Z)) — —2.3890 — E5T9§’i — —1.8354
4=z — J{/((Z)) — 1.8354 — %4.8729 — 1.3650
¢5 = c4— J{,((Z)) — —1.3650 — 321(?9712 — —1.0195
c6 =5 — J;f,((ccz)) — _1.0195 — 1’?&%37 — _.8378
cr = cg — ]{/((Ccf;)) — 8378 — _372%1 — 7926
s = cp — J{,((Z)) — 7926 — féiﬁ — 7901

Subsequent approximations will agree with ¢; and
cg to the nearest hundredth. Thus, x = —.79.

16. f(z)=2lnz+z-3
F@) =241

f(1)=—-2<0and f(4) = 3.7725887 > 0 so a
solution exists in (1,4).

Let ¢g = 1.
f(e1)
=c] — 1— — =1.6667
2TAT (@) 3
L fle) 3116
3 = 0 = iy = 16667 — — o= = 1.8083
F(c3) —.0069
=3 — =1 — = 1.811
c1 = ey — 75 = 18083 — o = 18116

Subsequent approximations will agree with c3 and
¢4 to the nearest hundredth. Thus, x = 1.81.
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18. /3 is a solution of 22 — 3 = 0.

flx) =223
f'(z) =2z

Since 1 < /3 < 2, let ¢; = 1.
-2

02:177:2
03:2—321.75
0421.75—%21.732
0521.732—%:1.732

Since ¢4 = ¢5 = 1.732, to the nearest thousandth,
V3 = 1.732.

20. /15 is a solution of 22 — 15 = 0.

flx)=22-15
f'(x) =2z
Since 3 < /15 < 4, let ¢; = 3.
—6
02:3—7 :4
1
03:4—523.875
.01
cy = 3.875 — 01563 = 3.873
. 10—4
cs = 3.873 — 131077 = 3.873

7.746

Since ¢4 = ¢5 = 3.873, to the nearest thousandth,

V15 = 3.873.

22. /300 is a solution of 22 — 300 = 0.

f(z) = 2% — 300
f(z)=2x
Since 17 < /300 < 18, let ¢y = 17.
co =17 — _3—111 =17.324
1A 22y
cy =17.321 — 3(211;2;1 =17.321

Since c3 = ¢4 = 17.321, to the nearest thousandth,

V300 = 17.321.
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24. /15 is a solution of 23 — 15 = 0.

flx)=2%—-15
/' (@) = 322
Since 2 < /15 < 3, let ¢; = 2.
02:271—27:2.583
3 = 2.583 — 2023‘32 — 2471
cy = 2471 — 1088;;)2 = 2.466
c5 = 2.466 — % = 2.466

Since ¢4 = c5 = 2.466, to the nearest thousandth,

15 = 2.466.

26. /121 is a solution of 3 — 121 = 0.

flx) =23 —121
1 (2) = 32
Since 4 < V121 < 5, let ¢; = 4.
0224—74—58725.188
c3 = 5.188 — % =4.957
cq4 = 4.957 — % = 4.946
cs = 4.946 — %??86;1 = 4.946

Since ¢4 = ¢5 = 4.946, to the nearest thousandth,

V121 = 4.946.

28. f(x) =2+ 922 — 62 +4
f'(x) =322 + 182 — 6

To find critical points, solve f’ (z) = 3z2 + 182 —
6 =0.

f"(x) =6x+18

f'(=7) =15 > 0and f'(-6) = =6 < 0s0 a
solution exists in (=7, —6).

Let ¢g = —7.
15
cy = —7— 1 —6.38
1.2732
03——6.38—_20.28 6.32
.0672
cy = —6.32 — ~19.92 = —6.32
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Subsequent approximations will agree with c¢3 and ¢4 to the nearest hundredth. Thus, + = —6.32. Since
f7(—6.32) = —19.92 < 0, the graph has a relative maximum at x = —6.32.

f'(0)=—-6 <0and f’'(1) =15 > 0 so a solution exists in (0,1).

Let ¢4 = 0.
02—075—86: 33
032.33—%2.32
C4=.32—%=.32

Subsequent approximations will agree with cs and ¢4 to the nearest hundredth. Thus, x = .32. Since
f7(:32) =19.92 > 0, the graph has a relative minimum at x = .32.

30. f(z)=a2'+22% -5z +2
f'(x) =42% +62%2 -5

To find critical points, solve f’ (z) = 42 + 622 — 5 = 0.
f"(x) =122% + 122

f'(0)=-5<0and f'(1) =5 > 0 so a solution exists in (0,1).

Let C1 = 0.
-5
Cy = 0-— T
Since ¢y is undefined, let ¢; = .5.
-3
co=.5— 5 = 83
B 1.4205
s 18.227
.0625
Cq = 75 — ﬁ 75

Subsequent approximations will agree with c3 and ¢4 to the nearest hundredth. Thus, z = .75. Since f” (.75) =
15.75 > 0, the graph has a relative minimum at x = .75.

32. The process should be used at least until the savings produced is equal to the increased costs incurred, or when
S (z) = C (). Therefore, solve S () — C ().

f(x)=5()—C(z) = (2® + 522 +9) — (2 + 40z + 20) = 2® + 42? — 40z — 11
[’ (z) =32 + 8z — 40

[’ (z) =32 + 8z — 40

f(4)=—-43 <0 and f(5) =14 > 0 so a solution exists in (4,5).

Let ¢; = 4. 3
co=4-— VT 5.08
cs = 5.08 — igéi; =4.82
cg =4.82 — é8122§ =4.80
cs = 4.80 — —28 =4.80

67.52
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Subsequent approximations will agree with ¢4 and c¢5 to the nearest hundredth. Thus, x = 4.80. The process
should be used for at least 4.80 years.

57(.02) — 57(.02) (1 +.02) "% — 600 (.02)?

34. iy =.02— —— —
57 [—1 4 (12) (.02) (1 + .02) +(1+.02)
_ gy 0011177798
~ 7T 1480804049
= 02075485

57 (.02075485) — 57 (.02075485) (1 + .02075485) 2 — 600 (.02075485)*
57 |1+ (12) (.02075485) (1 + .02075485) 27! + (1 + .02075485)*12}

13 = .02075485 —

4.0638916 - 10~

=.02075485 —
02075485 —1.583924743

02075742

12.7 L’Hospital’s Rule

2. The limit in the numerator is 0, as is the limit in the denominator, so that 'Hospital’s rule applies. Taking
derivatives separately in the numerator and denominator gives
322 +2r —11  3(3)°+2(3)—11 22

lim —.
rx—3 2x — 3 2 (3) -3 3

By I'Hospital’s rule,
o342 —-11x -3 22
lim = —.
z—3 x2 — 3x 3

4. The limit in the numerator is 0, as is the limit in the denominator, so that I’'Hospital’s rule applies. Taking
derivatives separately in the numerator and denominator gives
4825 + 1222 — 9

:lli% 5325 — 827 1 322 which does not exist.

By I'Hospital’s rule,
8x6+3x4—9$d ¢ excist
im ————————— does not exist.
=0 927 — 274 + a3
6. The limit in the numerator is 0, as is the limit in the denominator, so that I'Hospital’s rule applies. Taking

derivatives separately in the numerator and denominator gives

By I'Hospital’s rule,
1 1
i 2@ 1)
r—0 x

=1.
8. The limit in the numerator is 0, as is the limit in the denominator, so that I'Hospital’s rule applies. Taking
derivatives separately in the numerator and denominator gives

2621’ 262(0)
lim = = -
20 T0z — 1 10(0) — 1

By I'Hospital’s rule,
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10.

12.

14.

16.

18.

20.

22.

The limit in the numerator is 0, as is the limit in the denominator, so that 'Hospital’s rule applies.

derivatives separately in the numerator and denominator gives

I e v —xe ® _ ed—0-¢ _ 1
a0 ez 4200 4

By I'Hospital’s rule,
. re ” 1
lim ———— = —.
z—0 22 —2 4
lir% e” = 1 and "Hospital’s rule does not apply. However
xr—

X

lim ———— does not exist.
r—0 81‘5 — 3334

The limit in the numerator is 0, as is the limit in the denominator, so that I’Hospital’s rule applies.

derivatives separately in the numerator and denominator gives

1
i 2007 11
z—0 1 9 (9 +0)1/2 6

By I'Hospital’s rule,
. VI+z-3 1
lim —— = —.
z—0 X 6

The limit in the numerator is 0, as is the limit in the denominator, so that 'Hospital’s rule applies.

derivatives separately in the numerator and denominator gives

1
L 1 1
. 2pl/2 o _ =
I == =507 " §

By I'Hospital’s rule,

z—9 x—9 6

- 1
limﬁ 3 _

The limit in the numerator is 0, as is the limit in the denominator, so that I’Hospital’s rule applies.

derivatives separately in the numerator and denominator gives

1
lim 3227 1 !

o7 1 3-272/3 97

By I'Hospital’s rule,

YT-3 1

o o

The limit in the numerator is 0, as is the limit in the denominator, so that 'Hospital’s rule applies.

derivatives separately in the numerator and denominator gives

70

lim — =7-25 = 448.
z—2 1
By I'Hospital’s rule,
7T _
lim 128 s,

r—2 (17—2

The limit in the numerator is 0, as is the limit in the denominator, so that 'Hospital’s rule applies.

derivatives separately in the numerator and denominator gives

) e’ +1 ¥ +1 2
lim = =— -1
-0 —e= —1 —e0—1 -2
By I'Hospital’s rule,
er —1+=x

395

Taking

Taking

Taking

Taking

Taking

Taking
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24. The limit in the numerator is 0, as is the limit in the denominator, so that I’'Hospital’s rule applies. Taking
derivatives separately in the numerator and denominator gives

PEEETIe 1 1 1
lim (&Y _ _

z—5 2z z—b 2(x2+11)1/2 2(52+11)1/2 12°

By I'Hospital’s rule,

. Vxz+11-6 1
lim ——— = —.
z—5 2 — 25 12

26. lin% 222 — 10z 4+ 8 = —4 and I'Hospital’s rule does not apply. However, by substitution

o 2= VT2 ~V2F2 0

2
e=2 222 =10z 4+18  2(2)2 —10(2)+9 —4

28. The limit in the numerator is 0, as is the limit in the denominator, so that 'Hospital’s rule applies. Taking
derivatives separately in the numerator and denominator gives

S

lim
z—0 1 z—0

—1 1
23—2)2 T 2(342) 2 .. -1 _ 1 -1 1 1 or —
2(3—x)1/2 2(3—}—:13)1/2 T 9.31/2  9.31/2 \/g 3’

By I'Hospital’s rule,

v3—xz—+v3+x 1

lim — or —

x—0 xX \/3

V3
=

30. lim1 V2 + 52 +9 = /15 and I"'Hospital’s rule does not apply. However

N
lim w does not exist.
z—1 r—1

32. The limit in the numerator is 0, as is the limit in the denominator, so that I’Hospital’s rule applies. Taking
derivatives separately in the numerator and denominator gives

~In(l-z)- =2 —(l-a)n(l-2)-7+z —(1-0)n(1-0)-7+0 _

li =li
fraay —e 7 ot —e % (1—1x) —e(1-0) 7
By I'Hospital’s rule,
lim (7T—2)In(1—x) _7
z—0 e~ —1

which does not exist.

1 1 1
34. ,lim (—2 + —3) = lim T

11 45 1
36. lim (— — —) = lim r-- which does not exist.
T T
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2. Derivative Value at 0
flx) = 5e** f(0) =5
fM(z) = 10e>* fO ) =10
f@(z) = 20e** @) =20
@) (x) = 40e>® @ (0) = 40
f@(z) = 80e2* F@(0) = 80
fO (0 @ (0 (0 (0
Py(z) = f(0)+ 1!( )JZ+ 2!( )3:2 + 3!( )x?’ + 4!( )x4
10 20 , 40 5 80 , 9 20 4 10 ,
= - = = s 1 1 = i
5—1—1!3:4—21:—1—633 —|—24:c 5+ 10x + Ox—|—3x+3x
4. Derivative Value at 0
flz) = Yz +27 = (z+27)"/3 F(0) = 3
1 Iy 1 ) 1
fO@) = 2@y oL f0 ) = =
2 2 2
@)(p) = -2 oy 2 2 () = ——=_
10 _ 10 10
B (g) = — oy8/B 7 ®) (0) =
80 _ 80 80
D(p) = —— oy 2 @) = ——>—
fU©) 20 f®)(0) @ (0)
Py (x) = f(0)+ TR z? + 30 3+ 1 rt
1 2 10 _ ____ 8
. 27 —%ig7 o , 177,147 3 14,348,007 4
=3+ 1 T+ 5 T4+ 5 z° + o1
L1 1, 5 0,
=31 7t T g T msran’ T Boderan”
6. Derivative Value at 0
f(z) = In(3+2x) f(0) = In3
2 _ 2
MW () = -9 22) 7! ) ==
(@) = s =2(3+20) 0 0) = =
fO@) = ~1@+20) = -y 0 0) = 3
(3 + 2x) 9
) _ 16 ) 16
G)z) = 16(3+2x) = ——— B (0) = =
_ 96 32
W(z) = —96(3+2x) ' = ———— @) = —=
FO) = =963 +20 " =~ ) = -
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f(l) (0) f(z) (0) 2 f(3) (0) 3 f(4)() 2 _% 2 éG 3 g? 4
= 1 3 27
Pi(2) = f(0) + —p—a+ =52’ + =2’ + = n3+ o+ —ta? + 2af 4 2

2 2 8 4 4
=In3+ 353— §a¢ +8—1£L‘ 813:

8. Using the result of Exercise 1, with f(z) = €2~% and P, (x) = €% —e?x+ §x2 - %x3+ %x‘l, we can approximate
e!'99 by evaluating f (.01) = 270! = 2701 = 199, Using P, (z) from Exercise 1 with 2 = .01 gives

[V
[ V)

(& (& 62

2 3
Py (01) = € — 2 (.01) + 5 (01)° = T (01)° + 2 (.
~ 7.315533762

01)*

To four decimal places, P (.01) approximates the value of e!'%9 as 7.3155.

10. Using the result of Exercise 3 with f(z) = V& + 1 and Py (z) = 1+%£E7 %Z2+%ZL’3* —2- 2%, we can approximate

128
V.98 by evaluating f (— =+v—.02+1=+/.98. Using Py (z) from Exercise 3 with x = —.02 gives
1 1 , 1 s 5
P (—02)=1+=(—-.02) — = (—.02 — (—.02 .02
4 (—02) = 14 3 (~02) — 3 (—02 4 7 (~02)° — = (~.09)"
~2 .9899494938.
To four decimal places, P, (—.02) approximates the value of v/.98 as .9899.

12. Using the result of Exercise 5, with f(z) = In(2—x) and Py (z) = In2 — 1z — 222 — L% — Lot we can
approximate In2.03 by evaluating f(—.03) = In(2 - (-.03)) = In2.03. Usmg P, (x) from Exercise 5 with
xr = —.03 gives

1 1 1 s 1 .
Py(—.03) =In2 — = (—.03) — 03)% — — (—.
4(=.03) =In2 — - (-.03) 8( 03)” — 57 (—03) 64( 03)

Q

7080386123 (using In2 = .69315)

To four decimal places, Py (—.03) approximates the value of In 2.03 as .7080.

14. Using the result of Exercise 7, with f(z) = (1 +::3)2/3 and Py () = 14 2z — $2% + &2 — 5521, we can
approximate (1.01)2/3 by evaluating f(.01) = (1+ .01)2/3 = (1.01)2/3. Usmg Py (z) from Exercise 7 with
x = .01 gives

7

— (on?
53 (01

L2 (.01)° —

01)>
) 81

Py(01) =1+ 3 2 (01) -
~ 1.006655605

9('

To four decimal places, Py (.01) approximates the value of (1.01)2/ % as 1.0067.

16. 2+ 1.4 + .98 + .686 + ... is a geometric series with a = a3 = 2 and r = .7. Since r is in (—1,1), the series
converges and has sum

18. 4+ 4.8 +5.76 +6.912 + ... is a geometric series with a = a; =4 and r = 1.2. Since r > 1, the series diverges.

20. 14+ +5 99 4+ —=+ ﬁ + ... is a geometric series with a = a; = 1 and r = —5. Since r > 1, the series diverges.

(- 99)
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Slzalzézi
(1+2)(143) 12
So=a1+ax = L + L =i+i=—
(1+2)143) (2+2)(243) 12 20 15
Sz =ai; +ax+az = L + ! + ! :i+i L1
1+2)1+3) (2+2)(2+3) B3+2)(3+3) 12 20 30 6
Si=a1+ax+az+as = 1 + 1 + 1 + 1
1+2)(14+3) (2+2)(2+3) (B3+2)3+3) (4+2)(4+3)
1 1 1 1 4
IR TR
Ss = a1 + as + az + a4 + as
1 1 1 1 1
= - + + -
1+2)(14+3) 24+2)2+3) (B+2)34+3) (“+2)4+3) (B+2)(5+3)
11 1 .1 1 5
BT R
2x 2

1+3z  © 1-(-32)
Use the Taylor series for ﬁ, multiply each term by 2, and replace x with —3z. Also, use property (3) with
k=1.

2 2 n
1+x3:r = x-—l_(_&r):x'2-1+x-2(—3x)+x'2(—3x)2+x'2(—3x)3+~~+:€'2(—3:5) +--

= 22 — 622 + 1823 — Bdat + - 4+ (=1)" - 23" - gL 4.

The Taylor series for ﬁ is valid when —1 < = < 1. Replacing « with —3z gives

1
—1<-3r<1 -—>xr>——.
X or 3 i 3

The interval of convergence of the new series is (—%, %) .

3
3£U3 3. b
2—x 1-%

Use the Taylor series for ——, multiply each term by %, and replace x with 5. Also, use property (3) with k& = 3.

1—2?

33 3 % 3 3 3 /x 3 /x\?2 3 rx\3 3 /x\"
— 3. — 3.2 3._(_) 3._(_) 3._(_) 3._(_)
2—x v 1-% v 2 v 2\2 v 2\2 v 2\2 v 2\2

3x3 3zt 32® 32 3 t3
= STt

2 4 8 6 T

The Taylor series for ﬁ is valid when —1 <z < 1. Replacing = with $ gives

—1<§<1 or —2< <2

The interval of convergence of the new series is (—2,2).
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28. We find the Taylor series for In (1 + %:r) by start-
ing with the Taylor series for In(1+ z) and re-
placing each x with 1.

In (1+ 195) _1 690, 690 (9,

3 3 2 3 1
n 1 _\nt+1
) (32) L
n—+1
_ 1 2 1 3 1 4
=3 TR e Tt Tt
(_1)”xn+1

Ty

The Taylor series for In (1 + z) is valid when —1 <
x < 1. Replacing = with 3z gives

—1<%x§1 or —3<z<3.

The interval of convergence of the new series is
(-3,3].

30. We find the Taylor series for e 5% by starting with
the Taylor series for e® and replacing each x with
—dz.

1 1 :
e =14 () + (—5z)* + 3 (—5z)% + - -

1 n
+ = (=5x)" + -

n!

25 125

—1)" 5

H_'f+
n!

x3+...
_|_

The Taylor series for e~>* has the same interval
of convergence, (—oo, 00), as the Taylor series for

er.

32. Use the Taylor series for e* and replace x with
—z. Also, use property (3) with k = 6.

aSe =26 - 1420+ (—a)+25 - = (—2)° +

1 1
6. — ()3 ... 6. _(_p\" ...
T 3!( )+t n!( x)" +
IL'S 569 _1” n+6
:x67$7+_7_+...+L+...
2 6 n!

The Taylor series for 2%e~* has the same interval
of convergence, (—oo, o0), as the Taylor series for

eI
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34. The limit in the numerator is 0, as is the limit
in the denominator, so that I’Hospital’s rule ap-
plies. Taking derivatives separately in the numer-
ator and denominator gives,

2 2 _
o 307 =846 _ 3(0)° ~8(0)+6
z—0 3 3

=2

By I'Hospital’s rule,

2 — 42?2 4+ 6z
lim —— =2,
x—0 31‘

36. The limit in the numerator is 0, as is the limit
in the denominator, so that I'Hospital’s rule ap-
plies. Taking derivatives separately in the numer-
ator and denominator gives,

3
fim 2L 3 _ g

By 'Hospital’s rule,

lim In(3z+1)
r—0 X

=3.

38. The limit in the numerator is 0, as is the limit
in the denominator, so that I'Hospital’s rule ap-
plies. Taking derivatives separately in the numer-
ator and denominator gives,

1
2(5+2)1/2 1 1 NG

lim = = or —.
=0 1 25+0)"2 25 10

By I’'Hospital’s rule,

. Vit z—+b 1 V5
lim = or —.
25 10

x—0 €T

40. The limit in the numerator is 0, as is the limit
in the denominator, so that I'Hospital’s rule ap-
plies. Taking derivatives separately in the numer-
ator and denominator gives,

lim 2““’;1/2 = 1 :l
7516 1 2(16)1/2 8

By I’'Hospital’s rule,

N

. 1
lim = —.
z—16 x — 16 8
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42.

44.

46.

48.

The limit in the numerator is 0, as is the limit
in the denominator, so that I’Hospital’s rule ap-
plies. Taking derivatives separately in the numer-
ator and denominator gives,

By I'Hospital’s rule,

. Vs+z—-Vh—=z 1 NG
lim = or —.
25 10

z—0 2x

1 1 1
lim ([ — 4+ —= | =lim Tt which does not exist.
z—0 \x 22 0 2

22/3 4 g1/2
=lim ——

z—0 €T

1 1
lim ( —= + —=
=0 <\/E ﬁ)
The limit in the numerator is 0, as is the limit
in the denominator, so ’Hospital’s rule applies.
Taking derivatives separately in the numrator and
denominator gives,

Fa 3y a1 2 1
3 2 = lim | —=+ —=

1 a—0 \3¥x  2\/x
which does not exist. Therefore, by ’'Hospital’s
rule,

lim

r—0

. 1 n 1
im | — 4+ —
s—0 \ VT T
does not exist.

flx) =323 —4a? — 42 — 7
fl(x) =92% —8x —4

f(2)=-7<0and f(3) =26 > 0 so a solution
exists in (2, 3).

Let ¢g = 2.
S ) R e P
(1) 16
f () 2.9309
=y — =24375 — = =2.3397
BT T ) 29.973
£ (cs) 16835
=c3— — 23397 — ——— —2.3334
4TS () 26.55
£ (ca) 00176
—cy— —23334— ——— — 23333
@ T AT ) 26.336

50.

52.

401

Subsequent approximations will agree with ¢4 and
¢5 to the nearest hundredth. Thus, x = 2.33.

flx) =a* + 23 — 142% — 1520 — 15
[ (z) =423 + 322 — 28z — 15

f(3)=-78<0and f(4) =21 > 0 so a solution
exists in (3,4).

Let ¢; = 3.
o =c1— f,((ill)) —3- _3—768 = 5.1667
cs=cy— J{,((CCZ)) — 5.1667 — ii;lﬁ — 4.3527
c1=cs— J{”,((CC?;)) — 4.3527 — 329822 — 3.9689
Cs = cy — J{,((Cc‘f) — 3.9689 — % — 3.8779
co = c5 — J{,((CCZ)) — 3.8779 — % — 3.8730
cr = co — J{,((Ccﬁ;) — 3.8730 — % = 3.8730

Subsequent approximations will agree with cg and
c7 to the nearest hundredth. Thus, x = 3.87.

v/39.5 is a solution of 2 — 39.5 = 0.

Since 6 < v/39.5 < 7, let ¢; = 6.

—-3.5
CQ—G—F—6292
.08926
c3 =6.292 — o581 6.285
.00123
= .2 — == 2
cq = 6.285 1257 6.285

Since ¢35 = ¢4 = 6.285, to the nearest thousandth,

v39.5 = 6.285.
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54.

56.

58.

Vv70.9 is a solution of z* — 70.9 = 0.

f(z)=2*-1709
f(x) = 423

Since 2 < v/70.9 < 3, let ¢; = 2.

02:2—%;1'9:3.716

c3 =3.716 — ;ég;i =3.132
cy =3.132 — f;;;g = 2.926
cs = 2.926 — 21'33.829 = 2.902
cg = 2.902 — 90723151; = 2.902

Since c5 = cg = 2.902, to the nearest thousandth,

V70.9 = 2.902.

This ordinary annuity will amount to $5000 in 4
years at 8% compounded semiannually. Thus, S =
5000, n=4-2=38, and i = £ = 4% = .04, so

5000 = R * 550
5000
58].04
5000

= 9.21423
~ 542.64

R:

or $542.64.

The payments form an ordinary annuity with R =
1526.38, n =52 = 10, and i = 25% = 3.8% =
.038. The amount of this annuity is

(1.038)"° — 1
S =1526.38 | —————.
[ 038

The number in brackets, 570].038° is 11.89534558,
so that
S = 1526.38 (11.89534558) = 18,156.82

or $18,156.82.

60.

62.

64.
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$49,275 is the present value of an annuity of R dol-
lars, with 48 periods, and i = 121—3% = 1.016% =
.01016 per period.

P=R-am;
49,275 = R * a5 01015
49,275
478].01016
49,275

~ 37.83272858
~ 1302.44

Each payment is $1302.44.
The present value, P, is 177,110, i = % =
.0070416, and n = 12 - 30 = 360.

177,110 = R - 360].0070416

[1— (1 +.0070416) %
0070416

=R

=R 0070416

[.9200310118
|~ .0070416
R ~ 1355.55

[1-— .0799689882]

=R

Monthly payments of $1355.55 will be required to
amortize the loan.

The doubling time n for a quantity that increases
at an annual rate r is given by

In2  In2
In(1+7) Inl.l

It will take about 7.27 years, or about 7 years 3
months.

According to the Rule of 72, the doubling time is
given by

72

100(-1)

Doubling time =~

7
1007
It will take about 7.2 years, or about 7 years 2
months, a difference of 1 month.
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THE TRIGONOMETRIC FUNCTIONS

13.1 Definitions of the
Trigonometric Functions

2. 90° = 90 (i) -I

180/ ~ 2
4 13507135< il >737T
) N 180/ 4
o ™ om
6. 300° = 300 (Tso) -z
o s _ 81
8. 480 —480(180) =3
o7 21 [180°
10, L -2 — 120°
3 3 ( T )
12, T T (Y s
4 4 ™
14, T (BB07Y o6
10 10 T

16. 57 =57 <1Ej? ) = 900°

18. Let a = the angle with terminal side through
(=12, —-5). Then z = —12, y = —5, and

r=22t 2 =T 25

=169 = 13.
. Y ) x 12
Slna—;=—1—3 CotOz:g:?
x 12 r 13
cosozz;z—l—3 secoz:E:—E
tauna:g:i cscazfz—E
z 12 Y 5

20. Let a = the angle with terminal side through
(—7,24). Then z = —7, y = 24, and

=625 =25

. y 24 ¢ T 7
smoa = — = — cotag=— = ——
r 25 Y 24

cosa — £ — 7 e — " — 25
ba_r_ 2 S oz_m_ -
y 24 r 25

tanay = = = —— csCor = — = —
x 7 y 24

22. In quadrant I, z < 0 and y > 0.
Furthermore, r > 0.

sin § = 2 > 0, so the sign is +.
T
x N
cos 8 = — < 0, so the sign is — .
T
tan9:£<0, so the sign is —.
x
x L
cot § = — <0, so the sign is —.
Yy
T . .
sec 0 = — < 0, so the sign is —.
x
T
csc § = — > 0, so the sing is +.
Yy

24. In quadrant IV, z > 0 and y < 0.

Also, r > 0.

sim@:g<07 so the sign is —.
r
xz . .

cos § = — > 0, so the sign is + .
r

tan&zg<07 so the sign is —.
x
x L

cot § = — < 0, so the sign is —.
)
r . .

sec § = — > 0, so the sign is +.
x
r . .

csc § = — <0, so the sign is —.
Y

26. When an angle 0 of 45° is drawn in standard po-
sition, (x,y) = (1,1) is one point on its terminal
side. Then

r=vI+1=+2.
dng_ ¥ L _ V2
rooV2 2
0 x 1 \/§
cosf=—=—=—
rooVv2 2
sec&zzzx/i
T
r
cscl=—=+2
Yy

403
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28. When an angle 6 of 120° is drawn in standard posi-

tion, (x,y) = (—1,/3) is one point on its terminal
side. Then

r=+1+3=2.
x 1
0:—:——
Cos " 5
x 1 \/§
cotl=—=——=——
y V3 3
seCG:Z:—2
T

30. When an angle 6 of 150° is drawn in standard posi-

32.

34.

36.

38.

tion, (7,y) = (—/3, 1) is one point on its terminal
side. Then

r=+3+1=2.
. y 1
S 9:—:—
Sin , 2
cotﬁzzz—\/g

Yy

secﬂfrff2 *72\/3

3 3

When an angle 6 of 240° is drawn in standard
position, (z,y) = (—1,—+/3) is one point on its
terminal side.

3

tan 0 =

_ LV
/3 3
When an angle of & is drawn in standard position,

(z,y) = (v/3,1) is one point on its terminal side.
Then

w

cot 0 =

<RI yIw
|
—

r=+3+1=2.
cosﬁ—ac—\/g
6 r 2

When an angle of £ is drawn in standard position,
(z,) = (1,/3) is one point on its terminal side.

™ T 1 V3

3"y V3 3
When an angle of 7 is drawn in standard position,

(x,y) = (0,1) is one point on its terminal side.
Then

40.

42.

44.

46.

48.

50.

52.

54.

56.

58.
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When an angle of 7 is drawn in standard position,
(z,y) = (—1,0) is one point on its terminal side.
Then

r=+y14+0=1.

r
secm=—=—1
T

37

When an angle of =F is drawn in standard posi-
tion, (z,y) = (—1,1) is one point on its terminal
side.

3y
tan — = =
an —

=1

When an angle of 57 is drawn in standard posi-
tion, (z,y) = (—1,0) is one point on its terminal
side.

Then
r=+y14+0=1.
cos 5r = = = —1
r
When an angle of —%” is drawn in standard posi-

tion, (z,9) = (=1, —/3) is one point on its termi-
nal side.

Cot<_2_ﬂ>:z:—_1:£

When an angle of —% is drawn in standard posi-

tion, (z,7) = (v/3, —1) is one point on its terminal
side.
Then

(-5)-

cos 58° = .5299

tan 54° = 1.3764

tan 1.0123 = 1.6004

sin 1.5359 = .9994

g(t) = 5sin (Lt — 2) is of the form g(t) =

asin(bt 4 c¢) where a = 5,b = %, and ¢ = —2.
Thus,a:5andT:27”: =272 =12.

=

ol
Ao
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60. The graph of y = 2sinz is similar to the graph of

y = sinx except that it has twice the amplitude.
(That is, its height is twice as great.)

|
LI

62. The graph of y = —sinxz is similar to the graph

of y = sinx except that it is reflected about the
T-axis.

[\
|
—
<
[
T UL

rl
¢ o X

T

y=-sinx

64. y = 3cos (2x - %) +1 has amplitude a = 3, period

NE]

T:%”:%:W,phaseshift%:T:f%,
and vertical shift d = 1. Thus, the graph of y =
3cos (22 — Z)+1 is similar to the graph of f(z) =
cosx except that it has 3 times the amplitude,
half the period, and is shifted up 1 unit vertically.
Also, y = 3 cos (2x — %) + 1 is shifted § units to

the right relative to the graph of g(z) = cos(2x).

y

4__
" n\ r z\a3/. x
A AR A

y:3cos(2x—%)+1

405

66. The graph of y = %tanx is similar to the graph

of y = tanz except that the y-values of points on
the graph are one-half the y-values of points on
the graph of y = tanx.

. S(t) = 500 + 500 cos %t

(a) November corresponds to ¢ = 0.
Therefore,

S(0) = 500 + 500 cos (%) (0)

= 500 + 500 cos 0
= 1000 snowblowers.

(b) January corresponds to t = 2.
Therefore,

S(2) = 500 + 500 cos (f) 2)

[=p}

— 500 + 500 cos %

1
= 500 + 500 (5)

= 750 snowblowers.

(c) February corresponds to ¢t = 3.
Therefore,

S(3) = 500 + 500 cos (f) (3)

[=p}

— 500 4 500 cos g

= 500 + 500(0)
= 500 snowblowers.

(d) May corresponds to t = 6.
Therefore,

S(6) = 500 + 500 cos (%) (6)

=500 + 500 cos
= 500 4 500(—1)
= 0 snowblowers.
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70.

(e) August corresponds to t = 9.
Therefore,

S(9) = 500 + 500 cos (%) 9)

3
= 500 4 500 cos 7”

= 500 + 500(0)
= 500 snowblowers.

(f) Use the ordered pairs obtained in parts
(a)—(e) to plot the graph.

S(1)
S(#) = 500 + 500 cos £

1000 4

500 +

(a) The period is =29.54

There is a lunar cycle every 29.54 days.

(b) y = 100+1.8 cos ((9;;?)7”) reaches a maximum

(z—6)7
14.77

value when cos ( ) = 1 which occurs when

r—6=0
r=06

Six days from December 8 is December 14.

_ (6 6)r
y = 100 + 1.8 cos ( 17
y =101.8

There is a percent increase of 1.8 percent.

(c) On December 21, x = 13.

(13 — 6)7r>

=1 1.
Y 00 + 8005( R,

~ 100.15

The formula predicts that the number of
consulations was 100.15% of the daily mean.

72.

74.

76.

78.
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(P) =7 [1 - cos (2 m)](r + 10) + 100"
600
0 6
0
. sin 6 .
Solving e gives
Co sin 0o
c1 sin 0o
Cy = - .
sin 64

c1 =3-108, 6; =46°, and 6, = 31° so

~3-10%(sin 31°)
N sin 46°

— 214,796, 150

~ 2.1 x 108 m/sec.

C2

On the horizontal scale, one whole period clearly
spans four squares, so 4 -30° = 120° is the period.

T(x) =60 — 30 cos <%>

(a) z = 0 represents January, so the maximum
afternoon temperature in January is

T(0) = 60 — 30 cos 0 = 30°F.

(b) x = 2 represents March, so the maximum af-
ternoon temperature in March is

T(2) =60 — 30 cos 1 ~ 44°F.

(c) = = 9 represents October, so the maximum
afternoon temperature in October is

9
T(9) = 60 — 30 cos 3 ~ 66°F.

(d) = = 5 represents June, so the maximum af-
ternoon temperature in June is

5
T(5) = 60 — 30 cos 5 ~ 84°F.

(e) x = 7 represents August, so the maximum
afternoon temperature in August is

7
T(7) = 60 — 30 cos 5 ~ 88°F.
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80. (a) 40

0 . . . . .mAa)3es
250

Yes; because of the cyclical nature of the days of
the year, it is reasonable to assume that the times
of the sunset are periodic.

(b) The function s(x), derived by a TT — 83 us-
ing the sine regression function under the STAT-
CALC menu, is given by

s(z) = 94.0872sin(.0166x — 1.2213) + 347.4158.

(c) s(60) = 94.0872sin(.0166(60) — 1.2213)
+ 347.4158
= 326 minutes
= 5:26 P.M.
$(120) = 94.0872 sin(.0166(120) — 1.2213)
+ 347.4158
= 413 minutes + 60 minutes
(daylight savings)
= T:53 p.M.
5(240) = 94.0872 sin(.0166(240) — 1.2213)
+ 347.4158
= 382 minutes + 60 minutes
(daylight savings)
=T7:22 P.M.

(d) The following graph shows s(x) and y = 360
(corresponding to a sunset at 6:00 p.m.). These
graphs first intersect on day 82. However because
of daylight savings time, to find the second value
we find where the graphs of s(x) and y = 360 —
60 = 300 intersect. These graphs intersect on day
295. Thus, the sun sets at approximately 6:00 p.m.
on the 82" and 295" days of the year.

450

A\
| N

250
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82. Let h = the height of the building.

h
tan 37.4° = —
an IR
h = 48 tan 37.4°
~ 48(.7646)

~ 36.7

The height of the building is approximately 36.7
m.

84. Let 0 = the average angle with the horizontal.
26

5280

Using the TAN ! key on the calculator,

tan 0 =

26
§=TAN"' [ = ) ~ .28°.
<5280) s

86. We need to find the values of ¢ for which
3.5 < h(t) <A4.
The following graphs show where h(t) = sin (% — 2)+
4 intersects the horizontal lines y = 3.5 and y = 4.

[—

4n

Thus, 3.5 < h(t) < 4 when ¢ is in the interval
[4.6,6.3], to the nearest tenth.

13.2 Derivatives of Trigonometric
Functions

™
y = —cos 4x + cos (Z)
dy . :
T (sindzx) - D, (42) + 0 = 4 sin 4z
x
= —3 cos (822 + 2)

)
dy ; 2 2
i [3sin (8z° + 2)] - D, (8z° + 2)
= 162 - 3sin (822 + 2)
= 48 sin (822 + 2)
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10.

12.

16.

18.

20.

y=—9sin® x
dy . 4 . -4
T —45(sin z)* - D, (sin ) = —45 sin® z cos x
x
y =2 cot* x
dy _ 3 _ 3 2
i 8(cot x)° - D, (cot x) = —8 cot® x csc® x
y = 6z - sec 3z
dy
i 6x - D, (sec 3x) + (sec 3x)D,, (6x)
= 6x - sec 3z tan 3z - D, (3x) + 6 sec 3z
= 18z sec 3z tan 3z + 6 sec 3x
_ tanwx
Yoo ta
dy _ (2z+4)- D, (tan ) — (tan z)D, (2z 4 4)
dr (2 + 4)2
(2 44)sec® x—2tanx
N (2z +4)2
y = cos 4e%®
dy — 3 2z 2x) 2z o3 2x
T (—sin 4e**) - D, (4e**) = —8e** sin 4e
x
Y= _Setan x
dy _ —8etan . D (tan x) = (—8 sec? x)etdn @
dz *
y = cos (In |223)
dy .
e [~ sin (In |223|)] - D, (In [223))
D, (223)
= —sin(In [223]) =2~
sin (In | x |) 503
3 .
= —2 sin(In |22
- sin (In [223)
y=1In |tan2 :v|
dy 1
Y D, (tan?
dr  tan® x (tan” z)
1
= (2 tan x) - D, (tan x)
~ 2sec? x

tan

Chapter 13 THE TRIGONOMETRIC FUNCTIONS

4 cosx
22, y=—-—
2—cosx
dy  (2—cos x)-D, (4 cos x)—(4 cos x)- D, (2—cos )
dv (2 — cos x)?
_ (2—cosz)(—4sinx) —4coswsinz
(2 — cos x)?
_ —8sinz
(2 — cos x)?
24, o= Jcos 4w (cos 4x>1/2
Cos Cos
dy 1 (cosdw -1/ cos 4x
ﬂ_§<cosx> . (cosx)

. {(cos x) - Dy (cos 4x) —(cos 4x) - D, (cos x)]

1 / cosx\1/2

2 (cos 43:) ) (

—4 cos x sin 4z + cos 4x sin x
2 cos3/2 x cosl/2 4x

—4 cos x sin 4x + cos 4z sin ©
cos? x

26. y = (sin3x + cot(z?))®

dy

o = 8(sin 3z + cot(x3))” - D,.(sin 3z + cot(z?))
x

= 8(sin 3z + cot(x3))7
- (cos3x - Dy (3x) — csc?(23) - Dy (2?))
= 8(sin 3z + cot(2?))7 (3 cos 3z — 322 csc?(x?))

28. y=sinx;x = —

Let f(z) =sin z.
Then f’(x) = cos x and

1 =

f,<7r> V2

=5

<

The slope of the tangent line at x = 7 is

30. y =cos z;x = —%
Let f(x) = cos x.
Then f'(z) = —sin « and

/ m \/_
r(-3)=%

The slope of the tangent line at v = —%

S

is
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32.

34.

38.

y=cot r;r =

[N

Let f(x) = cot z.
Then f’(z) = —csc? x and

™ T 1
f(3)=-e?3=-g7z="7="1

The slope of the tangent line at x = Z is —1.

D, (sec ) = D, < L )

= D, [(cos z)7!]
= —1(cosx)~2(—sin x)

sin x

cos? x

1 sin x

COSXx COSXT

=sec x tan x

— T cos3m (1
y =g cos3m 3

(a) The graph should resemble the graph of y =
cos x with the following difference: The maximum

and minimum values of y are %

2

riod of the graph will be 3—7’: = % units. The graph

will be shifted horizontal % units to the right.

yzgcos 377:(t— %)

Al
IRV

0.4

dy
b) velocity = —
(b) velocity o

[}
o)
()

Pl

w3 ool ool

and —%. The pe-

d2
Acceleration = %g
_ D, —372 sin37r(t—%)
8
—3n? 1
= 87T Dy {Sin?nr(t—g)]
= 3 [eos3n (1= 2] by [ (¢ L
=—3 cos 3 3 : |37 3
—3n? 1
= 87T [cos37r<t—§>}~37r
973 1
:—%cos&r(t—g)
d%y
(c) dﬁ2+97r2y
3 1
:—%00837r<t—§>
+ 972 z005371' t—l
8 3
97T3c0s3 t L
= — — 7'(' —_— —
8 3
+97T3C03 <t 1)
8 3
=0
93
(d) a()z—g cos37r<t—§)
93
Z—%COSQW
93
e
1
y(l)_%cos?ﬂr(t—g)
:%COS2W
™ ™
—_.1==1
8 8

409
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40.

42.

Chapter 13 THE TRIGONOMETRIC FUNCTIONS

Therefore, at ¢t = 1 second, the force is clockwise and the arm makes an angle of & radians forward from the
vertical. The arm is moving clockwise.

4 4 1 3 3 3
a<—) :fgi cos 37 <——> - cos (3m) = _Im (71):9i >0

3 8 3 3 8 8 8
4 T 4 1 T T T
— == ~—_Z) =2 cos 21 =_=
y<3) g cos 37r<3 3) 3 cos (3m) 8( ) 3
Therefore, at t = seconds the force is counterclockwise and the arm makes an angle of —% radians from the

vertical. The arm is moving counterclockwise.

3 1 3 3 3
a(%):—gicos3ﬂ'(§——>:—gicos(47r):—9i-1:—9i<0

5 5 1
Z/<§>=§COS3W(§—§>:%cos(élw):%-l:%

Therefore, at t = % second, the answer corresponds to ¢ = 1 second. So the arm is moving clockwise and makes
an angle of £ from the vertical.

(a) Using the calculator to graph C(z) = .0422 + .6z + 330 + 7.5sin(27z) in a [0,25] by [320, 380] viewing

window, gives the following graph.
380

0 2/ 25

320

(b) C(25) =.04(25)2 + .6(25) + 330 + 7.5sin(27(25)) = 370 parts per million
C(35.5) = .04(35.5)2 + .6(35.5) + 330 + 7.5sin(27(35.5)) = 401.71 parts per million
C(50.2) = .04(50.2)2 + .6(50.2) + 330 + 7.5sin(27(50.2)) ~ 468.05 parts per million

(c) Since C'(z) = .08z + .6 + 157 cos(2mzx), C’(50.2) is given by
C’(50.2) = .08(50.2) + .6 + 157 cos(2m(50.2)) & 19.18 parts per million per year.

The level of carbon dioxide will be increasing at the beginning of 2010 at 19.18 parts per million.

5(0) = 2.625 cos 0 + 2.625(15 + cos? §)1/?

s

(a) The position of the piston when 6 = % is given by
5 (g) = 2.625(0) + 2.625(15 4 0)'/2 = 2.625V/15 ~ 10.17 in.

(b) Z@ = 2.625(—sin ) + 2.625 < > (15 4 cos? 0)~1/2 . 2 cos (— sin )

2.625sin 6 cos 6
V15 4 cos? 0

cos 0
= —2.625sin6 ( 1 + ——m—
( V15 + cos? 9)

= —2.625sin6 —
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(c) One way to find the maximum velocity of the piston is to take the second derivative of s(6) and then find
the values of 8 where the second derivative is equal to zero.

Using the second derivative, we can determine which critical points maximize ds/df. Because the second
derivative is so complicated, we will employ a graphing calculator to find the critical point(s).

The figures below show the calculator-generated graphs of the functions ds/df and d*s/d6?, respectively.

= ds*de?
. y
O VI 1 1 1 \I/I 7
-4

Although there are two critical points, the graph of ds/df shows that only one critical point is associated with
the maximum velocity. This occurs when 6 =~ 5. The equation solver on the graphing calculator can be used
to find a more precise value. The maximum velocity occurs at 4.944 radians.

44. (a) u(x,t) =Ty + Age ** cos (%t - ax)

= 16 + 11e~007062 ¢og (%t ~ 00706z )
The amplitude of u(z,t) is given by 11e~-90796% e need to find where 11e~-00706x < 1.

11e—-00706z <1

1
o— 007060 ~ =

- 11

1
~.007062 < In [ —
00703;_11(11)

()

The amplitude is at most 1°C at a minimum depth of about 340 centimeters.

(b) We wish to find « for which 14 < u(x,) < 18. Since —1 < cos (%t - .00706:c> <1, we have

—11e—00706z < 11—-00706z o (%t — .00706:1:)
S 116—.0070636

16 — 1100706z < 16 4 11007062 . (o (%t - .0070695)

< 16 + 1167,007061’
16 — 11e=-00706z < oy(z, 1)
< 16 + 116—.0070695

For 14 < u(x,t) < 18, we need to find where 16 — 11e=-90796% = 14 and 16 + 11e=907%6z = 18,
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These two conditions are equivalent to

116—.007069: =92

—.00706x _ <
€ 1
007062 = In [ 2
_ _m(2
. 11
In (&)
— 2D oy
= Z00706 o

A minimum depth of about 242 centimeters will keep the wine at a temperature between 14°C and 18°C.

(c) The phase shift will correspond to 3 year or 6 months when

00706z
3
00706z = 7
s
= o706~ 449 em

A depth of about 445 centimeters gives a ground temperature prediction of winter when it is summer and vice
versa.

(d) w=Ty+ Age ** cos(wt — ax)

C;—;L = Ape”**[—sin (wt — ax)](w) = —wApe™** sin (wt — ax)

du _ _ .

e —aApe " cos (wt — ax) + Age” “*[— sin (wt — ax)](—a)
T

= —aApe™* - [cos (wt — ax) — sin (wt — az)]

2
% = a%Age~*|[cos (wt — ax) — sin (wt — ax)] — aApe *[a sin (wt — ax) + a cos (wt — ax))
x

= a%Ape % [cos (wt — ax) — sin (wt — ax) — a®Age™ % [sin (wt — ax) + cos (wt — ax)]
= —2a%Age~* sin (wt — ax)

Now a = , /;U—k implies that

2 _ W
“ T 2%
w
k=—.
2a?
It follows that
d*u w 94 —ap . Caz du
i ﬁ[—Qa Age ™ sin (wt — ax)] = —wApe™** sin (wt — ax) = e
Thus,
du 1 d’u

dt — Vda?
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Derivatives of Trigonometric Functions

Section 13.2
46. (a) s(0) = 2.625cos @ + 2.625(15 + cos? #)1/2
% = % . Z—f = [—2.625 sin @ + 1.3125(15 + cos? 0) ~1/2 - Dy (15 + cos? ) - d_f]
= {—2.625 sin 94—\/% - (—2sin 6 cos 9)} . % = —2.625sin6 <1 + —%) fl—i

o di
(b) With 0 = 4.944 and = = 505,168.1 ———  we have
dt hour
4.944 inch
<1+ cos(4.944) ) (505,168.1) ~ 1,367,018.749
hour

154-cos?(4.944)

inches 1 foot 1 mile )
= 1,367,018.749 o X 12 inches X 7930 foot 21.6 miles per hour

d
d_‘; = —2.625sin(4.944)

x
48. tan 0 = —
(a) tan 0

Differentiate both sides with respect to time, ¢.

Since the light rotates twice per minute,

df  2(2rradi
_ 2Q@nradians) per minute.

dt 1 min
When the light beam and shoreline are at right angles, § = 0 and sec § = 1. Thus,
1 dzx
1)2(47) = — - —
(D*(4m) = 5 =
dz
— = 1607.
7 607

The beam is moving along the shoreline at 1607 m/min.
(b) When the beam hits the shoreline 40 m from the point on the shoreline closest to the lighthouse, § =

and sec 0 = v/2. Thus,
1 dx
2047 = — . =
(\/5) (47) 40 dt
dx
— = 3207.
dt m

The beam is moving at 3207 m/min.
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50. Let x be the length of the ladder and let y be the
distance from the wall to the bottom of the ladder.

Then
2
cos 0 = y+=e and cot 6 = J
T 9
rcos=y+2 and y=9cot 0

Thus, x cos 8 =9 cot 6 + 2
~ 9cot O+2

cos 0
r=9cscl+2sech.

This expression gives the length of the ladder as
a function of 0. Find the minimum value of this
function.

%2—9030000t9+2se69tan0

_ 9 1 cos 6 i 1 sin 6
a sin 6 sin 6 cos ) \ cos 6

~ —9cos @  2sin0
~ sin? 0 cos? 0
If%:O,then
2sin0 9 cos 6
cos2 0 sin? 6
2 sin® 0 =9 cos3 6
sin39_9
cos3 0 2
9
tan® 0 = =
an 5
9
tan § = {/ =
an 5

0 ~ 1.02619 radians.

If 6 < 1.02619, 4 < 0.
If 0 > 1.02619, % > 0.

Therefore, there is a minimum when 6 = 1.02619.
If 6 = 1.02619,

T ~ 14.383.

The minimum length of the ladder is approximately
14.38 ft.

Chapter 13 THE TRIGONOMETRIC FUNCTIONS

13.3 Integrals of Trigonometric

Functions

2. /sin 8x dx

Let u = 8x, so that du = 8dx.

/sin S8xd= é/sin 8x(8dx)
1
= g/sin udu

1
=-3 cos u+C

1
=-3 cos 8¢ + C

4. /(7Sinx—8cosx)dx

:7/sinxd:r—8/cosxdx

=-—-Tcosx—8sinxz+C
6. /2:1: cos 2 dx

Let u = 22, so that du = 2z dx.

/21’ cos xde:/cos wdu

=sinu+C
=sin 22+ C
8. —/2 csc? S8z dx

Let u = 8x, so that du = 8dx.

1
—/2 csc? 8wvdr = —1 /0302 8z(8dw)

/(f esc? u) du

e N N

cot u+C

cot 8¢ + C

10. /sin6 T cos xdx

Let u = sin z, so that du = cos x dz.

/sin6 T COoS :Ud:c:/u6du

1
:?’lﬂ“rc

1 7
= — di C
s’ xr +
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cos T T T\ 2
12. dxr 20. — tan (—) dzx

Vsin x / 4 4

Let u = sin z, so that du = cos x dx. AN
Let uw= (—) , so that
Cos X
dr = [ sin™'/? x cos zdx
: 1
/ Vsin x du =2 (%) (— da:) _z dx.

= /u_1/2 du

T T\ 2
—ul/2 4+ (O 1 tan (Z) dx
=2sin'/2 24 C r N2
:2/§tan <Z) dz
14. /f&dx
TS :2/tanudu
Let w =1 —sin x, so that du = — cos = dzx.
Cos =—21In|cosu|+C
/%d@«
1—sinx N\ 2
= —2In |cos (Z> +C
= —/(1 — sin )71 (— cos ) dx
22. /e‘x tan e~ * dx
= —/u‘ldu
Let u =e™7, so that du = —e™ " dz.
=—Inul+C
=-In|l-sinz|+C /e‘”tane‘”da:z—/tanudu
16. [ (a+2)"sin(a +2)ds ~n Joos u] + C

3 :1 - —x O
Let u= (x4 2)°, so that n |cos e | 4+
du = 5(z + 2)* dz.
24. /x4 sec z® tan x°dx
x4+ 2)* sin(z + 2)° dx
/( ) ( : Let u = 2, so that du = 5z*dz

= %/sin (x+2)5-5(x +2)*dz /x4 sec 2% tan 25dz = %/secax5 tan 2°(5x*dr)
= %/sin wdu = %/secutanudu
:—%cosu—‘rc :%secu%—(}'
:—%cos(a:—l—2)5+0 :ésecx5+0

18. /cot <3_a:> dzx
8 26. /93: sin 2x dx

Letu:f?’g’,sothat du:f%dz.
Let u = 92z and dv = sin 2z dzx.
Then Then du = 9dx and v = —% cos 2.
e (238 gr e 28 ot (235N (234
O\Tg) T3 T8 g /9xsin2xdax

_ 3 [cotud 9 |
g ) oruan = —5 cos 2:10—/(—5 cos 2m)> (9dzx)
_ 8 In |sin u| + C

9 9
= —Ex cos 2x + §/COS 2x dx

sin _3_:c +C 9 9
8 ' :—§$COSQ$+ZSin2$+C
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28.

30.

0 0
32. / cos xdxr =sin x

/—11x cos x dx

Let w = —11x and dv = cos z dx.
Then du = —11dz and v = sin .

/—11x cos xdx
= —1lz sin z — /(sin x)(—11dx)

= —1lx sin z + 11/sin rdx

=—1lzsinx —11 cos x + C

1
/10:v2 sin §xdzr

1
Let u = 1022 and dv = sin 37 dz

1
Then du = 20x dx and v = —2 cos 5%

1
/10:E2 sin —x dx
2
5 1
= (10z°) [ —2 cos 2%

/<2 cos %x) (202 dx)

1 1
= —20z2 cos 53: +40/x cos §a:dx

Let w = and dv = cos l:Ednr:.
o1
Then du = dxr and v = 2 sin §x
2 .1
10z* sin §xda:

1
= —20z2 cos 5:2

1 1
+ 40 <2x sin 5:5 — /2 sin 5xda:>

1 1
= —2022 cos 37 + 80z sin 37

1
+ 160 cos §I+C

—7/2 —7/2
e
o ()
S S B
—0—(-1)

=1
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w/2
34. / cot xdx

/4
/2

/4

= In |sin z|
=In ‘Sin E‘ —In ’sin z‘
2 4

V2

:1n1—1n7

-1
or ln<§> zln\/ﬁzéln2

3m/4 37/4
36. / sin x dx = — cos x

/4 /4
= —cos 37 — (fcos W)
- 4 4
V2 (V2
2 2
=2

. Use the fnInt function on the graphing calcula-

tor to enter fnlnt (e”(—x)cosz,x,0,b), for suc-
cessively larger values of b, which returns a value
of .5 for sufficiently large enough b. Thus, an es-

o0
timate of/ e % cosxdr is .b.
0

. (a) 46.000

0 . . B@a.m. 12
4500

The data appears to be periodic, although there is
a strong increase in February due to an extended
period of cold weather.

(b) The function C(z), derived by a T'I — 83 Plus
calculator, is given by

C(z) = 20,277.8sin(.4847422+1.02112)+-21,442.2.



Chapter 13 Review Exercises

(c) The estimate is given by

0
+21,442.2)dx
B {_ 20,277.8
12
4 21,442.20 } ’
0

484742
~ 243,603 million cubic feet.

The actual value is 240,755 million cubic feet.

42. V(t) = 170 sin (120 7t)

T
V2(t)dt
Root mean square = fo%
2 1
(a) The period is T = 2T~ — sec.
120m 60

(b) /OT V2(t) dt

1/60
_ / (170 sin (120 7£2)]2 dt
0
1/60
02 / sin? (120 7t) dt

1/60
1702 / 511~ cos (240mt)] dt
0

2 £1/60
= 170 / [1 — cos (240 7t) dt
2y
= t— sin (2407¢)
2 240 o
1702 [ 1 1
= - — in (24070 —
2 [60 2407 ( OWGO)}
1702
- 120
170°
a2

Root mean square =

12 12
C(x)dx = / [20,277.8 sin(.484742z + 1.02112)
0

cos(.484742x + 1.02112)

1702

2

=/ ~120.21

Thus, 120 volts is the root mean square value for

V().
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4. Exact value for the trigonometric functions can be

determined for any integer multiple of & or 7.

2w

12°=12< )
6. 120 0{180) = 3

-0

14. —

417
s 3T
270° = 270 (—) _ T
180
T 7T
420° = 42 (—) S
0 0\1s0) = 3
3r 31 [180°
12, 2227 — 135°
4 4 < s >
T 7w (180° R
15 15 ( ™ ) =8

16.

18.

20.

22.

24.

26.

28.

30.

32.

U Lr (1807
15 15 T

When an angle of 120° is drawn in standard posi-
tion, (x,y) =
sides, so

(—1,+/3) is one point on its terminal

tan 120° = £ = /3.
x
When an angle of 45° is drawn in standard po-

sition, (z,y) = (1,1) is one point on its terminal

side. Then

r=vi+1=+2,
SO ,

sec 45° = - = V2.

When an angle of 300° is drawn in standard posi-

tion, (x,y) = (1, —+/3) is one point on its terminal
sides, so
1
cot300° = L - — L _ V3
Y V3 3

When an angle of %’T is drawn in standard posi-

tion, (2,%) = (—1,/3) is one point on its terminal
side. Then

—Vit3=2
SO

P 1

COS— = — = ——.

3 r 2

When an angle of %” is drawn in standard posi-

tion, (x,y) = (1,v/3) is one point on its terminal
side. Then
=V1i+3=2
so
Tmor 2 2V3
csc == = A3

cos H9° ~ .5150
sin (—32°) ~ —.5299

cos .3142 ~ .9510
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34. tan1.2915 =~ 3.4868 44. y=3cos® x

dy

36. The graph of y = cos x appears in Figure 14 in 7
x

Section 13.1 in the textbook. To get y = 3 cos x,
each value of y in y = cos £ must be multiplied by
3. This gives a graph going through (0, 3), (7, —3)

= 3D, (cos z)°

= [3-6(cos x)°] - D, (cos x)
= 18(cos z)(— sin x)

= —18 sin z cos® x

and (2m,3).
y
3-- y=3cosx 46. y = cot (42°)
4
N d
1 d—y = [ csc? (42°)] - D, (425)
-+ x
I I = [~ csc? (42°)] - 20x*
0] r 2 ¥ 4 o2 (405
= —20z* csc? (4a°)
34
48. y=acscx
38. The graph of y = tan x appears in Figure 15 in @ = 22 D, (csc x) + csc 2 Dy (2?)
- xT x
Section 13.1. The difference between the graph of dx o, ‘ 5
y = tan x and y = — tan x is that the y-values of -7 (; csc z cotx) + cse 7(27)

points on the graph of y = — tan x are the oppo- =T csczeotT + 2z esC T

sites of the y-values of the corresponding points
on the graph of y = tan =x.

A sample calculation: 50. y= sinz -1
sinx+1
When z = 7,
dy  (sin x4 1)(cos x) — (sin x — 1)(cos x)
y:ftanngl de (sin x + 1)2
__sin x cos T + cos T — sin . cos T + cos T
y=—tanx (Slnx+1)2
! y__ : _ 2cosz
|4 ~ (sinz+1)2
N\ T
P\ L
| |
L L IO L _
“Ioir\ 2 * 52. y— x—2
4\ sec
roLh
A | @:secx-l—(x—Q)secxtanx
: dx sec? x
_secx — (xr —2)secrtanw
40. y = —4sin Tz - sec2 1
dy secz[l — (z — 2) tan ]
T —4(cos Tzx) - D, (Tz) = -
= —4(cos Tz)7 1— (z—2)tan
= —28 cos Tz - secx
42. y = tan (422 + 3)
d — .
= = sec? (42> +3) - D, (42° + 3) 54. y=Incos 7|
x
= sec? (42332 —1—23) - (8x) dy Dg(cosz) —sinz ¢
= 8 sec” (427 + 3) dr ~  cosx  cosx | oof
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56. /sin 2z dx

Let u = 2.
Then du = 2dx
1
—du = dx.
2

/sin 2xdr = /(sin u) <% du)
1
= §/Sin udu

= %(—COS u)+C

1
=-3 cos 2x + C

58. /tan 9x dx

Let w = 92. Then %du = dx.

/tan 9z dr = /(tan w) (% du)
1
=3 /tan wdu

1
= 5(—ln |cos u|) + C

1
=-3 In |cos 9z| + C

60. /5 sec? gvalm:5/sec2 rdx

=5tanz+C

62. /az sin 3x? dx

Let u = 3z2. Then %du =zdx.

/:L‘ sin 312da::/sinu<%du>
:%/sinudu

= é(—cos u)+C

1
:—E cos 3z2 +C

64. /\/cos T sin x dx

Let u = cos .
Then du= —sin xdx
—du = sin x dx.

/\/cos:r: sin J:dx:/\/ﬁ(—du)
= —/ul/zdu

2
= —§U3/2+C

2
= fg(cos z)3/%2 + C

66. /:c tan 1122 dz

Let u = 1122. Then du = 22z dz.

/at tan 1122 dz
= 1 [ tan 1122) - (220d2)
=55 an 11z rdx

1
—5/tanudu
1

= ﬁ(—ln |cos u|) + C

_ 1 >
=53 In |cos 11z |+C

68. /(sin )%/ cos x dx
Let uw = sin . Then du = cos zdz.

/(sin )%/ cos x dx

z/u5/2du

u5/2+1
=57 71¢
s+1
W2
- +cC
2

2
:?u7/2+0

2
= ?(sin )24 C

419
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70. /Sec2 3x tan 3z dx

Let u = tan 3z. Then du = 3 sec? 3z dz.

/sec2 3z tan 3z dx

/udu

S~ S~ Wl Wl

+
Q

w|§w

Q[\3
_|_
Q

tan® 3z + C

72./ sin x dx
/2

= —COS T

s

/2
)
= —COS T |—COS —
2

=1-0=1

2m
74. / (545 sin x)dx
0

27 2
z/ 5da:—|—/ 5 sin x dx
0 0

27 27
=5x| +(—5cosx)

0 0
= (10w — 0) + [-5 — (-=5)]
=107

76. We draw 6 in standard position.

(Lo—Ly,s)

From this diagram, we see that

]
inf =—.
sin o

78. Using the sketch of 6 in the solution to Exercise

76 and the definition of cotangent, we see that

_Lo— 14
==

cot 0
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80. The length of AD is Li, and the radius of that
section of blood vessel is r1, so the general equa-

tion I
k= —
r
is similar to I
1
Ry =k—
1 ot

for that particular segment of the blood vessel.

82. R=R1 + Ry

Ly Lo
— k=L p 2
! T ol

14 Lo
:k JR— J—
(7"14 - 7“24>

84. Since k, Ly, Lg, s, r1, and ry are all constants,
the only letter left as a variable is 6, so the dif-
ferentiation indicated in the symbol R’ must be
differentiation with respect to 6.

R =DyR
“y (k- 2 gy 2 R
—k :De <%> — Dy <ﬁi4 cot 9) +Dy (r; ' Sirll 9)]
—k :0— %Da (cot 0)+7éi4D0 <511119>}
—k -_?84 (—csc? 0) + miél (%ZS;)}

ks 1 B cos 60
~ sin? 9 \rm4 rot
ks csc2 0
- 4

ks cos 0

1 rot sin® 0

86. If the left side of the equation in the solution to
.2
Exercise 85 is multiplied by $2—2 we get

sin29. ks ( 1 cos 0)

S sin? 0 \ r4 rot

1 cos 0
~+(77-57)

This gives the equation

k k cos 0
CERE .

T2
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88. If ry =1and r, = %, then

90.

92.

4

1
—_ (4
cosH—<1>

1
555 ~ 0039,

from which we get

0 ~ 90°.

s(t) = Acos(Bt + C)

§'(t) = —Asin(Bt 4+ C) - Dy(Bt + C)
=—Asin(Bt+C)-B
= —ABsin(Bt + C)

§"(t) = —ABcos(Bt+ C) - D (Bt + C)

—ABcos(Bt+C)-B

= —B2%Acos(Bt +C)

= —B2%s(t)

2

16,
(a) y=xtana — V—isecga—f—h

_ T 16(39)* ., w
—39tan24 = sec 24—1—9

~ 9.5

Yes, the ball will make it over the net since the
height of the ball is about 9.5 feet when z is 39
feet.

(b) Entering

16(39)2

Ve sec® x + 9 and

Y; =39tanx —

576
}/2:

442 gin x cos x + 442 cos? x\/tan2 r+ S8 sec?x

32

into the graphing calculator and using the table
function, indicates that the tennis ball will clear
the net and travel between 39 and 60 feet for
A8 < x < 41 or .18 < o < .41 in radians. In
degrees,

10.3 < a < 23.5.

94.

421

(c) Using Y2 from part (b) and the graphing cal-
culator, we get

nberivch'z, K. m~<82
S7.811284R854

Note that 57.1-f¢ ~ 995_fect_ " The distance
a cgree
the tennis ball travels will increase by approxi-

mately 1 foot by increasing the angle of the tennis

racket by one degree.

Refer to the figure below.

3 9
b

Let A be the area of the triangle.

1
A==
5 bh
In this triangle,
h b
sin@zE and COSQZE
h=6sin 60 and b=6 cos 0.
Thus,
1 .
A= 5(6 cos 0)(6 sin 6)
= 18 sin 6 cos 0
= 9(2 sin 6 cos 6)
A =9 sin(26)
dA
— =9 cos(260) -2 =18 cos(20).
de
A
If 44 =0,
18 cos(20) =0
cos 20 =0
T
2 = —
o 2
T
0= 1

Ifo<Z, %4 >0.
Ifo>12, 94 <.

Thus, A is maximum when 6 = 7 or 45°.
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Extended Application: The Shortest
Time and the Cheapest Path

1.

Since both rays are coming from point A, but meet
the interface at two different points, they cannot
be parallel. If the two rays were parallel, the alter-
nate interior angle of the labeled right angle would
also measure 90° implying that the two angles 6;
are equal. As Az becomes closer to zero the rays
become more nearly parallel.

. The segment labeled Ap is only an approxima-

tion to the change in length of the ray from point
A. The actual change in length would be found
by measuring the length of the original ray from
point A to the crossing point along the new ray
which would leave the change in length left over.
As Ax becomes closer to zero the two rays become
more nearly parallel and Ap becomes a better ap-
proximation.

Speed of light in air

Speed of light in plastic

Speed of light in air
1.6

The percentage of the speed of light in 1.6-index

Speed of light in plastic =

plastic is given by % = .625 or 62.5%.

. The cheapest route would be where the route goes

almost perpendicularly across the swamp, making
0, almost zero. Since 6 is very close to zero, the
road would be built to go perpendicularly across
the swamp.

. If construction over land was actually more expen-

sive than construction over the swamp, we would

solve
7T—x T

V(7T —2)% 4 52 TVt

where k represents how many more times expen-
sive building over land is than building over the
swamp. Letting £ = 2 in the above equation, we
get

7T—x _ T
V=22 +52 Va2 +32

2
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The solver on the calculator gives x ~ 4.68 miles.
The angle 6; has tangent equal to 4.68/3 which
means that 0; is about 57.3°. For the straight line
route, #; has tangent equal to 7/8 which means
that 6; is about 41.2°. The angle between the
north-south line which passes A and the line from
A to the point where the road emerges from the
swamp is also 67, the larger 6, corresponds to the
route which lies to the west of the other route.
Thus, the route which minimizes cost lies to the
west of the straight line route.

. When you see the sun begin to set, the center of

the sun looks to be £(0.53°) = 0.265° above the
horizon, but is actually 0.265° — 0.57° = —0.305°
below the horizon. Since the radius of the sun’s
disk is only 0.265°, this means the sun is already
below the horizon.





