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Preface

The popularity and explosive growth of numerical analysis today are further evidence
that applications are still the leading source of inspiration for mathematical creativity.
Whenever new mathematical ideas are developed it is usually new applications which have
pointed the way. The electronic ecomputing machine is itself an illustration of this, a
response to an overwhelming need for faster computation. And the appearance of such
machines has made it possible to meet the demands of today’s applications, in many cases,.
by developing more sophisticated numerical methods. This is the pedigree of modern
numerical analysis. It is the numerical aspect of the broad field of applied analysis.

It would be a mistake, however, to draw too fine a boundary between our subject and
what is called pure or abstract analysis. The borderline is a fuzzy one, as borderlines
usually are, and materials from both sides frequently infiltrate the other. In earlier days
it was commonplace for mathematicians to be expert at both the pure and the applied.
Both have long since developed to a size which makes full acquaintance with even one
impossible, and reasonable competence at both an arduous objective. In spite of this the
applied mathematician, including the numerical analyst, must try to keep aware of what is
happening across the border. To this end it has been one of my objectives to provide
occasional evidence of infiltration, at least in elementary ways. The treatment of Taylor
series is one such example. The importance of these series in pure analysis is classical,
but they are also valuable for computing functions, estimating error, and so on. Fourier
series, orthogonal polynomials and perturbation series (just to mention a few) are other
topics which are valuable on both sides of the borderline. The proof of the classical
existence theorem of differential equations by “applied” methods is a beautiful illustration
of how applications lead eventually to abstract theory. So, although our principal interest
here is numerical mathematics, a number of topics usually relegated to other places will be
presented briefly, because they are themselves useful in computation and, even more
important, because they are a reminder of the fuzzy borderline and of the value of in-
filtration in both directions. The numerical analyst is, after all, an analyst.

This book has been designed to serve as text for any introductory course in numerical
analysis. There is adequate material for a year course at senior or beginning graduate
level. By omitting the more demanding theoretical parts it may also be used for a one term
course at a more elementary level. The extensive collection of solved problems also permits
use as a supplement to any standard textbook in the subject. It will even be useful as
independent reading for students of science or engineering with an interest in numerical
methods.

Each chapter begins with a capsule summary of results to be obtained and methods to
be illustrated. Ordinarily it is not expected that this summary will be completely self-
explanatory. It should be viewed as a table of contents for that chapter. The details are
fully presented among the solved problems and an abundant supply of supplementary
problems is offered to test one’s understanding. Answers to most of the supplementary
problems have been provided. An often used procedure for evaluating a numerical method
involves applying it to a problem for which the exact solution is known. This problem then
serves as a “test case”. Many such examples have been included. When they occur as



supplementary problems it is the exact answer which is given. Needless to say, the nu-
merical method should not be expected to produce this exact answer, which is given so that
the computer may check the accuracy of his own result to whatever number of digits he
desires. For certain problems no answer has been supplied. These offer a touch of realism,
since in practice the computer must not only find an answer but decide for himself whether
or not it is correct.

I take this opportunity to express my gratitude to Dr. Donald Chand, who expertly
programmed all the machine computations, to Dr. Martin Silverstein, who carefully read
the manuscript and suggested numerous improvements, and to my publisher and his team.

I have no doubt that, in spite of strenuous efforts, there remain errors of one sort or
another. Numerical analysts are among the world’s most error-conscious people, no doubt
because they make so many. I will be pleased and grateful to hear from any reader who
discovers errors. There is no reward except the exhilaration of continuing the search for
the all-too-elusive “truth”.

FRANCIS SCHEID
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Chapter 1

What Is Numerical Analysis?

THE ALGORITHM

Our subject has been described in many ways, and the elementary examples which make
up this first chapter bring out the essential parts of most descriptions. They are intended
as a preview of what lies ahead, providing a perspective from which the course of action
may be best understood. To summarize these examples in advance, they suggest that
numerical analysis involves the development and evaluation of methods for computing
required numerical results from given numerical data. This makes it a part of the modern
subject of information processing. The given data are the input information, the required
results are the output information, and the method of computation is known as the algorithm.
These essential ingredients of a numerical analysis problem may be summarized in a flow-
chart, Fig. 1-1.

Input The Output
Information — Algorithm > Information
Fig.1-1

THE PRESENCE OF ERROR

The description just chosen is definitely applications oriented. It focuses our efforts
on the search for algorithms. Frequently we will find that several algorithms are available
for producing the required output information, and we must choose between them. There
are various reasons for preferring one algorithm over another, but two obvious criteria
are speed and accuracy. Speed is clearly an advantage. Other things being equal the
faster method surely gets the nod. The issue of accuracy will consume much of our energy,
and it exposes a second major feature of our subject, the presence of error. Rarely will
input information be exact, since it ordinarily comes from measurement devices of some
sort. And usually the computing algorithm introduces further error. The output informa-
tion therefore contains error from both these sources, as suggested in a second flow-chart
(Fig. 1-2). An algorithm which minimizes error growth clearly rates serious consideration.

Input N Algorithm Output
Errors g Errors gl Errors
Fig.1-2

SUPPORTING THEORY

Though our view of numerical analysis will be applications oriented, we will naturally
be concerned with supporting theory. Often the theory to which we are led has intrinsic
interest; it is attractive mathematics. Primarily however, theory is important to us because
it contributes to the search for better algorithms.
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1.2.

1.3.
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Solved Problems

Identify the input information, the algorithm and the output information in the prob-
lem of computing the product 45 x 17.

Needless to say this is an elementary problem, but it will serve as a painless first illustration.

45 . .
} input information

th 17

e el

algorithm 315
45

7_65(—output information

The input information consists of the numbers 45 and 17. The algorithm is the familiar process of
multiplication. The output information is the number 765. If we assume the input exact, then
since no error is introduced by the algorithm the output is also exact. No error occurs anywhere
in the problem. ’

Compute the product of Problem 1.1 by the “Russian peasant algorithm”.

This method involves continually doubling one factor while halving the other, noting where the
halving leaves a remainder.

(45 R 17 €—————input information
22 34
11 R 68
algoritg;? 5 Rk 136
272
1 R 544
765 €—————— output information

The final step is the addition of those multiples of 17 on lines where remainders do occur. The
output information is the same 765 in Problem 1.1. Why this method “works” can be discovered
by patient but elementary investigations. The point of this problem is that more than one algorithm
is available for computing a product.

Two lengths X and Y are measured to be approximately X ~3.32 and Y ~5.39,
the symbol ~ representing approximate equality. Compute approximations to
X+Y, X+(1)Y and X + (.01)Y by “three digit addition”.

This is again an elementary problem but it illustrates the presence of error in computational
mathematics.

3.32 3.32 3.32
5.39 0.54 0.05
X+Y ~8M X+ ()Y ~ 3.86 X + (01)Y ~ 3.37

Here all numbers have been kept at a uniform length of three digits, by rounding off whenever
necessary and by supplying leading zeros whenever necessary. This is in the spirit of modern auto-
matic machine computation. Machines store and operate with numbers of a uniform length as we
have done here. Usually machine length is six or more digits, not merely three, but for simple
illustrations we shall often limit our numbers to three digits. The action in this problem is sum-

marized in Fig. 1-3.

Input Information The Algorithm Output Information
‘f . CX+Y ~ 871
X ~ 332 > Three digtt > X+ ()Y ~ 386
Y ~ 539 adaiH X+ (01)Y ~ 3.37

Fig.1-3
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14.

1.5.

1.6.

Point out the sources of error in Problem 1.3 and note their size.

Assume the input information, 3.32 and 5.39, correct to the three digits offered. With X and
Y still representing the (unknown) exact values, the errors in input information are
F, = X—332, E, =Y-—5.39

and neither error exceeds .006. There are also algorithm errors. In approximating (.1)Y the algo-
rithm makes a “roundoff” from .539 to .54, while in approximating (.01)Y it makes a roundoff from
0539 to .05, both errors being on the order of .001.

Estimate the errors in output information due to the error sources indicated in
Problem 1.4.

Take X 4+ Y first. From the equations in Problem 1.4 we easily find
(X+Y)—871 = (X—-8382)+ (Y—539) = E,+E,
go that the difference between the (unknown) exact X + Y and its computed approximation 8.71 is

X+Y—871 = .0056+ .005
or .01. The second decimal place in our 8.71 is therefore open to slight suspicion. Notice that algo-
rithm errors play no part in this “straight addition” problem. But now consider X + (.1)Y. Since
(1Y = (1}(F,+5.39) = (1)E, + .539
we easily find
X+ (1)Y — 886 = E, + 8.32 + (1)E, + .539 — 3.86 = E, + (1)E, — .001
so that the difference between the (unknown) exact X + (1)Y and its computed approximation

3.86 is
X + (1)Y — 3.86] = |E,| + |(1)E,| + |—.001] = .005 + .0005 + .001

and does not exceed .0065. Here the .005 is an input error, the .0005 is an input error which has
been multiplied by .1 as the algorithm proceeds, and the .001 is an algorithm error (roundoff). In
the same way we find

X 4+ (01)Y — 837 = E, + 832 + (.01)E, + .0539 — 3.37 = E; + (01)E, + .0039
so that the error in our computed 3.37 is
X + (.01)Y — 3.87] = .005 + .00005 + .0039

and does not exceed .009. In all our output information the second decimal place appears to be open
to suspicion. This problem shows how even in a simple computation the question of error size is not
easy to answer. Here we have estimates of the maximum error possible. In Problem 1.6 we dis-
cover that these estimates are too pessimistic.

Suppose a new theoretical discovery shows the X and Y of Problem 1.3 to be square
roots of 11 and 29. Instead of having to measure these two lengths, they can now
be computed. (See a later chapter for methods of computing square roots.) Correct
to six digits, X ~ 3.81662 and Y ~ 5.38616. Recompute the required results of
Problem 1.8 and compare the actual errors in output information of that problem with
the maximum possible errors computed in Problem 1.5.

Using “six digit arithmetic” one easily finds

X +Y ~ 870278, X+ (1)Y ~ 3.85524, X +(.01)Y ~ 3.37048

A maximum error analysis as made in Problem 1.5 would now show these results to be correct to
at least four decimal places. The actual errors in our Problem 1.8 computations can now be more
accurately estimated.

X+Y X + ()Y X + (01)Y

Actual error .0073 .0048 0005

Maximum error .0100 .0065 .0090




1.7.

1.8.

1.9.
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The error in X + (.01)Y is far less than the maximum. Realistic error estimation is one of the
most difficult tasks of numerical analysis. Frequently, as in this case, a problem for which the
exact solution is known is used to test the behavior of error in an algorithm.

Find the smaller root of the quadratic equation 22— 20x +1 = 0 using three digit
arithmetic.

The two roots are, according to a well-known theorem of algebra, 10 == 1/99. The smaller in-
volves the minus sign. Limited to three digit arithmetic, our computation runs

10 — V99 ~ 10.0 — 09.9 = 00.1

and serves as an excellent illustration of what happens when nearly equal numbers are subtracted.
Though the numbers themselves may have three digit accuracy, some (perhaps all) of these digits

will be lost in the subtraction. The main ingredients of this problem are summarized in Fig. 1-4.
See Problem 1.8 for a better algorithm.

Compute 10 — V99
22— 200 +1 = 0 > by three digit —- x = .1
arithmetic

Input Information Output Information

The Algorithm

Fig.1-4

Noting the theoretical result 10 —1/99 = 1/(10 +1/99), _use the expression on the
right to compute the root required in Problem 1.7.

Again limiting ourselves to three digit arithemetic,

10 + V99 = 10.0 + 09.9 = 19.9 after which 1.00/19.9 = .0503

Most modern computing machines position leading zeros in the results of multiplications and
divisions, retaining at the same time the number of digits (in this case three) which represents
machine capacity. In other words, for our division above we may consider the output a three digit
number, ignoring the leading zero. Note, however, that in the addition of 10.0 to 09.9 the leading
zero is one of the three digits in action. The same was true in Problem 1.8 and this is typical of

addition operations in modern machines. Fig. 1-5 now summarizes the ingredients of this
computation.

Compute 1/(10+Vv99)
22—20x+1 = 0 > by three digit > x = .0503
arithmetic
Fig.1-5

Notice that supporting theory has offered us an alternative algorithm for the computation of
this root. Error analysis will be omitted but our new result is correct to three decimal places,

making it far superior to that of Problem 1.7. The new algorithm introduces much smaller algorithm
errors.

Compute the sum VI +Vv2+ -+ +1/100.

Suppose we first obtain all square roots to two decimal places. Later an algorithm for com-
puting roots will be presented, but for the present we may suppose them extracted from square
root tables. The first few will be 1.00, 1.41, 1.73, 2.00, etc. tI‘I.xe sum of ‘tI:’ese hl.mdred numb.ers
comes to 671.27. Clearly such a sum requires at least “five digit arithmetic .for its computatloné
Since one hundred roundoffs have been made during the course of tl:xe a'lgorlthm t-hedaFchl"gcyltjs
our result is uncertain, but see the next few problems. The computation is summarized in ¥ig.
below.
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1.10.

1.11.

1.12.

1.13.

1.14.

Obtain all square roots

» to two decimal places. > —
1,2, ...,100 Compute their sum by Sum = 671.27
five digit arithmetiec.

Fig.1-6

Suppose the numbers zi,z», ...,2zy are approximations to X1, Xs, ..., X~ and that
in each case the maximum possible error is E. Prove that the maximum possible
error in the sum 2z, + 22 + - -+ + 25 is NE.

This problem presents another example of supporting theory. Since

vz—FE = X, =2 o;,+F

1
it follows by addition that
2x; — NE = 32X, = 32, + NE

so that —NE = 3X;~ Zx; = NE, which is what was to be proved.

In Problem 1.9 one hundred numbers, each correct to two decimal places, were sum-
med. What is the maximum possible error in their sum?
The error in each number is at most .005. Applying Problem 1.10 with E = .005 and N = 100,

we find NE = .5. This suggests that the sum may not be correct to even one decimal place. (See
also, however, Problem 1.12.)

As further supporting theory a statistical argument, not reproduced here, suggests
that when N numbers are summed the “probable error” is /N E, where E is again
the maximum possible error of the N numbers involved. Apply this formula to find
the “probable error” of the sum computed in Problem 1.9.

With N =100 and E = .005, probable error = \/NE’ = 10(.005) = .05. This is more opti-

mistic than the maximum error estimate of .5 obtained in Problem 1.11. But which estimate is
nearer to the truth?

For the sum in Problem 1.9, a new computation, in which all square roots are first
found to five decimal places rather than only two, produces the sum 671.36385.
Clearly this requires “eight digit arithmetic”. Show by using Problem 1.10 that the
error in this sum is at most .0005, making it correct to at least three decimal places.
Then compare the actual error in our result of Problem 1.9 with the maximum and
probable error estimates of Problems 1.11 and 1.12.

With N =100 and FE = .000005 we have NE = .0005, as suggested. The various errors
are, therefore,
actual error ~ 671.36 — 671.27 = .09

maximum possible error = .50

probable error = .05
One of our estimates was too pessimistic, the other too optimistic. In this problem the availability
of a machine capable of “eight digit arithmetic” has allowed us to check the accuracy of our
simpler computation of Problem 1.9 and to study error development. Not always, however, can a

bigger machine be called upon, and the question of error size in output information is often im-
possible to answer with satisfaction.

Given 1

An:1—§+

compute lim A, correct to three digits.

+ e 4 (_1)n+1._

COl bt
W =t



1.15.

1.16.
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The following theorem of elementary analysis is an often used piece of supporting theory.
“An infinite sequence A, Ay Ag, ... in which the A, alternately increase and decrease, and for
which the differences |4, — A, ;| decrease monotonically to zero, is a convergent sequence. More-
over, [(limA,) —A4,| = |A,—A,,.” For the present sequence this implies convergence, the
existence of 1im 4,, and the fact that the difference between A, and lim A4, cannot exceed 1/n. Three
digit accuracy allows an error of at most .0005 and we can achieve this accuracy by making
1/n = .0005 and n = 2000. This means that A,y will be an approximation of sufficient accuracy.
But how does one compute this number? Suppose an eight digit computing machine is available.
The various reciprocals may then be expressed as eight digit decimals, most of them requiring
roundoffs. Summing 2000 such numbers could produce a further error of

NE = (2000)(.000 000 005) = .00001

which seems negligible. So we allow our eight digit machine to compute this lengthy sum. The
result, after rounding off to three digits, is: computed sum = .693,

Notice that in this problem there is no error in the input information. We are given the exact
formula for A,. All the errors are algorithm errors. First we decide to compute A,y instead of
limA,. This can be viewed as truncating an infinite series after its 2000th term, and is an example
of what is called a fruncation error. Truncation errors are made when infinite processes are re-
placed by finite processes. In this problem,

truncation error = lim A, — Aaggo

. and we have arranged to keep this less than .0005. Next, further algorithm error enters when the

reciprocals involved are approximated by eight digit decimals and those decimals are summed.
In other words, we do not compute A,y but an approximation to it. This error is called the
roundoff error,

roundoff error = Ay — computed sum

and we have arranged to keep this less than .00001. Since the actual error made is
limA4, — computed sum = (limA4, — Agyp) + (Aogyy — computed sum)
we see that actual error = truncation error 4 roundoff error

which is no surprise. This makes |actual error| = .00051, suggesting that our three digit result
is almost surely correct. The ingredients of this problem are summarized in Fig. 1-7.

Compute Ayygo by
eight digit arith-
metic. Round re-
sult to 3 places.

—  .693

A, formula —>

Fig.1-7

Prove that if the following series is convergent,
Qi — a2 + 03 — Q4 +
all the ax numbers being positive, then the series
jar + Hai—a) — Ha—a) + Ha—a) -
is also convergent and represents the same number.

This is another example of supporting theory. Using A, and B, to denote the nth parfsial sums
of the two series, one easily finds A, — B, = =}a,. Since the first series is convergent, lima, =0
and thus lim A, = lim B, as stated.

Apply the theorem of Problem 1.15 to compute the lim A, of Problem 1.14, again to
three decimal places.

Our new algorithm will approximate limB, by one of the B, numbers. One easily finds
By =1 and for n>1,
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_ 1 1 1 1< K11
B, = éal+2(a1 ag) + + ( 1)"2(%~1 a,) = 2+k§2( 1) 3Rk =1)

For this sequence the theorem of Problem 1.14 guarantees that the difference between B, and

lim B,, cannot exceed 1/2n(n+1). For three digit accuracy we require

1
2n(n + 1)
making 2n(n + 1) = 2000, or » = 32. This means that By, will be an approximation of sufficient

accuracy. The difference lim B, — Bj, will not exceed .0005. Roundoff error will also enter. Its
analysis is more difficult here than in Problem 1.14 and will be omitted.

= .0005

If we use eight digit arithmetic as in Problem 1.14, we may hope that roundoff errors will not
affect the third decimal place. Even so, since the actual error will be a blend of truncation and
roundoff errors, and since we require |actual error| = .0005, it seems wise to reduce truncation
error somewhat below the .0005 guaranteed by Bj,, and thereby to allow roundoff error at least
slight room. As our new algorithm, therefore, suppose we compute By, by eight digit arithmetic.
The result turns out to be, after rounding to three places, computed sum = .693. It agrees with our
earlier result. But the point of this problem is that By, does just as well as Ay9! Our new algo-
rithm is faster than the first. The computation is summarized in Fig. 1-8,

Compute By, by
eight digit arith-
metic. Round re-
sult to 3 places.

> .693

B, formula >

Fig.1-8

1.17. Show that if xi, x> are approximations to X1, X» with errors E1, E2 so that X1 = z: + E
and X, = 22+ E,, then
X1 Xo — 2122 ~ El + Eg
X1X2 Xl X2
In words, the relative error of the product is approximately the sum of the relative
errors of the factors.

Since EE, is small compared with either E; or E,,
X, X, — g = Exy + Eoxy + E\E; ~ Ex; + Ex

from which the required result follows upon division by XX,.

1.18. The number of correct, or significant, digits is closely related to the relative error.
How does the number of correct digits in a product compare with the corresponding
number for the factors?

For two factors having about the same relative error, the preceding problem suggests that the
product will have about twice that relative error. The number of correct digits of factors and

product will then be nearly the same. Consider the product of the square roots of 2 and 3, for
instance. For factors with 2, 3 and 4 correct digits, we find

1.4 X 1.7 = 2,38, 1.41 X178 = 2.4393, 1.414 X1.732 = 2.449048

and in each case the product has close to the same accuracy as its factors. With more and more
factors the relative error grows, very much as the actual error grows for sums.



1.19.

1.20.

1.21.

1.25.

1.26.

1.27.

1.28.
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Supplementary Problems

Compute 45 X 17 “in your head” by the following algorithm: 17 X 9 X 10 X 1. (Do the multiplica-
tions from left to right.)

Compute 45 X 17 by the Russian peasant algorithm, doubling the 45 and halving the 17. (This is
the opposite of the algorithm used in Problem 1.2.)

Compute 1/.982 to three decimal places by the “long division” algorithm.

Compute 1/.982 using the supporting theory

1 = 1+ z 4 22 + .-
1—=z

with « = .018. Which algorithm is faster, this one or that of Problem 1.21?

If X~332 and Y ~ 5.39 correct to two places, how large and how small might X+ Y and
XY actually be? How do 3.32 + 5.39 and (3.32)(5.39) compare with these extreme possibilities?

Numbers are accurate to two places when their error does not exceed .005. The following square
roots are taken from a table. Round each to two places and note the amount of the roundoff. How
do these roundoff errors compare with the maximum of .005?

n 11 12 13 14 15 16 17 18 19 20

V7 to three places 3.317 | 3.464 | 3.606 | 3.742 | 3.873 | 4.000 | 4.123 | 4.243 | 4.359 | 4.472
Vn to two places 3.32 3.46
approx. roundoff +.003 | —.004

The total roundoff error could theoretically be anywhere from 10(—.005) to 10(.005). Actually what
is the total? How does it compare with the “probable error” of 10(.005)?

Suppose N numbers, all correct to a given number of places, are to be summed. For about what
size N will the last digit of the computed sum probably be meaningless? The last two digits? Use
the probable error formula.

Find the smaller root of the quadratic equation 22 — 202 4+ 2 = 0, using three digit arithmetic.
First try an algorithm which uses 10 — \/79_8, and then an algorithm based on the supporting
theory 10 — V98 = 2/(10 + Vo8 ). Check both results by substitution into the quadratic equation.
Which seems to be more accurate?

Apply the theorem of Problem 1.14 to the sequence for which
1 1 1 1
Ay = L—gtg—gt o T
If we want lim A, correct to three decimal places, how large must n be chosen to make 4, an ac-
ceptable approximation? Show that this requires

1
Ay = Apsa| = g = 0005

leading to m approximately 1000. Do not actually compute A qq0-

Apply the theorem of Problem 1.15 to the sequence of Problem 1.27 to obtain a more rapidly eon-
verging sequence. Since a, = 1/(2n—1), show that

-l - % (a1
»" 2 = 2k — 3)(2k — 1)
The theorem of Problem 1.14 may be applied to give
1

MmB, — Bl = Gt D

For three digit accuracy we want this less than .0005. Show that this requires = = 24 so that By,
should be satisfactory. At least, the truncation error will satisfy

truncation error = [limB, — By, = .0005
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1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

1.35.

1.36.

1.38.

Compute By, using four or more digit arithmetic to keep the roundoff error small. A table of recip-
rocals will be helpful. You should obtain the approximation By, ~ .7857, and though this contains
both truncation and roundoff errors it compares nicely with what is known to be the correct result
(to four places): lim B, ~ .7854.

Show that if X —« = K, then VX —Vx ~ E/2V/X.
Show that if X—« = E, then In X — In x ~ E/X.

Let x, be an approximate positive square root of @, and let s = (Q/xz) — 1. Show that the exact

root is
2 3 bst | 7Ts
— 1 172 — s _8 8 o8t , 188 ..
V@ = wl+s) ”O[I”Lz § 716 128 T 256

and apply this to obtain \/E to six places.

Let 2y be an approximate positive square root of @, and let » =1— (ocz/Q). Show that

8514 | 637
= 1— -1/2 = —_ —_— =L —_—
Ve #o(l =1) [JrJrz;J’mﬂLms“L.%eJr ]

and apply this to obtain V/2 to five places. Does this algorithm seem inferior or superior to that
of the previous problem?

If x, is an approximation to 1/1/Q, the sequence defined by

@iy = fa,(3 — Qxf)
may sometimes be used to obtain improved approximations. If %y is a satisfactory approximation,
then V@ ~ Q- xy; this produces \/@_ without divisions. Apply this algorithm to find a square root
of 2 to six places.

Let ¢ be an approximate cube root of @, and let s = (Q/«}) — 1. Show that the exact root is
3= s s Bs® 10st 225
Ve = “0[1+3 o T 81 243 T 29 :l
. . 3 .
and apply this to obtain \/_2_ to six places.

Let zy be an approximate cube root of @, and let r =1 — (xg/Q). Show that

8= 22 14r% | 8514  O1r5
VQ =« [1+3+—9“+s1+243 729+ }

and apply this to obtain {’/ﬁ to six places. Does this algorithm seem inferior or superior to that of
the preceding problem?

A sequence Jy,J,Js, ... is defined by
Jnir = Z’an - J'n—l

with Jo, =.765198 and J,; = .440051 correct to six places. Compute Jy, ...,J; and compare with
the correct values which follow. (These correct values were obtained by an altogether different
process. See the next problem for explanation of errors.)

n 2 3 4 5 6 7
correct J, 114903 019563 002477 000250 000021 000002

Show that for the sequence of the preceding problem,
J; = 86767J, — 4581J,

exactly. Compute this from the given values of J, and J;. The same erroneous value will be ob-
tained. The large coefficients multiply the roundoff errors in the given J; and J, values and the
combined results then contain a large error,

To six places the number Jg should be all zeros. What does the formula of Problem 1.36 actually
produce?



- Chapter 2

The Collocation Polynomial

APPROXIMATION BY POLYNOMIALS

Approximation by polynomials is one of the oldest ideas in numerical analysis, and still
one of the most heavily used. A polynomial p(x) is used as a substitute for a function y(z),
for any of a dozen or more reasons. Perhaps most important of all, polynomials are easy
to compute, only simple integer powers being involved. But their derivatives and integrals
are also found without much effort, and are again polynomials. Roots of polynomial equa-
tions surface with less excavation than for other functions. The popularity of polynomials
as substitutes is not hard to understand.

CRITERION OF APPROXIMATION

The difference y(x) — p(z) is the error of the approximation and the central idea is, of
course, to keep this error reasonably small. The simplicity of polynomials permits this
goal to be approached in various ways, of which we consider

1. collocation, 2. osculation, 3. least squares, 4. min.-max,

THE COLLOCATION POLYNOMIAL

The collocation polynomial is the target of this and the next few chapters. It coincides
(collocates) with y(x) at certain specified points. A number of properties of such poly-
nomials, and of polynomials in general, play a part in the development.

1. The existence and uniqueness theorem states that there is exactly one collocation poly-
nomial of degree n for arguments zo, ..., % that is, such that y(x) = p(x) for these
arguments. The existence will be proved by actually exhibiting such a polynomial in
succeeding chapters. The uniqueness is proved in the present chapter and is a con-
sequence of certain elementary properties of polynomials, such as

2. The division algorithm. Any polynomial p(x) may be expressed as
px) = (x—7)glz) + R

where 7 is any number, ¢(x) is a polynomial of degree n — 1, and R is a constant. This
has two quick corollaries.

The remainder theorem states that p(r) = R.
The factor theorem states that if p(r) =0, then z—1r is a factor of p(x).

The limitation on zeros. A polynomial of degree » can have at most n zeros, meaning
that the equation p(z) =0 can have at most n roots. The uniqueness theorem is an
immediate consequence, as will be shown.

6. Synthetic division is an economical procedure (or algorithm) for producing the q(x) and
R of the division algorithm. It is often used to obtain E, which by the remainder
theorem equals p(r). This path to p(r) may be preferable to the direct computation of
this polynomial value.

10
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2.1.

2.2

2.3.

The product =(x) = (x — xo)(x — 1) - - (x — x») plays a central role in collocation theory.
Note that it vanishes at the arguments o, i, ...,&» which are our collocation argu-
ments. The error of the collocation polynomial will be shown to be

y(x) — p(x) = Yy () =(x)/(n+1)!
where £ depends upon z and is somewhere between the extreme points of collocation, pro-
vided « itself is. Note that this formula does reduce to zero at o, 1, ..., %, so that p(x)

does collocate with y(x) at those arguments. Elsewhere we think of p(z) as an approxi-
mation to y(x).

Solved Problems

Prove that any polynomial p(z) may be expressed as
p(xy = (x—7)q(x) + R
where r is any number, g(x) is a polynomial of degree n — 1, and R is a constant.
This is an example of the division algorithm. Let p(z) be of degree n.
p(x) = ax2" + a2l + --- 4+ gy
Then p) ~ (@ —7)aen~l = q(&) = bp_janTl A+ -o-
will be of degree n — 1 or less. Similarly,
q(@) — (@ =) by x""2 = @) = cppx" A .-

will be of degree n — 2 or less. Continuing in this way, we eventually reach a polynomial g,(x) of
degree zero, a constant. Renaming this constant R, we have

plx) = (@—7)|apan 1+ b_2r 2+ ]+ R = (x—7r)glx) + B

Prove p(r) = R. This is called the remainder theorem.
Let # = r in Problem 2.1. At once, p(r) = 0-¢q(r) + E.

Illustrate the “synthetic division” method for performing the division described in
Problem 2.1, using r =2 and p(x) = 2*— 32 +5x + 7.

Synthetic division is merely an abbreviated version of the same operations described in Problem
2.1. Only the various coefficients appear. For the p(x) and r above, the starting layout is

r =2 1 -3 5 7 €«——coefficients of p(x)

1
Three times we “multiply by r and add” to complete the layout.

r=2 1 -3 5 7

2 —2 6
1 -1 3 13 €«——the number R
\___w..—l
coeflicients
of q(x)

Thus, q(x) =x2—2«+3 and R = f(2) = 13. This may be verified by computing (x —7) g(x) + R,
which will be p(x). It is also useful to find q(x) by the “long division” method, starting from this
familiar layout:

(x—2) a3 — 82 + B + 7

Comparing the resulting computation with the “synthetic” algorithm just completed, one eagily
sees the equivalence of the two.



12

24.

2.5.

2.6.

2.9.

THE COLLOCATION POLYNOMIAL [CHAP. 2

Prove that if p(r) =0, then z — r is a factor of p(x). This is the factor theorem.
The other factor has degree n — 1.

If p(r) =0, then 0 = 0¢(x) + R making R = 0. Thus, p(x) = (x—7)qx).

Prove that a polynomial of degree »n can have at most n zeros, meaning that p(x) =0
can have at most n roots.

Suppose n roots exist. Call them 7,7y, ...,7,. Then by n applications of the factor theorem,
plae) = Al@—r)@—1ry):--(x —1y,)

where A has degree 0, a constant. This makes it clear that there can be no other roots. (Note also
that A = q,.)

Prove that at most one polynomial of degree n can take the specified values y, at given
arguments xx, where k=0,1,...,n.

Suppose there were two such polynomials, p;j(x) and py(x). Then the difference p(x) =
pi(x) — po(x) would be of degree » or less, and would have zeros at all the arguments x,: p(z,) = 0.
Since there are # + 1 such arguments this contradicts the result of the previous problem. Thus,
at most one polynomial can take the specified values. The following chapters display this polynomial
in many useful forms. It is called the collocation polynomial.

Suppose a polynomial p(z) of degree n takes the same values as a function y(x) for
X = Xo, &1, ..., %a. (This is called collocation of the two functions and p(x) is the
collocation polynomial.) Obtain a formula for the difference between p(z) and y(x).

Since the difference is zero at the points of collocation, we anticipate a result of the form
y(@) — plx) = Cle—aiz—2) - (x—=x,) = Crnl(x)
which may be taken as the definition of C. Now consider the following function F'(x):
F(x) = y(z) — p(x) — Cn(x)
This F(x) is zero for & = x4, 2y, ...,2, and if we choose a new argument x,,; and

Y(®pr1) — Pl%ntq)

7T(xn+ 1)

c

then F(x,, ) will also be zero. Now F(x) has n + 2 zeros at least. By Rolle’s theorem F’(x) then
is guaranteed = + 1 zeros between those of F(x), while F'/(x) is guaranteed n zeros between those
of F'(z). Continuing to apply Rolle’s theorem in this way eventually shows that F(»*1(z) has at least
one zero in the interval from z, to x,, say at « = ¢ Now calculate this derivative, recalling that
the (n + 1)th derivative of p(x) will be zero, and put = equal to &

0 = yrtD(E) — Cln+1)!

This determines C, which may now be substituted back:

Yyt (g)
Y(@nt) — PEner) = —m—ﬂ'(xn+l)
Since ,4+, can be any argument between x, and x, except for =z, ...,x, and since our result is
clearly true for xy, ...,%, also, we replace x,,, by the simpler x:
oyt
yx) — ple) = m!—n'(x)

This result is often quite useful in spite of the fact that the number ¢ is usually undeterminable,
because we can estimate ¥+ 1(¢) independently of &
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2.8.

2.9.

2.10.

Find a first degree polynomial which takes the values %(0) =1 and y(1) =0, or in
tabular form

178 0 1

ye | 1| 0

The result p(x) = 1 —« is immediate either by inspection or by elementary geometry. This is
the collocation polynomial for the meager data supplied.

The function y(x) = cos{rx also takes the values specified in Problem 2.8. Deter-
mine the difference y(z) — p(z).

By Problem 2.7, with n =1,
72 cos 4wt
y(x) — plx) = — ——8‘———‘90(90 -1)

Even without determining ¢ we can estimate this difference by

2

ly(@) = pl@)) = Fa@—1)

Viewing p(x) as a linear approximation to y(x), this error estimate is simple, though generous.
At =1 it suggests an error of size roughly .3, while the actual error is approximately
cos i — (1—3) = .2.

As the degree n increases indefinitely, does the resulting sequence of collocation poly-
nomials converge to y(z)?

The answer is slightly complicated. For carefully chosen collocation arguments x; and rea-
sonable functions y(x) convergence is assured, as will appear later. But for the most popular case,
of equally spaced arguments x,, divergence may occur. For some y(x) the sequence of polynomials
is convergent for all arguments x. For other functions, convergence is limited to a finite interval,
with the error y(x) — p(x) oscillating in the manner shown in Fig. 2-1. Within the interval of con-
vergence the oscillation dies out and lim (¥ —p) = 0, but outside that interval y(x) —p(x) grows
arbitrarily large as » increases. The oscillation is produced by the =(x) factor, the size being in-
fluenced by the derivatives of y(x). (For full details see: C. Lanczos, Applied Analysis, page 352,
Prentice-Hall, 1956.) This error behavior is a severe limitation on the use of high degree collocation
polynomials.

y(x) — p(x)

—-———

interval of
convergence

Fig. 2-1
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2.11,

212,

2.13.

2.14.

2.15.

2.16,

217,

2.18.

2.19.

2.20.

2.21.

THE COLLOCATION POLYNOMIAL [CHAP. 2

Supplementary Problems

Apply synthetic division to divide p(z) =23 —x2+2—1 by x—1. Note that R=f(1) =0, so
that (v —1) is a factor of p(x) and r =1 is a zero of f(x).

Apply synthetic division to p(x) = 204 — 24x3 + 10022 — 168x + 93 to compute p(l). (Divide by
(x--1) and take the remainder R.) Also compute p(2), p(3), p(4) and p(b).

To find a second degree polynomial which takes the following values
v | O 1 2
we | 0 1 0
we could write p(x) = A + Bz + Cx2 and substitute to find the conditions
0=4, 1=A+B+C, 0= A-+2B+4C

Solve for A, B and C and so determine this collocation polynomial. Theoretically the same procedure
applies for higher degree polynomials, but more efficient algorithms will be developed.

The function y(x) = sin J=z2 also takes the values specified in Problem 2.13. Apply Problem 2.7 to

show that 3 cos Lt

y@) ~ pr) = — a1 —2)
where ¢ depends on z.

Continuing Problem 2.14, show that
3
@) = p@) = |eE-1)@=-2)

This estimates the accuracy of the collocation polynomial p(x) as an approximation to y(x). Compute

this estimate at « = L and compare with the actual error.

Compare y'(x) and p’(x) for = = }.

Compare y''(x) and p"(x) for x = 1.

Compare the integrals of y(x) and p(x) over the interval (0, 2).

Find the unique cubic polynomial p(x) which takes the following values:

m [0 1 2 3
v | 0 1 16 8l

The function y(x) = x* also takes the values given in the preceding problem. Write a formula for
the difference y(x) — p(x), using Problem 2.7.

What is the maximum of |y(x) — p(x)| on the interval (0,3)?




Chapter 3

Finite Differences

FINITE DIFFERENCES

Finite differences have had a strong appeal to mathematicians for centuries. Isaac
Newton was an especially heavy user and much of the subject originated with him. Given
a discrete function, that is, a finite set of arguments zx each having a mate yi, and supposing
the arguments equally spaced, so that xx+1— 2w =k, the differences of the y. values are
denoted )

AYk = Yr+1 — Y
and called first differences. The differences of these first differences are denoted
Aty = A(AYK) = AYk+1 — AYk = Yr+2 ~ 2Yx+1 + Y

and called second differences. In general,

Anyk = An_lyk+1 —_— An—lyk
defines the nth differences.
The difference table is the standard format for displaying finite differences. Its diag-
onal pattern makes each entry, except for the ax,yx, the difference of its two nearest
neighbors to the left.

Xo Yo
AYo
1 A%y,
AY1 Ay
T2 Yz A%y A*yo
AY2 Aby,
Xz Ys Ay,
AYs
T4 Y4

Each difference proves to be a combination of the y values in column two. A simple example
is A%o = ys—8y2+3y1—yo. The general result is

k
Cakye = 3 (1) (e
i=0
where (%) is a binomial coefficient.

DIFFERENCE FORMULAS
Difference formulas for elementary functions somewhat parallel those of calculus.
Examples include the following.

1. The differences of a constant function are zero. In symbols,
AC =0

where C denotes a constant (independent of k).

15
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10.

11.

12.

FINITE DIFFERENCES [CHAP. 3

For a constant times another function, we have

A(Cur) = CAau

The difference of a sum of two functions is the sum of their differences.

Alue +vk) = Aug + Avi

The linearity property generalizes the two previous results to
A(C1uk+Czuk) = CiAux + CsAvy

where C; and C; are constants,

The differences of a product are given by the formula
AU Vk) = Uk AVk + V1 AU

in which the argument % + 1 should be noted.

The differences of a quotient are
Alur/vr) = (Ve AUr — Uk AVi)/ (Vi +1Vk)

and again the argument % + 1 should be noted.

The differences of the power function are given by
ACk = CHC—-1)

The special case C =2 brings Ayx = Y.

The differences of sine and cosine functions are also reminiscent of corresponding re-
sults of calculus, but the details are not quite so attractive.

A(sink) = 28in1/2 cos (k +1/2)
Afcos k) = —2sin1/2 sin (kb +1/2)

The differences of the logarithm function are a similar disappointment. With

Zx = o + kh, we have :
Allog zx) = log (1 + h/xx)

When h/z: is very small this makes A(log xx) approximately A/xr, but otherwise the
reciprocal of z, which is so prominent in the calculus of logarithms, is quite remote.

The unit error function, for which %, =1 at a single argument and is otherwise
zero, has a difference table consisting of the successive binomial coefficients with alter-
nating signs. The detection of isolated errors in a table of yx values can be based on
this property of the unit error function.

The oscillating error function, for which y: = =1 alternately, has a difference table
consisting of the successive powers of 2 with alternating signs.

of special interest will be studied in succeeding chapters, and the

Other functions SR
inuing interest.

relationships between difference and differential calculus will be of cont
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3.1.

3.2

3.3.

3.4.

Solved Problems

17

Compute up through third differences of the discrete function displayed in the xx, ¥

columns of Table 3.1. (The integer variable & also appears for convenience.)

The required differences appear in the remaining three columns. Table 3.1 is called a difference
table. Its diagonal structure has become a standard format for displaying differences. Each entry

in the difference columns is the difference of its two nearest neighbors to the left.

k e Y Ay A2y Adyy
0 1 1
7
1 2 8 12
19 6
2 3 27 18
37 6
3 4 64 24
61 6
4 5 125 30
91 6
5 6 216 36
127 6
6 7 343 42
169
7 8 512
Table 3.1

Any such table displays differences as shown in Table 3.2.

0 2 Yo

AYo
1 % Y1 A2y,

Ayy A3y,
2 xy Y A2y,

Ay, A3y,
3 z3 Ys A%y,

AYs
4 %4 Y4

Table 3.2
For example, Ayg = ¥y — Yy = 8—1 =7

A2y, = Ay, — Ay, = 19—17 = 12, ete.

What is true of all fourth and higher differences of the function of Problem 3.1?

Any such differences are zero. This is a special case of a result to be obtained shortly.

Prove that A%yo = y3— 3y2 + 3y1 — 0.
Either from Table 3.2 or by the definitions provided at the outset,
Adyg = Ay — Ay = (y3—2yp +yy) — (W2~ 21 +yp) = ys— 3y:+ 3¥1 — Yo

Prove that A%y, = 94 — 4ys + 6y — 4y + Yo.
By definition, Ay, = A3y, — A%y,. Using the result of Problem 3.3 and the almost identical
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3.5.

3.6.

3.7.

3.8.

FINITE DIFFERENCES

Ay, = yu— Bys + 3ys — yy

obtained by advancing all lower indices, the required result follows at once.

Prove that for any positive integer k,

k
Ao = 3 (=10 s
where the familiar symbol for binomial coefficients,
M = k! _ kk—-1)-(E—i+1)
A N 1!

has been used.

[CHAP. 3

The proof will be by induction. For %k = 1,2,3 and 4, the result has already been established,

by definition when k¥ is 1. Assume it true when k is some particular integer p:

APy, = E ®) yp—i

By advancing all lower indices we have also
p
Al’yl = g 1)l yp —i+1

and by a change in the summation index, namely < =j7+1,

p—1
APy = Yper — .20 =172 Yp—;
=
It is also convenient to make a nominal change of summation index, 7 =/, in our other sum:
p—1
APy, = jgo =195 Yp—; T (—1)Py,
P
Then APy, = APy, — APY, = WUpi1 — j§0 19 {GE) + Oyp—; — (—1)Py,
Now using G0+ B = &M

(see Problem 4.5, page 24) and making a final change of summation index, j+1 =14,

p+1

D
Artly, = Yp+1 + i§1 (—1)i(p?1) Yp+1—-i — (=Dry, = igo (_1)i(p:l)yp+1—i

Thus our result is established when k is the integer p + 1. This completes the induction.

Prove that for a constant function all differences are zero.
Let y, = C for all k. This is a constant function. Then, for all k,

Ay = Yks1— Y = C—C = 0

Prove A(Cyx) = C Ay

This is analogous to a result of caleulus. A(Cyy) = Cyi+1— Cyr = C Ay

Essentially this problem involves two functions defined for the same arguments ;.
tion has the values ¥, the other has values z, = Cy,. We have proved Az, = CAy,.

Consider two functions defined for the same set of arguments .

wr = Crux + Covi

One func-

Call the values of
these functions #; and v.. Also consider a third function with values
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where Cy and C: are two constants (independent of xx). Prove
Awr, = CrAux + CiAvy
This is the linearity property of the difference operation.
The proof is direct from the definitions.
Awe = wiiy — W, = (Cpuesr T Covrsr) — (Crure +Covy)
= Cilug+y=up) + Cylvgsy—v) = Cpaw + CpAv

Clearly the same proof would apply to sums of any finite length.

3.9. With the same symbolism as in Problem 3.8, consider the function with values
2r = Ukt and prove Azx = Uk AV + Vie+1 AUk.

Again starting from the definitions,
Az = Upg1Vker T WUk T U1Vt — UicUker T UpUkan — WU

= Vg sy —Up) + V1 — V) = w Avg + Vg Auy

The result Az, = wuy 1 Avy + v} Auy, could also be proved.

3.10. Compute differences of the function displayed in the first two columns of Table 3.3.
This may be viewed as a type of “error function”, if one supposes that all its values
should be zero but the single 1 is a “unit error”. How does this unit error affect the
various differences?

Some of the required differences appear in the other columns of Table 3.3.

Zg 0
0
Xy 0 0
0 0
%y 0 0 1
0 1
X3 0 1 —4
1 -3
24 1 -2 6
-1 3
rs 0 1 —4
0 -1
0 0
Xq 0 0
0
Xg 0
Table 3.3

The error influences a triangular portion of the difference table, increasing for higher differences
and having a binomial coefficient pattern.

3.11. Compute differences for the function displayed in the first two columns of Table 3.4.
This may be viewed as a type of “error function”, each value being a roundoff error
of amount one unit. Show that the alternating =+ pattern leads to serious error
growth in the higher differences. Hopefully, roundoff errors will seldom alternate
in just this way.

Some of the required differences appear in the other columns of Table 3.4 below. The error
doubles for each higher difference.
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£ 1
—2
%, -1 4
2 —8
%o 1 —4 16
-2 8 -32
xz ~—1 4 —16 64
2 —8 32
24 1 —4 16
—2 8
x5 —1 4
2
Zg 1
Table 3.4

3.12. One number in this list is misprinted. Which one?

3.13.

3.4,

3.15.

1 2 4 8 16 26 42 64 93
Calculating the first four differences, and displaying them horizontally for a change, we have

1 2 4 8 10 16 22 29

1 —4 6 —4 1
and the impression is inescapable that these binomial coefficients arise from a data error of size 1
in the center entry 16 of the original list. Changing it to 15 brings the new list
1 2 4 8 15 26 42 64 93
from which we find the differences
1 2 4 7 11 16 22 29
1 2 3 4 5 6 7

which suggest a job well done. This is a very simple example of data smoothing, which we treat
much more fully in a later chapter. There is always the possibility that data such as we have in our
original list comes from a bumpy process, not from a smooth one, so that the bump (16 instead of 15)

is real and not a misprint. The above analysis can then be viewed as bump detection, rather than
as error correcting.

Supplementary Problems

Calculate up through fourth differences for the following y; values. (Here it may be assumed that
. = k)

k 0 1 2 3 4 5 6

Yr 0 1 16 81 266 625 1296

Verify Problem 3.5 for k =5 by showing directly from the definition that
Adyy = y5 — Byy + 10y3 — 10y, + 5Y1 — Yo

Uk Vg AUy — Uy AV

Imitating Problem 3.9, prove that Ao T V1 Uk
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3.16.

3.17.

3.18.

3.19,

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.

3.26.

3.27.

3.28.

3.29.

3.30.

3.31.

3.32.

Calculate differences through the fifth order to observe the effect of adjacent “errors” of size 1.

k 0 1 2 3 4 5 6 7

w | 0 0 0 1 1 0o 0 0

Find and correct a single error in these y, values.

k 0 1 2 3 4 5 6 7

Yr 0 0 1 6 24 60 120 210

Use the linearity property to show that if y, = k3, then
AYp = Yrr1— Y = 8K2+3k+1, A%y = Ay —AYx = 6k+6, Ady, = Ay, — A%, = 6

Show that if y, = k%, then A%y, = 24.
Show that if y, = 2k, then Ay, = y;.
Show that if y, = C*, then Ay, = C¥(C —1).

Compute the missing v, values from the first differences provided.

Y 0
Ay 1 2 4 7 11 16

Compute the missing v, and Ay, values from the data provided.

i . . . 8
Ayk N . 5
A2y, 1 4 13 18 24

Compute the missing y, values from the data provided.

ve O 0 0 6 24 60

Ay 0 0 6 18 36
A2y, 0 6 12 18
Ay, 6 6 6 6 6 6

Find and correct a misprint in this data.
Yy 1 3 11 31 69 113 223 3561 521 739 1011

By advancing all subscripts in the formula A2y, = y, — 2y; + ¥, write similar expansions for
A%, and A?y,. Compute the sum of these second differences. It should equal Ays — Ay, =
Ys — Ys — Y1 1+ Yo

Find a function y, for which Ay, = 2y,.

Find a function y, for which A%y, = 9y,. Can you find two such functions?

Continuing the previous problem, find a function such that A2y, = 9y, and having y, =0, ¥, = 1.
Prove A(sink) = 2 sin1/2 cos (k+ 1/2).

Prove Alcosk) = —2 sin1/2 sin (k + 1/2).

Prove A(logx,) = log(l+ h/xy) where wx, = x4 + kh.



Chapter 4

Factorial Polynomials

FACTORIAL POLYNOMIALS
Factorial polynomials are defined by
ye = k™ = k(k-1)-- (k—n+1)
where n is a pogitive integer. For example, k® = k{k—1)=k?> — k. These polynomials
play a central role in the theory of finite differences because of their convenient properties.
The various differences of a factorial polynomial are again factorial polynomials. More

specifically, for the first difference,
Ak® = pln-D

which is reminiscent of how “the powers of #” respond to differentiation. Higher differences
then become further factorial polynomials of diminishing degree, until ultimately

ATk = p!
with all higher differences zero.

The binomial coefficients are related to factorial polynomials by

k k(n)
<"> Y

and therefore share some of the properties of these polynomials, notably the famous

recursion E+1 k B k
n+1/) 7 {n+1 - n

which has the form of a finite difference formula.

The simple recursion
kD = (k- n)k™
follows directly from the definition of factorial polynomials. Rewriting it as
kW = k(n+1)/(k__n)
it may be used to extend the factorial idea successively to the integers n =0,-1,-2,..

The basic formula
Ak = kv

is then true for all integers n.

STIRLING’S NUMBERS
Stirling’s numbers of the first kind appear when factorial polynomials are expressed in
standard polynomial form. Thus

KW = Sk 4+ e+ SPR = 3 8K

) 22
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the Si™ being the Stirling numbers. As an example,
kB = 2k — 3k2 + K°
which makes S{¥ =2, S = -3 and S =1. The recursion formula
SUFD = g _ pgm
permits rapid tabulation of these Stirling numbers.

Stirling’s numbers of the second kind appear when the powers of &k are represented as
combinations of factorial polynomials. Thus

ko= s;") | AS SN S;n)k(n) — z Sgn)k(i)
the s{™ being the Stirling numbers. As an example,
k3 — k(l) + 3k(2) _+_ k(3)
so that s =1, s =38 and s{¥ = 1. The recursion formula
S§n+l) — 852)1 +isl§n)

permits rapid tabulation of these numbers. A basic theorem states that each power of &
can have only one such representation as a combination of factorial polynomials. This
assures the unique determination of the Stirling numbers of second kind.

REPRESENTATION OF ARBITRARY POLYNOMIALS

The representation of arbitrary polynomials as combinations of factorial polynomials is
a natural next step. Each power of & is so represented and the results are then combined.
The representation is unique because of the basic theorem just quoted. For example,

A2k +1 = [k +EO]+ 26D +1 = k2 4+ 3kD +1

Differences of arbitrary polynomials are conveniently found by first representing such
polynomials as combinations of factorial polynomials, and then applying our formula for
differencing the separate factorial terms.

The principal theorem of the chapter is now accessible, and states that: the difference
of a polynomial of degree n is another polynomial, of degree n — 1. This makes the nth
differences of such a polynomial constant, and still higher differences zero.

N

Solved Problems

4.1. Consider the special function for which yx = k(k— 1)(k —2) and prove Ayx = 3k(k—1).

k A

AY = Yr+1— Yk Yk Y

0 0
= (k4 Dk(k—1) — k(k—1)(k — 2) 1 0 0
0
= [(k+1)~(k—2)]k(k—1) 2 6

3 6
= 8k(k—1) 4 24 18
5 60 36

In tabular form this same result, for the first few integer values

of k, is given in Table 4.1. Table 4.1
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4.2,

4.3.

4.4.

4.5.

4.6.

FACTORIAL POLYNOMIALS [CHAP. 4

This generalizes Problem 4.1. Consider the special function
e = klk—1)---(k-n+1) = k™
(Note that the upper index is not a power.) Prove for n>1,
Ay = nk®=D
a result which is strongly reminiscent of the theorem on the derivative of the nth

power function.
A = Yoq1— Uk = [(k+1)---(E—n+2)] — [k (k—n+1)]

[(k+1) — k—n+ D] k(e—1)---(k—n+2) = nkin=D

1

Prove that if yx = k™, then A?yx = n(n—1)k"2

Problem 4.2 can be applied to Ay, rather than to y,.
A2k = AAEW = Ank(r—D = g(n— 1)kr—2)

Extensions to higher differences proceed just as with derivatives.

Prove A"k™ =qu! and A"H1k™ =0,

After n applications of Problem 4.2, the first result follows. (The symbol k(® can be interpreted
as 1.) Since n! is constant (independent of k) its differences are all 0.

The binomial coefficients are the integers
k k(n) k !
(+) = a1 = =

. E+1\ k k
Prove the recursion <n+1> = <n+1> + <n>

Using factorial polynomials and applying Problem 4.2,

E+1\_/ k (B D)ED pman ARGHD (et DE® e <k
<'n+1> <n+1>— T \n

m+1)!  @+D! - @FDT T Tmrnt

which transposes at once into what was to be proved. This famous result has already been used.

Use the recursion for the binomial coefficients to tabulate these numbers up through
k=38

The first column of Table 4.2 gives ('(;) which is defined to be 1. The diagonal, where k ==,
is 1 by definition. The other entries result from the recursion. The table is easily extended.

n
k 0 1 2 3 4 5 6 7 8
1 1 1
2 1 2 1
3 1 3 1
4 1 4 4 1
5 1 5 10 10 5
6 1 6 15 20 15 6
7 1 7 21 3 35 21 7 1
8 1 8 28 56 70 56 28 8 1

Table 4.2
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4.7.

4.8.

4.9.

4.10.

4.11.

4.12,

Show that if k is a positive integer, then k™ and (f) are 0 for n>k. [For n>Fk the
symbol (£) is defined as k™/n!]

Note that kk+1D = k(k—1)---0. For n >k the factorial k> will contain this 0 factor, and
so will (:).

The binomial coefficient symbol and the factorial symbol are often used for non-
integral k. Calculate k™ and (¥) for £k =1/2 and n=2,3.

k(Z) = %(2) = %(%_1) = _% k(g) = %(3) = %(%—1)(%_2) = %
k(2 (3

ky — — _ ky — — —

() = 57 =3-D = 3 () = 5 = ¥® = &

The idea of factorial has also been extended to upper indices which are not positive
integers. It follows from the definition that when » is a positive integer, k»*V =
(k—n)k™. Rewriting this as ’

1

k(n) — it
k—n

and using it as a definition of k™ for n=0,—1,—-2,..., show that k=1 and
Em =1/(k+n)™.

With n = 0 the first result is instant. For the second we find successively

D = —1——k(°) =1 = 1 E(—2) = _l—k(—l) = 1 = 1

BE+1 k+1 k+1)° kE+2 (k+2)k+1) k+2)
and so on. An inductive proof is indicated but the details will be omitted. For %k =0 it is occa-
sionally eonvenient to define k(® = 1 and to accept the consequences.

Prove that Ak = nk™~1 for all integers n.

For n>1, this has been proved in Problem 4.2. For = =1 and 0, it is immediate. For n
negative, say n = —p,

1 1 1
n) =— (—p) = = —
Al AT AT p® Gritp - (k+t2  (k+p - kTD
1 11N —p
G Ptk t1+p E+1) T Gotitp - k+D
n —
GEFT—min — "

This result is analogous to the fact that the theorem of calculus

“if f(x) = 2", then f'(x) = nxn~1”
is also true for all integers.

Find AkKCD,
By the previous problems, Ak(—D = —k(—2) = —1/(k+ 2)(k + 1).

Show that k® = —k+k% k® =2k—8k2+ Kk, Kk = —6k+11k%—6k%+ k™.
Directly from the definitions: k® = k(k—1) = —k + k2
S = k(—2) = 2k — 3k + k3
k3 (k — 3) —6k + 11k2 — 6k3 + k?

I

I
Il

pa)
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4.13.

4.14.

4.15.

4.16.

FACTORIAL POLYNOMIALS [CHAP. 4

Generalizing Problem 4.12, show that in the expansion of a factorial polynomial into
standard polynomial form

k= Sin)k 4+ o 4 S;")/C" — 2 Si(")ki
the coefficients satisfy the recursion
S_(n+1) — S(f)l . nsfn)
These coefficients are called Stirling’s numbers of the first kind.
Replacing n by n + 1,

ket = g Up 4oy St Dpn+1
and using the fact that k+1 = k() (k —n), we find
SR 4 oo+ SR =[S+ s + SV (k—n)
Now compare coefficients of ki on both sides. They are
Smth = g nS{™
for i=2,...,n. The special cases S{""? = —n8{™ and S = 8" should also be noted, by

comparing coefficients of k& and knt1,

Use the formulas of Problem 4.13 to develop a brief table of Stirling’s numbers of

‘the first kind.

The special formula Si"“) = —nSf") leads at once to column one of Table 4.8. For example,
sinece S;” is clearly 1,
Si2> — —-S{” = -1, Sia) — _2552) =9

and so on. The other special formula fills the top diagonal of the table with 1’s. Our main recursion
then completes the table. For example,

3 _ (2) __ (2)
55 = S — 28§

(-1) —-2(1) = -3

4) 3) __ (3)
55 = S — 85

2)—3(-38) = 11

Sg = 8P~ 88 = (-8 —3(1) = —6
and so on. Through n = 8 the table reads as follows.
1
n 1 2 3 4 5 6 7 8
1 1
2 -1 1
3 2 -3 1
4 —6 11 —6 1
5 24 —50 35 —10 1
6 ~-120 274 —225 85 —-15 1
7 720 —1764 1624 —~735 175 —21 1
8 —5040 13,068 —13,132 6769 —1960 322 —28 1
Table 4.3

Use Table 4.3 to expand k.
Using row 5 of the table, k() = 24k — 50k2 + 35k3 — 10k* + k5.

Show that k% = kK + k@, 'J3 = kD 4+ 3k® + kD, k* = kD + Tk® + 65 + k@,
Using Table 4.3,




CHAP. 4] FACTORIAL POLYNOMIALS 27

4.17.

4.18.

4.19.

KD £ k@ = k4 (~k+k2) = k2
B + 36D + k® = |+ 3(—k+ k) + @k —3k2+k3) = k3
B + Tk + 6k@® + k@O = kb + T(—k +k2) + 6(2k — 8k2+ k3) + (—6k + 11k2 — 6k3 + k%) = ks

As a necessary preliminary to the following problem, prove that a power of % can
have only one representation as a combination of factorial polynomials.
Assume that two such representations exist for k».
ke = Ak 4+ -+ A KD, k» = Bk + «-- + B k®
Subtracting leads to
0 = (A;— Bk + --+ + (4, — B)k®

Since the right side is a polynomial, and no polynomial can be zero for all values of %, every power
of k on the right side must have coefficient 0. But k? appears only in the last term; hence A, must
equal B,,. And then k?—! appears only in the last term remaining, which will be (Ap_1— By_pkte—1);
hence A, ;= B,_;. This argument prevails right back to A; = B,.

This proof is typical of unique representation proofs which are frequently needed in numerical
analysis. The analogous theorem, that two polynomials cannot have identical values without also
having identical coeflicients, is a classical result of algebra and has already been used in Problem 4.13.

Generalizing Problem 4.16, show that the powers of k& can be represented as com-
binations of factorial polynomials

— (n) I.(1) n) I(n) — (n) Ja(i)
k= smE® + + sWE™ = Y gim g

and that the coefficients satisfy the recursion s**" = s{™, +1is™. These coefficients

are called Stirling’s numbers of the second kind.

We proceed by induction, Problem 4.16 already having established the existence of such rep-
resentations for small k. Suppose

kn = Si")k(l) + oo A g(n) fe(n)
n
and then multiply by k& to obtain
n+1 — ks;") B 4+ oo o ks ()
n

Now notice that ke« k® = (K — kD + k@ = pG+1) 4 kD 50 that
fntl = siﬂ) FED +ED) + -0+ s;’”(k('” 1 o nkn)
This is already a representation of kn+1 completing the induction, so that we may write
kntl = si”“)k(l) 4+ e 4+ s;"+*”11)k("+1)
By Problem 4.17, coefficients of k© in both these last lines must be the same, so that
— o ()
si(n+1) — Siﬁ)l + ds("

for i =2,...,n. The special cases s(**1 = si") and s;’fl” =™ should also be noted, by com-
paring coefficients of k1) and k(n+1D),

Use the formulas of Problem 4.18 to develop a brief table of Stirling’s numbers of
the second kind.
The special formula s{""" = s{ leads at once to column one of Table 4.4, since s;’

1. The other special formula produces the top diagonal. Our main recursion then completes the
table. For example,

s;3’ — s§2) +2sé2) = (1) +2Q1) = 3, sgﬂ = s§3) +2s§3> = (1) +28) =1,

’ is clearly

s = 8 + 355 = 3)+3(1) = 6

and so on. Through n = 8, the table reads as follows.
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4.20.

4.21.

4.22.

FACTORIAL POLYNOMIALS [CHAP. 4
Z
n 1 2 3 4 5 6 7 8
1 1
2 1 1
3 1
4 1 1
5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 63 301 350 140 21 1
8 1 127 966 1701 1050 266 28 1
Table 4.4

Use Table 4.4 to expand k® in factorial polynomials.
Using row 5 of the table, &5 = k(1 + 15k(2) + 25%(3) 4 10k@ 4 k5,

Prove that the nth differences of a polynomial of degree n are equal, higher differences
than the nth being zero.

Call the polynomial P(x), and consider its values for a discrete set of equally spaced arguments
%) %1, X9y .. . . It is usually convenient to deal with the substitute integer argument & which we have
used so frequently, related to 2 by «, — 2y = kh where h is the uniform difference between con-
secutive « arguments. Denote the value of our polynomial for the argument k by the symbol P,.
Since the change of argument is linear, the polynomial has the same degree in terms of both x and
k, and we may write it as

Py = ay+ak+ ak?2+ - + akn

Problem 4.18 shows that each power of k can be represented as a combination of factorial poly-
nomials, leading to a representation of P, itself as such a combination.
’ P, = bg+ bk 4 bk 4 -« + b k0w
Applying Problem 4.2 and the linearity property
APy = by + 205k + - oo 4 nbkn—D

and reapplying Problem 4.2 leads eventually to AnP, = nlb,. So all the nth differences are this
number. They do not vary with ¥ and consequently higher differences are zero.

Assuming that the following ¥ values belong to a polynomial of degree 4, compute
the next three values. .

k 0 1 2 3 4 5 6 7

e | 0 1 2 1 0

A fourth degree polynomial has constant fourth differences, according to Problem 4.21. Cal-
culating from the given data, we obtain the entries to the left of the line in Table 4.5.

Table 4.5

Assuming the other fourth differences also to be 4 leads to the entries to the right of the line
from which the missing entries may be predicted: ¥s =5, ¥s =26, y;=T7.
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4.23.
4.24.
4.25.

- 4.26.

4.27.
4.28.
4.29.
4.30.
4.31.
4.32.

4.33.

4.34.

4.35.

4.36.

4.37.

4.38.

4.39.
4.40.
441,
4.42.

4.43.

Supplementary Problems

Compute the factorials: 63, (6, 6(T, (1/3)(2), (1/3)(3, (1/8)V,
Compute the factorials: 6¢(—1, 6(=2), 6(=3) (1/3)(—1, (1/3)¢(~2), (1/8)(—3),
Compute the binomial coefficients: (g), (2), (S), (143), (1§3), (143).

Compute differences through fourth order for these values of y;, = k4,

k 0 1 2 3 4 5 6 7

M 0 0 0 0 24 120 360 840

Apply Problem 4.2 to express the first four differences of y;, = k™ in terms of factorial polynomials.
Apply Problem 4.2 to express the first five differences of y,, = k> in terms of factorial polynomials.
Use Table 4.3 to express y, = 2k — £ 4 4k — 7 as a conventional polynomial.

Use Table 4.3 to express y, = k® + k3 41 as a conventional polynomial.

Use Table 4.4 to express y, = 4(2k*— 8k%2+ 3) as a combination of factorial polynomials.

Use Table 4.4 to express y;, = 80k3 —30k* + 3k5 as a combination of factorial polynomials.

Use the result of the previous problem to obtain Ay, in terms of factorial polynomials. Then apply
Table 4.8 to convert the result to a conventional polynomial.

Use the result of Problem 4.32 to obtain Ay, and A%y, in terms of factorial polynomials. Then apply
Table 4.3 to convert both results to conventional polynomials.

Assuming that the following ¥, values belong to a polynomial of degree 4, predict the next three
values.

k 0 1 2 3 4 5 6 7

wel| 1 -1 1 -1 1

Assuming that the following y, values belong to a polynomial of degree 4, predict the next three
values.

k 0 1 2 3 4 5 6 7

ve |l 0 0 1 0 0

What is the lowest degree possible for a polynomial which takes these values?

k 0 1 2 3 4 5

ve] O 8 8 15 24 35

What is the lowest degree possible for a polynomial which takes these values?

k 0 1 2 3 4 5

e | 0 1 1 1 1 0

Find a function y; for which Ay, = kK = k(k—1).
Find a function y;, for which Ay, = k(k —1)(k — 2).

Find a function y, for which Ay, = &2 = k@ + kD,
Find a function y, for which Ay, = k3.

Find a function y, for which Ay, = 1/(k + 1)(k + 2).



Chapter 5

Summation

Summation is the inverse operation to differencing, as integration is to differentiation.
An extensive treatment appears in Chapter 17 but two elementary results are presented here.

1. Telescoping sums are sums of differences, and we have the simple but useful
n—1
2 AYr = Yn — Yo
k=0

analogous to the integration of derivatives. Arbitrary sums may be converted to
telescoping sums provided the equation Ayx = 2x can be solved for the function .
Then

n—1 n—1
D = AU = Yo~ Yo
k=0 k=0
Finite integration is the process of obtaining ¥ from
AYr = 2k

where 2 is known. Since it obviously follows that
n—1

Yn = Yo+ X 2
k=0

finite integration and summation are the same problem. As in integral calculus, how-
ever, there are times when explicit finite integrals (not involving Z) are useful.

2. Summation by parts is another major result of summation calculus and involves the
formula

n—1 n—1
S UA = Unta — U0 — D, VAU
i=0 =0
which resembles the corresponding integration by parts formula.

Application of this formula involves exchanging one summation for a (presumably)
simpler summation. If one of the 3’s is known, the formula serves to determine the
other.

Infinite series may also be evaluated in certain cases where the partial sums respond
to the telescoping or summation by parts methods.

30
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Solved Problems

n—1

51. Prove D Ayx = Yn — Yo.
k=0

This is a simple but useful result. Since it involves the summation of differences, it is usually
compared with an analogous result of calculus involving the integration of a derivative. First
notice that

AYp = Y1 — Yo

Ayg+ Ay, = W1— Yo+ W) = Y2 — Yo
Ayo T Ay +Ayy = Wi—¥o) + We— Y1) + (Ws — ) = y3— ¥y

which illustrate the sort of telescoping sums involved. In general,
n—1 )
2,8 = v T @)t @) b G vas) = v~ W

all other y values occurring both plus and minus. Viewed in a table of differences, this result looks
even simpler. The sum of adjacent differences gives the difference of two entries in the row above.

o . . . . . . Yn
Ayo Ayy Ay, : : : AYn—y

Similar results hold elsewhere in the table.

52. Prove 12+22+4 - - + 02 = iiz _ n(n+1)6(2n+1).
i=1

We need a function for which Ay, = 2. This is similar to the integration problem of calculus.
In this simple example, the y; could be found almost by intuition, but even so we apply a method
which handles harder problems just as well. First replace i2 by a combination of factorial poly-
nomials, using Stirling’s numbers.
Ay; = i2 = i@ + 4D

A function having this difference is
Y = %i(3) + %7:(2)

as may easily be verified by computing Ay;. Obtaining y; from Ay; is called finite integration. The
resemblance to the integration of derivatives is obvious. Now rewrite the result of Problem 5.1 as

n
> AY; = Yn+1 — ¥y and substitute to obtain
i=1

n

i§1 2 = [+ 1)® + In+1)®] — (LS + LA)@)]
_ (n+mn-—1) m+n _ ar+1)Cn+1)
- wrjmn—2) WLt o BRTLERT

3 2 6
. < 1
5.3. Evaluate the series i=20 ESNEDR
By an earlier result Ai(—D = (le_)(lz—-i-?) Then, using Problem 4.9, page 25, to handle 0¢~1),
S 1 S (—1) — g(—1 1 1
= _—_e . = — (-1 = — —1) — (- - —
Sn i=o (+1(E+2) i§0 A [ ! n+1

The series is defined as lim S, and is therefore equal to 1.
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5.4.

5.5.

5.6.

5.7.

SUMMATION [CHAP. 5

Consider two functions defined for the same set of arguments xx, having values u
and vk. Prove

n—1 n—1
2 Ui AV = UpVn — UVo — 2 Vi+1 AU
i=0 - {=0

This is called summation by parts and is analogous to the result of calculus

f " u(x) v'(x) de = ulz,)vix,) — WX v(xg) — fxn v(w) u'(x) de

g Lo

The proof begins with the result of Problem 3.9, page 19, slightly rearranged.

wiAry = Auy) — Vi Ay
Sum from i =0 to i=n—1,
n—1 n—1 n—1
S owAy, = 3 Awp) — 3 v Ay
i=o i=0 i=0

and then apply Problem 5.1 to the first sum on the right. The required result follows.

Evaluate the series >, iR’ where —1 <R < 1.
i=0

Since AR!= Rit1—Ri=Ri(R—1), we may put ;=14 and v, = RY/(E—1) and apply sum-
mation by parts. Take the finite sum

n—1 n~—1

L R n-l Rit+1
= T = . . = . _— —_
So = ZE = Zubw o= gy - 0= Zpy

3

The last sum is geometric and responds to an elementary formula, making

nkn | R(1—Rm
R—1 " 1—-R2

Sn

Since nR"® and R"*! both have limit zero, the value of the infinite series is lim S, = R/(1 — R)2.

A coin is tossed until heads first shows. A payoff is then made, equal to ¢ dollars if
heads first showed on the 7th toss (one dollar if heads showed at once on the first toss,
two dollars if the first heads showed on the second toss, and so on). Probability
theory leads to the series

1) + 200 +8G) + - = 2 i)

for the average payoff. Use the previous problem to compute this series.

o0

By Problem 5.5 with B =1/2, 3 WP = (H/AL) = 2 dollars.

i=0

Apply summation by parts to evaluate the series Y, i*R'.

i=0
Putting u; =12, v; = Ri/(R—1) we find Au; =2i+1 and so
n—1 n-—1 o3 n—1<Ri+1 .
— 2R = . ;= 2 — - 2t+1
S, = igole i§0 u; Av; L 0 igoR—l(l )
Rn oR 'S R S,
= p— — Rl — —— Ri
"R R—1i§0z R—1i§0

The first of the two remaining sums was evaluated in Problem 5.5 and the second is geometric.

So we come to
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5.8.

5.9,

5.10.

5.11,

5.12,

5.14.

5.15,

5.16.

5.17.

5.18.

5.19.

5.20.

5.21.

5.22,

5.23.

Sy

n2Rr 2R nRn +R(l—R") __ Rk 1—Rn
R-1 R-1{R~-1 (1—R)? E—-1 1—R

and letting n — « finally achieve limS, = (R -+ R2)/(1— R)3,

A coin is tossed until heads first shows. A payoff is then made, equal to * dollars

if heads first showed on the ith toss. Probability theory leads to the series , 12(})
for the average payoff. Evaluate the series. =0

By Problem 5.7 with B =1, ! 125 = (3 +1)/(§) = 6 dollars.
i=0

Supplementary Problems

n(n +1)

n
Use finite integration (as in Problem 5.2) toprove X i = 1+ 2+ +++ +n = )
i=1

n

Evaluate 3, 3 by finite integration.

i=1
Sl An—1 .
Show that 3 Ai = A1 by using finite integration. (See Problem 3.21, page 21.) This is, of
i=0 -

course, the geometric sum of elementary algebra.

n—

1 .
Show that 21 B = G1) — G-

o . < 1
Evaluate by finite integration: i§0 ESEDEEE
1 s 1
Evaluate igl m.

Evaluate 3 #Ri for -1 <R <1

i=0
Alter Problem 5.8 so that the payoff is ¢3. Use Problem 5.15 to evaluate the average payoff, which is

z§o g

Alter Problem 5.8 so that the payoff is +1 when ¢ is even and —1 when i is odd. The average payoff

o0
is ¥ (—1){})%. Evaluate the series.
i=1 ‘

n
Evaluate ¥ log (1 + 1/4).
i=1

2

Evaluate 3 i" in terms of Stirling’s numbers.
i=1

nvy

Evaluate [1/i( + n)].

.

o0

Evaluate 3 imRi
i=0

Express a finite integral of Ay, = 1/k in the form of a summation, avoiding k= 0.

Express a finite integral of Ay, = logk in the form of a summation.



Chapter 6

The Newton Formula

The collocation polynomial can now be expressed in terms of finite differences and
factorial polynomials. The summation formula

LAV .
yk = 1;) <’L > Alyo
is proved first and leads directly to the Newton formule for the collocation polynomial,

which can be written as n
e =2 <I: > Ay
i=0

An alternative form of the Newton formula, in terms of the argument x«, may be ob-
tained using xx = 20+ kh, and proves to be

p(xx) = Yo + (AYo/h)(zr — 2o) + (A2%Yo/2} R ( @k — o) (2r — 1)
+ o (A"MY/n R (X — Xo) - ¢ - (Xk — Tn-1)

The points of collocation are o, ...,%,. At these points (arguments) our polynomial takes
the prescribed values yo, . . ., Yn.

Solved Problems

6.1. Prove that
Y1 = Yo+ AYo, Ys = Yo + 2AY0 + A2,  Ys = Yo + 3Aye + 32%yo + A3y
and infer similar results such as
AYe = AYo + 24%yo + A3y,, A%y, = A%y, + 2%y + AtYo

This is merely a preliminary to a more general result. The first result is obvious. For the
second, with one eye on Table 6.1 below,

¥y = ¥+ Ay = (Yot AYg) T (Ayg T AZyy)

leading at once to the required result. Notice that this expresses y, in terms of entries in the top
diagonal of Table 6.1. Notice also that almost identical computations produce

Ayy = Ayg + 242y, + A3y, A2y, = A2y, + 243y, + Aty,
ete., expressing the entries on the “y, diagonal” in terms of those on the top diagonal. Finally,
Y3 = Y2t Ayy = (yo+ 28y + AZyg) + (Bup + 242y, + Aly)

leading quickly to the third required result. Similar expressions for Ays, A2ys, ete., can be written by
simply raising the upper index on each A.

34
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6.2,

6.3.

6.4.

o Yo A
Yo
Y R A2y, A5
] Y
X9 Yo A ! A%y, A8 0 Aty,
y Yy
3 Ys 2 A%y, '
Ays
X4 Yy
Table 6.1
k
Prove that for any positive integer k, yx = >, (%) Alyo. (Here A%, means simply yo.)
i=0

The proof will be by induction. For %k = 1,2 and 8, see Problem 6.1. Assume the result true
when k is some particular integer p. »
= p Al
yp igo <1:> Yo

Then, as suggested in the previous problem, the definition of our various differences makes

po p )
Ayp = 2 <.>A1+1y0
i=0 \?

also true. We now find
p+1

Ypr1 = Yp T Ay, = j§0 <§-))N?/o + 5§1 <j_1)A’yo

P

P P :

(. Adyy + APt
20 (;71)]2w ”

& /p+1\ PG o+ 1N
wt 3 (2T e+ e = 3 (T e
i=1

!
s

+
M

I

i=0

Problem 4.5, page 24, was used in the third step. The summation index may now be changed from
j to 1 if desired. Thus our result is established when k is the integer p + 1, completing the inductjon.

Prove that the polynomial of degree =,

P = Yo + kAy + '%Tk(Z)Azyo 4+ e 4+ %k(ﬂ)AnyO
S 1 i i — . k i
= Zpktay = §<i>A Yo
takes the values px = yx for k=0,1,...,n. This is Newton’s formula.

Notice first that when k is 0 only the y, term on the right contributes, all others being 0. When
k is 1 only the first two terms on the right contribute, all others being 0. When k is 2 only the first
three terms contribute. Thus, using Problem 6.1,
Po = Yo Py = Yo+ AUy = y1, P2 = Yot 24y + A%y = y,

and the nature of our proof is indicated. In general, if k is any integer from 0 to =, then k% will
be 0 for i > k. (It will contain the factor k¥ — k.) The sum abbreviates to

ko1
pe = S o k®aiy,
i=o ¥
and by Problem 6.2 this reduces to y,. The polynomial of this problem therefore takes the same
values as our y, function for the integer arguments k =0,...,n. (The polynomial. is, however,

defined for any argument k.)

Express the result of Problem 6.3 in terms of the argument xx, where xx = o+ kh.

Notice first that
Xk — %o Tr—1 — %o T — %1 Tr—2 — o T — T2

and so on. Using the symbol p(x,) instead of p,, we now find
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n

Ay, A%y, Any
plx) = yo + - @e— @) + R @~ @@ — @) + - 'ﬁ‘!_h%(wk_wo)“'(xk_xn—l)

which is Newton’s formula in its alternate form.

6.5. Find the polynomial of degree three which takes the four values listed in the
column below at the corresponding arguments xx.

The various differences needed appear in the remaining columns of Table 6.2.

k Y Ay, A%y A3y,

® @

®
1 (&) s ©)
L O

2 8 7
12
3 10 20
Table 6.2

Substituting the circled numbers in their places in Newton’s formula,
P) = 1+ 3w —4) + § — (@, — 6) + 55 (@ — 4)(%; — 6)(w) — 8)

which can be simplified to 3 5
play) = o200 — 27w, + 1422, — 240]

though often in applications the first form is preferable.

6.6. Express the polynomial of Problem 6.5 in terms of the argument k.
Directly from Problem 6.3,
P = 142k + 3@ 4 $6®

which is a convenient form for computing p, values and so could be left as is. It can also be
rearranged into
o = 1+ Bk —3k24+ 213

6.7. Apply Newton’s formula to find a polynomial of degree four or less which takes the
yx values of Table 6.3.

k @y Y A A2 A3 A4
1 99
1 2 -1 @
2 )
s s 1 ®
g
3 4 -1 4
2
4 5 1
Table 6.3
The needed differences are circled. Substituting the circled entries into their places in Newton’s
formula,
P = 1—2k+ %km) — %k(s) + %km
which is also P = 3(2k*— 16k 4 40k2 — 32k + 3)

Since k = x; — 1, this result can also be written as

plwg) = 3(2xt — 242} + 100x] — 168z + 93)
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6.8.

6.9.

6.10.

6.11.

6.12.

6.13.

6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

Supplementary Problems

Find a polynomial of degree four which takes these values.

o | 21 4] 6] 8110

ve L Ol o 1ol o

Find a polynomial of degree two which takes these values.

k=a, | 0] 1 | 2| 38| 4| 5] 6] 7

Y 1 2 4 7 11 16 | 22 | 29

Find a polynomial of degree three which takes these values.

s | 3| a5 |6

Y 6 24 | 60 | 120

Find a polynomial of degree five which takes these values.

k=, 0 1 2 3 4 5

ve L o]lol1]l1]o0o}o

Find the cubic polynomial which includes these values.

k=ax |0 | 1 | 2| 3145

ve | 1| 21 4 8| 15|26

(See also Problem 3.12, page 20.)

Expressing a polynomial of degree n in the form
P = ag + a kD + agk®@ 4 oo g ket

calculate Apy, A%py, ..., A™,. Then show that the requirement
P — Yk kZO,...,'ﬂ
leads to Apy, = Ay, A2py = A2y;, ete. Next deduce
1 1
Qo = Yo, @y = AYy, Gy = §A2y0, sy Ay = ;,L‘!‘A"ZIO

and substitute these numbers to obtain once again Newton’s formula.
Find a quadratic polynomial which collocates with y{(x) = 2* at « =10,1,2,

Find a cubic polynomial which collocates with y(x) = sin (z2/2) at = = 0,1,2,3. Compare the two
functions at & = 4. Compare them at = = 5.

Is there a polynomial of degree four which collocates with y(x) = sin (z2/2) at z =0,1,2,3,4?
Is there a polynomial of degree two which collocates with y{x) = 23 at x =—1,0,1?

Find a polynomial of degree four which collocates with y(z) = |x] at « = —2,—1,0,1,2. Where is
the polynomial greater than y(x), and where less?

Find a polynomial of degree two which collocates with y(x) = Vz at = 0,1,4. Why is Newton's
formula not applicable?

Find a solution of A3y, = 1 for all integers k with y, = Ayy = A2y, = 0.



" Chapter 7

Operators and Collocation Polynomials

OPERATORS

The idea of an operator is used extensively in numerical analysis, often (and this will be

our main use of them) to simplify the development of complicated formulas. Sometimes
derivations are carried out optimistically, without excessive attention to logical precision.
The results may be verified by other methods or checked experimentally. The specific
operator concepts to be used are as follows.

1.

The operator A is defined by
AYr = Yr+1 — Yk

We now think of A as an operator which when offered y: as an input produces #x+1 — ¥
as an output, for all k values under consideration.

Yk > A - Yr+1 — Yk

The analogy between an operator and an algorithm (as described in Chapter 1) is
apparent.

The operator E is defined by
Eyk = Yr+1

Here the input to the operator is again yx. The output is yi+1.

Y > E ™ Ykt

Both A and E have the linearity property, that is,
A(Cl’yk‘f'Csz) = CiAyx + C2Az
E(Cwy+Coz) = CiEyx + CoEzy

where C; and C» are any constants (independent of k). All the operators to be intro-
duced will have this property.

Linear combinations of operators. Consider two operators, call them L, and L,
which produce outputs Liyx and Loyx from the input yx. Then the sum of these op-
erators is defined as the operator which outputs Ly + Layx.

Yk —p-  L;+ Ly —  Lyy; + Loy,

A similar definition introduces the difference of two operators.

38
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More generally, if C; and C: are constants (independent of k) the operator
CiLi + C:L> produces the output CiL:yi + CaLoyx.

Yr > C,L; + CyL, »  CiLyy, + Colyyy

4. The product of operators L; and L, is defined as the operator which outputs LiLoys.
A diagram makes this more clear.

Yy > L,

Loy L, L,Lyy;

Y

The operator L; is applied to the output produced by L.. The center three parts of the
diagram together represent the operator LiLs.

Y > LL,

L,Lyy,

Y

With this definition of product, numbers such as the C: and C: above may also be
thought of as operators. For instance, C being any number, the operator C performs a
multiplication by the number C.

5. Equality of operators. Two operators L; and L. are called equal if they produce iden-
tical outputs for all inputs under consideration. In symbols,

Li=Ls if Luwyx= Loy
for all arguments % under consideration. With this definition a comparison of outputs
shows at once that for any operators Li, Ls and Ls,

Li+L, = L+ Ly
L1+ (Le+ Ls) (L1 + L) + Ls
Ly(LsLs) = (LiL2)Ls
Li(Ls+Ls) = LiLy + LyLs
but that the commutative law of multiplication is not always true:

LiL, # Lsly
If either operator is a number C, however, equality is obvious from a comparison of
outputs, CL, = L.C

6. Inverse operators. For many of the other operators we shall use, commutativity will
also be true. As a special case, L; and L, are called inverse operators if

LiL, = L:Ly = 1
In such case we use the symbols
Li = Li' = 1/Ly, Ly = L1’ = 1/L, ,
The operator 1 is known as the identity operator and it is easy to see that it makes
1-L =L-+1 for any operator L.

7. Simple equations relating A and E include, among others,
E=1+Aa A2 = E?—-2E +1
EA = AFE A3 = B3 —-3E*+3E —1
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Two related theorems already proved earlier by other means appear as follows
in operator symbolism.

L IOLSEE IO

8. The backward difference operator ¥ is defined by

V¥ = Yr — Yr—1
and it is then easy to verify that
VE = Ey = A

The relationship between ¥V and E~! proves to be
Et=1-vV
and leads to the expansion

o= +2 (ki +1)- l-y(lc—f—z*l)

AV
for negative integers k.

9. The central difference operator is defined by
§ = EFve_ g2

It follows that 8E'2 = A. In spite of the fractional arguments this is a heavily used
operator. Closely related is

10. The averaging operator, which is defined by
b= HEE B

and is the principal mechanism by which fractional arguments can be eliminated from
central difference operations.

COLLOCATION POLYNOMIALS

The collocation polynomial can now be expressed in a variety of alternative forms, all
essentially equivalent to the Newton formula of Chapter 6, but each suited to somewhat
different circumstances. We discuss the following, which find use beginning with Chapter 12.

1. Newton’s backward formula

Ek+1) _, i+ 1) _.
P = Yo + EVY + (—2'“—) VY + -+ + ———L—?{'—?}—-—l V'Y
represents the collocation polynomial which takes the values yx for k=0,-1,...,—n.

2. The Gauss forward formula may be obtained by developing the relationship between
E and § and reads

k+ 92— E+i—1 ;
P = Yo t+ EK 211_1 >8' Wi + < zlz >32y0]

if the polynomial is of even degree 9n and collocation is at k= —n,...,n. It becomes

n . E+1 ;
P 2 [<k+1 >821y0 € <2i+1>821+1y1/2]

if the polynomial is of odd degree on +1 and collocation is at k=—n, ..., n+ 1.
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3.

7.1

7.2.

The Gauss backward formula may be derived in a similar way. For even degree it
takes the form

i Te4+i—1\ AU
P = Yo + 2 [( 21-1 1 >821—1y~1/2 + <k2t l> 8212/0]
i=1
with collocation again at k= —n,...,n. One principal use of the two formulas of

Gauss is in deriving

Stirling’s formula, which is one of the most heavily applied forms of the collocation
polynomial, It reads

k
Pe = Yo + <Ilc> Suo + (k/2)<1> 8% + <k—;—1> 83y
k+n—1

E+1 —
v (k/4) < : >s4yo + o (’“;;"_ 11>32n—1#y0 + (k/2n) < S >32"y0
and is a very popular formula. Needless to say, collocation is at k= -=n,...,n.

Everett’s formula takes the form

k E+1 kE+2 k+
Dk = <1>y1 + < 3 )32?/1 + < 5 >84y1 + e+ <2’n+7;.> 32"1/1

kE—1 k k+1 kE+n—1
() = (5)w = (557 )ew - = (FAAT) e
and may be obtained by rearranging the ingredients of the Gauss forward formula of
odd degree. Collocation is at k = —n, ...,n+1. Note that only even differences

appear.

Bessel’s formula is a rearrangement of Everett’s and can be written as

k
px = pYuz + (B—§)8ye + <’;>M82y1/2 + (%)(k—%)<2>33?/1/2
k4+n—1 k+n—1
o (F ) ustnyns + (1/[2n+1])(k—%)< R

The zigzag rule is a device for extracting a wide variety of other formulas from the
familiar difference table layout. Only in unusual circumstances, however, will the
standard formulas already listed prove inadequate.

i Solved Problems

Prove E=1+A.
By definition of E, Ey, = y;+; and by definition of 1+ A,

(14+4) = 1oy, + Ay = Y + W1~ ¥ = Yr+1

Having identical outputs for all arguments k, the operators E and 1+ A are equal. This result
can also be written as A = E — 1.

Prove EA = AFE.
EAyy = E@Wrs1— Y = Yr+2 — Yk+1 and ABY, = AYp+1 = Yk+2 — Yk+1

The equality of outputs makes the operators equal. This is an example in which the commutative
law of multiplication is true,
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7.5,

7.6.

7.3.
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Prove A2=E?—2E +1.
Using various operator properties,

A2 = (B—1)E-1) = E2—1-E—E-1+1 = E?—2F + 1

4 k
Apply the binomial theorem to prove aAky, = izo (=1) (%) Yre—ie

k
" The binomial theorem, (a+ b)* =l§0 (¥) @%bt is valid as long as @ and b (and therefore

a+b) commute in multiplication., In the present situation these elements will be E and —1 and
these do commute. Thus,

k
= — = —_— k -
AF = (E—-1k = 1§o( 1)i<i>E"°f

Noticing that By, = y,, E2y, = ys, etc., we have finally
L k
Ay, = 52 ("1)i< ) Vi~

1

which duplicates the resuit of Problem 3.5, page 18.

k

Prove yx = 120 (¥) a'yo.
= » .
Since E =1+ 4, the binomial theorem produces E* = (1+A)k =3 (’;) Al Applying this op-
i=0
erator to y,, and using the fact that E%y, = y,, produces the required resuit at once. Note that
this duplicates Problem 6.2, page 35.

The backward difference is defined by Vyx = Yr — Yx—1 = AYr—1. Clearly it in-
volves agsigning a new symbol to yx — yYr—1. Show that VE=EV =A, E-'1=1-v.
VEy, = Vyr+1 = Yks1— ¥ = A¥ EVy, = Elyy—Yr~1) = Yr+1— Ye = AYi

Since these are true for all arguments &k, we have VE = EV =A=E —1,

Using the symbol E-! for the operator defined by E~ly, = y,-;, we see that EE-ly; and
E-1Ey, are both y,. In operator language this means that these two operators are inverses:
EE-* = E-1E = 1. Finally, as an exercise with operator calculations,

V = E~-1EV = E-A = E-1(E—1) = 1—E! and E-t =1—-V

Backward differences are normally applied only at the bottom of a table, using neg-
ative k arguments as shown in Table 7.1.

k z Y
—4 x_ Y-a
¢ Vy_3 .
-3 *_g Y-3 Viy_,
2 ¥ Vy-2 vy ViU 4
— ®_ -9 -1
2 y Vy_s vy V3y, Yo
—1 1 -1 VZ/O 0
0 [ Yo
“Table 7.1

Using the symbols V2= VV¥r, VU= V V¥, ete., show that A" = V"Yk+n.

V commute, so the 2» factors on the right
: = have A" = (EV)". But £ and V, ’ - ~ v,
id Smceb: reafl;gfg fo give A" = VnEn, Applying this to v A= VREYe = Wy,
side may

e
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7.8. Prove that
Y-1 = Yo— V¥, Y-2 = Yo—2V% + V¥, Y-3 = Yo—3V¥yo+3V*¥0— V*%

(k+i-1
u( = gy

—k
and that in general for k a negative integer, yx = %o + 2, le(k+1)
i=1

Take the general case at once: y, = Eky, = (E~1)"kyy = (1 — V)~ky, With k a negative in-
teger the binomial theorem applies, making

—k _ —k I~k — 1) - o (=T — 4
wo= 2 e () v = v+ 3 oo EACEEDTERE R D gy,

1!

—k .
w3 k(k+1)- -i-'(k+z— 1) giy,

The special cases now follow for k& = —1,—2,—8 by writing out the sum.

7.9. Prove that the polynomial of degree » which has values defined by the following
formula reduces to px =y when k=0,-1,,..,~n. (Thig is Newton’s backward
difference formula.)

pe = 4o + kVyo + k- -(ktn—1)

o + - +
n!

1
lc(kz——*!—)vzy V™Yo

< k(k+1). - (k+i—-1) _,
E '( ) viye
i=1 1!

The proof is very much like the one in Problem 6.3, page 35. When k is 0, only the first term on
the right side contributes. When k is —1, only the first two terms contribute, all others being zero.
In general, if k is any integer from 0 to —n, then k(k+1):---(k+<—1) will be 0 for ¢> —k. The
sum abbreviates to
kk+1)---(k+ 1) o,

) o 1= 1) Viy,

Py = 1/0+2

and by Problem 7.8 this reduces to y,. The polynomial of this problem therefore agrees with our
vy function for k=0,-1,...,—n.

7.10. Find the polynomial of degree three which takes the four values listed as y. below
at the corresponding xx arguments.

The differences needed appear in the remaining columns of Table 7.2.

k £33 Y Vg V23y Viyy
-3 4 1

2
—2 6 3

_1sséé®

Table 7.2

Substituting the circled numbers in their places in Newton’s backward difference formula,
P = 20 + 12k + Zk(k+ 1) + §k(k + 1)(k + 2)

Notice that except for the arguments k this data is the same as that of Problem 6.5, page 36.
Eliminating k by the relation x;, = 10+ 2k, the formula found in that problem
plxy) = ﬁ(in — 27x2 + 142z, — 240)

is again obtained. Newton’s two formulas are simply rearrangements of the same polynomial.
Other rearrangements now follow.
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7.11.

7.12.

7.13.

7.14.
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The central difference operator § is defined by 8§ = E'2— E~Y2 go that 8yi. =
Y1— Yo = AYo = V¥, and so on. Observe that EV2 and E~*'? are inverses and that
(BY)2 = E, (B-22 = E-'. Show that A" = 8™ksns.

From the definition of §, we have 8EY2=F —1=A and A" = §"En/2, Applied to yy, this
produces the required result.

In 8 notation, the usual difference table may be rewritten as in Table 7.3.

k Yk 8 §2 §3 5t
—2 Y—2 sy
-1 Yy 8y—3/2 s2y_, ;
’ vo Syu;/z "o 833_1/2 o
m Sy 82y, 172
2 Yo
Table 7.3

Express 81,2, 820, 8%y1/2 and §*yo using the A operator.

By Problem 7.11, 8yq,p = Ayg, 82y = A2y, 8%yy,n = ASy_y, &%y = Aty_,.

The averaging operator u is defined by u = $EV2+E~"?) so that pyie= 3(y1+ o),
and so on. Prove u?2 = 1+ 182

First we compute §2=FE—2+E~-L Then p2=1E+2+E-1) = 1(82+4) =1+ 182

Verify the following for the indicated arguments k:

k=01 v = Yo + (%) Y1

E=-1,01 Yo = Yo + (5) 8y + (§) 8%y

E=-1,0,1,2 e = Yo + ()81 + (§) 820 + (531) 8y1se
k=-2-1,012  y = ¥ + )y + (5) 8y + (*37) Fyuz + (*77) 80

For k=0 only the y, terms on the right contribute. When k =1 all right sides correspond

to the operator
1+ 6EY2 =14+ (E—~1) = F

which does produce y;. For k = —1 the last three formulas lead to
1—8EV2+4 82 = 1—(E—-1)+(EF—2+E-1) = E-!
which produces y_;. When k =2 the last two formulas bring
1+ 28EV2 + 524 $83E2 = 1+ 2E~1)+(E—-2+E-H1+E—1) = E2
producing ¥s. Finally when k = —2 the last formula involves
1—-25F1/24 8352 — §3E1/2 484 = 1—-2E—1)+(E—-2+E HY3—(E-1D+E—-2+E1)] = E~2
leading to y_o.

The formulas of this problem generalize to form the Gauss forward formula. It represents a
polynomial either of degree 2n :

2 k+i1—1 . k+i—1 .
= e B[ ()
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taking the values p, =y, for k= —n,...,n, or of degree 2n+1
< k+i1—1 : 4+ i\ o
= . 8%y, + §Hly, o
o= 2 R 2i ) vo <2i + 1) y”“}
teking the values p, =y, for k= —m, ..., n+ 1. (In special cases the degree may be lower.)

7.15. Apply Gauss’ formula with n =2 to find a polynomial of degree four or less which
takes the yx values in Table 7.4.

The differences needed are listed as usual.

k T Y
—2 2 —2
3
—1 4 1 -1
2 4
s @ ® ®
©, O
1 8 8 7
12
2 10 20
Table 7.4

This resembles a function used in illustrating the two Newton formulas, with a shift in the
argument k and an extra number pair added at the top. Since the fourth difference is 0 in this
example, we anticipate a polynomial of degree three. Substituting the circled entries into their
places in Gauss’ formula,

P = 3+ 5k + 3k(k—1) + §(k + Dk(k — 1)

If k is eliminated by the relation x;, = 6 + 2k, the cubic already found twice before appears once
again.

7.16. Apply Gauss’ forward formula to find a polynomial of degree four or less which
takes the yx values in Table 7.5.

The needed differences are circled.

ke X Yi
—2 1 1
—2
1 2 —1 4
2 -8
0 3 @ @
1 4 —1 4
2
2 5 1
Table 7.5

Substituting into their places in the Gauss formula,
_ 4 k(k—1) (k+ V)k(k—1) (k+ Dk(k —1)(k—2)
2 6 24

e = 1 — 2k +8 + 16
which simplifies to
P = 3(2k*—8k2+3)
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7.17.

7.18.

7.19.

7.20.
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Since k = x; — 3, this result can also be written as
plry) = (2w — 24} + 1002% — 1682, -+ 93)

agreeing, of course, with the polynomial found earlier by Newton’s formula.

Verify that for k¥ = -1,0,1,

Y = Yo + <I;>8y—1/2 + <k42—1>32yo
and for k = —2, _1, 0, 17 2’
k+1 E+1 k+2
Ye = Yo + <'11€> SY-1r2 +< 2 >32'y0 +< 3 >83y”1/2 +< 4 >84y°

For k =10, only the y, terms on the right contribute. When k=1 both formulas involve

the operator
1+8E-1V24+82 = 1+(1—-E-Y)Y+(EF—-2+EY) = F

which does produce y;. For %k = —1 both formulas involve
1—8E-12 = 1~-(1—-E-1) = EF-1
which does produce y_,. Continuing with the second formula, we find for k = 2,

1+ 28E-1/2 + 382 + SSE-U2Z 4 §4
=1+21—EY) +(E—-2+E-)3+1—E-1+E—2+E-1) = E2
and for k= —2,
1—-28E-1/24 82— 83F-V2 = 1—~20—E" Y+ (E-2+E")Y1—1+E"1) = E~2
as required.

The formulas of this problem can be generalized to form Gauss backward formula. It rep-
resents the same polynomial as the Gauss forward formula of even order and can be verified as above.

_ 2 (/k+i—1\ g, k+ i\
Pr = y0+ §1[< 2i—1 >81 y—1/2+< 2 )61’-’/0]

k41 E+i—1\ _ kErk+i—1
Prove (g )*( 2 = 7l 2i-1 /-
From the definitions of binomial coefficients,

k+i k+i—1 k+i—1 . .
<;;z>+< i > = <2J;1_1 >[(k+z)+(k—1)]%

as required.

Deduce Stirling’s formula, given below, from the Gauss formulas.

Adding the Gauss formulas for degree 2n term by term, dividing by two, and using Problem

7.18, .
k+1—1 . kE/k+i—-1\ .
o= s (0o g (U 177 o]

k k/k k+1 k/k+1
y0+<1>5#yo+§<1> 82y0+< 3 >53#yo+z< 3 >84yo

E+n—1\ 5.4 k fEtn—1\
+ +< >3" wo t+ 5 on— 1 RECT

it

I

2n —1
This is Stirling’s formula.

Apply Stirling’s formula with » =2 to find a polynomial of degree four or less
which takes the y. values in Table 7.6.

The differences needed are again listed.
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k Ly Yi 8 82 §3 54
—2 2 -2
-1 1 3 -1
0 O O ® O O)
. 3 . © T ®
12
2 10 20
Table 7.6
Substituting the circled entries into their places in Stirling’s formula,
_ 2+5 Wk 4+ 4 (k+DE(k—1)
P, = 3+ — k +8 2 + B 8
which is easily found to be a minor rearrangement of the result found by the Gauss forward

formula.

7.21. Apply Stirling’s formula to find a polynomial of degree four or less which takes the
9« values in Table 7.7.

The needed differences are cireled.

k Xy Y 8 §2 §3 §4

(=
[+ S~ VR I
ol
H
0.

Table 7.7

Substituting the circled entries into their places in Stirling’s formula,
2+(=2, K 8+ (-8 /k+1 k (k+ 1Dk(k—1)
— k 4 2 + —a 3 + 16 4 —-—?—_

which simplifies to p, = 1(2k*—8k2 +3) as with Gauss’ forward formula.

p, = 1 +

7.22. Prove (*%i™) B2iyge + (K1) 8%+1y,, = (ki) sy, — (kFis1) s¥y,,

2i+1 2i+1

The left side becomes (using Problem 4.5, page 24),

k+ i krim1\] b+
[<2i+ 1> - < 2+ 1 ﬂ %o + <2i+1> ¥ i
k41 a1 (kHi=1Y o
(sl 3)assmmg = (F110T) s,

ki e (EHi— 1N
= <2i+1>81y1 <2i+1 >8%

where in the last step we used 1+ §E1V/2 =F.

7.23. Deduce Everett’s formula from the Gauss forward formula of odd degree.
Using Problem 7.22, we have at once

_ < EtiN g, _ [k+i—1\ o
P = Eo[<2i+1>8y1 <2i+1 >31y°
k k+1 k+ 2\ g 4 n son
<1>y1+< 3 >3Z?/1 +< 5 >8y1 + + <2’n+1 8y,

k—1 k kE+1 kE+n—1\
T (o (5o - (e
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which is Ewverett’s formula. Since it is a rearrangement of the Gauss formula it is the same poly-
nomial of degree 2n+1, satisfying p, =y, for k= —n, ..., n+ 1. It is a heavily used formula
because of its simplicity, only even differences being involved.

7.24. Apply Everett’s formula with n =1 to find a polynomial of degree three or less
which takes the y, values in Table 7.8.

The differences needed are listed as before.

k Zy Yk 8 §2
-1 4 1
o s ® T ©®
5
C MENG
2 10 20
Table 7.8

Substituting the circled entries in the appropriate places in Everett’s formula,
pr = 8k + el(k + Dk(k—1) — 3(k—1) — %k(k ~ 1)k —2)

which, of course, reduces to the result found earlier by Gauss’ forward formula.

7.25. Apply Everett’s formula with n = 2 to find a polynomial of degree five or less which
takes the . values of Table 7.9.

The needed differences are circled.

k 2y Y ) 82 83 84
—2 0 0
—1
—1 1 -1 0 10 2
10
127 324
s
569 660
4 704 1102
1671
5 2375
Table 7.9

Substituting the circled entries into their places in Everett’s formula,

pe = 185k + 442(]6"‘1):(76—1) . 336(k+2)(k+11)l;(()k—1)(k—2)
kk—-1)k—2) 216 (k+ 1)k — 1)(k—2)(k — 8)
6 120

— 8(k—1) — 118

which can be simplified, using #, = k+2, to plw,) = 2§ — o — xf,

7.26. Show that
E+i—1 . E—% /k+i—1\_, kE+4 ) k+i—1 .
( o >“821y“2 + 2@'+21< 2 >32my”2 = <2i+11> ¥y — < % 41 >321y°

The left side corresponds to the operator
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k+i—1\1 2k — 1 k+i—1\[k+i, k—i—1
2 = — —_ 2 —
3’< 2i >2[E+1+2i+1(E 1)] 8’< 2i >[2i+1E 2i+1]

The right side corresponds to the operator

: k+i F+i1—1 Sk t+i—1 k+1 k—i-—-1
21 _ — 21 —
b [(21+1>E ( 2i+1 >] 8 < 21 >[2i+1E 2+ 1 }

so that both sides are the same.

7.27. Show that Bessel’s formula is a rearrangement of Everett’s formula.

Bessel’s formula is

< k+i1—1 . 1 kE+i-—1 .
e = 3 [( 2 >ﬂ52’y1/2 + m(k_%)< 2 )52”12/1/2}

i=0

k k
Wip + (B—%)8yy e + <2}#32y1/2 + %(k—%)(2>83y1/2

E+n—1 1 E+n—1
4+ e 4 < on >y82"y1/2 + Em(k—%)< om >32n+1y1/2

By the previous problem it reduces at once to Everett’s.

7.28. Apply Bessel’s formula with » =1 to find a polynomial of degree three or less which
takes the y values in Table 7.10.

e 4 ©
8 0 8 o

2 - 10 20

12

Table 7.10

The needed differences are circled and have been inserted into their places in Bessel’s formula.
Needless to say, the resulting polynomial is the same one already found by other formulas.

348 34+ 7k(k—1) 1 Bl—1)
= —_— — 1 = 7 fnd — 1y =/
P 5 T Bk—1 + 5 T g dk—§H =

This can be verified to be equivalent to earlier results.

7.29. Apply Bessel’s formula with % =2 to find a polynomial of degree five or less which
" takes the yx values in Table 7.11.

The needed differences are circled.

k Xy Y
—2 0 0
—1
-1 1 —1 10
9 108
e S
s ()
569 660
2 4 704 1102
1671
2375

Table 7.11
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7.30.

7.31.
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Ingerting the circled entries into their places in the Bessel formula,

_ 135+ 38 442 4 118 k(k—1) 1 k{k —1)
336 + 216 (k+ Lk(k — 1){(k—2) 1 gy B+ DRk - 1)k —2)
+ B 57 + 5 (120)(k — &) o

which can be simplified, using =, =k +2, to the familiar p(x,) = xi -~ m,‘z

Illustrate the zigzag rule.

The zigzag rule states that polynomials which take specified values at given arguments can be
constructed in a wide variety of ways, by first drawing a zigzag line from any y, value to an
adjacent first difference, then to an adjacent second difference, and so on. At each step there is a
choice of two paths. An acceptable line is shown in Table 7.12.

-3 %3 Y-3 s
Y-s5/2
-2 Ly Y2 8%y
3Y 372 . 83y g2
-1 ey Y1 5 8%y 1 53 8ty ¢ 55
Y-1/0 Y-1/2 Y—1s2
/
0 %o Yo T 8y, — Syo—"
8Y1/2 3Y1/2
1 @ Y 8%y
SY3re
2 g Ya

Table 7.12

Having chosen the line it is only necessary to multiply the differences encountered on that line
by suitable factors. In this case, the result would be

k k+1 k+1 k+1 k+2
P = y0+<1>8y_1/2+< 9 >82y0+< 3 >83y1/2+< 4 >34yo+< 5 >85y1,2

the general rule being that after the first two terms the upper index in the binomial coefficient
increases after an upwards zig but not after a downwards zag. With each step the polynomial then
matches the data y, within a triangle determined by the diagonals running back from the highest
difference reached. In the above example the left (vertical) side of this triangle includes in suec-
cessive steps (¥—1, %o, (W—1, Y0, ¥1)y W—1, Y0, Y1, ¥2)s (¥~2,¥—1, Yo, Y1, ¥2) and finally the full y, column.
The Newton and Gauss formulas are further illustrations of the zigzag rule. Our remaining
formulas are obtained as averages of zigzag formulas, often rearranged.

Diagram the zigzag paths for our various formulas.

Where a formula is obtained by averaging over two paths, only the differences which actually
appear in the formula are shown.

1 S 82 §3 54 §5

Newton Backward

Newton Forward

Gauss Backward

Gauss Forward

Bessel

Stirling

Everett
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7.36.
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7.38.

7.39.

7.40.

7.41.
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Supplementary Problems
Prove V=8E-12=1—-F-1=1-—(1+4)"1
Prove V1 + 822 =1+1s2
Prove EV/2=u+4s and E~1/2 =4~ 3.

Two operators L, and L, commute if L,L, = L,L,. Show that y, 5, E,A and V all commute with
one another.

Prove ué = 4AE~1+ §A.
Prove 4 = 462+ 8V1 + 182,

Apply Newton’s backward formula to the following data, to obtain a polynomial of degree four in
the argument k.

k —4 -3 -2 -1 0
& 1 2 3 4 5
Y 1 -1 1 —1 1

Then use x, = k-+5 to convert to a polynomial in z;. Compare the final result with that of Prob-
lem 6.7, page 36.

Apply Newton’s backward formula to find a polynomial of degree three which includes the follow-
ing i, ¥ pairs.

o | 3 4 B 8

Yk 6 24 60 120

Using x, = k+ 6, convert to a polynomial in x, and compare with the result of Problem 6.10.

Show that the change of argument x; = x,+ kkh converts Newton’s backward formula into
Vi, V2y, Vy,
play) = yo + h“(x — %) + —h2—(x —xg)w—x_q) + -0+ I (g—@) (@ —2_p 4 q)

Apply Problem 7.40 to the data of Problem 7.39 to produce the cubic polynomial directly in the

argument x.

Apply the Gauss forward formula to the data below and compare the result with that of
Problem 6.8, page 37.

k -2 -1 0 1 2
@ 2 4 6 8 10
Ve 0 0 1 0 0

Apply the Gauss backward formula to the data of Problem 7.42.

Apply the Gauss backward formula to the data of Problem 7.39, with the argument % shifted so
that k=0 at x = 6.

Apply the Gauss forward formula to the data below and compare the result with that of Problem 6.11.

k —2 -1 0 1 2 3

2 0 1 2 3 4 5
Vi 0 0 1 1 0 0
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7.46.

7.41.

7.48.

7.49.

7.50.

7.51.

7.52.

7.53.

7.54.

7.55.

7.56.

7.57.

7.58.

7.59.
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Verify that for k= 1,0 k
Ye = Yot <1>8y—1/2
and that for k= -2,-1,0,1

k k+1 B+ 1
e = yo+<1>8y_1/2+< 2 >82y0+< 3 >53y—1/2

These can also be considered forms of Gauss backward formula, the degree of these polynomials
being odd rather than even.

Apply Stirling’s formula to the data of Problem 7.42.

Apply Stirling’s formula to the data of Problem 6.9. Choose any three equally spaced arguments
and let them correspond to k= —1,0,1.

Apply Everett’s formula to the data of Problem 7.39, with the center pair of arguments correspond-
ing to k=0 and 1.

Apply Everett’s formula to the data of Problem 7.45.

Apply Everett’s formula to the data of Problem 6.9, page 37.
Apply Bessel’s formula to the data of Problem 7.49.

Apply Bessel’s formula to the data of Problem 7.45.

Write a zigzag formula based on the path shown
in the adjacent diagram. For which arguments
will it take the prescribed y; values? (The path
starts at y; and ends at 8%y,.)

Prove EV/2 = 184 4 = 1+1s)¥2+ L8 = 1+ 45+ f82+ ---.
Show that »=! = 1 — 182+ ot — Fz86 4+ -+ .
Prove 8(fi9x) = wfudgr + vgi8fr

19x8f — w895

Prove 8(f)/ =
i/g1) Ix—1/29k+1/2

Prove ul{fr9x) = wfxngy + 187189

efrngy — 355109k

Prove u(fi/gx) =
KTk Gk —1/29k+1/2




Chapter 8

Unequally-Spaced Arguments

The collocation polynomial for unequally-spaced arguments x, ..., %, may be found in
several ways. The Lagrange and Aitken methods, and also a determinant method, are
presented in this chapter. The method of divided differences is given separately in
Chapter 9.

1. Lagrange’s formula is n
p(x) = E)Li(x)yi

where Li(z) is the Lagrange multiplier function

(%~ 2o)(® —x1) - - (& — Xi (& — Liv1) - - - (X — n)

Lie) = (@i — o) (s — 1)+ + - (X — i1 )(Xi — Tiv1) -+ (X0 — Xn)

having the properties
Li(xzx) =0 for k=1, Lix)=1

Lagrange’s formula does represent the collocation polynomial, that is, p(ax) =y for
k=90,...,n. The function
@) = (@—x) - -(x—za) = [[(x—w)
i=0
may be used to express the Lagrange multiplier function in the more compact form

Li(x) = =(z)/[(x — ) 7’'(x)]

The closely related function

Fe(@) = [[(x—w)
ik
ig also popular and leads to a second compact representation of the Lagrange multiplier
function, Liz) = Fu(a)/Fi(z)

2. A determinant form of the collocation polynomial p(z) is

p(x) 1 N
Y, 1 Zo xg T g
v, 1 @ 2| =0
v, 1 oz, 22 "
since p(zxx) =yx for k=0,...,n It finds occasional use, mostly in theoretical work.

3. Aitken’s method is a third approach to the collocation polynomial for unequally-spaced
arguments. It produces this p(x) through a sequence of lower degree collocation poly-
nomials corresponding to various subsets of the arguments o, . . ., Z». More specifically,

53
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8.1

8.2

8.3.
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1 To— X
pox(x) = (1/[xx — %o)) vo
Ye Xx— X

represents the collocation polynomial of degree one for arguments 2o and zx, while
Do,1 (:c) ry—x

I)o,l,k(fv) = (/2 — 2) Dok(2) ak—2

represents the collocation polynomial of degree two for arguments zo, #; and xx, ete.
Ultimately, Aitken’s method produces p(x) in the form

Do.1, .. n-2,a—~1(%) xn—l—x]

por,. .a(2) = (U[tn — 2n-1]) Do, 1, ..., n—2,5 (%) Tn— 2T ‘

the details appearing in the problems.

Solved Problems

What values does the Lagrange multiplier function

(x—x) (X — 1)~ (2 — 2 & — Xi+1) "+ x Zn)

Li(x) (xi - xo)(xi — -’171) (:1,‘1 — Xi—1 )(:vl — Zi+ 1) XTi— xn)

take at the data points = = o, 21, ..., 22 ?

First notice that the numerator factors guarantee Lyx;) =0 for k + ¢, and then the denom-
inator factors guarantee that Ly(z;) = 1.

Verify that the polynomial p(x 2 Li(x)y: takes the value y. at the argument

2k, for k=0,...,n. This is Lagmnge s formula for the collocation polynomial.

By Problem 8.1, p(x,) = E Lix) y; = Lp(x) ¥y = v, so that Lagrange’s formula does
i=0

provide the eollocation polynomial.

n

With =(z) defined as the product =(z) = H (x — ), show that

)
Liw = (% — ax) =’ (2x)

Since =(x) is the product of n + 1 factors, the usual process of differentiation produces »'(x)
as the sum of n + 1 terms, in each of which one factor has been differentiated. If we define

Fe@) = JI (@—u)
ik
to be the same as »(x) except that the factor x — x;, is omitted, then
(@) = Fol@) + -+ + Fu(x)

But then at « = x;, all terms are zero except Fy(xy), since this is the only term not containing
x — zy. Thus
(@) = Fix) = (@g—2p) (o — T )@ — T 1) (@ — %)

(%) _ Fplo)y _ Fy (x)

(¢ —mp)r'(e) (@) Frle) = Ly(x)

and
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8.4. Show that the determinant equation

px)y 1 =z e
2 L. n
Yo 1 Ty Zy Zg
2 n = 0
Y, 1 Z, Xy Ly
2 P n
y'ﬂ, 1 x‘ﬂ x?l xn

also provides the collocation polynomial p(z).

Expansion of this determinant using minors of the first row elements would clearly produce a
polynomial of degree m. Substituting x =z, and p(x) =y, makes two rows identical so that
the determinant is zero. Thus p(z;) =y, and this polynomial is the collocation polynomial. As
attractive as this result is, it is not of much use due to the difficulty of evaluating determinants
of large size.

8.5. Find the polynomial of degree three which takes the values prescribed below.

Xy 0 1 2 4

wl 1 1 2 5

The polynomial can be written directly.

(= —1)(x —2)(x — 4) w(z — 2)(x —4) w(x — 1)z —4) x(e—1)(x—2)

PE) = w-no-20-9 T Ti-aa-a" T2e-ne-9 T @-DE-?

5

It can be rearranged into p(x) = 1 (—a® + 922 — 8% + 12).

1 Yo To—X

8.6. Show that po,k(x) = m

represents the collocation polynomial of
Ye Xx— X

degree one for arguments xo and .

Direct evaluation of this simple determinant produces pg i (%o} = %o, Po,x (®x) = Y-

1 po1(x) ®—=x

8.7. Show that po,l,k(x) = m

represents the collocation polyno-

Po.x(2) Xx—2
mial of degree two for arguments xo, z, and xx.
Remembering that py (2} and pg (%) are collocation polynomials, one easily finds

Yoloer, — xp) — Yol — @)

Do,1,k (%) = Pe—— = Yo
(@) Yyl — ay)
x = — =
Po, 1.1\ %1 pr—— Y1
(@) = — Y521 — @) _
Po.1k\%x) = 7% — Y
1 pO,l,...,n—Z,n—l(x) Xn—1—X
88. Showthat po1...2(%) = ———— represents the
n—&n—1 | Po,1,..., n-2,n() Tn— 2
collocation polynomial of degree n for arguments %o, 21, . . ., Zn.
For « =, and k=0,1,...,n—2 the first column entries of the determinant agree, with
value y,. Evaluating the determinant produces pg 1, ., 2(xy) =y, at once. For x,_; we find
1 —
Po1....a(@p—1) = m%q(%‘%—ﬂ = Yp—y

and at z, the value y, is found by a similar computation.
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8.9.

8.10.
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Describe Aitken’s method for obtaining the collocation polynomial.

This is an iterative method based on the previous three problems. It involves computing the
entries in Table 8.1 by successive columns from left to right, given the two columns at the left and
the one at the right. The final entry is the collocation polynomial.

X Yo Xy~ X

Ly Yy Do, 1 () -

p) Y Po,2 (%) Po,1,2(®) Ly

*3 ¥y Pg,3{x) Do, 1,3 (%) Po,1,2,3(%) ®g— %
Table 8.1

Each determinant to be evaluated may be lifted directly from this format. For example, the
entry pog,1:3 is obtained as the determinant

Po,1(®) x —w
po,sl@) xz—x

divided by @3 — «;. As an additional convenience, the divisor is the difference between the entries
used in the rightmost column.

Use Aitken’s method to compute p(3) for the collocation polynomial which includes
the xx, ¥« pairs in the first two columns of Table 8.2.
The other entries in Table 8.2 are computed as described in Problem 8.9, with x = 3.

Ly Y

0 1 0—-3=-3
1 1 1 1—-83=-2
2 2 5/2 4 2—-3=-1
4 5 4 3 7/2 4—~3=1

Table 8.2

For example, the third column entries are found as follows.

(1)(=2) = (1)(=3) _

A =TI
Po,5(8) = Q—)%—):_(—(_%(T-ﬂ = 4
The fourth column entries are then
Po.ra®) = (1)((—3)——({(){-22))(—2) =4 P13 = QL?_;((_LI—;():& =3
and finally Poros(d) = Q)(i#:((j{%)l_()-_l) :%

which is p(8). Here six similar steps lead to the final result. The labor involved may be compared
with that of substituting 2 =3 into the Lagrange formula which, of course, also produces
p(3) = 7/2 since it represents the same cubic collocation polynomial.
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8.11.

8.12,

8.13.

8.14.

8.15.

8.16.

8.17.

8.18.

8.19.

8.20.

8.21.

8.22,

Supplementary Problems

Use Lagrange’s formula to produce a cubic polynomial which includes the following y, ¥, number
pairs. Then evaluate this polynomial for x = 2,3,5.

x| 0 1 4 6

Apply Aitken’s iteration to the data of Problem 8.11, producing »(2), p(3) and p(5) directly, where
p(x) is the cubic collocation polynomial. Results should, of course, agree with those of Problem 8.11.

Use Lagrange’s formula to produce a fourth degree polynomial which includes the following
%k, ¥, number pairs. Then evaluate the polynomial for = = 3.

% | 0O 1 2 4 5

ye | 0 16 48 88 0

Apply Aitken’s method to the data of Problem 8.13, producing p(8) directly, where p(x) is the col-
location polynomial of degree four. Compare with the result of Problem 8.13.

Deduce Lagrange’s formula by determining the coefficients a; in the partial fractions expansion
plx) o %

(%) e R ]
(Multiply both sides by % — x; and let z approach #; as limit, remembering that p(x) =w; for
y.

collocation.) The result is a; = ,—(;—)—
T {%;
3x2+x+1

2 — 6x2 I 11z — 6 282 sum of partial fractions

Apply Problem 8.15 to express

[ ay ay

+ +
x — T — x4 x— Xy
[Hint. Think of the denominator as =(x) for some %y, #;, ¥; and then find the corresponding yo, ¥y, ¥o-
This amounts to regarding p(k) as a collocation polynomial.]

22+ 6+ 1

Express @ —1)(w—4)(x —6) as a sum of partial fractions.
Show that L@ = 14 5%, @) (@ =)+ (2 = @, y)
@€ = e
0 Lo — ¥y (g — 21 (29 — %2) (o~ ®y) -+ (w9 — %)

Similar expansions can be written by symmetry for the other coefficients.

Write the three-point Lagrange formula for arguments xy, %5 + ¢ and «; and then consider the limit
as ¢ tends to 0. Show that

(xq — x) (2 + x4 — 22) (x — 2p)(zy — ) ,
ple) = (@ — )2 ylwg) + Ty Y (xq)
(o0 — )2

m y(xy) + %(oc — )2 (x — wy) ¥ (£)

This determines a quadratic polynomial in terms of y(=zy), ¥'(%¢) and y(xy).

Proceed as in the previous problem, beginning with the Lagrange formula for arguments
®y, %y + €, ¥y — ¢, @; to represent a cubic polynomial in terms of y{(wg), ¥'(wo), ¥(x1) and o' (24).

Determine 4, A; and A, so that the “trigonometric polynomial”
px) = Ay + Ajcosx + Aysinw

collocates with y(x) at ¢, x; and zs.

Proceed as in Problem 8.21 but with p(x) = 4, + A, cos 2w + A, sin 22.



Chapter 9

Divided Differences

DIVIDED DIFFERENCES

The first divided difference between x, and z; is defined as

_ Y~ Yo
Yooz = Ty — %o
with a similar formula applying between other argument pairs.

Then higher divided differences are defined in terms of lower divided differences. For
example,
y(xh (1?2) - ’_l/(xo, xl)
X2 — Xo

(2o, 1, x2) =

is a second difference, while
w(@y, ., &) — Yo, ..., Xny)
xn - .’,vo

Y(@o, 21, . . ., Xn)
is an nth difference. In many ways these differences play roles equivalent to those of the

simpler differences used earlier.

_A difference table is again a convenient device for displaying differences, the standard
diagonal form being used.

To Yo

y(wo: @1)
%1 " Y(xo, 21, T2)
y(x1, 22 Y(®o, 1, o, x3)
2o Ya Y(x1, 2, X3) y(xo, X1, X9, X3, X4)
y(, 3) y(x1, T2, X3, 24)
23 Ys Y22, 23, T4)
y(s, 24)
Xy Ya

The representation theorem
y(x(), L1y o s "x’ﬂ) = z yl/F?(xl)
i=0
where F(z) is the Fi(z) function of the previous chapter, shows how each divided difference

may be represented as a combination of yx values. This should be compared with a cor-
responding theorem of Chapter 3.

The symmetry property of divided differences states that such differences are invariant
under all permutations of the arguments «x, provided the yx values are permuted in the same
way. This very useful result is an easy consequence of the representation theorem.

Divided differences and derivatives are related by
y(w: To, .« .,xn) = y("+1) (S)/(n+ 1)!

58
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ORDINARY FINITE DIFFERENCES

In the case of equally-spaced arguments, divided differences reduce to ordinary finite

differences; specifically,
'!/(300, T, .. .,xn) = A"yo/n! hr

A useful property of ordinary finite differences may be obtained in this way, namely
A"yo —_ y(n)(g) h*

For a function y(x) with bounded derivatives, all y*(x) having a bound independent of

n, it follows that for small %,
lim A%y = 0

for increasing n. This generalizes the result found earlier for polynomials, and explains
why the higher differences in a table are often found to tend toward zero.

NEWTON’S DIVIDED DIFFERENCE FORMULA

The collocation polynomial may now be obtained in terms of divided differences. The
classic result is Newton’s divided difference formula,

p(x) = Yo + (.’E—.’L‘o) 'y(xo, -’El) + (x—xo)(x_xl) ?/(900, X1, xz)
+ o @ = 2)@ = @1) (@ = Tamt) Y(@o, - ., @)

the arguments z. not being required to have equal spacing. This generalizes the Newton
formula of Chapter 6, and in the case of equal spacing reduces to it.

Generalizations of our other formulas are also possible, but are less frequently used.
For example,

p(x) — yO + (x _ xo) y(xly IL'()) —;y(xOy x—l) + (m — xO) <x — _CMTx_.I_> y(xly xO, x—l)

corresponds to Stirling’s formula of degree two, and is the collocation polynomial for argu-
ments Xy, Zo, 1.

The error y(x) — p(x), where y(z) and p(z) collocate at the arguments o, .. ., %, is still
given by the formula obtained earlier,

y(@) — p(x) = Y=+ «(@)/(n+1)!

since we are still discussing the same collocation polynomial p(x). An alternative form of
this error, using divided differences, is

y(@) — p(x) = ylx, xo, ..., %) (X —x0)r + (% — %n)
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Solved Problems
9.1. Compute divided differences through the third for the . values in Table 9.1.

The differences are listed in the last three columns.

2% Y

0 1

1 1 0 1/2

—1/12
2 2 1 1/6 /
4 5 3/2
Table 9.1
For example,
_5—-2 _ _3/2—1

Y24 = g5 = 32 v(1,2,4) = 5 = 1/6

_1-0 _ _ e—-12
%(0,1,2) = 30 = 1/2 #(0,1,2,4) = =0 - 1/12

9.2. Prove y(xo, x1) = y(1, x0). This is called symmetry of the first divided difference.

This is obvious from the definition, but can also be seen from the fact that

Yo Y1
+
Xy — X4 X1 — X

. y(@o, @) =

since interchanging %, with x; and y, with y; here simply reverses the order of the two terms on
the right. This procedure can now be applied to higher differences.

9.3. Prove y(x, x1, 22) is symmetric.

Rewrite this difference as

_ y(@y, xz) — Ylag, 1) . i [yz — Y Wi yoil
Yo, 2q, 22) = %y — g Xy — XplXo— %1 Xy — X

_ Yo Y1 + Y2

T {wo— ) (wg — ) {2y — )%y — @) (g — 2o (202 ~ 24)

Interchanging any two arguments x; and w;, and the corresponding y values now merely inter-
changes the y; and ¥, terms on the right, leaving the overall result unchanged. Since any permuta-
tion of the arguments x, can be effected by successive interchanges of pairs, the divided difference
is invariant under all permutations (of both the x, and y, numbers).

94. Prove that for any positive integer n,

_— N yi
y(x(), L1y ooy xn) - izo F:‘((L’I)
where F(x:) = (&:—2o)(&i— 21) -« - (@ — Ti-1)(Ts— Li+1) - - - (@i— xn). This generalizes

the results of the previous two problems.

The proof is by induction. We already have this result for » =1 and 2. Suppose it true for
n = k. Then by definition,
Y@y o Ber1) — Y(Xo, -5 Bg)

Tr+1 — Lo

Yo, Tyy ooy Bpgr1) =
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9.5.

9.6.

9.7.

Since we have assumed our result true for differences of order k, the coefficient of y, on the right,
for 1=1,2,...,k will be

1 [ 1 _ 1
X1 — B (25— ap) (@, — 21 q) (o0, — @) » - « (2, — )

where it is understood that the factor (x;,—®;) is not involved in the denominator products. But

this coefficient reduces to
1 1

(w;— @) (@ —wpe4q)  FE+1(x)

as claimed, For i =0 or i =k+1 the coefficient of y; comes in one piece instead of two, but in
both cases is easily seen to be what is claimed in the theorem with n = &+ 1, that is,
1 1
(g —21) - (g — ®p 1 1)’ (@41 o)+ (Xpepy — Xy)

This completes the induction and proves the theorem.

Prove that the nth divided differehce is symmetric.

This follows at once from the previous problem. If any pair of arguments is interchanged, say
x; and 2y, the terms involving y; and y;, on the right are interchanged and nothing else changes.

Evaluate the first few differences of y(z) = x? and «3.
Take y(x) = x2 first. Then
xf — g (@ +ay) — (wy + %)

Lo, Xy) = ——— = & X Lg, X1, Xog) =
y{ag, 1) x, — 7, 1+ % Y(%g, 1, %g) %y — @,

1

Higher differences will clearly be 0. Now take y(x) = «3.
3 3
_ %% _ o, 2
y(xg, 1) = Pp— 0 xy + % + o

(3 + w2y + 03) — (22 + 252y + 22)

y(@g, Ty, %) = @y — %, = g+ x; +
(2y + 2o+ 2£g) — (2 + 21 + 25)
y(2g, %1, To, ¥z) = %a — X =1
3 0

Again higher differences are clearly zero. Notice that in both cases all the differences are symmetric
polynomials.

Prove that the kth divided difference of a polynomial of degree n is a polynomial of
degree n — k if k=n, and is zero if k > n.

Call the polynomial p(x). A typical divided difference is

pley) — plwg)

plag, x1) = %1 — 2,

Thinking of x, as fixed and %, as the argument, the various parts of this formula can be viewed as
functions of z;. In particular, the numerator is a polynomial in x,, of degree n, with a zero at
#; = x;. By the factor theorem the numerator contains x; — 2, as a factor and therefore the
quotient, which is p(x,, 2,), is a polynomial in x, of degree n—1. By the symmetry of p(x, ;) it
is therefore also a polynomial in x, of degree n—1. The same argument may now be repeated. A
typical second difference is

p(2y, 25) — P2, %7)

Lo — Xy

plwy, x1, 25) =

Thinking of ®, and «; as fixed, and ®, as the argument, the numerator is a polynomial in x,, of
degree n— 1, with a zero at x, = #,. By the factor theorem p(z, %y, %) is therefore a polynomial
in , of degree n — 2. By the symmetry of p(x, 4, #5) it is also a polynomial in either «; or x;, again
of degree n — 2. Continuing in this way the required result is achieved. An induction is called for,
but it is an easy one and the details are omitted.
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9.8.

9.9.

9.10.

9.11.

9.12,

DIVIDED DIFFERENCES [CHAP. 9

Prove that Newton’s divided difference formula
p() = Yo + (—2o) Y(o, 21) + (2~ L) (X — 1) Y(2o, X1, X2)
+ o+ @z — X)) (T — Zo—1) Y(Zo, . .y Xn)

represents the collocation polynomial. That is, it takes the values p(xi) = yx for
k=0,...,n

The fact that p(xy) = ¥, is obvious. Next, from the definition of divided differences, and using
symmetry,

Yr = Yo + (2 — x0) iy, 2x)
ylwg, 2y = y(@o,20q) + (0, — %4) Y(xg, %1, k)
y(xOI xl} xk) = y(xO: xl: xZ) + (xk - m2) y(“o, X1, x2’ xk)
Y(®gy ooy Cp_0, ) = Y&y o Xpoy) F (e — Xy ) Y(Xgy . Ty g, X)

For example, the second line follows from
y(@o, 21) — Y(@y, %)
T — Xy

y(x(ﬁ 21, wk) = y(xlr Lo, wk) =

For k =1 the first of these proves p(z;) = y,. Substituting the second into the first brings
Y = Yo T (g —we) y(®g, 21) + (B — @) oy — 2y) Y(wg, %y, 2y)

which for k=2 proves p(x,) =¥y, Successive substitutions verify p(x;) =y, for each z, in
its turn until finally we reach

Yn = Yo T (@, — %) Y(Xp, 1) + (2, — 20)(x, — )Y, %1, Tg)
+ e+ (xn - wo)(“n - xl)' : '(xn— xn-l) y(x()’ ey X1, xn)
which proves p(x,) = ¥,.
Since this Newton formula represents the same polynomial as the Lagrange formula, the two
are just rearrangements of each other.

Find the polynomial of degree three which takes the values given in Table 9.1.
Using Newton’s formula, which involves the differences on the top diagonal of Table 9.1,

p) = 1+ (®—0)0+ (x~0)(x— 1)L + (x— 0)(x— 1) —2)(—%

which simplifies to p(x) = ;L{—23 + 922 — 8x 1+ 12), the same result as found by Lagrange’s formula.

Supplementary Problems

Calculate divided differences through third order for the following =z, ¥, pairs.

zy 0 1 4 6

e | 1 -1 1 -1

Find the collocation polynomial of degree three for the «y,y) pairs of Problem 9.10. Use Newton’s
formula. Compare your result with that obtained by the Lagrange formula.

Rearrange the number pairs of Problem 9.10 as follows:

Xy 4 1 6 0

Compute the third divided difference again. It should be the same number as before, illustrating the
symmetry property.
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9.13.

9.14.

9.15.

9.16,

9.17.

9.18.

9.19.

9.20.

Calculate a fourth divided difference for the following y, values.

e |0 1 2 4 5

Yk 0 16 48 88 0

Apply Newton’s formula to find the collocation polynomial for the data of Problem 9.13. What
value does this polynomial take at x = 3? Compare your results with the Lagrange and Aitken
methods.

Show that 1 2z, ¥
‘ 1 LN 5t
1y 1 x5 Y
Y(xg, ) = ————1—, y(@g, T, %) = 5
1 % 1 2y =
1 1 x, =}
1 %, xg_
For y(x) = (x — xg)(x — 24+ (2 — 2,) = #z(x), prove that
Y(%g, ®1, .. ., ¥p) =0 for p =0,1,...,n
ylwg, @y, ., 2, ) =1 for all z
Y(Loy Xy, v oy Ty ,2) = 0 for all x,z
Show that
y(x,x)+y(x’x—) xl+m—
p(z) = y, + vo 5 Catat (e —xp) + y(xl,xo,x_l)(x—x0)<x ‘——2‘—1

Y(wg, By, o, 1) T Y@y, Tg, X1, %_3)
2

(x— 3N —2o)(w—2_y)

Ty + x_o
+ y(®g, Ty, Xo, Ty, T_p)(x — Xp) (@ — @) (& — % 1) <90 - 5

is another way of writing the collocation polynomial, by verifying
plxr) =y, for k=-2,—-1,0,1,2

This is a generalization of Stirling’s formula for unequal spacing. It can be extended to higher
degree. Bessel’s formula and others can also be generalized.

Show that for arguments which are equally spaced, so that z,.,— 2, =k, we have

Y2y, X1, + .., 2,) = Aty/n!hn

Divided differences with two or more arguments equal can be defined by limiting processes. For
example, y(x,, ) can be defined as lim y(x, x;), where limx = x;, This implies that
. Y@ —y,
y(xg, Tg) = hm—x:T = y'(x)
Verify this directly when y(z) =22 by showing that in this case y(x,%y) =+ x, so that
lim y(x, 2y) = y'(xo) = 2. Also verify it directly when y(x) = 23 by showing first that in this
case y(x, ¥y = 22+ xxy + xp.

In the second divided difference (e, w) — (g, )

y(xO! x, xz) = © — 2,
f@) = flwy) .
the right side may be viewed as having the form —%—_7—0 with z, considered a constant. If
lim 2 = zy, we define 0
y(xg, g, o) = lim y(xg, 2, )
This implies that Y(@g, 2oy 29) = Y3, 35) | @ =

Verify this directly when y(x) = z3 by shoWing first that in this case

ylxg, &, %5) = 2+ g+ 2, while  ylx,x) = a2 + x25 + x2



64

9.21.

9.22.

9.23.

9.24.

9.25.

9.26.

8.217,

DIVIDED DIFFERENCES- [CHAP. 9

Argue as in the previous problem to prove
Y@p, %oy o, 2n) = Yoy ooy By By B 1 -y ) | X = 2y
for £=0,...,n (By the symmetry of divided differences it is enough to treat the case k = 0.)

Prove that Newton’s divided difference formula
p(e) = Yo + (w—2g)ylag, 2y) + (w—20)(w— ) Y(wg, @y, x5)
+ e A (@) — %y y) Yy, ..., %)

represents the collocation polynomial (that is, it takes the values p(x;) =y, for k=0,...,n) in
the following alternate way. From the definition of divided differences, for any argument =z
between x, and z,,

y(x) = Yo + (x— ) y(w, xp)
Yo, wg) = ylwg,wq) + (@ —xy) ylo, 24, 27)
y{@, g, 21) =  yl(wg, ¥, Xy) + (@ — 23) (2, g, Ty, 2y)
yle, 2o, o xyy) = Y@y, .8y (-2 Y, g, L., 0)

Multiply the second equation by (x — 2,), the third by (x — x,)(x — «,), and so on, the last equation
being multiplied by (x— 2o — ;) -*(x—x,_;). Then add the resulting equations together.
There is extensive cancellation, with the result

y(@) = yo + (x— @) y(wg, ;) + (& — zo)(@— x;) ylzg, 1, )
T F @ mg e @) (@) Y@ L, 0,) + R
where the “remainder term” R is

R = y(x, 2, ..., 20— %) - (x — x,)

When « is one of the arguments z, the first factor of R reduces to a derivative (by the previous
problem) and the factor (x; — ;) makes R = 0. This proves p(z,) =y, and verifies Newton’s
formula.

We now have two representations of the difference y(z)— p(x) where y(x) is a given function and

p(x) the collocation polynomial, one being the R of the previous problem, the other being :
y(n+1)(£)
(n+1)!

which we found earlier. These must, of course, be the same. Use this fact to prove

_ y(n+1)(£)
y(x,aco,...,x,,,) — W

7(2)

which relates the divided difference to a derivative.

Assuming continuity of ¥ and y(» 71, let all arguments approach x, in the previous problem to prove

y(n-l- 1)(x0)
(g oy - - ., %g) = NCESTIR
Here ¢ must lie between x; and «,.
Problem 9.23 with one fewer argument shows that
y (g
Y@, g, o, By} = T

Letting « = x, and rearranging arguments (symmetry permits this),

y™m(E)

n!
where ¢ lies between x, and ,. Compare this with the results of Problem 9.18 to obtain
Amyg = y™(§) hn.

y(mOr Lps vy xn) =

Show that if the derivatives (%) have a bound independent of n, then for small h the differences
of y will have limit zero for n — «. This extends the simpler result for polynomials.

For ylz) =log® we find y™(z) = (=1)n*im—1la"n Show that for small h the early differences
of y will decrease, but higher differences will oscillate with increasing size. (So differences do not

always have limit zero for n— «.)




Chapter 10

Osculating Polynomials

Osculating polynomials not only agree in value with a given function at specified argu-
ments, which is the idea of collocation, but their derivatives up to some order also match
the derivatives of the given function, usually at the same arguments. Thus for the simplest
osculation, we require .

plak) = ylxe), p(xx) = y¥(xx)

for k=0,1,...,n. In the language of geometry, this makes the curves representing our
two functions tangent to each other at these n + 1 points. Higher order osculation would
also require p”(xx) = y”(2x), and so on. The corresponding curves then have what is
called contact of higher order. The existence and uniqueness of osculating polynomials can
be proved by methods resembling those used with the simpler collocation polynomials.

Hermite’s formula, for example, exhibits a polynomial of degree 2n + 1 or less which
has first order osculation. It has the form

M=

p(x) = Ui(x)yi + i=io Vi(x)l/i/

i

i=0
where y, and ¥/ are the values of the given function and its derivative at x;. The functions
Ui(z) and Vi(z) are polynomials having properties similar to those of the Lagrange multi-

pliers Li(x) presented earlier. In fact,
Ui(z) = [1-2Li(z)(@ — o)) [L)]
Vi(x) = (z— 2)[Li(x)]®
The error of Hermite's formula can be expressed in a form resembling that of the collocation

error but with a higher order derivative, an indication of the greater accuracy obtainable

by osculation. The error is

vo) = pa) = I e

A method of undetermined coefficients may be used to obtain polynomials having higher
order osculation. For example, taking p(z) in standard form
p(x) = Co+ 1T + C2x® + + - F Cona2 2" T2

and requiring p(x,) =1y, v’'(x,) =y, p” (%) =¥ for the arguments 2, ...,%» leads to
3n + 3 equations for the 3n + 3 coefficients ¢;. Needless to say, for large n this will be a
large system of equations. The methods of a later chapter may be used to solve such a
system. In certain cases special devices may be used to effect simplifications.

65
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10.1.

10.2.

10.3.

OSCULATING POLYNOMIALS . [CHAP. 10

Solved Problems

Verify that p(z) = X Ui(x)y: + > Vi(z)y, will be a polynomial of degree 2n+1
=0 1=0
or less, satisfying »(x,) = y,, p’(%,) = y] provided:
(@) Ui(x) and Vi(x) are polynomials of degree 2n + 1
(b) Ui(xk) = 8, Vi(xk) =0
(C) Uf(xk) =0, V{(wk) = di
0 for i #k
where 8y = . .
1 fori=k

The degree issue is obvious, since an additive combination of polynomials of given degree is a
polynomial of the same or lower degree. Substituting » = %, we have

pg) = U@y +0 = i
and similarly substituting « = z;, into p’(x),

play) = Vil@yr = vk
all other terms being zero.

Recalling that the Lagrangian multiplier Li(x) satisfies Li(xx) = 8i&, show that
Ui(z) = [1-2Li(z)(x —z)][L(@)]2,  Vil@) = (@ —xs)[La()]?

meet the requirements listed in Problem 10.1.

Since Ly(x) is of degree n, its square has degree 2n and both U;(x) and V;(x) are of degree
2n + 1. For the second requirement we note that U;(x;) = V(%) = 0 for k # 4, since L(x;) = 0.
Also, substituting = = «;,
Ulwy) = [Ly=p}2 = 1,  Vi(x) =0
so that U,(x,) = & and V;(x;) = 0. Next calculate the derivatives
Ulw) = [1—2L{(x;)(x — x;)] 2Lix) L;(x) — 2Li(x;) [Ly(x)]?

Vi) = (@ — ) 2L; (@) Li() + [Ly(®)]?

{

At once Uj(wg) =0 and Vi(x,) =0 for k+1i because of the Li(x)) factor. And for =« =,
U(x;) = 2L{(x;) ~ 2L{(x;) = 0 since Ly(x;) = 1. Finally; V(&) = [Ly(¢)]2 = 1. The Hermite for-
mula is therefore

plx) = [1—2L; () (x — %)) [Li()]2y; + (@ — @) [Ly(e)]2y;

n
i=0

A switching path between parallel rail- (4,2)
road tracks is to be a cubic polynomial
joining positions (0, 0) and (4, 2) and tan-
gent to the lines ¥y =0 and y =2, as
. . iy \,.._(.0’. )
shown in Fig. 10-1. Apply Hermite's e
formula to produce this polynomial. Fig.10-1

The specifications ask for a cubic polynomial matching this data.

!

X Yk Yr

0 0
0
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10.4.

10.5.

10.6.

With n =1, we have

— % T % ’ 1 ’ 1
, L = L = y =
v — 1) %, — g o(®) v — @, Ly(=) %, — %

Ly(x) =

and substituting into Hermite’s formula (only the y; term need be computed since y, = y§ = y1 = 0),

2
plw) = [1—21:3]@:8} 2 = 16— a)a?

The significance of this switching path is, of course, that it provides a smooth journey. Being
tangent to both of the parallel tracks, there are no sudden changes of direction, no corners. Since
p"'(0) and p”’(4) are not zero, there are, however, discontinuities in curvature. (But see Problem 10.7.)

Obtain a formula for the difference between y(z) and its polynomial approximation
p().

The derivation is very similar to that for the simpler collocation polynomial, Since y(x) = p(x)
and ¥'(x) = p’(x) at the arguments «,, ...,%, we anticipate a result of the form

y(x) — p(x) = Cln(x)]?
where =#(x) = (¥ —2y) (¢ —x,) as before. Accordingly we define the function
F(x) = y(x) — p(x) — Clx(x)]2
which has F(x,) = F'(x,) =0 for k=0,...,n. By choosing any new argument x,, in the in-
terval between x, and x,, and making
C = [ylw,1q) — p@y 4 D)/ [7(0y 1 1)]?

we also make F(x,.;) = 0. Since F(x) now has n + 2 zeros at least, F'(x) will have n + 1 zeros
at intermediate points. It also has zeros at w;, ...,%,, making 2n + 2 zeros in all. This implies
that F”/(x) has 2n + 1 zeros at least. Successive applications of Rolle’s theorem now show that
F"'(x) has 2n zeros at least, F''"/(x) has 2n — 1 zeros, and so on to F(2n+2)(x) which is guaranteed
at least one zero in the interval between z, and «,, say at « = ¢. Calculating this derivative, we get

Fent2)(f) = yQRutd() — C2rn+2)! = 0

which can be solved for C. Substituting back,

y(2n+2)(£) 2

Yley ) — p@py) = m [y +1)]

Recalling that «,,; can be any argument other than z, ..., %, and noticing that this result is even
true for wy, . ..,#, (both sides being zero), we replace x,,; by the simpler «:

@n+2(g)

y®) — p(x) = %%Tz(ﬁl [7(2)]?

Prove that only one polynomial can meet the specifications of Problem 10.1.

Suppose there were two. Since they must share common ¥, and y; values at the arguments xy,
we may choose one of them as the p(x) of Problem 10.4 and the other as the y(z). In other words,
we may view one polynomial as an approximation to the other. But since y(x) is now a polynomial
of degree 2n + 1, it follows that y(2n+2)(¢) is zero. Thus y(z) is identical with p(x), and our two
polynomials are actually one and the same.

How can a polynomial be found which matches the following data?

z, Y, Y, Yy

, Y, Yy vy
In other words, at two arguments the values of the polynomial and its first two de-
rivatives are specified.

Assume for simplieity that xy = 0. If this is not true, then a shift of argument easily achieves

it. Let
px) = yo+ ayp + Ladyy + Aw? + Bat + Cab
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with A4,B and C to be determined. At =z = x, = 0 the specifications have already been met. At
x = x; they require 4
Az} + Bat + Caf = yy ~ yo — myyh — yalyy

3445 + 4Ba] + 5Cx = yi — v} — vl
6Ax; + 12Bxf + 20Ca} = y — vy

These three equations determine A, B, C' uniquely.

10.7. A switching path between parallel railroad tracks is to join positions (0,0) and (4, 2).
To avoid discontinuities in both direction and curvature the following specifications
are made.

@ | Yk | Yk | UK

0 0 0 0
0

Find a polynomial which meets these specifications.
Applying the procedure of Problem 10.6,
p(x) = Awd + Bt + Cub
the quadratic portion vanishing entirely. At z; =4 we find
64A + 256B + 1024C = 2, 484 + 256B + 1280C = 0, 244 + 192B + 1280C = 0
from which A = 40/128, B = —15/128, C = 24/128. Substituting, p(x) = 5;—6(80903 — 80x¢ + 3x5).

Supplementary Problems

10.8. Apply Hermite’s formula to find a cubic polynomial which meets these specifications.

L Yi Y
0 0 0
1

This can be viewed as a switching path between non-parallel tracks.

10.9. Apply Hermite’s formula to find a polynomial which meets these specifications.

L Y, Vi

0 0

10.10. Apply the method of Problem 10.6 to find a fifth degree polynomial which meets these specifications.

L Y Y Ui

0 0 0 0
1 1 0

This is a smoother switching path than that of Problem 10.8.
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10.11.

10.12.

10.13.

10.14.

10.15.

10.16.

10.17.

Find two second degree polynomials, one having p,(0)=p;(0)=0, the other having py(4)=2,
p3(4) = 0, both passing through (2, 1), as shown in Fig. 10-2. Show that p{(2) =p}(2) so that a pair
of parabolic arcs also serves as a switching path between parallel tracks, as well as the cubic of
Problem 10.3.

(0,0)

Fig.10-2

Find two fourth degree polynomials, one having p(0)=p;(0) =p{(0)=0, the other having
Dy(4) =2, pp(4) = p4'(4) =0, both passing through (2,1) with »{(2)=p4(2)=0. This is another
switching path for which direction and curvature are free of discontinuities, like the fifth degree
polynomial of Problem 10.7. Verify this by showing that first and second derivatives agree on both
sides of (0,0), (2,1) and (4, 2) where the four pieces of track are butted together.

From Hermite's formula for two point osculation derive the midpoint formula
P12 = %(?!o +y) + %L(y(') —v1)
where L = x; — %,.

Show that the error of the formula in Problem 10.18 is L*y)(¢)/384.

Find a polynomial of degree four which meets the following conditions.

Ly Yi Yi
0 1 0
0 -

2 9 24

Note that one of the y; values is not available,

Find a polynomial of degree four which meets these conditions.

' ’”
£23 Y Yk Yx

0 1 —1 0
2 7 -

Find a polynomial of degree three which meets these conditions.

144
L Y Yi

0 1 —2
1 1 4




Chapter 11

The Taylor Polynomial

TAYLOR POLYNOMIAL

The Taylor polynomial is the ultimate in osculation. For a single argument 2z, the
values of the polynomial and its first » derivatives are required to match those of a given
function y(z). That is,

pP(xo) = yP(xo) for i=0,1,...,n

The existence and uniqueness of such a polynomial will be proved, and are classical results
of analysis. The Taylor formula settles the existence issue directly, by exhibiting such a
polynomial in the form

pz) = ;0 YT (i — gy

The error of the Taylor polynomial, when viewed as an approximation to y(x), can be
expressed by the integral formula

W@ — @) = o v aydeo

Lagrange’s error formula may be deduced by applying a mean value theorem to the

integral formula. It is

we) = o) = PEHE @ —a

and clearly resembles our error formulas of collocation and osculation.

If the derivatives of y(x) are bounded independently of 7, then either error formula
serves to estimate the degree n required to reduce {y(x) — p(x)| below a prescribed tolerance
over a given interval of arguments x.

Analytic functions have the property that, for » tending to infinity, the above error of
approximation has limit zero for all arguments x in a given interval. Such functions are
then represented by the Taylor series

wo) = F I e

The binomial series is an especially important case of Taylor series. For -1 <z <1

we have "
[ p i
(1+z)p = §)<Z>x

DIFFERENTIATION OPERATOR D
The differentiation operator D is defined by

. d
D—h%

70
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The exponential operator may then be defined by
e = io kD!
and the Taylor series in operator form becon;(_es
Y(@x) = €PYo(o)
The relationship between D and A may be expressed in either of the forms
A+1 = e° D = A —(1/2)a% + (1/3)a® —
both of which involve “infinite series” operators.

The Euler transformation is another useful relationship between infinite series op-
erators. It may be written as

A+ E)" = (1/2)[1 — (1/2)a + (1/4)a% — (1/8)A% + - - -]
by using the binomial series.

The Bernoulli numbers B; are defined by

z &l .
ee—1 - 27“

Actually expanding the left side into its Taylor series we shall find Bo=1, By=-—1/2,
B: = 1/6, and so on. These numbers occur in various operator equations. For example,
the indefinite summation operator A~! is defined by

AF = yx, Fi. = A 'y

and is related to D by ATt = D! E B.D!

7,07/

where the B; are Bernoulli numbers. The operator D~! is the familiar indefinite integral
operator.

The Euler-Maclaurin formula may be deduced from the previous relationship,
n—1 n 1 h
Sy = vk - o-w) ¢ pg-w) +
i=0

and is often used for the evaluation of either sums or integrals.

The powers of D may be expressed in terms of the central difference operator 8 by
using Taylor series. Some examples are the following.

1 12.22 12.22.32 ;
D = <8——§83 s - a8 >
1 1 1 1
— 2 . 4 _— 86 8 0 __ ..
Dt = 8 — 158 + 558 — 550 T 31500
1 7 >
3 — JE e \Y: 1 T ...
D = ,L<s 15+ 150
Dt = 84_136 —7—88—

6 240
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11.1.

11.2,

11.3.

THE TAYLOR POLYNOMIAL [CHAP. 11

Solved Problems

Find the polynomial p(x), of degree n or less, which together with its first n deriva-
tives takes the values y, ¥V, ¥{®, ..., ¥ for the argument wo.

A polynomial of degree n can be written
p(x) = ag+ ay(x—xg) + -0+ ale—xy)”

Successive differentiations produce

pWx) = a; + 2a5(x —zy) + - + na,le—xynt
p@D(x) = 205 + 3°2ag(x—xy) + -+ + nn—Da,(r— a2
p™(z) = mnla,

The specifications then require
p(xo) = 0y = Yo p(l)(mo) =a, = y(()l), p(2)(x0) = 2(12 = y‘_fZ), e p(n)(xo) =n! a, = y(()n)
Solving for the a, coefficients and substituting

1 LS|
p(x) = Yo + y(()l)(x-—xo) e 4 my(()n)(x—mo)n = igo.—

U~ )

Find a polynomial p(z) of degree n, such that, at o =0, p(x) and e* agree in value
together with their first n derivatives.

Since for e* derivatives of all orders are also e=,

Yo = yo(l) = y(§2) = es. = y(()n) =1
The Taylor polynomial can then be written
(m) — ﬁlxn —_ 1+ +_1_ 2+lx3+-..+_1_xn
Pl = eu® = TV TS n!

Consider a second function y(x) also having the specifications of Problem 11.1. We
shall think of p(x) as a polynomial approximation to y(x). Obtain a formula for the
difference y(x) — p(z) in integral form, assuming y*¥(x) continuous between x, and .

Here it is convenient to use a different procedure from that which led us to error estimates for
the collocation and osculating polynomials. We start by temporarily calling the difference R,

B = y(x) — p(»)
or in full detail

Rlx,xg) = ylx) — ylwy) — y'{xg)(x —xp) — %y”(xo)(m—xo)“’ - = %y(")(xo)(x—xo)n

This actually defines E as a function of # and x; Calculating the derivative of E relative to wy,
holding x fixed, we find

B(z,xp) = —y'(w) + v'lag) — y'(@o)@—xg) + v (xo)(x — o)
- %y'"(xo)(x —x)2 + e — ni!y("“’(wo)(x — )"
1

= -5 YD (o) (2 — xo)”

since differentiation of the second factor in each product cancels the result of differentiating the
first factor in the previous product. Only the very last term penetrates through. Having differen-
tiated relative to «,, we reverse direction and integrate relative to x, to recover R.

To
R(x,x5) = "% f ym+FD) (e — )" du + constant
) x

By the original definition of B, R(z,,%,) =0 and the constant of integration is 0. Reversing the
limits,
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11.4.

11.5.

11.6.

11.7.

11.8.

e
R(x,2y) = %f YD) — u)m du
Lo

which is known as an integral form of the error.

Obtain Lagrange’s form of the error from the integral form.

Here we use a mean value theorem of calculus, which says that if f(x) is continuous and w(x)
does not change sign in the interval (a, b) then

b b
f f@)wx) de = f(é)f w{x) dw

where ¢ is between ¢ and b. Choosing w(x) = (x — xy)?, we easily get
1

(n+1)!

where ¢ is between x, and 2 but otherwise unknown. This form of the error is very popular because

of its close resemblance to the terms of the Taylor polynomial. Except for a ¢ in place of an z it
would be the term which produced the Taylor polynomial of next higher degree.

B(x, ) T Y (O — )+t

Estimate the degree of a Taylor polynomial for the function y(x)=e*, with 2z, =0,
which guarantees approximations correct to three decimal places for —1 < <1,
To six decimal places.

By the Lagrange formula for the error,

e
— — = T

lez — p(w)| |R] = m+ 1!

For three place acceuracy this should not exceed .0005, a condition which is satisfied for » =7 or

higher. The polynomial

@t

1
m

e

plx) =

1

is therefore adequate. Similarly, for six place accuracy |R] should not exceed .0000005, which will
be true for »n = 10.

The operator D is defined by D =& —. What is the result of applying the successive
powers of D to y(x)?

We have at once Diy(x) = ht y®(x).

Express the Taylor polynomial in operator symbolism.

Let ®—xy = kh. This is the symbolism we have used earlier, with «, now abbreviated to .
Then direct substitution into the Taylor polynomial of Problem 11.1 brings

n n n

1 ) |
p(x) — igo —@_! y(gt)(x — xo)t = 2 y(”klh1 = ig() ﬂk’D‘Z/(xo)

A common way of rewriting this result is
n
1
o = [ 30 vt
or in terms of the integer variable k alone as

& 1
P = [E ‘i—,kiDi]yo
i=0 -
where as usual p(x,) = py.

A function y(z) is called analytic on the interval |z — x| = ¢ if as n~> o,

lim R(z, %) = 0
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11.9.

11.10.

11.11.

11.12.

11.13.

THE TAYLOR POLYNOMIAL [CHAP. 11

for all arguments x in the interval. It is then customary to write y(x) as an infinite
series, called a Taylor series

y(x) = limp(x) = 1

/’/1

"M8

y(l)(x xo)
Express this in operator form,
0
Proceeding just as in Problem 11.7, we find y(x,) = ['Eo %,kle:\ Yo This is our first “in-
i= .

finite series operator.” The arithmetic of such operators is not so easy to justify as was the case
with the simpler operators used earlier.

The operator 2 is defined by P = E
operator.

kD!, Write the Taylor series using this

We have at once y(z) = e*¥Py,.

Prove e? = F.

By Problem 11.9 with k=1 and the definition of &, y(z,) =y, =Fyy= ePy, making
E = D,

Develop the Taylor series for y(z)=In(1+=z), using 2o = 0.
The derivatives are y@(x) = (=1)it1(i—1)1/(1+ =)} so that y@®(0) = (—1)i+1({—1)!. Since
¥(0) = In1 =0, we have

o 1)1+1 .
y) = In(l4+2) = E = & — Ju? + Lad — Lot + -

The familiar ratio test shows this to be convergent for —1 < x < 1. It does not, however, prove
that the series equals In(1+ x). To prove this let p(x) represent the Taylor polynomial, of degree
n. Then by the Lagrange formula for the error,

I+ = )| 5 oty e

For simplicity consider only the interval 0 = x < 1. The series is applied mostly to this interval
anyway. Then the error can be estimated by replacing ¢ by 0 and =z by 1 to give |In (1 + =) —

plz)| = poar and this does have limit 0. Thus lmp(x) =1ln (1 + ), which was our objective.

Estimate the degree of a Taylor polynomial for the function y(x) =In(1+=x), with
2o = 0, which guarantees three decimal place accuracy for 0 <z < 1.

By the Lagrange formula for the error,

= 1 a2 1
n@+e) —p@) | = GEoT A+ T = wEd

Three place accuracy requires that this not exceed .0005, which is satisfied for = = 2000 or higher.
A polynomial of degree 2000 would be needed! This is an example of a slowly convergent series.

Express the operator D in terms of the operator A.
From e =FE we find D = nE = In(1+4) = A— 1A2 4+ A3 — JA% 4 -+,

The validity of this calculation is surely open to suspicion, and any application of it must be
carefully checked. It suggests that the final series operator will produce the same result as the

operator D.
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11.14.

11.15.

11.16.

11.17.

Express y(x) = (1 +x)*» as a Taylor series.

For p a positive integer this is the binomial theorem of algebra. For other values of p it is the
binomial series. Its applications are extensive. We easily find

yD(x) = pp—1)-(p—i+ DA +2)p"t = pO(1l+x)p—t
where p( is again the factorial polynomial. Choosing =, = 0
y@®(0) = p®
and substituting into the Taylor series,
o0 o0
Pt p :
o) = FEe = 3 (1)
i=b =
where (f) is the generalized binomial coefficient. The convergence of this series to y(x) for
—1 <@ <1 can be demonstrated.

Use the binomial series to derive the Euler transformation.

The Euler transformation is an extensive rearrangement of the alternating series S = aq—
o+ ay— ag+ - - - which we rewrite as

S =(1—E+E2—E3+-]ay = [L+E]"la,

by the binomial theorem with p = —1. The operator [1+ F]~1 may be interpreted as the inverse
operator of 1+ E. A second application of the binomial theorem now follows.
S = [1+B-lay = [24a-1q, = L[142]"
= | [7lay = | |7tay = E 3 g
_ 1 A2__A_3 = Lf, 1 1 og — Las
= 2‘:1 =+ 8+ }ao = 2|:a0 2Aa0+4Aao 8Aa0+

Our derivation of this formula has been a somewhat optimistic application of operator arithmetic.
No general, easy-to-apply criterion for insuring its validity exists, but see Problem 11.38 and
applications given in Chapter 17.

The Bernoulli numbers are defined to be the numbers B; in the following series

0 1 )
y(x) = w/(e"—1) = 2 7iBa’
Find Bo, .. .,Bm. i=0 " *
The Taylor series requires that y®(0) = B;, but it is easier in this case to proceed differently.
Multiplying by ¢* — 1 and using the Taylor series for e*, we get
® = (x+ 3?2+ dad+ - ) (Bo+ B+ Bya? + { B3 + - -)
Now comparing the coefficients of the successive powers of =z,
By =1, BI:—%, By=14, B;=0, B, =3, B; =0,
1 5
Bg = 42, By =0, By=—55, Bg=0, Byp=¢;

The process could be continued in an obvious way.

Suppose AFyx =y Then an inverse operator A~ can be defined by

Fr = Ay,
This inverse operator is “indefinite’” in that for given ¥ the numbers Fy are deter-
mined except for an arbitrary additive constant. For example, in the following table
the numbers yx are listed as first differences. Show that the number F's can be chosen
arbitrarily and that the other Fi numbers are then determined.

F. | P,

Yk Yo Yy Ys Y3 Yy
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We have at once
Fy = Fo+ yo Fo = Fit+y, = Fotyp+ vy, Fg = Fot+ys, = Fo+yo+y+

k—1
and in general Fj, = Fy+ 3 y; The requirements plainly hold for an arbitrary F,, and the
i=0

analogy with indefinite integration is apparent.

11.18. Obtain a formula for A~—! in terms of the operator D.

The result ¢? =1+ A suggests
ATl = (eP—1)~"1 = D~1[D(eP ~1)71]

where D~1 is an indefinite integral operator, an inverse of D. From the definition of Bernoulli
numbers,

2 1
A—l = D—IE_—'BiDi
i=0 *
= D 11—4D+ LD?— D4+ -] = D=1 — 1 + D — D8 + -+

As always with the indefinite integral (and here we also have an indefinite summation) the
presence of an additive constant may be assumed.

11.19. Derive the Euler-Maclaurin formula operationally.

Combining the results of the previous two problems, we have

k—1
F, = A ly, = Fy+ .20 Yi
=
F, = [D1=31+ 1D —D3+ -]y,
From the first of these,
n—1
F, — F, = 20 i
=
while from the second,
1 (™ 1 h k3 3
Fop—Fy = zfx y(@)de — SWn—vo) T 50— ¥0) — 5 @ — ) + -
0

so that finally,
n—1 1 Ty 1 h
— - _ = —_ - t o o .
z=20 vo= g fxo y(@) de — 5 W=y + W —vo) +

which is the Euler-Maclaurin formula. The operator arithmetic used in this derivation is clearly
in need of supporting logic, but the result is useful in spite of its questionable pedigree, and in spite
of the fact that the series obtained is usually not convergent.
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11.20.

11.21.

11.22.

11.23.

11.24.

11.25,

11.26.

11.27.

11.28.

11.29,

11.30.

11.31.

11.32.

11.33.

Supplementary Problems

Find the Taylor polynomials of degree n for sin x and cos @, using z, = 0.

Express the error term in Lagrange’s form, for both sin x and cos z. Show that as n > = this
error has limit 0 for any argument .

For what value of n will the Taylor polynomial approximate sin « correctly to three decimal places
for 0 <a<#/27

For what value of n will the Taylor polynomial approximate cos x correctly to three decimal places
for 0 <2 <#/2? To six decimal places?

Express the operator A as a series operator in D.

The functions sinh £ and cosh x are defined by

p— - T - - X
sinhax = gx——é—e—, coshy = g_-iz_e__
Show that their Taylor series are
o 1 o4 h i 1 oo
3 = 11 —_ by
sinh 2 1§0 TS 2+l cosh « 2 @1 @

Show by operator arithmetic that § = 2 sinh 4D, p = coshD.

Use the binomial series to express A = 182 + §V1 + 182 as a series in powers of §, through the
term in 87,

Combine the results of Problems 11.13 and 11.27 to express D as a series in powers of §, verifying

these terms through §7.
_ 12 1232 12+82.52
D = 8 —grgi¥ tams® ™ w0 T

Verify these terms of a Taylor series for D2,
1 1 1
2 = §2 — 4 — 10 — ...
b 88 =58+ 559° ~ 550 +31508

by squaring the result of Problem 11.28 and collecting the various powers of 8.

The formula of Problem 11.28, if applied to y,, would require unlisted data such as y,,,, y3,2, ete.
Modify this formula by multiplying by x/V1+ 152, which is 1, to obtain

2 292 2492432
D = <3__1_53_|_12 12387+"'>

31 ! 7!
which may be applied directly to y,.

Prove D3 = u(83—%35+m87" <o)

Prove D* = 84— —86 + ;;088 -

k252 K2(k2 —1)8¢ " k2(k2 — 1)(k2 — 4)58

21 4 61 T

Verify: coshkD — 1 +
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11.34.

11.35.

11.36.

11.37.

11.38.
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kE+1 k+ 2 k+ 3
Verify: Jz?nhthD = k+< 3 >32+< 5 >54+< j{‘ >56+...

Find terms through 8% of the Taylor series for u8/D.
Find terms through §6 of the Taylor series for 8/uD.

Find terms through §6 of the Taylor series for §2/D2,

Consider the finite sum n—1 n—1
S, = 3 etk = I ol
k=0 K=0
where v, = (1 —¢k)/(1 —¢). Show that summation by parts leads to
1 — ¢n 1 n—1 t n—1
S :a-———>—— Aa, + T— tk Aa
" n<1*t l_tkgo g 1_tk§0 §
and since the first sum on the right is simply «a, — a;,
a a, tn n—1
Sy = R + t 2 tk Aa,

1—t 1—t 1—t,5

Notice that the last term has the same form as the original sum, with A, in place of a.

summation by parts to this last term to obtain

B ag t Aag gl ks a,tn 1 Aagnt!
Sw = TTr Ut uT T Ao N T o T 1o 1=

Continuing through r such summations by parts, show that

_ 1 r—1 ¢ i' / t >rn—1 . m r—1 ¢ ii
Su = T-—_ti§0<1—t Aay T kgot/yak 1“ti§0 T—¢) %"

Apply

If for »n tending to infinity we have lim S, = S, show that the last term has limit zero, making

1 r—1 t i ¢ T ®
= — i - k
S 1—ti§o<1_t>Ala0 " <1“f> k§0t AT

If now r tends to infinity, and if it is assumed that the final term has limit zero, then a generalized
Euler formula appears. Put £ = —1 to obtain the special case derived in Problem 11.15. We have
here a test for the validity of the Euler formula, namely, the convergence of the original sums to
S and the vanishing in the limit of the final term exhibited. Unfortunately the latter is not always
easy to decide. Moreover, the Euler formula has also been found helpful when lim S, fails to exist.



Chapter 12

Interpolation and Prediction

APPLICATIONS OF POLYNOMIAL APPROXIMATION

Applications of polynomial approximation will now be presented systematically, pre-
vious chapters having consisted almost entirely of supporting theory.

1. Interpolation requires estimating the values of a function y(x) for arguments between
Zo,. .., %n at which the values ¥, . .., ¥ are known.

2. Inwverse interpolation involves estimating the argument x which corresponds to a given
value y(z), again assuming the values ¥, . .., ¥» are known.

3. Subtabulation requires the interpolation of numerous values between each pair of argu-
ments 2; and z;+1. Often, for example, the original interval % of a table is reduced to
R/10. '

4. Prediction involves estimating values of y(z) outside the interval in which the data
arguments xo, . .., . fall.

METHODS OF SOLUTION

The methods used in solving such problems amount to substituting some polynomial
approximation p(z) for the function y(x). The known values %o, ..., ¥ may be introduced
into any of our polynomial formulas (Newton, Everett, Taylor, etc.) which then becomes
an algorithm to output an approximation to y(x). More specifically:

1. The central difference formulas of Stirling, Bessel and Everett are the backbone of
interpolation work, being used except for arguments very close to the beginning or end
of a table. This is because they use data from both sides of the interpolation argument
x, and in roughly equal amounts. ‘“Common sense” suggests that this is good practice
and a study of the errors involved in interpolation provides logical support. It is
unnecessary to choose the degree of the approximating polynomial in advance. One
simply continues to fit differences from the difference table into appropriate places in
the formula being used, so long as the computation seems to warrant. Since higher
differences ordinarily tend toward zero (see earlier problems) the terms of our formulas
ordinarily diminish to negligible size.

2. The Newton forward formula is usually applied for interpolations near the beginning of
a table. This is because it uses data only on the forward side of interpolation argument
2, the only kind of data available in good supply.

8. The Newton backward formula is the natural choice for interpolation near the end of
a table, for reasons similar to those just mentioned. The two Newton formulas are
especially useful in predictions (outside the data interval) since they then provide con-
venient access to the nearest available data. )

4. The Lagrange formula may also be used for interpolations. It does not require prior
computation of the difference table, but has the disadvantage that the degree of ()
must be chosen at the outset.

79
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Aitken’s method is a more popular alternative to the difference formulas. It does not
require the degree of p(x) to be chosen at the outset. For inverse interpolations, where
the y; values are almost certainly not equally spaced, this method is heavily used.

Osculating polynomials and Taylor’s polynomial also find occasional application to
interpolation problems.

INPUT AND ALGORITHM ERRORS

Input and algorithm errors occur in all these applications. Their impact on the com-

puted outputs can be estimated only up to a point. It is customary to identify three main
error sources.

1.

12.1.

Input errors arise when the given values o, . . ., ¥» are inexact, as experimental or com-
puted values usually are.

Truncation error is the difference y(x) —p(x), which we accept the moment we decide
to use a polynomial approximation. This error has been found earlier to be

Ya) = p@) = Y

Though ¢ is unknown, this formula can still be used at times to obtain error bounds.
Truncation error is one type of algorithm error. In prediction problems this error can
be substantial, since the factor =(x) becomes extremely large outside of the interval in
which the data arguments =, ..., 2z, fall. Occasionally it seems useful to introduce
modified differences, which are combinations such as

anyo = 8%y, — Cdy,
in which a second difference has been modified by attaching a small multiple of the cor-
responding fourth difference. The process is also known as throwback of the fourth
difference upon the second. (The idea could be applied to differences of other order as
well.) Under some conditions it has been found that fourth degree polynomials can be
replaced by second degree polynomials by use of such modified differences, the additional
error involved (a second truncation error) being negligible. The simplification achieved
in this way is attractive.

Roundoff errors occur since computers operate with a fixed number of digits and any
excess digits produced in multiplications or divisions are lost. They are another type
of algorithm error.

Solved Problems

Predict the two missing values of yx.

k= x 0 1 2 3 4 5 6 7

Y 1 2 4 8 15 26

This is a simple example, but it will serve to remind us that the basis on which applications
are to be made is polynomial approximation, Calculate some differences.
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12.2.

12.3.

Presumably the missing y, values might be any numbers at all, but the evidence of these differences
points strongly towards a polynomial of degree three, suggesting that the six y, values given and
the two to be predicted all belong to such a polynomial. Accepting this as the basis for prediction,
it is not even necessary to find this collocation polynomial. Adding two more 1’s to the row of third
differences, we quickly supply a 5 and 6 to the row of second differences, a 16 and 22 as new first
differences, and then predict yg = 42, y;, = 64. This is the same data used in Problem 6.12, page
37, where the cubic collocation polynomial was found.

Values of y(z) = \/-a? are listed in Table 12.1, rounded off to four decimal places,
for arguments x = 1.00(.01)1.06. (This means that the arguments run from 1.00 to

1.06 and are equally spaced with % = .01.) Calculate differences to A% and explain
their significance.

The differences are also listed in Table 12.1.

z ylx) = Ve A A2 A3 A A AS
1.00 1.0000
50
1.01 1.0050 0
50 -1
1.02 1.0100 —1 2
49 1 ~3
1.03 1.0149 0 -1 4
49 0 1
1.04 1.0198 0 0
49 0
1.05 1.0247 0
49
1.06 1.0296
Table 12.1

For simplicity, leading zeros are often omitted in recording differences. In this table all dif-
ferences are in the fourth decimal place. Though the square root function is certainly not linear,
the first differences are almost constant, suggesting that over the interval tabulated and to four
place accuracy this function may be accurately approximated by a linear polynomial. The entry
A2 is best considered a unit roundoff error, and its effect on higher differences follows the familiar
binomial coefficient pattern observed in Problem 8.10, page 19. In this situation one would ordinarily
calculate only the first differences. Many familiar functions such as \/E, log «, sinx, ete., have
been tabulated in this way, with arguments so tightly spaced that first differences are almost con-
stant and the function can be accurately approximated by a linear polynomial.

Apply Newton’s forward formula with n =1 to interpolate for 1/1.005.

Newton’s formula reads

k k k
P = Yo Tt <1> Ayy + <2> A%y + -o- <n> A"y

- 1.005 — 1.00 1
Choosing n =1 for a linear approximation we find, with k& = A LIS o1 = 3

p. = 1.0000 + 1(.0050) = 1.0025

This is hardly a surprise. Since we have used a linear collocation polynomial, matching our
y = \/; values at arguments 1.00 and 1.01, we could surely have anticipated this midway result.
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12.4.

12.5.

12.6.

12.7.
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Identify the input information, the algorithm, and the output information for the
computation of Problem 12.3.

Only occasionally will we stop to display these typical ingredients of a numerical analysis prob-
lem. They soon become obvious enough. For this first application, however, it may be useful to
emphasize them in the format of Chapter 1. This is done in Fig. 12-1.

xy = 1.00 Yo = 1.0000 € = g+ .01k
> . > p=1.0025
z =1.006 Ay, = .0050 p = Yo+ (}) Ay
Input information Algorithm Output
information
Fig. 12-1

What would be the effect of usging a higher degree polynomial for the interpolation
of Problem 12.37

An easy computation shows the next several terms of the Newton formula, beginning with the
second difference term, to be approximately .00001. They would not affect our result at all.

Values of y(x) =V/x are listed in Table 12.2, rounded off to five decimal places, for
arguments x = 1.00(.05)1.30. Calculate differences to A® and explain their significance.

The differences are listed in Table 12.2.

x ylx) = 2 A A2 A3 A AB AS
1.00 1.00000
2470
1.05 1.02470 —bh9
2411 5
1.10 1.04881 —54 —1
2357 4 —1
1.15 1.07238 —50 -2 4
2307 2 3
1.20 1.09544 --48 1
2259 3
1.25 1.11803 —45
2214
1.30 1.14017
Table 12.2

Here the error pattern is more confused but the fluctuations of + and — signs in the last three
columns are reminiscent of the effects produced in Problems 3.10 and 3.11, page 19. It may be best
to view these three columns as error effects, not as useful information for computing the square
root function.

Use the data of Problem 12.6 to interpolate for 1/1.01.

Newton’s forward formula is convenient for interpolations near the top of a table. With k=0
at the top entry =, = 1.00, this choice usually leads to diminishing terms and makes the decision
of how many terms to use almost automatic. Substituting into the formula as displayed in Prob-
lem 12.3, with k = (x — x0)/h = (1.01 —1.00)/.05 = 1, we find

Pe = 1.00000 -+ £(.02470) — 2(—.00059) + 15:(.00005)

stopping with this term since it will not affect the fifth decimal place. Notice that this last term
uses the highest order difference which we felt, in Problem 12.6, to be significant for square root
computations. We have not trespassed into columns which were presumably only error effects. The

value p, reduces to
v = 1.000000 + .004940 + .000048 + .000002 = 1.00499

which is actually correct to five places. (It is a good idea to carry an extra decimal place during
computations, if possible, as an effort to control “algorithm errors” described in Chapter 1. In
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12.8.

12.9.

12.10.

machine computations, of course, the number of digits is usually fixed anyway, so this remark
would not apply.)

Use the data of Problem 12.6 to interpolate for 1/1.28.

Here Newton’s backward formula is convenient and most of the remarks made in Problem 12.7
again apply. With k = 0 at the bottom entry x, = 1.30, we have k = (x — xy)/h = (1.28 — 1.30)/.05 =
—2. Substituting into the backward formula (Problem 7.9, page 43)

k(k+1 k(k + 1)(k+2 k(k+1)---(k -1
n = y0+kVy0+—(——é!—)V2y0+L—%————)V3yo+ cee 4 M ) ns tn )V"yo
we obtain pr = 114017 + (—3)(:02214) + (—Z)(—.00045) + (—15)(.00003)

= 1.140170 —~ .008856 + .000054 — .000002 = 1.13137

which is also correct to five places. Exercises of this sort, in which the results can be checked by
other means, are a useful device for testing algorithms. Often an error analysis can be made, but in
difficult problems controlled “test runs” of this sort may be the only available way of choosing a
good algorithm among bad ones.

The previous two problems have treated special cases of the interpolation problem,
working near the top or near the bottom of a table. This problem is more typical in
that data will be available on both sides of the point of interpolation. Interpolate
for 1/1.12 using the data of Problem 12.6.

The central difference formulas are now convenient since they make it easy to use data more
or less equally from both sides. In Problem 12.20 we will see that this also tends to keep the trunca-
tion error small. Everett’s formula will be used. (See Problem 7.28, page 47.)

E+1 E+2
P = <I;>y1+< 3 >521/1+< 5 )84y1+---

E—1 k E+1
(7 (o (3o

where higher order terms have been omitted since we will not need them in this problem. Choosing
k=0 at wx, =110, we have k = (x—wxg)/h = (1.12—1.10)/.05 = Z. Substituting into Everett’s
formula,

Il

Pr <§>(1.07238) + <~1-'2%>(~.00050) + <15if>(~-00002)

3 8 [ _ 1823
_ <“g> (1.04881) — <—1—23> (—.00054) < = >( .00001)

428952 + .000028 + .629286 + .000035

the two highest order terms contributing nothing (as we hoped, since these are drawn from the error
effects columns). Finally p, = 1.05830, which is correct to five places. Notice that the three inter-
polations made in Table 12.2 have all been based on collocation polynomials of degree three.

i

The laboratory’s newest employee has been asked to “look up” the value y(.3333) in
table NBS-AMS 52 of the National Bureau of Standards Applied Mathematics Series.
On the appropriate page of this extensive volume he finds abundant information, a
small part of which is reproduced in Table 12.3. Apply Everett’s formula for the
needed interpolation.

x Y(x) 82
31 .1223 4609 2392
.32 .1266 9105 2378
.33 .1310 5979 2365
34 .1354 5218 2349
.35 .1398 6806 2335

Table 12.3
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12.11.

12.12.

12.13.
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Choosing ¢« = 0 at =z, = .33, we have k = (x —xo)/h = (.3333—.33)/.01 = .33. Writing
Everett’s formula through second differences in the form

o = ky, + (1 —Kk)yo + E 8%y, — E¢8%y,
where E, = (k; Yy and E, = (’3‘), the interpolator will find all ingredients available in tables. For
k = .33, we find E; = —.0490105, £, = .0615395. Then
P = (.33)(.13545218) + (.67)(.13105979)
+ (—.0490105)(.00002349) — (.0615395)(.00002365)
.13250667

This table was prepared with Everett’s formula in mind.

Il

Use the following extract from the table of the arctangent function, NBS-AMS 26, to
obtain arctan 2.682413 to an exotic twelve decimal places.

x arctan x 82
2.682 1.213906 583322 —79909
2.683 1.214028 596946 —79833

We quickly find k& = 413, look up E; = .0641230, E, = —.0570925, and compute
E 8%y, — E 82y, = .000 0000096819
leading to p;, = 1.213 956 984631.

Apply the Lagrange formula to obtain 1/1.12 from the data of Table 12.2.

The Lagrange formula does not require equally spaced arguments. It can of course be applied
to such arguments as a special case, but there are difficulties. The degree of the collocation poly-
nomial must be chosen at the outset. With the Newton, Everett or other difference formulas the
degree can be determined by computing terms until they no longer appear significant. Each term is
an additive correction to terms already accumulated. But with the Lagrange formula a change
of degree involves a completely new computation, of all terms. In Table 12.2 the evidence is strong
that a third degree polynomial is suitable. On this basis we may proceed to choose 29 = 1.05,...,
x3 = 1.20 and substitute into

_ (meme— x) (@ — ®3) (% —~ xo)(2x — o) (20 — 23)
po= (&g — 1) (g — ¥} (g — %) Yo (01 — ) (1 — @) (21 — 23) Y1
(z — zo) (@ — ) {x — ©3) (x — 2g)(x — 2q)(®— 25)

(@2 — 2o)(@g — 2 (wg —w3) V2 T (a3 — wo) (w3 — w) (@3 — %) °
to produce
p = (52)(1.02470) + ($5)(1.04881) + (§5)(1.07238) + (555)(1.09544) = 1.05830

This agrees with the result of Problem 12.9. For equally spaced arguments the Lagrange coeffi-
cients, like the Everett coefficients, are available in tables.

The Aitken procedure has an advantage over Lagrange’s formula. Like the difference
formulas, it gives an indication of what degree polynomial to choose. Apply this
method to find 1/1.12.

Proceeding as described in Problems 8.6-8.9, pages 55-56, we obtain the results in Table 12.4.

X Y
1.05 1.02470 —.07
1.10 1.04881 1.05845 —.02
1.15 1.07238 1.05808 1.05830 .03
1.20 1.09544 1.05771 1.05830 1.05830 .08

Table 124

The entries on the upper diagonal serve as successive approximations to the result, so that we
may stop when we have the accuracy anticipated. Here the value 1.05830 once again appears.
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12.14.

12.15.

12.16.

The problem of inverse interpolation reverses the roles of xx and y.. We may view
the yx numbers as arguments and the a; as values. Clearly the new arguments are
not usually equally spaced. Given that /x = 1.05, use the data of Table 12.2, page 82,
to find 2.

Since we could easily find = (1.05)2 =1.1025 by a simple multiplication, this is plainly

another “test case” of our available algorithms. Since it applies to unequally spaced arguments,
suppose we use Lagrange’s formula. Interchanging the roles of « and v,

(v — ¥1)W — y2)(y — ¥s) (y — yo) ¥ — ¥2) (¥ — ¥)
Wo— ¥1)(Wo — ¥2) (W — ¥3) %o (Y1 — Yo)y1 — ¥2)(y1 — ¥3) o1

W=y —y)y—ys) . Y — Y)Yy — y1)¥ — ¥y .
W= ) Ws— ) Wa—v3) 2 Ws—Yo)Ws—y)Wa—vs) °

With the same four y, %, pairs used in Problem 12.12, this becomes
p = (—.014882)1.05 + (.97095)1.10 + (.052790)1.15 + (—.008858)1.20 = 1.1025

as expected. The same result can be found by Aitken’s method.

Apply Eveiett’s formula to the inverse interpolation problem just solved.

Since the Everett formula requires equally spaced arguments, we return x and y to their
original roles. Writing Everett’s formula as

1.05 = k(1.07238) + <k —g 1> (—.00050) + <k —; 2> (—.00002)

+ (1—k)(1.04881) — <§> (—.00054) — < ’“5’ 1> (—.00001)

we have a fifth degree polynomial equation in k. This is a problem treated extensively in a later
chapter. Here a simple, iterative procedure can be used. First neglect all differences and obtain
a first approximation by solving

1.05 = k(1.07238) + (1 —k)(1.04881)

The result of this linear inverse interpolation is k% = .0505. Insert this value into the 382 terms,
still neglecting the 8¢ terms, and obtain a new approximation from

.050
1.05 = k(1.07238) + < 1'03505> (—.00050) + (1 —k)(1.04881) — < 3 5> (.00054)

This proves to be k% = .0501. Inserting this value into both the 82 and &§* terms then produces
k = .0507. Reintroduced into the 82 and §* terms this last value of % reproduces itself, so we stop.
The corresponding value of « is 1.1025 to four places.

Interpolate for 1/1.125 and 1/1.175 in Table 12.2.

For these arguments which are midway between tabulated arguments, Bessel’s formula has a
strong appeal. First choose k¥ =0 at 2z, = 1.10, making k = (1.125 —1.10)/.05 = 1/2. The Bessel
formula (Problem 7.27, page 49) is

k k41
Py = Yy T <2>/~L62y1/2 + < 1_ >#34y1/2

if we stop at degree four. The odd difference terms disappear entirely because of the factor %k — 1.

Substituting,
P = 1.06060 + (—3)(—.00052) + (2)(—.000015) = 1.06066

with the 8¢ term again making no contribution. Similarly in the second case, with k =0 now at
xo = 1.15, we again have k=1 and find p, = 1.08397. By finding all such midway values, the
size of a table may be doubled. This is a special case of the problem of subtabulation. Clearly any
of our formulas may be applied to subtabulation, providing a more complete table of any desired
density. Generally speaking, the Everett formula is as convenient as any.
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12.17. The problem of subtabulation can also be approached by means of a new difference
operator A, associated with an interval «h, where % is the spacing of the given table,
(Often o« =1/10.) Define A, = E*—1 and then show that

- —(a—2

Ao - al + MAZ -+ MuA3 +
2 6

Also compute Al as a series operator in powers of A.

Since A, = E*~1=(1+4a)*—1, the result for A, follows quickly by the binomial theorem.
Factoring out a4, the binomial theorem may again be applied. For example,

Az = a2A2l:1+(a——1)A+£a———1)(T&Cl)A2+ ]

= a3A3[1+-3—(a2_—1)A+ ]

A‘; a4A4[1+ -]

>
R0
]

only terms through fourth differences being explicitly shown. As usual, the validity of these series
operators remains uncertain, and results obtained from them must be inspected with care.

12.18. Apply Problem 12.17 to subtabulate Table 12.2 for the arguments 2« = 1.00(.01)1.05,
Apply the operators A, and A to y, = 1.00000, with « = 1/5. We find, stopping at cubic terms,
Agyp = 1(.02470) + 52(—.00059) + 155(.00005) = .00499

A2y, = (.04)[(—.00059) — (.9)(.00005)] = —.000024

A2y, = (.008)[.00005] = .000 0004

We now have the layout shown in Table 12.5, higher differences being zero.

2
Ly Y Ace Aa

1.00 1.00000

1.01 —2.4
1.02

1.03

1.04

1.05

Table 125

The second difference column may be filled with —2.4 entries, after which first differences may
be obtained, with the y, values following. The completed result is Table 12.6.

1.00 1.00000

499
1.01 1.00499 49 —92.4
1.02 1.00996 49: —2.4
1.03 1.01490 192 —24
1.04 1.01982 o4

489
1.05 1.02471

Table 12.6

The fact that y(1.05) is incorrect by one unit in the last place shows that in subtabulation work
it is preferable to have the entries in the master table computed to one extra decimal place beyond
what is ultimately required of the completed table.
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12.19.

12.20.

12.21.

In using a collocation polynomial p(x) to compute approximations to a function y(z),
we accept what is called a truncation error, y(x)— p(z). Estimate this error for our
interpolations in Table 12.1, page 81.

The formula for truncation error of a collocation polynomial was derived in Chapter 2 and is

¥@) = pe) = ISy

when the polynomial approximation is of degree n. For Table 12.1 we found = = 1 suitable. The
collocation points may be called x; and «,, leading to this error estimate for linear interpolation:

(= x)(z — 29) E(k—1
y(x) — plx) = 0—21— y»E) = (—2~)h2 y2()
Since h =.01 and y®(x) = —1x=3/2, we have

ly@) — ple)| = —’f%_—l—)(.ooon

For k between 0 and 1, which we arrange for any in-

terpolation by our choice of z,, the quadratic k(k — 1)

has a maximum size of 1/4, at the midpoint k& = 1/2

(see Fig. 12-2). This allows us to complete our E=0 k=1
truncation error estimate,

ly(@) — p(x) | = £;(.0001)

and we discover that it cannot affect the fourth
decimal place. Table 12.1 was prepared with linear
interpolation in mind. The interval A = .01 was
chosen to keep truncation error this small. Fig.12-2

Estimate truncation errors for our computations in Table 12.2, page 82.

Here for the most part we used Everett’s formula for a cubic polynomial. For other cubic
formulas the same error estimate follows. Assuming equally spaced collocation arguments
®_1, o, %1 and x,

o) — oty = BTl EEmEma) .,

(b + k(e — 1)(k — 2)ht yD(£)/24
The polynomial (k+1)k(k—1)(k—2)
has the general shape of Fig, 12-3.
Outside the interval —1 <k <2
it climbs sensationally. Inside

0 < k <1 it does not exceed 9/16, 5\ —
and this is the appropriate part ‘
for interpolation. We now have

for the maximum error in cubic

interpolation, Fig.12-3
[y(x) — p(x) | = & Lhty@P@ = Bkt y ()
For this example k=.05 and y®(w) = —(15/16)z~7/2, and hence |y{w)— p(x)| = ;(.00005) so

that truncation error has not affected our five decimal place calculations.

How large could the interval length % be made in a table of \/5 with a cubic formula
still giving five place accuracy? (Assume 1=1z.)

This sort of question is naturally of interest to table makers. Our truncation error formula
can be written as
ly(x) —p(z)| = () AEDGY

To keep this less than .000005 requires h% < .000228, or very closely h < 1/8. This is somewhat
larger than the A = .05 used in Table 12.1, page 81, but other errors enter our computations, as
will be seen, and it pays to be on the safe side.
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12.22. The previous problem suggests that Tdble 12.2, page 82, may be abbreviated to half
length, if Everett’s cubic polynomial is to be used for interpolations. Find the second dif-
ferences needed in this Everett formula.

The result is Table 12.7, in which first differences may be ignored.

Lk Y 82
1.00 1.06000
1.10 1.04881 4881 —217
4
1.20 1.09544 664 —~191
1.30 1.14017 4473
Table 12.7

12.23. Use Table 12.7 to interpolate for »(1.15).
With Everett’s formula and &k = 1/2,
P = 3(1.09544) — L(—.00191) + £(1.04881) — L:(—.00217) = 1.07238

as listed in Table 12.2. This confirms Problem 12.21 in this instance.

12.24. Estimate the truncation error for a fifth degree formula.

Assume the collocation arguments equally spaced and at k = —2,—1,...,8 as in Everett’s for-
mula. (The position is actually immaterial.)

T k(k — — _
J@) — pla) = (nix;)zy("“)(g) _ (et 2)(k+1) (1;201)(k 2)(k 3)hsy(6)(£)

The numerator factor, for 0 < k < 1, takes a maximum absolute value of 225/64 at k =1/2, as
may easily be verified, making

@) = (@) | S gy e RO

12.25. For the function y(x) = Vz, and 1=z, how large an interval h is consistent with
five place accuracy if Everett’s fifth degree formula is to be used in interpolations?

For this funection, 8 (z) = 9;—4506—11/2 = 9—:745'. Substituting this into the result of the previous

problem, and requiring five place accuracy,

1235 . 945

. =
720 ° 64 .000005

64

leading to h = 1/ approximately. Naturally the interval permitted with fifth degree interpolation
exceeds that for third degree interpolation, but see Problems 12.27-12.31 also.

12.26. For the function y(x) = sin z, how large an interval h is consistent with five place
accuracy if Everett’s fifth degree formula is to be used in interpolations?

For this function y(8)(x) is bounded absolutely by 1, so we need 7§~0~26245 * h8 = 000005, leading
to h = .317. This is the equivalent of 18° intervals, and means that only four values of the sine
function, besides sin 0 and sin 90° are needed to cover this entire basic interval!
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12.27.

12.28.

12.29.

Illustrate the ideas of modified differences and throwback.

Three typical terms of Everett’s fifth degree formula are

k k+1 k+2 (k2 —1 4 — k2
<1>y1+< 3 >62y1+< 5 >84y1 = ky1+—(—6—)[82y1— 20 84y1:|

For k between 0 and 1 the factor (4 — k2)/20 varies only from .15 to .20. If this factor is approxi-
mated by a constant C, then a modified second difference may be defined as

Shyy = 8%y, — Coty,
The other three terms of the Everett formula lead to a similar modified second difference,
anyo = 8%y, — Cé%y,

This is also described as throwback of the fourth difference upon the second. The same idea may
be applied to any difference and to any formula but we continue with Everett’s of degree five.

Consider the following modified Everett formula
kE+1 k
e =k, + =t + (O3 sty - ()5,

and evaluate the error made in using this in place of Everett’s formula of degree five.

The difference between the two is

o [ el o [ o]

Assuming fourth differences constant, simplify the error formula of the previous
problem and discuss error behavior for 0 <k <1.

Denoting both fourth differences by 8y, we find after a slight effort,

o = M Dk —2+12004
and denoting 12C — 2 by e,

e, = k(k—1)(k2—k+ a)d%y/24 = F\,8%/24
For small values of a the factor F

has the behavior shown in Fig. 12-4
for 0 < k < 1. There are two minima

and one maximum. The three ex-

treme values of |F| can be equalized

by a proper choice of «, and it is not \ /
hard to show that in this way the f—) k=1
maximum of |F| is made as small as \/ \/
possible. By the usual method the

center maximum is found to be of

height (1/16 — «/4) and the two

minima of depth «2/4. Equating .
these leads to Fig.12-4

e = 3(V2-1, C = (38+V2)/24 = .1839
making C = .1839 approximately. With this choice for C, and still assuming fourth differences

constant, we find
V2 -1y
sy
384

Jer] = |maxF,|s%y/24 =
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12.30. If fourth differences are not constant, which is what we expect, then the value of C

suggested by the previous problem may still be as good a choice as any. Find the
error e in such a case.

The formula of Problem 12.28 still applies, and a direct evaluation shows that
Jeg] = .00122 max (|84, |8%,])

Thus if the fourth differences are absolutely less than 400 units in the last decimal place used, this
error will be smaller than half a unit in that place. The values given by the modified Everett
formula will not then differ significantly from those given by the fifth degree formula.

12.31. Prepare a table of y(x) =sinz with modified second differences suitable for five
place accuracy.

Problem 12.26 suggests the interval A = 18° for fifth degree interpolation, but to keep fourth
differences nearer to the level recommended by Problem 12.30, we use the slightly more conservative
interval of 15°. This is also a little more convenient, Values of sin « at this interval are given in
Table 12.8. A few extra values are included at the ends to fill out the fourth difference column.
They are easy consequences of the symmetry of the sine function.

25882 —1764
0 .00000 0 0

25882 —1764

15 25882 —1764 121
24118 —1643

30 50000 —3407 231
20711 —1412

45 70711 —4819 329
15892 —1083

60 86603 —5902 402
9990 —681

75 96593 —6583 450
3407 —231

90 1.00000 —6814 462
—3407 231

Table 12.8

Modified second differences are now computed from

82y = 82y — .1839 8%y
and suppressing the first and third differences we obtain Table 12.9.

x sin x ‘ 83,1
0 .00000 0

15 .25882 —~1786
30 .50000 —3449
45 70711 —4880
60 .86603 -—b5976
75 .96593 —~6656
90 1.00000 —6919

Table 12.9

12.32. Use Table 12.9 to interpolate for sin 80°.
Using Everett’s cubic formula with the modified second differences, and choosing k=0 at

2, =759, we find k=1/3 at z = 80° and so
§in80° = 4(1.00000) + 3(.96593) — 5(—.06919) — =(—.06656) = .98481

which is correct to five places.

| Py
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12.33. A second source of error in the use of our formulas for the collocation polynomial
(the first source being truncation error) is the presence of inaccuracies in the data
values. The numbers i, for example, if obtained by physical measurement will con-
tain inaccuracy due to the limitations imposed by equipment, and if obtained by com-
putation probably contain roundoff errors. Show that linear interpolation does not
magnify such errors.

The linear polynomial may be written in Lagrangian form,
p = ky, + 1 —ky,

where the y, are as usual the actual data values. Suppose these values are inaccurate. With Y
and Y, denoting the exact but unknown values, we may write

Yo = yote Yi=vyite
where the numbers ¢, and e; are the errors. The exact result desired is therefore
P = kY, + (1—-k)Y,
making the error of our computed result
P—p = ke, + (1—k)e
If the errors e, do not exceed E in magnitude, then
|[P—p| = kE+(1—-KkE = E

for 0 < k < 1. This means that the error in the computed value p does not exceed the maximum
data error. No magnification of error has occurred.

12.34. Estimate the magnification of data inaccuracies due to cubic interpolation.
Again using the Lagrangian form, but assuming equally spaced arguments at ¥ = —1,0,1,2,
the cubie can be written as

— Dk — kE+1)(k—1)(k—2 k+ 1ke(k — 2
k(k i)s( 2),_, + EFD - We=2), )_2( )y

(e + Dk — 1)
6

- 1t Yo

As in Problem 12.33, we let Y, =y, + ¢, with Y} denoting the exact data values. If P again
stands for the exact result desired, then the error is

k(k—1)(k—2) n (k+1D)k—1)(k—2)
—6 €y 5

4 (k+1¥cz(k—2) o) + (k—i—l)lé(k—l) e

P—p = €

Notice that for 0 < k <1 the errors e_; and e, have negative coefficients while the other two have
positive coefficients. This means that if the errors do not exceed E in magnitude,

—_ — —- _ - I —
P—p| = E [k(k 1g(k 2) . (k+1)(k21)(k 2)_*_(k+1¥c2(k 2)+(k+1¥cé 1)]

which simplifies to
my

|P~p| & (-ki2+k+1)E = mE /\
Not surprisingly the quadratic magnification factor m,

takes its maximum at &k =1/2, (Fig. 12-5), and so
|P—p| = (5/4)E. The data error E may be magnified 1

by as much as 5/4. This is, of course, a pessimistic ‘
estimate, In certain cases errors may even annul one
another, making the computed value p more accurate
than the data y;. Fig.12-5

12.35. What other source of error is there in an interpolation?

One source which is very important to keep in mind, even though it is often entirely out of one’s
control, is the continual necessity to make roundoffs during the carrying out of the algorithm,
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12.36.

12.37.

12.38.

12.39.

INTERPOLATION AND PREDICTION [CHAP. 12

Working to a limited number of digits, this cannot be avoided. Our various formulas, even when
they represent exactly the same collocation polynomial, process the data involved in differing ways.
In other words, they represent different algorithms. Such formulaz accept the same input error
(data inaccuracies) and may have the same truncation error, but still differ in the way algorithm
roundoffs develop. Algorithm errors of this type are the most difficult to estimate.

Describe how Taylor’s series may be used for interpolation.
Consider the function y = e*. By Taylor’s series,
ettt = gTegt = ez(1+t+%t2+ cee)
Assume the factor e* known. Trunecating the series after the #2 term means an error (inside the
parentheses) of at most (1/6)(h/2)3 where h is the interval at which arguments are spaced in the
table. This assumes that interpolation will always be based on the nearest tabular entry. If
h = .05 this error is (125/48)10-8, or (2.6)10—6. This means that, stopping at the t2 term, accuracy

to five digits (not decimal places) will be obtained in the computed value of ¢x*f, For example, using
the data of Table 12.10 the interpolation for ¢>7'8 runs as follows. With t=.018, 1+ ¢+ L2 =

1.01816 and
an 2718 = ¢270(1.01816) = (14.880)(1.01816) = 15.150

which is correct to its full five digits. Our collocation polynomials would also produce this result.

x 2.60 2.65 2.70 2.75 2.80

y = e | 13.464 14.154  14.880  15.643 16.445

Table 12.10

How can Taylor series interpolation be used for the function y(z) = sin2?
Since sin x and cos x are usually tabulated together, we may express
sin(x = ¢ = sina * tcosax — Lt¥sinw

Here, of course, ¢t is measured in radians. If the tabular interval is & = .0001, as it is in
NBS-AMS 36, of which Table 12.11 is a brief extract, then the above formula will give aceuracy
to nine digits, since (1/6)(h/2)% is out beyond the twelfth place.

x sin « cos
1.0000 .8414 70985 5403 02306
1.0001 8415 25011 j 5402 18156
1.0002 841579028 | .5401 34001
1.0003 .8416 33088 ( 5400 49840

Table 12.11

Compute sin 1.00005 by the Taylor series interpolation.
With # =1 and ¢ = .00005,
$in 1.00005 = .8414 70985 + (.00005)(.5403 02306) — (%)(10‘8)(.8414 70985) = .8414 97999

Apply Newton’s backward formula to the prediction of y/1.32 in Table 12.2, page‘82.
With k=0 at =130 we find k= (1.32—1.30)/.056 = .4. Substituting into the Newton

formula, = 114017 + (4)(02214) + (28)(—.00045) + (224)(00003) = 1.14801

which is correct as far as it goes. Newton’s backward formula seems the natural choice for such
prediction problems, since the supply of available differences is greatest for this formula and one
may introduce difference terms until they do not contribute to the decimal places retained. This
allows the degree of the approximating polynomial to be chosen as the computation progresses.
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12.40. Analyze the truncation error in prediction.

The truncation error of the collocation polynomial can be expressed as

kk+1)---(k+n)

W___. y(n+1)(£)
where the collocation points are at k¥ =0, —1,...,—n as is the case when Newton’s backward for-
mula is used. For prediction, k is positive. The numerator factor grows rapidly with increasing
k, more rapidly for large u, as Fig. 12-6 suggests. This indicates that truncation error will not be
tolerable beyond a certain point, and that prediction far beyond the end of a table is dangerous,
as might be anticipated. The truncation error of a collocation polynomial is oscillatory between
the points of collocation, but once outside the interval of these points it becomes explosive.

)~

n=2 n=3

Fig.12-6

12.41. Predict 1/1.50 from the data of Table 12.2, page 82.
With % = (1.50 — 1.30)/.05 = 4,
p = 1.14017 + (4)(.02214) + (10)(—.00045) + (20)(.00003) = 1.22483

while the correct result is 1.22474. Note also that higher difference terms, which we believe to be
error effects anyway, would only make the result worse because they are positive.

12.42. Apply Hermite’s formula to interpolate for %(1.05) from the following data.

7 Y Y
1.00 1.00000 .50000
1.10 1.04881 47673

It is not uncommon for experimental work to yield measured values of both y and ¥'. (See the
railroad switching Problem 10.3.) Some computed tables also list both ¥ and ¥’. Hermite’s formula
is appropriate in such cases. With » =1 in this formula we need

_ F—2 _ 1.05— 1.10 _ ®— % _ 1.05 —1.00

Lo(w) = xg— 2,  1.00 — 1.10° Ly@) = ®y —xy 110 — 1.00
’ _ 1 1 ' _ 1 _ 1
Lol) = xg— 2,  —.10° Ly(=) = ®, — &g .10

Substituting into Hermite’s formula,

p@) = 3 (1= 2Liw)( — o] [Li@)]2y; + (@ — o)L

0
[1— 2(="10)(05)](H2(1) + (05)(4)2(.5)
+ [1 — 2(55)(—05)](1)2(1.04881) + (—.05)(})2(.47673)

= 1.02470

il

Since the original data were taken from the square root function which has been so prominent in
these numerical “test runs”, it is reassuring to have once again recovered V/1.05 correct to five places.
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Supplementary Problems

From the data of Table 12.1, page 81, obtain }/1.012 and V1.017 by linear in’cerpdlation, to four
decimal places. Would the second difference term affect the result? Would higher order terms?

From the data of Table 12.1 obtain V1.059 by linear interpolation. Note that if Newton’s forward
formula is used (with k=0 at x = 1.05) no second difference would be available in this case.

Interpolate for /1.08 in Table 12.2, page 82.
Interpolate for v/1.26 in Table 12.2.

Apply Stirling’s formula to obtain V/1.12 from the data of Table 12.2. Does the result agree with
that of Problem 12.9?

Apply Everett’s formula to Table 12.2, obtaining V/1.11, 1/1.18 and V1.14. This can be viewed as a
direct subtabulation method.

Apply Everett’s formula to Table 12.3, page 83, obtaining %(.315).

Apply Everett’s formula to the data of Problem 12.11, obtaining arctan 2.6825 to twelve decimal
places.

Apply the Lagrange formula to interpolate for y(1.50) using some of the following values of the
normal error funetion, y(x) = e~ 2%/2/y/2x.

Ty 1.00 1.20 1.40 1.60 1.80 2.00

Y 2420 1942 1497 1109 .0790 .0540

The correct result is .1295.
Apply Aitken’s method to find the value %(1.50) of Problem 12.51.

Use Lagrange’s formula to inverse interpolate for the number x corresponding to y = .1300 in the
data of Problem 12.51.

Apply the method of Problem 12.15, page 85, to the inverse interpolation of Problem 12.53.
Apply Bessel’s formula to obtain »(1.30), ¥(1.50) and y(1.70) for the data of Problem 12.51.

Apply the method of Problem 12.18, page 86, to subtabulate the normal error function for
x = 1.00(.05)1.20. Use the data of Problem 12.51.

In a table of the function %{x) = sinz to four decimal places, what is the largest interval k con-
sistent with linear interpolation? (Keep truncation error well below .00005.)

In a table of y(x) = sinx to five places, what is the largest interval h consistent with linear inter-
polation? Check these estimates against familiar tables of the sine function.

If Everett’s cubic polynomial were used for interpolations, rathér than a linear polynomial, how
large an interval A could be used in a four decimal place table of y(x) = sin x2? In a five place table?

Will linear interpolation be adequate for control of truncation error in Table 12.6, page 867

Show that Everett’s cubic provides adequate truncation error control for the twelve place arctangent
computation of Problem 12.11, page 84.
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12.62.

12.63.

12.64.

12.65.

12.66.

12.67.

12.68.

12.69.

12.70.

12.71.

12.72.

12.73.

12.74.

12.75.

12.76.

12.77.

In quadratic approximation with Newton’s formula,
the function k(k— 1)(k — 2) appears in the truncation

error estimate. Show that this function has the shape
indicated in Fig. 12-7 and that for 0 < k < 2 it does
not exceed 21/3/9 in absolute value.

k=0 k=2
The function k(k2— 1)(k2—4) appears in the trunca- \/
tion error estimate for Stirling’s formula. Diagram

this for —2 < k < 2 and estimate its maximum ab-
solute value for —1/4 < k < 1/4, which is the inter-
val to which use of this formula is usually limited. Fig.12-7

Show that the relative maxima and minima of the polynomials
B(k2—1)(k2 — 4),  J(k2 — 1)(k2 — 4)(k2 — 9)

increase in magnitude as their distance from the interval —1 < k < 1 increases. These polynomials
appear in the truncation error for Stirling’s formula. The implication is that this formula is most
accurate in the center of the range of collocation.

Show that the relative maxima and minima of the polynomials
e+ Dkik—1)k—2), (T4 2)k+Dklk— 1)k —2)(k—3)

increase in magnitude with distance from the interval 0 < k < 1. These polynomials appear in
the truncation error for Everett’s or Bessel’s formula. The implication is that these formulas are
most accurate over this central interval,

How large an interval h is consistent with interpolation by Everett’s fifth degree formula if the
function is y(x) = log # and five place accuracy is required?

Prepare a table of square roots and modified second differences suitable for five place accuracy
between x =1 and = = 2.

Use the table prepared in Problem 12,67 to interpolate for y1.12.

Prepare a table of natural logarithms and modified second differences suitable for five place ac-
curacy between x =1 and = = 2.

Use the table prepared in Problem 12.69 to interpolate for log 1.414.

Estimate the magnification of data inaccuracies due to second degree interpolation. Follow the
argument of Problems 12.33 and 12.34, with 0 <k < 1.

Estimate the magnification of data inaccuracies due to fourth degree interpolation, again for
0< k<1

Use Table 12.9, page 90, to interpolate for sin 50°.

Apply Stirling’s formula to compute y(2.718) from the data of Table 12.10, page 92.

Compute y(V7) from the data of Table 12.10, using Taylor series interpolation. (\/72 2.646
approximately.)

Compute sin 1.00015 from the data provided in Table 12.11, page 92.

Show that the Taylor series interpolation

log(x+t) = logz + log(1+t/x) = logz + t/w — t3/24% + ---
may be truncated after the 2 term with six decimal place accuracy for 1 <z, provided the tabular
spacing is h = .01.
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Use Newton’s backward formula to prediet V/1.85,V1.40,V1.45 from the data of Table 12.2.

Predict /1.40 and v1.50 from the data of Table 12,7, page 88,
Predict sin 105° and sin 120° from the data of Table 12.8, page 90.
Predict (2.85) and (2.90) from the data of Table 12,10, page 92.

Apply Hermite’s formula to interpolate for sin 1.05 from the following data:

x sin % cos &
1.00 .84147 .54030
1.10 89121 45360

Apply Hermite’s formula to interpolate fo

r log 2.05 from the following data:

x log & e
2.00 .69315 .50000
2.10 74194 47619

Estimate y(1/2) from the data of Problem 4.38, page 29, using the lowest degree polynomial. Also
estimate y(3/2) and y(5/2).

Estimate y(1/2) from the data of Problem 4.35, page 29. Use various collocation polynomials. If
the “true function” is y = cos z, which polynomial does the best job?

Diagram the error of the quadratic polynomial of Problem 6.14, page 37. Show that the error equals
zero at x = —3 as well as at the points of collocation. How can this be explained in terms of our
colloeation error formula =(x)y®()/31 7

In Problem 6.15, page 37, how can the zero error at x = 4 be explained in terms of the error for-
mula 7{x)y®(§)/41?

Use the result of Problem 10.15, page 69, to estimate the missing ¥'(1).
Use the result of Problem 10.16, page 69, to estimate the missing y’/(1).

Use the result of Problem 10.17, page 69, to estimate the missing »’(0) and y'(1).



Chapter 13

Numerical Differentiation

APPROXIMATE DERIVATIVES

Approximate derivatives of a function y(x) may be found from a polynomial approxi-
mation p(z) simply by accepting p’, p®, p®, ... in place of ¥/, y®,y®, ... . Our collocation
polynomials lead to a broad variety of useful formulas of this sort. The three well-known

formulas 1 A 4 L
y(z) ~ y(z+ })L—y(x)’ y(z) ~ y(x + )2—hy(x— ) y(z) ~ y(x)—}?b/(x— )

follow by differentiation of the Newton Forward, Stirling and Newton Backward formulas
respectively, in each case only one term being used. More complicated formulas are avail-
able simply by using more terms. Thus
k? — 6k
viz) ~ %[A’yo + (k—1a%y, + .3—6*_%—2‘&32/0 + .. :}
comes from the Newton formula, while

3k —1
y(x) ~ HSuyo + k8o + —— 8y + ]

results from differentiating Stirling’s. Other collocation formulas produce similar approxi-
mations. For second derivatives one popular result is
1 ) 6k —1
y(Z)(x) —~ Fliszyo _+_ ka'gpfyo + Ts4y0 + .. j]
and comes from the Stirling formula. Retaining only the first term, we have the familiar

yO(x) ~ y(x +h) — th(zx) + ylx — h)

SOURCES OF ERROR IN APPROXIMATE DIFFERENTIATION

The study of test cases suggests that approximate derivatives obtained from collocation
polynomials be viewed with skepticism unless very accurate data are available. Even then
the accuracy diminishes with increasing order of the derivatives.

The basic difficulty is that y(z) —p(x) may be very small while y’(x)-—p’(x) is very
large. In geometrical language, two curves may be close together but still have very dif-
ferent slopes. All the other familiar sources of error are also present, including input
errors in the y: values, truncation errors such as ¥’ —p’, y? —p®, ete., and internal
roundoffs.

The dominant error source is the input errors themselves. These are critical, even when
small, because the algorithms magnify them enormously. A crucial factor in this mag-
nification is the reciprocal power of k which occurs in the formulas, multiplying both the
true values and the errors which are blended together to make the y; data. An optimum
choice of the interval & may sometimes be made. Since truncation error depends directly
on %, while input error magnification depends inversely, the usual method of calculus may
be used to minimize the combination.

97
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Large errors should be anticipated in approximate derivatives based on collocation poly-
nomials. Error bounds should be obtained whenever possible. Alternative methods for
approximate differentiation may be based upon polynomials obtained by least-squares or
min-max procedures rather than by collocation. (See Chapters 21 and 22.) Since these
methods also smooth the given data, they are usually more satisfactory. Trigonometric
approximation (Chapter 24) provides still another alternative.

Solved Problems
13.1. Differentiate Newton’s forward formula,

k k
Py = Yo T+ <If>Ayo -+ <2>A2y0 -+ <3>A3yo + <Z>A4yo +

The Stirling numbers may be used to express the factorials as powers, after which an easy
computation produces derivatives relative to k. With the operator D continuing to represent such
derivatives, Dp;, D%py, ..., we use the familiar « = xy,+kh to obtain derivatives relative to the
argument x.

p(x) = (Dp)/h,  pP(x) = (Dpy)/ k2,
The results are

1 3k2 — 6k + 2 2k3 - 9Kk% + 11k — 3
p'(x) = %<Ay0 + (k— 1A%y, + ——————6———A3y0 + 5 Ay, + )
2 — 4
P2y = 1 A2, + (k- 1ady, + §k_._1§£0+_11A4y0 + >
h? 12
pBNw) = %<A3y0 + 2k2“3A4y0 + >
1
pW(x) = gi(aty + ) and so on.

13.2. Apply the formulas of Problem 13.1 to produce p’(1), »®(1) and p®(1) from the data
of Table 13.1. (This is the same as Table 12.2, page 82, with the differences beyond
the third suppressed. Recall that those differences were written off as error effects.
The table is reproduced here for convenience.)

x y() = Vo

1.00 1.00000

2470
1.05 1.02470 —59

2411 5
1.10 1.04881 —b4

2357 4
1.15 1.07238 —50

2307 2
1.20 1.09544 —48

2259 3
1.25 1.11803 —45

2914
1.30 1.14017

Table 13.1

With h= .05 and k=0 at wx,=1.00, our formulas produce:
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p'(1) = 20(.02470 +.000295 4+ .000017) = .50024
PO(1) = 400(—.00059 —.00005) = —.256
pA(1) = 8000(.00005) = .4

The correct results are, since y(x) = vV, y'(1) = 1/2, y@(1) = —1/4 and y®(1) = §/8.

Though the input data are accurate to five decimal places, we find p'(1) correct to only three
places, p‘®(1) not quite correct to two places, and p'®(1) correct to only one. Obviously, algorithm
errors are prominent,

13.3. Differentiate Stirling’s formula,

k k/ky k+1 k/k+1
P = Yo + <1>3,uy0 + ‘2—<1> 8*yo + ( 3 ) S3uyo + Z<C3 >84y0 +
Proceeding as in Problem 13.1, we find
, 1 3k2 — 1 2K3 — k
p'(x) = %<5ﬂ?/o + kd%y, + 6 8uyy + 2 sy, + >
1 6k — 1
pP(x) = ﬁ<82yo + kSPuyy + T8 F )
PO@) = (s + kstyy + )
1
p®(x) = ;LZ(SWO + ) and so on,

13.4. Apply the formulas of Problem 13.8 to produce p’(1.10), p®(1.10), and p®(1.10) from
the data of Table 13.1.

With k=0 at «; = 1.10, our formulas produce

.02 . .
pL10) = 20 [_w_+ 0 _1<wﬂ — 4766
2 6 2
p@(1.10) = 400(—.00054 +0) = —.216
p®)(1.10) = 8000(.000045) = .360

The correct results are %/(1.10) = .47674, »®(1.10) = —.2167, and %’(1.10) = .2955.

The input data were correct to five places, but our approximations te these first three deriva-
tives are correct to roughly four, three, and one place respectively.

13.5. The previous problems suggest that approximate differentiation is an inaccurate
affair. Illustrate this further by comparing the function y(x) = e sin (x/e?) with the
polynomial approximation p(x) = 0.

The two functions collocate at the equally spaced arguments «x = ie?7 for integers 7. For a
very small number e, the approximation is extremely accurate, y(x)—p(x) never exceeding e.
However, since %'(x) = (1/¢) cos (x/e2) and p'(x) =0, the difference in derivatives is enormous.
This example shows that accurate approximation of a function should not be expected to mean ac-
curate approximation of its derivative. See Fig. 13-1.

N NN L
SN N N

Fig. 13-1
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Problems 13.1, 13.3 and 13.23 suggest three.
approximations to ¥'(xo) using only first dif-

ferences, %é\
Y1~ Yo Y1 — Y- Yo — Y-1
R 2n h / :

Interpreted geometrically, these are the
slopes of three lines shown in Fig. 13-2.
The tangent line at z, is also shown. It
would appear that the middle approxima-

i A h h

tion is closest to the slope of the tangent *_, %y %
line. Confirm this by computing the trun- -

cation errors of the three formulas. Fig.13-2

Newton’s forward formula, truncated after the first difference term, leaves the truncation error

hZ
y@) — pl@) = S [kk—1)y> ()]

with « = xy+ kh as usual. It is helpful here to consider k¥ as a continuous argument, no longer
restricting it to integer values. Assuming y(2)(¢) continuous, we then find the error of our deriva-
tive formula (by the chain rule) for %k = 0.

Y'(xe) — p'(xg) = —(A/2)yPg,)

Note that for k£ = 0 the derivative of the troublesome y®(¢) factor is not involved. Similarly for
Newton’s backward formula,

¥'(xg) — p(wg) = (R2)yP(g)

With Stirling’s formula we receive an unexpected bonus. Retaining even the second difference
term in our approximation we find that at k¥ = 0 it disappears from p'(x). (See Problem 13.3.)
Thus we may consider the middle approximation under discussion as arising from a second degree
polynomial approximation. The truncation error is then

v@) — Pl = o+ Dk~ 1) yO(Q)
_p2
leading to y(xe) — p'(wg) = __6_y<3)(£)

It is true that the symbol ¢ probably represents three distinct unknown numbers in these three
computations. But since h is usually small, the appearance of A2 in the last result, compared with
h in the others, suggests that this truncation error is the smallest, by an “order of magnitude”.
This confirms the geometrical evidence.

Apply the middle formula of Problem 13.6 to approximate y’(1.10) for the data of
Table 13.1. Find the actual error of this result and compare with the truncation
error estimate of Problem 13.6.

This approximation is actually the first term computed in Problem 13.4: %'(1.10) ~ .4768. The
actual error is, to five places,

#/(1.10) ~— 4768 = 47674 — 47680 = —.00006

The estimate obtained in Problem 13.6 was —h2y(3(£)/6. Since y®(x) = 8x-5/2, we exaggerate
only slightly by replacing the unknown ¢ by 1, obtaining —h2y®(g)/6 ~ —(.05)2(1/16) = —.00016.
This estimate is generous, though not unrealistic.

Convert the formula for p’(#) obtained in Problem 13.3 to a form which exhibits the
yr values used rather than the differences.
We have k =0 for this case, making

1 —
M) = LU~y — gl = it o ye)) = qgpluee T B F ST
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13.9.

13.10.

13.11.

13.12.

13.13.

13.14.

Estimate the truncation error in the formula of Problem 13.8.
Since the formula was based on Stirling’s fourth degree polynomial,
yla) — ple) = Rk5(k2 — 4)(k2 — 1)ky®)()/120
Differentiating as in Problem 13.6 and putting %k = 0, y'(xy) — p’(xg) = hty(5(¢)/30.

Compare the estimate of Problem 13.9 with the actual error of the computed result
in Problem 13.4.

To five places the actual error is
y'(1.10) — p'(1.10) = .47674 — 47660 = .00014

while the formula of Problem 13.9, with y‘5(1) substituting for the unknown y(¢) and causing a
slight exaggeration, yields

Rty (£)/30 ~ (.05)¢(7/64) = .0000007
Surely this is disappointing! Though the truncation error has been essentially eliminated by using
differences of higher order, the actual error is greater. Clearly another source of error is dominant
in these algorithms. It proves to be the input errors of the y; values, and how the algorithm mag-
nifies them. For brevity we shall include this in the term roundoff error.

Estimate the roundoff error behavior for the formula (y1—y-1)/2h.

As before, let Yy and Y_, be the exact (unknown) data values. Then Y;=y;+e¢ and
Y_y=y_{+e_; with e; and e_; representing data errors. The difference
Y1—Y—1_ Y9~ Y- _ €17 €y

2h 2h 2h

is then the error in our output due to input inaccuracies. If e; and e_; do not exceed E in magnitude,
then this output error is at worst 2E/2h, making the maximum roundoff error E/h.

Apply the estimate of Problem 13.11 to the computation of Problem 13.7.

Here h = .05 and E = .000005, making E/h = .00010. Thus roundoff error in the algorithm
may influence the fourth place slightly.

Estimate roundoff error behavior for the formula of Problem 13.8.

Proceeding just as in Problem 13.10, we find ﬁ(a_2 — Be_; + 8ey — ¢y) for the error in the

output due to input inaccuracies. If the ¢, do not exceed E in magnitude, then this output error is
at worst 18E/12h, i.e., maximum roundoff error = (3/2h)E. The factor (3/2h) is the magnification
factor, as (1/h) was in Problem 13.11. Note that for small i, which we generally associate with high
accuracy, this factor is large and roundoff errors in the input information become strongly magnified.

Apply the estimate of Problem 13.13 to the computation of Problem 13.4. Then com-
pare the various errors associated with our efforts to compute ¥’(1.10).

With A = .05 and E = .000005, (3/2h)E = .00015. The various errors are grouped in Table 13.2.

Formula Actual error Est. trunc. error Max. R.O. error
(yy — y—1)/2h ~.00006 —.00016 *.00010
(Y—o — 8y_y + 8By — yo)/12h .00014 0000007 *.00015
Table 13.2

In the first case roundoff error has helped, but in the second case it has hurt. Plainly, the high
magnification of such errors makes low truncation errors pointless, except for extremely accurate
data.
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13.15.

13.16.

13.17.

13.18.
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Estimate the truncation error of the formula

1 1
Y2 (z0) ~ 7580 = 25— 2y +y-)
obtainable from Problem 13.3 by stopping after the second difference term.

Here it may be convenient to follow a different route to the truncation error, using Taylor series.
In particular
Y1 = Yo+ hyo + JRYD + RS + Lkt y ()
Y1 = Yo — hyo + Lh%(P — L3y 4+ JLaty@(g)
so that adding these up and then subtracting 2y, we find
By = R + LRy O() + v D)

Unfortunately ¢, is probably not the same as £,, but for an estimate of truncation error suppose we
replace both fourth derivatives by a number > which remains open for our choice. For complete
safety we could choose ¥ = max |y‘®(x)| over the interval involved, leading to an upper bound
for the magnitude of truncation error, but conceivably other choices might be possible. We now have

. 1 2
truncation error = y(g?) — ﬁﬁzyo = —ﬁy(‘“

Apply the estimate in Problem 18.15 to the computation of Problem 13.4.

The computation of p(2(1.10) in Problem 13.4 was actually made by this formula
pPD(110) = 82y, /h2 = —.21600

since higher difference terms contributed nothing. The result has already been compared with the
correct ¥''(1.10) = —.21670. The truncation error estimate of Problem 13.15, with

y®(x) = —(15/16)x~7/2 ~ —15/16
suggests a slight exaggeration

truncation error ~ 1/5120 = .00020

The actual error is —.00070, again indicating that truncation is not the major error source.

Estimate the roundoff error of the formula §2y,/h2.

Proceeding as before, we find the output error due to input inaccuracies to be (1/h2)(e; —2ey+ e_y)
where the ¢, are the input errors. If these do not exceed E in magnitude, then this can be at worst
(4/h2)E; thus the maximum roundoff error = (4/h?)E.

Apply the formula of Problem 13.17 to the computation of Problem 13.4, page 99, and
compare the actual error of our approximation to ¥®(1.10) with truncation and round-

off estimates.
As before h = .05 and E = .000005, making (4/h%)E = .00800.

The magnification factor (4/k2) has a powerful effect. Our actual results confirm th‘at roundoff
has been the principal error source in our approximation of ¥2(1.10), and it has contributed only

about 90 of a potential 800 units.

Actual error \ Est. truncation error Max. R.O. error

—.00070 \ .00020

+.00800
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13.19.

13.20.

13.21.

Estimate roundoff error for the formula y*®(xzo) ~ §*yo/h* obtained in Problem 13.3.

In terms of y; values this formula becomes (y_, — 4y_y + 6y, — 4yy + y0)/h* and involves an
error due to data inaccuracies of amount (e_, — 4e_; + 6ey — 4ey + ey)/ht. If the ¢, do not exceed
E in magnitude, this cannot exceed (16/A%)E.

We made no attempt to use this formula in Table 13.1 because fourth differences were only error
effects. With A = .05 and E the usual .000005, roundoff error might have come to 12.8 anyway,
completely obscuring any meaningful result. To approximate fourth derivatives excessive data ac-
curacy is required.

Find a minimum value of y(x) given the data in Table 13.3.

First we compute the differences which are also shown in Table 18.3.

® y(x)
.60 .6221
—66
.65 .6155 49
—17
.70 .6138 49
32
.75 .6170
Table 13.3

A polynomial of degree two seems to be indicated. Stirling’s formula with k¥ =0 at «, = .70

becomes
Pr = 6138 + k(.00075) + 1k2(.0049)

The derivative relative to k is Dp, = .00075 4- k(.0049) and becomes zero at k = —.153. Inserted
into the polynomial, the minimum value is found to be .6137. The corresponding argument is
o = .70 — (.153)(.05) = 692, These values y(xz) actually come from y(x) = e*— 2x which has a mini-
mum of close to .6137 at = = log 2 = .693.

By Problems 13.15 and 13.17 we find the combined truncation and roundoff errors
of the approximation
yP(wo) ~ (/R (Y1 — 240 + Y1)

to have the form Ah* + 4E/h* where A =|y(£)/12|. What choice of h will mini-
mize this combination?

The derivative relative to h is 24h —8E/h%. This is zero for h* = 4E/A, or h = (4E/A)V4.
For the square root function and five place accuracy, this recommends # = .13 so that a wider
spacing than that of Table 13.1, page 98, would be more suitable for this formula. Of course, the

combination we have minimized does not represent the exact error, only an approximation to it, but
this theoretical result certainly comes as a surprise. Actual computations bring the following

results,

1) y21) ~ (A/h)y, — 2y T ¥-1)
.01 —.2000
.05 —.2480
08 —.2500
10 ~.2510
13 ~ 2509
15 — 2520
Table 13.4

It is at least clear that the accuracy does not improve indefinitely as k diminishes. At h = .08
we find a perfect result, after which roundoff errors begin to obscure things.
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13.22, In the right circumstances (accurate data and an interval 2 not too small) a more

13.23.

13.24.

13.25.

13.26.

13.27.

13.28.

sophisticated formula for numerical differentiation may be justified. Apply Problems
11.29 to 11.32, page 77, to approximate the first four derivatives of y(x) =sinz at ’
x = »/4 from the data of Table 13.5.

x sin x s 82 83 54 85 86 87 88
0 .00000 0000 0
25882 —1764 120
/12 .25882 —1764 120 -7
24118 —1644 113
27/12 .50000 —3407 233 —18
20711 —1411 95 -3
3r/12 70711 —4819 328 ~21 -2
15892 —1083 74 -5
47/12 .86603 —5902 402 —26
9990 —681 48
57/12 96593 —6583 450 —36
3407 —231 12
7/2 1.00000 —6814 462
Table 13.5

First we use Problem 11.30, with k=0 at x = /4.
y'(#/4) = (1/R)Dy, = (12/7)(.183020 + .002078 + .000028 — .000003) = .70711
the .000003 actually being important! Next, by Problem 11.29,

y@(x/4) = (1/h2)D2y, = (12/x)2(—.048190 —.000273 — .000002) = —.70719
Then using Problem 11.31,
y3(7/4) = (1/h3)D3y, = (12/7)3(—.012470 —.000211 —.000002) = —.70683

Finally, by Problem 11.32,
yD(r/4) = (1/h8)Dry, = (12/7)4(.003280 +.000035) = .70568

Since all results should be .70711 apart from sign, diminishing returns are again apparent.

Supplementary Problems

Differentiate Newton’s backward formula, obtaining p'(x), p®(x) and p®(x) through fourth
differences.

Apply the formulas of the previous problem to produce p’(1.30), p2)(1.30) and p¢>(1.30) from the
data of Table 13.1, page 98.

Differentiate Bessel’s formula, obtaining derivatives up to p(x) in terms of differences through
the fifth.

Apply the results of the previous problem to produce p’, p2 and p®? at x = 1.125 from the data
of Table 13.1, page 98.

Find the truncation error of the formula for p’(x) obtained in Problem 13.25, using &k = 1. Estimate
it by using ¢ = 1. Compare with the actual error.

Find the maximum possible roundoff error of the formula of the previous problem. Compare the
actual error with the truncation and roundoff error estimates.
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13.29.

13.30.

13.31.

13.32.

13.33.

13.34.

13.35.

13.36.

13.37.

Show that Stirling’s formula of degree six produces
p'(mg) = (L/h)(Suyo — £83uyo + 55851y
Show that the truncation error of this formula is —h8y(7(£)/140.

Convert the formula of the previous problem to the form
() = (L/60R)(—y_3+ 9y_s — 45y _ + 45y — 9ys + v3)
and prove that the maximum roundoff error is 11E/6h.
Find the argument corresponding to y’ =0 in Table 13.6 by inverse cubic interpolation, using

either the Lagrange or Everett formula. (See again Problem 12.14 and 12.15.) Then find the cor-
responding y value by direct interpolation.

x Y y
1.4 .98545 .16997
1.5 .99749 07074
1.6 .99957 —.02920
L7 | 99166 —.12884

Table 13.6

Ignoring the top and bottom lines of Table 13.6, appiy Hermite’s formula to find a cubic polynomial
fitting the remaining data. Where does the derivative of this cubic equal zero? Compare with the
previous problem. (Here the data correspond to y(x) = sina and so the correct argument is z/2.)

The normal distribution function y(x) = (1//2r)e—*2/2 has an inflection point exactly at « =1,
How closely could this be determined from each of the following four place data tables independently?

x Y x Y
.50 3521 .98 .2468
.75 3011 .99 2444
1.00 2420 1.00 .2420
1.25 1827 1.01 .2396
1.50 1295 1.02 2371

From Problems 13.6 and 13.11 we find the combined truncation and roundoff errors of the approxi-
mation Y@y ~ (1/2h)Yy — y 1)

to be of the form Ah2 + E/h where A = |y®(£)/6|. Find the interval A for which this is a mini-
mum. Show that for the square "root function and five place accuracy this interval is smaller than
that of Table 13.1, page 98. Using a table of square roots to five decimal places, verify these com-
puted results for y’(1). The exact derivative is .5.

h 10 .05 .01

/20y — ¥y 50065 50020 .50000

From Problems 13.9 and 13.13 we find the combined truncation and roundoff errors of the approxi-
ti ,
maten y'(@wy) ~ (/12R)(Y-» — 8y—1 + 8y; — vs)

to have the form Aht + 3E/2h where A = [y(5)(£)/30]. For what interval & will this be a minimum?
Compute your result for the square root function and five place accuracy.

Apply the formula of Problem 13.35 to compute approximations to y’(1), using five place values of
the square root function and various intervals k. Compare with the theoretical prediction of that
problem.

Use a five place table of sines (radian measure) to determine the best interval 4 for approximating
the second derivative of y(x) =sinz at x = 1.00 by the formula of Problem 13.21. The correct
derivative is, of course, y®(1) = —sinl = —.84147. What interval h does the the result of Prob-

lem 13.21 recommend?
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13.38.

13.39.

13.40,

13.41.

13.42.

13.43.

13.44.
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Show that the truncation error of the formula y4(xy) = 84y,/ht is h2y®(g)/6.
Show that the maximum roundoff error of the formula in Problem 13.38 is 16E/h4.

Show by using Taylor series that the truncation error of the formula
y(@g + k) — ylwg—h)

Fh)y =

h
is y'(@o) — F(h) = AhZ+ 0(h#)
where A = —y®(x,)/6 and the last term represents the remainder series, which include no lower

degree terms than ht. Then replace h by h/2
y'(xg) — F(h/2) = AR2/4 + 0(h%)
and eliminate the A term to obtain

V) = 4F(h/2)3— F®) 4 o

Notice that in this way an approximate differentiation formula of fourth order accuracy is ob-
tained by combining two results from a formula of second order accuracy.

Apply the same type of argument used in Problem 13.40 to show that the truncation error of the

formula
Fy(h/2) = 4F‘(h/2)3— F(h)
is y'(xy) — F1(R/2) = Bh#/16 + 0(hS)
and that elimination of B leads to
, 16F (h/2) — Fy(h)
y'(2g) = 15 + 0(h9)
16F((h/2) — F (k)

The formula Fy(n/2) = iz

thus has sixth order accuracy. The argument may again be reapplied to obtain formulas of suec-
cessively greater accuracy. The overall process is known as extrapolation to the limit and will be
presented in further detail for the integration problem studied in the next chapter.

The various approximations computed during an extrapolation to the limit algorithm are usually
displayed as follows

F F F, Fy

3 F(h)

R/2  F(h/2)  F,(W/2)

R4 F(h/4)  F(h/4)  Fy(h/4)

h/8  F(R/8) Fi(h/8) Fy(h/8) Fy(h/8)

more entries being added as needed. The general formula is
226 Fpp (RI2K) — Fopp_y (R/2E1)

F, (h/2k) = 22k — 1

Develop this table through the h/4 entries for the following data.

x 6 .8 9 1.0 11 1.2 14

sin x .564642 117356 783327 841471 .891207 .932039 985450

What is your best estimate of y'(1.0)?

A4F(h)y — F(2h) _ ~Yat 8y —8y_1+y_y
3 - 12k ‘

Show that F;(h) =

F(qh) — @2F(h
Show that for any constant q, y'(zy) = % + 0(h?).



Chapter 14

Numerical Integration

The importance of numerical integration may be appreciated by noting how frequently
the formulation of problems in applied analysis involves derivatives. It is then natural
to anticipate that the solutions of such problems will involve integrals. For most integrals
no representation in terms of elementary functions is possible, and approximation becomes
necessary.

POLYNOMIAL APPROXIMATION

Polynomial approximation serves as the basis for a broad variety of integration for-
mulas, the main idea being that if p(x) is an approximation to y(x), then

§ oeras ~ f vras

and on the whole this approach is very successful. In numerical analysis integration is
the “easy” operation and differentiation the “hard” one, while the reverse is more or less
true in elementary analysis. The best-known examples are the following.

1. Integrating Newton’s forward formula of degree n between zo and . (the full range of
collocation) leads to several useful formulas, including

S vwar = @R+
f : p)de = (A/8)(yo+4y1+¥2)

f “p(@)dz = (3h/8)(o+3ys +3y2+ 1)

for n =1,2 and 8. The truncation error of any such formula is

j;:n y(z)dz — L:n p(x) dx

and may be estimated in various ways. A Taylor series argument, for example, shows
this error to be approximately — h3y‘®(£)/12 when n = 1, and approximately — A% (¢)/90
when n = 2.

2. Composite formulas are obtained by applying the simple formulas just exhibited re-
peatedly to cover longer intervals. This amounts to using several connected line seg-
ments or parabolic segments, etc., and has advantages in simplicity over the use of a
single high degree polynomial.

3. The trapezoidal rule,
f “yx)yde ~ $h[yo+ 2+ oo + 20uor + Yl

107
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is an elementary, but typical, composite formula. It, of course, uses connected
line segments as the approximation to y(x). Its truncation error is approximately
—(@n — o) R2YP(8)/12.

4. Simpson’s rule,
f y(xyde ~ (W/3)[yo+ 4y + 2y + dys + -+ - + 2Yn—2 + 4Yn—1 + Yn)

is also a composite formula, and comes from using connected parabolic segments as the
approximation to y(x). It is one of the most heavily used formulas for approximate inte-
gration. The truncation error is about — (¥~ — zo)k*y(£)/180.

5. Romberg’s method is based upon the fact that the truncation error of the trapezoidal
rule is nearly proportional to 22, Halving % and reapplying the rule thus reduces the
error by a factor of 1/4. Comparing the two results leads to an estimate of the error
remaining. This estimate may then be used as a correction. Romberg’s méthod is a
systematic refinement of this simple idea.

6. More complex formulas may be obtained by integrating collocation polynomials over
less than the full range of collocation. For example, Simpson’s rule with correction
terms may be derived by integrating Stirling’s formula of degree six, which provides
collocation at x—s, ..., xs, over just the center two intervals x—, to x;, anid then using
the restlt to develop a composite formula. The result is

(T v@ydz ~ BBt i+ 2wt 0]
’ ~ (R/90)[8*Y1 + 8%s + - - + 5%Yn—1]
+ (R/756)[8%: + 8%s + - - + %]
the first part of which is Simpson’s rule.

7. The trapezoidal rule wifh correction terms is obtainable in similar fashion by inte-
grating Bessel’s formula of degree five over just the center interval and then developing
a composite formula from the result. It reads

J‘xn y(x)de ~ (R/2)[yo+ 2y1 + -+ + 2Yn—1 + Yn]
" — (R/24)[5%0 + 2871 + - - - + 2671 + 8%u]
+ (11h/1440)[8%o + 2841 + - -+ + 28%Yn—1 + 8*Yu]
of which the first part is the trapezoidal rule.

8. Gregory’s formula also takes the form of the trapezoidal rule with correction terms.
It may be derived from the Euler-Maclaurin formula by expressing all derivatives as
suitable combinations of differences to obtain

f @) de ~ (W)Yo + 2yt e + 2yt + Y]
K — (12)(VYn— AYo) — (R/24)(T2n+ A20) — (LOR/T20)(VYn — A%0) — +

and again the first part is the trapezoidal rule. The Euler-Maclaurin formula itself
may be used as an approximate integration formula.

9. Taylor’s theorem may be applied to develop the integrand as a power series, after
which term by term integration sometimes leads to a feasible computation of the
integral. More sophisticated ways of using this theorem have also been developed.
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10. The method of undetermined coefficients may be used to generate integration for-
mulas of a wide variety of types for special circumstances. Filon's formule for inte-
grals involving periodic functions may be produced in this way, rapidly oscillating
integrands being one example of special circumstances requiring separate treatment.

ERROR SOURCES

The usual error sources are present. However, input errors in the data values o, . . ., ¥n
are not magnified by most integration formulas, so this source of error is not nearly so
troublesome as it is in numerical differentiation. The truncation error, which is

" @) - pw

for our simplest formulas, and a composite of similar pieces for most of the others, is now
the major contributor. A wide variety of efforts to estimate this error has been made,
but room for improvement remains. A related question is that of convergence. This asks
whether, as continually higher degree polynomials are used, or as continually smaller inter-
vals h, between data points are used with lim k. =0, a sequence of approximations is
produced for which the limit of truncation error is zero. In many cases, the trapezoidal
and Simpson rules being excellent examples, convergence can be proved. Roundoff errors
also have a strong effect. A small interval 2 means substantial computation and much
rounding off.

These algorithm errors ultimately obscure the convergence which should theoretically
occur, and it is found in practice that decreasing k below a certain level leads to larger
errors rather than smaller. As truncation error becomes negligible, roundoff errors ac-
cumulate, limiting the accuracy obtainable by a given method.

Solved Problems

14.1. Integrate Newton’s formula for a collocation polynomial of degree n. Use the limits
Zo and z, which are the outside limits of collocation. Assume equally spaced arguments.

This involves integrating a linear function from x; to #;, or a quadratic from x, to x5, and so on.
See Fig. 14-1.

xg x g x

The linear function certainly leads to 1h(yo+ y1). For the quadratic
P = Yo T kAyy + Lk(k— 1)a2y,

1 g %o 1 Ty 3

Fig. 14-1

and easy computation produces, since x = %y + kh,

Ty 2 '
f plx)de = h f prdk = {2y, + 28y, + 1A%, = o+ 4y + o)
0

Zp
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For the cubic polynomial a similar calculation produces

P 3 3 k k
f plx)de = bk f prdk = h f l:yo + kAyy + <2>A2y0 + <3> Aayo} dk
0 0

To
= h(3y, + §ay, + Ja2y, + §a%y) = (3R/8)(yo + 3y1 + 3uz + ¥s)
Results for higher degree polynomials can also be obtained in the same form
Ly, .
f plxyde = Chlegyy + ** + ¢y,
Lo

and values of C and ¢; for the first few values of z are given in Table 14.1. Such formulas are called
the Cotes formulas.

n o ¢ 2 cy c3 ¢y cs Cs ¢y cg
111/2 1 1

2 11/3 1 4 1

313/8 1 3 3 1

4 1 2/45 7 32 12 32 7

6 | 1/140 41 216 27 272 27 216 41

8 | 4/14,175 | 989 5888 —928 10,496 —4540 10,496 —928 5888 989

Table 14.1

Higher degree formulas are seldom used, partly because simpler and equally accurate formulas are
available, and partly because of the somewhat surprising fact that higher degree polynomials do
not always mean improved accuracy.

Estimate the truncation error of the n =1 formula.
For this simple case we can integrate the formula
yo) — px) = Fo— gz — o) y ()
directly and apply a mean value theorem as follows, obtaining the exact error.

[ vwde — fhote) = f e ma—m) v d

Lo

= 0@ [ He-we-mds = —HOE
To

where h = &, — =z, The application of the mean value theorem is possible because (& — x0)(%x — 2y)
does not change sign in (g, ;). The continuity of y(2)(¢) is also involved. For = > 1 a sign change
prevents a similar application of the mean value theorem and many methods have been devised to
estimate truncation error, most having some disadvantages. We now illustrate one of the oldest
methods, using the Taylor series, for the present simple case n = 1. First we have

hivo+y) = $hlye + Wo + hyg + $h%P + - 0))

Using an indefinite integral F'(x), where F'(x) = y(x), we can also find

fxl y(x) dx

Lo

Fxy) — F(zo)
RE'(wg) + LRRF®(w) + LBF®(xg) + -+ = hyg + fh2y) + 13y + -

i

and subtracting, .
[ as — bt u) =~/ + -
Lo
presenting the truncation error in series form. The first term may be used as an error estimate.
It should be compared with the actual error as given by —(h3/12)y(2)(¢) where xy < ¢ < 2.
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14.3. Estimate the truncation error of the n =2 formula.
Proceeding as in the previous problem, we find first
hlyo + 4y +ysl = Rhlyo + 4y + hyo + $h%SD + LhSyl® + Lhtyl + - -0
+ (yo + 2hy + 2R2YD +Hh3YP + FhiyO + - )]
= Lh[6y + 6hyj + 4h2y(P + 2h3Y® + Ehiy(® + - -]

The integral itself is

T2

yleyde = F(xg) — Flxo)
= 2hF'(zg) + L2R)ZF®(xg) + L(2h)3F @ (xy)
+ SL@RIFD (o) + 15 (2h)SF S (xg) + -«

To

= 2hy, + 2h2y) + %hsy(()m + Fhiy® + %hsyg‘“ g
and subtracting, .
2
J v s — Phlyo+au tul = - D +
Lo
we again have the truncation error in series form. The first term will be used as an approximation.
It can also be shown that the error is given by —(h5/90)y® () where x, < ¢ < 5. (See Problem
14.71.)
A similar procedure applies to the other formulas. Results are presented in Table 14,2, the first
term only being shown.

n truncation error n truncation error

1 —(h3/12)y® 4 —(8h7/945)y®

2 —(h5/90)y 6 —(9h9/1400)y®

3 —(3h5/80)y ¥ 8 —(2368~11/467,775)y 10
Table 14.2

Notice that formulas for odd n are comparable with those for the next smaller integer. (Of
course, such formulas do cover one more interval of length h, but this does not prove to be signifi-
cant. The even formulas are superior.)

14.4. Derive the trapezoidal rule.

This ancient formula still finds application, and illustrates very simply how the formulas of
Problem 14.1 may be stretched to cover many intervals. The trapezoidal rule applies our n=1
formula to successive intervals up to «,.

Th(yo + vy) + Lhys +y2) + Fh(yz+ys) + o0+ Tyt v
This leads to the formula
In
f y@yde ~ Lhlyg + 2yt o0+ 20y t+ Y,
Lo

which is the trapezoidal rule.

14.5. Apply the trapezoidal rule to the integration of \/5 between the arguments 1.00 and
1.30. Use the data of Table 138.1, page 98. Compare with the correct value of the

integral.
We easily find

1.30
VEds ~ 9;[1 + 2(1.02470 + -+ + 1.11803) + 1.14017] = .32147
1.00

The correct value is 2{(1.8)3/2—1] = .32149 to five places, making the actual error .00002.
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Derive an estimate of the truncation error of the trapezoidal rule.

The result of Problem 14.2 may be applied to each interval, producing a total truncation error

of about
(—h3/12)[y(()2) + y§2) 4 e 4 y’fl,z—)ll

Assuming the second derivative bounded, m < 2 < M, the sum in brackets will be between nm
and nM. Also assuming this derivative continuous allows the sum to be written as ny(2)(¢) where
g < ¢t < z,. This is because y2)(¢) then assumes all values intermediate to m and M. It is also
convenient to call the ends of the interval of integration x, =a and =z, = b, making b—a = nh.

Putting all this together, we have

— 2
truncation error ~ — My(fl)(g)

Apply the estimate of Problem 14.6 to our square root integral.

With h=.05, b—a=.30, and yP(x) = —x—3/2/4, truncation error ~ .000016 which is
slightly less than the actual error of .00002. However, rounding to five places and adding this
error estimate to our computed result does produce .32149, the correct result.

Estimate the effect of inaccuracies in the y. values on results obtained by the trape-
zoidal rule.

With Y denoting the true values, as before, we find 1h[ey -+ 2¢; + -+ + 2¢,_; + ¢,] as the
error due to inaccuracies ¢, = Y; —yy. If the ¢, do not exceed E in magnitude, this output error is
bounded by Li[E +2(n—1)E + E] = (b—a)E.

Apply the above to the square root integral of Problem 14.5.
We have (b — a)E = (.30)(.000005) = .0000015, so that this source of error is negligible.

Derive Simpson’s rule.

This may be the most popular of all integration formulas. It involves applying our »n =2
formula to successive pairs of intervals up to x,, obtaining the sum

I3) (Yo + 4dyy + yo) + (W/3)(ye +4ys +ys) + -+ + (WB3NYn—2 + 41+ ¥n)

which simplifies to
(hI3)yg + dyy + 2y + dys + o + 2 + 4y, + ¥l

This is Simpson’s rule. It requires » to be an even integer.

Apply Simpson’s rule to the integral of Problem 14.5.

1.30

Vz de = (.05/3)[1.0000 + 4(1.02470 + 1.07238 + 1.11803)

100 + 2(1.04881 + 1.09544) + 1.14017) = .32149

which is correct to five places.

Estimate the truncation error of Simpson’s rule.

The result of Problem 14.3 may be applied to each pair of intervals, producing a total trunca-

" tion error of about

—(h5/90)[y(()4) + y;4) 4 e y;‘l_)z]
Assuming the fourth derivative continuous allows the sum in brackets to be written as (n/2)y (%)

where 2, < ¢ < z,. (The details are almost the same as in Problem 14.6.) Since b —a = nh,

b—a)ht
truncation error ~ — (—%y(‘i)(g)
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Apply the estimate of Problem 14.12 to our square root integral.

Since y'¥(x) = —(15/16)x~7/2, truncation error ~ .00000001 which is minute.

Estimate the effect of data inaccuracies on results computed by Simpson’s rule.
As in Problem 14.8, this error is found to be
thleg + dey + 205 + deg + -+ + 2¢,_5 - de,_; + €]
and if the data inaccuracies e, do not exceed E in magnitude, this output error is bounded by
3RE[L + 4(3n) + 2dn—1) + 1] = (b— a)E

exactly as for the trapezoidal rule. Applying this to the square root integral of Problem 14.11 we
obtain the same .0000015 as in Problem 14.9, so that once again this source of error is negligible.

Compare the results of applying Simpson’s rule with intervals 2k and % and obtain
a new estimate of truncation error.
Assuming data errors negligible, we compare the two truncation errors. Let E; and E, denote
these errors for the intervals 2k and h, respectively. Then
_(b—a)@n?
180

so that Ey ~ E/16. The error is reduced by a factor of 16 by halving the interval k. This may
now be used to get another estimate of the truncation error of Simpson’s rule. Call the correct
value of the integral I, and the two Simpson approximations A; and A,. Then

I = A, +E, = Ay+E, ~ A, + 16E,

(b —a)

4
E, = YD (&), Ey, = — 5 ¥

Solving for E,, the truncation error associated with interval h is E, ~ (A, — A()/15.

Use the estimate of Problem 4.15 to correct the Simpson’s rule approximation.
This is an elementary but very useful idea. We find

[ = Ay +Ey ~ Ay + (A, —A)/15 = (164, — 4,)/15

Apply the trapezoidal, Simpson, and n =26 formulas to compute the integral of
gin « between 0 and =/2 from the seven values provided in Table 14.3. Compare with
the correct value of 1.

x 0 /12 2r/12 3r/12 47/12 57/12 7/2
sin 2 .00000 .25882 .50000 10711 .86603 96593 1.00000
Table 14.3

The trapezoidal rule produces .99429. Simpson manages 1.00003, The »n = 6 formula leads to
2[41(0) + 216(.25882) + 27(.5) + 272(.70711) + 27(.86603) + 216(.96593) -+ 41(1)] = 1.000003
Clearly the n = 6 rule performs best for this fixed data supply.

Show that to obtain the integral of the previous problem correct to five places by
using the trapezoidal rule would require an interval % of approximately .006 radians.
By contrast, Table 14.83 has h = #/12 ~ .26.

The truncation error of Problem 14.6 suggests that we want

(@/2)h?

(b — a)h? =
—12—'1/(2)(5) = 12

< .000005

which will occur provided & < .006.
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What interval 2 would be required to obtain the integral of Problem 4.17 correct to
five places using Simpson’s rule?

The truncation error of Problem 14.12 suggests

— @) bt ) hd
(—’l—l—g-%l’i-ym(g) = L”-{«é%;L < 000005

or h < .15 approximately.

Prove that the trapezoidal and Simpson’s rules are convergent.
If we assume truncation to be the only source of error, then in the case of the trapezoidal rule

I — A = — Sf’.i‘ilhfy(z)(g)

12

where I is the exact integral and A the approximation. (Here we depend upon the exact representa-
tion of truncation error mentioned at the end of Problem 14.2.) If limkh =0 then assuming y‘®
bounded, lim (I —A) = 0. (This is the definition of convergence.)
For Simpson’s rule we have the similar result
—_ e — Q:ﬁﬂﬁ (4)
I -4 = g0 Y©

If limh = 0 then assuming ¥4 bounded, lim (I —A) = 0. Multiple use of higher degree formulas
also leads to convergence. )

/2
Apply Simpson’s rule to the integral f gin « dx, continually halving the interval
h in the search for greater accuracy.

Machine computations, carrying seven decimal places, produce the results in Table 14.4.

h approx. integral h approx. integral
/16 1.0001344 7/256 99999970
/32 1.0000081 7/512 .99999955
/64 1.0000003 %/1024 199999912
7/128 99999983 (best) 7/2048 .99999870

Table 144

The computations of Problem 14.21 indicate a durable error source which does not
disappear as k diminishes, actually increases as work continues. What is this error
source?

For very small intervals A the truncation error is small and, as seen earlier, data inaccuracies
have little impact on Simpson's rule for any interval . But small h means much computing, with
the prospect of numerous computational roundoffs. This error source has not been a major factor
in the much briefer algorithms encountered in interpolation and approximate differentiation. Here
it has become dominant and limits the accuracy obtainable, even though our algorithm is convergent
(Problem 14.20) and the effect of data inaccuracies small (we are saving eight decimal places). This
problem emphasizes the importance of continuing search for briefer algorithms.

Develop the idea of Problem 14.15 and 14.16 into Romberg’s method of approximate
integration.

Suppose that the error of an approximate integration formula is proportional to A". Then two
applications of the formula, with intervals 7 and 2h, involve errors

E, ~ C@ehy, E;~ Ch"
making E, ~ F,/2% With 1= A, +E; = A,+ E, as before, we soon find the new approximation
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A2‘—A1 . 2"’A2"‘A1

I~ &t 5oy 5 ~mod

For n =4 this duplicates Problem 14.16. For =n =2 it applies to the trapezoidal rule in which
the truncation error is proportional to k2, It is not hard to verify that for n = 2 our last formula
duplicates .Simpson’s rule, and that for n =4 it duplicates the Cotes n =4 formula. It can be
shown that the error in this formula is proportional to h7*2 and this suggests a recursive computa-
tion. Apply the trapezoidal rule several times, continually halving k. Call the results 4,, 45, A4,, . ...
Apply our formula above with n = 2 to each pair of consecutive 4,. Call the results By, By, Bs, ... .
Since the error is now proportional to h* we may reapply the formula, with = =4, to the B, The

results may be called Cy,Cy, C3, ... . Continuing in this fashion an array of results is obtained.
4, A, A, A,
By By By
C, C,
D,

The computation is continued until entries at the lower right of the array agree within the re-
quired tolerance.

Apply Romberg’s method to the integral of Problem 14.21.

The various results are as follows.

Points used 4 8 16 32

Trapezoidal result 987116 996785 999196 999799
1.000008 1.000000 1.000000
1.000000 1.000000

1.000000

Convergence to the correct value of 1 is apparent.

More accurate integration formulas may be obtained by integrating a polynomial
over less than the full range of collocation. Integrate Stirling’s formula over the
two center intervals.

Up through sixth differences Stirling’s formula is

Fe(k2—1 k2(k2 —1
P = Yo + k,u&yo -+ _%k-Zgzyo o+ .L_6_~)/‘33y0 -+ .__(_ﬂ_ﬁ_)_ 54y0
k(2 ~1)(k2—4) k2 —1) (k2 —4) .
~ 120 wYo + 720 3o
Integration brings, since x —x, = kk and do = hdk,
o+ h 1 ' :
f p(x)de = hf prdk = h[2yy + §8%0 — 558%0 + T555%%]
zo—h -1

More terms are clearly avail-
able by increasing the degree of @)
the polynomial, Stopping with the p/r/‘ e
second difference term leaves us
once again with the starting com-
bination of Simpson’s rule, in the
form (h/8)(y—; + 4yo + ¥;). In

this case the integration has ex- / ‘
tended over the full range of col- A
location, as in Problem 14.1. With %

the fourth difference term we inte- 29— h xq 2o+ h

grate over only half the range of
collocation (Fig. 14-2). Fig.14-2
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As more differences are used y(x) and p(x) collocate at additional arguments, but the integra-
tion is extended over the center two intervals only. Since these are the intervals where Stirling’s
formula has the smallest truncation error (Problem 12.64, page 95), it can be anticipated that an
integration formula obtained in this way will be more accurate. This extra accuracy is, however,
purchased at a price; in application such formulas require y, values outside the interval of
integration,

The truncation error of this formula may be estimated by the Taylor series method used in

23h9
: _ 2ol (8 .
Problem 14.6, and proves to be approximately 113,400 Y, +
Use the result of Problem 14.25 to develop the Simpson rule with correction terms.
We make n/2 applications centered at %, %3, ..., 2,1, where n is even. The result is
o _ h L 4 4
p)de = Flyo+ 4y + 20+ 0+ Mooy tyn] — g[8ty Syt o+ Sty
To
h ,
+ 756 [8%yy + 8%y + -+ + 85y, ]

This can be extended to higher differences if desired.

The truncation error of the result will be approximately »/2 times that of the previous problem
23(x,, — xy)h8

; Lm0y 4 ..
and can be written as 226,800 y> T .
Apply Problem 14.26 to the data of Table 13.5, page 104.
Since Simpson’s rule was applied to this data in Problem 14.17 and gave 1.00003, we need only
the correction terms. The fourth differences yield 1‘72 . ;; (.00120 4 .00328 + .00450) which come to

—.000026, and sixth differences prove to be negligible. Applying this correction makes

w/2
f sine de = 1.00000

0
which is correct. Notice that a number of values of sin x outside the interval of integration con-
tribute to this result.

Integrate Bessel’s formula over the center interval.

Writing Bessel’s formula as

k k k+1
Py = e (B $8yye + <2>ﬂ52y1/2 + <2>(k_%)%33?/1/2 + < 4 > w8ty +

integration leads to

xo+h 1 h 1
S s = nf pear = 3l ot u) = F 6o o

0
" 11

+ 720

191
8%y + 8%y,) — 60.480 (86y, + 36?/1):'

Again more terms are available if
wanted. Stopping before the sec-
ond difference term leaves us once
again with the starting com-
bination of the trapezoidal rule,
(yo + y1)/2h. In this case integra-
tion extends over the full range of
collocation, from w, to x;. With
the second and fourth difference
terms included, we integrate over X9 X1 %o Ty
only one fifth the range of colloca-

tion (Fig. 14-3). Fig. 14-8

p(x)
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If more differences are used y(x) and p(x) would collocate at additional arguments, but the inte-
gration would extend over the center interval only. Since this is where Bessel’s formula has the
smallest truncation error (Problem 12.65, page 95), we may expect an accurate result. Again, how-
ever, values of y, outside the interval of integration are the price we pay.

The truncation error can be found to be approximately .0007h9y38) + e,

Develop the trapezoidal rule with correction terms.

There are several formulas meeting this description. To obtain one of them we apply the pre-
vious problem n times from x; to x,.

',
" h
f plx)de = E[yo T2y + 205+ 0+ 21 T Yy
Lo
- %[82110 + 282y + 28%y, + -+ + 28%,_; + §%y,]
11h
+ @[341/0 + 28%y; + 28%, + - + 28y, + 8%,

and higher difference terms are available if desired. The last result may be simplified by summing
the differences. One easily finds that

82 + 282y, + -+ 282y, + 82y, = 2udy, — 2udY,

with similar expressions for the other differences. As a result,

Ty 5
plx)des = 5[% + 2y + 2yp + 00+ 2y, 1 T Yy
To
h 11h 191h
~ 13 [udy, — udy,] + m[/ﬁ'syn — u83yy] — 50,480 [1#8%1, — 18%]

The truncation error if fifth difference terms are used is approximately .0007(x, — xo)hﬁy(()S).

Apply the previous problem to the data of Table 13.5, page 104.

The trapezoidal rule was used in Problem 14.17 and managed .99429, so we need only the cor-
rection terms. They are

h I:—.0340’7 + .03407 _ .25882 + .25882} and 11h [.00231 - .00231  —.01764 — .01764]

T 12 2 2 720 2 2
which simplify to .005647 and .000070 respectively. Apply these corrections to get

T/ 2
f sinz de = 1.00001
0

Derive Gregory’s formula.

This is another form of the trapezoidal rule with correction terms and can be derived in many
ways. One way begins with the Euler-Maclaurin formula (Problem 11.19, page 76) in the form

Lo h h? ’
f y@de = ofyot+2yr+ r 20t Yn] — 1—2(y;‘yo)
Lo
R4 18
2 ((8) — 44(8)y _— (5) —— 4,(5)
T a0 TV T gzi0 U T %)

more terms being available if needed. Now express the derivatives at «, in terms of backward dif-
ferences and the derivatives at x, in terms of forward differences (Problems 13.1 and 13.23).

hyg = (A—%AZ-}-%A?’—%A‘*-}-%M—---)yo
hyy = (V+HLIVZ+ V3 + 1VE 4 1VS 4 -y,
h3y63) = (A3—§A4+41A5— <o

h3yf‘3) = (V3 + %V‘i +IVs+ )y,
hsy(()s) = (A5 — -+ )y,

RSy = (V5 4 o)y,
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The result of substituting these expressions is

Tn h h
f p)de = Slyo+ 2y + 0 F a1 T ¥a] — 15(V¥a— Ayo)
Lo
h 19h
LLE /7 2 — 003, Al
24(V Yn + 82y0) 720(V Yy — A3Y,)
3h 863h
LAy 7 4 — _SOOM g5, — AS

and again more terms can be computed if needed. This is Gregory’s formula. It does not require
;. values outside the interval of integration.

Apply Gregory’s formula to the data of Table 13.5, page 104.
The trapezoidal rule produced .99429. The correction terms generate

h h 19k 3h
- 12( .22476) — 31 —~.08347) — 720 (.00963) — TG_O(°00635)

fifth diﬁ‘erenfze terms being negligible. The total correction is .00572 and added to .99429 again

T
gives us f sin a dz = 1.00001.
0

Apply the Euler-Maclaurin formula itself to the same integral.

As given at the start of Problem 14.31, this formula adds to the trapezoidal rule various end
corrections in the form of derivatives. These correction terms are, in the present example,

h4

720 O+1)

h2
- 1~2—(0—1) +

and bring the same .00572 total as in Problem 14.32,

Apply Taylor’s theorem to evaluate the error function integral

2 x
Hz) = —= f et dt
() \/7—r 0
for =5 and 2 =1, correct to four decimal places.

. t4 6 8 $10
The series e~ t? = 1 — 24 = ¢ v 4+ - -: leads to

276 247150
%3 29 27 %9 g1

He) = ‘ﬁ[“_?’Li—o"E“LEﬁE‘I%“L J

For z = .5 this produces .5205, and for = =1 we find .8427. The character of this series assures
that the error made in truncating it does not exceed the last term used, so we can be confident in
our results. The series method has performed very well here, but it becomes clear that if more
decimal places are wanted or if larger upper limits & are to be used, then many more terms of this
series will become involved. In such cases it is usually more convenient to proceed as in the next

problem.

Tabulate the error function integral for x = 0(.1)4 to six decimal places.

H@) = \%fe-ﬂdt

We adopt the method which was used to prepare the fifteen place table of this function,
NBS-AMS 41. The derivatives needed are

H'(x) = @MNV7)e =, HD(z) = —22H'(x), H®(x) = —2cHD(z) — 2H'(x)

and in general Hmg) = ~2xH®-U(x) — 2(n—2)H"=2)(z)
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The Taylor series may be written as
H(xw+h) = H(x) + hRH'(x) + -+ + %H(")(x) + R

where the remainder is the usual R = Art1H®+1(g)/(n+1)!. Notice that if M denotes the sum of
even power terms, and N the sum of odd power terms, then

Hx+h) = M+N, H(x—h) = M- N
For six place accuracy we use terms of the Taylor series which affect the eighth place, because the

length of the task ahead makes substantial roundoff error growth a possibility. With H(0) = 0,
the computation begins with

H(1) = %(.1) - 5;2/—;(.1)3 + 5%/;;('1)5 ~ 11246291
only the odd powers contributing. Next we put « = .1 and find

H'(1) = 2/Vz)e 0 = 11171516

H®(1) = —2H'(1) = —.22843032

H® (1) = —2H(.1) — 2H'(1) = —2.1896171
HW(1) = —2H®(1) — 4H(1) = 1.3316447
H®(1) = —~2H®(1) — 6H® (1) = 12.871374
H®(1) = —2H®(1) — 8HA(1) = —138.227432

leading to

M .11246291 — 00111715 + .00000555 — .00000002 = .11135129

1t

N = .11171516 — .00036494 + 00000107 = .11135129

Since H(x—h) = M — N, we rediscover H(0) = 0 which serves as a check on the correctness of
the computation. We also obtain

H(2) = Hx+h = M+ N = .22270258

The process is now repeated to obtain a check on H(.1) and a prediction of H(.3). Continuing in
this way one eventually reaches H(4). The last two decimal places can then be rounded off. Correct
values to six places are given in Table 14.5 for x = 0(.5)4. In NBS-AMS 41 computations were
carried to 25 places, then rounded to 15. Extensive subtabulations were then made for small «
arguments.

x 5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

H(x) | 520500  .842701 966105  .995322  .999593  .999978  .999999  1.000000

Table 145

Tllustrate the method of undetermined coefficients for deriving approximate inte-
gration formulas, by applying it to the derivation of Simpson’s rule.

In this method we aim directly for a formula of a pre-selected type. For Simpson’s rule the
choice

h
[ v@an = heoyos e + o)

—h
is convenient. The selection of the coefficients ¢, can proceed in many ways, but for Simpson’s rule
the choice is made on the basis that the resulting formula be exact when y(x) is any of the first
three powers of x. Taking w(x) =1, « and %2 in turn, we are led to the conditions

2 = ¢ +ecg+te, 0= ——c_yte, % =c_3+te

which yileld e_;=¢; =4, ¢ = % making

" h
§ vwdr = Fuoitan
—h
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Applying this result to successive pairs of intervals between z, and x, again generates Simpson’s
rule.

As a bonus, this result also proves to be exact for y(x) = x8, as is easily seen from the sym-
metries. This means by addition that it is also exact for any polynomial of degree three or less.
For higher degree polynomials there is an error term.

Apply the method of undetermined coefficients to derive a formula of the type
h
j; y(x)ydxe = hlao + aryr) + h3(beys + buyi)

With four coefficients available, we try to make the formula exact when y(x) = 1,2,22, and 3.
This leads to the four conditions

1 = ay+a
1 = ay + by + by
= ay + 2by
1= ay + 3by
which yield ey =a; =%, by=—b; = 75+ The resulting formula is
h 3 B2
[ u@ds = ot + -

0
which reproduces the first terms of the Euler-Maclaurin formula. A great variety of formulas may
be generated by this method of undetermined coefficients. As in the examples just offered, a little
preliminary planning and use of symmetry can often simplify the system of equations which
ultimately determines the coefficients.

Integrals involving oscillatory functions often require special treatment. Develop
b
the Filon formula for f f(z) sin z dz.

The method of undetermined coefficients may be applied. As a simple example, just to illustrate

the method, we choose o

y(@) sinw de ~  Aww(0) + Axy(r) + Azy(2r)
0

Requiring that this be exact for y(x) = 1,%, and %2, we obtain
0= A, + A, + Ay, —2r = zAy+ 254, —dx2 = 724, + 4724,

Solving for the coefficients, A; =1, A, =0, A3 = —1; then

fzﬂ ylx) sinx de ~ y(0) — y(27)
0

Filon has developed the more general result
b
f y(x) sinkx dx ~ h[Ay(a) coska — Ay(b) coskd + BS + CT]

a

where 2nh = b—a and

A = 1 +sin2kh_2sin2kh B = 1+ cos2kh  sin2kh c 4sinkh 4 coskh
T kh T 2k2R2 K3h3 B k2h2 K3hs K343 k2h2
n
S = —yla)sinka — y(b) sinkdb + 2 S y(a + 2th) sin (ke + 2ikh)
i=0
n
T = 3 yla + (2i—1A] sin[ka + (2i— 1)kh]
i=1

The truncation error proves to be

73 1 AW
E, = g-a [1 ~ 16 cos (kh/4)] sin <7> v
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27

14.39. Apply Filon’s formula to log (1 + ) sin 10z dz.

0
Results using from 4 to 256 points are listed in Table 14.6. Corresponding results for Simpson’s
rule are included for comparison. Note that the Filon formula with four points excels the Simpson
formula with 128, and that Filon with 16 points wins out over Simpson with 256 points. Clearly
there is something to be said for giving oscillatory integrals special attention. Note also the
fluctuation in sign of the early Simpson approximations. This is due to the fact that so few points
are within each period of sin 10x that their location has a major effect on the result. The correct
result to eight places is —.19762761.

points Filon Simpson
4 —.19800636
—.19815543 00000155
16 —.19764683 —.95075040
32 —.19762639 44885465
64 —.19762670 —.22532862
128 —.19762681 —.19876029
256 —.19762755 —.19769189
4096 —.19762765
Table 14.6

Supplementary Problems

14.40. Integrate Newton’s formula for a collocation polynomial of degree four and so verify the n =14
row of Table 14.1, page 110.
14.41. Verify the n = 6 row of Table 14.1.
14.42. Use the Taylor series method to obtain the truncation error estimate for the » =38 formula as
listed in Table 14.2, page 111.
14.43. Use the Taylor series method to verify the truncation error estimate for the » = 4 formula.
14.44. Apply various formulas to the following limited data supply to approximate the integral of y(x).
x 1.0 1.2 1.4 1.6 1.8 2.0
y(x) 1.0000 .8333 7143 6250 6556 .5000
Use the trapezoidal rule, applying correction terms. Also use the n = 6 formula of Table 14.1. How
much confidence do you place in your result? Does it appear correct to four places? (See the next
problem.)
14.45. The data of Problem 14.44 actually belong to the function y(x) = 1/xz. The correct integral is,
therefore, to four places, In2 = .6931. Has any approximate method produced this?
14.46. Use the truncation error estimate for the trapezoidal rule to predict how tightly values of y(x)

must be packed (what interval k) for the trapezoidal rule itself to achieve a correct result to four

2
places for f dx/x.
1
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14.47.

14.48.

14.49.

14.50.

14.51.

14.52.

14.53.

14.54.

14.55.

14.56.

14.57.

14.58.

14.59.
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Suppose the data of Problem 14.44 augmented by the inclusion of these new number pairs:

@ 1.1 13 1.5 1.7 1.9

ylx) | 9091 7692 6667  .5882  .5263

Reapply the trapezoidal rule to the full data supply. Use this result as 4,, the corresponding result
in Problem 14.44 as A,, and the formula of Problem 14.23 to obtain still another approximation
to I. Is it correct to four places?

Apply the trapezoidal rule with correction terms (see Problems 14.29, 14.81, 14,33) to the full data
supply now available for y(x) = 1/x.

Apply Simpson’s rule to the data of Problem 14.44, Will correction terms as in Problem 14.26 be
needed? If so, apply them.

Use the truncation error estimate for Simpson’s rule to predict how many values of y(x), or how
small an interval h, will be needed for this rule to produce In 2 correct to four places.

How small an interval # would be required to obtain In2 correct to eight places using the trape-
zoidal rule? Using Simpson’s rule?

Apply the Euler-Maclaurin formula (Problem 14.31) up through fifth derivative terms to evaluate
In 2 to eight decimal places. The correct value is .69314718. (Try A =.1.)

2
From the following data estimate f y(x) de as best as you can.
0

@ 0 25 .50 5 1.00 1.25 1.50 1.75 2

y(x) 1.000 1.284 1.649 2.117 2.718 3.490 4.482 5.755 7.389

How much confidence do you place in your results? Do you believe them correct to three places?

The data of Problem 14.53 were taken from the exponential function y(x) = e*. The correct integral
2

is, therefore, to three places, f erdx = e2—~1 = 6.389. Were any of our formulas able to produce
this result? 0

5
From the following data, estimate f y(x) dx as best as you can,
1

x 1 1.5 2 2.5 3 3.5 4 4.5 5

y(x) 0 41 .69 .92 1.10 1.25 1.39 1.50 1.61

How much confidence do you place in your results?

The data of Problem 14.55 correspond to y(x) = logx. The correct integral is, therefore, to two

5
places, f logx de = BHlogh — 4 = 4.05. Were any of our formulas able to produce this result?
1

1
Calculate f T-(-i_‘_ﬁ;z- correct to seven places by any of our approximate methods. The correct
0

value is #/4, or to seven places .7853982.

/2

Calculate f V1—1sin?tdt to four decimal places. This is called an elliptic integral. Ifs
0

correct value is 1.4675. Use any of our approximate integration formulas.

T/2
Show that to four places f V1~ Lsin?tdt = 1.3506.
0
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14.60.

14.61.

14.62.

14.63.

14.64.

14.65.

14.66.

14.67.

14.68.

14.69.

14.70.

14,71,

Use one of our approximate integration formulas to verify

/2 d i
fo sinfz + Lcosta 8.1415927

the exact value being =.

Apply the Taylor series method as in Problem 14.34, page 118, to compute the sine integral
x N
Si() = f sin b gy
o t

for « = 0(.1)1, to five decimal places. The refined procedure used in Problem 14.35 is not neces-
sary here. (The last result should be Si(1) = .94608.)

Apply the Taylor series method as in Problem 14.35 to compute the sine integral for x = 0(.5)15,
to five decimal places. The final result should be Si(15) = 1.61819.

‘ 1
Apply the Taylor series method to compute f \/; sinx dx to eight decimal places.
0

1
Apply the Taylor series method to compute f (1/V1+24)dx  to four decimal places.
0

Compute the total arc length of the ellipse 22 + y2/4 =1 to six decimal places.

By adding (h/140)8%y, to the n = 6 formula of Table 14.1, page 110, derive Weddle'’s rule,

g
3h

f ylx)de = E[yo‘l‘ 5y; + ¥y + 6yz + ¥4 + Bys + v

o

The coefficients in this formula are simple, so that, in spite of the extra truncation error introduced,
it is popular.

Apply Weddle’s rule to the data of Table 13.5, page 104.

Use the method of undetermined coefficients to derive a formula of the form

h

J v@dn = hasyyo+ ae+ o) + BHboiLs + by + by
~h

which is exact for polynomials of as high a degree as possible.

Use the method of undetermined coefficients to derive the formula

h h h3
fo y@yde = Sty — 57 +yP)
proving it exact for polynomials of degree up through four.

Use the method of undetermined coefficients to derive

R
~ R R RPN (2
fo y@de = Sty + W0~ + HY T )
proving it exact for polynomials of degree up through five,

Derive an exact expression for the truncation error of our =n =2 formula by the following
method. Let

h
Fiy = [ y@an ~ Beh + 40 +um)
~h
Differentiate three times relative to k, using the theorem on “differentiating under the integral
sign” d (oW > oy
L (" yemde = [ Haw + oy - vk a®)

ath) a

to obtain F&(R) = — g[y(m(h) — YB3 (—h)]
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14.72.

14.73.

14.74.

14.75.

14.76.

14.77.

14.78.

14.79.

14.80.
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Notice that F'(0) = F(2(0) = F(0) = 0. Assuming y¥{x) continuous, the mean value theorem
now produces F(h) = —3h2y®(sh)

where 6 depends on h and falls between —1 and 1. We now reverse direction and recover F(h) by
integration. It is convenient to replace k by ¢ (making ¢ a function of t). Verify that

h
Fh) = —% f (h — 826250 (gt) dt
0

by differentiating three times relative to h to recover the above F(®3)(h). Since this formula also
makes F(0) = F'(0) = F(2)(0), it is the original F(h). Next apply the mean value theorem

b 3
[ iwowa = g0  roar
a a
with @ < ¢ < b, which is valid for continuous functions provided f(t) does not change sign between
a and b. These conditions do hold here with f(t) = —t2(h — t)2/3. The result is
ns

F(h) = 4@®(¢ " Hdt = — Ly
(R) ¥y f@® o0 Y (&)
0

This is the result mentioned at the end of Problem 14.3, page 111. The early parts of this proof,
in which we maneuver from F(h) to its third derivative and back again, have as their goal a rep-
resentation of F(h) to which the mean value theorem can be applied. (Recall that f(¢) did not change
sign in the interval of integration.) This is often the central difficulty in obtaining a truncation
error formula of the sort just achieved.

Modify the argument of Problem 14.71 to obtain the formula given at the end of Problem 14.2,

page 110, truncation error = —(h3/12)y(2}(¢)
for the » =1 formula. The same procedure can be used to produce the truncation errors listed in
Table 14.2, page 111.

Show that the Filon formula for » =1 is the result of approximating y(z) by a polynomial p(x)
collocating with y(x) at z = 0, », and 27, and then integrating p(x) sin k.

2
Apply the Filon formula to f e~* sin 10z dz. This integral can be evaluated by elementary
0

methods and equals (10/101)(1 — e—10). Compare the accuracy of the Filon and Simpson formulas
for the same number of points. :

1
Evaluate f e~ dx correct to six places.
0

Derive expressions for a(k), b(h), ¢(h) in the formula
x+h
f y(x) e~k dx  ~ Rla(R)y(z —h) + b(h) y(x) + c(h) y(z + k)]

z—h
by replacing y(x) by a second degree collocation polynomial.

T+ h
Apply the formula of Problem 14.76 to the test case f e~kz dy,
x—h

1

Apply the formula of Problem 14.76 to the test case f x e~ Tdx.
0

Apply the formula of Problem 14.76 successively at xq,%j, ...,%s,—; to produce a composite for-

b
mula for f y(x) e~ kr dxr where a =2, and b = wg,.
a

Apply the formula of Problem 14.79 with diminishing h to obtain three place accuracy for

1
f xile—xdx
0




Chapter 15

Gaussian Integration

CHARACTER OF A GAUSSIAN FORMULA
The main idea behind Gaussian integration is that in the selection of a formula

j; yleyde ~ :ElAiy(xi)

it may be wise not to specify that the arguments z; be equally spaced. All the formulas of
the preceding chapter assume equal spacing, and if the values y(x;) are obtained experi-
mentally this will probably be true. Many integrals, however, involve familiar analytic
functions which may be computed for any argument and to great accuracy. In such cases
it is useful to ask what choice of the z; and A; together will bring maximum accuracy. It
proves to be convenient to discuss the slightly more general formula

j; w(x) y(x) de ~ é; Aiy(axy)

in which w(x) is a weighting function to be specified later. When w(x) =1 we have the
original, simpler formula.

One approach to such Gaussian formulas is to ask for perfect accuracy when y(x) is one
of the power functions 1,z,2%, ..., 2> 1, This provides 2n conditions for determining the
2n numbers x; and A:;. In fact,

4 = fb w(z) Li(z) da

where Li(z) is the Lagrange multiplier function introduced in Chapter 8. The arguments
Zi, . .., 2, are the zeros of the nth degree polynomial p.(x) belonging to a family having the
orthogonality property

fb w(2) Pa(2) pm(x)dx = 0 for m+*n

These polynomials depend upon w(z). The weighting function therefore influences both the
A; and the z; but does not appear explicitly in the Gaussian formula.

Hermite’s formula for an osculating polynomial provides another approach to Gaussian
formulas. Integrating the osculating polynomial leads to

n

Lb w@)yx)de ~ 2 [Aiy(z) + Biy'(x)]

i=1
but the choice of the arguments ; as the zeros of a member of an orthogonal family makes
all B;=0. The formula then reduces to the prescribed type. This suggests, and we
proceed to verify, that a simple collocation polynomial at these unequally-spaced arguments
would lead to the same result.

Orthogonal polynomials therefore play a central role in Gaussian integration. A study
of their main properties forms a substantial part of this chapter.

125
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The truncation error of the Gaussian formula is

j; w(x)y(x)dx — EA ylx) = y(zn)tg)f w(x) [=(2)]? da

where =(x) = (¢ —@1)- - -(x —2,). Since this is proportional to the (2n)th derivative of y(2),
such formulas are exact for all polynomials of degree 2n—1 or less. In the formulas of
the previous chapter it is y“(¢) which appears in this place. In a sense our present for-
mulas are twice as accurate as those based on equally-spaced arguments.

PARTICULAR TYPES OF GAUSSIAN FORMULAS

Particular types of Gaussian formulas may be obtained by choosing w(x) and the limits
of integration in various ways. Occasionally one may also wish to impose constraints, such
as specifying certain z; in advance. A number of particular types are presented.

1. Gauss-Legendre formulas occur when w(x) = 1. This is the prototype of the Gaussian
method and we discuss it in more detail than the other types. It is customary to nor-
malize the interval (a, d) to (—1,1). The orthogonal polynomials are then the Legendre

polynomials 1 g
P.(x) = S 1 d—;’;(xz 1)
with Po(x) = 1. The x; are the zeros of these polynomials and the coefficients are
2(1 —2?
A = e
W3 [Py ()]

Tables of the x; and A; are available, to be substituted directly into the Gauss-Legendre

formula
b n
f yaydz ~ Ay

Various properties of Legendre polynomials are required in the development of these
results, including the following.

1
f *Pa(x)dxr = 0 for k=0,...,n—1
-1

1 n
{ wprwa = 200
-1

2n+1)!
! 2
S perar = 5t
f Pu(x) P = 0 for m #n

P.(x) has n real zeros in (—1,1)
m+1) Pusi(x) = 2r+DxP.(x) — nPr-i(x)
(t—a 2 @i+ ) Pu@) Pi(t) = (4 D)[Pusi(t)Pu(x) ~ Pa(t) Pu-1(z)]

b Pa(x) B -2
-lx—xkdx T (m A1) Prsa (i)

(1—x’2)P,ﬂ(x) + neP.(x) = nP.(x)
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Lanczos’ estimate of truncation error for Gauss-Legendre formulas takes the form

where I is the approximate integral obtained by the Gaussian w-point formula. Note
that the E term involves applying this same formula to the function xzy’(x). This
error estimate seems to be fairly accurate for smooth functions.

2. Gauss-Laguerre formulas take the form

f e ty@yde ~ Y Ay
0 i=1

the arguments z; being the zeros of the nth Laguerre polynomial

dn
Liz) = e T (e™= av)
and the coefficients 4. bein 4 -
e coefficients A; g YT mLi(x)]?

The numbers x; and A: are available in tables.

The derivation of Gauss-Laguerre formulas parallels that of Gauss-Legendre very
closely, using properties of the Laguerre polynomials.

3. Gauss-Hermite formulas take the form
f_ e~ y(x)de ~ 21 Aiy(zi)

the arguments x; being the zeros of the nth Hermite polynomial

2 ar —x2
Hn(x) = (*1) € W(@ )
. ) 2n+ip /7
and the coefficients A; being A; T
[Hn(xi))

The numbers x; and A; are available in tables.

4. Gauss-Chebyshev formulas take the form

the arguments z; being the zeros of the nth Chebyshev polynomial T.(x) = cos (n arccos ).

5. Gauss-Lobatto formulas take the form
1 2 n—2

r)dr ~ -——=[y(—=1)+yd)] + 2 Aiy(x)

§ v RV T )+ 3

=1

the x; being the zeros of P,—i(x) and where
A = 2
P T = D[Paci(@)]?

Note that the endpoints x = =1 have been prescribed as two of the n + 1 arguments.
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6. Chebyshev formulas take the form

1 n
yayde ~ (2m) Y y()
and have equal coefficients. -

7. The two-point formula

! 2rnl nd (n+i)!
J:l y@yde ~ Gyt 2oy ia L
where Y; =y i79(=1) + (=1)n~"1y@~i=D(1), uses values of y(x) and its derivatives
only at the endpoints of the interval of integration.

Solved Problems

THE GAUSSIAN METHOD

15.1. Integrate Hermite’s formula for an osculating polynomlal approximation to y(z) at
arguments x; to ..

Here it is convenient to delete the argument x; in our osculating polynomial. This requires only
minor changes in our formulas of Chapter 10. The Hermite formula itself becomes

plx) = i§1 [1- ZL/i(xi) (w — o) [ L)) 2y, + (x— xi)[Li(x)}zyi,

where Ly(x) = F{2)/F;(x;}) is the Lagrange multiplier function, F;(x) being the product F;{x) =
Tl (x~=z;). Integrating, we find

k#i n

b
f w(x) ple) dz = _21 (Aw; + By))

a =

~b b
where A, = J w(w)[l—ZL () (2 — )} [ Li(2)]2 du, B, = f w(x)(x — x)[Ly(2)]? do

a

15.2. Find the truncation error of the formula in Problem 15.1.
Surprisingly enough, this comes more easily than for formulas obtained from simple collocation

polynomials, because the mean value theorem applies directly. The error of Hermite’s formula
(Problem 10.4, page 67), with n in place of n 4+ 1 because we have deleted one argument, becomes

2n){
v — p) = LD

Multiplying by w(x) and integrating,
b b (on
[ v -pwiar = [ w0l @k

Since w(x) is to be chosen a non-negative function, and [#(z)]? is surely positive, the mean value
theorem at once yields

b 1
S e —pwn s = L0 f () (e

for the truncation error. Here a < ¢ < b, but as usual ¢ is not otherwise known. Notice that if
y(x) were a polynomial of degree 2n—1 or less, this error term would be exactly 0. Our formula

will be exact for all such polynomials.
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15.3.

15.4.

15.5.

15.6.

15.7.

Show that all the coefficients B; will be 0 if
f w(@)=(x)xkde = 0 for t=10,1,...,n—1
By Problem 8.3, page 54, (x — ;) Li(z) = n(x)/#'(x;). Substituting this into the formula for B,
1 b
But L;(x) is a polynomial in » of degree n — 1, and so

b n—1 b
B, = 7(1:;03 fa w(x) 7(x) kgo ozt de = ,(xl) Eak]; w(x) ~(x) xkdx = 0

Define orthogonal functions and restate the result of Problem 15.3 in terms of
orthogonality.

Functions f1(x) and fo(x) are called orthogonal on the interval (a, b) with weight function w(x) if

b
J v fi@ ptm az = 0
a
The coefficients B; of our formula will be zero if #(x) is orthogonal to «? for p =0,1,...,n—1.
By addition z(x) will then be orthogonal to any polynomial of degree n—1 or less, including the

Lagrange multiplier functions L;(x). Such orthogonality depends upon and determines our choice
of the collocation arguments «,, and is assumed for the remainder of this chapter.

Prove that with all the B; =0, the coefficients A; reduce to A;= f w(x) [Li(x)]? dz
and are therefore positive numbers.

i = I w(x)[Lyx))2de — 2L(x)B; reduces to the required form when B;=0.
a

b
Derive the simpler formula A; = f w(x) Li(x) d.

b
The result follows if we can show that f w(z) Ly(z) [Lyx) — 1] de = 0.
a

But Lix) —1 must contain (x — ;) as a factor, because Ly{x;) —1 =1—1 = 0. Therefore

L)L) —1] = @) L)—1 = =) p)

7'(@) (@ — ;)

with p(x) of degree »—1 at most. Problem 15.4 then guarantees that the integral is zero.

The integration formula of this section can now be written as

fa wx)y(x)de ~ iAfy(x;)

i=1
where A; = f w(x) Li(x)dx and the arguments x: are to be chosen by the ortho-

gonality requlrements of Problem 15.3. This formula was obtained by integration
of an osculating polynomial of degree 2n — 1 determined by the y, and y; values at
arguments ;. Show that the same formula is obtained by integration of the simpler
collocation polynomial of degree n —1 determined by the y, values alone. (This is
one way of looking at Gaussian formulas; they extract high accuracy from polynomials
of relatively low degree.)
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n
The collocation polynomial is p(x) = 3 L) y(x;) so that integration produces
i=1

b 7
J v = 3 @

as suggested. Here p(x) represents the collocation polynomial. In Problem 15.1 it stood for the more
complicated osculating polynomial. Both lead to the same integration formula. (For a specific ex-
ample of this, see Problem 15.25.)

GAUSS-LEGENDRE FORMULAS

15.8. The special case w(x) =1 leads to Gauss-Legendre formulas. It is the custom to use
the interval of integration (—1,1). As a preliminary exercise, determine the argu-
ments z. directly from the conditions of Problem 15.3

fllvr(x)x"dx = 0, Ek=01...,n—-1
for the value n = 3.
The polynomial »(x) is then cubic, say =(x) = @+ bx + cx2 + x3. Integrations produce
20+ %c =0, 2%b+2 =0, 2a+32c =0
which lead quickly to @ =¢ =0, b =—38/5. This makes
w(x) = 8 — (3/5)x = (z+V3/5)z(x—~/3/5)
The collocation arguments are therefore z;, = —\/3/_5 , 0, \/?% .

Theoretically this procedure would yield the z;, for any value of = but it is quicker to use a more
sophisticated approach.

15.9. The Legendre polynomial of degree n is defined by

1 4
P.(zx) = 2n1 W(aﬁ —1)"

with Po(z) = 1. Prove that for k=0,1,...,n—1
1
f Pz dx = 0
—1

making P,(z) also orthogonal to any polynomial of degree less than n.
Apply integration by parts k times.

1 . 1 1 -
dn dn—1 _gnt
f wk %(azz ~ )" dx [:xk =T (w2 — 1)":‘_1 - £1 feak—1 g (x2—1)" dw

-1
=0
(1)’°k'f1 P @1 d 0
= —_ ! v (ee—1)"dx =
—ldxnk

1 2n+1(n!)2
15.10. Prove .L " Po(@)de = Gy

Taking k = n in the preceding problem,
1 1
f xn a (@—1rde = (—1)n! f (22— 1) do
-y da" -1

1 /2
= 2n!f 1—ax2)rde = 2n!f cos?nt1t dt
0 0
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This last integral responds to the treatment

/2 2n ¢ sin ¢ /2 2 /2
cos2ntleds = l:_________cos sin L f an—1
fo B+l ), | Bm+1) ST
;__—.__V___ﬁJ 0
=0

- on(2n —2)- -2 /2
= - (2n+1)(2n—1)...3‘£ cost dt

1
so that f xn ﬂ(xZ — 1)n dx — on! 2”(271 _ 2) s 2
—1 dan @n+1)2n—1)---3

Now multiply top and bottom by 2n(2n — 2)+--2 = 2nn! and recall the definition of P, (x) to obtain,

as required, .
! 1 +1{p1)2
f 2P, () de = 1 on! 2np ! 2nn! _ 2n+1(nl)
1 2np ! (2n + 1)! (2n + 1)!

1 ;
15.11. Prove f [Pa(@))?d2 = g——=
~1

Splitting off the highest power of x in one P,(z) factor,

1 1
S omere = f LGN e e
-1 —1 H H

Powers below x* make no contribution, by Problem 15.9. Using the preceding problem, we have

fx [P(®)])2de = (2m)! 2r¥l(n!2 _ 2
-1 n 2n(n )2 (2n+1)! on + 1

1
15.12. Prove that for m - n, f Pu(x) Pu() dz = O.
-1

Writing out the lower degree polynomial, we find each power in it orthogonal to the higher

1
degree polynomial. In particular with m = 0 and n #* 0 we have the special case f P,(x)de = 0.
~1

15.13. Prove that P,(x) has n real zeros between —1 and 1.

The polynomial (22— 1)» is of degree 2n and has multiple zeros at *1. Its derivative therefore
has one interior zero, by Rolle’s theorem. This first derivative is also zero at =1, making three
zeros in all. The second derivative is then guaranteed two interior zeros by Rolle’s theorem. It also
vanishes at *1, making four zeros in all. Continuing in this way we find that the nth derivative is
guaranteed n interior zeros, by Rolle’s theorem. Except for a constant factor, this derivative is the
Legendre polynomial P, (x).

15.14. Show that for the weight function w(x) =1, =(x) = [2"(n!)*/(2n)!]Pa(x).
Let the n zeros of P,(x) be called «,, ..., %, Then
[2m12/(2n) NPy () = (o —@y) (% — %y,)

The only other requirement on =(«) is that it be orthogonal to «k for k = 0,1, ...,n~ 1 But this
follows from Problem 15.9.

15.15. Calculate the first several Legendre polynomials directly from the definition, noticing
that only even or only odd powers can occur in any such polynomial.

Py(x) is defined to be 1. Then we find
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15.16.

15.17.
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Pi(x) = ‘ % d—do;(x2 -1 = =z Pylx) = :1148 ?dgl:—a(ﬂ —1)8 = 1(5x%—3x)
Py(x) = 1 —d—2—(x2 ~12 = 1(8x2—1) Py(x) = 1 -(—izi—(a:2 — 1)t = 1(35z%— 3022+ 3)
8 dx2 16+ 24 dxt 8
Similarly,
Ps(x) = 1(63x5— 7043 + 152) Pp(x) = $£:(42927 — 693« + 31523 — 35x)
Pglx) = (28126 — 3152¢ + 10522 — 5) Pg(x) = i%g(6435x8 ~12,01226 + 69302¢ — 126022 + 35)

and so on. Since (22 — 1)7 involves only even powers of x, the result of differentiating n times will
contain only even or only odd powers.

Show that z" can be expressed as a combination of Legendre polynomials up through
P,(x). The same is then true of any polynomial of degree n.

Solving in turn for successive powers, we find
1 = Pylw), = = Pix), a2 = }[2Py(x) + Py(x)],
a3 = L[2P3(x) + 3P (x)], a* = z|8P4(x) + 20P,(x) + TPy ()]

and so on. The fact that each P, (x) begins with a non-zero term in x* allows this procedure to con-
tinue indefinitely.

Prove the recursion for Legendre polynomials,
M+ 1D Prii(x) = (@un+DaxPu(x) — nPu(z)

The polynomial xP,(x) is of degree n+ 1, and so can be expressed as the combination (see
Problem 15.16) n+1
P, (x) = 'Eo e;P; ()
i=

Multiply by P, (x) and integrate to find

1 1
f e P (x)Py(x)de = ¢ f P} (x)dx
1 ~1
all other terms on the right vanishing since Legendre polynomials of different degrees are ortho-
gonal. But for k <n—1 we know P,(x) is also orthogonal to xP,(x), since this product then has
degree at most n — 1. (See Problem 15.9.) This makes ¢, =0 for k<n—1 and

2P () = ¢y 1Ppyile) + e,Py(x) + ¢y Pry ()
Noticing that, from the definition, the coefficient of »" in P,(x) will be (2n)!/27(n!)?, we compare
coefficients of x7+1! in the above to find
(2n)! (2n+ 2)!

onml)e “ntl Gutif(n + 112

from which e¢,,; = (n+1)/(2rn+1) follows. Comparing the coefficients of x”, and remembering
that only alternate powers appear in any Legendre polynomial, brings ¢, = 0. To determine ¢, ,
we return to our integrals. With kX =n—1 we imagine P,(x) written out as a sum of powers.
Only the term in 2”1 need be considered, since lower terms, even when multiplied by «, will be
orthogonal to P,(x). This leads to

20 — 9)! ! _ !
-z_n_Ll[%i—_T)!]—zfﬂann(x)dx = c,,_lf_lP,%_l(x)dx

and using the results of Problems 15.10 and 15.11 one easily finds ¢,_; = n/(2n -+ 1). Substituting
these coefficients into our expression for xP,(x) now brings the required recursion. As a bonus we
also have the integral

n 2 _ 2n
2n+12n — 1 qn2 — 1

1
f @ Pyi(x) Pylz)de =

-1
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15.18. Illustrate the use of the recursion formula.
Taking = = 5, we find
Pyx) = YaPy(x) — 8P,(x) = -L(231x6—3815a%+ 10522 — 5)
and with n = 6,
Pi(x) = BaPsw) — SPs(w) = (42927 — 693x5 + 31543 — 351)

confirming the results obtained in Problem 15.15. The recursion process is well suited to automatic
computation of these polynomials, while the differentiation process of Problem 15.15 is not.

15.19. Derive Christoffel’s identity,

2 @i+ 1) Pu@)Pi(t) = (1t+1)[Pass(t)Pa(@) — Pu(t) Pass(2)]

The recursion formula of Problem 15.17 can be multiplied by P;(¥) to obtain
@+ DePi@ Py(t) = (i+1) Py (@) Py(t) + Py (2) Pi()

Writing this also with arguments x and ¢ reversed (since it is true for any x and ¢) and then sub-
tracting, we have

20+ 1D)(t—o) Pi@) Py(t) = ({E+D[Pi41(8) Pilw) — Pi(t) Pipq(@)] — 4{P;(¢) Pi_y (&) — P;_;(t) Py(w))]

Summing from <=1 to i =mn, and noticing the “telescoping effect” on the right, we have
(t — @) '21 @i+ DPix) Pi(t) = (m+DProy(t)Pr(@) — Pr(t)Pryi(®)] — (t—2)
i=

The last term may be transferred to the left side where it may be absorbed into the sum as an
1 =0 term. This is the Christoffel identity.

15.20. Use the Christoffel identity to evaluate the integration coefficients for the Gauss-
2

7 Py (k) Pr—1 ()

Legendre case, proving Ay =

Let 2;, be a zero of P,(x). Then the preceding problem, with ¢ replaced by w»,, makes

(n+1) Py (o) Pr(x)
x—

= - i (2¢+ 1) Py(x) P;(;)
i=0

Now integrate from —1 to 1. By a special case of Problem 15.12 only the i =0 term survives on
the right, and we have

' P,(@) i - -2
—1 (@ — ) T APy ()
The recuréion formula with 2 = x, makes (n+ 1)P, . (xx) = —nP,_i(x;) which allows us the
alternative
' P 2
de = —5F
—1 X T Xy n Py (x)

By Problems 15.6 and 15.14 we now find

1 1 !
B S G AR
J;1 Ly (x)dx = £1 () (@ — @) de = f_l P, (z;) (x — o) x

leading at once to the result stated.
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15.21. Prove that (1 —2a?)P.(x) + nzPu(z) = nPn_:(x), which is useful for simplifying the
result of Problem 15.20.
We first notice that the combination (1 —x2)P, + nxP, is at most of degree n+ 1. However,
with A representing the leading coefficient of P, (x), it is easy to see that xn*1 comes multiplied by
—nA +nA and so is not involved. Since P, contains no term in xn—1, our combination also has
no term in x” Its degree is at most n —1 and by Problem 15.16 it can be expressed as

n—1
(1= P,(x) + nxP,(x) = 30 ¢; P;(x)

Proceeding as in our development of the recursion formula, we now multiply by P,(x) and inte-
grate. On the right only the kth term survives, because of the orthogonality, and we obtain

2 1 , 1
2k+1ck = f_l (1—22) P,(x) P (x)dax + nf_len(x)Pk(x)dx

Integrating the first integral by parts, the integrated piece is zero because of the factor (1 — x2).
This leaves

1
2k2+1c" f P, (1—x2)Pk(x)] v + nf—len(x)Pk(x)dx

For k<n—1 both integrands have P,(x) multiplied by a polynomial of degree n—1 or less.
By Problem 15.9 all such ¢, will be zero. For k = n-—1 the last integral is covered by the Problem
15.17 bonus. In the first integral only the leading term of P,_,(x) contributes (again because of
Problem 15.9) making this term

(2n — 2)!
f P, (z) — { o 11[L7L—1)'] xn~1} dx

Using Problem 15.10, this now reduces to
(2n —2)! (1) 2nti(ph2 2n(n +1)
2n—1[(n —1)1]2 (2n -+ 1)! @2n+1)@2n—1)

Substituting these various results, we find

. _ 2n——1[ 2r(nt1) 2n2 ] -
not 2 L@n+1)Er—1) Ern+1)@n—1)

which completes the proof.

21 —x3})
N*[Pn-1(2x) >

Putting « = x,, a zero of P,(x), we find (1 — 2DPl(x) = nP,_,(z;). The derivative factor
can now be replaced in our result of Problem 15.20, producing the required result.

15.22. Apply Problem 15.21 to obtain A, =

15.23. The Gauss-Legendre integration formula can now be expressed as

1 n
[ wwar ~ Faue
-1 i=1

where the arguments xx are the zeros of P.(x) and the coefficients Ax are given in
Problem 15.22. Tabulate these numbers for » =2,4,6,...,16.

For =2 we solve Py(x) = 1(322—1) =0 to obtain x, = *V1/3 = +.57735027. The two
coefficients prove to be the same. Problem 15.22 makes 4, = 2(1—31)/[4(})] = 1.

For n=4 we solve Py(x)= 4(350¢—3022+3)=0 to find =} = (15 = 2/30)/85, leading
to the four arguments =z, = *[{(15 = 2/30)/35]1/2,

Computing these and inserting them into the formula of Problem 15.22 produces the Xy Ay
pairs given in Table 15.1 below. The results for larger integers n are found in the same way, the
zeros of the high degree polynomials being found by the familiar Newton method of successive
approximations. (This method appears in a later chapter.)
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15.24.

15.25.

" &y Ak n Xy A}C
2 *.57735027 1.00000000 14 *+.98628381 03511946
4 + 86113631 34785485 +.92843488 08015809
+.33998104 65214515 =.82720132 12151857
*.687292 .
6 +.93246951 17132449 osTRaz0 oy
+.51524864 18553840
+.66120939 36076157 + 31911287 205198
*.23861919 46791393 - 20519500
: : +.10805495 21526385
8 *.96028986 10122854 16 +.98940093 02715246
+.79666648 22238103
*.94457502 06225352
*+ 52553241 31370665 N
N opy eaeaan +.86563120 09515851
: : + 75540441 12462897
10 +.97390653 06667134 *+.61787624 14959599
* 86506337 14945135 +.45801678 16915652
+ 67940957 21908636 +.28160355 18260342
+.43339539 26926672 *.09501251 18945061
*+.,14887434 29552422
12 +.98156063 04717534
*+.90411725 10693933
76990267 16007833
*.58731795 20316743
*+ 36783150 23349254
+.12533341 24914705
Table 15.1

w/2
Apply the two point formula to f sin t dt.
0

The change of argument ¢ = z(x +1)/4 converts this to our standard interval as
1
7 . wl@+1)
fal ST dx

and the Gaussian arguments z; = %.57735027 lead to y(x;) = .32589, y(x,) = .94541. The two
point formula now generates (»/4)(.32589 + .94541) = 99848 which is correct to almost three
places. The two point Gaussian formula has produced a better result than the trapezoidal rule
with seven points (Problem 14.17, page 113). The error is two-tenths of one per cent!

It is amusing to see what a one point formula could have done. For n =1 the Gauss-Legendre

1
result is, as one may easily verify, f y(x) do ~ 2y(0). For the sine function this becomes
-1

1
T m(x + 1) T - -
J-l 1 sin 1 dx 1 \/§ 1.11

which is correct to within about ten per cent.

Explain the accuracy of the extremely simple formulas used in Problem 15.24 by ex-
hibiting the polynomials on which the formulas are based.

The = =1 formula can be obtained by integrating the collocation polynomial of degree zero,
plz) = y(x,) = y(0). However, it can also be obtained, and this is the idea of the Gaussian method,
from the osculating polynomial of degree 2n—~1 =1, which by Hermite’s formula is (0) + xy’(0).
Integrating this linear function between —1 and 1 produces the same 2y(0), the derivative term
contributing zero. The zero degree collocation polynomial produces the same integral as a first
degree polynomial, because the point of collocation was the Gaussian point. (Fig. 15-1 below.)

Similarly, the n =2 formula can be obtained by integrating the collocation polynomial of
degree one, the points of collocation being the Gaussian points

N x+r
f_1<—2’l‘ Y1 +——2T—y2>dx = ¥y + Y

where r = V/1/3. This same formula is obtained by integrating the osculating polynomial of degree
three, since
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1
+ —
f 1 {[1 + ””—ﬁ] 3z —r)2y, + [1 ~ “—;—T] B+ )2y, + $(@2— )@ =y

+ %(xz—ﬂ)(x—{-'r)yé}dx = Yt Y

The polynomial of degree one performs so well, because the points of collocation were the Gaussian
points, (Fig. 15-2)

osculating collocation
/ osculating
collocation
T T T T
-1 z; =0 1 -1l 2y =—r 0 E=r 1
Fig.15-1 Fig.15-2

15.26. Apply the Gaussian four point formula to the integral of Problem 15.24.

4
Using the same change of argument, the four point formula produces 3 Ay; = 1.000000,
i=1

correct to six places. Comparing with the Simpson 82 point result of 1.0000003 and the Simpson 64
point result of .99999983, we find it superior to either.

15.27. Adapt the truncation error estimate of Problem 15.2 to the special case of Gauss-
Legendre approximation, '

Combining Problems 15.2, 15.11 and 15.14, we find the error to be
y<m(g) e e 2 B 22n+1 (g 1)4 om
E @myr 2DV Zo = G DiEayE YO
This is not an easy formula to apply if the derivatives of y(x) are hard to compute. Some further
idea of the accuracy of Gaussian formulas is, however, available by computing the coefficient of
y @) for small n.

n=2 E = .0074y®
n =4 E = .0000003y(®
n==6 E = 1.5(10~12)y(12

15.28. Apply the error estimates of Problem 15.27 to the integral of Problem 15.24 and
compare with the actual errors.

After the change of argument which brings this integral to our standard form, we find
[y O @) < (/4%  |[y®(@)| < (=/4)°

For n = 2 this makes our error estimate E = (.0074)(.298) = .00220, while for n =4 we find
E = (.0000003)(.113) = .00000003. The actual errors were .00152 and, to six places, zero. So our,
estimates are consistent with our results.

This example offers a favorable situation. The sine function is easy to integrate, even by ap-
proximate methods, because its derivatives are all bounded by the same constant, namely 1. The
powers of 7/4 do enter with the change of argument, but they actually help in this case. The next
example deals with a familiar function whose derivatives do not behave so favorably.

m/2
15.29. Apply the Gauss-Legendre formula to f log (1 +¢) dt.
0
The correct value of this integral is
1+ #/2)log (1 +7/2) —1] + 1 = .856590
to six places. The change of argument t = #(x + 1)/4 converts the integral to

1
T 7(x + 1)
f 4log”[l +———~—4 :|da;

-1
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15.30.

1531.

15.32.

The fourth derivative of the new integrand is (#/4)5[—6/(1 + t)4]. In the interval of integration this
cannot exceed 6(r/4)%, so the truncation error cannot exceed 6(z/4)5(.0074) if we use the two point
Gaussian formula. This is six times the corresponding estimate for the integral of the sine fune-
tion. Similarly, the eighth derivative is (#/4)9[—7!/(1 +¢)8]. This means a truncation error of at
most (#/4)? « 71(.0000003) which is 7! times the corresponding estimate for the integral of the
sine function. While the successive derivatives of the sine function remain bounded by 1, those of
the logarithm function increase as factorials. The difference has an obvious impact on the trunca-
tion errors of any of our formulas, perhaps especially on Gaussian formulas where especially high
derivatives are involved. Even so, these formulas perform well. Using just two points we obtain
.858, while four points manage .856592 which is off by just two units in the last place. The six
point Gaussian formula scores a bullseye to six places, even though its truncation error term in-
volves y{2)(x), which is approximately of size 12!. For contrast, Simpson’s rule requires sixty-
four points to produce this same six-place result.

The function log (1 + t) has a singularity at ¢ = —1. This is not on the interval of integration,
but it is close, and even a complex singularity nearby could produce the slow kind of convergence
in evidence here.

How does the length of the interval of integration affect the Gaussian formulas?

For an integral over the interval « =t = b, the change of argument ¢ = a + b ; ¢ (x+1) pro-

duces the standard interval —1 = « = 1. It also makes

b 1
b—a b—a :
dt = |: + +1)]dx
f y f_l 2 Y| g (=t

a

The effect on truncation error is in the derivative factor, which is
[(b — a)/2]2"+ 1 y(2")(t)

In the examples just given b—a was »/2 and this interval length actually helped to reduce error,
but with a longer interval the potential of the powers of b — a to magnify error is clear.

4
Apply the Gaussian method to (2/1/r) f et dt.
0

The higher derivatives of this error function are not easy to estimate realistically. Proceeding
with computations, one finds the n = 4,6,8,10 formulas giving these results:

n 4 6 8 10

approximation .986 1.000258 1.000004 1.000000

For larger n the results agree with that for n = 10. This suggests accuracy to six places. We have
already computed this integral by a patient application of Taylor’s series (Problem 14.35, page 118)
and found it to equal 1, correct to six places. For comparison, the Simpson formula requires 32
points to achieve six place accuracy.

4
Apply the Gaussian method to f V1 +Vidt.
0

The n = 4,8,12,16 formulas give the results

n 4 8 12 16

approximation 6.08045 6.07657 6.07610 6.07600

This suggests accuracy to four places. The exact integral can be found by a change of argument
to be §[2\/§ + 4], which is 6.07590 correct to five places. Observe that the accuracy obtained here
is inferior to that of the previous problem. The explanation is that our square root integrand is
not as smooth as the exponential function. Its higher derivatives grow very large, like factorials.
Our other formulas also feel the influence of these large derivatives. Simpson’s rule for instance

produces these values:
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15.34.

GAUSSIAN INTEGRATION [CHAP. 15

no. of points 16 64 256 1024

Simpson values 6.062 6.07411 6.07567 6.07586

Even with a thousand points it has not managed the accuracy achieved in the previous problem
with just 82 points.

Derive the Lanczos estimate for the truncation error of Gaussian formulas.

1 .
The relation f [wy(x)) dx = y(1) + y(—1) holds exactly. Let I be the approximate integral
-1

of y(x) obtained by the Gaussian » point formula, and I* be the corresponding result for [zy(x)].
Since [xy(x)] = y(z) + 2y'(2), n

Ir o= 1+ 3 Asy()
so that the error in I* is =

E* = yQ) 4+ y-1) = I - i=21 A, y'(x)

Calling the error in [ itself K, we know that
E = Cy@(s,), E* = C,lxy)2r+Dy(g,)

for suitable ¢; and 6, between —1 and 1. Suppose 6; = ¢, = 0. On the one hand (xy)2*+1>(0)/(2n)!
is the coefficient of #2# in the Taylor series expansion of (xy)’, while on the other hand

y(x) = < + yC(0)x2n/2n)! 4+ -+
leading directly to [ey®)) = -+ + @Cn+ Dy (0)x2?/(2n)! + -+ -
from which we deduce (xy)@nTD(0) = (2n+ 1)y©2n)(0)

Thus E* = (2n+ 1)E approximately, making

n .
E ~ gﬁ%[y(l) +y(-1) - I~ igl Aixiy,(xi)J

This involves applying the Gaussian formula to xy'(x) as well as to y(x) itself, but it avoids the
often troublesome calculation of y2%)(x). Putting 4, = 6, = 0 is the key move in deducing this
formula. This has been found to be more reasonable for smooth integrands such as that of Problem
15.31, than for integrands with large derivatives, which seems reasonable since y2"(8,)/y2™(g,)
should be nearly 1 when y@n+1) ig small. ’

Apply the error estimate of the previous problem to the integral of Problem 15.31.

For m = 8 the Lanczos estimate is .000004 and is identical with the actual error. For = =10
and above, the Lanczos estimate correctly predicts a six place error of zero. If applied to the
integral of Problem 15.32, however, in which the integrand is very unsmooth, the Lanczos estimate
proves to be too conservative to be useful. The limits to the usefulness of this error formula are
still to be determined.

OTHER GAUSSIAN FORMULAS

15.35.

What are the Gauss-Laguerre formulas?

These formulas for approximate integration are of the form

%0 n
J e ~ 3 A
o i=1
the arguments x; being the zeros of the nth Laguerre polynomial
n

Lz} = 81%(6_10:")
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and the coefficients A; being

©» L. {(x)e % 12
Ai — ,1 f n( ) da _ (n’)
Ly () Jy ® o[ Ly ()]2
The truncation error is E (n1)? Yy (g)
(2n)!

These results are found very much as the similar results for the Gauss-Legendre case. Here
the weight function is w(xz) = ¢~%, The n point formula is exact for polynomials of degree up to
2n— 1. Arguments and coefficients are provided in Table 15.2.

n Xy Ay n Ty Ay
2 58578644 85355339 12 11572212 26473137
3.41421356 14644661 61175748 37775928
1.51261027 24408201
4 32254769 -60315410 2.83375134 09044922
1.74576110 35741869 459922764 02010238
4.53662030 03888751 6.84452545 00266397
9.39507091 00053929 9.62131684 .00020323
6 2929284660 45896467 13.00605499 .00000837
1.18893210 41700083 17.11685519 .00000017
2.99273633 11337338 22.15109038 .00000000
5.77514357 .01039920 28.48796725 .00000000
0.83746742 00026102 37.09912104 .00000000
15.98287398 :00000030 14 09974751 23181558
8 17027963 .36918859 52685765 35378469
90370178 41878678 1.30062912 256873461
2.25108663 17579499 2.43080108 -11548289
4.26670017 .03334349 3.93210282 03319209
7.04590540 00279454 5.82553622 -00619287
10.75851601 .00009077 8.14024014 -00073989
15.74067864 .00000085 10.91649951 :00005491
22.86313174 .00000000 14.21080501 .00000241
18.10489222 .00000006
10 13779347 .30844112 292.72338163 .00000000
72945455 .40111993 28.27298172 .00000000
1.80834290 .21806829 35.14944366 .00000000
3.40143370 .06208746 44.36608171 .00000000
5.55249614 .00950152
8.33015275 .00075301
11.84378584 .00002826
16.27925783 .00000042
21.99658581 .00000000
29.92069701 .00000000
Table 15.2

15.36. Apply the Gauss-Laguerre one point formula to the integration of e~=.

Since L;(x) =1—x, we have a zero at x; = 1. The coefficient is 4, = 1/[L{(1)]2 which is also
1. The one point formula is therefore

[T ermar ~ v
(1]

In this case y(z) = 1 and we obtain the exact integral, which is 1. This is no surprise, since with
n=1 we are guaranteed exact results for any polynomial of degree one or less. In fact with
y(z) = ax+ b the formula produces

ch e tax+bydx = y(l) = a+ b

. 0
which is the correct value.
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15.38.
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Apply the Gauss-Laguerre method to f e *ginx dx.
0

The exact value of this integral is easily found to be —% The smoothness of sin«, by which is
meant the boundedness of its derivatives, suggests that our formulas wjll perform well. The error
estimate of (n!)2/(2n)!, which replaces y‘2® by its maximum of 1, reduces to 1/924 for n =6 and

n

suggests about three place accuracy. Actually substituting into ¥ A;sin z; brings the results
i=1

n 2 6 10 14

> 43 .50005 .5000002 .50000000

so that our error formula is somewhat pessimistic.

Apply the Gauss-Laguerre method to f (e~t/t) dt.
1

The unsmoothness of y(t) = 1/t, meaning that its nth derivative
y®(t) = (—1)rali— (D

increases rapidly with n, does not suggest overconfidence in approximation formulas. Making the
change of argument ¢t = x4+ 1, this integral is converted into our standard interval as

o 1
I) ¢ xe(x-i—l)dx

E = [(n)¥(2n)!][@n)/e(s + 1)2n+1]

and the error formula becomes

which reduces to (n!)?/e(¢ +1)2»*+1. If we replaced 6 by 0 to obtain the maximum derivative this
would surely be discouraging, and yet no other choice nominates itself. Actual computations with
the formula

1 n
bring these results: =1
n 2 6 10 14
approximation 21 21918 21937 .21938

Since the correct value to five places is .21938 we see that complete pessimism was unnecessary.
The elusive argument ¢ appears to increase with n. A comparison of the actual and theoretical
errors allows ¢ to be determined:

. n 2 6 10
6 1.75 3.91 5.95
In this example the function y(x) has a singularity at « = —1. Even a complex singularity near

the interval of integration can produce the slow convergence in evidence here. (Compare with Prob-
lem 15.29.) The convergence is more rapid if we move away from the singularity. For example,
integration of the same function by the same method over the interval from 5 to « brings these
results:

n 2 6 10

approximation .001147 .0011482949 .0011482954

The last value is almost correct to ten places.
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15.39. What are the Gauss-Hermite formulas?
These are of the form

o n
j‘“ e~ y(x)de ~ i§1Aiy(xi)

the arguments x; being the zeros of the nth Hermite polynomial

n

Hyw) = (—1mem o (o=

dan

and the coefficients A; being
A; = 2n+tiqlV7/[H, (x)]?
The truncation error is

E = nlVry@m(e)/2n@n)!

These results are found very much as in the Gauss-Legendre case. Here the weight function is
w(x) = e¢~*%. The n point formula is exact for polynomials up to degree 2n—1. Arguments and
coefficients are provided in Table 15.3.

n 2 Ay n x Ay
2 = 70710678 88622693 12 * 31424038 57013524
o | e | s e
*1.65068012 08131284 +£2.27950708 .00390539
6 + 43607741 12462960 *3.02063703 00008574
+1.33684907 15706732 +3.88972490 .00000027
*2.85060407 00453001 14 + 29174551 53640591
8 + 38118699 .66114701 + 878713790 .27810561
+1,15719371 .20780233 +1.47668273 .06850553
+1.98165676 01707798 ) +2.09518326 .00785005
+2.93063742 .00019960 +2.74847072 -00035509
+3.46265693 .00000472
10 + ,34290133 .61086263 +4,80444857 - 00000001
+1.03661083 24013861
+1.75668365 .03387439
+2,53273167 .00134365
+3.43615912 .00000764
Table 15.3

)

15.40. Apply the Gauss-Hermite two point formula to the integral e x2dx.

An exact result can be obtained, so we first compute

2
Hy(x) = e** i—(e”ﬁ) = 42 — 2
2 da?

The zeros of this polynomial are z;, = +v/2/2. The coefficients A; are easily found from the formula
in Problem 15.39 to be /#/2. The two point formula is therefore

e = EL(8) o (F)]

With y(x) = x2 this becomes f e~ x2dx = \/;/2 which is the exact value of the integral.

—w
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o

15.41. Evaluate correct to six places f e gin’x dx.

-

The Gauss-Hermite formula produces these results:

n 2 4 6 8 10

approximation 748 .5655 560255 560202 560202

This appears to suggest six place accuracy, and the result is actually correct to six places, the

exact integral being \/;(l—e“l)/2 which is to eight places .56020228.

15.42. Evaluate correct to three places, f [e==/v/1+a?] dx.

— o0

The square root factor is not so smooth as the sine function of the preceding problem, so we

should not expect quite so rapid convergence, and do not get it.

n 2 4 6 8 10

12

approximation 145 151 .15202 .15228 15236 156239

The value .152 seems to be indicated.

15.43. What are the Gauss-Chebyshev formulas?
These are of Gaussian form with w(x) = 1/y1—«2,

1 n
J wenNT=Fla ~ 36
4 i=1
the arguments «; being the zeros of the nth Chebyshev polynomial

T,.(x) = cos (n arccos x)

Contrary to appearances this actually is a polynomial of degree n, and its zeros are
x; = cos [(2( — 1)=/2n]

All coefficients A; are simply #/n. The truncation error is
E = 271{(2")(0)/22"(271)!

15.44. Apply the Gauss-Chebyshev formula for n =1 to verify the familiar result

fj ANI=—2F)de = =

For n =1 we find T,(x) = cos (arccos ) = ». Since there is just one zero, our formula col-
lapses to #y(0). Since the Gaussian formula with n =1 is exact for polynomials of degree one or

less, the given integral is exactly =+ y(0) = 7.

1

15.45. Apply the n =38 formula to f (21 —x?)dz.

—1

Directly from the definition we find Ty(x) = 42® —~ 3z so that x; =0, x, = V3/2, x5 =
The Gauss-Chebyshev formula now yields (#/3)(0 + % + %) = 37/8 which is also exact.

PRESCRIBED ARGUMENTS OR COEFFICIENTS
15.46. Derive an integration formula of the form

£1 y@)de ~ Awy(r) + Ay(x:) + Asy(—1) + Ay(1)

1

—V/3/2.
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15.47.

15.48.

which will be exact for as high degree polynomials as possible.

A procedure similar to that used for our other Gaussian formulas would also suffice here, but
the method of undetermined coefficients will be used instead. This method is capable of generating
any of the Gaussian formulas and serves as an alternate approach. The present example illustrates
the general procedure. Here we have six unknown arguments and coefficients, so we ask exactness
for y(x) =1,%,...,%5
= A, +A,+Az;+ A,

= Az + Ay, — Ag+ A,
A4 Agrs + Ay + Ay
= Al 4+ Al — A+ Ay
= A+ Agry+ Ay + Ay

S whe O© whe © O
H

= A} + Al — Ag + Ay
These equations are linear in the A; but nonlinear in x; and x,.
Introduce the familiar polynomial
7(x) = (w—ax)x—x)x+Dx—1) = xt+ Cix3 + Cox? + Caxr + C4
First notice that #(1) = #(—1) = 0 because of the prescribed arguments. This implies
14C, +Co+Cs3+Cy = 0
1-C;+Co—C3+C4 = 0

Next multiply the first five equations above by C4, C;, C,, Cy,1 and add. Since =(;) = =(x3) = 0,
we obtain 2 + 2C, + 2C, = 0. Using the same muiltipliers on the last five equations brings

2C; + £C3 = 0. We now have four linear equations for the C; and solve them to get C; = C3 =0,
Cy= —g, Cis=1 making

w(®) = LErt—6x2+1) = La—1)(z+1)5x2—-1)
The missing arguments are therefore x, = V1/5, x5 = —V/1/5. With these in our hands the original

set of six equations is linear. Solving the first four for the coefficients A;, we find 4, =4, = §,
A; = Ay =}. Finally we may write our formulas as

1
f W) de ~ Blyle) +yle)] + Bu=1) + y(D)

-1

What are the Gauss-Lobatto formulas?

These have the form
n—2

! 2
f_l @ dn ~ SEnlu-D ] + 3 A

where the z; are the zeros of P,_;(z) =0 and the coefficients are
A; = 2/nn—1)[P,_y(x)]?
The previous example produces the # = 4 formula. The truncation error can be shown to be
nin—1)322n—1{(n—2)1]*

E = ——G-Dam-amp 0

Derive an integration formula of the form
1
§ y@de = Ay + v + ylan)]

which will be exact for polynomials of degree up to three.
Again we illustrate the method of undetermined coefficients. Requiring exactness for
y(x) = 1,2, 22, 23 leads to

2 =34, 0= A +r+ay), 3§ =Ali+taz+a2y), 0= A@]+al+ad)
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15.49.

15.50.

GAUSSIAN INTEGRATION [CHAP. 15

With m(x) = (@ =)@ —w)w—w3) = x3+ Cx?2 4 Cyx + C;

we multiply the above equations by Cj;,Cp,Cy,1 and add to get 2C;+ 2C; =0 since =(x;) = 0.
Also, by comparing the two forms of =(x),

C; = —(zy+ a9+ 2x3), Cy = 129 + 0125 -+ Ty, Cy = —z a9y

It is now clear that A = % and C; = 0. For the rest it is convenient to use the classical relation-
ships between the various symmetric functions. For example,

2(x @y + wyws + wowg) = (0 + xy + wg)? — (xf + x% + x‘g)
Bx1@amy = (% + @y + w3) (w10 + w12y + wa%g) — (2] + @5+ W3) (@ + v wy) + (@ +ad+ad) = 0
become in this example 2C, = Cf -1, =3C; = —CiCy+ C4
so that Cy=—} and C3=0. This makes n(x) =«®— 1w and the required arguments are

0, =V1/2. The integration formula is then

1
f yleyde ~  Fy(—V1/2) + y(0) + y(V1/2)]

-1

What are the Chebyshev formulas?

These are of the form 1 9 :

f—1 y@)de ~ - g

and are to be exact for polynomials of degree n or less. Notice that all values of the function y(x)
receive the same weight, 2/n. The arguments x; are not so easily deseribed. A few are listed in
Table 15.4. For » =8 and n > 10 no formula of this type exists, the analysis leading to fewer
than = real zeros for =(x).

n x; n x5 n x5
3 0 7 0 9 0
*+.70710678 +.32391181 +,16790618
5 0 +.52965678 +.52876178
+.37454141 +.88386170 +.60101866
+.83249749 . ‘ +.91158931
Table 154

Derive an integration formula which uses only the endpoints of the interval of inte-
gration, values of the integrand and its derivatives being combined at these points.

Such a formula may be obtained by using a “two point Taylor theorem” which provides an
approximating polynomial of degree 2n — 1 which agrees with y(x) and its first n—1 derivatives
at =1, The following alternate derivation using Legendre polynomials is also of interest. It begins
with a familiar succession of integrations by parts, the result of which is

1 n—~1
f ylx) v(x) doe = B yrimD(x) @ () (—1)n—i-t
i=0

—1

1 1
£ e vy

-1 -1

The Legendre polynomials P,(x) now play another useful role. Taking v(z) = 2m!P,(x)/(2n)! we
find v (x) =1, so that

1 n—1
J v ~ S yome B 0@ i

—1 i=0

1

-1

with truncation error
(—1)r2nn! f 0
E = _——Zn)’ P, (x) y™(x) dx
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15.51.

15.52.

15.53.

In Problem 15.59 a proof that
PP(1) = (~m+HiPD(=1) = (m+i)!/(n—i)! 20!

is outlined. Using these values
1

2rn! "G (ntd)!
f_l y@de ~ G 2 —grea U

where Y'i = y(""i"l)(—l) +(_1)n—i—ly(n—i—1)(1)_

Simplify the truncation error formula of the preceding problem.
After n integrations by parts, we have
L gn 1
f T @ Dry™()de = (=" f (22 — )7 y2n)(x) du
-1 -1
since all integrated terms vanish at both limits. Since (22— 1)» does not change sign in the interval
of integration, the mean value theorem may be applied. We find

1
E = [2m1/(20)1] y2() f (2 — 1)n das
-1

The remaining integral was evaluated in Problem 15.10, page 130, and we have

(_l)n 93n+1 (ny)s y(2")(0)

E 2n)! 2n+1)!

Our formula is exact for polynomials of degree 2n—1 or less, which is reasonable since 2n values
of y(x) and its derivatives are being used.

7/2
Apply the n =3 formula to f sin t dt.
0
Computing the coefficients, we have the formula
1
f yleyde ~ y(=1) + y(1) + Ey'(-D —y'(1)] + rls‘ly(z)(—l) + y (1))
-1

The usual change of argument ¢ = r(x + 1)/4 presents us once again with

1
T . T
f—1 4 sin 4(ac+1) dx

making y(x) = (#/4) sin (z/4)(x +1). We easily find Y,=—(z/4)3, Y, = (z/4)%, Y, = 7/4 making
/2

f sintdt ~ 1=[—(z/4)3 + 6(x/4)® + 15(x/4)]
0

which reduces to .99984. The error formula of Problem 15.51 produces E = 32 sin 6/525, and if

the maximum of sin ¢ is used we obtain a very conservative estimate compared with the actual
error of .00016. The value of ¢ in this case is actually very near zero.

Show that the » =3 formula just used corresponds to integration of a polynomial
p(x) which matches the y(x), y’(x), and y®(z) values at 1 and —1.
It is not hard to verify that the required polynomial is
pley = Lle+1D3Bx2—9x+ 8y, — (x—1)3@x2+ 9%+ 8y,
— (2413 & — 1Bz — 5y — (x+ 1z —1)3Bx+5)y_,
+ @+ 13— D)W + @+ 1) - 1))

This may be derived by methods of Chapter 10, which also handles problems involving still higher
derivatives. Integration of p(z) now brings the formula of the previous problem.
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Supplementary Problems

15.54. Prove that P)(x) = xP,_{x) + nP,_,(x), beginning as follows. From the definition of Legendre

polynomials,
P’ - _1_a 2 _1yn—1
n (m) - onp ! dxn [’n(x -1) (2%)]

Apply the theorem on the nth derivative of a product to find

, n d dn—1 dn—2
P(x) = W%[zxa—aﬂ_—f(xz—l)"_l + 2(n—1)(m7‘2“(9€2~—1)"“1j|

= LWP @] + =) Py @

15.55. Prove that (1—a2)PP(x) — 2xP;(x) + n(n+1)P,(x) = 0, as follows. Let z = (z2—1)%. Then
2’ = 2no(x? — 1)»—1 making (22— 1)2' — 2nxzz = 0. Repeatedly differentiate this equation, obtaining

(22 —1)2®2 — 2n—2)xz" — 2nz = 0
(#2—1)z3 — 2n—4)xz® — [2n+ 2n—2)]" = 0
(22— 1)z — Cn—6)22® — 2n+ 2n—2) + Cn—4)]2> = 9
and ultimately
(22— 1)2(nt2) — 2n—2n—2)2z(n*D — 2n+ En—2)+ 2n—4) + --» + Cn—2n)]z™W = 0

which simplifies to
(2 — 1)z(n+2D) 4 2zt D — pin 412w = 0

Since P,(x) = 2(m/2nn!, the required result soon follows.

15.56. Differentiate the result of Problem 15.21, page 134, and compare with Problem 15.55 to prove
xP(x) — P,_,(x) = mnP,(x)

15.57. Use Problem 15.21 to prove that for all », P,(1) =1, P, (1) = (—=1)n.
15.58. Use Problem 15.54 to prove P, (1) = In(n-+1), P,(-1) = (—1)n+1P)(1).

15.59.. Use Problem 15.54 to show that
PF(z) = aP)2 (@) + m+k—1)PYF )
Then apply the method of summing differences to verify
P2(1) = (n+2)®/2+4), PP(1) = n+3)®/(2:4-6)
and in general Pfl’”(l) = (n+k)2R/2kEY = (n+E)/(n—k)!2Kk!

Since Legendre polynomials are either even or odd functions, also verify that
PI(-1) = (-)rtkPR()

15.60. Use Problems 15.54 and 15.56 to prove P;.(x) — P,_(z) = (2n+ 1)P, ().

15.61. The leading coefficient in P, (x) is, as we know, A, = (2n)!/2?(n!)2. Show that it can also be written
3.56,7. .  (n—1) _ 1:3:5---(2n—1)
2 3 4 n - . ! .

as A, = 1-

15.62. Compute the Gauss-Legendre arguments and coefficients for the case m =3, showing the argu-
ments to be =z, = 0, £V/3/5 and the coefficients to be 8/9 for x, = 0 and 5/9 for the other arguments.
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15.63.

15.64.

15.65.

15.66.

15.67,

15.68.

15.69.

15.70.

15.71,

15.72.

15.73.

15.74.

15.75.

15.76.

15.77.

Verify these Gauss-Legendre arguments and coefficients for the case n = b:

x A,

0 .56888889
+.53846931 47862867
*.90617985 .23692689

Apply the three point Gaussian formula of Problem 15.62 to the integral of the sine function,

/2

f sin t dt. How does the result compare with that obtained by Simpson’s rule using seven points
0

(Problem 14.17, page 113)?

1
Apply the Gauss-Legendre two point formula (n=2) to J ﬁl*fz‘dt and compare with the
exact value #/2 ~ 1.5708. -1

Diagram the linear collocation and cubic osculating polynomials which lead to the » = 2 formula,
using the function y(f) = 1/(1 4 t2) of Problem 15.65. (See Problem 15.25.)

Apply the n = 4 formula to the integral of Problem 15.65. What is the actual error? Try apply-
ing the error estimate of Problem 15.27, page 136, to this integral. How good is the estimate? Also
apply the error estimate of Problem 15.33. Which works best?

Apply the n=6 and n=8 formulas to the integral of Problem 15.65.

77/ 2
How closely do the n = 2,4, 6, and 8 formulas verify f Tco:s__a; dx ~ .6736 to four places?
0

1
How closely do our formulas verify f x*dx ~ .7834 to four places? Also apply some of our

formulas for equally spaced arguments to this integral. Which algorithms work best? Which are
easiest to apply “by hand” ? Which are easiest to program for automatic computation?

T/2
As in Problem 15.70 apply various methods to f esinzdy ~ 38,1044 and decide which algorithm
is best for automatic computation. 0

Compute Laguerre polynomials through n =25 from the definition given in Problem 15.35.

Tind the zeros of Ly(x) and verify the arguments and coefficients given in Table 15.2, page 139,
for n=2.

Use the method of Problem 15.9 to prove that L,(x) is orthogonal to any polynomial of degree less
than n, in the sense that

f” et L (a)p&)ds = 0

where p(x) is any such polynomial.

Prove that f e % Lﬁ(x) dx = (n!)2 by the method of Problems 15.10 and 15.11.
0

Apply the Gauss-Laguerre two point formula to obtain these exact results:

f e~ Tx2dy = 2! f e~ rgd3de = 3!

0 0

Find the exact arguments and coefficients for three point Gauss-Laguerre integration.
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15.78.

15.79.

15.80.

15.81.

15.82.

15.83.

15.84.

15.85.

15.86.

15.87.

15.88.

15.89.

15.90.

15.91.

15.92.

15.93.

15.94.

15.95.
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Use the formula of the previous problem to verify
f e~ rxidx = 4!, f e rxSdy = 5!
0 0

Apply the n =6 and n=28 formulas to the “smooth” integral f e~ % cos x dx.
0

Apply the =6 and n=8 formulas to the “unsmooth” integral f e % log (1+ x) dx.
0

Show that correct to four places, f e~ (xtl/nydy ~ 2797,
0

Compute Hermite polynomials through n =5 from the definition given in Problem 15.39.

Show that the Gauss-Hermite one point formula is f e T y(x)dx ~ \/n—-y(O). This is exact

—

for polynomials of degree one or less. Apply it to y(x) = 1

Derive the exact formula for #n =38 Gauss-Hermite approximation. Apply it to the case
y(x) = 2% to obtain an exact result.

How closely do the four point and eight point formulas duplicate this result?

f e~ cosxdr = Vwre U4 ~ 13804

How closely do the four and eight point formulas duplicate this result?
f ety = z/22 ~ 11994

— %

Show that correct to three places, f [9—12/(1 + x2)] do ~ 1.343.

—

Evaluate correct to three places, f e~ 21 + 22 da.

-

Evaluate correct to three places, f e~ log (1 + x2?) dx.

Apply the Gauss-Chebyshev n =2 formula to the exact verification of

1
f (x2/V1—22)de = =/2

Y -1

+1
Find the following integral correct to three places: J [(cos x)/V1 — x2] dux.
1

1
Find the following integral correct to two places: f (V14 22/v/1—x2)dx.
1

If all temperatures are given equal weight and five readings are to be used in a 24 hour period
stretching from midnight to midnight, what times should be chosen for the most accurate mean tem-
perature determination? (Use a five point formula with coefficients equal, as in Problem 15.49.) 1f
the readings at these times are 40°, 60°, 80°, 90° and 70°, what is the mean predicted?

Referring to Problem 15.93, if only three readings are to be used, what times are best?

21
Show that for m =1 the formula of Problem 15.50 becomes J y(x)de ~ y(—1) + y(1). Also
1

show that this corresponds to integration of a polynomial p(z) which has p(1) = y(1) and p(—1) =
y(-1).
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15.96. Show that for n =2 the formula of Problem 15.50 becomes
1

f Y@y de ~ y(=1) + y1) + Ly (=1 —y' (1)
-1

Also show that this corresponds to integration of a polynomial p(x) which matches the y(x) and
y'(x) values at 1 and 1.

/2
15.97. Apply the preceding problem to j sin ¢ dt.
0

1
15.98. Apply the formula of Problem 15.96 to f [1/(1 + «?)] da.
~1

In Problems 15.99-15.105, evaluate the integrals.

A7 /2
15.99. I V1 — 1sin2tdt (4 places)
o
~AT/2
15.100. J V1 — % sin2 t dt (4 places)
0
T/2
15.101. f b (7 places)
o sin?x + 1 cos?x
15.102. Arc length of the ellipse 2«2 + (y2/4) = 1. (6 places)
15.103. f e~V de (4 places)
0
” .
15.104. J [1/V— log » ] dx (4 digits)

0

/2
= __COS® q _ o—100x) ¢
15.100.J0 T eriggg (1 e dx



Chapter 16

Singular Integrals

It is unwise to apply the formulas of the preceding two chapters blindly. They are all
based on the assumption that the function %(x) can be conveniently approximated by a poly-
nomial p(z). If this is not true then the formulas may produce poor, if not completely
deceptive results. It would be comforting to be sure that the following application of
Simpson’s rule will never be made,

2
fl Ezd_iz ~ (1/6)[-1+4(4) +1/2] = 31/12

but less obvious singular points have probably been temporarily missed. Not quite so
serious are the efforts to apply polynomial-based formulas to functions having singularities
in their derivatives. Since polynomials breed endless generations of smooth derivatives,
they are not ideally suited to such functions and poor results are usually obtained.

PROCEDURES FOR SINGULAR INTEGRALS

A variety of procedures exists for dealing with singular integrals, whether for singular
integrands or for infinite range of integration. The following will be illustrated.

1. Ignoring the singularity may even be successful. Under certain circumstances it is
enough to use more and more arguments x: until a satisfactory result is obtained.

2. Series expansions of all or part of the integrand, followed by term by term integration,
is a popular procedure provided convergence is adequately fast.

3. Subtracting the singularity amounts to splitting the integral into a singular piece which
responds to the classical methods of analysis and a nonsingular piece to which our ap-
proximate integration formulas may be applied without anxiety.

4. Change of argument is one of the most powerful weapons of analysis. Here it may
exchange a difficult singularity for a more cooperative one, or it may remove the
singularity completely.

5. Differentiation relative to a parameter involves imbedding the given integral in a family
of integrals and then exposing some basic property of the family by differentiation.

6. Gaussian methods also deal with certain types of singularity, as reference to the previous
chapter will show.

7. Asymptotic series are also relevant, but this procedure is treated in the following chapter.

150
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16.1.

16.2.

16.3.

16.4.

Solved Problems

Compare the results of applying Simpson’s rule to the integration of \/E near 0 and
away from 0.

Take first the interval between 1 and 1.30 with A = .05, since we made this computation earlier
(Problem 14.11, page 112). Simpson’s rule gave a correct result to five places. Even the trapezoidal
rule gave an error of only .00002. Applying Simpson’s rule now to the interval between 0 and .30,
which has the same length but includes a singular point of the derivative of \[:c— , we obtain

0.3
Vzde ~ .10864. Since the correct figure is .10954, our result is not quite correct to three

0
places. The error is more than a hundred times greater than for an interval of the same length

but away from the singular point.

What is the effect of ignoring the singularity in the derivative of /2 and applying
Simpson’s rule with successively smaller intervals h?

Polya has proved (Math. Z., 1933) that for functions of this type (continuous with singularities
in derivatives) Simpson’s rule and others of similar type should converge to the correct integral.
Computations show these results:

1/h 8 32 128 512

1
f Ve da .663 .6654 66651 .666646
0

The convergence to 2/3 is slow but does appear to be occurring.

Determine the effect of1 ignoring the singularity-and applying Simpson’s rule to the
following integral: f (ANZ)de = 2.
Q

Here the integrand itself has a discontinuity, and an infinite one, but Davis and Rabinowitz
have proved (SIAM Journal, 1965) that convergence should occur. They also found Simpson’s rule
producing these results, which show that ignoring the singularity is sometimes successful:

1/h 64 128 256 512 1024 2048

approx. integral 1.84 1.89 1.92 1.94 1.96 1.97

The convergence is again slow but does appear to be oceurring. At current computing speeds
slow convergence may not be enough to rule out a computing algorithm. There is, however, the
usual question of how much roundoff error will affect a lengthy computation. For this same integral
the trapezoidal rule with h = 1/4096 managed 1.98, while application of the Gauss 48 point for-
mula to quarters of the interval (192 points in all) produced 1.99. Even in the presence of singu-
larity the Gauss formula seems to be more efficient.

Determine the result of ignoring the singularity and applying the Simpson and

Gauss rules to the following integral: J; %sin % dx ~ .6347.

Here the integrand has an infinite discontinuity and is also highly oscillatory. The combina-
tion can be expected to produce difficulty in numerical computation. Davis and Rabinowitz (see
preceding problem) found Simpson’s rule failing,

1/h 64 128 256 512 1024 2048

approx. integral 2.31 1.69 —.60 1.21 72 .32

and the Gauss 48 point formula doing no better. So the singularity cannot always be ignored.
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16.5.

16.6.

16.7.

16.8.

16.9.

SINGULAR INTEGRALS [CHAP. 16

1
Evaluate to three places the singular integral f (ex/Vx ) d.
0

Direct use of the Taylor series leads to

1 1 1
1 1
(CI/\/x)dx — f <_. 4 oxl/2 4o Z p3/2 4 = p5/2 4 ...>dm
f J, \vz 2 6

0 x
1 1 1 1

= 243+ +—+m+m+ﬁs‘o+37,soo

After the first few terms the series converges rapidly and higher accuracy is easily achieved if
needed. Note that the singularity 1/Vx has been handled as the first term of the series. (See also
the next problem.)

+ -0 = 2925

Apply the method of “subtracting the singularity” to the integral of Problem 16.5.
Calling the integral I, we have

I = f—d@+f“—1

The first integral is elementary and the second has no singularity. However, since (ex—l)/\/;
behaves like V/x near zero, it does have a singularity in its first derivative. This is enough, as we
saw in Problem 16.1, to make approximate integration inaccurate.

The subtraction idea can be extended to push the singularity into a higher derivative. For
example, our integral can also be written as

1 1
1+ et —1 — g
——dx + f ——dx

L \/x 0 \/x

Further terms of the series for the exponential funection may be subtracted if needed. The first
integral here is 8/3, and the second could be handled by our formulas, though the series method
still seems preferable in this case.

Evaluate the integral of Problem 16.5 by a change of argument.

The change of argument, or substitution, may be the most powerful device in integration.
1

Here we let ¢t =+Vx and ind I = Zf ¢>dt which has no singularity of any kind, even in its
0

derivatives. This integral may be evaluated by any of our formulas or by a series development.

1
Evaluate correct to six decimal places, fo (cos x)(log x) dx.

Here a procedure like that of Problem 16.5 is adopted. Using the series for cos «, the integral

becomes .
x2 | gt 8
j(; <1__2_!+4_!_6_!+~'>10gxdx

Using the elementary integral

1 1
; _ 901“ _1 - __1
‘fo zilogax de = (logx i+1>0 = Grie
the integral is replaced by the series
SR U S — L4

3291 5241 7261 9281
which reduces to —.946083.

Evaluate f ) tlgsin%dt by a change of variable which converts the infinite
1

interval of integration into a finite interval.
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16.10.

16.11.

16.12.

1
Let « = 1/t. Then the integral becomes f sin (z2) dz which can be computed by various
0
approximate methods. Choosing a Taylor series expansion leads to

1
. 11 1 1
N de = = — = I S S
fos”’(x) v 3 1z " 1320 75600 T

which is .310268 to six places, only four terms contributing.

Show that the change of variable used in Problem 16.9 converts fw sin tdt into a

t
1
badly singular integral, so that reducing the interval of integration to finite length
may not always be a useful step.

1
With « =1/t we obtain the integral f %sin%dm encountered in Problem 16.4, which
0
oscillates badly near zero, making numerical integration nearly impossible. The integral of this
problem may best be handled by asymptotic methods to be discussed in the next chapter.

Compute J: %gsin »2 dx Dby direct evaluation between the zeros of sinz, thus

developing part of an alternating series.
Applying the Gauss 8 point formula to each of the successive intervals (1, 2), (2, 3), and so on,
these results are found:

Interval Integral Interval Integral
1,2) —.117242 (2, 3) .007321
(3,4) —.001285 (4,5) .000357
(5, 6) —.000130 (6,7) .000056
(7, 8) —.000027 (8,9) .000014
(9,10) —.000008

The total is —.11094, which is correct to five places.

This method of direct evaluation for an interval of infinite length resembles in spirit the
method of ignoring a singularity. The upper limit is actually replaced by a finite substitute, in
this case ten, beyond which the contribution to the integral may be considered zero to the accuracy
required. This same procedure was actually involved in Chapter 14, where the error integral was
found to equal 1 to six places, for upper limit 4. The value for infinite upper limit is exactly 1,
as may be proved by methods of elementary analysis.

Compute f e~ ~ V=2 dz by differentiation relative to a parameter.
0

This problem illustrates still another approach to the problem of integration. We begin by
imbedding the problem in a family of similar problems. For ¢ positive, let

F(t) — fﬁﬁ 6—12 — t2/x2 da
0

Since the rapid convergence of this singular integral permits differentiation under the integral

sign, we next find =y
F'ty = -2t f Semw T R gy
o

Now introduce the change of argument y = t/x, which allows the attractive simplification
F'(t) = ~zf e~V 2 gy = —2F(h)
0

Thus F(t) = Ce—2t and the constant C may be evaluated from the known result



154

16.13.

16.14.

16.15.

16.16.

16.17,

16.18.

16.18.

16.20.

16.21.

16.22.

16.23.

16.24.

16.25.

16.26.

SINGULAR INTEGRALS [CHAP. 16

F@) = f e~ 2 dx = Vz/2
0

o0
The result is f e — e dy = LT e 2
0

For the special case t =1, this produces .119938 correct to six digits.

Supplementary Problems
1 1
Compare the results of applying Simpson’s rule with & =1 to f xdr and f z log x dx.
0 0

Use successively smaller h intervals for the second integral of Problem 16.13 and notice the con-
vergence toward the exact value of —1/4.

1
Evaluate to three places by series development: f (sin x)/x3/2 dx.
0

Apply the method of subtracting the singularity to the integral of Problem 16.15, obtaining an
elementary integral and an integral which involves no singularity until the second derivative.

Ignore the singularity in the integral of Problem 16.15 and apply the Simpson and Gauss formulas,
continually using more points. Do the results converge toward the value computed in Problem
16.15? (Define the integrand at zero as you wish.)

1
Evaluate f e~z logx dx correct to three places by using the series for the exponential function.
0

Compute the integral of the preceding problem by ignoring the singularity and applying the Simpson
and Gauss formulas. Do the results converge toward the value computed in Problem 16.18?
(Define the integrand at zero as you wish.)

Use series to show that

1 1 !
—(" log = dz = —n2/6, ligidx = —2/12, f log de = —n2/8
0 11—z 0 1+

Verify that to four places f le=2%/(1 4 22)] dx = .6718.
0

100
Verify that to four places f e~zlogx de = —.5772.
0

Verify that to four places f e~z — Vady 27917.
0

Verify that to four places f e~z\x dx = .8862.
0

1
Verify that to four places f [1/V—log 2] de = 1.772.
0

/2
Verify that to four places f (sin x)(log sin ) de = —.3069.
0
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16.27. Apply the method of differentiating relative to a parameter to the integral

F(ity = f e~ % cos ta du
0

obtaining F'(t) = —(t/2) F(t) and F(t) = Ce—t?/4, Evaluate the constant C. Finally let ¢t=1r
to obtain v

F(rx) = f e~ cos 7w dx

correct to six places. 0

16.28. Evaluate the following integral, which arose in a problem of lubrication engineering, to three figures:

T/2
cos ¥ _
— 2 (1—e" ") d
j(; 1—x/10n( ) de

Treat the cases n = 10, 50, and 100.

In Problems 16.29-16.35, evaluate the integrals as indicated.
(4 digits)

1 2
16.29. f % i
1 V1 — x2

16.30. f e rxr~ldxr = T'(n) (5 places) n = 1(.1)2
0

16.31. Lm —s‘—ig\/fxdx (4 places)

16.32. fn ta: % dx (4 places)
0

16.33. Jﬂo = (4 places)
, A+ x)Va

16.34. J; ) li%f—zz— d (4 places)

16.35. g (7 places)

S 8
i

o



Chapter 17

Sums and Series

REPRESENTATION OF NUMBERS AND FUNCTIONS AS SUMS

Addition is surely the most popular arithmetical operation. The representation of

numbers and funections as finite or infinite sums is one aspect of this popularity and has
proved to be very useful in applied mathematics. Numerical analysis exploits such rep-
resentations in many ways, including the following.

1.

The telescoping method makes it possible to replace long sums by short ones, with ob-
vious advantage to the computer. The classic example is

1 1 1 1 1 1 1

PP - - — 1 1 __ e = = — _
T2ta3 754t tamyp - U7HFE-DAF +<n n+1> =31

in which the central idea of the method can be seen. Each term is replaced by a
difference. Our formulas for finite differences are helpful in bringing this about.

Rapidly convergent infinite series play one of the leading roles in numerical analysis.
Typical examples are the series for the sine and cosine functions. KEach such series
amounts to a superb algorithm for generating approximations to the function represented.

Acceleration methods have been developed for more slowly converging series. If too
many terms must be used for the accuracy desired, then roundoffs and other troubles
associated with long computations may prevent the attainment of this accuracy. Ac-
celeration methods alter the course of the computation, or in other words, they change
the algorithm, in order to make the overall job shorter.

The Euler transformation is a frequently used acceleration method. This trans-
formation was derived in an earlier chapter. It replaces a given series by another
which often is more rapidly convergent.

The comparison method is another acceleration device. Essentially the same as the
method of subtracting singularities, it splits a series into a similar, but known, series
and another which converges more rapidly than the original.

Special methods may be devised to accelerate the series representations of certain
functions. The logarithm and arctan functions will be used as illustrations.

The Bernoulli polynomials are given by
S /k .
Bk(x) fe 2 <i>Bk_1-x1
with coefficients B; determined by

k—1 L
Bo: 1, 2<1>Bl:0

=0

for k = 2, 3, etc. Properties of Bernoulli polynomials include the following.

156
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Bi(x) = iBi-i(x)
Bz +1) — Bix) = !

fB = 0 fori>0
Bi(l) = Bi(0) fori>1

The Bernoullt numbers b; are defined by
bi = (—1)i*!'By
for 1 =1, 2, ete.
Sums of integer powers are related to the Bernoulli polynomials and numbers. Two
such relationships are

ixp _ Bp+l(n+pll‘—1' B;.1(0) and
z=1

S 1 bZn)
2 = 2(2)!1

. The Euler-Maclaurin formula may be derived carefully and an error estimate obtained
through the use of Bernoulli polynomials. It may be used as an acceleration method.
Euler’s constant

C = lm[1+1/2+ 13+ --- + 1/n — logn]

can be evaluated using the Euler-Maclaurin formula. Six terms are enough to produce
almost ten decimal place accuracy.

Wallis’ product for = is

+/2 = lim 2:2:4:4:6:6---2k-2k

133557 (2k—1)(2k+1)

and is used to obtain Stirling’s series for large factorials, which takes the form

nie o b b ks (DD
N 2n ~ 3-4m® ' 5-6m 2F)(2k — 1)n2*1

the b; still being Bernoulli numbers. The simpler factorial approximation

1 /277 nn+l/2 e~ n

is the result of using just one term of the Stirling series.

Asymptotic series may be viewed as still another form of acceleration method. Though
usually divergent, their partial sums have a property which makes them useful. The
classic situation involves sums of the form

Sn 2 i/xi
which diverge for all z as n tends to infinity, but such that
lim 2" [f(x) — Sa(x)] = O
for z tending to infinity. The error in using S.(#) as an approximation to f(x) for large
arguments « can then be estimated very easily, simply by looking at the first omitted

term of the series. Stirling’s series is a famous example of such an asymptotic series.
This same general idea can also be extended to other types of sum.

Integration by parts converts many common integrals into asymptotic series. For
large z this may be the best way for evaluating these integrals.
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Solved Problems

THE TELESCOPING METHOD

17.1.

17.2.

17.3.

174.

17.5.

1—1
)

.

Evaluate Y, log
i=2

This is another telescoping sum. We easily find

n . n
P logl .1 = 3 flog(i—1) — logi] = —logn
i=2 4 i=2

The telescoping method is of course the summation of differences as discussed in Chapter 5.

b
The sum 3 y; can be easily evaluated if y; can be expressed as a difference, for then 3 y; =
b i=ga
2 AY; = Y4y~ Y,
1=a

Evaluate the power sum Y .
i=1

Since powers can be expressed in terms of factorial polynomials, which in turn can be ex-
pressed as differences (see Chapter 4), any such power sum can be telescoped. In the present example

n n n
igl 4 = 2 [0 + T2 + 63 + ] = i§1 A[3i® +%i(3> + 25(4) + 1i(®)]
= Ha+1D@ +Im+1)® + @+ 1)@ + L+ 1)® = Lan+1)@n+1)En2+3n—1)

Other power sums are treated in similar fashion.

n

Evaluate 3 (i + 3i + 2).
i=1
Since power sums may be evaluated by summing differences, sums of polynomial values are
easy bonuses. For example,

n n n
" ) _ nr+1)@n+1) |, Sn(n+1)
igll +3i§11+i=212 6 + 2 + 2n

x 1
Evaluate i=21 m .

This can also be written as a sum of differences. Recalling the factorial polynomials with neg-

. 1 1 _ 1 .
ative exponent, of Chapter 4, we find SG T SIT1GTD ~ GIDGEFD) and it follows that
1

. 1
the given sum telescopes to ) CESCE TR

. o L < 1 =1
In this example the infinite series is convergent and igl GFDG+y - 1

n
3
Evaluate —.
2+
‘Simple rational functions such as this (and in Problem 17.4) are easily summed. Here
&8 _ Ff1__a1 ) _ ;.11 1 1 _ 1
S+ T =\T T i+s) 2738 nw+l wmn+2 n+s
ki 3

The infinite series converges to 121 m 11/6.
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RAPIDLY CONVERGENT SERIES

17.6.

17.7.

17.8.

How many terms of the Taylor series for sin x in powers of x are needed to provide
eight place accuracy for all arguments between 0 and =/27?

0
Since the series sin # = 3 (—1)ix2i+1/(2{+1)! is alternating with steadily decreasing terms,
i=0

the truncation error made by using only n terms will not exceed the (n + 1)st term. This important
property of such series makes truncation error estimation relatively easy. Here we find
(7/2)15/15! ~ 81010 s0 that seven terms of the sine series are adequate for eight place accuracy
over the entire interval.

This is an example of a rapidly convergent series. Since other arguments may be handled by
the periodicity feature of this function, all arguments are covered. Notice, however, that a serious
loss of significant digits can occur in argument reduction. For instance, with x ~ 31.4 we find

sin« ~ sin 831.4 = sin (81.4 —107) ~ sin(31.4—31.416) = sin (—.016) ~ —.016

In the same way sin 31.3 ~ —.116 while sin 81.5 ~ .084, This means that although the input data
31.4 is known to three significant figures the output is not certain even to one significant figure.
Essentially it is the number of digits to the right of the decimal point in the argument x which
determines the accuracy obtainable in sin .

How many terms of the Taylor series for e* in powers of x are needed to provide
eight place accuracy for all arguments between 0 and 17

o0
The series is the familiar e* = 3 =zi/i!. Since this is not an alternating series, the truncation
i=0

error may not be less than the ﬂrst_omitted term. Here we resort to a simple comparison test.
Suppose we truncate the series after the x® term. Then the error is

0 i antl

—_— x xz . .
T (n+1)![ trrz T omry T }

and since z < 1 this error will not exceed

gnt+l + 1 + 1 4. _ gnti 1 . antl n 42
(n+ 1)! n+ 2 (n+2)2 T o+l -1/@m+2 T m+D!n+1

so that it barely exceeds the first omitted term. For = = 11 this error bound becomes about
2+10~9 so that a polynomial of degree eleven is indicated. For example, at x = 1 the successive
terms are as follows:

1.00000000 .50000000 .04166667 .00138889 .00002480 .00000028
1.00000000 16666667 .00833333 .00019841 .00000276 .00000003

and their total is 2.71828184., This is wrong by one unit in the last place because of roundoff errors.

The error could also have been estimated using Lagrange’s form (Problem 11.4, page 73),
which gives

= ;efxnﬂ with 0 <¢<ux
(n+1)!

Compute e~ to six significant digits.

This problem illustrates an important difference. For six places we could proceed as in Problem
17.7, with 2 = —10. The series would however converge very slowly, and there is trouble of
another sort. In obtaining this small number as a difference of larger numbers we lose digits.
Working to eight places we would obtain e~10 ~ .00004540 which has only four significant digits.
Such loss is frequent with alternating series. Occasionally double-precision arithmetic (working to
twice as many places) overcomes the trouble. Here, however, we simply compute ¢1° and then take
the reciprocal. The result is e—10 ~ .0000453999 which is correct to the last digit.
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In Problem 14.34, page 118, the integral (2/v/= )f) e~*®dt was calculated by the
0

Taylor series method for # = 1. Suppose the series is used for larger x, but to avoid
roundoff error growth no more than twenty terms are to be summed. How large
can ¢ be made, consistent with four place accuracy?

The nth term of the integrated series is 2a22—1/3/z(2n —1)(n —1)! apart from the sign. Since
this series alternates, with steadily decreasing terms, the truncation error will not exceed the first
omitted term.

Using 20 terms we require that (2/V7)x41/41+20! < 5¢10-5, This leads to x < 2.5 ap-
proximately. For such arguments the series converges rapidly enough to meet our stipulations.
For larger arguments it does not. .

ACCELERATION METHODS

17.10.

17.11.

Not all series converge as rapidly as those of the previous problems. From the
binomial series
1/1+2?) = 1—2>+at— a8+ - -
one finds by integrating between 0 and z that
arctanx = x — 3x% + do® — L2 + - -
At z =1 this gives the Leibnitz series
w4 =1-%++-14+ ...
How many terms of this series would be needed to yield four place accuracy?

Since the series is alternating with steadily decreasing terms, the truncation error cannot
exceed the first term omitted. If this term is to be .00005 or less, we must use terms out to about
1/20,000. This comes to 10,000 terms. In summing so large a number of terms we can expect round-
off errors to accumulate to 100 times the maximum individual roundoff. But the accumulation could
grow to 10,000 times that maximum if we were unbelievably unlucky. At any rate this series does
not lead to a pleasant algorithm for computing =/4.

Apply the Euler transformation of Chapter 11 to the series of the preceding problem
to obtain four place accuracy.

The best procedure is to sum the early terms and apply the transformation to the rest. For
example, to five places,

1 _
1—L+1—- =% = 76046

The next few reciprocals and their differences are as follows:

04762
—414
.04348 66
—348 —14
.04000 52 3
—296 —11
03704 41
—255
.03448
The Euler transformation is
o0
Yo~ %+ Y2~ Ys + o0 = .EO (1)t aly/2i¥1 = Ly, — 1Ay, + Faly, — -
i=

and applied to our table produces

.02381 +.00104 + .00008 + .00001 = .02494
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17.12.

17.13.

17.14.

Finally we have
w/4 = 1—7}§+%—%+ cee = 76046 + .02494 = 7854

1

which is correct to four places. In all, fifteen terms of the original series have seen action rather
th?n 10,000. The Euler transformation often produces superb acceleration like this, but it can also
fail. (See Problem 11.88, page 78, for a possible criterion of effectiveness.)

Compute »/4 from the formula

w/4 = 2arctanl + arctanl + 2arctan }
working to eight digits.

This illustrates how special properties of the function involved may be used to bring accelerated

convergence. The series
arctanz = x — fad + Lo — 1o7 4+ ...

converges quickly for the arguments now involved. We find using no more than five terms of the

series:
2 arctan 1 = .39479112, arctan I = .14189705, 2 arctan § = .24870998

with a total of .78539815. The last digit should be a 6.

Show that power series for logarithms converge slowly for large arguments.

The familiar identity

1 — 9 4 2n-—-2 t2n
‘1“::5—1+t+t+"'+t +1—_?

can be integrated from 0 to x, with the result

1 1+a _ 1, 15
zlogl__x = x+3x +5x+ +2n——1

x $2n
gn—l + R, where R, = — dt
o 1— 1

For 22 <1 we find 1/(1 —2) = 1/(1 — «2), making |R,| = |#[27+1/(2n+ 1)(1 — x2). As n increases,
limR, = 0 and the series obtained does represent the logarithm function. Moreover, for
—1 <z <1 the quotient (1 + x)/(1 — x) assumes all positive values so that theoretically any real
logarithm is computable from the series. Using x =}, the series produces

log2 = 23+ +mstmmst o) ~ 693147
six terms being adequate for six place accuracy since |Rg = %l%|13/13 ~ 5108,

Computations were carried to eight digits, finally rounded to six, so that roundoff errors could
not possibly influence the result. For |z| < 1/3 the series is rapidly convergent. However, for
x = 2/3, which leads to log 5, almost twenty terms are needed, and as z nears 1 the series begins
to resemble the divergent 1+ % + L + 1+ ---. This corresponds to the fact that logarithms grow.
without bound as their arguments increase. The series converges very slowly for such arguments
and roundoff error accumulation becomes a serious factor. Other series, such as the one for

log (1 + z), are slower still.

Devise an accelerated method for computing logarithms of large arguments.

Let (1+ x)/(1 —=z) = p2/(p2—1). Then

1+x
1—x

logp = %log(pz—l) + %log

and since z = 1/(2p2—1), we can use the series of Problem 17.13 to get

1 1 1 1
logp = Elog(p—l) + Elog(p+1) + %7 — 1 + 3@ =10 + o
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17.15.

17.16.

17.17.
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If we restrict « to the interval 0 < « < 1, which costs us nothing since negative x lead to
logarithms of reciprocals, then p2 > 1. If p is a prime greater than 2, this series expresses
log p as a combination of logarithms of smaller integers (since p-+1 will be even and can be
factored) plus a rapidly convergent series. The truncation error of this series can be estimated
by comparison with a geometric series. The remainder beyond the term 1/n(2p2—1)" is

1 1 1 B 1 ] 1
En < Graes—iee [1+<2p2—1)2+<2p2—1)4+"'] = RTDEE—1n @ -12—1

As an example take p = 3. Then 2p2—1 is 17, and using log 2 = .693147,

1 1

_ 3 i1 1
log3 = 10g2+17+3.173+5_175

2 + -+~ 1.098612

only these terms contributing since Ry < 1/(7+~288+1,400,000) ~ 3-10-10,

Similar efforts produce log 5, log 7, and so on, the series converging faster as p gets larger.
Logarithms of composite integers may be found by additions, and numbers which are not integers
may be handled by splitting off the integral part. For example, if N = I + D, where I is the
integer part of N, then log N = log I + log (1 + D/I). The first logarithm may be found by the
method of this problem and the second responds to the series of Problem 17.13.

oo

How many terms of 2 2 i_ 1 would be needed to evaluate the series correct to
three places?

Terms beginning with ¢ = 45 are all smaller than .0005, so that none of these individually
affects the third decimal place. Since all terms are positive, however, it is clear that collectively
the terms from ¢ =45 onward will affect the third place, perhaps even the second. Stegun and
Abramowitz (Journal of STAM, 1956) showed that 5745 terms are actually required for three place
accuracy. This is a good example of a slowly convergent series of positive terms.

Evaluate the series of Problem 17.15 by the ‘“comparison method”, correct to three
places. (This method is analogous to the evaluation of singular integrals by subtract-
ing out the singularity.)

The comparison method involves introducing a known series of the same rate of convergence.
For example,

et 1 _ <1 g 1

~2+1 =E 2 El 2(i2 + 1)

We will prove later that the first series on the right is #2/6. The second converges more rapidly
than the others, and we find

_1_ 1 1 1 11

= 1 1 N
S ®ErD — 2tz teo ozt o5 T 182 T Eds0 56798

with just ten terms being used. Subtracting from =2/6 ~ 1.64493 makes a final result of 1.07695,
which can be rounded to 1.077.

Verify that the result obtained in Problem 17.16 is correct to at least three places.

The truncation error of our series computation is
1

=3

_ %] 1 0 1 ~ -] l _ l
E = 37@sD ° i T Za A

The first series on the right will later be proved to be »%/90, and the second comes to at least
1.08200. This makes E < 1.08234 — 1.08200 = .00034. Roundoff errors cannot exceed 11+5+10~€
since eleven numbers of five place accuracy have been summed. The combined error therefore does
not exceed .0004, making our result correct to three places.
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17.18.

17.19.

. °° 1
Apply the comparison method to Y .
& F@ D)
This series was summed directly in the preceding problem. To illustrate how the comparison
method may be reapplied, however, notice that

< 1 < 1 s _ 1
1-=21 2@2+1) 121 T =2 #H2+1)
Direct evaluation of the last series brings %"r % + 31—0 +;3,1—5§- + 16—,1255 -+ ++- which comes to .51403,
Subtracting from »4/90 we find
= 1
1.08234 — .51403 = .56831

i=21 2+ 1)

which agrees nicely with the results of the previous two problems, in which this same sum was
computed to be .56798 with an estimated error of .00034. The error estimate was almost perfect.

1
18

Ms

Evaluate to four places.

Il
-

i
The series converges a little too slowly for comfort. Applying the comparison method,
S 1 3 1
23 = 1+ 2 (1—1)1(z+1) - 29

The first series on the right is telescoping and was found in Problem 17.4 to be exactly 1/4. The
last may be summed directly,

1 1 1 1 1
24 + 216 * 960 960 * 3000 * 7560 * 16,464 *

o0
and comes to .04787. Subtracting from 1.25, we have finally ¥ 1/ = 1.20213 which is correct
i=1

to four places. See Problem 17.41, page 170, for a more accurate result.

THE BERNOULLI POLYNOMIALS

17.20.

The Bernoulli polynomials Bi(x) are defined by

t 0 1
e“m = igo ?ITTB x
Let Bi(0) = B; and develop a recursion for these B; numbers.
Replacing x by 0, we have

t = [et—1] I tiB/i! = [;1 tj/j!]l:-% tiBi/i!] = kgl etk

i=0
k—1 k-1

i k . . .
with ¢, = i=20 m——lz)—f This makes kl¢ = i=20 () B;. Comparing the coefficients of ¢ in the

series equation above, we find that

k=1 /7
B, = 1, E<i>Bi:0 for k =
i=0

Written out, this set of equations shows how the B; may be determined one by one without difficulty:
By, =1
By+ 2By = 0
By + 3B +3B; = 0
By+ 4B, + 6B, +4B; = 0

ete. The first several B; are therefore
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17.21.

17.22.

17.23.

17.24.
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By=1, By =-1/2, B,=1/6, B, =0, B, = —1/30, By =0, By = 1/42
and so on. The set of equations used can also be described in the form
(B+1)k—Bk = 0 for k =2,3,...

where it is understood that after applying the binomial theorem each “power” Bi is replaced by B;.

Find an explicit formula for the Bernoulli polynomials.

From the defining equation and the special case « = 0 treated above,
$ zitl Bjti o ik
B35 - Shee
i=o =

k
Comparing the coefficients of ¢k on both sides makes % By(x) = 3 By, ET(kl—z)V ®t or
. i=0 A —1.

By(x) = §< >Bk i @t

i=0

The first several Bernoulli polynomials are

By(x) = 1 Byx) = «3 _%xz + 1z
Bilw) = =4 Byx) = ot — 208 + o — 5
Byx) = #2—ax+} Bg(z) = mS—%x4+%x3_%x

ete. The formula can be summarized as B,(x) = (x + B)t* where once again it is to be understood
that the binomial theorem is applied and then each “power” Bi is replaced by B;.

Prove that Bi(z) = iBi—i().
The defining equation can be written as

tert/(et—1) = 1 + i tiB,(x)/i!
i=1

Differentiating relative to # and dividing through by ¢,

o0

tert/(et—1) = 3 [Bi@)/{[t-1G—1)1]
i=1
But the defining equations can also be written as
o0
test/(et —1) = § [Bi— 1 ()][t~1/(i—1)1]
and comparing coefficients on the right, B;(z) = iB;_{«) for ¢=1,2,.... Notice also that the

same result can be obtained instantly by formal differentiation of B(x) = (x + B)i

Prove Bi(x+1) — Bi(x) = dxi~ L
Proceeding formally (even though a rigorous proof would not be too difficult) from (B + 1)k =
Bx, we find 3 (,i) (B+Dkgi-k = 3 (;)Bk zi—k or
k=2 k=2
(B+1+ )t — i(B+1ai-1 = (B+z) — iBxi~!

From the abbreviated formula for Bernoulli polynomials (Problem 17.21), this converts im-
mediately to By(x + 1) — Bi(x) = dxi~L,

Prove Bi(l) = B(0) for i> 1.

This follows at once from the preceding problem with x replaced by zero.
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1
17.25. Prove that f Bix)dx =0 for i=1,2,
0
By the previous problems

1 B..,(1)—B,;;,(0
f Bia)ds = i+l ) i+1(0) - 9
0

i1+ 1

17.26. The conditions of Problems 17.22 and 17.25 also determine the Bernoulli polynomlals
given Bo(xr) = 1. Determine Bi(x) and B(x) in this way.

From Bj(x) = Bg(x) it follows that By(x) = « + C; where C, is a constant. For the integral

of B,(x) to be zero, C; must be —1/2. Then from Bs(x) = 2B,(x) = 2z — 1 it follows that By(x) =

22 — x + Cy. For the integral of By(x) to be zero, the constant C, must be 1/6. In this way each
B,(x) may be determined in its turn.

17.27. Prove Bs-1 =0 for ¢=2,3,....
Notice that Bjti

il

t t t et +1
= _— -— = — . = B
) pr S 2 e —1 o,

b

is an even function, that is, f(¢t) = f(—¢). All odd powers of ¢ must have zero coefficients, making
B; zero for odd 4 except 1 = 1.

17.28. Define the Bernoulli numbers b;.

These are defined as b = (—1)i+1B,, for ¢=1,2,.... Thus
b, = 1/6 by, = 1/30 b, = /6
by, = 1/30 by = 5/66 by = 38617/510
by = 1/42 bg = 691/2730 by = 43,867/798

as is easily verified after computing the corresponding numbers B; by the recursion formula of
Problem 17.20.

17.29. Evaluate the sum of pth powers in terms of Bernoulli polynomials.

Since, by Problem 17.23, AB/x) = Bj(x+ 1) — B(x) = ixi~1, the Bernoulli polynomials pro-
vide “finite integrals” of the power functions, This makes it possible to telescope the power sum.

B])+l(n+ 1) — Bp+1(0)
p+1

n n 1
S0 = im0 -

=

17.30. Evaluate the sums of the form > 1/k% in terms of Bernoulli numbers.
k=1

It will be proved later (see chapter on trigonometric approximation) that the function
F,z) = Byx), 0=z<1

F, (xx*m) = F(z), for m an integer

known as a Bernoulli function, having period 1, can be represented as

0

Fo (x) = (—=1)/2+1.2/2m)n > (cos 2akx)/kn

for even n, and as -
F,l) = (=1)®+D2.2/27) E (sin 27 kax)/kn

when n is odd. For even 7, say n = 27, we put x =0 and have

S UkE = (=1 [Fy(0) (20)%)/2(20)!
k=1
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But Fy(0) = By(0) = By = (~1)*1b; and so 3 1/k¥ = b2r)¥/2(20)!

o0 o0
In particular, S 1/k2 = 2/, kEI 1kt = 74/90, ete.
k=1 =

17.31. Show that all the Bernoulli numbers are positive and that they become arbitrarily
large as ¢ increases.

=<} o0
Noting that 1 < 3 1/k2% = S 1/k2 = #2/6 < 2, we see that
k=1 k=1
220 1/(27)2 < by < 4(20)1/(27)2
In particular all the b; are positive and they grow limitlessly with increasing i.
(277_)2i

17.32. Show that as 7 increases, h'mm by = 1.

This also follows quickly from the series of Problem 17.30. All terms except the k=1 term
approach zero for increasing i, and because 1/x? is a decreasing function of z,

1 L , 201 f”1 _ 1
< J;—lﬁdx so that, if p > 1, kgzkp < ) ;;pdx = =1

As p increases (in our case p = 27) this entire series has limit zero, which establishes the required
result. Since all terms of this series are positive, it also follows that b; > 2(24)1/(2~)2.

THE EULER-MACLAURIN FORMULA

17.33. Use the Bernoulli polynomials to derive the Euler-Maclaurin formula with an error
estimate. (This formula was obtained in Chapter 11 by an operator computation, but
without an error estimate.)

We begin with an integration by parts, using the facts that Bj(f) = By(t) =1 and B,(1) =
~B,(0) = 1/2.

1 1 1
tHydt = t)yBi(t)dt = Iwo+y) — '(t) B,(t) dt
fo Y( f y(t) By 3T fo Y 1

4]

Again integrate by parts using Bj(t) = 2B,(¢) from Problem 17.22 and B,(1) = By(0) = b; to find

1 1
S uwar = jwetu) ~ ghwi—w) + 4 [ v B
0 0

The next integration by parts brings
1

1
-1 f yOt) By(t) dt

0 0

1
3 voBma = v B
0

But since Bj(1) = B3(0) = 0, the integrated term vanishes and we proceed to

1 1
+ A f v B ar

1
1 f YD) By(t) dt = — L y@®(t) By(t)
o ¢ 0

1
= by —y®] + —I;f YO(t) By(t) dt
0
since By(1) = B4(0) = By = ~b,. Continuing in this way, we develop the result

! o Vb g (2i—1)
J; y(ydt = Myo+y) + i§l~(2—i)!—~[ylt —yom | + Ry

1
where R, = (—Z—}C—)—,—f Y2 (t) By, (t) dt
* Y
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17.34.

17.35.

Integrating R, by parts the integrated part again vanishes, leaving

—1 1
— - 2k + 1)
Rk (2k+1)'£ Y (t) BQk+1(t) dt

Corresponding results hold for the intervals between other consecutive integers. Summing, we
find substantial telescoping and obtain

n n 1)1 i
i=20 Y = ‘I(; y(t) dt + %(y0+yn) v =El @ [ (2i—1) —y(21—1)]
with an error of )
-1
E, = m! Y@k D(E) Fy o1 (8) dt
Y

where Fg(t) is the Bernoulli function of Problem 17.30, the periodic extension of the Bernoulli
polynomial By, (t). The same argument may be used between integer arguments ¢ and b rather than
0 and n. We may also allow b to become infinite, provided that the series and the integral we en-
counter are convergent. In this case we assume that y(f) and its derivatives all become zero at
infinity, so that the formula becomes

0 L) k ( 1)1

. = (2i—1)
2 f vt dt + dya + 2 oY

1=a a

n
Evaluate the power sum 3, i by use of the Euler-Maclaurin formula.
i=0
In this case the function y(t) = t%, so that with k = 2 the series of the preceding problem
terminates. Moreover, the error E), becomes zero since y‘3)(t) is zero. The result is

n
i = -;—n5 I PV ~1—(4n3) -

5 is (24n) = 1 n(n+ 1)(2n + 1)(8n2 4+ 3n — 1)

720 30

as in Problem 17.2. This is an example in which increasing k in the Euler-Maclaurin formula leads
to a finite sum. (The method of Problem 17.29 could also have been applied to this sum.)

. 1 1 .
Compute Euler’s constant C = lim [1 + 5 + 3 4+ e+ % — log n] assuming conver-
gence. (See also Problem 17.86, page 175.)
Using Problem 17.1, this can be rewritten as C = 1 + E [1 l:l .
i=2

The Euler-Maclaurin formula may now be applied with y{(t) = 1/t —log ¢t + log (t —1). Actu-
ally it is more convenient to sum the first few terms directly and then apply the Euler-Maclaurin
formula to the rest of the series. To eight places,

1+ §< 1> = 63174368

Using 10 and « as limits, we first compute

©

f 1/t — logt + log(t—1)]dt = (l—t)logtﬁl

10 10

= —1+ 9logl10 — 9log9 ~ —.05175536
the first term coming from the upper limit by evaluation of the “indeterminate form”. Next
dyp = —.00268026, —{s¥1p = —.00009259, 720 yig) = .00000020

all values at infinity being zero. Summing the five terms just computed, we have C ~ .57721567.
Carrying ten places and computing only one more term would lead to the better approximation
C ~ 5772156650 which is itself one unit too large in the tenth place.
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In this example the accuracy obtainable by the Euler-Maclaurin formula is limited. After a
point, using more terms (increasing k) leads to poorer approximations to Euler’s constant rather
than better. In other words, we have used a few terms of a divergent series to obtain our results.

To see thi d only note that the ith t £ the series is ~—0 i f2i+9o 1 d
0 see 18 we need on Y note a et erm o € series is (21)(21 — 1) 102i 92i—1 an

that by Problem 17.31 the b; exceed 2(24)!/(2x)2 which guarantees the unlimited growth of this term.
Divergence is more typical than convergence for the Euler-Maclaurin series.

A truck can travel a distance of one “leg” on the maximum load of fuel it is capable
of carrying. Show that if an unlimited supply of fuel is available at the edge of a
desert, then the truck can cross the desert no matter what its width. Estimate how
much fuel would be needed to cross a desert 10 “legs” wide.

On just one load of fuel the truck could cross a desert one leg wide. With two loads available
this strategy could be followed: Loading up, the truck is driven out into the desert to a distance
of one-third leg. One-third load of fuel is left in a cache and the truck returns to the fuel depot
just as its fuel vanishes. On the second load it drives out to the cache, which is then used to fill
up. With a full load the truck can then be driven one more leg, thereby cross a desert of width
(1 + 1) legs, as shown in Fig. 17-1. With three loads of fuel available at the depot two trips can
be made to establish a cache of 6/5 loads at a distance of 1/5 leg out into the desert. The third
load then brings the truck to the cache with (4/5+ 6/5) loads available. Repeating the previous
strategy then allows a journey of 1+ } + 1 legs, as shown in Fig. 17-2.

First
First trip two trips
O Second trip O T Third trip
Depot Depot

°pe oCache e & Cache

L——— 1/3 _IL 1 L— 1/5 } 1+4

Fig.17-1 Fig.17-2
o . . 1,1 1 .
A similar strategy allows a desert of width {1 + 3 + 5 + -0+ =1 to be crossed using

n loads of fuel. Since this sum grows arbitrarily large with increasing n, a desert of any width
can be crossed if sufficient fuel is available at the depot.

To estimate how much fuel is needed to cross a desert ten legs wide, we write

1 1 _ 1.1, . 13y _ 1 1.1, ... .1
1+§+ +2n—1 = <1+2+3+ +2n> 2<1+2+3+ +n>
and apply the approximation of Problem 17.35:
1 1 _1
1+3+ +2n—1 log(2n) + C 2(10gn+C)
- 1 1. .1
= 210gn+log2+2C 2logn-i—.98

This reaches ten for n equal to almost 100 million loads of fuel.

WALLIS’ INFINITE PRODUCT

17.37.

Obtain Wallis’ product for =.

Repeated applications of the recursion formula
T/2 n—1 /2
f sinfx de = ” f sin"—2x dx for n>1
0 0
available in integral tables, easily brings the results

/2 T/2
. 2k—-1 2k —3 1
2k = &2, R
j(; sinZk x dx ok ok — 2 2 J; dx

/2 /2
2k 2k — 2 2 m
in2k+1 - v ,ar—a &, :
fo sin xz dx F T 1 ok—1 3 L sin x dx
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Evaluating the remaining integrals and dividing one result by the other,

7/2
f sin2k ¢ dx
_ 202:4-4°6°6---2k+2% o
1438557+ (2k—1)(2k+ 1) fﬂ'/z

o3

sinZk+1 g dy
0

The quotient of the two integrals converges to 1 as k increases.
Since 0 <sinz < 1,

This can be proved as follows.

T/2 /2 /2
0 < f sin2ktlgp dy = f sin%k gy dxe = f sin?— 1z dzx
0

0 0
Dividing by the first integral and using the original recursion formula,

TT/2
f sin?k ¢ da

0

-
i

= 241

T/2 2k
f sin?k+1 g dg
0

so that the quotient does have limit 1. Thus

s

. 2:2+4+4+6+:6--- 2k 2k
2 = MI3 3557 2k—1D@kF1)

which is Wallis’ infinite product.

17.38. Obtain Wallis’ infinite product for /.

Since lim 2k/(2k+ 1) = 1, the result of the previous problem can be written as

T 4. 22442 .- (2k—2)2
2 = lim 5 (2k—1)2 2k
Taking the square root and then filling in missing integers, we find
T g 240 (2k—2) .. 2% (k)2
V 5 = im s 2k =1) V2k = Ilim ——_—(2k)!\/ﬁ
from which Wallis’ product follows at once in the form
2k

k) VE

This will be needed in the next problem.

STIRLING’S SERIES FOR LARGE FACTORIALS

17.39. Derive Stirling’s series for large factorials.

In the Euler-Maclaurin formula let y(t) = log ¢ and use the limits 1 and n. Then
logl + log2 + -+ logn = mnlogn —n + Llogn

< _(TDiby 1 n Fayq ()
* 2 @@= [1 "nﬂ—l] ‘fl @ D ¢

This can be rearranged into

k —1)ib,
(n-i—-%)logn——n-i—c——z (1%

i=1 (2020 — Dn2i~t

logn! =

Fop1+1(1) it
(2k + 1)¢2k+1

& VB Fuaa(t) s
where ¢ T & EneEi~) | @RF DR

To evaluate ¢ let % - = in the previous equation. The finite sum has limit zero. The integral,
since Fgy 4, is periodic and hence bounded, behaves as 1/n% and so also has limit zero. Thus
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len
o = limlg 57 = lim loga
1)2 g2n 9n)1 e2n
A simple artifice now evaluates this limit. Since o = %, sy = z%nflﬁ we find
. 1)292n
lima, = lim—2 = lim \/' (n1)?2 = Vor
Aap V7 (2n)!
by Wallis’ product for \/; Thus ¢ = log V2. Our result can now be written as the Stirling series
n!en by b, b (~1)k+1p,
log—__'_~_—m—§+m_...+________
vor nnti/2 2n " *on (2k) 2k — 1)n2k—1

© Pyt
the error being E, = —ﬂ—lj)— dt. For large n this means that the logarithm is near
n (2k + 1)t2k+1

zero, making n! ~ V2pnn t 1/2¢—n,

17.40. Approximate 20! by Stirling’s series.

For m =20 the series itself becomes zlt_o_ﬁ@m + ++- ~ .00417 to five places, only one
term being used. We now have

log 20! ~ .00417 — 20 + log V2r + 20.5log 20 ~ 42.33558
20! ~ 2.43281-1018

This is correct to almost five digits. More terms of the Stirling series could be used for even greater
accuracy, but it is important to realize that this series is not convergent. As k is increased beyond
a certain point, for fixed n, the terms increase and the error E grows larger. This follows from the
fact (see Problem 17.31) that b, > 2(2k)!/(2x)2k. As will be proved shortly, the Stirling series is
an example of an asymptotic series.

17.41. Compute >, 1/# to seven places.

i=1 0
Sum the first nine terms directly to find 3 1/ = 1.19653199. With f(¢t) = 1/t3 the Euler-
Maclaurin formula now involves =1

f dx/x3 = .005, 1 f(10) = .0005, —{ f(10) = .000025, 7—;51"‘3)(10) = .00000008
10

and the total is 1.2020569. This improves the result of Problem 17.19,

ASYMPTOTIC SERIES
17.42. Define an asymptotic series.
n
Let S,(z) = 'Eo axi, If for 2 -0, lim [f(x) — S,(®)]/#» = 0 for any fixed positive integer =,
1= ]
then f(x) is said to be asymptotic to ¥ axi at zero. This is represented by the symbol
i=0

fw) ~ 2 oot

With « replaced by « —x, the same definition applies, the series being asymptotic to f(x) at =z
Perhaps the most useful case of all is the asymptotic expansion at infinity. If for x — =,

lim 27[f(x) — Sp2)] = 0

where now S,(¢) = 3 a/xi, then f(x) has an asymptotic series at infinity, and we write
i=0
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17.43.

17.44.

17.45.

17.46.

The idea can be further generalized. If, for example,
[f@) — g@/h@) ~ 3 afa
then we also say that f(x) has the following asymptotic representation:
&) ~ o) + he) S o

Note that none of these series is assumed to converge.

Obtain an asymptotic series for f (e~t/t) dt.
x
Successive integrations by parts bring
L (T = e (Tefty L et e
fl@y = f t at = x j 2 dt = P + 2!f Tdt
x T x
and so on. Ultimately one finds
_ © et _ .11 1 21 3! (n—1)!
f(x) = f —t-dt = ex[;“—ﬁ+ﬁ_—aj—4+ "‘+("1)"+1—x—n‘———:] +Rn

where R, = (—1)”n!f (e~t/trt1)dt. Since |R,] < mle—%/xn*+l, we have
x

xn [e’”f(x) - ﬁ (—1)"+1(i—1)!/wi:H < nl/x

i=1

so that as x ~ « this does have limit 0. This makes e*f(x) asymptotic to the series and by our

generalized definition
1 1 2! 3!
flx) = e_z[;";z""x—a_ﬁ_’_ :'

Notice that the series diverges for every value of x.

Show that the truncation error involved in using the series of the preceding problem
does not exceed the first omitted term.

The truncation error is precisely B,. The first omitted term is (—1)»+2e¢-2n!/xn+? which is
identical with the estimate of E, occurring in Problem 17.43.

Use the asymptotic series of Problem 17.43 to compute f(5).

We find
e5f(5) ~ .2 — .04 + .016 — .0096 + .00746 — .00746 + ---

after which terms increase. Since the error does not exceed the first term we omit, only four terms

need be used, with the result
f(5) ~ e—5(166) ~ .00112

with the last digit doubtful. The point is, the series cannot produce f(5) more accurately than this.
For larger x arguments the accuracy attainable improves substantially, but is still limited.

Use the series of Problem 17.43 to compute f(10).
We find, carrying six places,
€10 f(10) ~ .1 — .01 + .002 — .0006 + .00024 — .000120 + .000072
— .000050 + .000040 — .000036 + .000036 — - --
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17.47.

17.48.

17.49.
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after which the terms increase. Summing the first nine terms, we have
f(10) ~ e—19(091582) ~ .0000041579

with the last digit doubtful. In the previous problem two place accuracy was attainable. Here we
have managed four places. The essential idea of asymptotic series is that for inereasing z argu-
ments the error tends to zero.

Prove that the Stirling series is asymptotic.

With » playing the role of x and the logarithm the role of f(x) (see Problem 17.39), we must
show that
For+1(8)

Iim nZk‘lEn = lim n2k—1 f m dt = 0
n

Since Fy, (f) repeats, with period 1, the behavior of By, (t) in the interval (0,1) it is bounded,

say |F| <M. Then
[n2k—1E | < n2—1M/2k(2k + 1)n2k

and with increasing n this becomes arbitrarily small.

Find an asymptotic series for f e~/2 dt.

The method of successive integrations by parts is again successful. First

Cetngr = f *1(“ te-2/2)dr = Le—atz _ fw Lo—eng
t xX 12
x x Fa .
and continuing in this way we find
o —2m|l 1, 13 13- (2n—3
f e~ 1212 dt = 612/2[__ﬁ+_xs___...+(_1)n 1__762"_(:_1__1}4_137'
x

x
where R, = 1+3-5---(2n—1) e 12/ t%;dt. The remainder can be rewritten as
x

135 ---(2n—~1)

— 20
— Tela
R, - 2ntl € ' By

Since both remainders are positive, it follows that

1°8+5 - @n—1) .,
g2n+1

R, <

This achieves a double purpose. It shows that the truncation error does not exceed the first omitted
term. And since it also makes lim ¢**/222—1R, = 0, it proves the series asymptotic.

fx =22 dt o~ g—a2/2 l__L+1_:_3__1'3'5+...
x a3 x5 x7

x

Compute \/2/7r£ e~%2 dt by the series of Problem 17.48.

With =4 we find
V2/7 e 8[.25 — 015625 + .002930 — .000916 + .000401 — .000226
+ .000155 — .000126 + .000118 — .000125 + - - -]

to the point where terms begin to increase. The result of stopping before the smallest term is

Velr f e 22dt ~ 0000633266
4

with the 2 digit in doubt. This agrees nicely with our results of Problem 14.35, page 118. In-
dependent computations which confirm one another are very reassuring. Note the difference in
meihods in these two problems, and the simplicity of the present computation.
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17.50.

17.51.

17.52.

17.53.

17.54.

17.55.
17.56.

17.57.

17.58.

17.59.

17.60.

Find an asymptotic series for the sine integral.

Once again integration by parts proves useful. First

“ gin ¢ cos & “ cos t
Si(e) = f ——dt = 52— f =5 dt
t x t
x x
after which similar steps generate the series
** sin t cos x sin « 21 cos x 3! sin
Fodt o~ T 3 YR
x x x x

x

which can be proved asymptotic as in previous problems.

Compute Si(10).
Putting 2 = 10 in the previous problem, .
Si(10) ~ —.083908 — .005440 + .001678 + .000326 — .000201
— .000065 + .000060 + .000027 — .000034 — .000019

after which both the cosine and sine terms start to grow larger. The total of these ten terms
rounds to —.0876, which is correct to four places.

Supplementary Problems

n
Express as a sum of differences and so evaluate (2 —3i+2).
i=1

N

n
Express as a sum of differences and so evaluate 2 i3,
: i=1
< 1
Express as a sum of differences and so evaluate i§1 m
Evaluate the sum in Problem 17.53 by the Euler-Maclaurin formula.
Evaluate the sum in Problem 17.52 by the Euler-Maclaurin formula.

How many terms of the cosine series are needed to provide eight place accuracy for arguments
from 0 to #/2?

Show that
1 1 p 2D
Yo T ULt ¥y T I+EY ~ Dledb—1 ed—1]Y0
_J1 4-1 16 — 1 64 —1
= [g_BxTD'*‘Bz 0 D3 — o D5 + ---]yo

where the B; are Bernoulli numbers. Apply this to the Leibniz series for /4 to obtain the six place
result .785398.

Apply the Euler transformation to evaluate 1 — 1 + 11 + -+ to four places.
Ve V3 Vi

Use the Euler transformation to evaluate 1 —%—i— 21—5 —%-I— .-+ to eight places, confirming the
result .91596559.
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17.61.

17.62.

17.63.

17.64.

17.65.

17.66.

17.67.

17.68.

17.69.

17.70.

17.71.

17.72.

17.73.

17.74.

17.75.

17.76.

17.71,

17.78.

17.79.

SUMS AND SERIES

1 + 1 1
log2 log3 logd

Use the Euler transformation to show that 1 — +

Apply the Euler transformation to log2 = 1—-4+4—-1+%—---

result of Problem 17.18.

For how large an argument x will twenty terms of the series

[CHAP. 17

<+ to four places equals .0757.

, confirming our six place

log(l+a) = =z — §a? + fod — Lot + ---

produce four place accuracy?

1

. . 1
How many terms of the cosine series cosz =1 — -x2 + Ew“ — e

eight place accuracy for the interval from 0 to /27

For how large an argument z will twenty terms of the series

are needed to guarantee

arctan ¥ = x — fod + fad — 1a7 4+ .-
produce six place accuracy?
. . x8 x5 |« . . .
For the series sinhz = = + 37 + 5T -+ 7T + +-+ estimate the truncation error in terms of the first

term omitted. (See Problem 17.7 for a possible method.) For how large an argument x will twenty

terms be enough for eight place accuracy?
Compute log 3 by the method of Problem 17.13.
Compute log 1+1 by the method of Problem 17.13.

Compute log 5 and log 7 by the method of Problem 17.14.

Compute log 7+7 = log[7(1+1)] by combining results of the previous two problems.

0
Apply the comparison method of Problem 17.16 to compute 3 1/(i2+i+1) to three places. (Use
i=1

2 1/(i+1)i = 1 as the comparison series.)

i=1

0
Compute 3 1/(#3+1) to three places by the comparison method using the result of Problem 17.19.
i=1

e
Compute % 1/(i2+ 2i+2) to three places by the comparison method. (See Problem 17.54.)
i=1

0
Compute & 42/(##+1) to three places by the comparison method.
i=1

Determine the first ten b, numbers from the recursion of Problem 17.20.

Write out Bg(x) through By(x) from the formula of Problem 17.21.
T+1

Prove f Bx)dx = =z
xr

Determine By(z) and By(x) as in Problem 17.26.

What polynomials are determined by the conditions

Qi(x) = Q- 1(x), Qi0) =0
starting with Qg(x) = 17
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17.80.

17.81.

17.82.

17.83.

17.84.

17.85.

17.86.

17.87.

17.88.

17.89.

17.90.

17.91.

17.92.

17.93.

17.94.

17.95.

17.96.

Use Problem 17.30 to evaluate E 1/k? for p = 6, 8 and 10, verifying the results 76/945, #8/9450
and #10/93,555.

e% + e % 200) 2x)4 200 5
Replace z by ix in the preceding problem to get
2u)? 2a)4 (2x)8
zeotw = 1—31(2!) B2( ) — By a1

. . ©, 22i(92i — 1) )
Use the identity tan x = cotx — 2cot2x to prove tanx = @ Bx2i—1,
i=1 !

n
Use the Euler-Maclaurin formula to prove 3 @ = n2(n+ 1)2/4.
i=0
n
Use the Euler-Maclaurin formula to evaluate 3 (i2+ 3{+ 2). Compare with Problem 17.3.
i=1

Use the Euler-Maclaurin formula to show that

n ]
S, = El — logn = C + 1, f [Fy (/2] dt
=1t 2n .
where C is Euler’s constant and F,(¢) is the periodic extension of B,(t). This proves the conver-
gence of S, and also allows estimation of the difference between S,, and C for large n.

By applying the Euler-Maclaurin formula, show that

1 ko (Db 9541
C = glg2+ 1+ 3 Groi=y | o=

and use this to evaluate Euler’s constant C. Show that as k increases, the sum on the right becomes
a divergent series. At what point do the terms of this series begin to grow larger?

- 1] + error term

Referring to Problem 17.36, show that a desert of width five legs requires more than 3000 loads of
fuel.

o0
Compute O 1/k5/2 to six places.
k=1
o0
Compute > 1/(2k —1)2 to three places.
k=1

‘ 1
— &+ 5 — - exactly.

Evaluate ; — 1 + 3

o

1
9

Evaluate the sum of Problem 17.90 exactly.

o0
Show that the Euler transformation converts 3 (—1/2)¢ into a more rapidly convergent series.
k=0 :

o0

Show that the Euler transformation converts < (—1/3)k into a more slowly convergent series.
k=0

How accurately does the Stirling series produce 2! and at what point do the terms of the series

start to increase?

Derive the asymptotic series

o 1 3 3+5-7 - 1 3+5  3:5+7-9
f sint2dt =~ cosx2[é—x—§3—xg+—§5xT—--'] + smﬂ[%—z‘;ﬂ-i-w——---j]

x
and use it when « = 10, obtaining as much accuracy as you can.
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17.97.

17.98.

17.99.

17.100.

17.101.

17.102.

17.103.

17.104.

17.105.

17.106.

17.107.

17.108.

17.109.

17.110.

17.111.

17.112.

17.113.

SUMS AND SERIES

Derive the asymptotic series

23

“ cos t L 1,2 4 13t 5!
J; dt = smx[~;+——;+ ~]+cosx[x2 m4+x6

t

and use it when 2z = 10, obtaining as much accuracy as you can.

50 1

Evaluate to five places, k§1 m

< 1
Evaluate to five places, kgl TESVTESVE RSN

Transform the series

_ 1 _2 1,1 2 1,1 2 1,
S =G - gteg e et e m iz’

. . 23 1
into the series S = 3 kgo RS and evaluate S to four places.

o0
Evaluate 3 1/7",‘:‘, where the r, are the successive positive roots of tanx — .

k=1
Let 4, = S =111 ... ,ndth ate § = 3 A,/
e n_kzzkn_zn 3n an en evaluate —n=2 n/ M.
o 1
Compute kglm.
C ute %k;
omp =k
bt 1
Compute k§1 m.

The Euler numbers E, are defined by
2n 2n 2n
E, + (-1 = <2 >En_1 - <4>En_2 . <2n>E°
with E; =1 and E, = 0. Compute E,, E3 E, and Ej,.

Evaluate to four decimal places: 1 — %—f— 51—3: - % + e

Evaluate to five decimal places: 1 — —313 + glg - —713 + e

Evaluate to six decimal places: 1 — §1~7- + 51—7 — ;{17 R

N 11
—r5+ +2n—1 2logn].

CoOf=

Compute lim [1 +

3 k
Computg k§1 (4162——1)2 .

C ute 3 ﬂ___l_
ompute <& k@kz—1)2

Evaluate these two series.

_ 1 1 — 1401
I+ —f+4+r—ttsta—s™t
— — 1 1 — 1 — 1 1i—-1 — 1 .
1-3-1+5—3% st 1 i 1z T

[CHAP. 17



Chapter 18

Difference Equations

DEFINITIONS

The term difference equation might be expected to refer to an equation involving dif-
ferences. However, an example such as

A%y + 28y + Y = O
which quickly collapses to y.+2 = 0, shows that combinations of differences are not always

convenient, may even obscure information. As a result, difference equations are usually
written directly in terms of the ¥, values. As an example take

Ye+1 =  OxYx + br
where ax and bx are given functions of the integer argument k. This could be rewritten as
Ayx = (ax — 1)yi + bx but this is not normally found to be useful. In summary, a difference
equation is a relation between the values ¥ of a function defined on a discrete set of argu-

ments xx. Assuming the arguments equally spaced, the usual change of argument xx =
xo + kh leaves us with an integer argument k.

A solution of a difference equation will be a sequence of y: values for which the equation
is true, for some set of consecutive integers k. 'The nature of a difference equation allows
solution sequences to be computed recursively. In the above example, for instance, yi+:
may be computed very simply if . is known. One known value thus triggers the computa-
tion of the entire sequence.

The order of a difference equation is the difference between the largest and smallest
arguments k appearing in it. The last example above has order one.

ANALOGY TO DIFFERENTIAL EQUATIONS

A strong analogy exists between the theory of difference equations and the theory of
differential equations. For example, a first order equation normally has exactly one solu-
tion satisfying the initial condition 2, = A. And a second order equation normally has
exactly one solution satisfying two initial conditions %o = A, y: = B. Several further
aspects of this analogy will be emphasized, such as the following.

1. Procedures for finding solutions are similar in the two subjects. First order linear
equations are solved in terms of sums, as the corresponding differential equations are
solved in terms of integrals. For example, the equation yk+1 = zyx + cx+1 with
2 = ¢o has the polynomial solution

'Z/n — C()fl'" + Clan)—l B Cn

Computation of this polynomial recursively, from the difference equation itself, is known
as Horner’s method for evaluating the polynomial. It is more economical than the
standard evaluation by powers.

177
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2. The digamma function is defined as
o) = Sy - ©

where C is Euler’s constant. It is one summation form of the solution of the first
order difference equation

Ay(z) = 1/(x+1)

This also gives it the character of a finite integral of 1/(z +1). For integer arguments

n, it follows that n

ym) = S 1k - C
k=1

This function plays a role in difference calculus somewhat analogous to that of the
logarithm function in differential calculus. Compare, for instance, these two formulas:

i _ ¥(b) — (@) ” da _log(b+1) — log(a+1)
K= k+a (k+b) ~ b—a  Ji (x+a)xt+tbd) b—a

Various sums may be expressed in terms of the digamma function and its derivatives.
The above is one example. Another is
< 2k+1 B ,
D RO B OBt

which also proves to be =%/6.

The gamma function is related to the digamma function by

(x +1)
[CE VI

3. The linear homogeneous second-order equation

Yi+e + QYrr1 + Aoy = 0

has the solution family Y = Ci1Uk + C2Vk

where ux and vx are themselves solutions and c¢i, ¢2 are arbitrary constants. As in the
theory of differential equations, this is called the principle of superposition. Any solu-
tion of the equation can be expressed as such a superposition of ux and vx, by proper
choice of ¢; and c¢s, provided the Wronskian determinant

Ui Vk
Wr =

Uk—1  Vk-1
is not zero.

4. The case of constant coefficients, where a, and a: are constants, allows easy determina-
tion of the solutions ux and v.. With r; and r. the roots of the characteristic equation

rP+ar+a =0

these solutions are
ue =75 ve =75  when aj > 4a

Uk = 1%, vg = krk when a?=4a:, r=ra=7r

wr = R¥ sin k6, vi = R* cos kb when a? < 4as, 7,72 = R(cosf = isin¥)
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The analogy with differential equations is apparent. The Wronskian determinants of
these ux, v pairs are not zero, and so by superposition we may obtain all possible solu-
tions of the difference equation.
The Fibonacci numbers are solution values of
Ye+2 = Ye+1 + Ye
and by case 1 above may be represented by real power functions. They have some ap-
plications in information theory.

5. The non-homogeneous equation
Yr+2 + Qa1+ Qo = by

has the solution family Y = Ciux + Covi + Y
where ui, vx are as above and Yy is one solution of the given equation. This is also

analogous to a result of differential equations. For certain elementary functions b it
is possible to deduce the corresponding solution Y very simply.

6. For higher order equations theoretical results are direct generalizations of those just
presented for the second order case.

Initial value problems require the solution of a difference equation of order =,
taking specified values at n consecutive (initial) arguments. Such solutions may be
computed directly, using the difference equation as a recursion. If the character of
the solution function is to be displayed analytically, then procedures similar to those
used for differential equations may be followed. For the Fibonacci numbers, for
example, one first finds the solution family

Y = cirk + cork

where 7,72 = 4[1 = \/5]. The initial conditions %, =0,y:=1 then determine c, =

—c2 =1/ \/g
Boundary value problems require the solution of a difference equation of order =,
with various values specified in the vicinity of two separated arguments.

7. Non-linear equations can seldom be solved in analytic form, but direct, recursive com-
putation of solution sequences proceeds just as with linear equations.

IMPORTANCE OF DIFFERENCE EQUATIONS

Our interest in difference equations is two-fold. First, they do occur in applications.
And second, numerous methods for the approximate solution of differential equations in-
volve replacing them by difference equations as substitutes.

Solved Problems

FIRST ORDER EQUATIONS
18.1. Solve the first order equation wx+1 = kyx + k? recursively, given the initial con-
dition o = 1.

This problem illustrates the appeal of difference equations in computation. Successive
values are found simply by doing the indicated additions and multiplications,
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18.2.

18.3.

184.
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¥y =0, yg”—‘l, y3:67 yq = 27, ‘y5:124

and so on. Initial value problems of difference equations may always be solved in this simple recur-
sive fashion. Often, however, one wishes to know the character of the solution function, making
an analytic representation of the solution desirable. Only in certain cases have such representations
been found.

Given the functions ax and bx, what is the character of the solution of the linear first
order equation yk+: = &iyx + bx With initial condition yo=A?
Proceeding as in the pf‘evious problem, we find
Y1 = apd + by
Yo = ayyy + by = aga A + aby + by

Y3 = Og¥s + by = apoa9A + 01a5by + agh; + by
ete. With p, denoting the product p, = apa;---a,_,, the indicated result appears to be
bO bl bn—l
Yn = A+——+——+~-+-—>
" Pn < P P2 Pn

This could be verified formally by substitution. As in the case of linear first order differential equa-
tions, this result is only partially satisfactory. With differential equations the solution can be
expressed in terms of an integral. Here we have a sum. In certain cases, however, further progress
is possible. It is important to notice that there is exactly one solution which satisfies the difference
equation and assumes the preseribed initial value y, = A.

What is the character of the solution function in the special case a. =7, by =07

Here the result of Problem 18.2 simplifies to the power function y, = Ar". Such power func-
tions play an important role in the solution of other equations also.

What is the character of the solution function when a.=7r and bc=1, with
Yo — A=17
Now the result of Problem 18.2 simplifies to
Yo = rr+ 7l 4 o 41 = (mYI-1)/(r—1)

18.5. What is the character of the solution function of #x+1 = ¥k + ce+1 With yo = A = ¢?

18.6.

This problem serves as a good illustration of how simple functions are sometimes best evaluated
by difference equation procedures. Here the result of Problem 18.2 becomes

Yo = Cox" + et A4 -+ oo,
The solution takes the form of a polynomial. Horner’s method for evaluating this polynomial at
argument « involves computing ¥y, ¥s, . . ., ¥, Successively. This amounts to n multiplications and =
additions, and is equivalent to rearranging the polynomial into
Yp = Cp + x(en_y o+ xleg + oxley + xey + wep)))

It is more efficient than building up the powers of x one by one and then evaluating by the standard
polynomial form.

E+1 v ees
What is the character of the solution of wx+:1 = ¥ +1 with initial value

Yo = 1?
Here the p, of Problem 18.2 becomes p, = n!/xn, while all b, = 1. The solution is therefore

expressible as 1 1
YulPr = @Y/n! = 1+ @+ gad oo+ oRan

so that for increasing n, lim zry,/n! = e%.
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18.7.

THE
18.8.

18.9.

What is the character of the solution of yx+: = [1 — 2%/ (k+ 1)%jyx with yo =17
Here all the b, of Problem 18.2 are zero and A = 1, making
Yn = Pp = (1—x2)(1 — x2/22)(1 — 22/32)- - - (1 — x2/n2)

This product vanishes for x = =1, =2, ..., =n, For increasing n we encounter the infinite product

s

limy, = (1 — 2%/(k+ 1)

k

0

which can be shown to represent (sin 7rx)/7x.

DIGAMMA FUNCTION

The method of summing by “telescoping” depends upon being able to express a sum
as a sum of differences,

zbk = EAyk = Ya+r1 — Yo
k=0 k=0

That is, it requires solving the first order difference equation
AYe = Ye+r— Yu = bk
Apply this method when b, = 1/(k + 1), solving the difference equation and evaluating

the sum.
00
Start by defining the digamma function as y(x) = 3 i — C where C is Euler’s con-

stant. Directly we find for any % ¥ —i, 151 Wi+ 2)
. _ kd x4+ 1 _ x
Ay(w) = ylx+1) Yz = i§1 [1(1,'1‘ x+1) i+ x):'
- I S | 1
TS lite ite+1 2 |

When 2 takes integer values, say x = k, this provides 2 new form for the sum of integer reciprocals,
since

n—1 1 n—1

S = I ap) = ¢ — w0 = ¢ + C
k=0 k41 k=0

We may also rewrite this as
- 1
sy = 3£ -C

k=1

¥(x)

so that the digamma function for integer
arguments is a familiar quantity. Its be- .
havior is shown in Fig. 18-1, and the logarith- /
mic character for large positive z is no sur-
prise when one recalls the definition of Euler’s
constant. In a sense y(x) generalizes from
v(n) much as the gamma function generalizes
factorials.

Fig. 18-1

Evaluate the sum », 1/(k+1t) for arbitrary t.
K=1
From Problem 18.8, for any x, y(x+ 1) — y¢(z) = 1/(x+1). Replace x by k+t~—1 to obtain
wh+t) — ple+t—1) = 1/(k+1)

Now we have the ingredients of a telescoping sum and find

kgl Vk+t = kgl W+t —plk+t—1] = yln+t) — vt
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18.10. Evaluate the series kﬁ:l 1/(k+a)(k+b) in terms of the digamma function.
Using partial fractions, we find
n n
o= 2 <k+a>1(k+b> = > <7v—41:7z_k—71-—5>
Now applying the previous problem, this becomes
o= g nt ) — y@) — gt b) + 4]
From the series definition in Problem 18.8 it follows after a brief calculation that

pleta) — ¢y +d) = a——b)tg z+n+a)1(2+n+b)

so that for n —» « this difference has limit zero. Finally,

S 1 : w(b) — y(a)

< GTagte ~ lims b~ a

18.11. Find formulas for y’(z), y®(x), etc., in series form.

Differentiating the series of Problem 18.8 produces y'(x) = 2 1/(k + x)2. Since this converges

uniformly in x on any interval not including a negative integer, the computation is valid. Repeating,
3]

y&(x) = kE —21/(k + x)3, wx) = kE 3/ (k + x)4, ete.

-]

In particular, for integer arguments, Problem 17.30 makes ¢/(0) = 3 1/k%2 = #2/6 after which we

lose one term at a time to obtain =

'(1) = (z2/6) — 1, ¢'(2) = (#2/6) —1 —1/4, and in general y'(n) = (#2/6) —1—~1/4— -+ —1/n2

2k +1

18.12. Evaluate the series 2 UES

This further illustrates how sums and series involving rational terms in k¥ may be evaluated in
terms of the digamma function. Again introducing partial fractions,

2k +1 i[_l__ 1.1
1R+ 12 T WSk kF1 T (k12

The first two terms cannot be handled separately since the series would diverge. They can, however,
be handled together as in Problem 18.10. The result is

0 1 1 ~ _ , )
kgl {k(k—%l) + (k+ 1)2] = (@ w(0) + ¢'(1) = =2/6

Other sums of rational terms may be treated in similar fashion. The digamma function and its
derivatives have been tabulated so that results such as those obtained are readily evaluated.

18.13. Evaluate the series él 192 +1..

e

Summing the squares as in Problem 5.2, page 31, we may replace this by

6 _ 2fe, 6 24
MEFDEETD kgl[k+k+1 2k+l]

uMs
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18.14.

Since no one of these three series is individually convergent, we do not treat each separately.
Extending the device used in the problem just solved we may, however, rewrite the combination as

© /6 6 6 6 24 24 < —6 6
ElE0 (1) -h-)] - Slety e wdsl
= —6[p(1) — ¢(0)] + 12[y(L) — (0]

where Problem 18.10 has been used twice in the last step. Finally,

S 1
= 1y —
k§1 2F22+ . +j2 12¢(F) 6 + 12C

Show that of(z) = I"(x +1)/T(z +1) also has the property Acf(x) =1/(z+1), where
T'(x) is the gamma function.

The gamma function is defined for positive x by

r'z) = f e—tgr—1dt

0

Integration by parts exposes the familiar feature
Ne+1) = «lx)
and then differentiation brings I(x +1) = «0(x) + I'(x), or

Mz +1) M=)
T(x + 1) T(2)

1
x

from which the required result follows upon replacing & by x + 1.
Since y(x+1) — yp(z) = 1/(x+ 1), we find that

(x+1)

Iz + 1)

where A is a constant, and where x is restricted to a discrete set with unit spacing. The same
result can be proved for all x except negative integers, the constant A being zero.

—ylx = A

LINEAR SECOND ORDER EQUATION, HOMOGENEOUS CASE

18.15.

18.16.

The difference equation yk+2 + @i¥x+1 + asyx = 0 in whieh a, and a2 may depend
upon k, is called linear and homogeneous. Prove that if «. and », are solutions, then
S0 are ciux + cavx for arbitrary constants ¢; and co. (It is this feature that identifies
a linear homogeneous equation. The equation is homogeneous because ¥y, =0 is a
solution.)

Since w19+ gt ayu, = 0 and vgio * @y¥4q T a9y, = 0, it follows at once by
multiplying the first equation by ¢y, the second equation by ¢y, and adding that

ClUk+ T eV o T ay(Ciusy t eV 1) + daleug toevr) = 0

which was to be proved.

Show that for a: and a2 constant, two real solutions can be found in terms of elemen-
tary functions.

First suppose a:; > 4a,. Then we may take

(S

w = ¥ v =

where 7; and 7, are the distinct real roots of the quadratic equation 72 + a;» + ay = 0. To prove
this we verify directly that
Ug o T Gy T aguy, = T2+ artay) = 0

where r is either root. The quadratic equation involved here is known as the characteristic equation.
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18.17.

18.18.

18.19.
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Next suppose af = 4a,. Then the characteristic equation has only one root, say », and can be

rewritten ag
rP+arta; = (r+de)? = 0

Two real solutions are now available in
w = rk v, = krk
The solution u; may be verified exactly as above. As for v,
(k+2)rk+2 + qi(k+ 1)rk+1 + agkrk = rklk(r2+ar+ay) + @r+a)r] = 0
since both parentheses are zero.

Finally suppose af< 4ay. Then the characteristic equation has complex conjugate roots
Re*19, Substituting, we find i

R2e*26 |+ q,Re*#® 4+ g, = R%*cos26 = 1sin2¢) + a,R(cosd = ising) + ay
= (R%2cos20 + a;R cosd + ay) = i(R2sin2¢ + aR sing) = 0
This requires that both parentheses vanish:
R%2cos26 + a;Rcosg + a3 = 0, R?2sin20 + ayRsing = 0
We now verify that two real solutions of the difference equation are
w, = R*sinke v, = Rk coske
For example,
Upyo + O Ugq + @y, = R+2sin(ke+2) + a;R*+gin(k+1)6 + ayR* sin ke
= RF(sin ke)}(R? cos 26 + a,R cos ¢ + ay)
+ Rk(cos k6)(R2 sin 26 + ¢ R sing) = 0

since both parentheses vanish. The proof for v, is almost identical.

It now follows that for a, and a, constant, the equation yj .o + ay¥x+1 + @y, = 0 always has
a family of elementary solutions y, = cju, + cyv.

Solve the difference equation yx+2 — 2AYk+1+ ¥« = 0 in terms of power functions,
assuming 4 > 1. '

Let y, = vk and substitute to find that 72— 2A» +1 =0 is necessary.
Thisleads to r = A =VA2—1 = r;,7, and y, = crf+ eorf = cquy + eovy.

One of these power functions grows arbitrarily large with k, and the other tends to zero,
since r;>1 but 0 <7r,<1. (The fact that »r,=A4—-VA2—-1<1 follows from (4 —1)2=
A2+ 1—2A4 < A2—1 after taking square roots and transposing terms.)

Solve the equation ¥x+2 — 2yk+1 +yx = O.

Here we have o} = 40, = 4. The only root of +2—2r+1 =0 is » =1. This means that
w, =1, v, =k are solutions and that y, = ¢; + ¢k is a family of solutions. This is hardly sur-
prising in view of the fact that this difference equation may be written as A2y, = 0.

Solve Yrk+2— 2A%k+1 +yx = 0 where A <1,

Now a‘? < 4ay. The roots of the characteristic equation become
Re*® = A = /1~ A% = cos¢ * ising
where A =cos¢ and R =1 Thus u, =sinks, vy = cosks and the family of solutions

Yy = cpsinks + ¢;cos ko
is available.

The v, functions, when expressed as polynomials in A, are known as Chebyshev polynomials.

For example,
’00:1, 'vle, 'U2:2A2_1,

The difference equation of this problem is the recursion for the Chebyshev polynomials.
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18.20.

18.21.

18.22.

18.23.

18.24.

Show that if two solutions of Yi+2 + a1ye+1 + aoyx = 0 agree in value at two con-
secutive integers k, then they must agree for all integers k. (Assume a,+ 0.)

Let u, and v, be solutions which agree in value at k equal to m and m + 1. Then their dif-
ference dy = u, — v, is a solution (by Problem 18.15) for which d, =d,;; = 0. But then

dptot aqdpiq + aod, = 0, dp+1+ ady + aody,—y = 0

from which it follows that d,,, =0 and d,_, = 0. In the same way we may prove d; to be zero
for k>m+2 and for kK <m—1, taking each integer in its turn. Thus d, is identically zero
and  u; = v,. (The assumption a, # 0 merely guarantees that we do have a second order difference
equation.)

Show that any solution of ¥x+2 + a1yr+1 + a2yx = 0 may be expressed as a combina-
tion of two particular solutions u, and v,

Yk = CiUk + C2Vk

Uk Vk

provided that the Wronskian determinant wx = # 0.

Uk—-1 V-1

We know that ¢yu + ¢ov is a solution. By the previous problem it will be identical with the
solution ¥, if it agrees with y, for two consecutive integer values of k. In order to obtain such
agreement we choose k¥ = 0 and k =1 (any other consecutive integers would do) and determine
the coefficients ¢, and ¢, by the equations

Cilg T G2V = Yo cuy + Cvyp = Yy

The unique solution is ¢; = (y1v) — YoV /Wy, € = (YoUy — Y1)/ Ww; since wy 5= 0.

Show that if the Wronskian determinant is zero for one value of k, it must be iden-
tically zero, assuming ux, v to be solutions of the equation of Problem 18.20. Apply
this to the particular case of Problem 18.16, to prove wx # 0.

We compute the difference

Awge = (Ugq 1V — Vs ) T (UgVkmy — Vplhe—q)
= vp(—aguy — Aot q) = w(—aw — Qg¥i 1) T Wy T Vgl
= (e —Dwp = Wgig — wy

from which it soon follows that wj, = diw, Since a, + 0, the only way for w; to be zero is to have
wy = 0. But then wj is identically zero.

When w,, is identically zero, it follows that w,/v, is the same as wu;_,/v;_y for all k, that is,
u,/v, = constant. Since this is definitely not true for the u,,v; of Problem 18.16, w; cannot be

zero there.

Solve by direct computation the second order initial value problem
Ye+2 = Yr+1 T Yr, 2%o=0, y1=1

This further illustrates the simplicity of difference equations in actual computation. Taking
k=0,1,2,... we easily find the successive y, values 1,2,3,5,8,13,21,34,55, 89, 144, ... which
are known as Fibonacei numbers. The computation clearly shows a growing solution but does not
bring out its exact character.

Determine the character of the solution of the previous problem.

Following the historical path mapped in Problems 18.15, 18.16, etc., we consider the characteris-
tic equation 722—r—1=0.

Since a? > 4a,, there are two real roots, namely 7,7, = (1 % v5)/2. All solutions can there-
fore be expressed in the form
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1+5\F 1—V5\*

Yo = cup t ooy = o —5 ) T o

. s . 1+

To satisfy the initial conditions, we need ¢;+¢, =0 and ¢ 5
1+ \/3>’° _ <1 - \/5>"J

5 .

2

2

2
\/§>+02<1_\/§

> = 1. This

makes ¢; = —¢; = 1/v/6 and y, = (1/\/5)[(

Show that for the Fibonacci numbers, lim (yx+i/yx) = (1+V/5)/2.

For such results it is convenient to know the character of the solution function. Using the
previous problem we find after a brief calculation,

Vi1 1+ 5 1= [1=V8)/a+V5)k+!
Yk 2 1—[(1—VB)/(1+V5)]
and (1—-V5 )/ (1 +v5 ) has absolute value less than 1, so that the required result follows.

The Fibonacci numbers occur in certain problems involving the transfer of informa-
tion along a communications channel. The capacity C of a channel is defined as
C = lim (log yx)/k, the logarithm being to base 2. Evaluate this limit.

Again the analytic character of the solution y, is needed. But it is available, and we find

B
= log (IV5) + 1og<1_+éi_§>'° T log [1 _<1 —ﬁﬂ

. 1+V5
making

_ . [lg(/V/s) 1+v5 | 1 1-v5\¥]] 1+ 5
c = hm{ A +Iog—2——+-—lzlogl:1—<1+\/g>:' = log

Find the solution of yik+:+ ¥x = 0 satisfying the initial conditions %=1, :=0.

Here we have a;=0,a,=1, making a2 < 4a,. The characteristic equation is #2+1=10
and has roots r = *i = ¢*U7/2) = Re*# making B =1 and 6 = »/2. The solutions can therefore
be written in the form

Y = cyy + cvp = ¢ sin (7k/2) + ¢y cos (7k/2)

This could alse-be—written as ¥, = 4 cos (vk/2 + B). Either way the initial conditions determine
the remaining constants, and for the initial values given we are led to ¥, = cos kz/2. The solution
is periodie.

Under what circumstances will all solutions of ¥x+2 + @iyk+1 + @2y = 0 have limit
0 for k becoming infinite? (Assume a4, a2 constant.)
Clearly this requires that the numbers 7,7, or R 'of Problem 18.16 have absolute value less

than 1. In other words, all roots of the characteristic equation 72+ a;r+a, =0 must have ab-
solute value less than 1.

NON-HOMOGENEOUS CASE
The equation ¥x+2 + @1yk+1 + azyx = bi is linear and non-homogeneous. Show that
if ux and vy are solutions of the associated homogeneous equation (with bx replaced by
0) with nonvanishing Wronskian, and if Y is one particular solution of the equation
as it stands, then every solution can be expressed as yx = ciux + C20x + Yi where
¢: and ¢s are suitable constants.
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18.30.

18.31.

18.32.

With y;, denoting any solution of the non-homogeneous equation, and Y, the particular solution,
Yit+e F @Y+ +oasyr = by
Yiiot+ oY+ apYy = by
and subtracting, dito + ayde iy + agd, = 0

where d, =y, —Y,. But this makes d; a solution of the homogeneous equation, so that d, =
ey + eovy.  Finally, yi = cyup + cov + Y, which is the required result.

By the previous problem, to find all solutions of a non-homogeneous equation we may
find just one such particular solution and attach it to the solution of the associated
homogeneous problem. Follow this procedure for ¥r+2 — Yx+1— ¥y = Azk,

When the term by, is a power function, a solution can usually be found which is itself a power
function. Here we try to determine the constant C so that Y, = Cak.

Substitution leads to Cx*(x2—x—1) = Ax*, making C = A/(x2—x—1). All solutions are

therefore expressible as
1+ V5\F 1—VB\* Axk
! 2 t o 2 + 22— —1

Y =

Should «2—« —1 =0, this effort fails.

For the preceding problem, how can a particular solution Y, be found in the case
where z2—x—1 = 07

Try to determine C so that Y, = Ckuxk.

Substitution leads to Czk[(k + 2)x2 — (k+ 1)x — k]’ = Az* from which C = A/(2x>— ). This
makes Y, = Aka*/(222 — x).

For what sort of bx term may an elementary solution Y be found?

Whenever b, is a power function or a sine or cosine function, the solution Y, has similar char-
acter. Table 18.1 makes this somewhat more precise. If the Y, suggested in Table 18.1 includes a
solution of the associated homogeneous equation, then this Y, should be multiplied by %k until no
such solutions are included. Further examples of the effectiveness of this procedure will be given.

bk Yk
Auxk Ok
kn Cy + Cik + Cok® + -+ + C kn
sin Ak or cos Ak Cy sin Ak + C, cos Ak
knak | ak(Cy + Cik + Cok? + -+ + CLkm)
x* sin Ak or x* cos Ak xF(Cy sin Ak + C, cos Ak)
Table 18.1

18.33. The “national income equation” is yr+2 — 2ayk+1 +ayx = I where 0 <o <1. As-

suming o and I constant, solve this equation and find the limiting national income for
increasing k.

The characteristic equation for the associated homogeneous problem is 72— 2ar+a =0 and

has complex roots
r = a*Vae2—a = ¢ * NVae—a2 = Vae*ri
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where cosd = \/E and sin ¢ = \/—1———¢L. The solution of the national income equation is therefore
v = ¢ (Va)ksinke + ex(Va)cos ks + Y,
To determine Y, we note that b, = I is constant, so that Y, =Y, also a constant, is suggested by
Table 18.1. Substituting we find Y(1 —a) =1, and the completed solution is
Y = ¢ (Va)ksin ke + co(Va)k cos ke + I/(1—a)

Since 0 <a <1, it follows easily that lim y, = I/(1—a) with y, itself oscillating above and
below this limit during the approach.

Solve the equation ¥x+2 — 2yk+1+ ¥ = 1 with yo=1 and ¥y, =0.

The associated homogeneous equation was solved earlier, in Problem 18.18. Recalling that
result, we may now write y, = ¢; + ek + Yy,

Since b, =1 is again a constant, we might anticipate a constant Y. However, a constant is
included in the homogeneous solution, and so is a constant multiplied by k. Accordingly we try
Y, = Ck2 and substitute to find C[(k+2)2 — 2(k+1)2 + k2] = 1 which is true provided C = 1/2.
Thus

Y = ey + cgk + Lk?
Since our difference equation can be written as A2y, =1, this quadratic could have been guessed
at once. The initial conditions lead to y, = 1 — %k + k2.

BOUNDARY VALUE PROBLEMS

18.35.

18.36.

18.37.

Show that the equation yr+s + ¥x = 0 has one solution satisfying the boundary con-
ditions yo =y~ = 0 if N is odd, and infinitely many if N is even.

The solution family is ¥, = ¢ sin (zk/2) + ¢, cos (zk/2).

The condition y, = 0 requires ¢, = 0. Thus yy = ¢; sin(#N/2) = 0. If N is odd this requires
¢, =0, and y, = 0 becomes the only solution of the boundary value problem. If N is even any
constant ¢, serves, and the family of solutions ¥, = ¢; sin (xk/2) exists. This alternative is char-
acteristic of homogeneous boundary value problems (which always have the solution y, = 0).

For the difference equation of the previous problem show that one solution satisfies
the boundary conditions yo= A4, yn=B if N is odd, and that there is no solution at
all if N is even, unless A cos (xN/2) = B, in which case infinitely many exist.

The boundary conditions require ¢, =4 and ¢; sin (zN/2) + A cos(zN/2) = B.

If N is odd, we find ¢, = B/[sin (zN/2)] and the solution is uniquely determined. If N is even,
then the boundary values A and B must satisfy A cos(zN/2) =B or the condition at k=N
cannet be met by any solution. If A and B do meet this requirement, however, any constant ¢; will
serve. This alternative is characteristic of non-homogeneous boundary value problems. The solution
will be uniquely determined precisely when the associated homogeneous problem has only the solu-
tion y; = 0. This occurs here for N odd. (See Problem 18.35.) And there will be no solution at all
in the case where the associated homogeneous problem has infinitely many solutions (¥ even), unless
the boundary values meet a special requirement, and then both problems have an infinity of solutions.

Find all solutions of the homogeneous boundary value problem
Yero + (L—2)Yk+1 Ty = 0
with 9o =yn=0. Assume 0 <L <4. (Such problems occur in the study of psycho-

metrics.)
The characteristic equation is 72+ (L—2r+ 1 = 0, and since 0 <L <4 the roots are
complex, .
r = (1—31L) = HVL@4—-L) = =¥

with cos¢ =1 —1L. The solutions are therefore
Y = ¢ysinké + cycos ke
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The first boundary condition requires y, = ¢y, = 0. The second makes yy = ¢y sin N6 =0 which
can usually be satisfied only by making ¢; = 0, leading to the ever-present solution of homogeneous
problems, y, = 0.

The interest lies, however, in the circumstances under which still other solutions will exist.
What is required in this example is that sin N¢ = 0, since then ¢, is arbitrary and we have the
family of solutions y, = ¢; sinks. But sin No is zero only for N¢ = n», where n is an integer.
This may be converted into a requirement concerning the parameter L which occurs in the difference
equation itself. We find

L = 2—2cos8 = 2 — 2cos(nr/N) = 4 sin? (nr/2N)
Though » may be any integer, the integers 1, ..., N exhaust the possibilities and we have shown
that the values (known as eigenvalues)
L, = 4 sin? (nz/2N), n=123...,N
lead to families of solutions (known as eigenfunctions)
y’i"’ = ¢, sin (nzk/N)

For other L values, only the solution y, = 0 exists. (See Problem 18.80.)

NON-LINEAR EQUATIONS

1838. If @, =1 and O0<k, solve the nonlinear equation @Qx+1 = 1+ 1/@Q, and find
lim @, for k becoming infinite.

Let Q. = v, +1/¥r and substitute to find y,+o = ¥xs1+ ¥y which is the difference equation
of the Fibonacci numbers. We need only refer back to Problem 18.25 to find @, and lim Q.

18.39. Solve the non-linear equation Pix+1 = Pi/(1+P:) by a change of variable. (This
equation arises in population genetics.)

Let y, = 1/P,, and substitute to obtain y,,{ = yx +1 which is linear.
It follows easily that y, = yo+k, making P, = Po/(1+ kPy).

HIGHER ORDER EQUATIONS
18.40. Solve the difference equation yi+4 — A%y = fr.

As with second order equations, we first solve the associated homogeneous equation. The search
for power functions ¥, = r* quickly leads to the characteristic equation

rt— A4 = (r2—A2)(r2+ A2 = 0
with the possibilities » = *A, *Ai. This suggests the functions
Yo = €A% + co(—A)E + c3Ak sin (7k/2) + ¢, AF cos (vk/2)

which can be verified to be solutions of the homogeneous equation. To satisfy the given equation,
this may now be augmented by adding one particular solution Y. Again following Table 18.1,
page 187, such a solution can be found by a method of undetermined coefficients. For instance,

suppose fo = Py(k) = %(3152—1)

Then Y, = C{k? + Cok + C3 will be a solution provided

Ci(1— ANHk2 + [8C, + Co(1 — A%k + [16C; + 4Cy + C3(1 —AY)] = %kz -3
as we find upon substitution. Comparing coefficients leads to
3 12 1 24 | 48
= o ieép [~ 4 22, 20
Yi = 3% — gk <2B +B2+BS>

where B=1—A4 (For A =1, a higher degree polynomial is needed.) The functions
Y = ClA¥ + co{—AY 4+ czAk sin(sk/2) + ¢ AF cos (vk/2) + Y

can be verified as solutions of the given equation. Four initial conditions would be sufficient to
determine the at present arbitrary constants c;.



190

18.41.

18.42.

18.43.

18.44.

18.45.

18.46.

18.47.

18.48.

18.49.
18.50. -

18.51.

DIFFERENCE EQUATIONS [CHAP. 18

Solve the equation of Problem 18.40 when fi = 2%.

Let Y, =C=2t and substitute to obtain C(16 —A% =1 so that one solution is Y, =
2k/(16 — A%) provided A 2. Adding this to the solution of the homogeneous equation already
found, we have a four parameter family of solutions, as may easily be verified. The case A =2
responds to the supposition Y, = Ck =2k,

Solve the equation of Problem 18.40 when fi = F cos ok.

Let Y, = C,coswk + Cy sinwk and substitute to obtain, after application of a familiar
trigonometric identity,

(cos wk)[Cy(cos 4o — A%) + C, sin 4e] + (sin wk)[— C; sindw + Cylcos 4o — AH)] = F coswk
Matching coefficients of cos wk and sin ok now brings
C; = Fl(cos4w — A%/D, Cy, = (F sin4e)/D

where D = sin24e + (cos 40 — A4)2. Using this C; and C,, the ¥, function may be added to the
solution of the homogeneous equation. The case where D =0 must be handled in a slightly
different way.

Solve Yr+s +yx = 0.
The characteristic equation is 73 +1 =0, with roots r = —1, cos (#/3) = i sin (z/3).

The solutions are therefore y, = cy(—1)k + ¢y sin (vk/3) + ¢3 cos (zk/3).

Solve yx+s + Aty = 0.
The characteristic equation is 74+ A* = 0, with roots » = A(=1= i)/\/E.

wk . 3rk 3ak
1 + ¢g sin —— + ¢4 cos 1 J

7k

1 + ¢q cos

The solutions are y, = Ak ':cl sin

Supplementary Problems

Given yry1 =7y, + %k and y,=A, compute yy,...,y, directly. Then discover the character
of the solution function.

Given ¥r+1=—9,+4 and y, =1, compute y,,...,¥, directly. What is the character of thé
solution function? Can you discover the solution character for arbitrary y,?

If a debt is amortized by regular payments of size E, and is subject to interest rate ¢, the unpaid
balance is P, where P;,; = (1+ P, —R. The initial debt being P, = A, show that P, =

. (L+4)k—1
AQ+Hc—R —
we must take B = Ai/[1 — (1 +4)~"].

Also show that to reduce P, to zero. in exactly » payments (P, =0)

Show that the difference equation yj.; = (k+ 1)y, + (k+1)! with initial condition y, =2 has
the solution y, = k!(k + 2).

Solve yi+1 = ky, + 2kk! with y, = 0.
Apply Horner’s method of Problem 18.5 to evaluate p(x) =1+x+ 22+ -+ +af at &= 1/2.

Adapt Horner’s method to p(x) = = — #3/3! + «5/5! — «7/T! + «9/9!.
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Show that for k> 0, (k+ 1)y, + ky, = 2k — 83 has the solution y, =1 — 2/k.
Show ‘that the nonlinear equation y,.; = ¥x/(1 +y;) has the solutions y, = C/(1 + Ck).
Solve the equation Ay, = (1/k — 1)y, with initial condition %, = 1.

Compute y3)(0), v (1) and ¢ (2) from the results in Problem 18.11, page 182. What general re-
sult is indicated for integer arguments?

Evaluate kgl 1/k(k +2) in terms of the y function.

o0
Evaluate 3 1/k2(k + 2)2, using Problem 18.55.
k=1

Compute ¢(1/2) to three places from the series definition, using an acceleration device. Then com-
pute ¢(3/2) and y¢(—1/2) from Ay(x) = 1/(x + 1).

What is the behavior of y(x) as x approaches —1 from above?

o0
Evaluate  1/P;(x) where P;(x) is the Legendre polynomial of degree three.
k=1
0
Evaluate ¥ 1/T;(x) where T5(x) = 43— 3z and is the Chebyshev polynomial of degree three.
k=1

o0
Evaluate kgl 1/P4(x) where P,(x) is the Legendre polynomial of degree four.

Given yyi+o + 3y, 4y + 2y, = 0 with initial conditions y,=2, y; =1, compute y,, ..., ¥y, directly.
Solve the preceding problem by the method of Problem 18.16, page 183.

Show that the solutions of yyio — 4yr4+( + 4y, =0 are y, = 2k(ci + ¢k), where ¢y,¢cy, are ar-
bitrary constants.

Find the solution family of y,., — ¥ = 0. Also find the solution satisfying the initial conditions
Yo = 0) Yy = 1.

Solve ¥, 490 — Tyrs+q + 12y, = cos k¥ with y,=0,y,=0.
Solve 4yxio + 4yp+y + Y = k2 with y,=0,y,=0.

Show that the solutions of y .o — 2y .1+ 2y, = 0 are
ve = ¢ (V2)k sin (vk/4) + cz(\/E)k cos (7k/4)

Solve 2y .9 — 5¥r+1 + 2y, = 0 with initial conditions y,=0,y;=1.
Solve ¥+ + 6y 4y + 25y, = 2F with y, =0, y; =0.
Solve ¥r42 — 4Yr+1 T 4y = sink + 2k with initial conditions y4 =y; = 0.

For what values of o are the solutions of y, s — 2yx+1 + (1 — @)y, = 0 oscillatory in character?

Solve Yr4o — 2¥k4y — ¥ = Paolk) where Py(k) is the second degree Legendre polynomial, and
Yo =19 = 0.

What is the character of the solutions of yx,o — 2ayr+1 + oy = 0 for 0 <a<1? For a =17
For o > 1?
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Show that the nonlinear equation @Q,.; = @ — b/Q, can be converted to the linear equation
Y+o — Wik +1 + by, = 0 by the change of argument Qi = yy 4 1/Yy-

Show that for N even there is no solution of 4. — ¥y, = 0 satisfying the boundary conditions
Yo=0,yy=1.

Show that there are infinitely many solutions of the equation of the preceding problem satisfying
Yo=yn=10. ’

Show that there is exactly one solution of ¥, ;s — ¥, = 0 satisfying the boundary conditions
Yo=0,yy=1 if N is odd. Find this solution. Also show that there is exactly one solution satisfy-
ing ¥y = yy = 0, namely y, = 0.

Show that Problem 18.37, page 188, has only the solution y, =0 if L is outside the interval
0<L<A4. :

Find the only solution of :
yk+2+(L—2)yk+1+yk = 1, kZO,l,...,S

with 94=0, ¥,0=1, when L = 1. Note that this L is not an eigenvalue.
Find eigenvalues and eigenfunctions for ¥, — ¥r+1 + Ly = 0 with yo = yy = 0.
Solve ¥i+3+ 6¥ksg + 11y, + 6y, = 0 with initial conditions yo=1,y; =0,y = 0.

Show that the solutions of yka — 6yp+g+ 14y — 14y 1 + By, = 1 are
Y = ¢y + ek + (VB )k(e; sin kg + ¢, coske) + k2/4

where tan ¢ = 1/2. Find the solution satisfying the initial conditions y, = y; = 0.
Solve i3 =y, with yo,=1,9y; =y, =0.

Solve yy44 + 5ypo + 4y = 1 + 2k

Solve Yr+z = 3¥r+o T 3yk+y — ¥ = 1.

Solve Yyriq — 2¥k 43+ 2Ukr2 — 2y iy T U = K%

Solve the initial value problem ;.o — Tyr+; + 10y = 0, ¥4 =0, y; = 3.

Solve the initial value problem ¥,.s — Tyr+y T 10y, = 12-4%, yo =y, = 0.

Solve the initial value problem ¥y — Tyrs+y + 10y, = 125k, y, =y, = 0.

Find three independent solutions of ¥y +3 — 6¥x+o + 12y, 41 — 8y, = 0.

Find two real independent solutions of ¥4y — 4yx+; + 18y, = 0.

Solve the initial value problem ., — 4y, = 9%2, yo =y; = 0.

Solve the equation (n—k)y, ., + (2t — )y, + ky,—; = 0 where n and ¢ are positive integers with

t =n, in the form y, = S a;k®.

1 k
If y, = f ﬁ—?—_l dx show that yrio+ ¥y Ty = % -ll- 1 and then compute y, for
0

k=012, ...,12.

Prove A sinhmk = 2 sinh % cosh <mk + %), A'cosh mk = 2 sinh % sinh <mk + %) .

The Fibonacci numbers defined by 2, = ®; =1, & = %;—; + ¥x_ appear as denominators in the
series %+ % +i+4+1+4+ % + 51; + ... . Show that this series is convergent and compute its

value correct to six places.



Chapter 19

Differential Equations

THE CLASSICAL PROBLEM

Solving differential equations is one of the major problems of numerical analysis. This

is because such a wide variety of applications lead to differential equations, and so few can
be solved analytically. The classical initial value problem is to find a function y(x) which
satisfies the first order differential equation ¥’ = f(z,y) and takes the initial value
Y(®o) = Yo. A broad variety of methods have been devised for the approximate solution of
this classical problem, most of which have then been generalized for treating higher order
problems as well. The present chapter is focused on solution methods for this one problem.

1.

The method of isoclines is presented first. Based upon the geometrical interpretation
of y'(x) as the slope of the solution curve, it gives a qualitative view of the entire solu-
tion family. The function f(x,y) defines the prescribed slope at each point. This “di-
rection field” determines the character of the solution curves.

The historical method of Euler involves computing a discrete set of y¢ values, for
arguments xi, using the difference equation
Ye+1 = Y + A f(xx, Yr)

where % = xx+1— 2x. This is an obvious and not too accurate approximation of ¥ =
f(z,y) and, although too slow for the actual production of accurate solutions, provides
a very satisfactory proof of the basic existence theorem. This theorem guarantees the
existence of a unique solution of the classical problem under very reasonable hypotheses
on f(z,y). The proof by Euler’s method is a very famous and instructive contribution
of numerical method to analysis. An infinite sequence of approximate soclutions, ob-
tained by Euler’s method, is proved to be convergent, its limit function being the exact
solution of the differential problem.

More efficient algorithms for computing solutions are then developed. Polynomial ap-
proximation is the basis of the most popular algorithms. Except for certain series
methods, what is actually computed is a sequence of values y, corresponding to a discrete
set of equally spaced arguments zx, as in the Euler method. Most methods are essen-
tially equivalent to the replacement of the given differential equation by a difference
equation. The particular difference equation obtained depends upon the choice of
polynomial approximation.

The Taylor series is heavily used. If f(z,y) is an analytic function the successive deriv-
atives of y(x) may be obtained and the series for y(x) written out in standard Taylor
format. Sometimes a single series will serve for all arguments of interest. In other
problems a single series may converge too slowly to produce the required accuracy for
all arguments of interest, and several Taylor series with different points of expansion
may be used. The eventual truncation of any such series means that the solution is

being approximated by a Taylor polynomial.

193
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5. Runge-Kutta methods were developed to avoid the computation of high order deriva-
tives which the Taylor method may involve. In place of these derivatives extra values
of the given function f(x, ) are used, in a way which essentially duplicates the accuracy
of a Taylor polynomial. Their simplicity makes these methods very popular. The
most common formulas are

kl - h/ f(x: y)
ks = hf(x+Lh, y+3ki)
ks = hf(x+4h, y+3ko)
ks = hf(x+h, y+ks
Yo+ h) ~ y(@) + (1/6)(ks + 2ks + 2k3 + ka)

but there are numerous variations.

6. Predictor-Corrector methods involve the use of one formula to make a first prediction
of the next yx value, followed by the application of a more accurate corrector formula
which then provides successive improvements. Though slightly complex, such methods
have the advantage that from successive approximations to each y, value an estimate
of the error may be made. A simple predictor-corrector pair is

Yer1 ~ Yx + hyk

Yer1 ~ Yr + %h(?/l,c‘*‘yl’cﬂ)
the predictor being Euler’s formula and the corrector being known as the modified
Euler formula. Since i = f(zx,¥x) and %i+1 = f(Xx+1, Yx+1) the predictor first esti-
mates ¥x+1. This estimate then leads to a yi+: value and then to a corrected ¥i+1.

Further corrections of ¥i+: and yx+1 successively can be made until a satisfactory result
is achieved. Then the process may be repeated to produce other y values one by one.

7. The Milne method uses the predictor-corrector pair
Ye+1 ~ Yr—s + (4h/3)(2Yk-2 — yi—1 + 291)
Yre1 ~ Yu—1 + (RBWYh+1 + AUk + Yr—1)
in which Simpson’s rule is easily recognized. It requires four previous values

(Yr, Ye—1, Yr—2, Yx—3) to prime it. These must be obtained by a different method, often
the Taylor series.

8. The Adams method uses the predictor-corrector pair
Ye+1 ~ Y + (h/24)(55y’k — 59Yk—1 + BTYk—2 — Yk—3)
Ye+1 ~ Y + (h/24)(9yé+1 + 199k — Byi—1 + Yrk—2)

and like the Milne method requires four previous values.

SOURCES OF ERROR

The methods just described involve either replacing the given problem by a substitute
problem or accepting a truncated series in place of the solution. The errors so committed
are all loosely referred to as truncation errors. When the differential equation is replaced
by a difference equation a local truncation error is made with each forward step from k to
k+1. These local érrors then blend together in some obscure way to produce the accumu-
lated truncation error. It is usually not possible to follow error development through an
algorithm for solving differential equations with any realism, but certain rough estimates
are within reach. For this reason our treatment of this matter will at times be fairly
intuitive, more or less suited to the quality of the results obtainable.
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For the Runge-Kutta, Milne and Adams algorithms we find that truncation error
depends upon the fifth derivative of y(x). In this sense these methods are of the same
accuracy, equivalent to using fourth degree Taylor polynomials. The idea of mop-up is an
outgrowth of truncation error estimation. For the Adams method, for example, the pre-
dictor error E; and corrector error K are related by 19E, ~ —251F.. This may be exploited
to deduce E;~ 19(P —C)/270 where P and C are the first predicted and last corrected
values. This suggests that the correct value is C+E: or C + (19/270)(P — C). The last
term is the mop-up term. The idea involved here has been used earlier in Romberg’s method,
and is called extrapolation to the limit.

Convergence to the exact solution of the differential equation is a desirable feature in
any method. This means that as the method is continually refined (more and more terms
of a series being used, or smaller and smaller intervals & between successive arguments)
the sequence of approximate solutions obtained must converge to the exact solution. The
Taylor series method is convergent provided that the function f(x, ) has enough continuous
derivatives. More specifically, if each value yi+: is computed from a Taylor polynomial
based at argument x; (so that the polynomial is changed at each step) then the computed
solution ecan be brought as close as we please to the exact solution by choosing the argu-
ments z, close together. Other variations of the Taylor method may also be proved con-
vergent. As usual, convergence proofs deal with truncation error only, ignoring the issue
of roundoff. The Runge-Kutta method is convergent under conditions similar to those
required for the Taylor method. Predictor-corrector methods are convergent if f(x,y)
satisfies a Lipschitz condition. This is proved by obtaining a difference equation for the
error and solving this equation by the techniques described in Chapter 18.

The relative error of an approximation is the ratio of error to exact solut.on value, and
is usually hard to estimate realistically. It is often of greater importance than the error
itself, since if the exact solution grows larger then a larger error can probably be tolerated.
Even more important, if the exact solution diminishes then errors must do the same or they
will overwhelm the solution and computed results will be meaningless. The simple problem
y = Ay with y(0) =1, for which the exact solution is y = e*%, serves as a popular test
case for tracing relative error in our various methods. One hopes that the conclusions
reached will have some relevance in the use of the same methods on the general equation
¥ = f(x, ).

A method is called relatively stable if any single error made in applying the method to
¥’ = Ay has an effect which imitates the exact solution behavior. Focusing in this way on
a single error, we have an easier task than a full analysis of relative error would involve.
If no single error propagates through the computation in a way which would overwhelm
the true solution, then we have reason for cautious optimism. Of course, errors will be in-
troduced in each step of the computation, and there will be a natural cumulative effect
which a study of relative stability will not reveal. The Taylor and Adams methods prove
to be relatively stable. The Milne method, however, is unstable, since when A is negative
each single error is magnified exponentially while the exact solution decays. This method
is not recommended for equations with decreasing solutions. Computational evidence in
support of this will be provided.

Roundoff error is also present in these algorithms, as almost any computer will realize
without being reminded. It proves to be even more elusive than truncation error, and little
success has rewarded the few efforts which have been made to study its effects.
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Solved Problems

THE METHOD OF ISOCLINES

19.1.

19.2.

Use the method of isoclines to determine the qualitative behavior of the solutions of
yl(x) — xyl/li-

This equation can of course be solved by elementary methods, but we shall use it as a test
case for various approximation methods. The method of isoclines is based on the family of
curves %'(x) = constant which are not themselves solutions but are helpful in determining the
character of solutions. In this example the isoclines are the family xy!/3 = M where M is the con-
stant value of y'(x). Some of these curves are sketched (dotted) in Fig. 19-1, with M values in-
dicated. Where a solution of the differential equation crosses one of these isoclines, it must have
for its slope the M number of that isocline. A few solution curves are also included (solid) in
Fig. 19-1. Others can be sketched in, at least roughly.

N

Fig.19-1 Fig. 19-2

Accuracy is not the goal of the isocline method, but rather the general character of the solution
family. For example, there is symmetry about both axes. One solution through (0,0) and those
above it have a U shape. Solutions below this are more unusual. Along y = 0 different solutions
can come together. A solution can even include a piece of the x axis. One such solution might enter
(0,0) on a descending are, follow the x axis to (2,0) and then start upwards again as shown in
Fig. 19-2. The possible combinations of line and arc are countless. Information of this sort is often
a useful guide when efforts to compute accurate solutions are made.

Apply the method of isoclines to ¥'(x) = —zy?.

Fig. 19-3 shows several iso-
clines and the solution which
passes through (0, 2). Since there
is symmetry relative to both axes,
only one quadrant is presented.
Here it is convenient to also in-
dicate the curve along which "' (x)
is zero. It is y = 1/222 and, of
course, changes in the sign of cur-
vature take place along this curve.
Solutions with maxima along the
y axis, and tending to zero with in-
creasing x, appear to be indicated,
although this is not at once ob-
vious from the differential equa-
tion itself. (Here again we have )
a case where elementary methods
easily produce the solution and
confirm these results.) Fig. 19-3

M=0

[
e
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THE EULER METHOD

19.3.

194.

Illustrate the simplest Euler method for computing a solution of

¥y = flx,y) = zy*3, (1) =1

This is perhaps the original device for converting the method of isoclines into a computational
scheme. It uses the formula

T+1 , ,
Ye+1 = Y = f y'de ~ hy

Tk

which amounts to considering y’ constant between x, and w®; ;. It also amounts to the linear part
of a Taylor series, so that if y, and y; were known exactly the error in y,,; would be 1A2y2(g).
This is called the local truncation error, since it is made in this step from x; to x, ., Since it is
fairly large, it follows that rather small increments A would be needed for high accuracy.

The formula is seldom used in practice but serves to indicate the nature of the task ahead and
some of the difficulties to be faced. With x,,y, = 1 three applications of this Euler formula, using
h = .01, bring

¥y ~ 1+ (01)1) = 1.0100

yo ~ 1.0100 4 (.01)(1.01)(1.0033) ~ 1.0201

y3 ~ 1.0201 + (.01)(1.02)(1.0067) ~ 1.0304

Near # = 1 we have y@ = y1/3 + Loy=2/3(xyl/8) ~

4/3, which makes the truncation error in each step

about .00007. After three such errors, the fourth

decimal place is already open to suspicion. A
smaller increment % is necessary if we hope for

greater accuracy. The accumulation of truncation

error is further illustrated in Fig. 19-4 where the
computed points have been joined to suggest a
solution curve., QOur approximation amounts to fol-

lowing successively the tangent lines to various
solutions of the equation.' As a result the approxi-

mation tends to follow the convex side of the solu- (1,1)
tion curve. Notice also that Euler’s formula is a o
nonlinear difference equation of order one: y; ., =
Yo + hayylss.

exact solution

computed solution

INlustrate the concept of convergence by comparing the results of applying Euler’s
method with % =.10, .05 and .01 with the correct solution y = [(x2+ 2)/3]%2.

Convergence refers to the improvement of approximations as the interval % tends to zero.
A method which does not converge is of doubtful value as an approximation scheme. Convergence
for the various schemes to be introduced will be proved later, but as circumstantial evidence the
data of Table 19.1, obtained by Euler’s method, are suggestive. Only values for integer x arguments
are included, all others being suppressed for brevity.

x h=.10 h = .05 h=.01 Exact
1 1.00 1.00 1.00 | 1.00
2 2.72 . 2,78 2.82 2.83
3 6.71 6.87 6.99 7.02
4 14.08 14.39 14.63 14.70
5 25.96 26.48 26.89 27.00

Table 19.1
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Fig. 19-1 Fig. 192

Accuracy is not the goal of the igocline method, but rather the general character of the solution
family. For example, there is symmetry about both axes. One solution through (0, 0) and those
above it have a U shape. Solutions below this are more unusual. Along y =0 different solutions
can come together. A solution can even include a piece of the » axis. One such solution might enter
{0,0) on a descending are, follow the & axis to (2,0) and then start upwards again as shown in
Fig. 19-2. The possible combinations of line and arc are countless. Information of this sort is often
a useful guide when efforts to compute accurate solutions are made,

Apply the method of isoclines to y¥(x) = —xy

Fig. 19-3 shows several iso-
clines and the solution which
passes through (0,2). Since there
is symmetry relative to both axes,
only one quadrant is presented.
Here it is convenient to also in-
dicate the curve along which ¥y’ (x)
is zero. It is y = 1/222 and, of
course, changes in the sign of cur-
vature take place along this curve.
Solutions with maxima along the
¥ axis, and tending to zero with in-
creasing x, appear to be indicated,
although this is not at once ob-
vious from the differential equa-

= —y = 1/222

tion itself. (Here again we have T T ¥=0
a case where elementary methods ! 2

easily produce the solution and

confirm these results.) Fig.19-3
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19.6.

19.7.

Show that if f(x,y) also satisfies the Lipschitz condition
[f(,v,) — fz,9,)| < Lly, —u,|

L being a positive number, then two functions Yi(x) and Y:(x) which satisfy the dif-
ferential equation with errors ¢ and ¢, respectively,

| Yi(@) — f(=, Y, (2)] < ¢ | Y (@) — f(2,Y,(2)| < ¢
in the rectangle R of the previous problem, will not differ by more than the following
amount for |z — x| = W:

|Y, () — Y,(x)| = elk~=l|Y (x)— Y,(x,)] + il_?[eurﬂol —1]

We focus on the interval z, = x = x5+ W, the argument for the left side of R being similar.
Except at a finite set of points where Y; and Y, may be permitted to have corners, like the polygon
chains just produced, we have

[ Yi(e) = Ya@)| = |f(@Y (@) — fl@, Y@} | + ¢ + e
LY@ — Y@ | + ¢ + ¢

I\

Let d(x) = Y((#) — Yy(x). Then except at possible corners of Y; or Y,
|d'(@)] = Lld@)| + ¢ + &
First suppose that d(x) is never zero in the interval, say it remains positive. Then

d'(x) — Ldx) = ¢ + ¢

Multiplying by e¢—L¢ and using %[e—hd(x)] = [d'(x) — Ld(z)le—L*, we can integrate between
z, and x in spite of the finite jumps possible in d’(x), to find

€+ e
e~ Lrd(x) — e Lrod(zy) = I [e~Lzo — ¢—Lx]

which easily rearranges into the required result. For d(x) always negative, we may reverse the

roles of Y; and Y, and find the same result.

But it is also possible that d(x) is zero for certain arguments. If it were identically zero then
the required result would be true trivially. Suppose that d(%) is not zero. By its continuity d(x)
remains nonzero for some interval about & but, since we are concerned with the case that d(x)
vanish somewhere, let z* be its first zero on one side or the other of & Since d(x) does not vanish
between x* and &, we may apply the first case considered with # and «* in place of x and «,.
dx) = eLli—z*'[d(x*)l 4 el_zez[eLl:?Tx*l -1 = f_l_%_ez[eua?—x*l_ 1]

This is a stronger inequality than was required, so that the required result holds in all cases.

Prove that the equation ¥’ = f(x,y) with y(x¢) = yo has an exact solution for the
interval |x — x| = W, provided f(x,%) is continuous and satisfies the Lipschitz condi-
tion. (Continuity alone guarantees existence but a more strenuous proof is involved.)

This is, of course, the existence theorem. Choose a monotone sequence of positive numbers

e, with lime, = 0. Then by Problem 19.5 we know that a corresponding sequence of polygon chains
p,(x) may be constructed over the indicated interval such that, except at the finite set of corners,

‘ pfn(x) - f(x: pn(x)) | < ey

This sequence of functions p,(x) is uniformly convergent, for since all polygon chains may be
started from (xg,y,) the inequality of Problem 19.6 makes

€n+ €m

| pa(@) = Pr(@) | = [kl ml — 1]
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which is uniformly small for sufficiently large » and m. Since a uniformly convergent sequence
of continuous functions has a continuous limit function, we now have

lim pa{x) = y(x)
with y(x) continuous.

Next we show that this y(x) is an exact solution of the differential equation. Notice that

| f(@ pa@) — f@y@) | < L|pa®) — v@) |

so that the uniform convergence of p,(x) to y(x) also guarantees

fla, y(x))

lim f(x, p,(x))
uniformly. Because of this,

Il

umf Fit, palt)) dt f F(t, y(t)) dt

Finally we return to [ pr(@) = fla, pa(e))| < e

and integrate each side from z, to #. Though p,(x) has corners, its continuity is enough to produce

pn(x) - Pn(xo) - f f(t) pn(t)) dt < EnVV
In the limit this becomes yl®) = yo + f f(t, y() dt
from which y'(x) = flx,y(x)), wlxg = Yo

follow at once. We have now proved that a solution of this initial value problem does exist. We
have also proved that the Euler method produces a sequence of functions p,(x) which converge to
this exact solution y(x) as the spacing h between x, arguments approaches zero (forcing § and e
to zero with it).

Prove that the exact solution found in Problem 19.7 is unique.

Suppose two solutions existed, say y,(x) and y,(x). They could then be considered suitable fune-
tions Y,(x) and Y,(x) for the inequality of Problem 19.6, with ¢ = e = 0 and Y (xy) = Yolxp) = .
Thus |y(x) — yo(x)] = 0 and the two solutions are identical.

Estimate the difference between p.(x) and y(x).

€

3

By the same inequality, |p,(x) — y(x)| = —[eLle—zol — 1],

n o

Comparing this with [pi(x) — f(z, p(2) e,, we are reminded that, quite naturally, there
is a difference between how accurately p,(x) approximates the solution y(x) and how accurately its
derivative approximates the function f(x,y).

TAYLOR METHOD

Apply the local Taylor series method to obtain a solution of ¥’ = zy'3, y(1) =1 cor-
rect to three places for arguments up to = =5.

Generally speaking the method involves using p(x + k) in place of y{(x + k), where p(x) is the
Taylor polynomial for argument x. We may write directly

e+ h) o~ y@) + k(@) + IOE) + IRYOE) + iy D)
accepting a local truncation error of amount E = h%y®(¢)/120.
The higher derivatives of y(x) are computed from the differential equation:

YD (2) = LaZy~VU3 4y, y(x) = —lady~l 4 ay~ U8, yW() = Laty T8 — 2a2y—1 4 y=1/3
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The initial condition y(1) = 1 has been prescribed, so with z =1 and h=.1 we find
y1+.1) ~ 1+ 1+ 212 + 2—‘3,(.1)3 + %(.1)4 ~ 1,10682

Next apply the Taylor formula at « = 1.1 and find
y(1.1+.1) ~ 122788,  y(1.1—.1) ~ 1.00000

The second of these serves as an accuracy check since it reproduces our first result to five place
accuracy. (This is the same procedure used in Chapter 14 for the error function integral.) Continu-
ing in this way, the results presented in Table 19.2 are obtained. The exact solution is again
included for comparison. Though h =.1 was used, only values for « = 1(.5)5 are listed. Notice
that the errors are much smaller than those made in the Euler method with h = .01. The Taylor
method is a more rapidly convergent algorithm.

x Taylor result Exact result Error
1.0 1.00000 1.00000 —

1.5 1.68618 1.68617 -1

2.0 2.82846 2.82843 —3
2.5 4.56042 4.56036 —6
3.0 7.02123 7.02113 —10
3.5 10.35252 10.35238 —14
4.0 14.69710 14.69694 —16
4.5 20.19842 20.19822 -20
5.0 27.00022 27.00000 —22

Table 19.2

19.11. Apply the Taylor method to ¥ = —zy? to obtain the solution satisfying w(0) = 2.
This solution was illustrated in Fig. 19-2 which shows its qualitative behavior.

The procedure of the preceding problem could be applied. Instead, however, an alternative will
be illustrated, essentially a method of undetermined coefficients. Assuming convergence at the
00

outset, we write the Taylor series y(x) = 3, a;xt. Then
i=0

K

0 © k 00
y2x) = <2 aixi> < > ajxf'> = 3 <E aiak_i>x", Y@ = I dami—!
i=0 i=0 0 i=1

k=0 \i=

Substituting into the differential equation and making minor changes in the indices of summation,

) 0 ji—1 )
S (t+lae = -3 (3 aiai—lﬂi> i
i=0 =1 \i=0
Comparing coefficients of 2/ makes a; =0 and
i—1
(G+VDajyy = — .20 a1 for 7 =12,...
i=
The initial condition forces a, = 2, and then we find recursively
ay = —Tzla% = -2 ag = —1(2apay+ 20ya5 + ) = -2
a3 = —3(2apay) = 0 a; = —12agas+ 2,04 + 2a5a3) = 0
ay = —%(Zaoaz-i-af) = 2 ag = —%(2a0a6+2a,a5+2a2a4+a§) = 2
a; = —i(2apay + 2040,) = 0

and so on. The recursion can be programmed so that coefficients could be computed automatically
as far as desired. The indicated series is

yx) = 20—+t —ab+ b~ -.")

Since the exact solutign is easily found to be y(x) = 2/(1+ %?), the series obtained is no surprise.
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This method sees frequent application. The principle assumption involved is that the solution
does actually have a series representation. In this case the series converges only for —1 < z < 1.
For —1/2 < # < 1/2 only six terms are needed to give three place accuracy. In the previous problem
a new Taylor polynomial was used for each value computed. Here just one such polynomial is
enough. The issue is one of range and accuracy required. To proceed up to x = 5, for example,
the earlier method can be used. In further contrast we may also note that in Problem 19.10 poly-
nomials of fixed degree are used and the convergence issue does not arise explicitly. Here in Prob-
lem 19.11 we introduce the entire series into the differential equation, assuming y(x) analytic in the
" interval of interest.

RUNGE-KUTTA METHODS
19.12. Find coefficients a, b, ¢, d, m,n, and p in order that the Runge-Kutta formulas
ki = hf(z,y)
ko kf(x +mh, y +mk)
ks hf(x +nh, y +nks)
ks = hf(g: + ph, y + pks)

yx+h) — ylx) ~ aky + bks + cks + dks

duplicate the Taylor series through the term in i% Note that the last formula, though
not a polynomial approximation, is then near the Taylor polynomial of degree 4.

il

I

We begin by expressing the Taylor series in a form which facilitates comparisons. Let
Fy = fot§fy  Fo = for+ 2ffuy+ Py Fa = faue + 3ffuuy + 3% 0y + 3 yyy
Then differentiating the equation ¥y’ = f(x,¥y), we find
YD = fotf ' = fat fyf = F
y® fox + 2ffoy + Ffyy + fu(Fe +HfF) = Fy+ f,Fy
faze + 8fFuzy t 3 fayy + Plywy + Fy(Fax + 2fF 2y + 21y
+ 8(Fs + fI) oy + iy + To(Fa+ 71
= F3+ f,Fy + 3F (fpy + ffy) + f2F,
which allows the Taylor series to be written as
y(e+h)y — ylx) = hf + éz—h2F1 + LTh3(Fo+ fyFy)
+ LMAFy 4 fyFy 4 8(foy + Ff)F1 + F2F] + oo
Turning now to the various k values, similar computations produce
ky = hf
ky = R[f + mhF| + lm2R2F, + {m3h3F g + -]
ks = R[f + nhF{ + Lh2(n2F, + 2mnf, F)
+ AR3(nF 3 + 8m2nf Fy + 6mn(foy + ffy)Fy) + - -]
ky = h[f + phF + Lh2(p2F, + 2npf,Fy)
+ Lh3(p3F3 + 3n2pf, Fy + 6np(fyy + ff ) F1 + 6mnpfiFy) + - -]

Y@

Combining these as suggested by the final Runge-Kutta formula,
yx+h) —yx) = (@a+b+ec+d)hf+ (bm+ en+ dp)h2F,
+ A(bm? + en? + dp?)h3F5 + L(bm3 + en® + dpd)hiF,
+ (emn + dnp)h3f, F'y + Fem?n + dn2p)hif, Fy
+ (emn2 + dnp?)h4(f ., + ff)F1 + dmnphtf2F, + -+

Comparison with the Taylor series now suggests the eight conditions

a+b+c+d =1 emn + dnp = 1/6
bm+en+dp = 1/2 cmn? + dnp? = 1/8
bm2 + en? + dp? = 1/3 cm2n + dn2p = 1/12

bmd + en3 + dp® = 1/4 dmnp = 1/24
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19.13.

19.14.

19.15.

These eight equations in seven unknowns are actually somewhat redundant. The classical soluti;.)n

set is m=n=1/2, p=1, a=d=1/6, b=c=1/3

leading to the Runge-Kutta formulas

ki = hf(x,y), ko = hflwtLh,y+3iky), ks = hfl@+h,y+tiky), ks = hjlw+h, y+ky
yl@+h) ~ y(x) + Ly + 2ky + 2k + ky)

It is of some interest to notice that for f(x, ¥) independent of y this reduces to Simpson’s rule applied
to y'(x) = f(@).

What is the advantage of Runge-Kutta formulas over the Taylor method?

Though approximately the same as the Taylor polynomial of degree four, these formulas do
not require prior calculation of the higher derivatives of y(x), as the Taylor method does. Since the
differential equations arising in applications are often complicated, the calculation of derivatives
can be onerous. The Runge-Kutta formulas involve computation of f(x,y) at various positions
instead, and this function occurs in the given equation. The method is very extensively used. One
disadvantage is that errors are not so easy to watch. In the Taylor method there is the chance to
continually check back on values computed earlier. Here perhaps the best opportunity is to observe
the individual % numbers. Should they differ violently, a reduction in the size of h is probably
indicated.

Apply the Runge-Kutta formula to ¥’ = f(z,y) = 2y'%, (1) =1.
With 23=1 and 2 =.1 we find
k, = (11,1 = 1 ks = (1) f(1.05,1.05336) ~ .10684
ke = (1) £(1.05,1.05) ~ .10672 k, = (1) f(1.1,1.10684) ~ .11378

from which we compute
yy = 1 ++}(1+ .21344 + 21368 + .11378) ~ 1.10682

This completes one step and we begin another with z; and y; in place of x, and y,, and continue in
this way. Since the method duplicates the Taylor series through A%, it is natural to expect results
similar to those found by the Taylor method. Table 19.3 makes a few comparisons and we do find
differences in the last two places. These are partly explained by the fact that the local truncation
errors of the two methods are not identical. Both are of the form CR5, but the factor C is not the
same. Also, roundoff errors usually differ even between algorithms which are algebraically iden-
tical, which these are not. Here the advantage is clearly with the Runge-Kutta formulas.

x Taylor Runge-Kutta Exact

1 1.00000 1.00000 1.00000

2 2.82846 2.82843 2.82843

3 7.02123 7.02113 7.02113

4 14.69710 14.69693 14.69694

5 27.00022 26.99998 27.00000
Table 19.3

Tllustrate variations of the Runge-Kutta formulas.

Defining
ky, = Ri(zy)
ky = hf(x+mh, y+ mhky)
ky = hf[z-+nh, y+rky+ (n—1k]

ky = hflx+ph, y+sky+thy+ (p—s— k]
y(x+h) ~ yx) + aky + bky + ckg + dky
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we again try to make y(x + k) a duplicate of the Taylor series through the term in h%. The quantities
k; may be expanded into series as before, leading to a series for y(x + h). The details will be omitted,
but comparison of coefficients with those of the Taylor series requires that

a+b+e+d =1 emr + dnt + dms = 1/6
bm+en+dp = 1/2 emnr + dpnt + dmps = 1/8
bm2 + en2 + dp? = 1/3 em2r + dn?t + dm2s = 1/2
bm3 + end + dp3 = 1/4 dmrt = 1/24

These eight conditions involve ten undetermined constants, leaving two degrees of freedom for meet-
ing the specification that ferms through k4 be duplicated. The choices m =n =1/2, p =1, » = 1/2,
$=0,t=1 a=d=1/6 and b = ¢ = 1/3 lead to our earlier formulas. In the Gill method, which
has seen heavy use since it minimizes the number of memory locations required during implementa-

tion, the choices are as follows:

m = n = 1/2 r o= 1-1/2 a =

p =1 s = —1/V2 b =

t = 1+1//2 c =

In the Ralston method, which minimizes a bound on the truncation
m = .4 r = .15875964 a

n = .45573725 s = —3.05096516 b

p =1 t = 3.83286476 ¢

and other combinations are clearly possible.

CONVERGENCE OF THE TAYLOR METHOD

[«

=

d = 1/8

a—1/2)/3

(1+1/V2)/3
error term,

= 17476028

= —.55148066

= 1.20553560
= .17118478

19.16. The equation ¥’ =y with y(0) =1 has the exact solution y(x) = €.
approximate values yx obtained by the Taylor method converge to this exact solution
for h tending to zero, and p fixed. (The more familiar convergence concept keeps h

fixed and lets p tend to infinity.)

The Taylor method involves approximating each correct value yy ., by

1

, 1 (2) 1 (
Yier = Y+ hY, + 5RY2 + o Ele,f"
For the present problem all the derivatives are the same, making
Yer: = (1+h+im2+ o+ Zpw)y, = »y
k+1 = b) ol k= k

Show that the

When p =1 this reduces to the Euler method. In any case it is a difference equation of order one.

Its solution with Y, =1 is

1 1 ,
Y, = 7k = 1+ h+5h%+ oo + kP
2 p!
But by Taylor’s polynomial formula,
1 1 hrtl
- L pe A L th
e 1+h+2 + +ph +(p+1)!e
with ¢ between 0 and 1. Now recalling the identity
ak — k= f{a—r)ak" 1+ akT2r 4 oo 4 ark—2 4 ko1
we find for the case a > r > 0,
ak —rk < (@ — r)kak—1
Choosing a = e* and r as above, this last inequality becomes
hn+1 khp+l
kh _ Eh Jolk—1h enT
0 < e Y, < (p+1)!e ke < (p+1)!e
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19.17.

19.18.

the last step being a consequence of 0 < ¢ < 1, The question of convergence concerns the behavior
of values computed for a fixed argument x as k tends to zero. Accordingly we put x, = kh and

rewrite our last result as
h?
0 < e ~Y, < mxke%

Now choose a sequence of step sizes h, in such a way that x; reoccurs endlessly in the finite argu-
ment set of each computation. (The simplest way is to continually halve h.) By the above inequality
the sequence of Y values obtained at the fixed z, argument converges to the exact e*: as h?. The
practical implication is, of course, that the smaller % is chosen the closer the computed result draws
to the exact solution. Naturally roundoff errors, which have not been considered in this problem,
will limit the accuracy attainable.

How does the error of the Taylor approximation, as developed in the previous prob-
lem, behave for a fixed step size as k increases, in other words as the computation is
continued to larger and larger arguments?

Note that this is not a convergence question, since % is fixed. It is a question of how the error,
due to truncation of the Taylor series at the term h?, accumulates as the computation continues,
By the last inequality we see that the error contains the true solution as a factor. Actually it is
the relative error which may be more significant, since it is related to the number of significant
digits in our computed values. We find,

he

exk—Yk "
P+ 117k

ek

relative error = <

which, for fixed h, grows linearly with «,.

Prove the convergence of the Taylor method for the general first order equation
¥ = f(x,y) with initial condition y(zo) = yo under appropriate assumptions on f(z, y).

This generalizes the result of Problem 19.16. Continuing to use capital ¥ for the approximate

solution, the Taylor method makes

Yo, = Y, + RYL + %IﬂYff) +oeee 1+ %hPYﬂp)

where all entries Y,(c“ are computed from the differential equation. For example,
Yi = floe Y, Y = folme Y + @ Vo Yi) = fl@ Yy
and suppressing arguments for brevity,
VP = fout 2fnf + 2+ (o + £ Dfy = @0 Y0

it being understood that f and its derivatives are evaluated at »,,Y, and that Y, denotes the com-
puted value at arguments z,. The other Y,(c“ are obtained from similar, but more involved, formulas.
If we use y(x) to represent the exact solution of the differential problem, then Taylor’s formula
offers a similar expression for y(x +y),

, 1 1 hrt+l
W) = vlm) - We) + SRYDE) e+ Sy Ow) + e

provided the exact solution actually has such derivatives. As usual ¢ is between x; and 44 In
view of y'(x) = f(z,y(x)), we have
y'(xg) = flag yloy)
and differentiating,
yD(x) = fo(m yla) + fy @ v@)fzny(@) = F(g )

In the same way y®(xy) = (g, y(we)

and so on. Subtraction now brings
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19.21.
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Y1) — Yepr = wlxg) — Yo + h[y/(xk)—Y};] + %hz[y(z)(xk)—yy(cm]
+ e+ —1—,h1’[y(")(xk)—Y,(cp)] + hetl Y@ ()
p! (p + 1)!
Now notice that if f(x,y) satisfies a Lipschitz condition,
|y'(xp) — Yi| = |fl@ey@®)) — fle, Y| = Lyl — Yl
We will further assume that f(«,y) is such that
ly@D(ay) — Y2 | = [ D@ yle)) — FOD(w, Vi) | = Llyleg) — Y|

This can be proved to be true, for instance, for i =1,...,p if f(x,y) has continuous derivations

through order p + 1. This same condition also guarantees that the exact solution y(x) has continuous
derivations through order p + 1, a fact assumed above. Under these assumptions on f(x,y) we now
let dp = y(x,) — Y, and have

_ 1 2 1 o hpt1 B
s = |di 1+hL+§hL+"'+-ﬁhL +'(p—+‘m

where B is a bound on |y?+1(x)|. For brevity, this can be rewritten as
ldi+1] = (I+a)|de] + B

where = L h+lh2+-~~+ih"> B:ﬂl_B
* 2 p!" )’ -+ 1)
eka — 1

We now prove that || = "

The numbers « and B are positive. Since the exact and approximate solutions both satisfy the
initial condition, dy =0 and the last inequality holds for %k = 0. To prove it by induction we
assume it for some non-negative integer k and find

ko ka (k+1Da —

e 1+ﬂ= (1+ a)e 1/3<e 1

@ 44

desql = A+a)B

the last step following since 1 + « < ¢®. The induction is therefore valid and the inequality holds
for non-negative integers k. Since a = Lh+ ¢h < Mh where e tends to zero with k, we can replace
L by the slightly larger M and obtain
_ hPB eM{x,—xy) — 1
|y(xk) Yk‘ - (p+ 1! M

with the usual change of argument x, = x,- kh, so that convergence is again like kP,

What does the result of Problem 19.18 tell about the error for fixed - as the computa-
tion continues to larger arguments x?

The result is adequate for proving convergence, but since the exact solution is unknown it does
not lead at once to an estimate of the relative error. Further error analysis and an extrapolation
to the limit process have been explored. Some details are given in Elements of Numerical Analysis
by Peter K. Henrici, Wiley, 1964.

Are Runge-Kutta methods also convergent?

Since these methods duplicate the Taylor series up to a point (in our example up to the term in
k%), the proof of convergence is similar to that just offered for the Taylor method itself. The details
are more complicated and will be omitted.

PREDICTOR-CORRECTOR METHOD
Derive the modified Euler formula ¥x+1 ~ ¥x + $h(¥k +yk+1) and its local trunca-
tion error.

The formula can be produced by applying the trapezoidal rule to the integration of ¥’ as follows.

Tr+1 , L, ,
Ye+1 — Yk = y'de ~ Lh(yp+yr.o

T
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19.22.

19.23.

By Problem 14.72, page 124, the error in this application of the trapezoidal rule to y’ will be
—h3y(¢)/12, and this is the local truncation error. (Recall that local truncation error refers to
error introduced by the approximation made in the step from x; to x,, 4, that is, in the integration
process. Effectively we pretend that y, and earlier values are known correctly.) Comparing our
present result with that for the simpler Euler method, we of course find the present error sub-
stantially smaller. This may be viewed as the natural reward for using the trapezoidal rule rather
than a still more primitive integration rule. It is also interesting to note that instead of treating
y’ as constant between «x;, and ;. so that y(x) is supposed linear, we now essentially treat ¥’ as
linear in this interval, so that y(x) is supposed quadratic.

Apply the modified Euler formula to the problem ¥ = zy'3, y(1) = 1.

Though this method is seldom used for serious computing, it serves to illustrate the nature

of the predictor-corrector method. Assuming y, and yj, already in hand, the two equations
Y+1 ~ Yr T IRWE T ¥ie ), Yerr = F@r1 YD)

are used to determine y, ., and y;4+,. An iterative algorithm much like those to be presented in
Chapter 25 for determining roots of equations will be used. Applied successively, beginning with
k =0, this algorithm generates sequences of values y;, and yj. It is also interesting to recall a
remark made in the solution of the previous problem, that essentially we are treating y(x) as though
it were quadratic between the x; values. Our overall approximation to y(x) may thus be viewed as
a chain of parabolic segments. Both y(x) and y’(x) will be continuous, while y’/(z) will have jumps
at the “corner points” (x, ¥y)-

To trigger each forward step of our computation, the simpler Euler formula will be used as a
predictor. It provides a first estimate of vy, ;. Here, with x, =1 and h = .05 it offers

¥(1.05) ~ 1+ (.05)(1) = 1.05
The differential equation then presents us with
y'(1.05) ~ (1.05)(1.016) ~ 1.0661
Now the modified Euler formula serves as a corrector, yielding
y(1.05) ~ 1+ (.025)(1 +1.0661) ~ 1.05165

With this new value the differential equation corrects y'(1.05) to 1.0678, after which the corrector

is reapplied and produces
y(1.05) ~ 1 + (.025)(1 + 1.0678) ~ 1.0517

Another cycle reproduces these four place values, so we stop. This iterative use of the corrector
formula, together with the differential equation, is the core of the predictor-corrector method. One
iterates until convergence occurs, assuming it will. (See Problem 19.35 for a proof.) It is then
time for the next step forward, again beginning with a single application of the predictor formula.
Since more powerful predictor-corrector formulas are now to be obtained, we shall not continue
the present computation further. Notice, however, that the one result we have is only two units
too small in the last place, verifying that our corrector formula is more accurate than the simpler
Euler predictor, which was barely yielding four place accuracy with & =.01. More powerful
predictor-corrector combinations will now be developed.

Derive the “predictor” formula yk+1 ~ Yr-s + $h(2Yk—2 — Yk—1 + 2¥k).

Earlier (Chapter 14) we integrated a collocation polynomial over the entire interval of colloca-
tion (Cotes formulas) and also over just a part of that interval (formulas with end corrections).
The second procedure leads to more accurate, if more troublesome, results. Now we integrate a
collocation polynomial over more than its interval of collocation. Not too surprisingly, the resulting
formula will have somewhat diminished accuracy, but it has an important role to play nevertheless.
The polynomial
o ’ Y I4 !

17 Y51 .Y 290 + ¥l
2 2

Yy

satisfies p, =y} for k= —1,0,1. It is a collocation polynomial for y'(x} in the form of Stirling’s
formula of degree two, a parabola. Integrating from k= —2 to k =2, we obtain

2
f pedk = 4yh + yi—2wht+yl) = F@ui—vh+2yly)
-2
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With the usual change of argument x = xy+ k% this becomes

12 .
f pw)de = Sy, —yh+ 2y y)
Z_2a

Since we are thinking of p(x) as an approximation to y'(x),

Ty
f vR)de = yy —y_p ~ Fh(2y1—w)+20)

T_g

Since the same argument applies on other intervals, the indices may all be increased by k—1 to
obtain the required predictor formula. It is so called because it allows the y, to be predicted from
data for smaller arguments.

What is the local truncation error of this predictor?

It may be estimated by the Taylor series method. Using zero as a temporary reference point,

Y = Yo + (khyyh + %(kh)i’yf)?’ + la(kh)3yg3> + ﬁ(kk)%/é“ + T;“o(kh)syém 4o

it follows that Yo — Y_o = dhy, + §h3yf)3) + %hsyés) g

Differentiation also brings
v = o+ (kh)y® + Fk)2y® + Fkh3Y + L(kh)y$ + -

from which we find 2y) —yh+ 2y, = By + 2h2y33) + %h4ygs> + o
The local truncation error is therefore
14
W2 —y-») — Fh2yi — b+ 2y, = Fhoy® + -
of which the first term will be used as an estimate. For our shifted interval this becomes
E

~ g5 (5
p why®,

Compare the predictor error with that of the ‘“‘corrector” formula
Ye+1 ~ Ye—1 + Yh(Yh—1 + Yk + Yi+1)

This corrector is actually Simpson’s rule applied to y'(xz). The local truncation error is therefore

Ik+l
B = § 7 y@ds — 4ot b vie) ~ ~dhoyo 0
Tr—1
by Problem 14.71, page 123. Thus E, ~ —28E, where the difference in the arguments of y‘> has
been ignored. The corrector seems considerably more accurate.

Use the preceding problem to correct the corrector formula by extrapolation to the
limit.
If local truncation error only is considered, then writing

Y1 = P+ E, = C+E,
with P and C denoting the predictor and corrector results, it follows that

P—-C =E.—E, ~ 29K,
making E, ~ (P~ ()/29. This now allows

Vs ~ CH+E. ~ C+ (P—C)/29

the last term being known as a “mop-up”. Because of the fact that only local truncation error
has been considered, this last formula for y, ., should be viewed with at least slight skepticism.
However, it is worth remarking that it actually has local truncation error of order k6. It is another
example of extrapolation to the limit.
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19.27. The Milne method uses the formula
Yk+1 ~ Y-z + §h(2y;’<—2— Yi—1 + 297)
as a predictor, together with
Ye+r ~ Yr—1 + 3(Yis1 +42/1'\-+2/;'cfl)
as a corrector. Apply this method using % =.2 to the problem 3 = —zy? y(0) = 2,

The predictor requires four previous values, which it blends into Yr+1. The initial value
y(0) = 2 is one of these. The others must be obtained. Since the entire computation will be based
on these starting values, it is worth an extra effort to get them reasonably accurate. The Taylor
method or Runge-Kutta method may be used to obtain

y(.2) =y, ~ 1.92308, y(4) =y, ~ 1.72414, y(.6) = y; ~ 1.47059
correct to five places. The differential equation then yields
y'(0) =y, =10, y'(2)=y]~ —.73964, y'(4) = yy) ~ —1.189086, y'(.6) = y5 ~ —1.29758
correct to five piaces. The Milne predictor then manages
Y1 ~ Yo +5(2)(205— vh+ 2y ~ 1.23056
In the differential equation. we now find our first estimate of ¥/,
yi ~ —(.8)(1.23056)2 ~ —1.21142
The Milne corrector then provides the new approximation,
Ys ~ Yy + 3(2)(—1.21142 + 4y} + yp) ~ 1.21808

Recomputing y’ from the differential equation brings the new estimate y} ~ —1.18698. Reapplying

the corrector, we next have
Ys ~ ¥ + 1(2)(—1.18698 - 4y +yy) ~ 1.21971

Once again applying the differential equation, we find
yy ~ —1.19015
and returning to the corrector,
Yy ~ Yo T $(2)(—1.19015 + 4y + y3) ~ 1.21950

The next two rounds produce
vy ~ —1.18974, y, ~ 1.21953; vy ~ —1.18980, y, ~ 1.21953

and since our last two estimates of y, agree, we can stop. The iterative use of the corrector formula
and differential equation has proved to be a convergent process, and the resulting y, value is actually
correct to four places. In this case four applications of the corrector have brought convergence.
If 5 is chosen too large in a process of this sort, an excessive number of iterative cycles may be
needed for convergence, or the algorithm may not converge at all. Large differences between pre-
dictor and corrector outputs suggests reduction of the interval. On the other hand, insignificant
differences between predictor and corrector outputs suggests increasing h and perhaps speeding up
the computation. The computation of ys; and y; may now be made in the same way. Results up to
x = 10 are provided in Table 19.4. Though & = .2 was used, only values for integer arguments
are printed in the interest of brevity. The exact values are included for comparison.

x y (correct) y (predictor) Error y (corrector) Error
0 2.00000 — — — —
1 1.00000 1.00037 —37 1.00012 —12
2 40000 39970 30 .39996 4
3 .20000 .20027 -27 .20011 ~11
4 11765 11737 28 11750 15
5 07692 07727 —-35 07712 —20
6 .05405 .05364 41 .05381 14
7 .04000 .04048 —48 104030 ~30
8 03077 .03022 55 .03041 36
9 .02439 .02500 —-61 .02481 —42
10 .01980 01911 69 .01931 49

Table 19.4
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Discuss the error of the previous computation.

Since the exact solution is known for this test case, it is easy to see some things which would
usually be quite obscure, The fifth derivative of y(x) = 2/(1 + «2) has the general behavior shown
in Fig. 19-7.

The large fluctuations between 0 and 1
would usually make it difficult to use our
truncation error formulas. For example,
the local error of the predictor is 14h5y(52/45 |
and in our first step (to # = .8) we actually
find the predictor in error by —.011. This
corresponds to y¢5) ~ —100. The local cor-
rector error is —h%y(5/90 and in the same
first step the error was actually —.00002. /—\ z
This corresponds to % ~ 6. This change 1 2
of sign in %) annuls the anticipated
change in sign of error between the pre-
dictor and corrector results. It also means
that an attempt to use the extrapolation
to the limit idea would lead to worse re-
sults rather than better, in this case. The
oscillating sign of the error as the computa-
tion continues will be discussed later.

y(s)

100 -

—100 -

Fig. 19-7

Derive the Adams predictor formula
Yerr = Yx + A[Yk + 3 VY + 5 Vi + § VK]
= 1y + F5h[65Yk — 5yk—1 + BTyYk—2 — k3]

As in Problem 19.23, we obtain this predictor by integrating a collocation polynomial beyond the
interval of collocation. The Newton backward formula of degree three, applied to y'(x) is

P = Yo+ kVyy + Lh(e+1) V2 + Lk(k+ 1)(k+2) Viyg

where as usual =z, = x,+ kh. Integrating from k=0 to k=1 (though the points of collocation
are k£ =0,—1,—2,—8), we obtain

1
J‘ pedk = yh + A Vy, + & Vi + § Vi
0

In terms of the argument « and using p(x) ~ y'(x), this becomes

%y
P v@an = vi—we ~ Aub+ §Vub+ 5 Vi + § O
Ty
Since the same reasoning may be applied between z, and z; ., we may raise all indices by & to

obtain the first result required. The second then follows by writing out the differences in terms of

" the y values.

19.30.

19.31.

What is the local truncation error of the Adams predictor?

The usual Taylor series approach leads to E = 251h5y(/720.

Derive other predictors of the form
Yer1 = Qo + @ili—1 + Yr-2 + R(boyk + buyi—1 + Doy —2 + bayk—3)

Varying the approach, we shall make this formula exact for polynomials through degree four.
The convenient choices are y(z) = 1, (& — ), (& — x,)2, (x — 2;)3 and (¢ — @)% This leads to the
five conditions :
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19.32.

19.33.

1 = ap+ay+ ay 1 = —a; — 8ay + 3b, + 12b, + 27b,
1 = —ay — 2a5 + by + by + by + by 1 = a, + 16a; — 4b, — 32b, — 108b;
1 = a/1+4a2_2b1—4b2—6b3

which may be solved in the form

g = 1- ay = Qs b2 = —21—4(37 - 5(11 + 8@2)
by = (55 + 9a; + 8ay) by = L (-9+a)
by = 5(—59 +19a, + 32a,)

with a, and a, arbitrary. The choice @; = a, =0 leads us back to the previous problem. Two
other simple and popular choices are a; = 1/2, a; = 0 which leads to

Yir1 = 30+ -1 + 35h(119y; — 99—y + 69yf o — 1Ty; )
with local truncation error 161h5y¢$/480 and a,=2/8, a; =1/3 which leads to
Yerr = 3@Uk—1 + Yi—o) + h(191y; — 107y} _y + 109}y — 25y _,)

with local truncation error 7T07h5y(5)/2160.

Clearly, one could use these two free parameters to further reduce truncation error, even to
order 27, but another factor to be considered shortly suggests that truncation error is not our only
problem. It is also clear that other types of predictor, perhaps using a y,_g term, are possible,
but we shall limit ourselves to the abundance we already have.

Tllustrate the pogsibilities for other corrector formulas.
The possibilities are endless, but suppose we seek a corrector of the form
Ye+r ~ G¥k T ap—q1 + Go¥p—p + Ale¥k+1 + bk T Bi¥k—1 + by

for which the local truncation error is of the order k5. Asking that the corrector be exact for

yx) =1, (x—a), ..., (@ —2,)* leads to the five conditions
agt+a;t+a, =1 13ay + 320, — 24b; = 5
a; +24c = 9 ay — 8Bay +24b, = 1
13a, + 8ay — 24b, = —19

involving seven unknown constants. It would be possible to make this corrector exact for even
more powers of x, thus lowering the local truncation error still further. However, the two degrees
of freedom will be used to bring other desirable features instead to the resulting algorithm. With
ay =0 and @, =1 the remaining constants prove to be those of the Milne corrector:

@, =0, c=1/3, by=4/3, b =1/3, by=0

Another choice, which matches to some extent the Adams predictor, involves making a; = a, = 0,
which produces the formula
Yer1 ~ Yk T ShOuka + 199 — Byk—y + vi—2)

If @, =2/3, a;=1/3, then we have a formula which resembles another predictor just illustrated:
Verr ~ F@Ukort ko) T h[250ke s + 91yk + 48yf—y + i)
Still another formula has ay = a; = 1/2, ‘making‘
Yee1 ~ Ut yr-1) + rlgh[17y§c+1 + 51y + 3yk—1 + ¥i—s

The various choices differ somewhat in their truncation errors.

Compare the local truncation errors of the predictor and corrector formulas just
illustrated.

The Taylor series method can be applied as usual to produce the following error estimates.
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Predictor:  yr4y = yi + 7 h(5By — 59951 + 8Tyk_o — yi_g) + 251h5y(5/720

Corrector:  y1y = wx + F7hOyksq + 19y — Byp—y + yi—2) — 19R5y)/720

Predictor: yr+; = Llyx + yi—y) + 4—18h(119y,’c — 99yp 1 + 69y} _o — 1Ty g) + 161h5y(5)/480
Corrector:  wr+y = Jyx +yr—p + éh(ﬂy,’c“ + 5lyi + 3yi—1 + yr—s) — 9R5Y(5/480

Predictor:  yr+y = 3Q@up_y + yr_p) + .,i2h(191y§c — 107y + 109y} _o — 25y, g) + T0Th5y(5)/2160
Corrector:  ¥i+1 = 3(2yk—1+ ¥r-2) + ilih(%yl'cﬂ + 91yg, + 43yp—y + yi—o) — 43h5Y($/2160

In each case the corrector error is considerably less than that of its predictor mate. It is also of
opposite sign, which can be helpful information in a computation. The lower corrector error can be
explained by its pedigree. It uses information concerning yj,; while the predictor must take the
leap forward from y,. This also explains why the burden of the computation falls on the corrector,
the predictor being used only as a primer.

For each pair of formulas a mop-up term may be deduced. Take the Adams predictor and the
corrector below it, the first pair above. Proceeding in the usual way, considering local truncation
errors only and remaining aware that results so obtained must be viewed with some skepticism,
we find

I =P+E, = C+E,
where I is the exact value. Since 19E, ~ —251K,, we have E, ~ (19/270)(P — C). This is the
mop-up term and I~ C + (19/270)(P — C) 1is the corresponding extrapolation to the limit. Once
again it must be remembered that %5 does not really mean the same thing in both formulas, so
that there is still a possibility of sizable error in this extrapolation.

Apply the Adams method to y’ = —zy? with ¥(0) =2, using h = .2.

The method is now familiar, each step involving a prediction and then an iterative use of the
corrector formula. The Adams method uses the first pair of formulas of Problem 19.33 and leads
to the results in Table 19.5.

x ¥ (correct) y (predicted) Error ¥ (corrected) Error
0 2.000000 — — — -
1 1.000000 1.000798 —798 1.000133 —133
2 .400000 .400203 —203 .400158 —158
3 .200000 .200140 —140 200028 —28
4 117647 117679 —32 117653 —6
5 .076923 .076933 —10 076925 —2
6 .054054 .054058 —4 .054055 -1
7 .040000 .040002 -2 .040000 —
8 030769 .£30770 -1 .030769 —
9 .024390 .024391 -1 .024390 —_

10 .019802 .019802 — .019802 —

Table 195

The error behavior suggests that A —=.2 is adequate for six place accuracy for large z, but that a
smaller h (say .1) might be wise at the start. The diminishing error is related to the fact (see Prob-
lem 19.44) that for this method the “relative error” remains bounded.

Prove that, for h sufficiently small, iterative use of a corrector formula does produce
a convergent sequence, and that the limit of this sequence is the unique value Y41
satisfying the corrector formula.

We are seeking a number Y, ,; with the property

Yiop = heflrgyn Yoo + 0o
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the dots indicating terms containing only previously computed results, and so independent of Y, .
Assume as usual that f(x,y) satisfies a Lipschitz condition on y in some region B. Now define a

sequence
YO, Yy, y@,

subseripts k& + 1 being suppressed for simplicity, by the iteration
YW = hef(xg,q, YED) + ...
and assume all points (2,1, YY) are in B. Subtracting, we find
YErD — ¥y = he[f(@e g, YO) — flag g, Y~
Repeated use of the Lipschitz condition then brings
[YUHD — Y@ = peK |[Y®D — YGE-DI = ... = (heK)i |[Y(D — YO

Now choose # small enough to make [hcK! =+ < 1, and consider the sum

Y — YO = (YO — PO 4 e £ (YO — Y1)
For n tending to infinity the series produced on the right is dominated (apart from a factor) by the
geometric series 1 +r+ 72+ --- and so converges. This proves that Y has a limit. Call this limit
Yisr

Now, because of the Lipschitz condition,
if(xk+1) Yy — flxg e, Yk+1)1\ = KY®™ — Y,

and it follows that lim f(xr i, Y™) = f(x,1q, Yiey)- We may thus let » tend to infinity in the

iteration
Y = he f(xk+1: Y(n*l)) + ...

and obtain at once, as required,
Yier = hef(mpsy Yo + 00

To prove uniqueness, suppose Z,.,; were another value satisfying the corrector formula at
Zr+1- Then much as before,

Yirr — Zgerl = ReK|Yiry =2yl = o0 = (ReK)P Yy — Zyyd

for arbitrary i. Since |h¢K| = r < 1, this forces Y4, = Z;+;. Notice that this uniqueness result
proves the correct Y, to be independent of Y (0 that is, independent of the choice of predictor
formula, at least for small k. The choice of predictor is therefore quite free. It seems reasonable
to use a predictor of comparable accuracy, from the local truncation error point of view, with a
given corrector. This leads to an attractive “mop-up” argument as well. The pairings in Problem
19.33 keep these factors, and some simple esthetic factors, in mind.

CONVERGENCE OF PREDICTOR-CORRECTOR METHODS
19.36. Show that the modified Euler method is convergent.

In this method the simple Euler formula is used to make a first prediction of each ¥y, value,
but then the actual approximation is found by the modified formula

Yier = Yi + La[Yi + Y]

The exact solution satisfles a similar relation with a truncation error term. Calling the exact solu-
tion y(x) as before, we have

Y(@er) = yle) + Fh(Y (s ¥ )] — HRPYPQ)

the truncation error term having been evaluated in Problem 19.21. Subtracting and using d; for

y(z) — Yy, we have
lde+dl = ldil + $AL[idy1qf + Id]] + {5R3B

provided we assume the Lipschitz condition, which makes

() — Yi| = [F@g, y(oy) — flag, Y| = Lid,|
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with a similar result at argument k4 1. The number B is a bound for |y®(x)|, which we also assume
to exist. Our inequality can also be written as

(1 = 3Ly |dg il = 1+ LRL)|d| + [LA3B
Suppose no initial error (d, = 0) and consider also the solution of
(1 —=LhL)Dyyy = (1 + 3RL)D, + Lh3B
with initial value D, = 0. For purposes of induction we assume |d,| = D, and find as a consequence
(1 — 3hL)|dgyy| = (1 — JRL)Dyyy

so that |dy .| = Dy 4, Since d, = D, the induction is complete and guarantees |d;| = D, for posi-
tive integers k. To find D, we solve the difference equation and find the solution family

B 1+ LhLN®  pop
D = <1—%hL T 12k

with C an arbitrary constant. To satisfy the initidl condition D, = 0, we must have C = (h2B/12L)
so that .
_  R2B[ /1 ZhLNE
ly(z) — Yl = 1oL [<1—’_“%ﬁ - 1]

To prove convergence at a fixed argument =z, = x,+ kh we must investigate the second factor,
since as h tends to zero k will increase indefinitely. But since

= gL(zx—1xg)

14 LhLNE 1 + L(z), — xp)/2k 1k oLz —20)/2
1—3hL/ W} ™ rmewn

we have , ylog) — Y = 0(h?)

Thus as & tends to zero, lim Y, = y(#;), which is the meaning of convergence. Our result also
provides a measure of the way truncation errors propagate through the computation.

Prove the convergence of Milne’s method.
The Milne corrector formula is essentially Simpson’s rule and provides the approximate values
Yitg = Yi—r + %h[Y;cH + 4Y5 + Yy
The exact solution y(x) satisfies a similar relation, but with a truncation error term
Yki1 = Uk—1 T 3RWke1 + 0k vhod] — kYO
with ¢ between x| and x, . ;. Subtracting and using d, = y(x) — Yy,
ldi+1l = ldi—s| + FALdys] + 4ldi] + lde_]] + 55h°B
with the Lipschitz condition again involved and B a bound on y®)(x). Rewriting the inequélity as
(1= $hD)|diss] = FRLId + (1 + $AL)|d—s| + Gh5B
we compare it with the difference equation
(1~ LhL)Dy,; = %2hLD, + (1+ LRL)Dy_, + 35h°B

Suppose initial errors of dy and d;. We will seek a solution D, such that dy = D; and d, = D,.
Such a solution will dominate |d,[, that is, it will have the property |dy| = D, for non-negative
integers k. This can be proved by induction much as in the previous problem, for if we assume
|de—1| = D;,_4 and |dy| = D) we at once find that |d,,,| = D4, also, and the induction is already
complete. To find the required solution the characteristic equation

(1 — §hL)r2 — $hLr — (1 + L) = 0
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19.38.

may be solved. It is easy to discover that one root is slightly greater than 1, say r{, and another
in the vicinity of —1, say r,. More specifically,

ry = 1+ RL+0(R2), 7y = —1+ LhL + 0(h?)

The associated homogeneous equation is solved by a combination of the kth powers of these roots.
The non-homogeneous equation itself has the constant solution —h4B/180L. And so we have

Dy = e+ ek — RAB/1SOL
Let E be the greater of the two numbers d, and d;. Then
D. = (E + hiB/180L)r< — h4B/180L

will be a solution with the required initial features. It has Dy = E, and since 1 < ry it grows
steadily larger. Thus
lde] = (E + R4B/180L)r; — h*B/180L

If we make no initial error, then d, =0. If also as & is made smaller we improve our value Y,
(which must be obtained by some other method such as the Taylor series) so that d, = 0(h), then
we have E = 0(h) and as h tends to zero so does d,. This proves the convergence of the Milne
method.

Generalizing the previous problems, prove the convergence of methods based on the
corrector formula

Yie: = ao¥e + a1Yi—1 + asYy-s + h[CYréH + boYi + b Ye 1+ sz):—z]

We have chosen the available coefficients to make the truncation error of order h5. Assuming
this to be the case, the difference d, = y(x,) — Y, is found by the same procedure just employed
for the Milne corrector to satisfy

2
(1 — lelrL) |dy 4y = _20 (la;] + RL|b) [dpe—if + T
=

where T is the truncation error term. This corrector requires three starting values, perhaps found
by the Taylor series. Call the maximum error of these values E, so that |d| <= E for k=0,1,2.
Consider also the difference equation

2
(1 = |e[kL)Dy 4y = .20 (la;] + ALY )Dy; + T
i=

We will seek a solution satisfying E = D, for k = 0,1,2. Such a solution will dominate [d,|. For,
assuming |dy_;] = D—; for 1=10,1,2 we at once have |d; 1 = D, ;. This completes an induc-
tion and proves |d;| = Dy for non-negative integers k. To find the required solution we note that

the characteristic equation

2
(1= lelpl)r3 — F (la;) + ALB 2t = 0@
i=0
has a real root greater than one. This follows since at r = 1 the left side becomes
2
A = 1 lefhl — 3 (o] + RL|by)
i=0

which is surely negative since a,+ @, +a; = 1, while for large r the left side is surely positive if
we choose h small enough to keep 1 — |¢|hL positive. Call the root in question ;. Then a solution
with the required features is

D, = (E—T/A)Y + T/A

since at k& = 0 this becomes E and as k increases it grows still larger. Thus
ly(z) — Yl = (B — T/A); + T/A

As h tends to zero the truncation error T tends to zero. If we also arrange that thé initial errors
tend to zero, then lim y(x;) =Y, and convergence is proved.
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RELATIVE ERROR

19.39.

19.40.

19.41.

Analyze relative error behavior in the Euler method, using » = Ay with y(0)=1
as a test case. '

The simplest Euler method makes

Yeey = Y+ hf(x,Y) = (1+ARY,
if we choose the linear equation suggested above. The exact solution satisfies
Yevr = (A+ARy + T

where T is the truncation error term and equals 1h2A%y(¢), with ¢ between x;, and xy.;. For the
error d, =y, —Y,, therefore,
/ des: = (L+ARd, + 3h2A2y()

Dividing by y, ., and assuming R4 small, we find approximately
Te+1 ~ 7Ty + %IIZAZ
where 7}, is the relative error d,/y,. This may be solved for
Ty ~ Ty -+ %kh?AZ = 7 + %(xk_xo)h’A

with x;, = 2y + kh as usual. The behavior suggested for relative error is a linear growth, pro-
portional to the interval over which we integrate.

There is another popular way of appraising relative error, taking a somewhat different point
of view. Ignoring the truncation error introduced at each step, we ask how an earlier error

propagates. This may be answered by removing the truncation error term and solving for d, in

the form
d, ~ do(l+ARk ~ dgedrk

where d; is the earlier error. Since the exact solution is y, = eAM*, we find the error behaving just
as the solution does. If A is positive both increase exponentially, while if A is negative both appear
to decrease exponentially, the relative error in both cases holding firm. The above analysis includ-
ing each local error, though it also involves approximations, suggests that this last view may be
optimistic. Though the effect of each individual error may not affect the relative error, the presence
of new errors in each step has a natural cumulative effect. As we compare other methods with this
simplest Euler method, however, we shall find relative error sometimes behaving much more badly.
A method in which the effect of each individual error is an imitation of solution behavior is called
relatively stable.

Analyze relative error behavior for the modified Euler method.

Proceeding as in the preceding problem, we find

(1 — 3Ahyd ey = (1 + JAR)d, — Lh3ASy()
Dividing by (1 — }AR)y, +,, and assuming Ah small,
TRy ~ T T fghPA3
with r, again representing the relative error. Solvingj we find
e o~ ro — {kR3A3 = vy — (), — xo)h?AS

which again suggests that relative error grows like x) — x,.

The other approach suggested in the previous problem notes that an initial error d,, assuming
no other errors committed, would make

1+ JAR\K
i~ (i) - e

so that once again the effect of each individual error is an imitation of the exact solution. The
modified Euler method is therefore relatively stable.

Analyze relative error in the Taylor series method.

Still using the special linear equation y’ = Ay, we have

Yk+1 - <1 + Ah A+ -0+ E)I'_!Aphp> Yk — T)’k
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for a Taylor polynomial of degree p. The exact solution satisfies
Yev1 = 1 + T

Subtracting and ignoring the error T, we have di+1 = rdy, leading to
di, ~ dgrk ~ dgeAhk

The error d, again behaves like the exact solution, at least insofar as the initial error dy is con-
cerned. The Taylor method is therefore relatively stable.

Analyze relative stability for the Milne method.
Here the burden falls on the corrector formula
Yis1r = Yoy + La(Ype +4Y + Vi)
For the case y" = Ay the error d is easily found to satisfy
A—YAR)d,, = $Ahd, + (1+3ARd,_ + T

Proceeding by an alternative path to that used in the previous problems, we find the solutions of

this equation to be
diy = clr'f—i— eor¥

where T is neglected so that we may concentrate on the effect of a single ‘error. The numbers 74
and 7, are roots of the characteristic equation

(1—3Ah)r2 —5Akr — (1 + LAR) = 0
and are re = 1+ Ah + 0%, 1y = —1+ LAh+ 0(h2)

The error d;, may now be written as
di, ~ ¢+ ARk + co(—1+4 FAR)E ~ ¢eAhk + (dy— ¢))(—1)ke~Ahk/3
where d, is an initial error. This makes the relative error take the form
re = dily, ~ ¢+ (dy— ¢;)(—1)ke—4ahk/3

Now it is possible to see the long range effect of the individual error dy. If A is positive then d
behaves very much like the exact solution y,, since the extra term involving ¢, tends to zero. The
relative error remains bounded in this case and Milne’s method is stable. If A is negative, however,
the extra term refuses to disappear. Indeed it becomes the dominant term. The relative error
becomes an unbounded oscillation and the computation produces nonsense beyond a certain point.
In this case Milne’s method is unstable.

Do the computations made earlier confirm these theoretical predictions?

Referring once again to Table 19.4, page 209, the following relative errors may be computed.
Though the equation ¥’ = —xy? is not linear its solution is decreasing, as that of the linear equation
does for negative A. The oscillation in the above data is apparent. The substantial growth of rela-

tive error is also apparent.

o 1 2 3 4 5 6 7 8 9 10

di/ye { —0001 .0001 —.0005 .0013 —.0026 .0026 —.00756 .0117 -—.0172 .0247

Analyze relative stability for the Adams corrector
Yie: = Yo + &h(9¥k+1+ 19Yk —5Yi-s + Yi-y)

The usual process in this case leads to
(1— 2LAMd+; = L+ 1240d, — FAhd_y + seAhd s + T



o masees was Taacl SUIUUON IS Yy = eARE, we find the error behaving just
as the solution does. If A is positive both increase exponentially, while if A is negative both appear
to decrease exponentially, the relative error in both cases holding firm. The above analysis includ-
ing each local error, though it also involves approximations, suggests that this last view may be
optimistic, Though the effect of each individual error may not affect the relative error, the presence
of new errors in each step has a natural cumulative effect. As we compare other methods with this
simplest Euler method, however, we shall find relative error sometimes behaving much more badly.

A method in which the effect of each individual error is an imitation of solution behavior is called
relatively stable.

19.40. Analyze relative error behavior for the modified Euler method.

Proceeding as in the preceding problem, we find

(1~ $ANds, = (1+ JARd, — LA3A%y()
Dividing by (1 — $AR)y, 41, and assuming Ak small,
Tgar ~ P~ {5R3A3
with 7, again representing the relative error. Solvingj we find
e~ Ty~ EkRRAZ = v~ (g~ xg)h2A3

which again suggests that relative error grows like &, — Zg.

The other approach suggested in the previous problem notes that an initial error dg, assuming
no other errors committed, would make .

1+ JAR\k N
d, ~ d, <i—?-gz ~  dyedh

so that once again the effect of each individual error is an imitation of the exact solution. The
modified Euler method is therefore relatively stable,

19.41. Analyze relative error in the Taylor series method.

Still using the special linear equation y’ = Ay, we have

Yie: = <1+AIL+-«-+£—!A»11»>Yk = ¥,

MTAGC, Jan. 1950) illustrates relative instability in

19.46. The following example of Todd ( tion of y” = —y by using the approximation

a remarkable way. Attempt a solu
hzyu ~ 82’!«/* %84@/.
Using h = .1, this becomes
-01.1/1,11 ~ Yp+1 T 2Yp * Yn—-1 —
i ntial equation is replaced by
i the e Ynis = 168Upiy — 2088y, + 1651 — Yn—2

i i i five places.
1, sin .2, and sin .3 rounded to 4
T e with usesxg,ctm:olution y(x) = sin ¢ and the error included

5 Wntz — W1 T 60— Y1+ Yn—2)

Four starting values a ‘
The results are given in Table 19.6, with the e

for comparison.

x sin @ computed y(x) Error

.0 0 — —_

1 09983 —_ —

2 .19867 — —

.3 29552 — —

4 .38942 38934 .00008
.5 47943 47819 00124
'6 .b6464 54721 01743
.7 64422 40096 24326
8 71736 —2.67357 3.39093

Table 19.6
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19.47.

19.48.

19.49.

19.50.

19.51.

19.52.

19.53.

19.54.

19.55.

19.56.

19.57.

The explanation is this. The difference equation being used has characteristic equation
74— 1673 + 29.8892 — 16r +1 = 0

with two real roots near 13.94 and .072 and two complex roots cos# = 7 sing, where sing ~ .0998.
The solution of the difference equation is therefore

Yo ~ A(13.94)" + B(.072)" + C cosné + D sinne

The solution we are after is the sine term. This represents the exact solution. If we could avoid
roundoffs in the starting values and if sin ¢ had come out exactly .1 then we would find A = B =
C=0 and D =1, giving us this exact result. But this is asking too much, and the coefficient A
in particular proves to be small but not zero. This term rapidly develops and overwhelms the true
solution. The ratio of our last two computed values is 3.39093/.24326 ~ 13.93, showing that these
values are almost entirely due to this first term.

Supplementary Problems
By considering the direction field of the equation %’ = 22— 2, deduce the qualitative behavior of
its solutions. Where will the solutions have maxima and minima? Where will they have zero.

curvature? Show that for large positive x we must have y(x) < =.

For the equation of the preceding problem try to estimate graphically where the solution through
(—1,1) will be for = = 0.

By considering the direction field of the equation ¥y’ = —2xy, deduce the qualitative behavior of
its solutions.

Apply the simple Euler method to ¥y = —xy2, y(0) =2, computing up to =1 with a few h
intervals such as .5, .2, .1, .01. Do the results appear to converge towards the exact value y(1) =17

Apply the “midpoint formula” y,,; ~ Yr—1 + 2k f(zg, ¥,) to y' = —xy? y(0) =2, using A= .1
and verifying the result y(1) ~ .9962.

Apply the modified Euler method to ¥’ = —ay2, y(0) =2 and compare the predictions of (1)
obtained in the last three problems. Which of these very simple methods is performing best for the

same h interval? Can you explain why?

Apply the local Taylor series method to the solution of ¥’ = —xy2?, y(0) =2, using A = .2. Com-
pare your results with those in the solved problems.

Apply a Runge-Kutta method to the above problem and again compare your results.

Apply other predictor-corrector combinations than those of Milne and Adams. Do you find tenden-
cies toward error oscillations of increasing size?

Apply the Milne predictor-corrector method to y’ = xy'/3,y(1) =1, using h =.1. Compare re-
sults with those in the solved problems.

Apply the Adams predictor-corrector method to the above problem and again compare results.
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Apply two or three other predictor-corrector combinations to Problem 19.56. Are there any sub-
stantial differences in the results?

Apply various methods to ¥’ = x2—y2, y(—1) = 1. What is y(0) and how close was your estimate
made in Problem 19.48?

Apply various methods to ¥y’ = —2xy, y(0) = 1. How do the results compare with the exact solu-
tion y = e—z%?

Show that Milne’s method applied to %’ =y with »(0) =1, using h =.3 and carrying four
decimal places, leads to the following relative errors.

x 1.5 3.0 4.5 6.0

Rel. error .00016 .00013 .00019 .00026

This means that the computation has steadily produced almost four significant digits.

Show that Milne’s method applied to y’ =~y with y(0) =1, using h =.3 and carrying five
decimal places, leads to the following relative errors.

x 1.5 3.0 4.5 6.0

Rel. error 0 —.0006 .0027 —.0248

Though four almost correct decimal places are produced, the relative error has begun its growing
oscillation.

Prove the relative instability of the midpoint method,
Yiva = Yi-1 + 2k f(2, Yy)

sat : ! L i r than the Euler lnethod, the exact solution
isfying ut:
Ye+1 = Yr—1 "I’ 2h f(wk, '.’/k) —|— ‘lh3y(3)(s)

For the special case f(x,y) = Ay, show that
dk+1 = dk—l + 2hAdk

ignoring the truncation error term in order to focus once again on the long range effect of a single
error dy. Solve thig difference equation by proving the roots of r2—2hAr—1 =0 to be

r = hA =VR2A2+1 = hA = 1 + 0(R?)
For small hA these are near ¢h4 and —e—"4 and the solution is
di, = c(1+ AR + cy(—1)c(1—AR)e ~ cieAlk L cy(—1)ke— ARk
Setting k = 0, show that dy, = ¢; + ¢,. Dividing by yy, the relative error becomes
e~ o (dg ep)(—Dkem2ank

Show that for positive 4 this remains bounded, but that for negative A it grows without bound as
k increases. The method is therefore unstable in this case.

The results in Table 19.7 below were obtained by applying the midpoint method to the equation
y = —xy? with %(0) = 2. The interval % =.1 was used, but only values for « = .5(.5)5 are
printed. This equation is not linear, but calculate the relative error of each value and discover
the rapidly increasing oscillation forecast by the analysis of the previous linear problem.
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19.65.

19.66.

19.67.

19.68.

19.69.

19.70.

19.71.

19.72.

19.73.

19.74.

19.75.

19.76.

19.77.

2y Computed y; Exact y; x Computed ¥y Exact y;
5 1.5958 1.6000 3.0 1799 .2000
1.0 9962 1.0000 3.5 1850 1509
1.5 6167 6154 4.0 .0566 1176
2.0 .3950 .4000 4.5 .1689 .0941
2.5 .2865 2759 5.0 —.0713 .0769
Table 19.7

Analyze relative error for the other corrector formulas listed in Problem 19.38, page 211.
Sometimes the Adams predictor is used without a corrector. How will relative error behave?

If the Milne predictor were used without a corrector, how would relative error behave?

Would use of the Adams predictor, without correction, be a convergent algorithm? (Let h approach 0.)
Would use of the Milne predictor, without correction, be a convergent algorithm?

Show that the formula
Ye+1 ~ Yr T %h(yl'cﬂ + k) + jl—zhz(—yfc/ﬂ + yi)
has truncation error hSy(5)(£)/720, while the similar predictor
Ye+1 ~ Ye T FR—yk + 3y—y) + ﬁh2(17y{c’ + Tyi-1)

has truncation error 31h5y()(¢)/6. These formulas use values of the second derivative to reduce
truncation error.

Apply the formulas of the preceding problem to y’ = —xy2 y(0) =2, using A =.2. One extra
starting value is required, and may be taken from an earlier solution of this same equation, say
the Taylor series.

As a test case compute y(#/2), given ¥y’ =+V1—y2,y(0) =0, using any of our approximation
methods.

Use any of our approximation methods to find ¥(2), given ¥’ =z —y, y(0) =2.

— 2
Solve by any of our approximation methods ¥’ = %&T%%’ y1) =1 upto =z =2.
Y
Solve by any of our approximation methods %' = _%azcy_‘__-;:?’ y(1) =0 upto z=2.
Solve by any of our approximation methods ¥’ = —%;%":, (1) =0 upto = =2.

An object falling towards the earth progresses, under the Newtonian theory with only the gravita-
tional attraction of the earth considered, according to the equation (also see Problem 20.23, page 233)

dy/dt = —+/2gR?V(H—y)/Hy

where y = distance from the earth’s center, g = 82, R = 4000(5280), H = initial distance from the
earth’s center. The exact solution of this equation can be shown to be

t = (H32/8y)[Vy/H— (y/H)2 + } arccos (2y/H —1)]
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the initial speed being zero. But apply one of our approximation methods to the differential equa-
tion itself with initial condition ¥(0) = H = 237,000(5280). At what time do you find that y = R?
This result may be interpreted as the time required for the moon to fall to earth if it were stopped
in its course and the earth remained stationary.

A raindrop of mass m has speed v after falling for time t. Suppose the equation of motion to be
dv/dt = 32 — evi/m

where ¢ is a measure of air resistance. It can then be proved that the speed approaches a limiting
value. Confirm this result by directly applying one of our approximate methods to the differential
equation itself for the case ¢/m = 2. Use any initial speed.

A shot is fired upwards against air resistance of cv2. Assume the equation of motion to be
dv/dt = —82 — ¢v2/m

If ¢/m =2 and v(0) =1, apply one of our methods to find the time required for the shot to reach
maximum height.

One end of a rope of length L is carried along a straight line. The path of a weight attached to
the other end is determined by (see Fig. 19-8)

y = —y/VL2—y?

The exact solution may be found. However, use one of our approximation methods to compute the
path of the weight, starting from (0,L). Take L = 1.

0,1

Fig. 19-8



Chapter 20

Differential Problems of Higher Order

SOLUTION METHODS

Three types of algorithm for attacking higher order differential problems will be

presented.

1.

Systems of first order differential equations, such as

yl,: fi(x;ylr'--,yﬂ); i:]-"--,n
occur in a wide variety of applications. They are to be solved simultaneously for the
functions yi(x), . . ., ya(x).

The classical initial value problem also requires
'_lj@(xo) = Ai, 2::1,...,71

and is a direct generalization of the initial value problem of the preceding chapter.
The various algorithms developed in that chapter apply almost without modification to
the generalized problem. Each formula we used to obtain y{x) now becomes a set
of formulas for obtaining yi(x), ...,¥s(x). This will be illustrated with the Taylor,
Runge-Kutta, and Adams methods.

A higher order differential equation may be replaced by a system of first order
equations. As a simple example, the second order equation

¥y’ = f(%,9,9)
becomes the system y =9p, p = f(z,9,)
The two functions y(z) and p(x) are now pursued simultaneously. Initial conditions

such as y(®o) = 4, ¥’ (x0) =B become y(xo) = A, p(xo)) =B so that we have once
again the generalized initial value problem above.

Systems of higher order equations may be replaced by first order systems by treating
each equation as in the preceding paragraph. In this way any initial value problem
can be attacked using the methods developed in the previous chapter for the classical
problem. This is the most popular approach to complicated systems.

Infinite series methods may be adapted somewhat to provide alternative approaches to
some low order differential systems. A typical example is the Bessel equation

2y + xy + (@*—ndy = 0
Near z =0 certain solutions become singular. Series of the type
y(r) = P Y ot
i=0

may be used to represent the entire solution family. (For some values of the parameter
n further modifications are required.) The number p must be determined and is not

always an integer.

223
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Perturbation series provide a second important example of series adaptation. They
have been applied with particular success to the representation of periodic solutions of
second order equations. The van der Pol equation is the prototype for this method:

v w9y +y =0
For 4 =0 it has simple, trigonometric solutions. This suggests the perturbation series
z(t) = @o(t) + pxa(f) + pira(t) + - - -

when p is small, the coefficient functions z;(f) to be determined by substitution into the
differential equation.

3. Equations of special type sometimes warrant the search for special algorithms. One
such instance is the second order equation

Yy = F(z,y)
in which ¥’ does not appear explicitly. Such equations are common in trajectory prob-
lems and elsewhere. The method of Numerov, based on the formula
Ye+r ~ 22U — Ye—1 + (R¥/12){(F+1+ 10F + Fr—y)
is convenient here, since it avoids bringing ¥’ artificially into the computation, as would

happen if we used the usual process for replacing this second order equation by a system
of two first order equations.

Solved Problems

20.1. TIllustrate the Taylor series procedure for simultaneous equations by solving the
system 2’(f) = y(t), v'(f) = —x(t) with 2(0)=0 and y(0)=1.
Direct substitution into the Taylor series
x(t) = x(0) + tx’'(0) + t2%"'(0) + - --
y(t) = y(0) + ty'(0) + Jt2"(0) + -

requires previous computation of the higher derivatives. But these are readily available from the
differential equations.

=y = —a, 2 = = = —y, ete.
y// = ! = -y, ylll — _y/ = g, ete.
The results are x(t) = t— L8+ -+ y(t) = 1— 52+ -

which could have been anticipated since the exact solution is x(t) = sin¢, y(f) = cost. For more
complicated equations, or for three or more simultaneous equations, a similar procedure may be
followed. The method of undetermined coefficients may also be used in some cases, leading to
recursions for the coefficients of both series.

20.2. Discuss Runge-Kutta formulas for simultaneous first order equations.
Let the equations be
¥ = fixy,p), P = fi(z,9,p)
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20.3.

with initial conditions ¥(xg) = ¥y, p(®y) = p. The formulas

ky = h (@ Yn, D) k3 = hfl(xn"‘%h, yn"‘%kz, pn'*“%lz)
Iy = hfal@n Yn D) la = hfslawy+ 3k, yn+ Lhy, v+ o)
ky = hfi(en+ %R, v, + Fhy, po+ 31) ky = hfylay+h, yp+ kg py+ 1)
lo = hfy(xn+ Lh, yn+ $ky, vy + 1) ly = hfglwy+h,y,+ksp,+1)

Ynt1 = U T E(Fy+ 2ky + 23+ ky)

Pptt = Do+ i+ 20+ 205+ 1,)
may be shown to duplicate the Taylor series for both functions up through terms of order four.
The details are identical with those for a single equation and will be omitted. The formulas of Gill
and Ralston may be extended in a similar way. For more than two simultaneous equations, say =,

the extension of the Runge-Kutta method parallels the above, with n sets of formulas instead of
two. For an example of such formulas in use see Problem 20.7.

Write out the Adams type predictor-corrector formula for the simultaneous equa-
tions of the preceding problem.

Assume that four starting values of each function are available, say ¥, ¥y, ¥s, ¥3 and g, Py, P2, Pa-
Then the predictor formulas

Y+1 ~ Yx T 3h(55y) — B9yi—1 + 3Tyi_o — Wk—3)
Pe+1 ~ Pt 3gh(65pl — 59pk—1 + 3Tp_y — 9Dk —3)
may be applied with
Y = F1(@, Yy, 2, pr = Faly, v, 1)
The results may be used to prime the corrector formulas
Yk+1 ~ Y T hO%k w1 + 199 — 5Y5—y + Yi—»)
Pr+1 ~ Pt ﬁh(gpkﬂ + 199} — 5pi—y + Di—3)

which are then iterated until consecutive outputs agree to a specified tolerance. The process hardly
differs from that for a single equation. Extension to more equations or to other predictor-corrector
combinations is similar. One may even use different formulas for y and p separately but this
seems fancy.

HIGHER ORDER EQUATIONS AS SYSTEMS

20.4.

20.5.

Show that a second order differential equation may be replaced by a system of two
first order equations.

Let the second order equation be ¥%”" = f(x,y,%’). Then introducing p =y’ we have at once
y = p, p’ = f(x,y,p). As a result of this standard procedure a second order equation may be treated

by system methods if this seems desirable,

Show that the general nth order equation
y ™ = fla,y, ¥, ¥y, ..., ¥y"Y)

may also be replaced by a system of first order equations.
For convenience we assign y(x) the alias y,(») and introduce the additional functions y(#), . . ., ¥n(%)
by ' ! ’ p—
Y1 = Y2, Y2 = VY3 - Yn—1= Yn
Then the original nth order equation becomes
Yn = f(@, Y1, Y2 -0y Yn)

These n equations are of first order and may be solved by system methods.
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20.6.

20.7.
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Replace the following equations for the motion of a particle in three dimensions
2= fi(t, 2, u,2,2,9,2), ¥ =Tt 2,Y,2,2,9,%), 2 =[xy 22,9,2)
by an equivalent system of first order equations.
Let o' =wu, ¥y =2, 2 =w be the velocity components. Then
w = filt, x,y, 2, u,0,w), V= folt, @, 2w, v,w), W = f3(t, %y, 2, 1,0, w)

These six equations are the required first order system. Other systems of higher order equations
may be treated in the same way.

Compute the solution of van der Pol’s equation
Yy - (A -y +y = 0

with initial values y(0) =1, %(0) =0 up to the third zero of y(f). Use the Runge-
Kutta formulas for two first order equations.

An equivalent first order system is
¥ = p = filt,y,p)

I3

I

P —y + (DA —92p = folt, ¥, p)

The Runge-Kutta formulas for this system are
ky = hpy, L = h{=yn + (D1 = yilpy)
ky = hip,+ %11), ly = R{—(y,+ %kﬂ + (D[~ (g, + Jg-k1)2](l’n + %ll)}
ks = hp,+3l), I3 = A{—(ynt $ka) + (D1~ (W + F2)*|(p + 3l)}
ky = h{p,+ 1), Ly = W{—(yn+ky) + (D[1~ (¥, + k3)?)(p, + L)}

and Ynt1 = Yn T Ly + 2k + 25 + k), Ppit = Pp T G+ 20+ 21+ 1)

Choosing A = .2, computations produce the following results to three places.

ko= (2)0) = 0, L, = (D{=1+(DL-10)} = —2

ky, = (2)(—1) = —.02, l = ({1 + (DI—-1(—1)} = —.2

ks ~ (2)(—1) = —.02, Iy = (2){—.99 + (1)[.02](—.1)} ~ —.198

Ky ~ (2)(—198) ~ —.04, I, = (2){—(.98) + (1)[.04](—.198)} ~ —.196

These values now combine into
¥y ~ 1+ %(—.04 —.04—.04) = 98
pr ~ 0+ L(—2—.4—.396—.196) ~ —.199

The second step now follows with » = 1, and
the computation is continued in this way. Re-
sults up to t = 6.4 when the curve has crossed
below the y axis again are illustrated in Fig.
20-1, in which ¥ and p values serve as coordinates.
This “phase plane” is often used in the study of
oscillatory systems. Here the oscillation (shown
solid) is growing and will approach the periodic
oscillation (shown dotted) as z tends to infinity.
This is proved in the theory of nonlinear oscilla-
tions. Fig. 20-1

\\_1_/
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HIGHER ORDER EQUATIONS SOLVED BY SERIES

20.8.

20.9.

20.10.

Obtain a series solution of the linear equation % + (1+ 2%y = e* in the neighbor-
hood of « =0.

o0
Let the series be y(z) = 'Eo axt and substitute to obtain
P

o0 0 o0
S oadi—Dai-2 + 1+ 3 et = 3 wi/il
i=2 1=0 i=0
which can be converted by changes of indices to
0 0
(ap+ 2a9) + (a;+ 6az)e + kE [+ 2)(k+ Dayry + o + ap_slad = 3 xk/k!
<, k=0

Comparing coefficients of the powers of z brings ay = (1—ay)/2, a3 = (1 —a,)/6 and then the

recursion
(k+2)k+ Dagiy = —op — g + 1/k!

which yields successively a; = —ay/24, as = —a,/24, ag = (13ay—11)/720 and so on. The numbers
oo and a, would be determined by initial conditions.

A similar series could be developed near any other argument x, since the ingredients of our
differential equation are analytic functions. Such series may be adequate for computation of the
solution over the interval required, or if not, serve to generate starting values for other methods.

Obtain a series solution of the nonlinear equation y” =1+ %? in the neighborhood of
z =0, with »(0)=y(0) =0.

The method of the preceding problem could be used, but the alternative of computing the higher
derivatives directly will be illustrated once again. We easily compute

y® =2y, ¥y =291+ ¥ +2(y)% ¥ = 10y2%" +6y’, y'® = 20y(y')% + (1 + y*)(10y% + 6)

and so on. With the initial conditions given these are all zero except for (6, and by Taylor’s

1
theorem y = Ja? 4 gzaf + -+

Obtain a series solution of Bessel’s equation «?y” + ay’ + (x?—n?)y = 0 near z = 0.

This is an example of series development at a singular point. At z = 0 the differential equa-
tion does not allow y’* to be computed from lower order derivatives. A procedure which is effective

seeks a solution in the form
o0

0
y = xP EO aixl — Eo aix1)+1
i= $=

where p is not necessarily a positive integer. Differentiating brings

0 o0
xy’ = 3 alp+iart 2y = 20 a;(p+i)(p+i—Larti
i=0 i=
and a change of index manages
o0 o0
2y = E apxPth+? = E ;P ti
k=0 i=2

Substituting into the differential equation and making all coefficients of powers of x equal zero,
we find
aogp2—n2) = 0, a(p2—n2+2p+1) = 0
and then for 7> 1 the recursion
alip+i2~n? + a5 = 0
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20.11.

20.12.
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The first equation determines p, since choosing a; =0 would simply shift a, into the role of a,.
Here p = =n and two solutions of the assumed form seem to be imminent. Taking p=mn, we
next encounter

Cn+ay = 0

and since we may assume n to be positive this forces a; = 0. The recursion then shows all odd
coefficients to be zero and determines all the even ones in terms of a,. In fact,
_ —ay B —ay _ —ay
2 = 2@n+2)’ % = 1@nr+ay’ %% = B@n+6)
and so on, from which it is not hard to deduce that for m = 1,2, ...
g = (—1)™mag/[22mm!(n+ 1)(n +2)- - - (r+ m)]

For integer n the choice ay = 1/27n! defines J,():

Tu@) = san|1— Ca - 2! + e
" T 2np! 4n+1)  32n+Hn+2) 38in+Dn+2)(n+3)
If » is not an integer the choice p = —n leads to a second solution independent of J,(x), and having -
a singularity of order x#—" at the origin. If » is an integer the choice p = —n leads to a multiple

of J,(x), and a second solution may be found by the change of variable y = v«J,(z). It also proves
to be singular at « = 0.

Determine the convergence interval for the series of the preceding problem and use
the series to compute Jo(z) for % = 0(1)6. How many terms are required for four
place accuracy ?

The ratio test involves calculating the limit of the ratio of consecutive terms, which is in this

case aixz 22
lim

G- wrg—m 0

lim
This proves convergence for all arguments «. The series for #n = 0 becomes

m 2m
Jole) = E (gzr}amwv)z

and is alternating' with (after a while) decreasing terms. Thus the truncation error does not exceed
the first term not used. At x =1 only four terms are needed,

Jo(l) = 1——+6—4—m+"' ~ 7652
At x =2 six terms suffice,
J(2)—1—1+1—l+i———1——+--- ~ .2239
0 - 4 36 576 14,400 :
Eleven terms are adequate up to « = 6, producing these results:
x 0 1 2 3 4 5 6
Jo () 1 7652 2239 —.2601 —.3971 —.1776 .1506

Show that the change of variable ¥ = z/y/x converts Bessel’s equation to
,n2 — 1
,z”+<1— x24>z = 0

For large z this resembles 2’ + 2z = 0 which suggests that z may be asymptotically
like sin z or cosz.

We find . . 852
y = x_l/zz/_%x—a/zz, Yy = x— U2 — x—3/2 +7-£x z

and substituting into Bessel’s equation easily find the required result.
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20.13. The result of the previous problem may be developed into an asymptotic series for
Bessel functions. In the case of Jo(z) the series is

Jo(x) = V/2/zx [Po(x) cos (x — n/4) — Qo(x) sin (x — =/4)]

Where 12. 32 12.32.52.72 12.32.52.72.92.112
Po@) ~ 1= 5rgee © “a1@ar 61 (Ra)
12 12.32.52 12.32.52.72.92
@@ ~ —g T 31@PF ~  51@aF

Use this series to recompute Jo(6). How many terms are needed?

First, the two asymptotic series yield
Py(6) ~ 1 —.00195 + .00009 ~ .99814, Qo(6) ~ —.02083 + .00034 ~ —.02049

after which Jo(6) ~ .32574[(.99814)(.48137) + (.02049)(—.87653)] ~ .1507

so that two or three terms of the asymptotic series bring essentially the same result as eleven terms
of the Taylor series, even at x = 6. For larger arguments the asymptotic series is clearly superior.

PERTURBATION SERIES

20.14. The equation z”’(t) + « + px® = 0 has a family of periodic solutions if x=0. This
suggests attempting a power series development of the form

x(t) = xo(t) + ;1.%‘1(15) + szz(t) + .-
in the search for a periodic solution for small values of u. Show that this procedure
is unsuccessful. :
To be definite, suppose we add the initial conditions
x(0) =4, 2(0)=0

with A to be determined. Substituting the series into the differential equation and equating co-
efficients of the powers of u leads to a sequence of simpler equations for the determination of the

functions x;(¢). 3
zg + xg = 0, wf+x = —wmp,

The initial conditions translate into
2o(0) = A, x4(0) =0 20) =0, z(0)=0 i=1,2,8,...
Solving our equations successively we find first
29 = A cost
and then, since xg = 248 cost + 1A3 cos 3,
®, = —32A3%sint — ;,A3cost — cos3i)

But x, is not periodic! And it seems unwise to continue a process which generates non-periodic ap-
proximations to an anticipated periodic solution, particularly when an alternative is available.
(See the next problem.)

20.15. Approximate the periodic solutions of the equation of the preceding problem by the
perturbation method.
Let 7 = wt. The equation becomes
W22 (r) + x(7) -+ pad(r) = 0
the dots meaning derivatives relative to . Introduce the power series
x(r) = wmo(r) + uwy(r) + p2wo(r) + + -
0 = wgt+ pop + pleg + o
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Substituting and equating the coefficients of the powers of u, we have the following system:
»

o
wg Lo + Ly = 0
.
(.0(2) xq + xy = ’_20)00)1%6’ - mg
.
wg Xy + 2y = —(2w0m2+wf)x6' — 20g0%) — 3003901

The initial conditions are the same as before, and in addition we have
x(r + 27) = xy(r)

since the idea is to find a solution of period 27/w in the argument £. Solving the first equation, we
find zy = A4 cosr, vy =1 which convert the second equation to

¥+ = (o — 2AA cosr — }A3 cos 3r since {cost)® = 1 cos3t+ 8 cost

Unless the coefficient of cos 7 is made zero, this equation will lead to non-periodic terms. Accordingly
we choose w; = 342/8 and soon obtain

©; = F5A3(—cost + cos37)
Similar handling of the third equation then leads to

o(t) = (A — gopds + 3,4245) coswt + (GLuA3 — 5542A45) cos 3wt + 15z u2AS cosbut + -

o = 1+ %#AZ_E%#ZA‘i_{_

and more terms are computable if desired. Notice that the frequency « is related to the amplitude
4, unlike the situation for the linear case u = 0.

Apply the perturbation method to van der Pol’s equation
v -ul-—y)y +y =0

It is known that for p # 0 one periodic solution exists. To find it let r = of, converting the
equation to

W2y — wel—ydy +y = 0

Again introduce the series
y(r) = Yolr) + pyi(r) + wPyolr) + - -+

© = wpt+ poy+ plag+ oo

and substitute into the differential equation. Equating coefficients brings

Bhp tyy = 0
wﬁ 5/.1 + Yy = —2eyu }l'o + wo(l“yg){lo
wg ."’/'2 + y, = —(2w0w2+w§)yo — 2uge; 51'1 + “1(1—1/%)2;0 - 20’0’!/0?/11;0 + w1 *yﬁ)yl

The periodicity condition requires u;(r+27) = y,(+), and we can also set the initial condition
1}(0) =0, or ¥;(0) =0, which amounts to choosing r =0 when y is at its maximum or minimum
value. Using these conditions the first equation yields

Yo = Ageosr, wyg = 1
with A still arbitrary. Substituting into the second equation,
i+ y1 = 20dgcost + AylAZ—1)sinr + 1A} sin3s
To avoid non-periodic “resonance” terms in the solution, we must have
wdo = 0,  A(3A5—1) = 0
The choice 4, =0 would lead nowhere, since y,; would simply assume the role of y, Accordingly
we choose wy =0, 4y = 2. This leads us to

Yo = 2cosr, yp = Ajcost + Bysint — 1sin3r
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The condition 51(0) =0 forces B; = 3/4, and A, will be determined in the next step. Substitu-
tion into the third equation next brings

5/'2 + vy = (dogt+1)cost + 24,sin7 — %cos?)-r + 84, sin3r + gcos 5r
and we choose w, — —1/16, A; = 0 to remove the resonance terms in cosr and sinr. Solving for
Yo, We get s
Yy = Ascost + Bysinr + 2 cos3r — gzeosbr

The condition #,(0) = 0 forces B, = 0. The next step would produce A, = —1/8, and so the solu-
tion series are

y(t) = E—f) coset + Fusinet + Bu? cosBut — LusinBuwt — %;ﬁ‘cos ot + -
0 = 1= LA e

with more terms available if desired. This y(¢) and its accompanying ¥'(f) = p(t) correspond to
the dotted curve in Fig. 20-1. It is not, of course, a true circle, but is very close to one. The period
is 27/w ~ 6.32, which is greater than 27 and not far from the 6.40 computed for the growing
oscillation of Problem 20.7.

Apply the perturbation method to Duffing’s equation
2’(t) + 2 = p(—ax — bz — cx’ + F cost)
obtaining a solution with the period 2= of the ‘“forcing term” F cost.

Though the period of the solution is known in this case, it pays to be open-minded about the
phase. In other words, if we let ¢t =+ p then %(0) =0 can again be required since it will serve
to determine the phase p. The series

w(r) = wolr) + prs(r) + peolr) + -
p = po+pp; + ppe+ -

can now be substituted into the differential equation, with results

.Z:O + Xy — 0
50.1 + x, = —axg — bocg — coZ‘O + F cos (7 + pg)
Zy + kg = —amy — 3balx, — ety — Fpy sin (r + pg)

Using 920(0) =0, we at once find z, = A, cosr; substituting,
X+ x; = —(ady+ g—bAg — F cospy) cos7 + (cAg — F sinpg) sinr — :l—bAg cos 37

The periodicity condition xz,(r+ 27) = %;(r) again requires that the terms in cosr and sinr be

absent. Accordingly,
aA0+%bAg—Fcosp0 =0, cAy— F sinpy, = 0

from which we find sinp, = c4,/F, and the equation
AL+ (ady+ BbAY? = 1
for Ay. Solving for wx;(r) and using #1(0) = 0 then brings
2y = Ajcost + glgbAg cos 37
The third equation is next treated in the now familiar way, and determines
35243 3ch24%
- 128(a + %bAg + ¢ tan py)F cos py

= »” =

Al - ) P 3
128(a + 7bA4 + ¢ tan py)

before going on to the xy, term. The solution is

x(t) = (Ag+udy) cos(t—py—ppy) + ﬁﬂbAg cos 3(t —po—ppy) + -
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A SECOND ORDER EQUATION WITHOUT vy

20.18.

20.19.

Derive Numerov’s formula
Ye+1 = 2Uk — Yx-1 + A Fr+1+10F + F—1) + R
for solving ¥’ = F(z, y).

Notice that in this case y’ does not appear explicitly in the differential equation, and that the
above formula exploits this fact by also omitting %' terms. We proceed by the method of undeter-
mined coefficients, ’

Ye+1 = Ay + Byy_y + R3CFy+DF.+EF,_) + R

By Taylor’s formula,
1
Yer1 = Y + byl + %h2y,(c2) + %hsy,(?) + 214h4y1(c4) + mhsyiﬁ) +al_!h6y(6)

1 1
Y1 = Y, — hyg + %hzy’(cm — %hsy,(cs) + ﬁh‘*yff) —_ Tzﬁhsy;(f) + ah(iy(e'»)
h2Fy 4, = hzyl(cz) + hayl(cs) + —é—h4y,(c4) + %hsyl(f) + 21_4hey(6)

h2Fy .y

(2) _ 3) 1p4q(4) 1 (5)
hzyk hsyk + ?h yk) ﬁhsyk + ﬁhsy(e)

and matching powers of h through the fourth on both sides of Numerov’s formulia,
1=A+B, 1=—-B, {=LB+C+D+E, }=-1B+C—E, o = B+ 3C+ LE

These may be solved for A =2, B=—-1, C=1/12, D =5/6, E = 1/12. The fifth powers of h
also match voluntarily. If we pretend that all factors designated as y(8 are the same, we also
obtain the error estimate R = —h8y(6)/240.

Apply Numerov’'s formula to the simple equation y” =y with initial conditions
%(0) =1, y'(0) = —1.

The exact solution function is clearly u(x) = e—=. However, to illustrate Numerov’s method
we proceed as with a problem of unknown solution. Two starting values are needed. The first is
9(0) = yo = 1. The second may be found by series expansion of y(x). Using the differential equa-
tion to produce higher derivatives, we easily find, with A = .5 for a simple if crude approximation,

¥y = y(b) ~ 1 — .5+ .125 — .0208 + .0026 — .0003 = .6065
Since yy 44 occurs on both sides, our main formula has the nature of a corrector. To prime it we
ignore the F'y ., term on the first round and use
Yprt ~ 2 ~ Y1 T EHHAA0F +Fry)
as a predictor. With k& =1, for example,
¥y ~ 12130 — 1 + 5(6.065+1) ~ .3602

Now applying the complete formula,
ys ~ 2130 + 7(.3602+6.065+1) ~ .3677

Reapplying the complete formula,
Y ~ 2130 + 5(.3677+6.065+1) ~ .3678

Another cycle again produces .3678, so we stop. The correct value is ¢~1 ~ .36788, so our y; is
close. The process now moves to the computation of y;, beginning with the predictor, but the path
is clear and our illustration may stop here. For an accurate solution truncation error must be
diminished, by decreasing k, and roundoff error reduced, by carrying more than four places.
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20.20.

20.21.

20.22.

20.23.

20.24.

20.25.

20.26.

20.27,

20.28.

20.29.

Supplementary Problems

The equations

2'(t) = —2x/Va2+ 92, Yt = 1—2y/Va+ 2 v
describe the path of a duck attempting to swim
across a river by aiming steadily at the target posi-
tion 7. The speed of the river is 1, and the duck
speed is 2. The duck starts at S, so that x(0) = 1
and y(0) = 0. (See Fig. 20-2.) Apply the Runge-
Kutta formulas for two simultaneous equations to 7 1 S
compute the duck’s path. Compare with the exact
trajectory y = $(x1/2 — %3/2). How long does it take
the duck to reach the target? Fig. 20-2

Solve the preceding problem by the Adams predictor-corrector method.
Apply the Milne method to Problem 20.20.

The classical inverse square law for an object falling toward an attracting gravitational mass (say

the earth) is
y'(¢8) = —gRy?

where g is a constant and R is the earth’s radius. This has the well-known and somewhat sur-

prising solution
t = (H%2/8y)[Vy/H — (y/H)? + % arccos (2y/H — 1)]

where H is the initial altitude and the initial speed is zero. Introducing the equivalent system

y = p, p = —gR¥Yy?
apply the Runge-Kutta formulas to compute the velocity p(t) and position y(t). When does the fall-
ing object reach the earth’s surface? Compare with the exact result. (If miles and seconds are
used as units, then g = 32/5280, R = 4000 and take H to be 200,000 which is the moon’s distance
from earth. This problem illustrates some of the difficulties of commputing space trajectories.)

Apply the Adams method to Problem 20.23.

Apply the Milne method to Problem 20.23.

Apply Numerov’s method to Problem 20.23. This method was devised for problems of this sort.

Show that the solution of yy” + 3(»")2 =0 with y(0) =1 and ¥'(0) = 1/4 can be expressed as

x 32 Tad TTat

v = 147~ 35+ 198~ 2048

Show that 2y’ — 222y’ + (3 +22)y = 0 has a solution of the form
y@) = Valag+aw +ax?+ - --)

and determine the coefficients if the condition lim%gil = 1 is required for x approaching zero.
X

Apply the Runge-Kutta formulas to
y = =12y + 92, 2/ = 1lly — 10z
which have the exact solution

y = 9e~% f be 2r,  z = 1le™% — He~2I¥

using y(1) ~ 9e¢~1, 2z(1) ~ 1le~! as initial conditions. Work to three or four decimal places with
k= .2 and carry the computation at least to x = 3. Notice that 11y/9z, which should remain close
to one, begins to oscillate badly. Explain this by comparing the fourth degree Taylor approxima-
tion to e—21* (which the Runge-Kutta method essentially uses) with the exact exponential.
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20.30.

20.31.

20.32.

20.33.

20.34.

20.35.

20.36.

20.37.

20.38.

20.39.

20.40.
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Use the perturbation series method to obtain the periodic solution of Rayleigh’s equation

" — px’ + fu(@¥ +ox = 0
through the term in u2.

Solve the “hard nonlinear spring” oscillation 2’ 4+ (14 u2x2)x = 0 by the perturbation series
method, with initial conditions x(0) = A and ='(0) = 0.

Solve the “soft nonlinear spring” oscillation 2" + (1 —u2x2)x = 0 as in the preceding problem.

As a test case use any of our approximation methods to compute y(x) from « =0 to x =1, given

y' = 29y, w0 =0, 0 =1

Use one of our approximation methods to compute x(1) and y(1), given
"= —9xty, %0 =1, 20 = 0
y' = 2yt y(0) 0, %0 1

I
I

Use one of our methods to obtain y(1), given -~
(1—a?y” —ay' + 25y =0, 90 =0, (0 =5

Use one of our methods to obtain »(1), given

1—2)y”" —2y’ + 16y = 0, y0 =1, ') =0

Compute y(.25), y(.50), ¥(.75) and y(1), given
(1—a2y” — 22y’ + 6y = 0, 9@ = —5, (0 =20

Compute y(.25), y(.50), y(.75) and y(1), given
(1—ax?y"” — 2xy’ + 20y = 0, y(0) = 375, ¢'(0) =0

The equations 7" — r(6')2 = — 2/+2, r¢"' + 2r'¢’ = 0, describe the Newtonian orbit of a particle in
an inverse square gravitational field. If ¢ =0 at the position of minimum » (Fig. 20-3), and
r(0) =3, 6(0) =0, r'(0) =0, 6'(0) =%, then it can be shown that the orbit is the ellipse 7 =
9/(2 + cos ). Ignoring this known, exact result, integrate the system by one of our approximation
methods. At what time T do you return to the initial position and speed? (This problem may serve
as a test case for the accuracy of orbital computations under circumstances which do not permit
exact analytic solution.)

Master Dog

(1,0)

Fig. 20-3 Fig. 20-4

A dog, out in a field, sees his master walking along the road and runs toward him. Assuming that
the dog always aims directly at his master, and that the road is straight, the equation for the dog’s

path is (see Fig. 20-4),
2y’ = eV1+(¥)?

where ¢ is the ratio of the man’s speed to the dog’s. It is possible to solve this equation exactly,
but proceed by one of our approximation methods. If ¢ = 1/2, the man starts at (0,0) and the dog
at (1, 0), where does the dog catch his master?



Chapter 21

Least-Squares Polynomial Approximation

THE LEAST-SQUARES PRINCIPLE

The basic idea of choosing a polynomial approximation p(x) to a given function %(z) in
a way which minimizes the squares of the errors (in some sense), was developed first by
Gauss. There are several variations, depending on the set of arguments involved and the
error measure to be used.

First of all, when the data are discrete we may minimize the sum

M) =

S = [Yi— a0 — aui — - — ana)?

i=0

for given data x;, y: and m < N. The condition m < N makes it unlikely that the polynomial
p(.%‘) = Qo+ a1x + ax®+ - + anx™

can collocate at all N data points. So S probably cannot be made zero. The idea of Gauss is
to make S as small as we can. Standard techniques of calculus then lead to the normal
equations, which determine the coefficients a;, These equations are

Solo + 8101 + * -+ + Sp@m = o
8100 + S2t1 + ¢+ - b Sma1lm = Ty
Sm@o + Sm+101 + + -+ + Somlm = In

N N .
where s = » a¥, & = 2 yaF. This system of linear equations does determine the a;
=0 i=0

uniquely, and the resulting a; do actually produce the minimum possible value of S. For
the case of a linear polynomial

p(x) = Mx+ B
the normal equations are easily solved and yield
Sot1 — 81to Soto — Si1ty
M= 8082 — 82 7 B = 808z — %

In order to provide a unifying treatment of the various least-squares methods to be
presented, including this first method just described, a general problem of minimization
in a vector space is considered. The solution is easily found by an algebraic argument,
using the idea of orthogonal projection. Naturally the general problem reproduces our p(x)
and normal equations. It will be reinterpreted to solve other variations of the least-squares
principle as we proceed. In most cases a duplicate argument for the special case in hand
will also be provided. :

235
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Except for very low degree polynomials, the above system of normal equations proves
to be ill-conditioned. This means that, although it does define the coefficients a; uniquely,
in practice it may prove to be impossible to extricate these a;. Standard methods for solv-
ing linear systems (to be presented in Chapter 26) may either produce no solution at all,
or else badly magnify data errors. As a result, orthogonal polynomials are introduced.
(This amounts to choosing an orthogonal basis for the abstract vector space.) For the
case of discrete data these are polynomials Pnn(t) of degree m=0,1,2,... with the
property

Y Pan(t) Pux(t) = 0

This is the orthogonality property. The explicit representation
m Im +3 t(i)
will be obtained, in which binomial coefficients and factorial polynomials are prominent.

An alternate form of our least-squares polynomial now becomes convenient, namely

with new coefficients ax. The equations determining these ar prove to be extremely easy
to solve. In fact,

These ax do minimize the error sum S, the minimum being
N m 9
2
Smin = 2 Yy — 2 W aic
t=0 k=0

where Wy is the denominator sum in the expression for ax.

APPLICATIONS
There are two major applications of least-squares polynomials for discrete data.

1. Data smoothing.
By accepting the polynomial
p(x) = o+ X+ - - + Gpx™

in place of the given y(x), we obtain a smooth line, parabola or other curve in place of
the original, probably irregular, data function. What degree p(x) should have depends
on the circumstances. Frequently a five-point least-squares parabola is used, correspond-
ing to points (@;, %) with i = k—2,k~1, ..., k+2. It leads to the smoothing formula

y(@e) ~ plox) = Y — (3/35)8*yx

This formula blends together the five values y«—s. ..., ¥x+2 to provide a new estimate to
the unknown exact value y(xx). Near the ends of a finite data supply, minor modifica-
tions are required.
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The root-mean-square error of a set of approximations A; to corresponding true
values T is defined as

N 1/2
RMS error = [E(Ti—AiV/N}

i=0

In various test cases, where the T'; are known, we shall use this error measure to estimate
the effectiveness of least-squares smoothing.

2. Approximate differentiation.

As we saw earlier, fitting a collocation polynomial to irregular data leads to very poor
estimates of derivatives. Even small errors in the data are magnified to troublesome
size. But a least-squares polynomial does not collocate. It passes between the data
values and provides smoothing. This smoother function usually brings better estimates
of derivatives, namely, the values of p’(x). The five-point parabola just mentioned leads
to the formula

y(xk) ~ pax) = (/10R)(—2Yr—2 — Yr—1 + Yx+1 + 2Yk+2)

Near the ends of a finite data supply this also requires modification. This formula
usually produces results much superior to those obtained by differentiating collocation
polynomials. However, reapplying it to the p’(xx) values in an effort to estimate y’'(xx)
again leads to questionable accuracy.

CONTINUOUS DATA
For continuous data y(x) we may minimize the integral

I = f @ -l -~ anPa@ds

the P;(x) being Legendre polynomials. (We must assume y(x) integrable.) This means that
we have chosen to represent our least-squares polynomial p(x) from the start in terms of
orthogonal polynomials, in the form

p®) = aoPo() + - -+ + anPn ()

The coeflicients prove to be ok

a = gl‘f_ly(x)Pk(x)dx

For convenience in using the Legendre polynomials, the interval over which the data y(x)
are given is first normalized to (—1,1). Occasionally it is more convenient to use the inter-
val (0,1). In this case the Legendre polynomials must also be subjected to a change of
argument. The new polynomials are called shifted Legendre polynomials.

Some type of discretization is usually necessary when y(x) is of complicated structure.
Either the integrals which give the coefficients must be computed by approximation methods,
or the continuous argument set must be discretized at the outset and a sum minimized rather
than an integral. Plainly there are several alternate approaches and the computer must
decide which to use for a particular problem.

Smoothing and approximate differentiation of the given continuous data function y(x)
are again the foremost applications of our least-squares polynomial p(x). We simply accept
p(x) and p’(z) as substitutes for the more irregular y(z) and ¥’(). .

A generalization of the least-squares principle involves minimizing the integral

o= [ ) [e) — ale) — = anQule s
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where w(x) is a non-negative weight function. The Q(x) are orthogonal polynomials in
the generalized sense

f " 0(2) Q@) Quz) de = 0

for j+ k. The details parallel those for the case w(x) =1 already mentioned, the coeffi-
cients ax being given by

f " 0(@) y(x) Qule) dx

fa () QL () d

The minimum value of I can be expressed as

I = fbw() 2(z dx~2Wkak

where W, is the denominator integral in the expression for ax. This leads to Bessel’s
nequality m .

Swd = [ w@y@de

k=0 a

and to the fact that for m tending to infinity the series , W,a: is convergent. If the
k=0

orthogonal family involved has a property known as completeness and if y(x) is sufficiently
smooth, then the series actually converges to the integral which appears in I'min. This means
that the error of approximation tends to zero as the degree of p(x) is increased.

CHEBYSHEV POLYNOMIALS

Approximation using Chebyshev polynomials is the important special case w(x) =

1/v/1—x* of the generalized least-squares method, the interval of integration being nor-
malized to (—1,1). In this case the orthogonal polynomials Q«(z) are the Chebyshev poly-
nomials

Tx(z) = cos(k arccosx)

The first few prove to be
To(z) = 1, Ti(x) = =z, To(x) = 222 -1, Ts(x) = 42° — 3z
Properties of the Chebyshev polynomials include
Tn+1(x) = 2 Tn(x) - Tn—l(x)
0 if m#*mn

' Tm(z) Tu(x) .
f de = /2 i m=n+#0
v1-—a - ifm=n=0
Toa(z) = 0 for x = cos[(2i+1)x/2n], ©=0,1,...,n—1

Tw(z) = (—1)! for x = cos(ix/n), 1=0,1,...,n

An especially attractive property is the equal-error property, which refers to the oscillation
of the Chebyshev polynomials between extreme values of =1, reaching these extremes at
n+1 arguments inside the interval (—1,1). As a consequence of this property the error
y(z) — p(x) is frequently found to oscillate between maxima and minima of approximately
=FE. Such an almost-equal-error is desirable since it implies that our approximation has
almost uniform accuracy across the entire interval. For an exact equal-error property see
the next chapter.
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The powers of « may be expressed in terms of Chebyshev polynomials by simple manip-
ulations. For example,

1 =7, =1, 22 = %(To-{-Tz), = (1/4)(3T1+T3)

This has suggested a process known as economization of polynomials, by which each power
of z in a polynomial is replaced by the corresponding combination of Chebyshev polynomials.
It is often found that a number of the higher degree Chebyshev polynomials may then be
dropped, the terms retained then constituting a least-squares approximation to the original
polynomial, of sufficient accuracy for many purposes. The result obtained will have the
almost-equal-error property. This process of economization may be used as an approximate
substitute for direct evaluation of the coefficient integrals of an approximation by Chebyshev
polynomials. The unpleasant weight factor w(x) makes these integrals formidable for
most y(z).

Another variation of the least-squares principle is to minimize the sum

2 ) = aoTo(®:) = -+ + = & T (@)}

the arguments being x: = cos [(2¢+ 1)=/2N]. These arguments may be recognized as the
zeros of T'x(x). The coefficients are easily determined using a second orthogonality property
of the Chebyshev polynomials,

N-1
T
=0

0 if m+*n
N/2 if m=n+0
N ifm=n=0

—
)

S
I

and prove to be
15 2 N2
= N ZO ’l/(xi), Ax = N Z 1) Tk
The approximating polynomial is then, of course,
D) = aTo(@) + - - + anTn(®)

This polynomial also has an almost-equal-error.

Solved Problems

DISCRETE DATA, THE LEAST-SQUARES LINE

N
21.1. Find the straight line p(x) = Mz + B for which E (yi— M=z, — B)? is a minimum, the
data (z;, ¥:) being given. =0

Calling the sum S, we follow a standard minimum-finding course and set derivatives to zero.

aS < S S
A A o (g, — — = 2L = — ey — Mo, — =0
5 2201 (y;— Mx; — B) 0, i 220 ®;* (y; w;— B)

Rewriting we have
(N+ DB + (Szp)M = 3y, (Bz)B + (22)M = Sy,
which are the “normal equations”. Introducing the symbols
s = N+1, s = 2z, s = Sa2, ty = 3y, t; = Sz,
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21.2.

21.3.

LEAST-SQUARES POLYNOMIAL APPROXIMATION [CHAP., 21

these equations may be solved in the form

Sot1 — 81ty 8aty — 81

M= ———, B=——%

883 — 8] 8¢Sz — 85
To show that sos; —sZ is not zero, we may first notice that squaring and adding terms such as
(2o — %1)2 leads to

0 < 2 (aci—xj)z = N-Exf -2 2 x5
1<) i<i
But also ()2 = 32 +2 3 ax
i<
so that spsy — sf becomes
(N+1)3af — (3x)2 = N+Zaf — 23 x2; > 0
i<j

Here we have assumed that the «; are not all the same, which is surely reasonable. This last in-
equality also helps to prove that the M and B chosen actually produce a minimum. Calculating
second derivatives, we find

B _ g, B Ly, S,

aB2 — v a2 2 8BsM ~
Since the first two are positive and since

(28;))2 — 2(N+1)(2s)) = 4(sP—sp8) < 0

the second derivative test for a minimum of a function of two arguments B and M is satisfied. The
fact that the first derivatives can vanish together only once, shows that our minimum is an absolute
minimum,

The average scores reported by golfers of various handicaps on a difficult f)ar-three
hole are as follows:

Handicap 6 8 10 12 14 16 18 20 22 24

Average 3.8 3.7 4.0 3.9 4.3 4.2 4.2 4.4 4.5 4.5

Find the least-squares linear function for this data by the formulas of Problem 21.1.

Let h represent handicap and « = (k. — 6)/2. Then the z; are the integers 0,...,9. Let y rep-
resent average score. Then sy =10, s; = 4B, 8, = 285, t, = 41.5, {; = 194.1 and so

(10)(194.1) — (45)(41.5)
(10)(285) — (45)2

(285)(41.5) — (45)(194.1)
(10)(285) — (45)2

M = ~ 089, B = ~ 3.76

This makes y ~ p(x) where p(x) = .09¢ + 3.76 ~ .045h + 3.49.

Use the least-squares line of the previous problem to smooth the reported data.

The effort to smooth data proceeds on the assumption that the reported data contain inac-
curacies of a size to warrant correetion. In this case the data seem to fall roughly along a straight
line, but there are large fluctuations, due perhaps to the natural Auctuations in a golfer’s game.
(See Fig. 21-1 below.) The least squares line may be assumed to be a better representation of the
true relationship between the handicap and the average scores than the original data are. It
yields the following smoothed values.

Handicap 6 8 10 12 14 16 18 20 22 24

Smoothed ¥ 3.76 3.85 3.94 4.03 4.12 4.21 4.30 4.39 4.48 4.57
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21.4.

21.5.

Average score

4.6

Fig. 21-1
Estimate the rate at which the average score increases per unit handicap.

From the least-squares line of Problem 21.2 we obtain the estimate .045 strokes per unit
handicap.

Obtain a formula of the type P(x) = Ae* from the following data.

x; 1 2 3 4

Pl 7 11 11 21

Let y =log P, B = log A. Then taking logarithms, log P = log A + Mx which is equivalent
to y(x) = Mx + B.
We now decide to make this the least-squares line for the (z;, ¥;) data points.

% 1 2 3 4
Yy 1.95 2.40 2.83 3.30

Since so = 4, s, = 10, s, = 30, ¢, = 10.48, t; = 28.44, the formulas of Problem 21.1 make M ~ .45
and B ~ 1.5. The resulting formula is P = 4.48¢ 45,

It should be noted that in this procedure we do not minimize 2 [P(x;) — P;]2, but instead choose
the simpler task of minimizing = [y(x;) —y;]2. This is a very common decision in such problems.

DISCRETE DATA, THE LEAST-SQUARES POLYNOMIAL

21.6.

Generalizing Problem 21.1, find the polynomial p(x) = a0 + a1z + -+ - + anx™ for
N

which S = X [yi— @ — @i — -+ — ama?]? is a minimum, the data (;,%:) being
i=0
given, and m < N,
We proceed as in the simpler case of the straight line. Setting the derivatives relative to

Gg @, - - ., &y to zero produces the m + 1 equations
N
aS _
Sy = -2 igo afly, —ag — a2, — 1 —apax] = 0
N N
where k=0, ...,m. Introducing the symbols s, = E ak, 4 = 2 yixl?, these equations may be
rewritten as i=0 =0
Soltg T §1a1 + 0+ Spuam =t
siag + Seay + 0t + Sp1y = i
Syl T Spt+104 + ot Sty Tty

and are called normal equations. Solving for the coefficients a;, we obtain the least square polynomial.
We will show that there is just one solution and that it does minimize S. For small integers m,
these normal equations may be solved without difficulty. For larger m the system is badly ill-
conditioned and an alternative procedure will be suggested.
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21.7. Show how the least-squares idea, as just presented in Problem 21.6 and earlier in

21.8.

Problem 21.1, may be generalized to arbitrary vector spaces. What is the relationship
with orthogonal projection?

This more general approach will also serve as a model for other variations of the least-squares
idea to be presented later in this chapter, and focuses attention on the common features which all
these variations share. First recall that in Euclidean plane geometry, given a point y and a line
S, the point on S closest to y is the unique point p such that py is orthogonal to S, p being the
orthogonal projection point of y onto S. Similarly in Euclidean solid geometry, given a point y
and a plane S, the point on S closest to ¥ is the unique point p such that py is orthogonal to all
vectors in S. Again p is the orthogonal projection of y. This idea is now extended to a more gen-
eral vector-space.

We are given a vector y in a vector space E and are to find a vector p in a given subspace S
such that :
lly —oll < liy—dll

where ¢ is any other vector in S and the norm of a vector v is

il = V(v,2)

parentheses denoting the scalar product associated with the vector space. We begin by showing
that there is a unique vector p for which y — p is orthogonal to every vector in S. This p is called
the orthogonal projection of y.

Let ey, - .., e,, be an orthogonal basis for S and consider the vector
p = (¥, ep)eq + (y,eer + 0+ (g, enlen

Direct calculation shows that (p,e,) = (y,¢e) and therefore (p—y,e) =0 for k=0,...,m. It
then follows that (p—v, ¢) =0 for any ¢ in S, simply by expressing ¢ in terms of the orthogonal
basis. If another vector p’ also had this property (p'—w, ¢) = 0, then it would follow that for any
gin S (p—p’, q) = 0. Since p—p’ is itself in S, this forces (p —p', p —p’) = 0 which by required
properties of any scalar product implies p = p’. The orthogonal projection p is thus unique.

But now, if ¢ is a vector other than p in S,

ly—qllz = lly—p) + @—9l?

Hly—p|2 + llp—ql2 + 2(y—p,p— )

Since the last term is zero, p — ¢ being in S, we deduce that ||y — p|| < |ly —q]| as required.

If wo, %1, ..., %un is an arbitrary basis for S, determine the vector p of the preceding
problem in terms of the ux.

We must have (y—p, %) =0 or (p,u) = (y,u,) for k=0,...,m Since p has the unique
representation p = aguy + ayuy + - + @uu,,, substitution leads directly to

(ug, up)ag + (g, whay + -+ + (s Uiy = (Y, )

for k=0, ...,m. These are the normal equations for the given problem, and are to be solved for the
coefficients @, ...,a,. A unique solution is guaranteed by the previous problem. Note that in the
special case where the ug, u, ..., %,, are orthonormal, these normal equations reduce to @; = (y, )
as in the proof given in Problem 21.7.

Note also the following important corollary. If y itself is represented in terms of an orthogonal
basis in E which includes uy, ..., u,, say

Y = Qg+ AUy Tt Ay T G Uy o

then the orthogonal projection p, which is the least-squares approximation, is available by simple
truncation of the representation after the a,u,, term:

P = gy + auy + T+ apuy,
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21.9. How is the specific case treated in Problem 21.6 related to the generalization given
in Problems 21.7 and 21.8?

The following identifications must be made.

E : the space of discrete real-valued functions on the set of arguments x,, ..., &y
S : the subset of E involving polynomials of degree m or less
y: the data function, having values yg, ..., Un
N
(vy,vy) :  the scalar product 3 v,(x) vs(x,)
i=0
N
llv][2:  the norm 3 [v(x)]?
i=0
uy, :  the function with values xf
p: the polynomial with values p; = ag + ay2; + -+ + apam
N
Hy—mpll2: thesum S = ‘EO [y, — p?
=
N

W, w): ke = ‘Eo ik

i=

k4

(wjue) © 81 = .20 x{“‘
i=

With these identifications we also learn that the polynomial p of Problem 21.6 is unique and
actually does provide the minimum sum. The general result of Problems 21.7 and 21.8 establishes
this. (For an alternate proof of these facts, see also Problems 21.118-120.)

21.10. Determine the least-squares quadratic function for the data of Problem 21.2.

The sums sy, 8, 89, tg, and ¢; have already been computed. We also need s;=2025, s, = 15,333,
t, = 1292.9 which allow the normal equations to be written

10ay + 45a, + 285a, = 41.5, 45a,+ 285a, + 20250, = 194.1, 285a,+ 2025a, + 15,3330, = 1248

After some labor these yield ay=3.73, a; =.11, ag=—.0023 so that our quadratic function is
plx) = 3.73 + .11z — .0023x2.

21.11. Apply the quadratic function of the preceding problem to smooth the reported data.

Assuming that the data should have been values of our quadratic function, we obtain these
values:

Handicap 6 8 10 12 14 16 18 20 22 24

Smoothed y 3.73 3.84 3.94 4.04 413 4.22 4.31 4.39 4.46 4.53

These hardly differ from the predictions of the straight line hypothesis, and the parabola correspond-
ing to our quadratic function would not differ noticeably from the straight line of Fig. 21-1, page
241. The fact that a, is so small already shows that the quadratic hypothesis may be unnecessary
in the golfing problem.

SMOOTHING AND DIFFERENTIATION
21.12. Derive the formula for a least-squares parabola for five points (xi, ¥:) where i =Fk—2,
E—1,k EkE+1, k+2.

Let the parabola be »(t) = a, + a;t + a2 where t = (x —x,)/h, the arguments «; being as-
sumed equally spaced at interval . The five points involved now have arguments ¢t = —2, —-1,0,1,2.
For this symmetric arrangement the normal equations simplify to
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5ay + 10ay = Z2y;
10a1 = Etiyi
10a, + 340, = Sty

and are easily solved. We find first

T0a, = 34 Zy; — 10 3t7y;
—6y—g T 24y, g + 34y + 24y 4y — Yo
T0ys — 6[Yx—2— 4Yk—1 T 6¥x — Wk +1 + Y+

from which Gp = Y — % sy,
Substituting back we also obtain
ay = %4(21/1:—2 ~Yr—17 2Yk ~ Yr+1+ 2k 4 2)
And directly from the middle equation
a0y = 502k — Yr—1 T Vr+1+ 20k 0)

21.13. With y(xx) representing the exact value of which y« is an approximation, derive the
smoothing formula y(xi) ~ ¥x — =8%k.
The least squares parabola for the five points (x;_g, ¥ —2) to (%) 40, Yr+2) iS
p(x) = ap + agt + ayt?
At the center argument ¢ = 0 this becomes p(xx) = gy = yk—33—564yk by Problem 21.12.

Using this formula amounts to accepting the value of p on the parabola as better than the data
value yy.

21.14. The square roots of the integers from 1 to 10 were rounded to two decimal places,
and a random error of —.05, —.04, . . .,.05 added to each (determined by drawing cards
from a pack of eleven cards so labeled). The results form the top row of Table 21.1.
Smooth these values using the formula of the preceding problem.

. 1 2 3 4 5 6 7 8 9 10
Y | 1.04 1.37 1.70 2.00 2.26 2.42 2.70 2.78 3.00 3.14
8y 33 33 30 26 16 28 8 22 14
82y 0 -3 —4 —10 12 —20 14 —8
83y -3 ~1 —6 22 —32 34 —22
sy 2 -5 28 —54 66 —56
(3/35)84y 0 0 2 -5 6 —5
{xr) 1.70 2.00 2.24 2.47 2.64 2.83
Table 21.1

Differences through the fourth also appear in Table 21.1, as well as (8/35)84y. Finally the bot-
tom row contains the smoothed values.

21.15. The smoothing formula of Problem 21.13 requires two data values on each side of xx
for producing the smoothed value p(xx). It can not therefore be applied to the two
first and last entries of a data table. Derive the formulas

Y(o) ~ Yo + 1A% + EA*Yo Y(@n-1) ~ Yn—1+ 2V%N — FVYN
y(x1) ~ Y1 — 3%y — Aty y(@n) ~ Yn — EVYN + 5 VN

“for smoothing end values.
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If we let ¢ = (¢ —w®y)/h, then the quadratic function of Problem 21.12 is the least-squares
quadratic for the first five points. We shall use the values of this function at xg and x; as smoothed
values of y. First

plxy) = ag — 205 + 4ay
and inserting our expressions for the a;, with k replaced by 2,
= 7562y, + 18y, — 6y, — 10y, + 6y,]
Yo + 75 [(—14yy + 42y, — 42y, + 14yy) + (6y, — 24y, + 36y, — 24y, + 6y,)]

Do)

which reduce to the above formula for y(x,). For p(x;) we have

p(xl) = Gy — aq + Qg

and insertion of our expressions for the a; again leads to the required formula. At the other end
of our data supply the change of argument ¢ = (x — xy_,)/h applies, the details being similar.

Apply the formulas of the preceding problem to complete the smoothing of the
values in Table 21.1.

We find these changes to two places:

Y(xg) ~ 1.04 + £(—.03) + 2(.02) ~ 1.08  ylwy_y) ~ 3.00 + 2(—.22) — 1(—.56) ~ 2.99

y(@) ~ 1.37 — 3(—.03) — 1(.02) ~ 1.38 y(xy) ~ 3.14 — L(—.22) + 2(—.56) ~ 3.14

Compute the RMS error of both the original data and the smoothed values.

The root-mean-square error of a set of approximations A; corresponding to exact values T is
defined by

RMS error

N 1/2
[,_20 (T;— Ai)2/NJ

In the present example we have the following values:

T; 1.00 141 1.73 2.00 2.24 2.45 2.65 2.83 3.00 3.16
Y; 1.04 1.37 1.70 2.00 2.26 2.42 2.70 2.78 3.00 3.14
p(x;) 1.03 1.38 1.70 2.00 2.24 2.47 2.64 2.83 2.99 3.14

The exact roots are given to two places. By the above formula,
RMS error of y; ~ (.0108/10)1/2 ~ .033
RMS error of p(x;) ~ (.0037/10)1/2 ~ .019

so that the error is less by nearly half. The improvement over the center portion is greater. If
the two values at each end are ignored we find RMS errors of .035 and .015 respectively, for a
reduction of more than half. The formula of Problem 21.13 appears more effective than these of

Problem 21.15.

Use the five point parabola to obtain the formula
1

V@) ~ 1op

for approximate differentiation.

With the symbols of Problem 21.13 we shall use y'(x), which is the derivative of our five
point parabola, as an approximation to the exact derivative at »,. This again amounts to assuming
that our data values y; are approximate values of an exact but unknown function, but that the five
point parabola will be a better approximation, especially in the vicinity of the center point. On the

(—2Yx—-2 — Yr—1 + Yr+1 + 2 +2)

parabola
P = @y + alt + a2t2
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and according to plan, we calculate p’(t) at £t =0 to be a;. To convert this to a derivative relative
to « involves merely division by %, and so, recovering the value a, found in Problem 21.12, and taking
p’(x) as an approximation to y'(x), we come to the required formula.

21.19. Apply the preceding formula to estimate y’(x) from the yx values given in Table 21.1.
At 2, =3 we find

y'(3) ~ T16 (—2.08 —~1.37 + 2.00 -+ 4.52) 307

il

and at , = 4, Y4 ~ %(—2.74 —1.70 + 2.26 + 4.84) = .266

The other entries in the top row shown below are found in the same way. The second row was
computed using the approximation

1
y'ley) ~ 12k (Yrm2— BUp—1 + BYk 41 — Y +2)

found earlier from Stirling’s five point collocation polynomial. Notice the superiority of the present
formula. Errors in data were found earlier to be considerably magnified by approximate dif-
ferentiation formulas. Preliminary smoothing can lead to better results, by reducing such data
errors.

y'(x) by least squares .31 27 .24 .20 .18 17

y'(x) by collocation 31 .29 .20 .23 .18 14

correct y'(x) .29 .25 22 .20 19 .18

21.20. The formula of Problem 21.18 does not apply near the ends of the data supply. Use
a four point parabola at each end to obtain the formulas

1
y’(xo) ~ m(-Zlyo + 13y: + 17y2 — 9ys)

1
y’(:cl) ~ m(—ll’yo + 3y + Ty + Ys)
1
y(en—1) ~ m(llyzv — 3yn-1— TYn—2 — Yn—3)

v(my) ~ -2—(1)h(21yN — 13yy_1 — 1Tyy—2 + Yyn-—a)

Four points will be used rather than five, with the thought that a fifth point may be rather far
from the position z, or 2y where a derivative is required. Depending on the size of h, the smoothness
of the data and perhaps other factors, one could use formulas based on five points or more. Proceed-
ing to the four point parabola we let ¢ = (x —z,)/h so that the first four points have arguments
t = —1,0,1,2. The normal equations become

dag + 20y + 6ay = Yo+ y;+ Y2+ ys, 2ay + 6a; + 8ay = —yo + ¥y + 2y3,

6(10 + 8(11 + 18(12 = Yy + Yo + 4y3
and may be solved for

20ay = 3y, + 11ly; + Sy, -~ 3ys, 200, = ~1lyy + 3yy + Tys + v, dag = Yo — Y1 — Yz T Y3
With these and ¥'(x) = (@, — 2a5)/h, y'(z;) = ay/h the required results follow. Details at the

other end of the data supply are almost identical.

21.21. Apply the formulas of the preceding problem to the data of Table 21.1.

We find 1
y(1) ~ 35[=21(1.04) + 13(1.87) + 17(L70) — 9(200)] ~ .35

¥ ~ 2—10[~11(1.04)+3(1.37)+7(1.70)+2.oo] ~ .33
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21.22.

21.23.

Similarly y'(9) ~ .16 and y’(10) ~ .19. The correct values are .50, .35, .17 and .16. The poor results

obtained at the endpoints are further evidence of the difficulties of numerical differentiation.

Newton’s original formula ‘
Y'(g) ~ Byy — 3A2%y + A%y, — Aty + - -

produces from this data the value .32, which is worse than our .35. At the other extreme the cor-
responding backward difference formula manages .25 which is much worse than our .19,

Apply the formulas for approximate derivatives a second time to estimate y”’(z),
using the data of Table 21.1.

We have already obtained estimates of the first derivative, of roughly two place accuracy. They
are as follows.

x 1 2 3 4 5 6 7 8 9 10

y'(x) .35 .33 31 27 24 .20 18 a7 16 19

Now applying the same formulas to the y’(x) values will produce estimates of y'/(x). For example,
t x =5,
at @ y'(6) ~ S[~2(.31) — (:27) + (:20) + 2(.18)] ~ —.033

which is half again as large as the correct —.022. Complete results from our formulas and correct
values are as follows.

—y"’ (computed) .011 021 .028 .033 .033 026 .019 004 012 —.032

—y’" (correct) .250 .088 .048 .031 022 017 .013 .011 .009 .008

Near the center we have an occasional ray of hope, but at the ends the disaster is evident.

The least-squares parabola for seven points leads to the smoothing formula
Y(xx) ~ yr — 384k — 7 5%

(The derivation is requested as a supplementary problem.) Apply this to the data of
Table 21.1. Does it yield better values than the five point smoothing formula?

A row of sixth differences may be added to Table 21.1:
40 115 202 —242
Then the formula yields y(4) ~ 2.00 — 3(—.05) — % (.40) ~ 198
y(5) ~ 2.26 — 3(.28) — Z(—1.15) ~ 2.25

and similarly %(6) ~ 2.46, y(7) ~ 2.65. These are a slight improvement over the results from the
five point formula, except for y(4) which is slightly worse.

ORTHOGONAL POLYNOMIALS, DISCRETE CASE

21.24.

For large N and m the set of normal equations may be badly ill-conditioned. To
see this show that for equally spaced z: from 0 to 1 the matrix of coefficients is
approximately

1 1/2 1/3 ... 1(m+1)
1/2 1/3 1/4 oo 1/(m+2)
\1/(m +1) 1Ym+2) 1/m+3) ... 1/(@2m+1)

if a factor of N is deleted from each term. This matrix is the Hilbert matrix of
order m + 1.
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For large N the area under y(x) = «* between /
0 and 1 will be approximately the sum of N rectangu-

lar areas. (See Fig. 21-2.) Since the exact area is
given by an integral, we have

_2“_ ol ko~ fl xkdx = ———1
N & " o kE+1

Thus s, ~ N/(k+1), and deleting the N we have
at once the Hilbert matrix, This matrix will later Lo *1 % TN
be shown to be extremely troublesome for large N. Fig. 21-2

How can the Hilbert matrices be avoided?

The preceding problem shows that the normal equations which arise with the basis 1,«,...,2™
and equally-spaced arguments involve an approximately Hilbert matrix, which is troublesome. It
is computationally more efficient to find an orthogonal basis so that the corresponding normal equa-
tions become trivial. A convenient orthogonal basis is constructed in the next problem. It is inter-
esting to note that in developing this basis we will deal directly with the Hilbert matrix itself, not
with approximations to it, and that the system of equations encountered will be solved exactly, thus
avoiding the pitfalls of computing with ill-conditioned systems. (See also Chapter 26.)

Construct a set of polynomials P, ~(t) of degrees m = 0,1,2, ... such that
N
> Pun(t)Pan(t) = 0 for m >n
t=0

Such polynomials are called orthogonal over the set of arguments t.

Let the polynomi:al be
Pon(t) = 1+ eyt + opt® 4+ <o 4 g, 0

where t( is the factorial #(¢ —1)---(t — 4+ 1). We first made the polynomial orthogonal to (¢ + s)¢s

for $ =0,1,...,m—1, which means that we require
N
2 ¢+ PN = 0
t:
Since
t+)OP, w(®) = (E+8E + e(t+8)EHD 4 oo 4 g, (t+s)stm

summing over the arguments ¢ and using Problem 4.10, page 25, brings

N

(s+1) (s+2) (s+m+1)
S (tra P,y = NESHDED . (et a] 4o, M EED)
t=0

s+ 1 ‘1 s+ 2 “ n s+m+1

which is to be zero. Removing the factor (N + s+ 1)(s+1  the sum becomes

1 Ne;  N@®g, Nome,, .
s+iTsre T Es T Ty Emar T

and setting N(¢, = a; this simplifies to

1 ay ay L27 .
sTi sz st Tirm T O
for s =90,1,...,m—1. The Hilbert matrix again appears in this set of equations, but solving the
system exactly will still lead us to a useful algorithm. If the last sum were merged into a single

Q(s)
(s+m+ 1)(m+1)
Since Q(s) must be zero at the m arguments s=0,1,...,m—1, we must have Q(s)= Cstm)
where C is independent of s. To determine C we multiply both the sum and the equivalent quotient
by (s +1) and have

quotient it would take the form with Q(s) a polynomial of degree at most m.
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ay oy B Cglm)
1+ 6+ L+z+ +s+m+1] T Gt GEmAD
which must be true for all s except zeros of denominators. Setting s = —1, we see that
C = m!/[(=1}(—2)+ - - (—m)] = (—1)™. We now have
1 aq (1799 _ (_l)ms(m)
st1 st T T T T w1l T GrmEDmiD

The device which produced C now produces the a;, Multiply by (s+m+1)m+D and then set
s=—i—1 tofind for 1 =1,...,m

(it m—9)'a; = (=Im(—i—1)m = (m+gm
_ o qymtgem o mN S g
and then solve for a; = (1) m—ra (—1) P ;
Recalling that a; = ¢;N®, the required polynomials may be written as
m . .
_ /m\/m i\ @D
P n@) = igo (—‘1>1<,L->< : >m
‘What we have proved is that each P,, y(f) is orthogonal to the functions

1, t+1, ¢+2)(¢+1), ..., (E+m—1)m—D

but in Problem 4.18, page 27, we saw that the powers 1,¢,¢2,...,tm "1 may be expressed as com-
binations of these, so that P, y(?) is orthogonal to each of these powers as well. Finally, since
P, y(t) is a combination of these powers we find P, y(f) and P, y(t) to be themselves orthogonal.
The first five of these polynomials are

Pow = 1
— 12

PI,N - 1 N
_ .6t 6Btt—1)

Pon = 1= §F TywN=1)

b o g 12t B0KE—1)  206t—1)(=2)

AN = N TNN=1)  NON-D)N—2

Py = 1 20 0D LOKE-D)(E-2) | TOHE— D=2 —3)

- N N(N—1) NN-1DH(N—-2) NN-1)(N-2)(N-3)

21.27. Determine the coefficients ax so that
p(x) = @aoPon(t) + a1Pin(t) + -+ + Qm P, n ()

(with ¢ = (x — x0)/h) will be the least-squares polynomial of degree m for the data
(xt,yt), t= 0,1, .. .,N.

We are to minimize

S =

M=z

lye — agPon(®) — »++ — ap Py n()]2

I

t=0

Setting derivatives relative to the a, equal to zero, we have

N
08/9a; = —2 F e — aPon(t) = = an Py Pen(®) = 0
t=
for k=0,1,...,m But by the orthogonality property most terms here are zero, only two
contributing. . ‘
t§0 [y — a P, n(@®)] Pi,n(®) = 0

Solving for g, we find
Ye Pr,n (8

.,
o il
=] oM =

PE n(t)
0
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This is one advantage of the orthogonal functions. The coefficients a; are uncoupled, each appearing
in a single normal equation. Substituting the a, into p(x), we have the least-squares polynomial.

The same result follows directly from the general theorem of Problems 21.7 and 21.8. Identify-
ing E, S, y, (v;,v2) and ||v|| exactly as before, we now take wu, = Py n(f) so that the orthogonal
projection is still » = agug + +-+ + a,u,. The kth normal equation is (uy,w,)a, = (¥, ;) and
leads to the expression for g, already found. Our general theory now also guarantees that we
have actually minimized S, and that our p(x) is the unique solution. An argument using second
derivatives could also establish this but is not now necessary.

Show that the minimum value of S takes the form Eyt > Wl  where
k=0

EP

Expansion of the sum brings

N N m N m
S = - 2 2 @ Pyt + 2 3 0Py () P y(t)
t=0 t=0 k=0 t=0 j,k=0
m
The second term on the right equals —2 kED a (Wia,) = —2 kEo Wia?. The last term vanishes by
m

the orthogonality except when j =k, in which case it becomes 3 Wya2. Putting the pieces back
together k=0 *

— 2
Smin - y% - E Wk Oy

Notice what happens to the minimum of S as the degree m of the approximating polynomial is
increased. Since S is non-negative, the first sum in S, clearly dominates the second. But the
second increases with m, steadily diminishing the error. When m = N we know by our earlier
work that a collocation polynomial exists, equal to y, at each argument t=0,1,...,N. This re-
duces S to zero.

Apply the orthogonal functions algorithm to find a least-squares polynomial of degree
three for the following data.

x; 0 1 2 3 4 5 6 7 8 9 10
Yi 1.22 1.41 1.38 1.42 1.48 1.68 1.84 1.79 2.03 2.04 2.17

x; 11 12 13 14 15 16 17 18 19 20
Y; 2.36 2.30 2.57 2.52 2.85 2.93 3.03 3.07 3.31 3.48

The coefficients a; are computed directly by the formula of the preceding problem. For hand
computing, tables of the W, and Py y(t) exist and should be used. Although we have “inside in-
formation” that degree three is called for, it is instructive to go slightly further. Up through
m=5 we find ¢,=22276, a; = —1.1099, a, =.1133, a; = .0119, e, = .0283, a5 = —.0038; and
with « = ¢,

pl@) = 22276 — 11099 Pyyy + 1133 Pygy + 0119 Pyog + .0283 P,y — 0038 Py

By the nature of orthogonal function expansions we obtain least-squares approximations of various
degrees by truncation of this result. The values of such polynomials from degree one to degree five
are given in Table 21.2 below, along with the original data. The final column lists the values of
y(z) = (x + 50)3/105 from which the data were obtained by adding random errors of size up to .10.
Our goal has been to recover this cubic, eliminating as much error as we can by least-squares
smoothing. Without prior knowledge that a cubic polynomial was our target, there would be some
difficulty in choosing our approximation. Fortunately the results do not disagree violently after
the linear approximation. A computation of the RMS errors shows that the quadratic has, in this
case, outperformed the cubic approximation.

Raw

Degree 1 2 3 4 5 data

RMS error .060 .014 016 .023 023 069
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Given Correct
x data 1 2 3 4 5 results
0 1.22 1.12 1.231 1.243 1.27 1.27 1.250
1 1.41 1.23 1.308 1.313 1.31 1.31 1.327
2 1.38 1.34 1.389 1.388 1.37 1.38 1.406
3 1.42 1.45 1.473 1.469 1.45 1.45 1.489
4 1.48 1.56 1.561 1.554 1.54 1.54 1.575
5 1.58 1.67 1.652 1.645 1.63 1.63 1.663
6 1.84 1.78 1.747 1.740 1.74 1.73 1.756
7 1.79 1.89 1.845 1.840 1.84 1.84 1.852
8 2.03 2.01 1.947 1.943 1.95 1.95 1.951
9 2,04 2.12 2.053 2.051 2.07 2.07 2.054
10 2,17 2.23 2.162 2.162 2.18 2.18 2.160
11 2.36 2.34 2,275 2.277 2.29 2.29 2.270
12 2.30 2.45 2.391 2.395 2.41 2.41 2.383
13 2.57 2.56 2.511 2.517 2.52 2.52 2.500
14 2.52 2.67 2.635 2.642 2.64 2.64 2.621
15 2.85 2.78 2.762 2,769 2.76 2.76 2.746
16 2.93 2.89 2.892 2.899 2.88 2.88 2.875
17 3.03 3.00 3.027 3.031 3.01 3.01 3.008
18 3.07 3.12 3.164 3.165 3.15 3.15 3.144
19 3.31 3.23 3.306 3.301 3.30 3.30 3.285
20 3.48 3.34 3.451 3.439 3.47 3.47 3.430

Table 21.2

CONTINUOUS DATA, THE LEAST-SQUARES POLYNOMIAL
21.30. Determine the coefficients a; so that

I = f_ 11 y(x) — aoPo(x) — a1 Py(x) — - -+ — & Pm(@)]?da

will be a minimum, the function P, (x) being the kth Legendre polynomial.

Here it is not a sum of squares which is to be minimized but an integral, and the data are no
longer discrete values y; but a function y(x) of the continuous argument x. The use of the Legendre
polynomials is very convenient., As in the previous section it will reduce the normal equations,
which determine the ay, to a very simple set. And since any polynomial can be expressed as a com-
bination of Legendre polynomials, we are actually solving the problem of least square polynomial
approximation for continuous data. Setting the usual derivatives to zero, we have

1
al/oay, = —2 f ly(z) — agPy(x) — =+ * — @ Pp(®)] Ppiz) da = 0
-1
for k=0,1,...,m. By the orthogonality of these polynomials, these equations simplify at once to

1
f [y(x) — ap P (®)] Pp(x) de = 0

-1

Each equation involves only one of the a; so that
1
f y(w) Py (w) dw
-1
1
f P2(x) dx
-1
Here again it is true that our problem is a special case of Problems 21.7 and 21.8, with these

identifications:
E : the space of real-valued functions on —1 =g =1

ap =

1
- ———Zkglf_ly(x)Pk(m de

S: polynomials of degree m or less

y : the data function y(x)

L
(vq,v9) :  the scalar product f v(x) volw) d
-1
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|lo|| :  the norm Jq [v()]2 da

Uy : Pk (x)
P agPo(e) + - + apP ()
a/k . (y; uk)/(uk: uk)

These problems therefore guarantee that our solution p(x) is unique and does minimize the integral I.

21.31. Find the least-squares approximation to y(f) = ¢* on the interval (0,1) by a straight
line.
Here we are approximating a parabolic arc by a line segment. First let ¢ = (x +1)/2 to obtain

the interval (—1,1) in the argument x. This makes y = (¢ + 1)2/4. Since Py(x) =1 and P,(x) = =z,
the coefficients a4 and a, are

1 3 (1 1

= = = 2 = = = = = 2 = =

ay 2f_14(ac+1) dx 37 a, 2f_14(x+1) x dx 9

and the least-squares line is y = L Py(2) + L Py(w) = L+ 4o = ¢t — .

Both the parabolic arc and the line are shown in Fig. 21-8. The difference between y values on

the line and parabola is t2 — ¢t + 1, and this takes extreme values at ¢t =0, 1/2 and 1 of amounts

1/6, —1/12 and 1/6. The error made in substituting the line for the parabola is therefore slightly
greater at the ends than at the center of the interval. This error can be expressed as

1 s 1 1 - 1
F@+12 = 3Py — 3Pi@) = Py
and the shape of P,(x) corroborates this error behavior.
y Y
V. N
Y \\
/
/ N
V,
t 7 t
/ { ’ w/2 r
Fig. 21-3 Fig. 21-4

21.32. Find the least-squares approximation to y(f) =sin?¢ on the interval (0,=) by a
parabola.

Let t = r(x+ 1)/2 to obtain the interval (—1,1) in the argument . Then y = sin [z(x + 1)/2].
The coeflicients are :

1
0 = %f sin [r(x + 1)/2] dw = =
—1
3 (!
ay = Ef sin [7(x +1)/2] xdx = 0
-1
5 (" 1 10 12
ay = EJ‘_lsm[n—(x%—l)/Z]5(3x2—1)doc = ;—(1—;3>

so that the parabola is

_ 2,10/, 12\l , _ 2_ 10/ 12\[6 _z>2_l
y_#+7r<1 7r>(3 )—1r+77'1 72 7th 2 2

The parabola and sine curve are shown in Fig. 21-4, with slight distortions to better emphasize the
over and under nature of the approximation.
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21.33.

21.34.

What are the “shifted Legendre polynomials™?

These result from a change of argument which converts the interval (—1,1) into (0,1). Let
t = (1—x)/2 to effect this change. The familiar Legendre polynomials in the argument x then
become
Py =1 Py, = L1(8x2~1) = 1 — 6t + 682

P, = a2 =1—2t Py = 1(bx3—3z) = 1— 12t + 3042 — 2013

and so on. These polynomials are orthogonal over (0,1) and we could have used them as the basis

of our least-squares analysis of continuous data in place of the standard Legendre polynomials.
With this change of argument the integrals involved in our formulas for coefficients become

1 1
1
2 = =
fo Pa)dt = g, = (2k+D) fo y(®) Pi(0) dt
The argument change ¢ = (x-+1)/2 might also have been used, altering the sign of each odd
degree polynomial, but the device used leads to a close analogy with the orthogonal polynomials for
the discrete case developed in Problem 21.26.

Suppose that an experiment 5 -
. 7y

produces the curve shown in

Fig. 21-5. 1t is known or sus- 4

pected that the curve should be
a straight line. Show that the
least-squares line is approxi-
mately given by y = .21f+4 .11,
which is shown dotted in the
diagram.

Instead of reducing the interval
to (—1,1) we work directly with the T T T | T T T T T t
argument ¢ and the shifted Legendre
polynomials. Two coefficients are
needed, Fig. 21-5

1 1
ay = f y(t) dt, a, = 31(; y(ty (1 —2¢) dt

0

Since y(t) is not available in analytic form, these integrals must be evaluated by approximate
methods. Reading from the diagram, we may estimate y values as follows.

t 0 1 2 .3 4 5 .6 7 8 9 1.0

Y .10 17 13 ‘ 15 .23 .25 .21 22 .25 .29 .36

Applying Simpson’s rule now makes aq ~ .214 and @; ~ —105. The resulting line is
y = .214 — 105(1—2¢t) = .21t + .11

and this appears in Fig. 21-5. An alternative treatment of this problem could involve applying the
methods for discrete data to the y values read from the diagram.

CONTINUOUS DATA, A GENERALIZED TREATMENT

21.35.

Develop the least-square polynomial in terms of a set of orthogénal polynomials on
the interval (a, b) with non-negative weight function w(z).

The details are very similar to those of earlier derivations. We are to minimize
b
1 = f w(x) [y(x) - aOQO(x) -t aQO(x)]Z dux
a

by choice of the coefficients a,, where the functions @, (x) satisfy the orthogonality condition
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21.36.

21.37.

21.38.

21.39.

21.40.
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b
f v Q@ e@dz = o

for j s k. Without stopping for the duplicate argument involving derivatives, we appeal at once
to Problems 21.7 and 21.8, with the scalar product

b
(vy,v9) = f w(x) vi(x) volx) do

a

b
f w(x) y(x) Q () dx

and other obvious identifications, and find ¢, = -2 . With these a; the least-

b
§ v @i ax

squares polynomial is p(x) = a¢ Qy(x) + -+ + @,Q(%).

What is the importance of the fact that ar does not depend upon m?

This means that the degree of the approximation polynomial does not have to be chosen at the
start of a computation. The ¢, may be computed successively and the decision of how many terms
to use can be based on the magnitudes of the computed ¢;. In non-orthogonal developments a change
of degree will usually require that all coefficients be recomputed.

Show that the minimum value of I can be expressed in the form
b
f w(x) y¥z) dx — E Wi di where Wi = f w(x) Qk (x) da
Explicitly writing out the integral makes
b m b m b
f w(z) y2x) de — 2 f w(x) y(x) o Qulx) do + 3 f w(@) o, Q;(%) Qu(x) dx
a k=0 J, k=04,

m m
The second term on the right equals —2 2 a (Weap) = —2 2 Wi ai The last term vanishes by

the orthogonality except when j =k, m which case it becomes 2 Wi ai Putting the pieces back
together, I, ;. f w(x) y2(x) de — E W, ai.

m b
Prove Bessel’s inequality, > W.ai = f w(x) y>(x) da.
k=0 a

Assuming w(x) = 0, it follows that I =0 so that Bessel’s inequality is an immediate con-
sequence of the preceding problem,

o0
Prove the series > Wiai to be convergent.
k=0
It is a series of positive terms with partial sums bounded above by the integral in Bessel’s
inequality. This guarantees convergence. Of course, it is assumed all along that the integrals
appearing in our analysis exist, in other words that we are dealing with functions which are in-
tegrable on the interval (a, b).

Is it true that as m tends to infinity the value of I tends to zero?

With the families of orthogonal functions ordinarily used, the answer is yes. The process is
called convergence in the mean and the set of orthogonal functions is called complete. The details
of proof are more extensive than will be attempted here.
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APPROXIMATION WITH CHEBYSHEV POLYNOMIALS
21.41. The Chebyshev polynomials are defined for —1 =2z =1 by T.(x) = cos(n arccos x).
Find the first few such polynomials directly from this definition.
For n =0 and 1 we have at once Ty{x) =1, Ty(x) = 2. Let A = arccosx. Then
To(x) = cos24 = 2cos?2d4d —1 = 222 — 1
Tg(x) = cosB34A = 4cos3A — ScosAd = 43 — 3z, ete.

21.42. Prove the recursion relation Tn+i(2) = 22 Ta(x) — Tr-1().

The trigonometric relationship cos(n+ 1)4A + cos (n —1)A = 2 cos A cosnA translates directly
into T,4y(x) + Tp_y(x) = 22 T, ().

21.43. Use the recursion to produce the next few Chebyshev polynomials.
Beginning with n = 3,
Ty(x) = 20(423—3x) — (222 —1) = 8zt —8x2+ 1
Ts(x) = 2x(8xt—8x2+4 1) — (4x3 — 3x) = 165 — 2003 + 51
Te(x) = 2x(16a5 — 20x3 + 5x) — (St — 8x2+ 1) = 32x6 — 48x% + 1842 — 1
T;(x) = 2x(3226 — 48x* + 1822 — 1) — (1625 — 2023 + 5x) — 64x7 — 1125 + 5643 — Tw,  etc.

)T ( ) 0 m+*n

(x x

21.44. Prove the orthogonality property f = s7/2 m=n+=0.
V1-—a?

T m=n=0
Let x = cosA as before. The above integral becomes

" _ sin (m +n)A | sin (m —n)A7"
J; (cos mA)(cosnA)dA = [ 2m ) + 2(m —n) ]0 0
for m#=n If m =n =0, the result » is immediate. If m = n * 0, the integral is
T . kg
f cos?nd dA = [%(%M—é + A >:| = z/2
0 [}
21.45. Express the powers of x in terms of Chebyshev polynomials.
We find 1 =T, wt = L(8Ty+4Ty+ Ty
x =T, @ = (10T, + 5T+ T;)
w2 = A(Ty+ Ty) a8 = (10T, + 15T, + 6T, + T)
@ = 13T+ Ty @7 = L(35Ty + 21T+ TT5+ Ty)
and so on. Clearly the process may be continued to any power.
21.46. Find the least-squares polynomial which minimizes the integral
f 2) — a0 To(@) — -+ - — am T (%)) dx
1y1— a2
By results of the previous section the coefficients a; are
1
w(zx) y(x) Ty (x) da
o f_l @) V) T de 2f v 1)
. = =
1 w/ — x?
f w(w) T2 () dz l1-2
except for a; which is =1 f y(=) — Y gx. The least-squares polynomial is  apTo(x) +

ot 8T (). V1— a2
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21.48.

21.49.
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Show that T.(x) has n zeros inside the interval (—1,1) and none outside. What is
the “equal ripple” property?

Since T,(x) = cosns, with  =cos9 and —1 =x =1, we may require 0 = ¢ = without
loss. Actually this makes the relationship between ¢ and » more precise. Clearly T, (x) is zero for
6 = (2t + 1)»/2n, or

1

z; = cos (2 + 1)z/2n], 1=0,1,...,n—1

These are n distinet arguments between —1 and 1. Since T, (x) has only = zeros, there can be none
outside the interval. Being equal to a cosine in the interval (—1,1), the polynomial T,(x) cannot
exceed one in magnitude there. It reaches this maximum size at n+ 1 arguments, including the

endpoints.
T x) = (=1} at 2« =-cosir/n, 1=20,1,...,n

This oscillation between extreme values of equal magnitude is known as the equal ripple property.
This property is illustrated in Fig. 21-6 which shows Ty (x), T5(x), T4(x) and T5(x).

In what way does the equal ripple property make the least-squares approximation
y@) ~ aoTo(x) + - + anTw(x)
superior to similar approximations using other polynomials in place of the T« (x)?

Suppose we assume that, for the y(x) concerned, the series obtained by letting m tend to infinity
converges to y(x), and also that it converges quickly enough so that

y(@) — agTo@) — - — anTp@) ~ apy1Thyq()

In other words, the error made in truncating the series is essentially the first omitted term. Since
T,.+1(x) has the equal ripple property, the error of our approximation will fluctuate between a,,
and —a,,.; across the entire interval (—1,1). The error will not be essentially greater over one
part of the interval compared with another. This error uniformity may be viewed as a reward for

accepting the unpleasant weighting factor 1/y/1— 2 in the integrals.

Find the least-squares line for y(t) =#*> over the interval (0,1) using the weight

function 1/v/1 — 2.

The change of argument ¢ = (x + 1)/2 converts the interval to (—1,1) in the argument «, and
makes ¢ = 1(x%2+2x+1). If we note first the elementary result

T p=20

1 xp T 0 p:]_
f ¥ ge = f (cos Ay d4 =

—1V1— a2 0 2 p=2

0 p=3

then the coefficient @, becomes (see Problem 21.46) @y = 1(3+0+1)=§; and since y(x) T(x)

is $(#®+ 242+ ), we have o, =4(0+2+0) = 4. The least-squares polynomial is therefore,

BTo(x) + 1 Ty(x) = § + 4o
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21.50.

There is a second and much briefer path to this result, Using the results in Problem 21.45,
yw) = 1ATo+1T,+2T7,+Ty) = §To+ 31T, + 7T,

Truncating this after the linear terms, we have at

once the result just found. Moreover we see that the Y
error is, in the case of this quadratic y(x), precisely
the equal ripple function T,(x)/8. This is, of course,
a consequence of the series of Chebyshev polynomials
terminating with this term. For most functions the
error will only be approximately the first omitted
term, and therefore only approximately an equal rip-
ple error. Comparing the extreme errors here
(1/8, —1/8, 1/8) with those in Problem 21.31 which
were (1/6, —1/12, 1/6), we see that the present ap-

proximation sacrifices some accuracy in the center for /
improved accuracy at the extremes plus the equal rip-
ple feature. Both lines are shown in Fig. 21-7. Fig. 21-7

—

Find a cubic approximation in terms of Chebyshev polynomials for y(z) = sinz.

The integrals which must be computed to obtain the coefficients of the least-squares polynomial
with weight function w(x) = 1/y1— 2 are too complicated in this case. Instead we will illustrate
the process of economization of polynomials. Beginning with

; ~ gLy 1 s
sin « - 5% + 120 %
we replace the powers of z by their equivalents in terms of Chebyshev polynomials, using Problem
21.45.
1 169 5 1

1920(10T1-{—5T3-§-T5) = ===T, — 1—2§T3 + 1920

192 Ts

sinz ~ T, — 5111(3T1+ Ty +

The coefficients here are not exactly the a; of Problem 21.46 since higher powers of # from the sine
series would make further contributions to the T, T3 and Ty terms. But those contributions would
be relatively small, particularly for the early T, terms. For example, the x5 term has altered the
T, term by less than one per cent, and the x7 term would alter it by less than .01 per cent. In con-
trast the x5 term has altered the T'; term by about six per cent, though «7 will contribute only about
.02 per cent more. This suggests that truncating our expansion will give us a close approximation
to the least-squares cubic. Accordingly we take for our approximation

. 169, b
sinx ~ T, 123

~ — 3
192 Ty 9974% 1562

The accuracy of this approximation may

be estimated by noting that we have 002
made two “fruncation errors”, first by
using only three terms of the power
series for sinx and second in dropping
T5. Both affect the fourth decimal place.
Naturally, greater accuracy is avail-
able if we seek a least-squares polyno- /‘\ P;:fggt
mial of higher degree, but even the one . / ,

we have has accuracy comparable to = / \/ 1

that of the fifth degree Taylor polyno-
mial with which we began. The errors
of our present cubic and the Taylor
cubic, obtained by dropping the x5 term,
are compared in Fig. 21-8. The Taylor
cubic is superior near zero but the
almost-equal-error property of the (al-
most) least-squares polynomial is evi-
dent and should be compared with T (). Fig. 21-8

Taylor error

L0014
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21.52.

21.53.

21.54.
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Prove that for m and » less than N,

et 0 m+n
Zo Tu(z)Tu(x) = {N/2 m=n+#0
N m=n=0

where ; = cos A; = cos [(2{ +1)x/2N], ¢=10,1,...,N—1.

From the trigonometric definition of the Chebyshev polynomials, we find directly
N—-1 N—1 1 N—1
.20 To() To(x) = 120 cosmd; cosnd; = 3 S [eos (m + n)A; + cos (m — n)A}]
i= = i=0

Since cosai = (4 sin Ja)[A sin a({—})] both cosine sums may be telescoped. It is simpler, how-
ever, to note that except when m +n or m —n is zero each sum vanishes by symmetry, the angles
A, being equally spaced between 0 and ». This already proves the result for msn. If m=n+0
the second sum contributes N/2, while if m =% =0 both sums together total N. It should be
noticed that the Chebyshev polynomials are orthogonal under summation as well as under integra-
tion. This is often a substantial advantage, since sums are far easier to compute than integrals of
complicated functions, particularly when the factor V1 — x2 appears in the latter but not in the
former.

>

What choice of coefficients a, will minimize

S (@) — aTo(@) — -+ = anTu(@)]?

Ty
where the x; are the arguments of the preceding problem?
With proper identifications it follows directly from Problems 21.7 and 21.8 that the orthogonal

Syl Ty (@)
projection p = a7y + --+ + a,,T,, determined by a, = 21— provides the minimum.
= [Ty ()]
7
Using Problem 21.51 the coefficients are
1 2 .
a = 5 ;;;(wi), W = zEy(:r:i) Ty(x), +=1,...,m

For m = N—1 we have the collocation polynomial for the N points (;, y(x;)) and the minimum
sum is zero.

Find the least-squares line for y(f) =1? over (0,1) by the method of Problem 21.52,

We have already found a line which minimizes the integral of Problem 21.46. To minimize the
sum of Problem 21.52, choose t = (x+ 1)/2 as before. Suppose we use only two points, so that

N = 2. These points will have to be x; = cosz/4 = 1/V/2 and 2y = cos 37/4 = —1/v/2. Then
ap = L[3B+2V2) + 33 -2V2)] = %
a; = 3B+2V2)1NV2) + (68 -2V2)(-1V2) = &

and the line is given by p(x) = 3Ty + 4T, = & + 1«. This is the same line as before, and using
a larger N would reproduce it again. The explanation of this is simply that y itself can be rep-
resented in the form y = a¢Ty + a,Ty + 2,7, and, since the T, are orthogonal relative to both
integration and summation, the least-squares line in either sense is also available by truncation.
(See the last paragraph of Problem 21.8.)

Find least-squares lines for y(x) = 2® over (—1,1) by minimizing the sum of Problem
21.52.

In this problem the line we get will depend somewhat upon the number of points we use. First
take N =2, which means that we use «, = —z; = 1/V/2 as before. Then

_ 3, .8y _ _ 44
ay = g+ 1) =0, a = t+ay; =3
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21.55.

21.56.

Choosing N =3 we find «, = V3/2, », =0, x5 = —V3/2. This makes
a = F6i+aitad) =0, a = Feiteltay) =3

Taking the general case of N points, we have x; = cosA; and
1 N2t
@ = ¥ 0cosi"Ai = 0

i=

by the symmetry of the 4; in the first and second quadrants. Also,

g N-1 g N-1
a = § igo costA; = ¥ i§0 (3 + 1 cos24; + 1 cosd4))
Since the A; are the angles #/2N, 8#/2N, ..., (82N —1)7/2N, the doubled angles are «/N,
87/N, ..., (2N —1)z/N and these are symmetrically spaced around the entire circle. The sum of

the cos 24, is therefore zero. Except when N =2, the sum of the cos 44; will also be zero so that
a; = 3/4, for N =2. For N tending to infinity we thus have trivial convergence to the line
plx) = 8T /4 = 3x/4.

If we adopt the minimum integral approach, then we find
1 1
% = %f @/VI—a?)de = 0, @ = %f (@/VI—a?)de = 3/4
-1 -1

which leads to the same line.

The present example may serve as further elementary illustration of the Problem 11.52
algorithm, but the result is more easily found and understood by noting that y = a3 = 27, + LT,
and once again appealing to the corollary in Problem 21.8 to obtain 37T,/4 or 3x/4 by truncation.
The truncation process fails for N = 2 since then the polynomials Ty, Ty, Ty, T3 are not orthogonal.
(See Problem 21.51.)

Find least-squares lines for y(x) = |¢| over (—1,1) by minimizing the sum of Problem
21.52.
With N =2 we quickly find ey = 1/V2, ¢; = 0. With N =3 the results ay=1/V/3,a, =0
are just as easy. For arbitrary N,
N~1 I

2
a = i§0 lcos A} = N iEo cos A;

]

where I is (N — 3)/2 for odd N, and (N — 2)/2 for even N. This trigonometric sum may be evaluated
. . sin {=(I + 1)/N]
by telescoping or otherwise, with the result o, = m
It is a further consequence of symmetry that a; =0 for all N. For N tending to infinity it
now follows that

lima, = lim /(N sin#/2N) = 2/=
As more and more points are used, the
limiting line is approached. Turning to the 14
minimum integral approach, we of course
anticipate this same line. The computation e N——— N=2
produces (BN, N S 7 S, N=3

it

Qg

1
: f_l (#/VI=a?)de = 2/x

1
@ = %f_l(x]xI/VI—xz)dm = 0 ~1 1

and so we are not disappointed. The limit- )
ing line is the solid line in Fig. 21-9. Fig. 21-9

Apply the method of the previous problems to the experimentally produced curve of
Fig. 21-5, page 253.

For such a function, of unknown analytic character, any of our methods must involve dis-
cretization at some point. We have already chosen one discrete set of values of the function for use
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21.58,

21.59.

21.60.

21.61.

21.62.

21.63.
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in Simpson’s rule, thus maintaining at least in spirit the idea of minimizing an integral. We
could have used the same equidistant set of arguments and minimized a sum. With the idea of
obtaining a more nearly equal-ripple error, however, we now choose the arguments x;, = cosA; =
2¢;—1 instead. With eleven points, the number used earlier, the arguments, ;= cosd; =
cos [(2¢+1)7/22] and corresponding ¢; as well as y; values read from the curve are as follows.

; 99 91 .75 .54 .28 .00 —28 —-54 -7 -—91 —.99

t 1.00 .96 .88 7 .64 .50 .36 .23 12 .04 .00

Ys .36 .33 .28 24 21 25 20 A2 a7 13 10

The coefficients become

1 2 -
ay = 17 2y; ~ 22, ay = jgeay; ~ W11

making the line p(x) = 22 + .11x = .22¢ + .11 which is almost indistinguishable from the earlier
result. The data inaccuracies have not warranted the extra sophistication.

Supplementary Problems

The average scores reported by golfers of various handicaps on a par-four hole were as follows.

Handicap 6 8 10 12 14 16 18 20 22 24

Average 4.6 4.8 4.6 4.9 5.0 5.4 5.1 5.5 5.6 6.0

Find the least-squares line for this data.
Use the least-squares line of the preceding problem to smooth the reported data.
Estimate the rate at which the average score increases per unit handicap.

Find the least-squares parabola for the data of Problem 21.57. Does it differ noticeably from the
line just found?

When the «; and y; are both subject to errors of about the same size, it has been argued that the
sum of squares of perpendicular distances to a line should be minimized, rather than the sum of
squares of vertical distances. Show that this requires minimizing
1 N
— L — L — 2
Then find the normal equations and show that M is determined by a quadratic equation.

Apply the method of the preceding problem to the data of Problem 21.57. Does the new line differ
very much from the line found in that problem?

Find the least-squares line for the three points (g, ¥o), (*¥1,%1) and (¥, ¥s) by the method of Problem
21.1, page 239. What is true of the signs of the three numbers y(x;) —y;?
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21.64.

21.65.

21.66.

21.67.

21.68.

21.69.

21.70.

21.71.

21.72.

21.73.

21.74.

21.75.

x; 2.2 2.7 3.5 4.1
Show that for the data

P, | 66 60 53 50

the introduction of y = log P and computation of the least-squares line for the (x;, y;) data pairs
leads eventually to P = 91.9x —434,

x; 1 2 3 4

(3

Find a function of type P = AeM* for the data

P,| 60 3 20 15

Show that the least-squares parabola for seven points leads to the smoothing formula
y(@) ~ yx — gr(98%y, + 25%;)

by following the procedures of Problems 21.12 and 21.13.

Apply the preceding formula to smooth the center four y; values of Table 21.1, page 244. Compare
with the correct roots and note whether or not this formula yields better results than the five point

formula.

Use the seven point parabola to derive the approximate differentiation formula
1

y(xy) ~ m(_&/kﬂ% = 2Yg o — Y1 T Yr+1 T 20k 12+ BUk+3)

Apply the preceding formula to estimate y'(x) for x =4,5,6 and 7 from the y; values of Table
21.1, page 244, How do the results compare with those obtained by the five point parabola? (See

Problem 21.19.)

The following are values of y(x) = %2 with random errors of from —.10 to .10 added. (Errors were
obtained by drawing cards from an ordinary pack with face cards removed, black meaning plus
and red minus.) The correct values T; are also included.

x; 1.0 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2.0

Y .98 1.23 1.40 1.72 1.86 2.17 2.55 2.82 3.28 3.54 3.92

T; 1.00 1.21 1.44 1.69 1.96 2.25 2.56 2.89 3.24 3.61 4.00

Apply the smoothing formulas of Problems 21.18 and 21.15. Compare the RMS errors of the original
and smoothed values.

Apply the differentiation formula of Problem 21.18, page 245, for the center seven arguments.
Also apply the formula obtained from Stirling’s polynomial (see Problem 21.19). Which produces
better approximations to %’(x) = 20? Note that in this example the “true” function is actually a
parabola, so that except for the random errors which were introduced we would have exact results.
Has the least-squares parabola penetrated through the errors to any extent and produced informa-

tion about the true y'(x)?
What is the least-squares parabola for the data of Problem 21.70? Compare it with y(z) = 2.

Use the formulas of Problem 21.20 to estimate y'(x) near the ends of the data supply given in
Problem 21.70.

Estimate y"/(z) from your computed y'(x) values.

The following are values of sin x with random errors of —.10 to .10 added. Find the least-squares
parabola and use it to compute smoothed values. Also apply the method of Problem 21.13, page 244,
which uses a different least-squares parabola for each point, to smooth the data. Which works

best?

x 0 2 4 .6 8 1.0 1.2 14 1.6

sin x —.09 13 44 .57 .64 .82 97 .98 1.04
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A simple and ancient smoothing procedure, which still finds use, is the method of moving averages.
In this method each value y, is replaced by the average of itself and nearby neighbors. For example,
if two neighbors on each side are used, the formula is

P = %(yi—z F Yic1 T Ut Y1t Yise)
where p; is the smoothed substitute for ;. Apply this to the data of the preceding problem. Devise
a method for smoothing the end values for which two neighbors are not available on one side.

Apply the method of moving averages, using only one neighbor on each side, to the data of Problem
21.75. The formula for interior arguments will be

v = SWi-1 + v Y0
Devise a formula for smoothing the end values.

Apply the formula of the preceding problem to the values y(x) = #3 below, obtaining the p; values
listed.

@ o 1 2 3 4 5 & 7
y=a] 0 1 8 27 64 125 216 343
»; 3 12 33 72 135 228

Show that these p; values belong to a different cubic function. Apply the moving average formula
to the p; values to obtain a second generation of smoothed values. Can you tell what happens as
successive generations are computed, assuming that the supply of y; values is augmented at both
ends indefinitely?

Apply the method of moving averages to smooth the oscillating data below.

x; 0 1 2 3 4 5 6 7 8

v { 0 1 0 -1 0 1 0 -1 o

‘What happens if higher generations of smooth values are computed endlessly? It is easy to see
that excessive smoothing can entirely alter the character of a data supply.

Use orthogonal polynomials to find the same least-squares line found in Problem 21.2.
Use orthogonal polynomials to find the same least-squares parabola found in Problem 21.10.

Use orthogonal polynomials to find the least-squares polynomial of degree four for the square root
data of Problem 21.14, page 244. Use this single polynomial to smooth the data. Compute the RMS
error of the smoothed values. Compare with those given in Problem 21.17.

The following are values of ¢* with random errors of from —.10 to .10 added. Use orthogonal
polynomials to find the least-squares cubic. How accurate is this cubic?

x 0 1 2 .3 4 .5 .6 N .8 9 .10

y 92 1.15 1.22 1.44 1.44 1.66 1.79 1.98 2.32 2.51 2.81

The following are values of the Bessel function Jy(x) with random errors of from —.010 to .010
added. Use orthogonal polynomials to find a least-squares approximation. Choose the degree you
feel appropriate. Then smooth the data and compare with the correct results which are also provided.

x 0 1 2 3 4 5 6 7 8 9 10

y(a) 994 761 225 —.253 —.400 —.170 161 ~.301 177 —.094 —.240

Correct 1.00 165 224 —260 —.397 ~—.178 151 .300 172 —.090 —.246
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21.85.

21.86.

21.87.

21.88.

21.89.

21.90.

21.91.

21.92.

21.93.

21.94.

21.95.

21.96.

21.97.

21.98.

21.99.

21.100.

Find the least-squares line for y(x) = z2 on the interval (—1,1).

Find the least-squares line for y(x) = #3 on the interval (—1,1).

Find the least-squares parabola for y(z) = k]
23 on the interval (—1,1). 6

Find approximately the least-squares pa- 4+
rabola for the function in Fig. 21-10, evalu- )

ating the integrals by Simpson’s rule. This
curve should be imagined to be an experi-
mental result which theory claims ought to -1

have been a parabola. Fig. 21-10

Show that the Chebyshev series for arcsin  is
arcsin x = fg(Tl + 175 + ZisT5 + 4—19T7 + -0
T

by evaluating the coefficient integrals directly. Truncate after T3 to obtain the least-squares cubic
for this function. Compute the actual error of this cubic and compare with the first omitted term
(the T5 term). Notice the (almost) equal-ripple behavior of the error.

Find the least-squares line for y(x) = 22 on the interval (—1,1) with weight function w(x) =
1/V1 — 22. Compare this line with the one found in Problem 21.85. Which one has the equal-ripple
property?

Find the least-squares parabola for w(x) =2 on the interval (—1,1) with weight function
wlx) = 1/7/1 — %2. Compare this with the parabola found in Problem 21.87.

Represent y{x) = e~ by terms of its power series through «?. The error will be in the fifth
decimal place for x near one. Rearrange the sum into Chebyshev polynomials. How many terms
can then be dropped without seriously affecting the fourth decimal place? Rearrange the truncated
polynomial into standard form. (This is another example of economization of a polynomial.)

Show that for y(z) = T,(x) = cos (n arccos «) = cos nA it follows that y'(x) = (n sin nA)/(sin A).
Then show that (1—x%)y” — axy’ + n2y = 0, which is the classical differential equation of the

Chebyshev polynomials.

Show that S,(x) = sin (n arccos x) also satisfies the differential equation of Problem 21.93.

Let U,(x) = Sn(oo)/\/f—_oc2 and prove the recursion Up,y((x) = 22U, (x) — U,_;(%).

Verify that Ug(x)=0, Uyj(x)=1 and then apply the recursion to verify Uy(x) = 2, Us(x) =
422—1, Uy(x) = 828 —4x, Us(x) = 16z%—12x2+1, Ugle) = 3225 — 322 + 6z, U,(x) = 64x8—

804 + 2422 — 1.

Prove Tpin(®) + Topn(®) = 2T, (2) T,(x) and then put m =n to obtain
Ton(®) = 2Th(x) — 1

Use the result of Problern 21.97 to find Tg, Ty and Tgo.
1

n—2
Toner = 2@+ D)(Tyy+ Top_o+ -+ Ty +1, Thy = 2@n)(Top—1+ Topgt+ -+ +T9)

Prove %T;L = 2T,_{+- T!_, and then deduce

Prove T2n+1 - x(szn — 2T2n-";2 + 2T2n_4 + e = To)-
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21.101.

21.102.

21.103.

21.104.

21.105.

21.106.

21.107.
21.108.

21.109.

21.110.
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Economize the result In(1+a) ~ « — 4«2 + }o3 — 1wt + la5 by rearranging into Chebyshev
polynomials and then retaining only the gquadratic terms. Show that the final result In(14+z) ~
o+ %x — 222 has about the same accuracy as the fourth degree part of the original approximation.

Economize the polynomial y(v) = 1+ @ + {22 + Lo + Lot first representing it as a combina-
tion of Chebyshev polynomials, then truncating to two terms. Compare the result with 1+« + J«2,
considering both as approximations to ¢¥. Which is the better approximation? In what sense?

Show that the change of argument x = 2¢t— 1, which converts the interval to (0,1) in terms of ¢,
also converts the Chebyshev polynomials into the following, which may be used instead of the
classical polynomials if the interval (0,1) is felt to be more convenient.

Ti) =1, TH(x)=2t—1, Ti(x) =82—8t+1, Ti(x) = 3243 — 4862+ 18t — 1, ete.

Also prove the recursion T, (f) = (4t —2) Ti(t) — T_((%).

Prove: f To(x)de = T, (x), f Ty(x)de = 1T,(x); and for n >1,

1/ Thpy@) Tpoq(=)
fT"(w)d” - §<n+1 - n—1,>

Show that the same line found with N = 2 in Problem 21.53 also appears for arbitrary N.

Use the method of Problem 21.52, page 258, to obtain a least-squares parabola for y(x) = %3 over
(—=1,1) choosing N = 3. Show that the same result is obtained for arbitrary N and also by the
method of minimizing the integral of Problem 21.91.

Find the least-squares parabolas for y(x) = |z| over (—1,1) and for arbitrary N. Also show that
as N tends to infinity this parabola approaches the minimum integral parabola.

Apply the method of Problem 21.52 to the experimental data of Fig. 21-’10, page 263. Use the result
to compute smoothed values of y(x) at = = —1(.2)1.

Smooth the following experimental data by fitting a least-squares polynomial of degree five.

t 0 5 10 15 20 25 30 35 40 45 50

y 0 127 216 .286 344 .387 415 437 451 .460 .466

The following table gives the number y of students who made a grade of # on an examination. To
use these results as a standard norm, smooth the y numbers twice, using the smoothing formula

p = =[-8y, + 12y; + 1Ty, + 12y5 — 3y,

It is assumed that y = 0 for unlisted x values.

x 100 95 90 85 80 75 70 65 60 55 50 45

Y 0 13 69 147 208 195 195 126 130 118 121 85

x 40 35 30 25 20 15 10 5 0

Y 93 75 54 42 30 34 10 8 1

Find the least-squares polynomial of degree two for the following data. Then obtain smoothed values.

x 78 1.56 2.34 3.12 3.81

Y 2.50 1.20 1.12 2.25 4.28
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21.112, Approximate the following data by a least-squares polynomial of degree five. Then use this poly-
nomial to obtain smoothed values.

x 0 .3 .6 9 1.2 1.5 1.8 2.1 2.4 2.7

Y 1.300 1.245 1.095 .855 514 037 —.600 —1.295 -1.767 —1.914

21.113. Approximate y(x) = 4/(2+x) in the interval (2,6) by a least-squares polynomlal of degree five.
Use orthogonal polynomials.

21.114. Given the following data, use orthogonal polynomials to find the best approximation by a least-
squares polynomial. What degree is best?

x 4 .5 .6 q 8 9 1.0

Y —.9435 —.9996 —.9362 —.7284 —.3517 2164 9998

21.115. The following data are obtained from y(x) = 2%+ 323+ 242+ 2+ 5 by adding random errors
of up to five units in the last place. Show that a fourth degree polynomial provides the best least-
squares approximation to the given data and find this polynomial.

x i 2 .3 4 b .6 N .8 9

y | 5.1284 5.3057 55687 5.9378 6.4370 7.0978 7.9493 9.0253 10.3627

21.116. Try to solve the preceding problem without using orthogonal polynomials, solving the normal equa-
tions by elimination. How good a result is obtained?

21.117. Find the least-squares polynomial of degree two for these data:

x -3 —2 —1 0 1 2 3
Y =71 —.01 51 .82 .88 .81 49
21.118. Show that the determinants So Sy ... Skoq
D, = 81 82 Sk
Sg—1 Sk .- So2p—2
are all positive for £k =1,2, ..., N+ 1, the elements s; being defined in Problem 21.6.
Begin by defining the polynomial R Sy ... Sy
S1 So Sk+1
pk(x) D e S S
Se—1 Sk Sak—1
1 x xk

in which the determinant D, accumulates an extra row and column. Multiply the bottom row by

xf and sum over i to obtain for j <k, .
So Sy Sk
N S1 S Sk+1
; 1pk e [ T = 0
Sk—1 Sk S2k—1
8 Sj+1 Si+k
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since the bottom row now duplicates some other row. However, if j =k we obtain
N
_20 of prle) = Dyyy
i=

In a similar way multiply the bottom row of the determinant p.(x) by py(x) itself and sum over i
The result may be called S, and is

S s Sy
N 83 So e Sk+1
— 2 — —
S, = ‘20 PE() = | i = DyDyiq
i=
Sg—1 Sk - Sgk—1
0 0 Dyyy

the entries in the bottom row being the sums computed just previously. Now S, being a sum of
squares, cannot be zero unless pi(x;) =0 for all x;. But this is impossible for k¥ < N+1 unless
the polynomial p,(x) is identically zerc. This fact now allows you to prove each D, positive in its
turn, First note that p,(x) contains the term syx and so is not identically zero. Therefore S; > 0.
But D; =s, >0, and from S; = DD, it follows that D, > 0. Next notice that py(x) contains the
term Dyx2 and so is not identically zero. Therefore S > 0. From S, = D,D3; now deduce D3> 0.
This argument may be continued step by step until you have proved Dy;; > 0. After that the rea-
soning fails since the polynomial py,(x) could vanish at all the x; without being identically zero,
and this prevents the conclusion Sy4; > 0.

Prove that the normal equations of Problem 21.6 have a unique solution, using Problem 21.118.

Prove that the a; determined by the normal equations do actually minimize S, as defined in Problem
21.6.

In addition to the vanishing of first derivatives, a sufficient condition for a minimum of a

function of ay, a4, ..., a, is that all determinants
Sao“o Saoa1 . Saoan
A . Salao Salal alan
n =
Sanao Sanal Sa dn
for » = 0,1, ...,m be positive, Here Sa],ak denotes the partial derivative 82S/(da;da;). But compute
N
82S/(8a] E)ak) = 2 2 xg+k = 23]'+k
i=0
and show that A, = 201D 4y
so that Ay, 4, ..., A,, are positive by Problem 21.6. This proves that you have a relative minimum.

Since the normal equations have only one solution, however, this relative minimum is the absolute
minimum.



Chapter 22

Min-max Polynomial Approximation

DISCRETE DATA

The basic idea of min-max approximation by polynomials may be illustrated for the
case of a discrete data supply @, y: where ¢=1,...,N. Let p(z) be a polynomial of degree
7 or less, and let the amounts by which it misses our data points be h = p(x:) — 4. Let
H be the largest of these “errors”. The min-max polynomial is that particular p(z) for
which H is smallest. Min-max approximation is also called Chebyshev approximation. The
principal results are as follows.

1. The existence and uniqueness of the min-max polynomial for any given value of n may
be proved by the exchange method described below. The details will be provided for the
case n =1 only.

2. The equal-error property is the identifying feature of a min-max polynomial. Calling
this polynomial P(z), and the maximum error
E = max|P(x:) — y(:))
we shall prove that P(z) is the only polynomial for which P(x;) — y(x:) takes the extreme
values =F at least n + 2 times, with alternating sign.

3. The exchange method is an algorithm for finding P(z) through its equal-error property.
Choosing some initial subset of % +2 arguments x;, an equal-error polynomial for these
data points is found. If the maximum error of this polynomial over the subset chosen
is also its overall maximum H, then it is P(z). If not, some point of the subset is ex-
changed for an outside point and the process repeated. Eventual convergence to P(z)
will be proved.

CONTINUOUS DATA

For continuous data y(z) it is almost traditional to begin by recalling a classical theorem
of analysis, known as the Weierstrass theorem, which states that for a continuous function
y(x) on an interval (a, b) there will be a polynomial p(z) such that

p(z) —y(@) = «

in (a, b) for arbitrary positive e. In other words, there exists a polynomial which approxi-
mates y(x) uniformly to any required accuracy. We prove this theorem using Bernstein
polynomials, which have the form

Bu(x) = kzo D Y(k/n)
where y() is a given function and
U A (2 W n—k

pu = (})at -2

Our proof of the Weierstrass theorem involves showing that lim B,(x) = ¥(z) uniformly for
n tending to infinity. The rate of convergence of the Bernstein polynomials to y(x) is often
disappointing. Accurate uniform approximations are more often found in practice by

min-max methods.

267
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The essential facts of min-maxr methods somewhat parallel those for the discrete case.

1. The min-max approximation to y(x), among all polynomials of degree n or less, mini-
mizes the max |p(x) — y(x)| for the given interval (a, b).

2. It exists and’is unique.

3. It has an equal-error property, being the only such polynomial for which p(z)— y(x)
takes extreme values of size F, with alternating sign, at n +2 or more arguments in
(a,b). Thus the min-max polynomial can be identified by its equal-error property. In
simple examples it may be displayed exactly. An example is the min-max line when

y’(x) > 0. Here
P(x) = Mx+ B

with
y o= ¥ -ya) o Y@ty (@t 2)[H0) ()]
- b—a ’ B 2 2(b—a)
and z: determined by y(x2) = [y(D) —y(a)]/(b—a)

The three extreme points are a, 22 and b. Ordinarily, however, the exact result is not
within reach, and an exchange method must be used to produce a polynomial which
comes close to the equal-error behavior.

4. Series of Chebyshev polynomials, when truncated, often yield approximations having
almost equal-error behavior. Such approximations are therefore almost min-max.
If not entirely adequate by themselves, they may be used as inputs to the exchange
method which then may be expected to converge more rapidly than it would from a more
arbitrary start.

Solved Problems

DISCRETE DATA, THE MIN-MAX LINE

22.1. Show that for any three points (z;, Y:) with the arguments x; distinct, there is exactly
one straight line which misses all three points by equal amounts and with alternating
signs. This is the equal error line or Chebyshev line.

Let y(x) = M« + B represent an arbitrary line and let h;=y(x)—Y;=y;—Y; be the
“errors” at the three data points. An easy calculation shows that, since y; = Mx;+ B, for any
straight line at all

(3 — x)y; — (X3 — %y)ys + (@e—2ys = 0
Defining B, = %3 — @5, By = %3 —%;, B3 = Tz — «;, the above equation becomes
B1y1 — Bays + Bayz = 0

We may take it that 2, < 2, < 2, so that the three p’s are positive numbers. We are to prove
that there is one line for which

hy=h, hy=—h, hy=h
making the three errors of equal size and alternating sign. (This is what will be meant by an
“gqual error” line.) Now, if a line having this property does exist, then
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22.2.

22.3.

22.4.

y1:Y1+h, y2=Y2—-h, y3=Y3+h

and substituting above,
Bi(Yy+ k) — Bo(Yy— k) + Bs(Y3+ k) = 0

_ BiYy = BaYs + B3Y
Bt B2+ B
This already proves that at most one equal error line can exist, and that it mnst pass through the
three points .(-701» Y +h), (x5, Yo— h), (23, Y3+ k) for the value % just computed. Though normally
one asks a line to pass through only two designated points, it is easy to see that in this special
case the three points do fall on a line. The slopes of P;Py and PyP; (where Py, P,, P, are the three
points taken from left to right) are
(Yo—Y;—2Rh)/(xa— %) and (Y3—Y,+2h)/(x;—w,)

and using our earlier equations these are easily proved to be the same. So there is exactly one
equal error, or Chebyshev, line.

Solving for ki, h

Find the equal error line for the data points U,
(0,0), (1,0), and (2, 1). i .
First we find g, =2—1=1, B, =2—-0=2, .

B;=1—0=1, and then compute /

o= — DO —@) + M@ _ 1

1+24+1 4
* x

The line passes through (0,—1/4), (1,1/4), and I :
(2,8/4) and so has the equation y(x) = tx—1.
The line and points appear in Fig. 22-1. Fig. 22-1

Show that the equal error line is also the min-max line for the three points (x;, Y).
The errors of the equal error line are kh,—h,h. Let %y, hy, k3 be the errors for any other line,
Also let H be the largest of |hy], |hof, |hg]. Then using our earlier formulas,
_ BiYy — oY, o+ BsYs - B1(W1 — hy) — Balys — ko) + By(yg — hy)
By + B2t B3 B1+ Byt B3

h =

where ¥4, Y2, ¥3 here refer to the “any other line”. This rearranges to
(B1¥1 — Bayz + Bays) — (B1hy — Bohy + Bshs)
B+ B2t B3

and the first term being zero we have a relationship between the h of the equal error line and the
hy, ho, hy of any other line,

h = -

Bihy — Bohy + Bshs
By + Byt B
Since the B’s are positive, the right side of this equation will surely be increased if we replace

hy, ho, hy by H,—H,H respectively, Thus || = H, and the maximum error size of the Chebyshev
line, which is |h|, comes out no greater than that of any other line.

h =

Show that no other line can have the same maximum error as the Chebyshev line, so
that the min-max line is unique.

Suppose equality holds in our last result, |k| = H. This means that the substitution of H, —H, H
which produced this result has not actually increased the size of B hy — Bshg + B3hs. But this can be
true only if hy, hy, hy themselves are all of equal size H and alternating sign, and these are the
features which led us to the three points through which the Chebyshev line passes. Surely these are
not two straight lines through these three points. This proves that the equality |h| = H identifies
the Chebyshev line. We have now proved that the equal error line and the min-max line for three
points are the same.
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22.5. Illustrate the exchange method by applying it to the following data.

o | 0 1 2 6 7

Y, |l o o 1 2 3

‘We will prove shortly that there exists a unique min-max line for N points. The proof uses
the exchange method, which is also an excellent algorithm for computing this line, and so this
method will first be illustrated. It involves four steps.

Ste;y 1. Choose any three of the data points. (A set of three data points will be called a triple.
This step simply selects an initial triple. It will be changed in step four.)

Ster 2. Find the Chebyshev line for this triple. The value h for this line will of course be com-
puted in the process.

Step 3. Compute the errors at all data points for the Chebyshev line just found. Call the
largest of these h; values (in absolute value) H. If |k| = H the search is over. The Chebyshev
line for the triple in hand is the min-max line for the entire set of N points. (We shall prove this
shortly.) If |h| < H proceed to Step 4.

Step .. This is the exchange step. Choose a new triple as follows. Add to the old triple a
data point at which the greatest error size H occurs. Then discard one of the former points, in
such a way that the remaining three have errors of alternating sign. (A moment’s practice will
show that this is always possible.) Return, with the new triple, to Steps 2 and 3.

To illusirate, suppose we choose for the ini- Y
tial triple
0,00 (1,00 (2,1

consisting of the first three points. This is the
triple of Problem 22.2, for which we have
already found the Chebyshev line to be y =
de¢ — 1 with h =—1/4. This completes Steps
1 and 2. Proceeding to Step 3 we find the errors
at all five data points to be —1,%1,—1, % L
This makes H = hy = 3/4. This Chebyshev line
is an equal error line on its own triple but it
misses the fourth data point by a larger amount. .
(See the dotted line in Fig. 22-2.) Fig. 22-2

Moving therefore to Step 4 we now include the fourth point and eliminate the first to obtain
the new triple
(1,00 (2,1) (62

on which the errors of the old Chebyshev line do have the required alternation of sign (1/4, —1/4, 3/4).
With this triple we return to Step 2 and find a new Chebyshev line. The computation begins with
f; = 6—-2 =4, B, =6—-1=5 pfg=2-1=1

L - _@eO-em+rune _ 3
4+5+1 10

so that the line must pass through the three points (1, 3/10), (2, 7/10), and (6,23/10). This line is
- found to be y = 2o — {1;. Repeating Step 3 we find the five errors —;, &, =% <5 —-2; and since
H = 3/10 = |h|, the job is done.

The Chebyshev line for the new triple is the min-max line for the entire point set. Its maximum
error is 3/10. The new line is shown solid in Fig. 22-2. Notice that the |k| value of our new line
(3/10) is larger than that of the first line (1/4). But over the entire point set the maximum error
has been reduced from 3/4 to 3/10, and it is the min-max error. This will now be proved for the
general case.
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22.6.

22.7.

22.8.

Prove that the condition |h| = H in Step 3 of the exchange method will be satisfied
eventually, so that the method will stop. (Conceivably we could be making exchanges
forever.)

Recall that after any particular exchange the old Chebyshev line has errors of size ||, |k, H on
the new triple. Also recall that |h| < H (or we would have stopped) and that the three errors
alternate in sign. The Chebyshev line for this new triple is then found. Call its errors on this new
triple A%, —h*, h*. Returning to the formula for h in Problem 22.3, with the old Chebyshev line
playing the role of “any other line”, we have

Bihy — Bahy + Bshy
By+ Bs+ Bs
where hy, hy, hy are the numbers h, , H with alternating sign. Because of this alternation of sign
all three terms in the numerator of this fraction have the same sign, so that

Bilh] + Bolh| + BsH

B+ Ba+ B3
if we assume that the error H is at the third point, just to be specific. (It really makes no difference
in which position it goes.) In any event, |h*|>|h| because H >|k|. The new Chebyshev line has
a greater error size on its triple than the old one had on its triple. This result now gives excellent
service. If it comes as a surprise, look at it this way. The old line gave excellent service (h =1/4

in our example) on its own triple, but poor service (H = 3/4) elsewhere. The new line gave good
service (A = 3/10) on its own triple, and just as good service on the other points also.

I

|

We can now prove that the exchange method must come to a stop sometime. For there are
only so many triples. And no triple is ever chosen twice, since as just proved the h values increase
steadily, At some stage the condition |h| =H will be satisfied.

Prove that the last Chebyshev line computed in the exchange method is the min-max
line for the entire set of N points.

Let h be the equal error value of the last Chebyshev line on its own triple. Then the maximum
error size on the entire point set is H =|k|, or we would have proceeded by another exchange to
still another triple and another line. Let hy, ks, ..., hy be the errors for any other line. Then
Jh; < max |h; where h; is restricted to the three points of the last triple, because no line out-
performs a Chebyshev line on its own triple. But then certainly || < max [h;] for h; unrestricted,
for including the rest of the N points can only make the right side even bigger. Thus H = |h| <
max |h;| and the maximum error of the last Chebyshev line is the smallest maximum error of all.
In summary, the min-max line for the set of N points is an equal error line on a properly chosen

triple.

Apply the exchange method to find the min-max line for the following data.

x; 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Y; 0 1 1 2 1 3 2 2 3 b 3 4 5 4 5 6

x; 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Y; 6 5 7 6 8 7 7 8 7 9 11 10 12 11 13

The number of available triples is C(31,3) = 4495, so that finding the correct one might seem
comparable to needle-hunting in haystacks. However, the exchange method wastes very little time
on inconsequential triples. Beginning with the very poor triple at « = (0,1,2) only three ex-
changes are necessary to produce the min-max line y(x) = .38x — .29 which has coefficients rounded
off to two places. The successive triples with A and H values were as follows:

Tripleatz = | (0,1,2)  (0,1,24) (1,24,30)  (9,24,30)
h 250 354 —1.759 —1.857

H 5.250 3.896 2.448 1.857
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Note that in this example no unwanted point is ever brought into the triple. Three points are
needed, three exchanges suffice. Note also the steady increase of |k|, as forecast. The thirty-one
points, the min-max line, and the final triple (dotted vertical lines show the equal errors) appear in
Fig. 22-3.

15 ~

Fig. 22-3

DISCRETE DATA, THE MIN-MAX POLYNOMIAL
22.9. Extend the exchange method to find the min-max parabola for the data below.

e | -2 -1 0 1 2

| 2 1 o 1 2

The data are of course drawn from the function y = |®| but this simple function will serve
to illustrate how all the essential ideas of the exchange method carry over from the straight line
problems just treated to the discovery of a min-max polynomial. The proofs of the existence,
uniqueness and equal error properties of such a polynomial are extensions of our proofs for the
min-max line and will not be given. The algorithm now begins with the choice of an “initial
quadruple” and we take the first four points, at * = —2,—1,0,1. For this quadruple we seek an

equal error parabola, say
p(z) = a+ bx + cx?

This means that we require p(x;)—y; = =h

alternately, or y
a—2b+4c—2 = bR
a— b+ ¢—1 = —h
a -0 = &
a+ b+ ¢c—1 = —h *

Solving these four equations, we find a = 1/4,
b=0,¢c=1/2, h=1/4 so that p,(x) =1 + L%
This completes the equivalent of Steps 1 and:. 2,
and we turn to Step 3 and compute the errors
of our parabola at all five data points. They are
1/4, —1/4, 1/4, —1/4,1/4 so that the maximum I T \ I x
error on the entire set (H = 1/4) equals the
maximum on our quadruple (|k| =1/4). The
algorithm is ended and our first parabola is
the min-max parabola. It is shown in Fig. 22-4. Fig. 22-4
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22.10. Find the min-max parabola for the seven points y = ||, x = —3(1)3.

This adds two more points at the ends of our previous data supply. Suppose we choose the
same initial quadruple as before. Then we again have the equal error parabola p;(x) of the preced-
ing problem. Its errors at the new data points are 7/4 so that now H=17/4 while |h|=1/4.
Accordingly we introduce one of the new points into the quadruple and abandon % = —2. On the
new quadruple the old parabola has the errors -—1/4,1/4, —~1/4,7/4 which do alternate in sign.
Having made the exchange, a new equal error parabola

Do(2) = @y + byx + cox?
must be found. Proceeding as in the previous problem we soon obtain the equal error hy, = —1/3
and the parabola py(x) = (1 +22). Its errors at the seven data points are 1/3, —1/3, —1/3,1/3,
—1/3, —1/8,1/3 so that H = |h| = 1/8 and the algorithm stops. The parabola p(x) is the min-max

parabola. The fact that all errors are of uniform size is a bonus, not characteristic of min-max
polynomials generally, as the straight line problems just solved show,

CONTINUOUS DATA, THE WEIERSTRASS THEOREM

22.11. Prove that » p® (k—nx) = 0 where p%® = (})z*(1—az)"*.
k=0

nk
The binomial theorem for integers » and k,
n
pt+or = 3 <”> pkqnk
k=0 \ k
is an identity in p and ¢q. Differentiating relative to p brings

n
wptart = 8 () kptes

n
Multiplying by p and then setting p = %, ¢ = 1—x, this becomes nz = kgo kp{%. Using the same

p and ¢ in the binomial theorem itself shows that 1 = Ep;’fc) and so finally

n
p p;’fc)(k——nx) = nx —nx = 0
k=0

22.12. Prove also that 2 p@® (k—nz)? = nx(l — ).
k=0 .

A second differentiation relative to p brings

ne-Dptort = 3 <Z> Il — 1pk=2qnr

Multiplying by p2 and then setting p = », ¢ =1 —«, this becomes

nn—1a? = ;éo k(k — 1)p¢®)
from which we find
kéo Bpi = e hat kéo kpl®) = nn—1)a? + nx
Finally we compute
kéo PO (k—nxp = ZkPpD — 2nw Skp® + n2e? 3p@

= nn—1x2 + nx — 2nx(nx) + n2x2 = nx(l—x)
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22.13. Prove that if d >0 and 0=2x=1, then

22.14.

22.15.

S p@ = z(1— x)/nd?
where 2’ is the sum over those integers & for which |(k/n) —2|=d. (This is a special
case of the famous Chebyshev inequality.)

Breaking the sum of the preceding problem into two parts

ne(l—z) = 2/ p;fc) (k —nx)2 + 2 pffc) (k — nx)2?
where 2’ includes those integers k& omitted in 2’. But then
ne(l—x) = 3/ pfli) (k — nx)2
= 3 pgc) nzdz

the first of these steps being possible since 2’ is non-negative and the second because in 3’ we find
|k —na| = nd. Dividing through by n2d2, we have the required result.

Derive these estimates for 3’ and 2:
3 p;’fc’ = 1/4nd?, E”p;’fc) = 1 - (1/4nd?)
The function x(1 — z) takes its maximum at 2 =1/2 andso 0 =w(l—x) =1/4 for 0 =g =1,

The result for 3’ is thus an immediate consequence of the preceding problem. But then
3 =1-=3"=1—(1/4nd?).

Prove that if f(z) is continuous for 0=z =1, then lim X p® f(k/n) = f(z) uni-
formly as % tends to infinity. R0

This will prove the Weierstrass theorem, by exhibiting a sequence of polynomials
n
Bya) = 3 p@ f(k/m)
k=0 A

which converges uniformly to f(x). These polynomials are called the Bernstein polynomials for
f(x). The proof begins with the choice of an arbitrary positive number e. Then for | —z| <d,

@) = f@)] < &2

and d is independent of x by the uniform continuity of f(x). Then with M denoting the maximum of
[f(x)], we have

|Bp(x) — f(@)] = [2p@ [f(k/n) — f(x)]]

3 p |f(k/m) — f(a)| + 37 |f (ki) = f@)

I

I\

2M 3/ p® + Le 3" pl®
with k/n in the 27 part playing the role of «’. The definition of =/ guarantees |z’ — x| < d. Then

|Bn(@) — f(@)] = (2M/4nd?) + Le

= 1, 1 =
e -+ e €

for n sufficiently large. This is the required result. Another interval than (0,1) can be accom-
modated by a simple change of argument.
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22.16.

Show that in the case of f(z) = x?, Ba(z) =22+ 2(1 —x)/n so that Bernstein poly-
nomials are not the best approximations of given degree to f( ). (Surely the best
quadratic approximation to f(x) = 2? is 22 itself.)

Since the sum EIc?p(x) was found in Problem 22.2,

2 =x)

n
_ — _ 1 —
B, (x) = kgo P& f(k/n) = kgo PP kn2 = ;2‘["(” — D2+ nx] = 22 4+ -

as required. The uniform convergence for » tending to infinity is apparent, but clearly B,(x) does
not duplicate x2. We now turn to a better class of uniform approximation polynomials,

CONTINUOUS DATA, THE CHEBYSHEV THEORY

22.17.

22.18.

Prove that if y(x) is continuous for a =2z =10, then there is a polynomial P(x) of
degree n or less such that max |P(z) —y(z)| on the interval (e, b) is a minimum. In
other words, no other polynomial of this type produces a smaller maximum.

Let p(x) = ag + a2 + -+ - + a,2® by any polynomial of degree n or less. Then
M@ = max [p(x) — y(@)]

depends on the polynomial p(x) chosen, that is, it depends upon the coefficient set (ag, ay, ..., a,)
which we shall call @ as indicated. Since M(d) is a continuous function of @& and non-negative, it
has a greatest lower bound. Call this bound L. What has to be proved is that for some particular
coefficient set A, the coefficients of P(x), the lower bound L is actually attained, that is, M(A) =
By way of contrast, the function f(¢) = 1/t for positive t has greatest lower bound zero, but
there is no argument £ for which f(t) actually attains this bound. The infinite range of ¢ is of
course the factor which allows this situation to occur. In our problem the coefficient set @ also has
unlimited range, but we now show that M(A)'= L nevertheless. To begin, let a;, = Cb;, for
1=0,1,...,7n in such a way that Ebf= 1. We may also write &= Cb. Consider a second
function _

m(b) = max|bg+ b + -+ + by
where max refers as usual to the maximum of the polynomial on the interval (a,b). This is a con-
tinuous function on the unit sphere Ebf =1. On such a set (closed and bounded) a continuous
function does assume its minimum value. Call this minimum gx. Plainly » = 0. But the zero value
is impossible since only p(x) = 0 can produce this minimum and the condition on the b; temporarily
excludes this polynomial. Thus g > 0. But then

m(@ = max |ag+ ez + -0 +a@t| = max [pl@)] = Cm(d) = Cy
Now returning to M(d) = max |p(x) — y(x)|, and using the fact that the absolute value of a dif-
ference exceeds the difference of absolute values, we find
M@ = m(@ — max |y(»)|
= Cp — max |y(w)|
If we choose C > (L + 1+ max|y(x)]}/p = R, then at once M(a) = L+ 1. Recalling that L is
the greatest lower bound of M(&), we see that M(a) is relatively large for C > R and that its
greatest lower bound under the constraint C = R will be this same number L. But this constraint
is equivalent to 3af = R, so that now it is again a matter of a continuous function M(@) on a

closed and bounded set (a“solid sphere, or ball). On such a set the greatest lower bound is actually
assumed, say at @a = A. Thus M(A4) is L, and P(x) is a min-max polynomial.

Let P(x) be a min-max polynomial approximation to y(z) on the interval (a, b), among
all polynomials of degree n or less. Let E = max |y(z) — P(z)|, and assume y(z) is
not itself a polynomial of degree n or less, so that E > 0. Show that there must be at
least one argument for which y(z) — P(x) = E, and similarly for —E. (We continue to
assume y(x) continuous.)

Since y(x) — P(x) is continuous for a = xz = b, it must attain either =E somewhere. We are
to prove that it must achieve both. Suppose that it did not equal E anywhere in (a, d). Then

max {y(x)—Plx)] = F —4d
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where d is positive, and so
~E = y(x)—Px) = E—d

But this can be written as
—E + Ld = yx) — [P(x)—4d] = E ~ Id

which flatly claims that P(x) — Ld approximates
y(z) with a maximum error of E — id. This
contradicts the original assumption that P(x)
itself is a min-max polynomial, with maximum
error of E. Thus y(x) — P(x) must equal E
somewhere in (a,b). A very similar proof
shows it must also equal —E. Fig. 22-5 illus-
trates the simple idea of this proof. The error
y(x) — P(x) for the min-max polynomial cannot
behave as shown solid, because raising the curve
by 4d then brings a new error curve (shown
dotted) with a smaller maximum absolute value
of £ — Ld, and this is a contradiction. Fig. 22-5

Continuing the previous problem, show that for n =1, approximation by linear
polynomials, there must be a third point at which the error |y(x) — P(z)| of a min-
max P(x) assumes its maximum value E.

Let y(x)— P(x) = E(x) and divide (e, b) into subintervals small enough so that for z,,x,
within any subinterval,

E(xy) — E(y)| = 3E

Since E(x) is continuous for ¢ = x = b, this can surely be done. In one subinterval, call it I, we
know the error reaches E, say at « = . It follows that throughout this subinterval,

|E(x) — E(x,)| = |E(x) —E| = LE

making E(x) = LE. Similarly, in one subinterval, call it I, we find E(x_) = —E, and therefore
|B(z)| = —~3E. These two subintervals cannot therefore be adjacent, and so we can choose a point
u; between them. Suppose that I, is to the left of I,. (The argument is almost identical for the
reverse situation.) Then u, —« has the same sign as E(x) in each of the two subintervals discussed.
Let R = max |u; —«| in (a,b).

Now suppose that there is no third point at which the error is =E. Then in all but the two
subintervals just discussed we must have
max |[E(x)} < E

and since there are finitely many subintervals,

max [max |E(x)]] = E* < E
Naturally E* = 1E since these subintervals extend to the endpoints of Iy and I, where |E(w)| = LE.
Consider the following alteration of P(x), still a linear polynomial:

PHx) = P(x) + e(u; — o) B

If we choose ¢ small enough so that R < E —
E* = 1E, then P*(x) becomes a better ap-
proximation than P(x). For,

ly(x) — P*(e)] = |E(x) — e(uy — )]

so that in I, the error is reduced but is still
positive while in I, it is increased but remains
negative; in both subintervals the error size has
been reduced. Elsewhere, though the error size
may grow, it cannot exceed E* + R < E, and
so P*(x) has a smaller maximum error than
P(x). This contradiction shows that a third _p
point with error =E must exist. Fig. 22-6 illus-

trates the simple idea behind this proof. The
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22.20.

22.21.

22.22.

22.23.

error curve E(x) cannot behave like the solid curve (only two *=E points) because adding the linear
correction term e(u; — ) to P(x) then diminishes the error by this same amount, leading to a new
error curve (shown dotted) with smaller maximum absolute value.

Show that for the P(x) of the previous problem there must be three points at which
errors of size EF and with alternating sign occur.

The proof of the previous problem is already sufficient. If, for example, the signs were
+,+, —, then choosing u; between the adjacent + and — our P*(x) is again better than P(x). The
pattern +, —, — is covered by exactly the same remark. Only the alternation of signs can avoid the
contradiction.

Show that in the general case of the min-max polynomial of degree n or less, there
must be » +2 points of maximum error size with alternating sign.

The proof is illustrated by treating the case n =2. Let P(x) be a min-max polynomial of degree
two or less. By Problem 22.18 it must have at least two points of maximum error. The argument
of Problems 22.19 and 22.20, with P{x) now guadratic instead of linear but with no other changes,
then shows that a third such point must exist and signs must alternate, say -+,—,+ just to be
definite. Now suppose that no fourth position of maximum error occurs. We repeat the argument
of Problem 22.19, choosing two points #; and u, between the subintervals I, 1I,, and I3 in which the
errors *F occur, and using the correction term e(u; — %)(#s — ), which agrees in sign with E(x) in
these subintervals. No other changes are necessary. The quadratic P*(x) will have a smaller
maximum error than P(x), and this contradiction proves that the fourth =FE point must exist. The
alternation of sign is established by the same argument used in Problem 22.20, and the extension
to higher values of n is entirely similar.

Prove that there is just one min-max polynomial for each n.
Suppose there were two, P (x) and Py(x). Then

—E = y(w) = Py(x) = E, —E = yl&)—Pyx) = F
Let P3(x) = L(P, + Py). Then B = yw) - Py@) = E
and P; is also a min-max polynomial. By Problem 22.21 there must be a sequence of n+ 2 points
at which y(x) — Py(%) is alternately =E. Let Py(x.) =FE. Then at v, we have y—P; =FE, or

(y—P)+ (y—Py) = 2E

Since neither term on the left can exceed E, each must equal E. Thus P;(x,) = Py(x;). Similarly

Py(x_) = Py(x_). The polynomials P; and P, therefore coincide at the n +2 points and so are
identical. This proves the uniqueness of the min-max polynomial for each n.

Prove that a polynomial p(z) of degree » or less, for which the error y(x) — p(x) takes
alternate extreme values of *=e on a set of n+2 points, must be the min-max
polynomial.

This will show that only the min-max polynomial can have this “equal error” feature, and it is
useful in finding and identifying such polynomials. We have

max |y(x) — p@)] = ¢ = E = max |y(x) — P(x)]
P(x) being the unique min-max polynomial. Suppose ¢ > E. Then since
P—p=(@Wwy—-p+EFP-wy

we see that, at the n + 2 extreme points of y — p, the quantities P — p and y — p have the same sign.
(The first term on the right equals e at these points and so dominates the second.) But the sign of
y — p alternates on this set, so the sign of P —p does likewise. This is n+ 1 alternations in all and
means n + 1 zeros for P— p. Since P —p is of degree n or less it must be identically zero, making
p=P and E =e. This contradicts our supposition of e >E and leaves us with the only
alternative, namely e = E. The polynomial p(x) is thus the (unique) min-max polynomial P(x).
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CONTINUOUS DATA, EXAMPLES OF MIN-MAX POLYNOMIALS

22.24,

22.25.

22.26.

22.27.

Show that on the interval (—1,1) the min-max polynomial of degree n or less for
y(x) = z**! can be found by expressing z"*! as a sum of Chebyshev polynomials and
dropping the Trn+:(x) term.

Let
el = gy To(@) + o + anTp(@) + apy 1 Tpyi(@) = p(®) + apiy Thyr (@)
Then the error is E@) = antl — p@) = au4qTheq(®)
and we see that this error has alternate extremes of *q, ., at the n 4+ 2 points where T,,; = *=1.
These points are =, =cos[kr/(n+1)], with k=0,1,...,2+1. Comparing coefficients of an+1

on both sides above, we also find that a,;; = 27" (The leading coefficient of T,.;(x) is 2». See
Problems 21.42 and 21.48.) The result of Problem 22.23 now applies and shows that p(x) is the
min-max polynomial, with E = 2—%, As illustrations the sums in Problem 21.45, page 255, may be
truncated to obtain

n =1 a2~ 1T, error = T,/2
n=2 x ~ 2T error = Ty/4
n =38, xt~ F@T,+4T,) error = 7T,/8
n =14 a5 ~ (10T, +5Ty) error = T5/16

and so on. Note that in each case the min-max polynomial (of degree m or less) is actually of
degree n — 1.

Show that in any series of Chebyshev polynomials 2 a:Ti(x) each partial sum S, is

the min-max polynomial of degree n or less for the next sum Sn+1. (The interval is
again taken to be (—1,1).)

Just as in the previous problem, but with y(x) = S,;1(x) and p(x) = S,(x), we have
E@) = Spir(®) — Sp®) = 41 Tpe ()

The result of Problem 22.23 again applies. Note also, however, that S,_,(x) may not be the min-
max polynomial of degree n—1 or less, since a,T, + @¢,+1T,+1 is not necessarily an equal ripple
function. (It was in the previous problem, however, since a, was zero.)

Use the result of Problem 22.24 to economize the polynomial y(x) = x — a3 + l—;ox*‘
to a cubie polynomial, for the interval (-1, 1).

This was actually accomplished in Problem 21.50, page 257, but we may now view the result

in a new light. Since
15__169T 5T3+1T

1
— Z .3 L — %9 s 9 L
¥+ 150” 19271~ 128 1990 5

6

the truncation of the T; term leaves us with the min-max polynom1a1 of degree four or less for
yY(x), namely

x

_189, 5
P(x) = 192 ° 128(490 3x)

This is still only approximately the min-max polynomial of the same degree for sinx. Further
truncation, of the Ty term, would not produce a min-max polynomial for y(x), not exactly anyway.

Find the min-max polynomial of degree one or less, on the interval (e, b), for a func-
tion y(x) with »”(x) > 0.

Let the polynomial be P(x) = Mx + B. We must find three points z; < ®y < x3 in (a, bd) for
which E(x) = y(x) — P(x) attains its extreme values with alternate signs. This puts x, in the
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22.28.

22.29.

22.30.

interior of (a, b) and requires E’(x,) to be zero, or y'(xy) = M. Since y”’ > 0, ¥’ is strictly increas-
ing and can equal M only once, which means that z, can be the only interior extreme point. Thus
2y =a and x3 = b. Finally, by the equal ripple property,

y(a) — P(a) = —[y(x) — P(xy)] = y(b) — P(b)
Solving, we have
u = YO~y B = y(a) + ylwy)  (a+ 2)[y(B) — y(a)]
= T5=a = 2 2(b—a)

with x, determined by ¥y'(x,) = [y(b) — y(@)]/(b — a).

Apply the previous problem to y(x) = —sinx on the interval (0,«/2).
We find M = —2/7 first; and then from y'(x,) = M, =z, = arccos (2/7). Finally,
B = —1V1—(4/7%) + (1/7) arccos (2/x)
and from P(x) = Mx-+ B we find
sine ~ 20/r + 3V1—(4/7%) + (1/x) arccos (2/r)

the approximation being the min-max line.

Show that P(x) = 22+ 4 is the min-max cubic (or less) approximation to y(x) = |z|
over the interval (—1, 1).

The error is E(x) = |2| — 22 — } and takes the extreme values —%, §, ~4, 4, —% at ==
-1, —%, 0, %, 1. These alternating errors of maximal size E = % at n+2 = 5 points guarantee (by
Problem 22.23) that P(x) is the min-max polynomial of degree » =3 or less.

Use the function y(x) = ¢* on the interval (—1,1) to illustrate the exchange method
for finding a min-max line.

The method of Problem 22.27 would produce the min-max line, but for a simple first illustration,
we momentarily ignore that method and proceed by exchange, imitating the procedure of Problem
22.5. Since we are after a line, we need » + 2 = 8 points of maximum error =E. Try « =—1,0,1
for an initial triple. The corresponding values of y(x) are about .368, 1, and 2.718. The equal error
line for this triple is easily found to be

py(w) ~ 1.175x + 1.272

with errors h = =.272 on the triple. Off the triple, a computation of the error at intervals of .1
discovers a maximum error of size H = .286 (and negative) at x = .2. Accordingly we form a
new triple, exchanging the old argument x = 0 for the new a = .2. This retains the alternation
of error signs called for in Step 4 of the exchange method as presented earlier, and which we
are now imitating. On the new triple y(x) takes the values .368, 1.221, and 2.718 approximately.
The equal error line is found to be

po(x) = 1.175x + 1.264

with errors h = +=.278 on the triple. Off the triple, anticipating maximum errors near x = .2,
we check this neighborhood at intervals of .01 and find an error of .279 at « =.16. Since we are
carrying only three places, this is the best we can expect. A shift to the triple = = —1,.16,1
would actually reproduce ps(x).

Let us now see what the method of Problem 22.27 manages. With ¢ = —1 and b =1 it at
once produces M = (2.718 — .8368)/2 = 1.175. Then the equation y'(xy) = €™ = 1.175 leads to
%y ~ .16, after which the result B = 1.264 is direct. The line is shown in Fig, 22-7 below, with
the vertical scale compressed. -



280

MIN-MAX POLYNOMIAL APPROXIMATION [CHAP. 22

Fig. 22-7

22.31, Use the exchange method to find the min-max quadratic polynomial for y(z) = e*

over (—1,1).

Recalling that truncation of a series of Chebyshev polynomials often leads to nearly equal-
ripple errors resembling the first omitted term, we take as our initial quadruple the four extreme
points of T4(x), which are « = =1, =1. The parabola which misses the four points

x -1 -1/2 1/2 1

et 3679 .6065 1.6487 2.7183

alternately by *h proves to have its maximum error at x = .56. The new quadruple (—1, —.5, .56, 1)
then leads to a second parabola with maximum error at x = —.44. The next quadruple is
(=1, —.44, .56, 1) and proves to be our last. Its equal-ripple parabola is, to five decimal places,

p(x) = .55404x% + 1.13018x + .98904

and its maximum error both inside and outside the quadruple is H = .04502.

Supplementary Problems

DISCRETE DATA

22.32.

22.33.

22.34.

22.35.

Show that the least-squares line for the three data points of Problem 22.2, page 269, is y(») =
2 — 4. Show that its errors at the data arguments are %, §, . The Chebyshev line was found
to be y(x) = Lo — 1 with errors of —%, %, —1. Verify that the Chebyshev line does have the

smaller maximum error and the least squares line the smaller sum of errors squared.

Apply the exchange method to the average golf scores in Problem 21.2, page 240, producing the
min-max line. Use this line to compute smoothed average scores. How do the results compare with
those obtained by least squares?

Apply the exchange method to the data of Problem 21.5, page 241, obtaining the min-max line and
then the corresponding exponential function P(x) = AeM=,

Obtain a formula y(x) = Mx+ B for the Chebyshev line of an arbitrary triple (2, y,), (22, ¥2),
(%g5,95). Such a formula could be useful in programming the exchange method for machine
computation.
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22.36. Show that if the arguments x; are not distinct, then Y
the min-max line may not be uniquely determined.
For example, consider the three points (0,0), (0,1),
and (1,0) and show that all lines between y = 1 and
y=4—2 have H =1L (See Fig. 22-8.) .

0,1

22.37. Find the equal error parabola for the four points N
(0, 0), (x/86, 1/2), (/3, V/3/2), and (#/2, 1) of the curve ©.0) T wo @
y = sinzx. R N '

22.38. Find the min-max parabola for the five points y = a3,
x = 0(1/4)1. Fig. 22-8

22.39. Use the exchange method to obtain the min-max parabola for the seven points y = cosz, x =
0(r/12)z/2. What is the maximum error |k| of this parabola? Compare its accuracy with that of
the Taylor parabola 1 — 1x2

22.40. Extend the exchange method to obtain the min-max cubic polynomial for the seven points
y = sinxz, © = 0(z/12)7/2. What is the maximum error |h| of this cubic? Compare its accuracy
with that of the Taylor cubic x — ta3.

CONTINUOUS DATA

22.41. TFind the min-max polynomial of degree five or less for y(x) = 26 on the interval (—1,1). What is
the error?

22.42, What is the min-max polynomial of degree two or less for y(x) = Ty+T,+ T+ T, and what is
its error? Show that Ty + T, is not, however, the min-max line for y(x), by showing that the error
of this approximation is not equal-ripple.

22.43. Find the min-max polynomial of degree five or less for y(x) =1— %xz—!— 2—%00‘*—%90‘* and what is
its error? (The interval is (—1,1).)

22.44. Apply Problem 22.27, page 278, to find the min-max line over (0, #/2) for y(x) = —cos=.

22.45. Does the method of Problem 22.27 work for y(x) = |x| over (—1,1), or does the discontinuity in
y'(x) make the method inapplicable?

22.46. Use the exchange method to find the min-max line for w(x) = cosx over (0, »/2). Work to three
decimal places and compare with that found by another method in Problem 22.44.

22.47. Use the exchange method to find the min-max parabola for y(x) = cosx over (0, s/2). [You may
want to use the extreme points of T4(x), converted by a change of argument to the interval (0,=7/2),

as an initial quadruple.]

22.48. Find a polynomial of minimum degree which approximates y{(x) = cosz over (0, »/2) with maximum
error .005. Naturally, roundoff error will limit the precision to which the polynomial can be

determined.

22.49. Prove that the min-max polynomial approximation to f(x) =0, among all polynomials of degree
n with leading coefficient 1, is 2!—nT,(x). The interval of approximation is taken to be (—1,1).
This is covered by Problems 22.17 to 22.23, but carry out the details of the following historical

argument. Let
O R

be any polynomial of the type described. Since T, (x) = cos(n arccos ), we have
max [21-n T, (x)] = 217"

Notice that this polynomial takes its extreme values of =*21—n alternately at the arguments
@), = cos kx/n, where k=0,1,...,n. Suppose that some polynomial p(x) were such that

max |p(x)| < 2177
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22.50.

22.51.

22.52.

22.53.

22.54.
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and let
Px) = p@) — 2177 T, (x)

Then P(x) is of degree n—1 or less and it does not vanish identically since this would require
max |p(x)] = 21-». Consider the values P(wx;). Since p(x) is dominated by 2!~T,(x) at these
points, we see that the P(x,) have alternating signs. Being continuous, P(x) must therefore have
n zeros between the consecutive x,. But this is impossible for a polynomial of degree n—1 or less
which does not vanish identically. This proves that max |p(x)| = 21—,

Values of y(x) = e(t+2)/4 are given in the table below. Find the min-max parabola for this data.
What is the min-max error?

x -2 -1 0 1 2

ylx) 1.0000 1.2840 1.6487 2.1170 2.7183

What is the minimum degree of a polynomial approximation to ¢* on the interval (—1,1) with maxi-
mum error .005 or less?

The Taylor series for In (1 + ) converges so slowly that hundreds of terms would be needed for
five place accuracy over the interval (0,1). What is the maximum error of

plx) = .999902x — .497875x? + .8317650 23 — .193761 2* + .085569 x5 — .018339 «6

on this same interval?

Approximate y(x) = 1 — o + 22 — 23 4+ 2* — 25 + 28 by a polynomial of minimum degree, with
error not exceeding .005 in (0, 1).

Continue the previous problem to produce a minimum degree approximation with error at most .1.

N



Chapter 23

Approximation by Rational Functions

COLLOCATION

Rational functions are quotients of polynomials, and so constitute a much richer class
of functions than polynomials. This greater supply increases the prospects for accurate
approximation. Functions with poles, for instance, can hardly be expected to respond
well to efforts at polynomial approximation, since polynomials do not have singularities.
Such functions are a principal target of rational approximation. But even with non-
singular functions there are occasions when rational approximations may be preferred.

Two types of approximation will be discussed, the procedures resembling those used for
polynomial approximation. Collocation at prescribed arguments is one basis for selecting
a rational approximation, as it is for polynomials. Continued fractions and reciprocal
differences are the main tools used. The continued fractions involved take the form

r—x

yx) = vy, +

r—x,

- p, +

P f Py P2
which may be continued further if required. It is not too hard to see that this particular
fraction could be rearranged into the quotient of two quadratic polynomials, in other words,
a rational function. The p coefficients are called reciprocal differences, and are to be
chosen in such a way that collocation is achieved. For the present example we shall
find that

Ly~ Ty Ty ™ Xy
= y — 1 =
P Y™ U, P2 Y Ly — Ty . Ty — Ty
yg — yl yz - y1

with similar expressions for p, and p,. The term reciprocal difference is not unnatural.

MIN-MAX

Min-max rational approximations are also gaining an important place in applications.
Their theory, including the equal-error property and an exchange algorithm, parallels that
of the polynomial case. For example, a rational function

R(z) = 1/(a+ bx)
can be found which misses three specified data points (x;, y:) alternately by =h. This R(x)
will be the min-max rational function for the given points, in the sense that
max |R(x:)) — vl = h

will be smaller than the corresponding maxima when E(z) is replaced by other rational func-
tions of the same form. If more than three points are specified, then an exchange algorithm
identifies the min-max R(z). The analogy with the problem of the min-max polynomial is
apparent.

283
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Solved Problems

THE COLLOCATION RATIONAL FUNCTION

23.1.

23.2.

23.3.

Find the rational function y(x) = 1/(a+bx) given that y(1) =1 and ¥(3)=1/2.

Substitution requires a-+b =1 and a-+3b =2, which force a=0b =1/2. The required
function is y(x) = 2/(1 +«). This simple problem illustrates the fact that finding a rational
function by collocation is equivalent to solving a set of linear equations for the unknown coefficients.

Also find rational functions () =
Mz +B and ys(x) =c+d/x which
have y(1) =1 and ¥(3) = 1/2.

The linear function y,(x) = (6 —x)/4
may be found by inspection. For the other
we need to satisfy the coefficient equations
c+d=1, 3¢+d=3/2 and this means
that ¢ =1/4, d = 38/4, making ys(x) =
(x+ 3)/4x. We now have three rational
functions which pass through the three e
given points. Certainly there are others, N
but in a sense these are the simplest. At \
2 = 2 the three functions offer us the in- \
terpolated values %, 2 and . Inside the \
interval (1, 8) all three resemble each other \
to some extent. Outside they differ vio- , \
lently. (See Fig. 23-1.) The diversity of ‘\
rational functions exceeds that of poly- !
\
!

nomials, and it is very helpful to have
knowledge of the type of rational function
required. Fig. 23-1

Suppose it is known that y(x) is of the form y(z) = (a + bx?)/(c +dx?). Determine
y(x) by the requirements »(0) =1, y(1) =%, y(2) = 3.
Substitution brings the linear system
a = e, a+b = %ct+d), a + 4b = §(e+4d)
Since only the ratio of the two polynomials is involved one coefficient may be taken to be 1,
unless it later proves to be 0. Try d = 1. Then one discovers that a = b =¢ =1/2, and y(x) =

(1+ «2)/(1 + 2x2). Note that the rational function yo(x) = 10/(10+ 6x — %2) also includes these
three points, and so does y3(x) = (x + 3)/[3(x + 1)].

CONTINUED FRACTIONS AND RECIPROCAL DIFFERENCES

234.

23.5.

. . X
Evaluate the continued fraction ¥ = 1+——7 at ¢ =0, 1 and 2.
s S T
- —2/3
Direct computation shows y(0) =1, y(1) =2/3 and y(2) = 5/9. These are again the values
of the previous problem. The point here is that the structure of a continued fraction of this sort
makes these values equal to the successive “convergents” of the fraction, that is, the parts obtained
by truncating the fraction before the % and x — 1 terms and, of course, at the end. One finds easily
that the fraction also rearranges into our y;(z).

Develop the connection between rational functions and continued fractions in the

case Y(x) = (Go+ asx + asx?)/(bo + bux + boz?)

We follow another historical path. Let the five data points (x;,y;) for i =1,...,5 be given,
For collocation at these points,
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ay — boy + ayx — biwy + ax? — boxy = 0

for each x;,y; pair. The determinant equation
1 v 2 oy x2 a2y
1y @ oy of x%yl
Ys @y oYs @3 w3y
Yy @3 3ys @3 a5y,
Yo %y @Yy @1 a5y,

2 0
Ys *5 XsYs X5 X5Ys

[ e T
[

clearly has the required features. The second row is now reduced to 1,0,0,0,0,0 by these operations:
Multiply column 1 by ¥, and subtract from column 2.
Multiply column 3 by y; and subtract from column 4.
Multiply column 5 by ¥, and subtract from column 6.
Multiply column 3 by 2; and subtract from column 5.

Multiply column 1 by %, and subtract from column 3.

At this point the determinant has been replaced by the following substitute:

1 y—yy x—x aly—y) wle—ax) 22y —yy)

1 0 0 0 0 0

1 ys—yy =% %(ya—¥1) z(@y—x) *5(ys—y))
1 ys—uyy @3— o @a(ys—v1) asles— ) «3(yy—yy)
1 ys—yy @y — 2y 24—y xulzg — ) xi(% — Y1)
1

Ys— ¥y @5 —xy 25(ys—y)  ws(ms—xy)  @5ys— )

Expand this determinant by its second row and then
divide row 1 by ¥ — vy,

divide row ¢ by y; — ¥, for 1= 2,3,4,5.

yl, the equation may now be written as
— %

x
Introducing the symbol p,(zx;) = m
oy(wwy)  x wpylway) x?
p1{xe®y)  Xo Topy(amy) X3
pileg@y) @y wgpilagwy) @3 = 0

p1(®ay) %y FTyoq(wgmy) X

o b e

2
pi(sx) @5 wspi(x5%y) w5

The operation is now repeated, to make the second row 1,0,0,0,0:
Multiply column 1 by p(2,%,) and subtract from column 2.
Multiply column 3 by p;(%,%,) and subtract from column 4.
Multiply column 3 by %, and subtract from column 5.

Multiply column 1 by 2z, and subtract from column 3.

The determinant then has this form
1 pylmxy) ~ py(mey) @ — @y xfoy(wwy) — pr(we@y)]  @( — )
0 0 0 0
pi{®sxy) — pylday) g — my  x[py(waws) — p1(®oxy)]  @g(wg — 29)

p1(4x)) — py(@omy) gy — ®o  ®lpy(wawy) — pr(@axy)]  @ylowg — %)

—_ o =

p1(®s®y) — pylaow)) w5 — 29 log(wswy) —pylwary)]  @5(25 — x2)
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Expand by the second row, and then

divide row 1 by pj{xa;) — pi{zy2,),

divide row i by py(%; 1 %1) — pywgzy), for = 2,38,4.
An additional step is traditional at this point, in order to assure a symmetry property of the p quan-
tities to be defined. (See Problem 22.6.)

Multiply column 1 by ¥, and add to column 2.

Multiply column 3 by ¥, and add to column 4.

x — %o

—~—————————— + ¥y,, the equation has now been reduced to
pr(xxy) — p(@ozy) ! q

Introducing the symbol po(axx,) =

1 ppleziwy) =z @palww@s)
1 polageyay) 3 Lapa(wsai®s)
= 0
1 po(@grymog) @4 Xypo(waw 29)
1 poloesmyxy) %5 ®spa(w50,%s)
Another similar reduction produces
1 pglaw@ory) %
1 palagm @oxg) w4 = 0
1 pglaswi®o®s) 25
X — X3
where palxz 25%3) + pq(y25)

po(xX 1) — polira®y )

Finally, the last reduction manages
1 pylawycexsry)
1 pylmsm 2omaiy)
2 — xy

p3(w2;2aT3) — p3(4#p%1)

where (ACZIEIIN) T pa(2%5%3)

We deduce that py(xr2s%5%,) = py(®s%12025%,). The various p’s just introduced are called reciprocal
differences of order i, and the equality of these fourth order reciprocal differences is equivalent
to the determinant equation with which we began, and which identifies the rational function we
are seeking.

The definitions of reciprocal diﬂ'erences now lead in a natural way to a continued fraction.
We find successively

TR . A
v = pl(-’l?xl) G ( ) 4 M
Lo T ) — o
Pritety pz(g(;xlxz) — Y1
X — Xy
= y, +
xr— Xo
p1(®o2y) +
)~y o
LaT To) —
Pp2(% 301 %, Y17 wm maty) — py(@yg)
X — Xy
= y +
x — Xy
01(%22) +

T — %3

po(®g21®9) — ¥y t+
X — ¥y

pa(®5%0129%3%4) — po(X1Xos)

pa(®421%ok3) — pr(@y2g) +
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23.6.

23.7.

where, in the last denominator, the equality of certain fourth differences, which was the culmination
of our extensive determinant reduction, has finally been used. This is what makes the above con-
tinued fraction the required rational function. (Behind all these computations there has been the
assumption that the data points do actually belong to such a rational function, and that the algebraic
procedure will not break down at some point. See the problems for exceptional examples.)

Prove that reciprocal differences are symmetric.

For first order differences it is at once clear that py(x;%,) = py(%o%;). For second order differ-
ences one verifies first that

x3—x2 X3 — Xy _ X9 — Xy
g — %y xz—x1+y1 T 2y — xl—x2+y2 T oz — g xl—x3+y3
Ys — U Yo — Yy Yz — Yz Y1 — Y2 Yo — Y3 Y1 — Y3

from which it follows that in po(%,%sx5) the x; may be permuted in any way. For higher order
differences the proof is similar.

Apply reciprocal differences to recover the function y(x) =1/(1+%?% from the x,y
data in the first two columns of Table 23.1.

Various reciprocal differences also appear in this table. For example, the entry 40 is obtained
from the looped entries as follows
. 4—1
pa(@a®3®a®s) = (TyjzE) = (—1/10)
X5 — Y2

= + pyleegs)
po{@a24®5) — pol®y@a2y)

+ (—10) = 40

From the definition given in Problem 23.5 this third difference should be
Ty — Xy

+
pa(2a2524) — pol25237,)

p3(®ong@ss) = p1(%3%4)

but by the symmetry property this is the same as what we have. The other differences are found
in the same way.

x Yy
0 1
—2
@ 1/2 ~1
—~10/3 0
.
3 1/10 0
—170/7 140
@ 1/17 —1/46
—442/9
5 1/26

Table 23.1

The continued fraction is constructed from the top diagonal

x— 0

y = 1+
zx—1

-2 + ;
-1-1+ =

x— 3
and easily rearranges to the original y(x) = 1/(1+ #2). This test case merely illustrates the con-
tinued fractions algorithm.
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23.8.

23.9.
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By substituting successively the arguments = =0,1,2,3,4 into this continued fraction it is
easy to see that as the fraction becomes longer it absorbs the (z,y) data pairs one by one. This
further implies that truncating the fraction will produce a rational collocation function for an
initial segment of the data. The same remarks hold for the general case of Problem 23.5. It should
also be pointed out that the zeros in the last column of the table cause the fraction to terminate
without an « — x4 term, but that the fraction in hand absorbs the (x5, y5) data pair anyway.

Use a rational approximation to interpolate for tan 1.565 from the data provided in
Table 23.2,

The table also includes reciprocal differences through fourth order.

x tan x
1.53 24,498
.0012558
1.54 32.461 —.033
.0006403 2.7279
1.55 48.078 —.022 —.4187
.0002245 1.7145
1.56 92.631 —.0045
.0000086
1.57 1255.8
Table 23.2

The interpolation then proceeds as follows.

tan 1.565 ~ 24.498 + 1.565 — 1.53
.0012558 -+ 1.565 — 1.54
.565 — 1.56
27266 + > 0

which works out to 172.552. This result is almost perfect, which is remarkable considering how
terribly close we are to the pole of the tangent function at « = #/2. Newton’s backward formula,
using the same data, produces the value 433, so it is easy to see that our rational approximation
is an easy winner, It is interesting to notice the results obtained by stopping at the earlier dif-
ferences, truncating the fraction at its successive “convergents”. Those results are

52.37, 172.36, 172.552

so that stopping at third and fourth differences we find identical values. This convergence is re-
assuring, suggesting implicitly that more data pairs and continuation of the fraction are unnec-
essary, and that even the final data pair has served only as a check or safeguard.

It is possible that more than one rational function of the form in Problem 23.5 may
include the given points. Which one will the continued fraction algorithm produce?

As the continued fraction grows it represents successively functions of the forms

ay + a;x ag + ax + ame? ap + a;x + agx?
b() + bloo’ bO + blx ’ bO + blx + b2x2 ’

ay + ax,
4

Qur algorithm chooses the simplest form (left to right) consistent with the data. See Problem
23.4, 28.15 and 23.16 for examples.

23.10. Given that y(x) has a simple pole at z =0, and is of the form used in Problem 23.5,

determine it from these (x,%) points: (1,30), (2,10), (3,5), (4,3).

Such a function may be sought directly starting with
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y(x) = (1+ ax+ ayx?)/(byx + byx?)

It may also be found by this slight variation of the continued fractions algorithm. The table of
reciprocal differences

x Y
1 30
—1/20
2 10 —10/3
—1/5 / 8/5
3 5 —5/3 0
—-1/2
4 3 / -3 1
0
0 ©
leads to the continued fraction
y = 30 + z -1
__21_ n x—2
O _w0  _x—-3
3 33 x — 4
20 10/3

which collapses to y(x) = 60/[z(x + 1)].

MIN-MAX RATIONAL FUNCTIONS

23.11. How can a rational function R(x) = 1/(a +bz) which misses the three points (21, ¥1),
(%2, ¥2) and (zs, ys) alternately by +h be found?

The three conditions

- a—+_15?1 — h —h b for i=1,23
can be rewritten as aly,—h) +bly;, —h)x,—1 = 0
a(ys+h) + by +R)es —1 = 0
a(ys—h) + blys—h)wg—1 = 0

Eliminating a and b, we find that % is determined by the quadratic equation
yy—h (y,— Mz, —1
Yo+ h (yp+Rhywy —1 = 90
ys — h (yg—h)xz —1

Choosing the root with smaller absolute value, we substitute back and obtain « and b. (It is not
hard to show that real roots will always exist.)

23.12. Apply the procedure of Problem 23.11 to these three points: (0, .83), (1,1.06), (2,1.25).

The quadratic equation becomes 4h2—4.12h—.130 =0 and the required root is h = —.03.
The coefficients @ and b then satisfy .86a—1 =0, 1.03¢ +1.03b—1 = 0 and are a ~ 1.16, b ~ —.19.

23.13. Extending the previous problem, apply an exchange method to find a min-max
rational function of the form R =1/(a+bx) for these points: (0,.83), (1,1.06),

(2,1.25), (4,4.15).
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23.14.

23.15.

23.16.

23.17.
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Our method will be a close parallel to earlier exchange methods. Let the triple of the previous
problem serve as initial triple. The equal error rational function for this triple was found to be
R,(x) = 1/(1.16 — .192). At the four data points its errors may be computed to be -—.03,.03, —.03,
1.65 and we see that B, (x) is very poor at x = 4. For a new triple we choose the last three points,
to retain alternating error signs. The new quadratic equation is

6h2 — 21.24h + 147 = 0
making h = .07. The new equations for a and b are
a+b = 1.010, a+ 2b = .758, a+ 4b = .245

making a ~ 1.265 and b ~ —.255. The errors
at the four data points are now .04, .07, —.07,
.07; and since no error exceeds the .07 of our
present triple we stop, accepting

Ry(z) = 1/(1.265— .255x)

as the min-max approximation. This is the
typical development of an exchange algorithm.
Our result is of course accurate only to a point,
but the data themselves are given to only two
places so a greater struggle seems unwarranted.
It is interesting to notice that the computation
is quite sensitive. Rounding the third digit 5’s 2
in our R,(x), for instance, can change R,(4) by
almost half a unit. This sensitivity is due to
the pole near « = 5. Both R, («x) and R,(x) are
shown in Fig, 23-2. Fig. 23-2

-t

The data points of the preceding problem were chosen by adding random ‘“noise” of
up to five per cent to values of y(x) =4/(5—2). Use R:(x) to compute smoothed
values and compare with the correct values and the original data.

The required values are as follows, with entries at * = 8 added.

Original “noisy” data .83 1.06 1.25 — 4,15

Values of Ey(x) .79 .99 1.32 2.00 4,08

Correct values of y(x) .80 1.00 1.33 2.00 4.00

Only the error at « = 4 is sizable, and this has been reduced by almost half. The influence of
the pole at « = 5 is evident. Approximation by means of polynomials would be far less successful.

Supplementary Problems

Find directly, as in Problem 23.1, page 284, a function y(x) = 1/(a+ bx) such that y(1) =3 and
¥(8) = 1. Will our method of continued fractions yield this function?

Find directly a function y(x) = 1/(a+ bx+ c22) such that y(0) =1, y(1) =1/2 and y(10) = 1/4.
Will our method of continued fractions yield this function?

Use the continued fractions method to find a rational function having the following values.

x 0 1 2 3 4

Y -1 0 3/5 4/5 15/17
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23.18.

23.19.

23.20.

23.21.

23.22.

23.23.

23.24.

23.25.

23.26.

23.27.

23.28.

Use the continued fractions method to find a rational function having the following values.

x 0 1 9 19

Y 0 1/2 8.1 18.05

Find a rational function with these values:

x 0 1 4

Y 1/2 2/3 1

Find a rational function with these values:

x 0 1 2 4 0

Y —2 *w 2 6/5 1

(The symbol %= refers to a pole at which the function changes sign.)

Find a rational function with the values given below. Interpolate for y(1.5). Where are the “poles”
of this funetion?

x 0 *1 *92

y | 1/2 1 -1/2

Find the min-max function
R(x) = 1/(a + bx)

for y(x) = x2—1 on the interval (-1, 1).

Use an exchange method to find the min-max approximation R(x) = 1/(a 4+ bx) to y(x) = ¢* on the
interval (0, 3).

Develop an exchange method for finding the min-max approximation R(x) = (a -+ bx)/(1 + dx) for
a set of points (x;,y;) where ¢ =1,...,N. Apply it to the following data.

x 0 1 2 3 4 5

Y .38 .30 16 .20 12 10

Use R(x) to smooth the y values. How close do you come to y(x) = 1/(x + 3) which was the parent
function of this data, with random errors added?

Find a rational function which includes these points:

x —1 0 1 2 3

y | = 4 2 4 7

x -2 —1 0 1 2

Y — 0 3 8 oo

Find a rational function which includes the following points. Does the function have any real poles?

e | -2 -1 o0 1 2 3
4 4 8 14
v | 3 2 2 3 7 015

Interpolate for y(1.5) in the table below, using a rational approximation function.

3 4
x 1 2
Y 57.298677 28.653706 19.107321 14.335588
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23.29.

23.30.

23.31.
23.32.
23.33.

23.34.

23.35.

23.36.

23.31.

23.38.

23.39.

23.40.
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Find a rational function, in the form of a cubic polynomial over a quadratic, including these points:

x 0 1 2 3 4 5

Y 12 0 —4 -6 6 4

Approximate y = e¢* by the rational function

i
8
g

T(x) = , b0:1

v
§°"
bd

(e

so that r(«) and y(x) have as many equal derivatives as possible at # = 0. Take m =n = 2.
Work Problem 23.30 with m =3, n =1,
Work Problem 23.30 with m = 1, n=3.
Work Problem 23.30 with m = 0, n = 4.

For m =4,n =0 the approximation of Problem 23.30 would be the familiar 1+ + 22+ 123+
ot Compare the maximum errors of these five approximations to e* over (—1,1).

Work Problem 23.30 for y(x) = cosx, using only even powers of . For m = 4,n = 0 the result
is, of course, 1 — #%/2 + 24/24. Treat the two cases m=n=2 and m=0,n =4,

Work Problem 23.30 for y(x) = sinx. For m =5,n = 0 the result is, of course, z — 23/6 + %5/120.
Treat the two cases m =38, n =2 and m =1, n = 4.

0
Let y(x) have the Chebyshev series y(x) = 4c¢o + S ¢; T;(x) and attempt the rational approxi-
i=1

mation
m

yie) ~ @) = 2, b =1
3 b Ty()
i=0
in such a way that the error expansion

m

[%co + 2 ¢ Tj(x)][.z b; T,-(x)] - 2 a;Tj(x)
i=1 i=0 i=0

y@) — o) = -
2 b;T;()
i=0
has zero coefficients in the numerator for To(2), ..., Tpmin (). Show that the «¢; and b; are deter-
mined by the system of equations
1 n
= = b.c
Qy 2 ig() iCi
1 n
a]- = § -EO bi(C“'_,,” -+ cjw"i)’ ] = 1, ce., M +n
i=

where a; is zero for j > m, provided this system has a solution.

Apply the preceding problem to y(x) = e* with m =n =2,
ay + ayx + agx? .
Find the min-max approximation to e* on (—1,1) of the form »(x) = ——F——5 5. What is
. 1+ b+ box
the maximum error?

Compare the maximum errors of the rational approximations to e* over (—1,1) obtained in Problems
23.30, 23.38 and 23.39.



Chapter 24

Trigonometric Approximation

DISCRETE DATA

The sine and cosine functions share many of the desirable features of polynomials. They
are easily computed, by rapidly convergent series. Their successive derivatives are again
sines and cosines, the same then holding for integrals. They also have orthogonality prop-
erties, and of course periodicity, which polynomials do not have. The use of these familiar
trigonometric functions in approximation theory is therefore understandable.

A trigonometric sum which collocates with a given data function at 2L +1 prescribed -
arguments may be obtained in the form

L 2 2
(z) = dao + <a o8 srT—kx + b in————kx>
y(@) fao + X (akcosgr_y Y

a slightly different form being used if the number of collocation arguments is even. An
orthogonality property of these sines and cosines,

{ 0 if Ak
(N+1)/2 if j=k+0

%. 27 e i 2 .
o Sy I ST

% 2T 2r 4o = o
2 singy v cos g =

0 if 7k
3 2r 2r o
ZCOSmﬂCCOSmkx = (N+1)/2 if j=k+*0, N+1
=0

N+1 if j=k=0,N+1

allows the coefficients to be easily determined as

2 & 2 _

@ = gpriZV@cosgygke k=010
B 2 . 2n B

b = gpi RO singpighe F=12.0

These coefficients provide the unique collocation function of the form specified. For an even
number of collocation arguments, say 2L, the corresponding formula is

L—l/ - o
y(x) = a0 + > &ak cosrkx + bx smka> + da.cos nx
k=1
1 2L—1 -
with ax = F X y)costkr, k=0,1,...,L
L < L
1 2L—-1 . -
b, = I 2 y(x)smka, k=1,...,L—1

R
=)

293
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Least squares approximations for the same discrete data, using the same type of trig-
onometric sum, are obtained simply by truncation of the collocation sum. This is a famous
and convenient result. As observed in Problem 21.8, page 242, it is true of other
representations in terms of orthogonal functions. What is minimized here, in the case

of 2L 4+ 1 arguments, is oL

S = Z @ - Tulo)

where Twu(x) is the abbreviated sum (M being less than L)

Tu(x) = 34, + Z (Akcos2L+1lcx + Bks1n2L+1/cx>

The result just stated means that to minimize S we should choose A; = ax, Bx = bx. The
minimum value of S can be expressed as

L
Smm — ZL + 1 2 (a,i + bi)
2 k=M+1

For M = L this would be zero, which is hardly a surprise since then we have once again the
collocation sum.

Periodicity is an obvious feature of trigonometric sums. If a data function y(x) is not
basically periodic, it may still be useful to construct a trigonometric approximation, pro-
vided we are concerned only with a finite interval. The given y(x) may then be imagined
extended outside this interval in a way which makes it periodic.

0dd and even functions are commonly used as extensions. An odd function has the

property y(—z) = —y(z). The classic example is y(z) =sinx. For an odd function of
period P = 2L, the coefficients of our trigonometric sum simplify to
4 ' . 2n
a = 0, bx = ?;y(x) sin % kz

An even function has the property y(—z) = y(z). The classic example is y(z) = cosz. For
an even function of period P = 2L, the coefficients become

2 4 L—-1 2
o = Ig[y(O) + y(L) cos kx| + I—,xgl y(x) cos —Frkx, b = 0

These simplifications explain the popularity of odd and even functions.

CONTINUOUS DATA
Fourier series replace finite trigonometric sums when the data supply is continuous,
much of the detail being analogous. For y(x) defined over (0,2x), the series has the form

1
PAGH)

+ > (o, coskt + B, sinkt)
k=1

A second orthogonality property of sines and cosines,

27 . 't . ktdt 0 if]?ék
j; smIvsin T e ifi=k=0 "
27 ’
f sinjtcosktdt = 0

Q

0 if j+k

if 7=k+#0
2 if j=k=0

Il
.

27
f cos 7t cos kt dt
0
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allows eagy identification of the Fourier coefficients as

27

2o
o = (Un [ ub)cosktat, g, = (U f y(t) sin kt dt
0

Since the series has period 27, we must limit its use to the given interval (0,2x) unless y(x)
also happens to have this same period. Nonperiodic functions may be accommodated over
a finite interval, if we imagine them extended as periodic. Again, odd and even extensions
are the most common, and in such cases the Fourier coefficients simplify much as above.

Fourier coefficients are related to collocation coefficients. Taking the example of an odd
number of arguments we have, for example,

a, = %[%y(O) Lg y(x) cosL]xJ

which is the trapezoidal rule approximation to

I w
a, = Eﬁ y(x) coszjxdx

in which a change of argument has been used to bring out the analogy.

Least-squares approximations for the case of continuous data are obtained by truncation
of the Fourier series. This will minimize the integral

] = fo%[y(t)~TM(t)]2dt

M
where Tu(t) = 340 + > (Axcoskt + By sinkt)
k=1

In other words, to minimize I we should choose A, = «,, B, = ,. The minimum value of
I can be expressed as
Imin == ™ 2 + ,32
k=M+1

Convergence in the mean occurs under very mild assumptions on y(f). This means that,
for M tending to infinity, I.i» has limit zero.

APPLICATIONS
The two major applications of trigonometric approximation in numerical analysis are:

1. Data smoothing. Since least squares approximations are so conveniently available by
truncation, this application seems natural, the smoothing effect of the least squares
principle being similar to that observed for the case of polynomials.

2. Approximate differentiation. Here too the least-squares aspect of trigonometric ap-
proximation looms in the background. Sometimes the results of applying a formula
such as :

y(@) ~ Hl-2u@=2) - ylx-1) + yl@+1) + 2y +2)]

derived earlier from a least-squares parabola, are further smoothed by the use of a

trigonometric sum. The danger of oversmoothing, removing essential features of the

target function, should be kept in mind.
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The Lanczos sigma factofs
o, = [sin (zk/n))/(=k/n)

provide a way of accelerating the convergence of some Fourier series, the sequence of
partial sums

n—1
v, () = %a, + X o coskt + B, sin kt
k=1
being replaced by the sequence of functions
n—1
sty = ta, + X o.e, coskt + B, sinkt)
k=1

The function s.(f) also proves to be smoother than y.(f), which suggests still another
possible smoothing algorithm. The result
¥, (t+=/n) —y (£ —=/n)

2=/n

establishes s/(f) as a finite difference approximation to ¥/(t) and leads to the use of sigma
factors in approximate differentiation.

5, () =

Solved Problems

TRIGONOMETRIC SUMS BY COLLOCATION
24.1. Prove the orthogonality conditions

ism x sin 2n kx = 0 it g~k or j=k=0
Zsin yryiesing g (N+1)/2 if j=k+0
al 27
g 1nN+1yxcosN+1kx = 0
0 if 7#k
N 27 . 2 o
ECOSN+1]xCOSN+1kx - (N+1)/2 1f7=k%0
=0

N+1 if j=k=0
for j+k=N.

The proofs are by elementary trigonometry. As an example,

27 . 27 1 27 . 27
3 : - = A& (i _ k
sin % §o sin w0y kx 3 [cos N1 (7 — k)= cos 7 G+ )x]
and each cosine sums to zero since the angles involved are symmetrically spaced between 0 and 27,

except when j = k £ 0, in which case the first sum of cosines is (N +1)/2. The other two parts
are proved in similar fashion.
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24.2. For collocation at an odd number of arguments x =0,1,...,N = 2L, the trigonomet-

24.3.

24.4.

ric sum may take the form

L 27 27
1
lay + E <akcos2L+1kx + bk51n2L+1kx>

k=1

Use Problem 24.1 to determine the coefficients a; and bx.

To obtain a; multiply by cos 5 — "~ iz and sum. We find
= 2 2% . .
a; = 2L+12yx)COSZL+1]x, i=0,1,...,L

since all other terms on the right are zero. The factor 1/2 in y(x) makes this result true also for

j = 0. To obtain b; we multiply y(z) by sin 2L2+ 7 i@ and sum, getting
— 2 2L . % . .
b, = 2L+1I§0y(x)sm2L+1]x, ij=1,2,...,L

Thus only one such expression can represent a given y(x), the coefficients being uniquely determined
by the values of y(x) at = = 0,1, ...,2L. Notice that this function will have the period N + 1.

Verify that, with the coefficients of Problem 24.2, the trigonometric sum does equal

y(x) for ©=0,1,...,2L. This will prove the existence of a unique sum of this type
which collocates with y(x) for these arguments.

Calling the sum T(x) for the moment, and letting z* be any one of the 2L + 1 arguments, sub-
stitution of our formulas for the coefficients leads to

2 27 21 ,
¥y —
T(x*) L1, E y(x)[ + E <c052L+1kxcoszL+1kx
: o0 . .
+ 51n2L+1kxsm2L+1kx >:‘

2L2+ 1 2 y(x) [1 + 2 cos 2L + lk(x x*)J

in which the order of summation has been altered. The last sum is now written as

I - 2r B 1% 2 .
k(x —x%) = §k§1c052L+1kx x)+2k§+1 s———2L+1k(x o)

%
,21 €S oL F 1

which is possible because of the symmetry property

05 2L2:— 1k(x—oz:*) = cos 2L+ 1(2L+1—k)(w—x )
of the cosine function. Filling in the ¥ =0 term, we now find
1 oL
T(x*) = ETAET Ey(x)l:E C052L+1 oc—vc)]

But the term in brackets is zero by the orthogonality conditions unless =z = #*, when it becomes
2L+ 1. Thus T(x*) = y(x*), which was to be proved.

Suppose y(z) is known to have the period 3. Find a trigonometric sum which in-
cludes the following data points and use it to interpolate for y(1/2) and ¥(3/2).
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Using the formulas of Problem 24.2, we find
0 = 2(0+1+1) = § a; = %[cos (27/3) + cos (47/3)] = —%,
= 2[sin (24/3) + sin (4z/8)] =
so that y(z) = 2 — £ cos %ww. ‘We now easily compute %(1/2) = 1/3 and ¥(8/2) = 4/8.

24.5. For an even number of xz arguments (N +1 = 2L) the collocation sum is
L—

yix) = ao + 2 <ak cos ka + b s1nka> }aL cos #w

with collocation at £ =0,1,...,N. The coefficients are found by an argument almost
identical with that of Problems 24.1 and 24.2 to be

12L1

o = 7 % v@ cos p iz, ]

I
=
=
™

&1

»n

L
1
bj:E

L—
2 y(x) smL]x i=1,...,L—-1

Once again the function y(x) is seen to have the period N +1. Apply these formulas
to the data below, and then compute the maximum of y(x).

x 0 1 2 3

y 0 1 1 0

We find L=2 and then ay,=1@) =1, ¢y =}{-1)=-}%, ap=34(~-1+1) =0, by = (1) =}
The trigonometric sum is therefore

y) = % — 4 cos

3 %rw + —é— sin %n-x

The maximum of y(x) is then found by standard procedures to be y(3/2) = 1(1+ V2).

TRIGONOMETRIC SUMS BY LEAST SQUARES. DISCRETE DATA

24.6. Determine the coefficients Ay and By so that the sum of squares
2L

S = Y [y(x) — Tw(z)]? = minimum

z=0

where T'n(x) is the trigonometric sum
Tw(x) = 34o + 2 <Ak cos

and M < L.
Since by Problem 24.3 we have

27
yx) = }ag + 2 <ak cos 2L i lkx + by sin TR 1kx>

2r
2L+1kx + Bksm2L+1kx>

the difference is
M

y@) — Tp@) = Mag—A4y) + 3 [:(ak_Ak) cos 2L + 1’“ + (by — By) sin E%:_—lkx:‘

[EY

L
27
———k
+ k=%+1 [ak cos 2L i lkx + by sin 7= x:]
Squaring, summing over the arguments x, and using the orthogonality conditions,

2L M
S = 3 W@-Ta@r = Zfe-a + B S (e

— Ay)? + (b — By)?|

L
oL + 1
2L+l 3

e

(k+b)
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24.7.

ODD
24.8.

24.9.

24.10.

Only the first two terms depend upon the A, and B, and since these terms are non-negative the
minimum sum can be achieved in only one way, by making these terms zero. Thus for a minimum,

A = o, By = by
and we have the important result that truncation of the collocation sum T(x) at k=M produces

the least squares trigonometric sum T),(x). (This is actually another special case of the general
result found in Problem 21.8, page 242.) We also find

2L+1 <
Smn = 5= 3 (@} +b)
E=M+1
Since an almost identical computation shows that
2r, 2L, L’
2L+ 1 2L + 1
S @P = 3 [T@P = “r—a+ =5 (ai; + by)
r=0 z=0 k=1
this may also be expressed in the form
oL : M
2L + 1 2L + 1 2
Smin = E [y(x)2] - 4 a’(z) - 2 2 (aﬁ + bk)
=0 k=1

As M increases this sum steadily decreases, reaching zero for M = L, since then the least squares
and collocation sums are identical. A somewhat similar result holds for the case of an even number
of x arguments.

Apply Problem 24.6 with M =0 to the data of Problem 24.4.
Truncation leads to T, (x) = 2/3.

OR EVEN PERIODIC FUNCTIONS
Suppose y(x) has the period P = 2L, that is, y(x +P)=y(x) for all x. Show that

the formulas for a; and b; in Problem 24.5 may be written as

< 27, )
a; = > y(x) cos 5 iz, i=0,1,... L
ZL+1 P

=

L

i e

bj = y(x)sm2—;7x, .7:1’?L—1

z=—L+1

Since the sine and cosine also have period P, it makes no difference whether the arguments
2=0,...,2L—1 or the arguments —L+1,...,L are used. Any such set of P consecutive argu-
ments will lead to the same coefficients.

Suppose y(x) has the period P =2L and is also an odd function, that is, y(—z)=
—y(x). Prove that -
;= 0 by = 4 > y(x) si 27 i
a = U i = p y(x) sin P 7

=1

By periodicity, v(0) = y(P) = y(—P). But since y(x) is an odd function, y(—P)= —y(P) also.
This implies (0) = 0. In the same way we find y(L) = y(—L) = —y(L) = 0. Then in the sum for
a; each remaining term at positive « cancels its mate at negative x, so that all a; will be 0. In the
sum for b; the terms for x and —« are identical, and so we find b; by doubling the sum over positive z.

Find a trigonometric sum 7(x) for the function of Problem 24.5, assuming it ex-
tended to an odd function of period P = 6.

By the previous problem all a; =0, and since L =3,

2 A . 27 2 . 27 . Ar _
by = §<sm%+sm?> = 2/V3, by = §<s1n§+sm?> = 0

making T(x) = (2/V3) sin (za/3).
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24.11.

24.12.

TRIGONOMETRIC APPROXIMATION [CHAP. 24

If y(x) has the period P =2L and is an even function, that is, y(—z) = y(x), show
that the formulas of Problem 24.8 become

2 g 2 .
6 = plO) +yL)cosiz] + 5 T y@) cosFiz,  §=01...,L
bj:()

The terms for =z in the formula for b; cancel in pairs. In the a; formula the terms for = =0
and « = L may be separated as above, after which the remaining terms come in matching pairs
for *zx.

Find a T(x) for the function of Problem 24.5 assuming it extended to an even function
of period 6. (This will make three representations of the data by trigonometric sums,
but in different forms. See Problem 24.5 and 24.10.)

All b; will be zero, and with L =3 we find a, = %, ay =0, a,=—%, a3 =0 making T(x) =
23(1 — cos Zra).

CONTINUOUS DATA. THE FOURIER SERIES

24.13.

24.14.

Prove the orthogonality conditions

o 0 if j#k
f ginjtsinktdt = L
0 x if j=k+#0
27
j sinjtcosktdt = 0
0
\ 0 if 7+k
f cosjtcosktdt = = if j=k+0
0

2- if j=k=0
where j,k=0,1,... to infinity.
The proofs are elementary calculus. For example,
sin jt sinkt = %[cos (7 — k)t — cos (4 + k)t]

and each cosine integrates to zero since the interval of integration is a period of the cosine, except
when j =k 70, in which case the first integral becomes 1(27). The other two parts are proved
in similar fashion.

Derive the coefficient formulas

1 27 1 2w
a, = = f y(t) cos jt dt, B, = = f y(t) sin jt dt
™ 0 ki [4]

of the Fourier series

Ms

[N

o, +

y(ty = (a, coskt + B, sin kt)

k

1

These are called the Fourier coefficients. As a matter.of fact all such coefficients in
sums or series of orthogonal functions are frequently called Fourier coefficients.

The proof follows a familiar path. Multiply y(¢) by cos jt and integrate over (0,27). All terms
but one on the right are zero and the formula for «; emerges. The factor 1 in the ¢, term makes
the result true also for j = 0. To obtain 8; we multiply by sin jt and integrate. Here we are as-
suming that the series will converge to () and that term by term integration is valid. This is
proved, under very mild assumptions about the smoothness of y(t), in the theory of Fourier series.
Clearly y(¢) must also have the period 2z.
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24.15.

24.16.

24.17.

Obtain the Fourier series for y(f) =|t|, —= =t =

Let y(t) be extended to an even function of period 27. (See solid curve in Fig. 24-1.) The limits
of integration in our coefficient formulas may be shifted to (—7,7) and we see that all B;=0.
Also @y ==; and for 7> 0

@ = %f tcosjtdt = _2_(cos_]]..+—1_)_
0 7
Thus y(t) = % — §_<COSt + co§23t + %ﬁ + }

R T+ T+ ya
. . \ /
¥ t | ¥ e —_— ' ; —
p / 7r/

Fig. 24-1 Fig. 24-2

4
|

Obtain the Fourier series for y(f) =¢, —= <t <.

Extend y(¢) to an odd function of period 27. (See Fig. 24-2.) Again shifting to limits (—=, =)
we find all o; = 0, and

T
B = gf tsinjtdt = 2(—1)-1/]
L]
Thus yt) = 2<sin p— 020, s 3 SRl >

Notice that the cosine series of Problem 24.15 converges more rapidly than the sine sevies. This
is related to the fact that the y(t) of that problem is continuous, while this one is not. The smoother
y(t) is, the more rapid the convergence. Notice also that at the points of discontinuity our sine series
converges to zero, which is the average of the left and right extreme values (= and —7) of y(¢).

tr—1t), 0=t=x

Find the Fourier series for y(f) = .
tHr+t), —==t=0

Extending the function to an odd function of period 27, we have the result shown in Fig, 24-3.
Notice that this function has no corners. At t =0 its derivative is = from both sides, while both
y'(x) and y'(—r) are —7 so that even the extended periodic function has no corners. This extra
smoothness will affect the Fourier coefficients. Using limits (—r, ) we again find all «; =0, and

m
B; = 2f t(x — t) sin jt dt
0

T

2 ((r—2t
= —f T = cosjt dt
7T vy J

T
4 .. 41 — cos jm) 1
= ;]3'{0 sin jt dt = *———-7‘_].3 ‘

. - T
The series is therefore T
8/ . sin 3t sin b¢ o
y(t) = ;<sm t + 33 + T + >

The coefficients diminish as reciprocal cubes, which makes
for very satisfactory convergence. The extra smooth-
ness of the function has proved useful. Fig. 24-3
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24.18. Show that for the Bernoulli function
Fo(x) = Bn(z), 0 <2 <1; Fulwxm)=F.(x), m an integer

B.(x) being a Bernoulli polynomial, the Fourier series is

Fp(x)y = (—1)y™v2*1[2/2x)" E (cos 2rkx)/ kr
when » is even, and
Fo(x) = (=1)**V72[2/2x)" E (sin 27kx)/ k"
when 7 is odd. This result was used in Problem 17.30 of the chapter on sums and
series.
Since B(x) = ® — 4, the series for F;(x) may be found directly from the coefficient formulas
to be

Fi(®) = —(1/7)[(sin 27%)/1 + (sin 472)/2 + (sin 672)/3 + -~ -]

Integrating, and recalling that
1
B (x) = B,_,(), f B,(x)dx = 0 for n >0
0

we soon find Fgy(x) = [2/(27)2[(cos 2rx)/1 + (cos dzx)/22 + (cos 67%x)/32 + - - -]

The next integration makes
Fa(w) = [2/(27)%][(sin 27x)/1 + (sin 472)/23 + (sin 67x)/33 + -]

and an induction may be used to complete a formal proof. (Here it is useful to know that integra-
tion of a Fourier series term by term always produces the Fourier series of the integrated function.
The analogous statement for differentiation is not generally true. For details see a theoretical
treatment of Fourier series.)

24.19. How are the collocation coefficients of Problem 24.5, or of Problem 24.2, related to
the Fourier coefficients of Problem 24.147

There are many ways of making the comparisons. One of the most interesting is to notice that
in Problem 24.5, assuming y(2) to have the period P = 2L, we may rewrite a; as

1 2L—1 .
@G = f [%y(O) + 1y2L) + x§1 y(x) cos %]x:\

and this is the trapezoidal rule approximation to the Fourier coefficient
1 o 1 oL
. 1 T,
@ = — J; y(t) cogjt dt = I fo y(x) cos F AL dx

Similar results hold for b; and 8; and for the coefficients in Problem 24.2. Since the trapezoidal
rule converges to the integral for L becoming infinite, we see that the collocation coefficients con-
verge upon the Fourier coefficients. (Here we may fix the period at 2r for convenience.) For an
analogy with Chebyshev polynomials see Problems 21.53 to 21.55.

LEAST SQUARES. CONTINUOUS DATA
24.20. Determine the coefficients Ax and By so that the integral

I = fo ") — Tw (O] dt

M
will be a minimum where Tn(t) = 34o + 2, (Ax coskt + Bx sin kt).
k=1

More or less as in Problem 24.6, we first find

v
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M
y(t) - TM(t) = %(ag"‘Ao) -+ kgl [(ak_Ak) COS kt + ('Bk—Bk) sin kt]

0

+ > (ay coskt + By sin kt)
k=M+1

and then square, integrate and use the orthogonality conditions to get

o0

M
I = Z(—A? + 7 3 [(a~A0+ B:~B2 + 7 3 (af + i)
k=1 k=M+1

For a minimum we choose all A, = o, B) = 8 so that

o0

Imin = 7 k=§+1 (a% + ﬁ%)

Again we have the important result that truncation of the Fourier series at k¥ = M produces the
least squares sum T, (f). (Once again this is a special case of Problem 21.8.) The minimum inte-
gral may be rewritten as

27 M 9
lun = f WP~ frad = 3 @+ 6D
0 =
As M increases, this diminishes; and it is proved in the theory of Fourier series that I, tends to
zero for M becoming infinite. This is called convergence in the mean.

24.21. Find the least squares sum with M =1 for the function y(¢) of Problem 24.15,

Truncation brings T, (f) = #/2 — (4/7) cost. This function is shown dotted in Fig. 24-1.
Notice that it smooths the corners of y(t).

SMOOTHING BY FOURIER ANALYSIS _
24.22. What is the basis of the Fourier analysis method for smoothing data?

If we think of given numerical data as consisting of the true values of a function with random
errors superposed, the true functions being relatively smooth and the superposed errors quite un-
smooth, then the examples in Problems 24.15 to 24.17 suggest a way of partially separating func-
tions from error. Since the true function is smooth, its Fourier coefficients will decrease quickly.
But the unsmoothness of the error suggests that its Fourier coefficients may decrease very slowly,
if at all. The combined series will consist almost entirely of error, therefore, beyond a certain
place. If we simply truncate the series at the right place, then we are discarding mostly error.
There will still be error contributions in the terms retained. Since truncation produces a least
squares approximation, we may also view this method as least squares smoothing.

24.23. Apply the method of the previous problem to the following data.

e | 0 1 2 3 4 5 6 7 8 9 10

Y 0 4.3 8.5 10.5 16.0 19.0 211 24.9 25.9 26.3 27.8

x 11 12 13 14 15 16 17 18 19 20

Y 30.0 30.4 30.6 26.8 25.7 21.8 18.4 12.7 7.1 0

Assuming the function to be truly zero at both ends, we may suppose it extended to an odd
function of period P = 40. Such a function will even have a continuous first derivative, which
helps to speed convergence of Fourier series. Using the formulas of Problem 24.9, we now compute
the b]‘
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24.24. Approximate the derivative y'(x) =

TRIGONOMETRIC APPROXIMATION
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j 1 2 3 4 5 7 8 9 10
b; 30.04 —3.58 1.35 —.13 -.14 ~.43 46 24 -.19 .04
J 11 12 13 14 15 16 17 18 19 20

b; 34 19 20 -—-12 -3 -—18 —-06 —37 27

The rapid decrease is apparent, and we may take all b; beyond the first three or four to be largely

error effects.

Tx) =

30.04 sin %

3585m—+ 1.85 sin —— —

If four terms are used, we have the trlgonometrlc sum

3rx
20

.13 sin 4y

20

The values of this sum may be compared with the original data, which were actually values of

y(x) = x(400 — x2)/100

contaminated by artificially introduced random errors.

The RMS error of the given data was 1.06 and of the smoothed data .80.

(See Table 24.1),

x given | correct | smoothed x given correct Tsmoothed
1 4.3 4.0 4.1 11 30.0 30.7 29.5
2 8.5 7.9 8.1 12 30.4 30.7 29.8
3 10.5 11.7 11.9 13 30.6 30.0 29.3
4 16.0 15.6 15.5 14 26.8 28.6 28.0
5 19.0 18.7 18.6 15 25.7 26.2 25.8
6 21.1 22.7 21.4 16 21.8 23.0 22.4
7 24.9 24.6 23.8 17 18.4 18.9 18.0
8 25.9 26.9 25.8 18 12.7 13.7 12.6 -
9 26.3 28.7 274 19 7.1 7.4 6.5
10 27.8 30.0 28.7 20

Table 24.1

(400 — 32%)/100 of the function in the preceding
problem on the basis of the same given data.

First we shall apply the formula
Yy ~ L2y —2) —yle—1) + ylx-+1) + 2yl + 2)]
derived earlier from the least squares parabola for the five arguments z—2, ..., 2+2. With similar
formulas for the four end arguments, the results form the second column of Table 24.2. Using this
local least squares parabola already amounts to local smoothing of the original x,y data. We now
attempt further overall smoothing by the Fourier method. Since the derivative of an odd function
is even, the formula of Problem 24.11 is appropriate.

_ _1_ ’ ! . l__ s ’ T
4G = 3 [ (0) + y'(20) cos j=| + 16 xg,l y'(x) cos 50®

These coefficients may be computed to be

j 0 1 2 3 4 5 6 7 8 9 10
a; 0 4.81 —1.05 1 —.05 .05 —.20 .33 .15 .00 .06
i 11 12 13 14 15 16 17 18 19 20
a; .06 06 —.03 11 .06 14 —.04 16 —.09 .10

Again the sharp drop is noticeable. Neglecting all terms beyond j = 4, we have

.05 cos Argy

3o
— 1.05 cos + .71 cos 20

T
4.81 cos 20

v ~ 5%
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Computing this for =0, ...,20 produces the third column of Table 24.2. The last column gives
the correct values. The RMS error in column 2, after local smoothing by a least squares parabola
is .54, while the RMS error in column 3, after additional Fourier smoothing is .39.

x local | Fourier | correct z local Fourier | correct
0 5.3 4.4 4.0 11 11 5 4
1 4.1 4.4 4.0 12 -1 -1 ~.3
2 3.8 4.1 3.9 13 —-1.2 -9 —1.1
3 3.7 3.8 3.7 14 —2.2 ~1.8 —-1.9
4 3.4 3.4 3.5 15 —2.9 -2.9 —2.8
5 3.4 3.0 3.2 16 —3.6 —4.0 —3.7
6 2.6 2.5 2.9 17 —4.6 -5.0 —4.7
7 1.9 2.1 2.5 18 —5.5 -5.8 —5.7
8 1.5 1.8 2.1 19 -7.1 —6.4 —6.8
9 1.2 14 1.6 20 —6.4 —6.6 —8.0
10 1.3 1.0 1.0
Table 24.2 ,

THE LANCZOS SIGMA FACTORS

24.25.

24.26.

Some Fourier series of important functions converge very slowly. Derive the sigma
factors, which are a means of accelerating convergence, and consequently of data
smoothing.

Imagine y(t) approximated by a truncation of its own Fourier series,
n—1

Yt = dao + kg,l ay cos kt + By sinkt

The Lanczos idea is to replace the approximate value y,(t) by the average of y,(t) between t— (z/n)
and t+ (z/n). This is an extension of the smoothing by moving averages procedure introduced
earlier and it leads us to

" t+(mw/n)

su(t) = 5= Yn(8) ds
2r Vi m

. n[% 2s " sin ks cos ks
= E[z n +k§1<“’° E T PeTg >

t+(m/n)
t—(n/n)jl
n "l /2 ok 28k . ok
= 1 — —_ — =
tay + o k§1< 5 sin - . Cos kt + % sin- -sin kt

n—1

= lay + 2 MM( x coskt + B sin kt)

This is identical in form with y,(t), except that each term is now multiplied by the factor o) =
[sin (zk/n))/(rk/n). We take oy to be 1.

Apply the sigma factors to the square-wave function
1 for 0<z<n
y(t) =
0 for n<a<2r
with y(t +2=) = y(?).
This has discontinuities at all multiples of 7, and so we do not expect fast convergence of the
Fourier series, which proves to be

1, 2[. 1. 1. ]
= —_ — = = bt + -
y(t) B -+ v[smt+ 3sm3t+ 55m
as may easily be found from the coefficient formulas of Problem 24.14. This series does converge
to the square-wave function for all t except the multiples of =, where it converges to 1. Truncating

to fourteen terms produces
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- 1.2 oo p Lo
Yoslty = 5 7‘_lismt—f- + 25 sm25t:l

The sigma factors then bring

1,2 [sin (=/26) . 1 sin (257/26)

nt + - —————sin25t:l

s(t) = g /26 S 25 ~ 25:/26

2 T
Both functions appear in Fig. 24-4(a). Notice that the sigma factors have both smoothed the ap-
proximation, by reducing the size of the oscillation, and accelerated the convergence, that is, brought
the approximation closer to the true function y(x) = 1. It is also interesting to observe that syg(f)
is a truncation of the Fourier series of the function in Fig. 24-4(b), in which the corners of the
square wave have been slightly blunted.

o/ I's 2‘1r

1/2 - t
t=0 t=n/2

(a) (®)
Fig. 24-4

24.27. The result of differentiating a Fourier series generally converges more slowly than
the original series, if at all. Differentiate the series for the square-wave function and
apply sigma factors to the result.

The formal derivative series is
(2/7)(cos t + cos 3t + cosb5t + ---)

which converges only at the odd multiples of #/2, even though the true f'(¢) is zero everywhere
except at multiples of ». Introducing sigma factors, we have

, _ 2| sin (z/2m) . sin 2m — 1)n/2m
$9m (1) |:__—7r/2m cost + + _(Zm— T)a/2m

T

cos (2m — 1)1‘}

if we stop at k =n—1 = 2m — 1. As m increases, this can be shown to approach zero everywhere
except at the multiples of 7=, where it becomes infinite. This is an accurate representation of f'(x),
so that sigma factors can even convert a divergent series into one which converges to the required
function. The general form of s5,,(t) for large m is shown in Fig. 24-5(a). It may be helpful to point
out that sy, (¢) is actually the truncated Fourier series of the function shown dotted in Fig. 24-5(b).

rF==

! |

Lo

’
sZm(t) —r _} 0 L T
-9 e « L o e e
| 1/m t |
| ! \ |
H | | 1
' ! I |
| S | S—]
i T~

(@) (b)
Fig. 24-5
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24.28. Show that sj(f) = 22

24.29.

24.30.

24.31,

24.32.
24.33.

24.34.

24.35.
24.36.

24.37.

24.38.

24.39.

t+w/n) — ya(t — w/n)
2x/n
function is a finite difference approximation to y:(?).

The result follows by direct differentiation of the integral which defined s,(f) in Problem 24.25.
Note that the finite difference involved is taken over a full period of the first term omitted from the
Fourier series for y(¢). If this term is considered as representing the error of ¥, (t), then the interval
chosen uses points of equal error and presumably leads to a better approximation to y,(¢). This is
another way of viewing the smoothing effect of sigma factors.

so that the derivative of the smoothed

Supplementary Problems

Apply the method of Problem 24.2, page 297, to the data below.

x 0 1 2 3 4

Y 0 1 2 1 0

Derive the coefficient formulas of Problem 24.5, page 298.

Apply the method of Problem 24.5 to the following data.

x 0 1 2 3 4 5

y|lo 1 2 2 1 o

Use the result of Problem 24.6, page 298, to obtain least square sums Ty(x) and T, (x) for the data
of Problem 24.29.

Imitate the argument of Problem 24.6 to obtain a somewhat similar result for the case of an even
number of £ arguments.

Apply the preceding problem to the data of Problem 24.31.

Extend the data of Problem 24.29 to an odd function of period 8. Find a sum of sines to represent
this function.

Extend the data of Problem 24.29 to an even function of period 8. Find a sum of cosines to rep-
resent this function.

Show that the Fourier series for y{(x) = |sin x|, the “fully rectified” sine wave, is

", B é |:1 cos 2x cos 4x _ cos 6x .. :|

2 1.3 35 5.7

y(x)

T

Show that the Fourier series for y(x) = x2 for x between —7 and =, and of period 27, is

72 <& (1)1 coska
y(x) = 3 4 = 72

o0 o0
Use the result to evaluate the series % (—1)k—1/k2 and kEI 1/k2.
k=1 =

0
Use the Fourier series of Problem 24.15, page 301, to evaluate kgl 1/(2k — 1)2.
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24.28. Show that si(t) = 2

24.29.

24.30.

24.31.

24.32.
24.33.

24.34.

24.35.
24.36.

24.37.

24.38.

24.39.

t+n/n) ~ yo(t — =/0)
27/n
function is a finite difference approximation to y:(f).

The result follows by direct differentiation of the integral which defined s,(f) in Problem 24.25.
Note that the finite difference involved is taken over a full period of the first term omitted from the
Fourier series for y(¢). If this term is considered as representing the error of y,(¢), then the interval
chosen uses points of equal error and presumably leads to a better approximation to y/(t). This is
another way of viewing the smoothing effect of sigma factors.

so that the derivative of the smoothed

Supplementary Problems

Apply the method of Problem 24.2, page 297, to the data below.

x 0 1 2 3 4

y 0 1 2 1 0

Derive the coefficient formulas of Problem 24.5, page 298.

Apply the method of Problem 24.5 to the following data.

x 0 1 2 3 4 5

Y 0 1 2 2 1 0

Use the result of Problem 24.6, page 298, to obtain least square sums T,(x) and T,(») for the data
of Problem 24.29.

Imitate the argument of Problem 24.6 to obtain a somewhat similar result for the case of an even
number of x arguments.

Apply the preceding problem to the data of Problem 24.31.

Extend the data of Problem 24.29 to an odd function of period 8. Find a sum of sines to represent
this function.

Extend the data of Problem 24.29 to an even function of period 8. Find a sum of cosines to rep-
resent this function.

Show that the Fourier series for y(x) = |sinz|, the “fully rectified” sine wave, is

! 4 [l __ cos2x cosdxr _ cosbx }

v = T3 1.3 35 5.7

ks

Show that the Fourier series for y(x) = 2 for x between —7 and =, and of period 27, is
(=11 cos kx

_ S
yle) = 3 4k21 72

o0 0
Use the result to evaluate the series ¥ (—1)*—1/k2 and X 1/k2
k=1 k=1

0
Use the Fourier series of Problem 24.15, page 301, to evaluate 3 1/(2k—1)2.
k=1
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24.40.

24.41,

24.42,

24.43.

24.44.

24.45.

24.46.

24.47.

24 .48.

TRIGONOMETRIC APPROXIMATION [CHAP. 24

Use the Fourier series of Problem 24.16 to show that /4 =1—1/3+1/5—1/7T+ -+-.
Use the series of Problem 24.17 to evaluate 1 — 1/33 + 1/53 — 1/73 + -+ .

What is the four term least-squares trigonometric approximation to the function of Problem 24.37?
What is the two term least-squares approximation?

Apply Fourier smoothing to the following data, assuming that the end values are actually zero
and extending the function as an odd function. Also try other methods of smoothing, or combina-
tions of methods. Compare results with the correct values y(x) = (1 — x) from which the given

data were obtained by the addition of random errors of up to twenty percent. The arguments are
z = 0(.05)1.

.00, .06, .10, .11, .14, .22, .22, 27, .28, .21, .22, .27, .21, .20, .19, .21, .19, .12, .08, .04, 00

Apply the differentiation formulas obtained from five point least-squares parabolas to the data of
the previous problem to estimate y’(x). Then apply Fourier smoothing to the results. Compare the
RMS errors of both sets of numbers. Also apply the Lanczos sigma factors to the results of Fourier
smoothing. Is the RMS error further reduced or not?

Find a least-squares approximation of the form

ylx) ~ asinxz + bsindx + ¢sinbx
for the following data.
x 0° 30° 60° 90° 120° 150° 180°
y 0 5 8 9 8 5 0
Find a least-squares approximation of the form
6
y ~ fag + El (a; cos jx + b; sin jx)
i=
for the following data, where = = 7%k/12.
k| —-12 -—-11 -10 -9 —8 -7 —6 -5 —4 ~3 -2 -1 0
v | 400 4.08 4.22 445 4.85 545 640 745 842 9.07 9.35 9.53 9.55
k 1 2 3 4 5 6 7 8 9 10 11 12
v | 9446 925 896 858 810 7.59 7.00 634 556 480 421 4.00
Given the data
* (4] 27/9 A7 /9 67/9 8x/9 107/9 12+/9 147/9 167/9
y | 3.0004 5.7203 3.1993 —1.0981 —.8679 2.9890 4.0985 1.1477 —.1882
find the least-squares approximation of form
M
y ~ da, + 21 (a; cos jo& + b; sin jx)
]’—.:
for M =1,2 3,4, What do you guess the true function should be?
Given the data
x 0 2717 AxlT 6x/7 8/ 10+/7 127/7
¥ 1.0004 —.1190 1.5987 .2115  —.6567 —.3514 —1.6824
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find the least-squares trigonometric approximation of most suitable degree M.
M
y ~ day + 3 (a;cosjx + b; sin jx)
i=1

If this approximation is used for smoothing, what is the maximum correction it makes?

1 0<ae<nr
24.49. Show that the Fouri ies f = i
ow tha e Fourier series for y(x) L g << is
y(x) = 4 sine + Sin 3x . sin b Lo
T 3 5

What is the least-squares approximation of form a sinz + b sin 3x?

24.50. Find the Fourier series for y(x) = (72z — 23)/12 on (—=, 7).

2451. Find the Fourier series for y(z) = (#3 — 3702 + 2722)/12 on the interval (0,n).

2452. Use Problem 24.50 to evaluate 1 — ?% + 51—3 — % + e
1 1 1
2453. Use Problem 24.50 to evaluate 1+ BB T + o

2454. Find the Fourier cosine series for y(z) = [2z2(x — 7)2 — (¥ —7)* — T7%/15]/48 on the interval 0, 7).
24.55. Find the Fourier cosine series for y(x) = [¢* — 272x2 4 Tx%/15]/48 on the interval (0, ).

1
2456. Evaluate the series 1 + % + 3 + e

1 1

24.57. Evaluate the series 1 — 27 + Eri



Chapter 25

Nonlinear Algebra

ROOTS OF EQUATIONS

The problem treated in this chapter is the ancient problem of finding roots of equations

or of systems of equations. The long list of available methods shows the long history of
this problem and its continuing importance. Which method to use depends upon whether
one needs all the roots of a particular equation or only a few, whether the roots are real
or complex, simple or multiple, whether one has a ready first approximation or not, and so on.

1.

The iterative method solves z = F(z) by the recursion
Tn = F(xn—1)

and converges to a root if |F’(x)] =L <1. The error e,=r—x,, where r is the exact
root, has the property

€n ~ F’(’)") Cn—1
so that each iteration reduces the error by a factor near F’(r). If F’(r) is near 1 this
is slow convergence. '

The A% process can accelerate convergence under some circumstances. It consists of the
approximation

r o~ Tat+tz —

which may be derived from the error property given above.

The Newton method obtains successive approximations

Zn = Tn-1 — CIS)
" " F(xn-1)
to a root of f(x) =0, and is unquestionably a very popular algorithm. If f/(z) is com-
plicated, the'previous iterative method may be preferable, but Newton’s method con-
verges much more rapidly and usually gets the nod. The error e, here satisfies
flr(,r)
T T o)

This is known as quadratic convergence, each error roughly proportional to the square
of the previous error. The number of correct digits almost doubles with each iteration.

Tn = 1<96n_1-+- Q>

2 Ln—1

is a special case of Newton’s method, corresponding to f(z) =22—@Q. It converges
quadratically to the positive square root of Q, for @ > 0.

The square root iteration

310
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The more general root-finding formula
z,  —Q
parT]

is also a special case of Newton’s method. It produces a pth root of Q.

Tn = Xn-1 —

4. Interpolation methods use two or more approximations, usually some too small and
some too large, to obtain improved approximations to a root by use of collocation
polynomials. The most ancient of these is based on linear interpolation between two
previous approximations. It is called regula falsi and solves f(x) =0 by the iteration

_ _ (ﬂé‘n—-l*xn—z) f(xn—l)
T T T T ) — f(@a)

The rate of convergence is between those of the previous two methods. A method based
on quadratic interpolation between three previous approximations o, 2: uses the
formula 90

B +y/B*—4AC

the expressions for A, B, C being given in Problem 25.18.

rs = L2 —

5. Bernoulli’s method produces the dominant root of a real polynomial equation
tox™ + a1+ - +an = 0

provided a single dominant root exists, by computing a solution sequence of the dif-
ference equation

ok + A1xr—1+ - -+ + @¥x—n = 0
and taking lim (zx+:/2x). The initial values &—n+1= -+ =2-1=0, 2o =1 are usually
used. If a complex conjugate pair of roots is dominant, then the solution sequence is
still computed, but the formulas

2
X, — & X X x — X X
k k+1%k—1 k+1%Vk—2 k—1Yk
r? o~ — s —2r cos ¢ ~ >
Ty — LTy Ly = LTy

serve to determine the roots as 71,72 ~ 7(cos ¢ = isin ¢).

6. Deflation refers to the process of removing a known root from a polynomial equation,
leading to a new equation of lower degree. Coupled with Bernoulli’s method, this per-
mits the discovery of next-dominant roots one after another. In practice it is found
that continued deflation determines the smaller roots with diminishing accuracy.
However, using the results obtained at each step as starting approximations for
Newton’s method often leads to accurate computation of all the roots.

7. The quotient-difference algorithm extends Bernoulli’s method and may produce all
roots of a polynomial equation, including complex conjugate pairs, simultaneously. It
involves computing a table of quotients and differences (resembling a difference table)
from which the roots are then deduced. The details are somewhat complicated and may
be found in Problems 25.25 to 25.32.

8. Sturm sequences offer another historical approach to the real roots of an equation,
again producing them more or less simultaneously. A Sturm sequence

fo(x), f1(x), ..., fa(2)
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meets five conditions as listed in Problem 25.33. These conditions assure that the num-
ber of real zeros of fo(x) in the interval (a, b) is precisely the difference between the num-
ber of sign changes in the sequence fo(a), fi(a), ..., fx(a) and the corresponding number
in fo(b), f1(b), ..., fa(b). By choosing various intervals (a, b) the real zeros can there-
fore be located. When fo(%) is a polynomial, a suitable Sturm sequence may be found by
using the Euclidean algorithm. Letting £ (x)=f;(x), the rest of the sequence is

defined by
fo(x) fi(2) Li(z) — f2(=)
filg) = f2(x) Lao(2) — falz)

fam2(@) = fa-1(2) Lu-1(2) — fa()

Like the deflation and quotient-difference methods, Sturm sequences can be used to
obtain good starting approximations for Newton itérations, which then produce highly
accurate roots at great speed.

SYSTEMS OF EQUATIONS
Systems of equations respond to generalizations of many of the previous methods, and

to other algorithms as well. We choose three.
1. The iterative method, for example, sclves the pair of equations
x = F(z,v) y = Gz, v)
by the formulas Zn = F(@n—1, Yn—1) Yo = G(Za-1, Yn—1)
assuming convergence of both the x, and ¥, sequences. Newton’s method solves
fle,9) =0 9@,y =0
through the sequences defined by
Tn = ZTn—1+ Ry Yn = Yn—-1+ kn—s
with h.—1 and k.—: determined by
— f(@n—1, Yn—1)
9z (Tn—1, Yn—1)lin—1 + Gy (L1, Yn—1)kn—1 = — g(Tn—1, Yn—1)

I

fo(Znot, Yn—1)n—1 + fy(@Tn—1, Yn—1)ka—1

2. The method of steepest descent replaces the root-finding problem by an equivalent prob-
lem of minimization. For example, solving

fl,y) = 0 g(xz,y) = 0

is clearly equivalent to minimizing
S(x,y) = [f(x, )] + [9(x, 1))

Beginning at an initial approximation (xo, ), we select the next approximation in the
form

T1 = Xo — tSxo Y1 = Yo — tSy
where S.o and Sy are the components of the gradient vector at (%o, %0). Thus progress
is in the direction of steepest descent. The number ¢ may be chosen to minimize S in
this direction. Similar steps follow. Often this method is used to provide initial ap-
proximations to the Newton algorithm just described above.
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3. Bairstow’s method produces complex roots of a real polynomial equation p(z) =0 by
applying the Newton method to a related system. More specifically, division of p(x)
by a quadratic polynomial suggests the identity

plx) = (@2—ux—v)qx) + rx)
where 7(z) is a linear remainder
r@) = ba—1(u,v)(x—u) + ba(u,v)

The quadratic divisor will be a factor of p(x) if we can choose v and v so that
bn—1(u,v) = 0, bulu,v) = 0

This is the system to which Newton’s method is now applied. Once » and v are known,
a complex pair of roots may be found by solving

2?—ur—v = 0

Solved Problems

THE ITERATIVE METHOD

25.1. Prove that if r is a root of f(z) =0 and if this equation is rewritten in the form
x = F(x) in such a way that |[F’(x)) =L <1 in an interval I centered at x =r, then
the sequence z, = F(x.—1) with zo arbitrary but in the interval I has lim z. = 7.

First we find

|F(z) — Fy)l = |[F'¢)(x—y| = Lljz—y
provided both x and y are close to ». Actually it is this Lipschitz condition rather than the more
restrictive condition on F'(x) which we need. Now

lxn - ﬂ = ‘F(xnfl) - F(T)‘ = Ll“’n*l - 7‘\
so that, since L < 1, each approximation is at least as good as its predecessor. This guarantees
that all our approximations are in the interval I, so that nothing interrupts the algorithm. Apply-
ing the last inequality » times, we have

' lw, —r] = Ltjwy — 1

and since L <1, limx, = . 1¥n | o \

The convergence is illustrated in Fig. 25-1. Note that choosing F(x,_;) as the next », amounts
to following one of the horizontal line segments over to the line y = x. Notice also that in Fig.
25-2 the case |F’(x)| > 1 leads to divergence.

Y Y
S ¥
)

N

x = F(x)

o t +—— + t
*y Tz | Ty X %3 2 Ty X Ty

Fig. 25-1 Fig. 25-2

z = F(x)
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25.2.

25.3.

25.4.

NONLINEAR ALGEBRA [CHAP. 25

In the year 1225 Leonardo of Pisa studied the equation

fl) = «*+ 222+ 10 —20 = 0
and produced x = 1.368808107. Nobody knows by what method Leonardo found
this value but it is a remarkable result for his time. Apply the method of Problem
25.1 to obtain this result. :

The equation can be put into the form 2 = F(z) in many ways. We take x = F(x) =
20/(22+ 22 + 10) which suggests the iteration

z, = 20/(xZ_;+ 2x,_,+10)

With 2, =1 we find x; = 20/18 ~ 1.538461 538. Continuing the iteration produces the sequence
of Table 25.1. Sure enough, on the twenty-fourth round Leonardo’s value appears.

n Xy n Z,
1 1.538 461 538 13 1.368 817 874
2 1.295 019 157 14 1.368 803 773
3 1.401 825 309 15 1.368 810 031
4 1.354 209 390 16 1.368 807 254
5 1.375 298 092 17 1.368 808 486
6 1.365 929 788 18 1.368 807 940
7 1.370 086 003 19 1.368 808 181
8 1.368 241 023 20 1.368 808 075
9 1.369 059 812 21 1.368 808 122
10 1.368 696 397 22 1.368 808 101
11 1.368 857 688 23 1.368 808 110
12 1.368 786102 24 1.368 808 107
Table 25.1

Why is the convergence of the algorithm of the previous problem so slow?
The rate of convergence may be estimated from the relation
ép = 17— @ = F@) —Flwy—q) = FlO@r—2, 1) = F'§)en—y
which compares the nth error ¢, with the preceding error. As n increases we may take F'(r) as an
approximation to F'(¢), assuming the existence of this derivative. Then e, ~ F'(r)e¢,_;. In our
example,
F'(r) = —40(r+1)/(r2+2r +10)2 ~ —.44
making each error about —.44 times the one before it. This suggests that two or three iterations

will be required for each new correct decimal place, and this is what the algorithm has actually
achieved.

Apply the idea of extrapolation to the limit to accelerate the previous algorithm.
This idea may be used whenever information about the character of the error in an algorithm
is available, Here we have the approximation e, ~ F'(r)e,_;. Without knowledge of F'(r) we may
still write
r—Zp4+1 ~ Fl(r) (T'—xn)
T %peg ~ F'M)(r—an4q)

. T ¥pty T Ty
Dividing we find et "
T~ Tn+te T Tntq
and solving for the root
(Tnt+o— %n+1)? (Azp 4 1)?

Tn+2 2w'n+1 + Xy

T Tptz T
n

This is often called the Aitken AZ process.
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25.5.

25.6.

25.7.

THE
25.8.

Apply extrapolation to the limit to the computation of Problem 25.2.

Using «,y, #1; and 2,5, the formula produces

(.000071586)2
—.000232877

which is once again Leonardo’s value, With this extrapolation, only half the iterations are needed.
Using it earlier might have made still further economies by stimulating the convergence.

r ~ 1368786102 — 1.368 808 107

Using extrapolation to the limit systematically after each three iterations, is essen-
tially what is known as Steffensen’s method. Apply this to Leonardo’s equation.

The first three approximations xy, #; and x, may be borrowed from Problem 25.2. Aitken’s for-
mula is now used to produce ;:
(g — 21)*

The original iteration is now resumed as in Problem 25.2 to produce x, and

2y = F(wg) = 1.367918090, x5 = F(xy) = 1.369203162
Aitken’s formula then yields zg:
_ (w5 — 2y
xg = x5 — ————— = 1.368808169

25 — 24 + 3
The next cycle brings the iterates
27 = 1.368808080, xg = 1.368808120
from which Aitken’s formula manages x5 = 1.368 808 108.

Show that other rearrangements of Leonardo’s equation may not produce convergent
sequences,

As an example we may take 2z = (20 — 2x2 — #3)/10 which suggests the iteration
x, = (20 — 202_; — 23 _,)/10
Again starting with 2z, = 1, we are led to the sequence
x; ~ 1.70 xg ~ 1.75 x5 ~ 1.79 x; ~ 1.83
xy ~ .93 xy ~ .85 xg ~ 79 xg ~ 12

and so on. It seems clear that alternate approximations are headed in opposite directions. Com-
paring with Problem 25.1 we find that here F'(r) = (— 4r—3872)/10 < —1, confirming the computa-
tional evidence.

NEWTON METHOD
Derive the Newton iterative formula x, = xn—1 — %}% for solving f(r) =0.
Beginning with Taylor’s formula
fr) = f@aeg) + (r—@p) f(@p—y) + Fr—2,_1)2f"(%)

we retain the linear part, recall that f(r) = 0 and define x, by putting it in place of the remaining
r to obtain ,
0 = f(xn—l) + (xn_xn—l)f (xn—l)

f(x'n-—l)

which rearranges at once into » ~ %, = %,y — ——f’(x g
—
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What is the geometric interpretation of
Newton’s formula?
It amounts to using the tangent line to y =

f(x) at z,_; in place of the curve. In Fig. 25-3
it can be seen that this leads to

fl@p—1) — 0

flan—1)

fan—1)
Lp—1 — Tn ( nt Tyt z, 7
which is once again Newton’s formula. Similar
steps follow, as suggested by the arrow. Fig. 25-3

Apply Newton’s formula to Leonardo’s equation.

With f(x) = 23 + 222 + 102 — 20 we find f'(x) = 322 + 42 + 10, and the iterative formula
becomes
wd_, + 222+ 10x,_; — 20

3x2_ +4x,—y + 10

Ly = Tp—1 —

Once more choosing %, = 1, we obtain the results in Table 25.2.

n 1 2 3 4

2z, 1.411764 706 1.369 336 471 1.368 808 189 1.368 808 108

Table 25.2

The speed of convergence is remarkable. In four iterations we have essentially Leonardo’s value.
In fact, computation shows that

£(1.368 808 107) ~ — .000 000 016
£(1.368 808 108) ~ — .000 000 005

which suggests that the Newton result is the winner by a nose.

Explain the rapid convergence of Newton’s iteration by showing that the conver-
gence is “quadratic”.

Recalling the equations of Problem 25.8 which led to the Newton formula,
Fr)y = fleg-q) + (r—mp ) F(®n—q) + &r—x,— )2 (0

0 = f(wn—-l) + (xn - xn—l) f,(mn—l)
we subtract to obtain
0 = (r—=m) fllwy,—p) + F0r—2,_)2 ")
or letting e, = r—x,,
0 = enfllen_y) + Leg—1F'(®)

Assuming convergence, we replace both x, _; and ¢ by the root » and have

f'(r)
én —2f,(7') 3121~1

Each error is therefore roughly proportional to the square of the previous error. This means that
the number of correct decimal places roughly doubles with each approximation, and is what is
called quadratic convergence. It may be compared with the slower, linear convergence in Problem
95.3, where each error was roughly proportional to the previous error. Since the error of our
present @3 is about ,00000008, and [f(r)]/[2f'(r)] is about .3, we see that if we had been able to
carry more decimal places in our computation the error of x4 might have been about two units in
the fifteenth place! This superb speed suggests that the Newton algorithm deserves a reasonably
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accurate first approximation to trigger it, and that its natural role is the conversion of such a
reasonable approximation into an excellent one. In fact, other algorithms to be presented are
better suited than Newton’s for the ‘“‘global” problem of obtaining first approximations to all the
roots. Such methods usually converge very slowly, however, and it seems only natural to use them
only as a source of reasonable first approximations, the Newton method then providing the polish.
Such procedures are very popular and will be mentioned again as we proceed. It may also be noted
that occasionally, given an inadequate first approximation, the Newton algorithm will converge
at quadratic speed, but not to the root expected! Recalling the tangent line geometry behind the
algorithm, it is easy to diagram a curve for which this happens, simply putting the first approxima-
tion near a maximum or minimum point.

25.12. Show that the formula for determining square roots,
_ _1( Q >
Xn —_ 2 Xn—1 + —_xn—l
is a special case of Newton’s iteration.

With f(x) = 22— @, it is clear that making f(x) =0 amounts to finding a square root of
Q. Since f'(x) = 2x, the Newton formula becomes

x2 1 —@Q
%, = xn—l—L = —1—<xn_1+——-Q—>

2mn_1 2 Tp—1

25.13. Apply the square root iteration with @ = 2.

Choosing =z, = 1, we find the results in Table 25.3. Notice once again the quadratic nature of
the convergence. Each result has roughly twice as many correct digits as the one before it. Fig.
25-4 illustrates the action. Since the first approximation was on the concave side of y = x2—2,
the next is on the other side of the root. After this the sequence is monotone, remaining on the
convex side of the curve as tangent lines usually do.

n Z,

15

1.416 666 667
1.414 215 686
1.414 213 562
1.414 213 562

(S N

Table 25.3 Fig. 254

z,_, — @

pp_]

n—1

25.14. Derive the iteration @, = Xn-1 — for finding a pth root of Q.

With f(z) = 2»—@Q and f'(x) = px?~1, the result is at once a special case of Newton’s method.

25.15. Apply the preceding problem to find a cube root of 2.

. . . . 2 1
With Q =2 and p = 3, the iteration simplifies to z, = 3 <xn_1 + ocz_> .
n—1

Choosing x, =1, we find 2; = 4/3 and then
x, = 1.263888889, w3 = 1.259933493, x, = 1.259 921 049, x5 = 1.259921049

The quadratic convergence is conspicuous.
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INTERPOLATION METHODS

25.16.

25.17.

25.18.

This ancient method uses two previous approximations, and constructs the next ap-
proximation by making a linear interpolation between them. Derive the “regula
falsi” (see Fig. 25-5),

( ) _ (@ —b) f(a)

¢ = 7 fla) - fd)
The linear function

y = fle) + %—f—(—)( —a)
clearly has y = f(x) at @ and b. It vanishes at
the argument ¢ given in the regula falsi. This
zero serves as our next approximation to the root
of f(x) = 0, so effectively we have replaced the
curve ¥ = f(x) by a linear collocation polyno-
mial in the neighborhood of the root. It will also
be noticed in Fig. 25-5 that the two given ap-
proximations ¢ and b are on opposite sides of the
exact root. Thus f(a) and f(b) have opposite signs.
This opposition of signs is assumed when using
regula falsi. Accordingly, having found e, to re-
apply regula falsi we use this ¢ as either the new
a or the new b, whichever choice preserves the
opposition of signs. In Fig. 25-5, ¢ would become
the new a. In this way a sequence of approxima-
tions g, %4, %5, ... May be generated, z, and
being the original a and b. Fig. 25-5

o

A

!

Apply regula falsi to Leonardo’s equation.

Choosing #, =1 and 2, = 1.5, the formula produces

.5(2.875)
9.875

(—.15)(—.3946)

T = 15— ~3.2696

1.35, €, = 1.35 — 1.368

and so on. The rate of convergence can be shown to be better than the rate in Problem 25.2 but
not so good as that of Newton’s method. ’

A natural next step is to use a quadratic interpolation polynomial rather than a linear
one. Assuming three approximations o, i, 22 are in hand, derive a formula for a
new approximation zs; which is a root of such a quadratic.
It is not hard to verify that the quadratic through the three points (x4, yo), (%1, Y1), (€9, ¥s),
where ¥ = f(x), can be written as
Xy —

x
p@) = L — x(‘)’ (Ah®+ Bh+ C)

where h =% —x, and A,B,C are

(21 — 2oy + (mo — @y + (w2 — 2)yg

A =
(g — 2 ) (g — 20)?
B () — @) 2wy — 2y — @)Yy — (%2 — ®o)2yy + (23— 21)%yp
- (g — 21)(2wg — 24)2
Ty — Xy
C = ——y,

Ty — Xp
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Solving p(x) = 0 for h, we of course find

h = (—B = VB2=44C)/24
B = —2C/(B = VB2—4AC)

to avoid loss of significant digits in subtraction. Here the sign which makes the denominator larger
in absolute value should be chosen. If the root involved is complex, this may indicate that the three
given approximations are not close enough to the root. Otherwise we have

2C

X3 = Hyg + h = gy ~ —————
? : * Bp=+VB_44C

for a next approximation. The process may then be repeated with all subscripts advanced by one.

Il

but this is better written as

BERNOULLYS METHOD
25.19. Prove that if the polynomial of degree n
plx) = axr™ + ax* ' + o0 + aa
has a single dominant zero, say r;, then it may be found by computing a solution
sequence for the difference equation of order n
QX + k-1 + 0 F G- = 0
and taking lim (e + /).

This difference equation has p(x) = 0 for its characteristic equation and its solution can there-

fore be written as K " k
X — €1y + Co¥o + o+ Cu'n

If we choose initial values so that ¢; # 0, then

T+ 1+ (ep/er)rafr)eFt 4+ - oo+ (ep/ey)(ry/ry)et?
Toe UL (e in/r)F £ (ealen) ()
and since 74 is the dominant root,
lim (ry/ry) = 0, i =28 ...,n
making lim (@, 4 ,/%;) = r; as claimed. It can be shown using complex variable theory that the
initial values z_,4,qy = *** =%_; =0, x5 = 1 will guarantee ¢, # 0.

25.20. Apply the Bernoulli method to the equation z* — 52 + 922 —Tax +2 = 0.

The associated difference equation is
Xy — B2y + 9% — Tap_3+ 2004 = 0

and if we take the initial values #_3=%_,=2%_, =0 and x, =1, then the succeeding x; are
given in Table 25.4. The ratio %, /%, is also given. The convergence to r =2 is slow, the rate
of convergence of Bernoulli’s method being linear. Frequently the method is used to generate a
good starting approximation for Newton’s or Steffensen’s iteration, both of which are quadratic.

k Lr T+ /% k Ly Lpo+1/%x
1 5 3.2000 9 4,017 2.0164
2 16 2.6250 10 8,100 2.0096
3 42 2.3571 11 16,278 2.0056
4 99 2.2121 12 32,647 2.0032
5 219 2.1279 13 65,399 2.0018
6 466 2.0773 14 130,918 2.0010
7 968 2.0465 15 261,972 2.0006
8 1981 2.0278 16 524,097

Table 25.4
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25.21. Modify the Bernoulli method for the case in which a pair of complex conjugate roots
are dominant.

Let 7, and 7, be complex conjugate roots. Then |r;| < |ry] for i=38,...,n, since the 7,7,

pair is dominant. Using real starting values, the solution of the difference equation may be
written as X *
o = erf + cor§ + 0 + ek

where ¢; and ¢, are also complex conjugate. Let r; =reld =7y, ¢, =ae® =& with »>0,a>0
and 0 < ¢ < 7 so that »; is the root in the upper half plane. Then

#, = 2artcos(ke+6) + ek + -0 + ok
cg /r3\* Cn [Tn\*
k 1) + (3} ... 42
2ar I:cos(kgb 2 2a<'r> 2a<r>

All terms except the first have limit zero; and so for large k, x; ~ 2ar* cos (k¢ + 6). We now use
this result to determine » and ¢. First we observe that

Tpry — 2rcosp e + 2y ~ O
as may be seen by substituting for «, from the previous equation and using the identities for cosines
of sums and differences. Reducing the subscripts, we also have

X — 2rcos¢ Xp—q + r2_y ~ 0
Now solving these two simultaneously,

2
2 T — T +1%k—1 Tr+1%k—2 = Tp—1%
re ~ —2rcos¢ ~ 5
Te—1 — T Tp—2 Xp—1 — P Pr—2

The necessary ingredients for determining r; and r, are now in hand.

25.22. Apply Bernoulli’s method to Leonardo’s equation.

The associated difference equation is @, = —2%;_; — 10x,_, + 20w,_3 and the solution se-
quence for initial values z_,=%_; =0, &y =1 appears in Table 25.5. Some approximations to
r2 and —2r cos¢ also appear. The fluctuating = signs are an indication that dominant complex
roots are present. This may be seen by recalling the form of the x, as given in Problem 25.21,
namely =z, ~ 2ark cos (k¢ + 6). As k increases, the value of the cosine will vary between *1 in a
somewhat irregular way which depends on the value of ¢.

k 2y k 2 72 —27 cos ¢
1 —2 7 —2,608 14.6026 3.3642
2 —6 8 —32,464 14.6076 3.3696
3 52 9 147,488 14.6135 3.3692
4 —84 10 —22,496 14.6110 3.3686
5 —472 11 —2,079,168 14.6110 3.3688
6 2824 12 7,333,056

Table 25.5

From the last approximations we find

rcos¢p ~ —1.6844 rsing = =Vr?2— (rcos¢)?2 ~ *3.4313

making the dominant pair of roots 77, ~ — 1.6844 * 3.4313:. Since Leonardo’s equation is cubie,
these roots could also be found by using the real root found earlier to reduce to a quadratic equa-
tion. The Bernoulli method was not really needed in this case. The results found may be checked
by computing the sum (—2) and product (20) of all the roots.

DEFLATION
25.23. Use the simple equation x* — 1023 4 3522 — 50x + 24 = 0 to illustrate the idea of
deflation.

The dominant root of this equation is exactly 4. Applying the factor theorem we remove the
factor £ — 4 by division,
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25.24.

THE
25.25.

1 -10 35 —b0 24 i_4
4 —24 44 —24
1 —6 11 —6 0

The quotient is the cubic 3 — 642 + 11z — 6 and we say that the original quartic polynomial has
been deflated to this cubic. The dominant root of the cubic is exactly 8. Removing this factor,

1 —6 11 —6 B
3 —9 6
1 -3 2 0

we achieve a second deflation, to the quadratic 2 — 32 + 2 which may then be solved for the re-
maining roots 2 and 1. Or the quadratic may be deflated to the linear function # — 1. The idea of
deflation is that, one root having been found, the original equation may be exchanged for one of lower
degree. Theoretically, a method for finding the dominant root of an equation, such as Bernoulli’s
method, could be used to find all the roots one after another, by successive deflations which remove
each dominant root as it is found, and assuming no two roots are of equal size. Actually there are
error problems which limit the use of this procedure, as the next problem suggests.

Show that if the dominant root is not known exactly, then the method of deflation
may yield the next root with still less accuracy, and suggest a procedure for obtain-
ing this second root to the same accuracy as the first.

Suppose, for simplicity, that the dominant root of the previous equation has been found correct
to only two places to be 4.005. Deflation brings

1 —10 35 —50 24 4.005
4.005 —24.01 44.015 —23.97

1 —5.995 10.99 —5.985 03

and the cubic 3 — 5.995x2 + 10.99x — 5.985. The dominant zero of this cubic {correct to two places)
is 2.98. As far as the original quartic equation is concerned, this is incorrect in the last place.
The natural procedure at this point is to use the 2.98 as the initial approximation for a Newton
iteration, which would rapidly produce a root of the original equation correct to two places. A
second deflation could then be made. In practice it is found that the smaller ‘‘roots” require sub-
stantial correction, and that for polynomials of even moderate degree the result obtained by
deflation may not be good enough to guarantee convergence of the Newton iteration to the desired
root. Similar remarks hold when complex conjugate roots & * bi are removed through division by
the quadratic factor 22 — 2ax + a2 + b2.

QUOTIENT-DIFFERENCE ALGORITHM

What is a quotient-difference scheme?
Given a polynomial @™ + a;2®~ 1+ -+ + g, and the associated difference equation
agry t e + o0+ e, = 0
consider the solution sequence for which x_, ., =---=2_; =0 and x,=1. Let qt = @y 4 /7
and dj = 0. Then define
.+ 1 . N . : Y s j_l

q]k = (dl]c+1/dljc)ql:,c+1y dl]c = qfc+1_qjk+dk+l

where 7=1,2,...,,—1 and k£ =0,1,2,.... These various quotients (¢) and differences (d) may

be displayed as in Table 25.6. The definitions are easily remembered by observing the rhombus-
shaped parts of the table. In a rhombus centered in a (¢) column the sum of the SW pair equals
the sum of the NE pair. In a rhombus centered in a (d) column the corresponding products are
equal. These are the ‘‘rhombus rules”.
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9%
0 d}
1 2
0 K dt K d2
1 0
1 2 3
% 1 % 2 % 3
0 3 d? 3
1 2 3 4
43 L 9 2 9 3 9
0 d3 d2 dl
1 2 3 4
a} I , 9 , 9
0 d4 d3 d2
a5 q2 . a3 a5
Table 25.6

25.26. Compute the quotient-difference scheme for the polynomial 22— x —1 associated
with the Fibonacci sequence.

The results appear in Table 25.7.

koowm dp g di % di
0 1 0
1.0000
1 1 0 1.0000
2.0000 —1.0000
2 2 0 —.5000 —.0001
1.5000 —.5001
3 3 0 . 1667 Jo —.0001
4 5 0 1'6000 —.0667 o . .0005
5 g8 0 1'6250 .0250 5997 0007
6 13 0 1'6154 —.0096 —6240 —.0082
. —.622
7 21 0 0037 6226
1.6190
8 34 0
Table 25.7

25.27. What is the first convergence theorem associated with the quotient-difference scheme?
Suppose no two zeros of the given polynomial have the same absolute value, Then
limgi = 7 i=12...,n

for k tending to infinity, where ry, 7y, ...,7, are in the order of diminishing absolute value. For
j =1 this is Bernoulli’s result for the dominant root. For the other values of j the proof requires
complex function theory and will be omitted. It has also been assumed here that none of the
denominators involved in the scheme is zero. The convergence of the ¢’s to the roots implies the
convergence of the d’s to zero. This may be seen as follows. By the first of the defining equations
of Problem 25.25, i i+1
dierr G Ti+1

dj; Tie+1 T

The d,]c therefore converge geometrically to zero. The beginning of this convergence, in the present
problem, is evident already in Table 25.7, except in the last column which will be discussed shortly.
In this table the (¢) columns should, by the convergence theorem, be approaching the roots (1 = \/g )2
which are approximately 1.61803 and —.61803. Clearly we are closer to the first than to the second.
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25.28.

25.29.

25.30.

How can a quotient-difference scheme produce a pair of complex conjugate roots?

The presence of such roots may be indicated by (d) columns which do not converge to zero.
Suppose the column of d,ﬂ entries does not. Then one forms the polynomial

p; = «*— Agx + B
where for k tending to infinity,

A; = lim (gl ot ), B = limglgl™

The polynomial will have the roots r; and #;,, which will be complex conjugates. Essentially, a
quadratic factor of the original polynomial will have been found. Here we have assumed that the
columns of di~" and d]*! entries do converge to zero. If they do not, then more than two roots have
equal absolute value and a more complicated procedure is needed. The details, and also the proofs
of convergence claims just made, are given in National Bureau of Standards Applied Mathematics
Series, vol. 49,

What is the row-by-row method of generating a quotient-difference scheme and what
are its advantages?

The column-by-column method first introduced in Problem 25.25 is very sensitive to roundoff
error. This is the explanation of the fact that the final column of Table 25.7 is not converging to
zero as a d column should, but instead shows the typical start of an error explosion. The following
row-by-row method is less sensitive to error. Fictitious entries are supplied to fill out the top two
rows of a quotient-difference scheme as follows, starting with the d,g column and ending with dy.
Both of these Loundary columns are to consist of zeros for all values of k. This amounts to forcing
proper behavior of these boundary differences in an effort to control roundoff error effects.

—~a,/a, 0 0 0

0 a/z/a/l a3/a2 a4/a3 0
The rhombus rules are then applied, filling each new row in its turn. It can be shown that the
same scheme found in Problem 25.25 will be developed by this method, assuming no errors in either

procedure. In the presence of error the row-by-row method is more stable. Note that in this method
it is not necessary to compute the x;.

Apply the row-by-row method to the polynomial of the Fibonacci sequence, 22 —  — 1.

The top two rows are filled as suggested in the previous problem. The others are computed by
the rhombus rules. Table 25.8 exhibits the results. The improved behavior in the last (¢) ecolumn

is apparent.

k d q d q d
10 1 1 0 0
2 0 2 ~.5000 -1 0
g o 1000 Leer 000
. o LeeeT o —866T
s o 16000 o250 6000 o
s o 16250 Cooos OO
;o 16164 ooz 1B
e o L6191 —6191

Table 25.8
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25.31. Apply the quotient-difference algorithm to find all the roots of
2t — 1023 + 3522 —50x+24 = 0

The roots of this equation are exactly 1, 2, 3, and 4. No advance information about the roots
is, however, required by this algorithm, so the equation serves as a simple test case. The quotient-
difference scheme, generated by the method of Problem 15.29, appears as Table 25.9.

k d q d q d q d q d
10 0 0 0

1 0 —3.5000 —1.4286 —.4800 0
6.5000 2.0714 .9486 .4800

2 0 —1.1154 —.6542 —.242¢ 0
5.3846 2.5326 1.3599 1229

3 0 ~.5246 —.3513 -.1291 0
4.8600 2.7059 1.5821 .8520

4 0 —.2921 —.2054 —.0695 0
4.5679 2.7926 1.7180 9215

5 0 —.1786 —.1264 —.0373 0
4.3893 2.8448 1.8071 .9588

6 0 —.1158 —.0803 —.0198 0
4.2735 2.8803 1.8676 9786

7 0 —.0780 —.0521 —.0104 0
41955 2.9062 1.9093 9890

8 0 —.0540 —.0342 —.0054 0
4.1415 2.9260 1.9381 9944

Table 25.9

Clearly the convergence is slow, but the expected pattern is emerging. The (d) columns seem headed
for zero and the (q) columns for 4,3,2,1 in that order. Probably it would be wise to switch at this
point to Newton’s method, which very quickly converts reasonable first approximations such as
we now have, into accurate results. The quotient-difference algorithm is often used for exactly this
purpose, to prime the Newton iteration.

25.32. Apply the quotient-difference algorithm to Leonardo’s equation.

Again using the row-by-row method, we generate the scheme displayed in Table 25.10.

k d q d q d q d
—2 0 0
1 0 5 —2 0
3 -7 2
2 0 —11.6667 ) 5714 0
—8.6667 5.2381 1.4268
3 0 7.0513 .1558 0
—1.6154 —1.6574 1.2723
4 0 7.2346 —.1196 0
5.6192 —5.0116 1.3924
5 0 —11.6022 .0185 0
—b5.9830 2.6091 1.3739
6 0 5.0596 .0097 0
—.9234 —2.4408 1.3642
Table 25.10

The convergence being slow, suppose we stop here. The second (d) column hardly seems headed
for zero, suggesting that r; and r, are complex, as we already know anyway. The next (d) column
does appear to be tending to zero, suggesting a real root which we know to be near 1.369. The
Newton method would quickly produce an accurate root from the initial estimate of 1.3642 we now
have here. Returning to the complex pair, we apply the procedure of Problem 25.28. From the
first two (gq) columns we compute
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5.6192 — 9.0116 = —3.3924, (—1.6154)(—9.0116) ~ 14.5573
—b5.9830 + 2.6091 = -—3.3739, (5.6192)(2.6091) ~ 14.6611
—.9234 — 2.4408 = —3.3642, (—b5.9830)(—2.4408) ~ 14.6033

so that A, ~ —3.3642 and B; ~ 14.6033. The complex roots are therefore approximately given by
x? + 3.8642x + 14.6083 = 0 which makes them 7,75 ~ —1.682 = 3.4313.

Newton’s method using complex arithmetic could be used to improve these values, but an alter-
native procedure known as Bairstow’s method will be presented shortly. Once again in this problem
we have used the quotient-difference algorithm to provide respectable estimates of all the roots.
A method which can do this should not be expected to converge rapidly, and the switch to a quad-
ratically convergent algorithm at some appropriate point is a natural step.

STURM SEQUENCES
25.33. Define a Sturm sequence.

A sequence of functions fo(x), /1 (%), ..., f,(#) which satisfy on an interval (e, d) of the real
line the conditions:

1. each f;(x) is continuous

2. the sign of f,(x) is constant

8. if f;(r) =0 then f;_((r) and f; ((r) # 0

4. if f,(r) =0 then f;_;(») and f;,,(v) have opposite signs
5. if fo(r) = 0 then for k sufficiently small

is called a Sturm sequence.

25.34. Prove that the number of roots of the function fo(z) on the interval (a,b) is the dif-
ference between the number of changes of sign in the sequences fo(a), fi(@),. .., fa(@)
and fo(b), f1(b), ..., fa(b).

As x increases from « to b the number of sign changes in the Sturm sequence can only be
affected by one or more of the functions having a zero, since all are continuous. Actually only a
zero of fy(x) can affect it. For, suppose f;(r) =0 with 75 0,n. Then by properties 1, 8 and 4 the
following sign patterns are possible for small h.

fi—1 fi fir1 fi—1 i fit1
r—h + +* - r—h - x4
7 -+ 0 - or 7 — 0 +
r+ h + =+ — r+h - * +

In all cases there is one sign change, so that moving across such a root does not affect the number
of sign changes. By condition 2 the function f,(x) cannot have a zero, so we come finally to fy(x).
By condition 5 we lose one sign change, between f;, and f;, as we move across the root r. This
proves the theorem. One sees that the five conditions have been designed with this root counting
feature in mind.

25.35. If fo(2) is a polynomial of degree n with no multiple roots, how can a Sturm sequence
for enumerating its roots be constructed?

Let fi(x) = fé(ac) and then apply the Euclidean algorithm to construct the rest of the sequence
as follows,

fo(x) = file) Ly(x) — falx)
fi(x) = folo) Lo(x) — fa(x)

f‘n—Z(x) = fn—l(w)Ln—l(x) - f’n(x)
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where f;(x) is of degree n — ¢ and the L,x) are linear.

The sequence fy(x), f1(x), ..., f,(x) will be a Sturm sequence. To prove this we note first that
all f;(x) are continuous, since fy and f; surely are. Condition 2 follows since f, is a constant. Two
consecutive f;(x) cannot vanish simultaneously since then all would vanish including f, and f; and
this would imply a multiple root. This proves condition 3. Condition 4 is a direct consequence of
our defining equations, and 5 is satisfied since f, = f;.

If the method were applied to a polynomial having multiple roots, then the simultaneous van-
ishing of all the f;(x) would give evidence of them. Deflation of the polynomial to remove multlpllc-
ities allows the method to be applied to find the simple roots.

Apply the method of Sturm sequences to locate all real roots of
—242% +1.082> + 62 — .32 = 0

Denoting this polynomial f,(x), we first compute its derivative. Since we are concerned only
with the signs of the various f;(x), it is often convenient to use a positive multiplier to normalize
the leading coefficient. Accordingly we multiply fj(x) by 1/4 and take

filx) = a3 — 1.822 + 515 + .15

The next step is to divide f, by fy. One finds the linear quotient L,(x) = x —.6 which is of no
immediate interest, and a remainder of —.565x2 4 .759x — .23. A common error at this point is to
forget that we want the negative of this remainder. Also normalizing, we have

fal®) = 22 — 1.3434x + .4071

Dividing f; by f, brings a linear quotient Ly(x) = x —.4566 and a remainder whose negative, after

normalizing, is
falx) = x — 6645

Finally, dividing f, by f5 we find the remainder to be —.0440. Taking the negative and normalizing,
we may choose
fax) = 1

We now have our Sturm sequence and are ready to search out the roots. It is a simple matter to
confirm the signs displayed in Table 25.11. They show that there is one root in the interval (—1,0),
one in (1,2) and two roots in (0,1). Choosing more points within these intervals, all roots may be
more precisely pinpointed. As with the quotient-difference algorithm, however, it is wise to shift
at a certain point to a more rapidly convergent process such as Newton’s. A method which provides
first estimates of the locations of all real roots, as the Sturm method does, is uneconomical for the
precise determination of any one root. In this example the roots prove to be —.5, .5, .8 and 1.6.

fo 1 fo fs  fis | changes
e |+ -+ =¥ 4
e e 4
ol - + + - + 3
1| - - 4+ o+ 4 1
2 + + + + + 0
= |+ o+ o+ 4+ o+ 0

Table 25.11

Show that Newton’s method will produce all the roots of the equation in the previous
problem provided sufficiently good initial approximations are obtained.

Fig. 25-6 below exhibits the qualitative behavior of this polynomial. Clearly any first approxi-
mation %, < —5 will lead to a sequence which converges upon this root, since such an «; is already
on the convex side of the curve, Similarly any «, > 1.6 will bring convergence to the largest root.
Roots that are close together ordinarily require accurate starting approximations. The sim-
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plicity of the roots in this example
may be ignored in order to see how 5T
a more obscure pair might be
separated. From the diagram it is ap-
parent that an x, slightly below .5 will
bring convergence to .5, while an z,
slightly above .8 will bring convergence ~ .
to .8, since in both cases we start on the -1 1 2
convex side. Notice that starting with

%g = .65, which is midway between two
roots, means following an almost hori-
zontal tangent line. Actually it leads to
xy ~ b, after which convergence to the
root at 1.6 would occur. This sort of
thing can occur in a Newton iteration. Fig. 25-6

SYSTEMS OF EQUATIONS, ITERATIVE METHODS

25.38.

25.39.

Derive the formulas for solving f(x,%) =0, g(x,y) =0,
Lo = Tn-1+ An-y

Yn = Yn-1 + kn—l
where h and k satisfy

fa:(xn—ly yn-l)hn——l + fy(xn—l; yn—l)kn—l = _f(xn—l, 'yn—l)
gx(xn—l, 'yn—l)hn——l + gy(xn~1, yn-—l)kn—l = _g(xn"l; yﬂ—l)
These formulas are known as the Newton method for solving two simultaneous
equations.
Approximate f and g by the linear parts of their Taylor series for the neighborhood of
(xn—lr yn—l):
f(xyy) ~ f(xn-lyyn—l) + (x_xn—l)fx(xn——lyyn~1) + (y—yn—l)fy(xn—hyn-1)
glx,y) ~ g(xn-—lvyn-l) + (x_xn—l) gz(xn—hyn—l) + (y"'yn—l) yy(xn—lvyn—l)

This assumes that the derivatives involved exist. With (z,y) denoting an exact solution, both left
sides vanish. Defining « =2, and y =y, as the numbers which make the right sides vanish, we
have at once the equations required. This idea of replacing a Taylor series by its linear part is
what led to the Newton method for solving a single equation in Problem 25.8.

Find the intersection points of the circle 22+ y?=2 with the hyperbola #*—y?=1.
This particular problem can easily be solved by elimination. Addition brings 2¢2=38 and
x ~ *+1.2247. Subtraction brings 2y2 =1 and y = %£.7071. Knowing the correct intersections makes
the problem a simple test case for Newton’s method. Take %, =1, y5 = i. The formulas for deter-
mining h and k are R )
2xn—1kn—-1 + Zyn—lkn—l = 2 - Tp—1 — Yn-1
2y shyoy — Wnotku—y = 1 — 2hy + ¥3,
and with #n = 1 become 2h,+ 2k, = 0, 2hy — 2k = 1. Then hy = —k, = 1/4, making
x; = x0+h0 = 1.25, Y = y0+k0 = .75

The next iteration brings 2.5k, + 1.5k; = —.125, 2.5h; — 1.6k, = 0 making h, = —.025, k; = —.04167
P .
an 2y = 2, +h; = 12250, y, = y;+k = .7083
A third iteration manages 2.45h,+ 1.4167k, = —.0024, 2.45h, — 1.416Tk; = 0011 making hy =
—.0003, ky, = —.0012 and
X3 = x2+ hz = 1.2247, Ys = y2+k2 = 7071
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The convergence to the correct results is evident. It can be proved that for sufficiently good initial
approximations the convergence of Newton’s method is quadratic. The idea of the method can easily
be extended to any number of simultaneous equations.

Other iterative methods may also be generalized for simultaneous equations. For

example, if our basic equations f(x,y) =0, g(x,y) = 0 are rewritten as
F(z,y), y = G(=,v)
then under suitable assumptions on F' and G, the iteration

X

Tn = F(xn—l; yn—l), Yn = G(xn—l, Yn—1)
will converge for sufficiently accurate initial approximations.
the equations 2 = sin (z +¥), ¥ = cos (z — y).

These equations are already in the required form., Starting with the uninspired initial ap-
proximations 2, = y, = 0, we obtain the results given below. Convergence for such poor starting
approximations is by no means the rule. Often one must labor long to find a convergent rearrange-
ment of given equations, and good first approximations.

Apply this method to

n 0 1 2 3 4 5 6 7
x, 0 0 .84 984 932 936 935 9385
Yn 0 1 .55 958  1.000 .998 998 .998

A METHOD OF STEEPEST DESCENT

25.41.

What is the idea of a steepest descent algorithm?

A variety of minimization methods involves a funection S(x,y) defined in such a way that its
minimum value occurs precisely where f(x,y) =0 and g¢g(x,y) = 0. The problem of solving these
two equations simultaneously may then be replaced by the problem of minimizing S(x,y). For

le,
example S(x, ) [fl, ]2 + [9(x,9)]?

surely achieves its minimum of zero wherever f =g = 0. This is one popular choice of S(z,y).
The question of how to find such a minimum remains. The method of steepest descent begins with
an initial approximation (g, y,). At this point the function S(x,y) decreases most rapidly in the
direction of the vector )

[—Sar =8, Ixoyo

Denoting this by —grad Sy = [—S;9, —Sy] for short, a new approximation («;,y,) is now obtained
in the form

— gradient S(z, y)|¢y,

% ®g — tSrer Y1 = Yo — tSyo

with t chosen so that S(xy,y,) is 2 minimum. In other words, we proceed from (x,, yy) in the direc-
tion —grad S, until S starts to increase again. This completes one step and another is begun at
(x4, ¥1) in the new direction —grad S;. The process continues until, hopefully, the minimum point

is found.

The process has been compared to a skier’s e
return from a mountain to the bottom of the 7 e \\
valley in a heavy fog. Unable to see his goal, he - PGPS

. s e e NNy
starts down in the direction of steepest descent Y // // SN \
and proceeds until his path begins to climb again. ey ) |
Then choosing a new direction of steepest descent, / /

he makes a second run of the same sort. In a bowl-
shaped valley ringed by mountains it is clear that
this method will bring him gradually nearer and
nearer to home. Fig. 25-7 illustrates the action.
The dotted lines are contour or level lines, on
which S(x, y) is constant. The gradient direction
is orthogonal to the contour direction at each
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25.42.

25.43.

point, so we always leave a contour line at right angles. Proceeding to the minimum of S(x,y)
along this line means going to a point of tangency with a lower contour line. Actually it requires
infinitely many steps of this sort to reach the minimum, and a somewhat uneconomical zig-zag
path is followed.

Apply a method of steepest descent to solve the equation of Problem 25.40:
r = sin(z+y), y = cos(z—y)

Here we have

S = 2+ g2 = [o—sin@+y)? + [y — cos{x—1y))2
making 38, = [z —sin(@+y)][l —cos(@+y)] + [¥ — cos(z—9)][sin (x — )]
1Sy = [x —sin(@+y)][—cos(x+y)] + [y — cos(x—y)][t — sin (x — y))

Suppose we choose 2y = yy =.5. Then —grad S, ~ [.3, .6]. Since a multiplicative constant can
be absorbed in the parameter t, we may take

2y = b+t y, = 5+ 2t

The minimum of S(.6 + ¢, .5 - 2¢) is now to be found. Either by direct search or by setting S'(#) to
zero, we soon discover the minimum near ¢=.3, making %, =.8 and y; = 1.1. The value of
S(xy,y,) is about .04, so we proceed to a second step. Since —grad S, ~ [.5,—.25], we make our
first right angle turn, choose
X9 = B842, y, = 11—t

and seek the minimum of S(z,, ¥,). This proves to be near ¢ = .07, making 2z, = .94 and y, = 1.03.
Continuing in this way we obtain the successive approximations listed below. The slow convergence
toward the result of Problem 2540 may be noted. Slow convergence is typical of this method,
which is often used to provide good starting approximations for the Newton algorithm.

X, .b 8 94 928 936 9384
Yn b 1.1 1.03 1.006 1.002 .998
S, .36 .04 .0017 .00013 .000025 .000002

The progress of the descent is suggested by path 4 in Fig, 25-8.

Show that a steepest descent method may not converge to the required results.

Using the equations of the pre-
vious problem, suppose we choose the
initial approximations %, = y, = 0.
Then —grad Sy, = [0,2], so we take
2, =0 and y; = t. The minimum of
S(0,t) proves to be at ¢ = .55 = y,
with S(xq,y,) = .73. Computing the
new gradient, we find —grad S; ~
[—.2,0]. This points us westward,
away from the anticipated solution
near x = y = 1. Succeeding steps
find us traveling the path labeled B
in Fig. 25-8. Our difficulty here is
typical of minimization methods.
There is a secondary valley mnear
2 = —.75, y = .25. Our first step has
left us just to the west of the pass
or saddle point between these two
valleys. The direction of descent at
(0,.55) is therefore westward and the Fig. 25-8
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descent into the secondary valley continues. Often several starting points must be used before a
minimum is found.

What are some variations of the descent method?

One may use his imagination in devising variations. A popular algorithm avoids the gradient
computation and makes alternate steps in the directions of the « and y axes. Ideally perhaps one
should seek a curve which is an orthogonal trajectory of the contour or level lines S(x,y) = constant,
but this involves solving a differential equation. Taking steepest descent steps of fixed length,
instead of proceeding until S begins to increase, is the equivalent of using Euler’s method to solve
this differential equation. Clearly there is no scarcity of descent algorithms.

QUADRATIC FACTORS. BAIRSTOW'S METHOD

25.45.

25.46.

25.47.

Develop a recursion for the coefficients by in
g(z) = b %4+ +bp—z; 7(x) = ba—r1(x—u) + b
when q(x) and r(x) are defined by
px) = @™ + -0 + an = (@F—ux—v)q(x) + r(x)
Multiplying out on the right and comparing the powers of z, we have
by = ay
by = a; + uby
b = ap + ubg—y + vby_» k=2 ..,n

If we artificially set b_; = b_, = 0, the last recursion holds for k =0,1,...n. The b, depend
of course upon the numbers u and v.

How may the recursion of the previous problem be used to calculate p(x) for a com-
plex argument = =a+bi? (Assume the a; are real.)

With v =2a and » = —a2~— b2, we have 22 —ux—v = 0 so that
pE) = byy(x—2a) + b,

The advantage of this procedure is that the b, are found by real arithmetic, so that no complex
arithmetic occurs until the final step. In particular, if b, ;="5, =0 then we have p(x) =0.
The complex conjugates a = bi are then zeros of p(x).

Develop Bairstow’s method for using the Newton iteration to solve the simultaneous
equations bn—1(%,v) = 0, ba(u,v) = 0.

To use Newton’s iteration, as described in Problem 25.38, we need the partial derivatives of
b,_, and b, relative to u and v. First taking derivatives relative to u, and letting ¢, = by 1 4/0u,
we find ¢c_g=c_; =0, ¢y = by, ¢; = by +uc,, and then

¢ = by + uc,_; + veg_s

The last result is actually valid for k=0,1,...,2—1. Thus the ¢, are computed from the b,
just as the b, were obtained from the a;. The two results we need are

0by—1/0u = ¢y_s, by /0w = ep—y

Similarly taking derivatives relative to v and letting dy = 8b,40/8,, we find d_y =d_; =0, then

dy = by + udy, after which
dk - bk + udk_l + vdk_z
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The latter holds for k=0,1,...,n—2. Since the ¢; and dy theréfore satisfy the same recur-
sion with the same initial conditions, we have proved ¢, = d;, for £=0,1,...,n—2. In particular,

8b,_1/0v = e,_3, abylav = ¢,_o
and we are ready for Newton’s iteration.

Suppose we have approximate roots a = b: of p(x) =0, and the associated quadratic factor
x2—ux —v of p(x). This means we have approximate roots of b,.; =b, =0 and are seeking
improved approximations w+ h, v+ k. The corrections kb and k are determined by

Cp—gh + ey gk = —by,_y
en—1h + ¢,k = -b,
These are the central equations of Newton’s iteration. Solving for h and %,
b = bn;’n—a — bn—lcn—z’ B = bn2—16’n—1 =~ bnCr—2
Cr—2 — Cn—1Cn—3 Ci—2 ™ Cpn—1Cn—3

25.48. Apply Bairstow’s method to determine the complex roots of Leonardo’s equation cor-
rect to nine places.

We have already found excellent initial approximations by the quotient-difference algorithm (see
Problem 25.32): uy~ —3.3642, vy ~ —14.6083, Our recursion now produces the following b,

and ¢;:
k 0 1 2 3
o 1 2 10 —20
by 1 —1.3642 —.01386 —.03155
i 1 —4.7284 1.2901

The formulas of Problem 25.47 then produce h = —.004608, k = —.007930 making
u; = ug+ h = —3.368808, wv; = v+ k = —14.611230

Repeating the process, we next find new b, and ¢

k| o 1 2 3
e | 1 2 10 —20
b | 1 —1.368808 000021341  —.000103380
ee | 1 —4737616  1.348910341
These bring h = —.000000108, Kk = —.000021852
uy = —3.368808108, v, = —14.611251852

Repeating the cycle once more finds b, = by = h = k = 0 to nine places. The required roots are now
Ty, Xy = %u = iV—v—fu2 = —1.684404054 = 3.4313313501¢

These may be further checked by computing the sum and product of all three roots and comparing
with the coefficients of 2 and 20 in Leonardo’s equation.
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Supplementary Problems

Apply the method of Problem 25.1 to the equation z = e¢~* to find a root near x =.5. Show that

starting with x, = .5, the approximations %,y and x;, agree to three places at .567.

Apply the Aitken acceleration to earlier approximations computed in the previous problem. When

does it produce three place accuracy?

Rewrite the equation 23 =224+ x+1 as 2 =14+1/x+1/22 and then use an iteration of the sort

in Problem 25.1 to find a positive root.

Apply Newton’s method to the equation of Problem 25.49. How many iterations are needed for

three place accuracy? For six place accuracy?

Apply Newton’s method to the equation of Problem 25.51.
Find the square root of 3 to six places.

Find the fifth root of 3 to six places.

Show that Newton’s method applied to f(x) = 1/x— @ = 0 leads to the iteration «,
%, 1(2—Qx,_;) for producing reciprocals without division. Apply this iteration with @

e ~ 2.7182818, starting with z, =.3 and again starting with zy = 1. One of these initial ap-

proximations is not close enough to the correct result to produce a convergent sequence.

Apply regula falsi to the equation of Problem 25.49, starting with the approximations 0 and 1.

Apply the method of Problem 25.18 (quadratic interpolation) to the equation of Problem 25.49.

Apply the quadratic interpolation method to Leonardo’s equation.

Use Bernoulli’s method to find the dominant (real) root of the Fibonacci equation 22 — 2 —1 = 0.

Apply Bernoulli’s method to the equation of Problem 25.31.

Apply Bernoulli’s method to find a dominant pair of complex conjugate roots of
4t + 43+ 322 —2—1 = 0

Use the quotient-difference method to find all the roots of the equation of Problem 25.36.

Use the quotient-difference method to locate all the roots of the equation of Problem 25.62.

Use a Sturm sequence to show that 366+ 36«5 + 2324 — 1823 — 1222+« +1 = 0 has only four

real roots, and to locate these four. Then apply Newton’s method to pinpoint them.

Use a Sturm sequence to show that 288x5— 720x%+ 69423 — 32122471l —6 = 0 has five closely

packed real roots. Apply Newton’s method to determine these roots to six places.
Use the iterative method to find a solution of
x = Jsinx + .2 cosy, y = Tcosx — 2siny
near (.5,.5).
Apply Newton’s method to the system of the preceding problem.
Apply Newton’s method to the system =z = x2+y2, y =22—y2 {o find a solution near (.8, .4).

Apply the method of steepest descent to the system of the previous problem.

Apply the method of steepest descent to the system of Problem 25.67.

Given that 1 is an exact root of 23— 2x2—5x+ 6 = 0, find the other two roots by deflation to a

quadratic equation.
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25.73. Find all the roots of x*-+ 223+ 722 —11 = 0 correct to six places using a deflation method sup-
ported by the Newton and Bairstow iterations.

25.74. Apply the Bairstow method to x* — 33 + 2042 + 44% + 54 = 0 to find a quadratic factor close
to 22 4+ 2x 4 2.

25.75. Find the largest root of x4 —2.037923 — 15.424542 4 15.6696x + 35.4936 = 0.

25.76. Find two roots near =1 of 2x*+ 1623+ 42— Tdx + 56 = 0.

25.77. lFind any real roots of «3 =+ 4.

25.78. TFind a small positive root of 21.8632 = 521712 — 2.1167.

25.79. Find a root near x = 2 of x = 2 sinw.

25.80. Find a complex pair of roots with negative real part for x*— 323 + 2022 + 440 - 54 = 0.

25.81. Find a solution of the system
: 2 = sinx coshy, y = cosx sinhy
near x =7,y = 3.

25.82. Solve the system «t+y*—67=0, 28 —3xy2+35 =0 near v =2, y = 3.
25.83. Find the minimum for positive x of y = (tan x)/x2.
25.84. Where does the curve y = e~ % logz have an inflection point?

. ops 2 23 x4 _
25.85. Find the smallest positive root of 1 — x + e W + @ —ee = 0,

x
(2!

95.86. Find the maximum value of y(x) near x =1, given that sin (xy) =y —=.

25.87. Find to twelve digits a root near 2 of «t—ax = 10,

25.88. Find the smallest real root of e~% = sina.

25.89. Split the fourth degree polynomial «* + 5x® + 822 — bz — 9 into quadratic factors.

25.90. Find a root near 1.5 of » =} +sinz.

25.91. Find all the roots of 2x% —13x2—22x+3 = 0.

25.92. Find a root near 1.5 of «% =at+ 23+ 1.

25.93. TFind two roots near « =2 of «t—bad3— 12224 T6x— 79 = 0.



Chapter 26

Linear Systems

SOLUTION OF LINEAR SYSTEMS

Solving linear systems may very well be the foremost assignment of numerical analysis.
Much of applied mathematics reduces to a set of equations, or linear system,

Ar = ¢
with the matrix 4 and vector ¢ given, and the vector z to be determined. An extraordinary
collection of algorithms for achieving this has been developed, of which we select three

methods to be presented in this chapter. The variety of algorithms indicates that the ap-
parently elementary character of this problem is deceptive. There are many pitfalls.

" 1. Gaussian elimination is by far the most heavily used algorithm. It involves replacing
equations by combinations of equations, in such a way that a triangular system is

obtained.
X1 + apXs + ¢ + aya—1Tn—1 + a1aln = ¢
Zo + v + agn—1Tn-1 + az2ln = ¢
Zn—1 +F @n—1,0%n = Cn—i
Tn = Cn
After this the components zy, . . ., , of the vector x are easily found, one after the other,

by a process called back-substitution. The last equation determines x., which is then
substituted in the next-last equation to determine z.—1, and so on.

The Gauss algorithm is also used to prove the fundamental theorem of linear algebra,
which deals with the question whether or not a solution exists. The main part of this
theorem guarantees a unique solution of Axz = c¢ precisely when the corresponding
homogeneous system Axz =0 has only the solution 2 = 0. Both systems, as well as
the coefficient matrix A, are then called nonsingular. When Az = 0 has solutions other
than a« = 0, both systems and the matrix A are singular. In this case Ax =c¢ will
have either no solution at all or else an infinity of solutions. Singular systems have
their principal application in eigenvalue problems. Generally speaking the algorithms
of this chapter, except those designed for eigenvalue problems, should not be applied
to singular systems, since unavoidable roundoff errors can easily have an effect equiv-
alent to the replacement of the given, singular system by an “almost identical” non-
singular system. A computed “solution” may then be produced where, for instance,
none actually exists.

2. The Gauss-Seidel method is another heavily-used algorithm. It resembles the iterative
methods for finding roots of nonlinear equations. The given system is reshaped in the

form

334
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L = -+

often by solving the ith equation for x:.. An initial approximation to all the 2; now
allows each component to be corrected in its turn, and when the cycle is complete to
begin another cycle. Under certain circumstances the algorithm is convergent and
competes with Gaussian elimination. It is a typical member of the broad class of

3. Relaxation methods, in which the residual vector
R = Ax™ —e¢

is used as a measure of how well the approximate solution vector x‘* satisfies the system
and how large the next correction to each component should be. If R has small com-
ponents then the system is almost satisfied by ™. It is important to notice, however,

that the difference :
AR = g™ — A-1¢

between z™ and the exact solution vector A~'c (where A~ is the inverse matrix) may
still have large components, even though R is small. This will occur for ill-conditioned
systems. In spite of this flaw relaxation methods are popular, since the residual vector
R is an accessible measure of accuracy while finding A-* is usually a much larger com-
putational affair.

None of these methods should be used blindly. The presence of pitfalls, as suggested
above, should be kept in mind. Applying any method to a singular system may lead to
results already described. But nearly-singular systems, often called wunstable or ill-
conditioned, can cause just as much trouble. Such systems are extremely sensitive to small
changes in the components of A and ¢, which cause large changes in the solution vector z.
The instability may be so severe that even ordinary roundoff errors are enough to distort
the solution, and make it useless, or to replace the given system by an “almost identical”
singular system. Fortunately, if severe instability is present evidence of it often appears
during the course of a solution algorithm. Unfortunately, this evidence is not always
recognized in time. Moreover, for extremely large systems the algorithms involve millions
of arithmetical operations, and the accompanying internal roundoffs may have an effect
very much like that of instability, even in a stable system.

MATRIX INVERSION

Matrix inversion is a companion problem to the solution of linear systems. If a matrix
A~1 can be found such that A-1A =], then the solution of Az =¢ will be 2 =A% for
any vector ¢. Of the abundant supply of inversion methods three will be illustrated.

1. Gaussian elimination may be applied to the system
AX =1

treating the colurhns of I simultaneously as so many ¢ vectors, with the columns of X
the corresponding solution vectors. Naturally, X =A%
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2. An exchange method first solves some equation, say the ith, for some component, say
xr, and then uses the result to eliminate xzx from the remaining equations. The effect
can be viewed as an exchange of the roles of ¢; and zx. After n such exchanges in an
n X n system the roles of the # and ¢ vectors have been completely reversed and the
system appears as A~lc = z.

3. An iterative method is based on the identity
A'=(I+R+R?+---)B

where R =1—BA. If B is a sufficiently good first approximation to 471, the series will
converge and the partial sums produce better and better approximations.

EIGENVALUE PROBLEMS

Eigenvalue problems require that we determine numbers A such that the linear system
Az = Ax will have solutions other than x = 0. These numbers are called eigenvalues.
The corresponding solutions, or eigenvectors, are also of interest. We choose four methods
of approach. :

1. The characteristic polynomial of a matrix A has as its zeros the eigenvalues of A.
A direct procedure, resembling Gaussian elimination, for finding this polynomial will
be presented. Finding its zeros, by the algorithms of nonlinear algebra (Chapter 25),
each in its turn may be substituted for A in the given system Ax = xx. This now
becomes a singular system, and any solution may be multiplied by an arbitrary constant
to form another solution. Accordingly, we may specify the value of some component,
perhaps x: =1, and then solve the reduced system by the methods just presented for
linear systems.

2. The power method generates the vectors
x(p) = APV
where V is an almost arbitrary starting vector, and produces the dominant eigenvalue
with its eigenvector. For large values of p it proves that xz® is nearly an eigenvector
corresponding to the dominant
A~ x(p)TAx(p)/x(p)Tx(p)

where T denotes the transposed vector. This formula for A is known as the Rayleigh
quotient. Modifications of this process lead to the absolutely smallest and to certain
next-dominant eigenvectors.

3. The Jacobi method subjects a real, symmetric matrix A to a sequence of simple trans-
formations which do not alter the eigenvalues. Each transformation is based on a

rotation matrix .
0, - [c?s ¢, —sin (]Sk}
sin ¢, oS ¢,
and after n such steps A will have been transformed into
01+ O07'A0; -+ O,

By proper selection of the ¢, this approaches diagonal form with the eigenvalues on the
diagonal. The eigenvectors are the columns of 0:0:0; - - -

4. The Givens method uses similar transformations to reduce A to triple diagonal form,
and achieves this in a finite number of steps. It then generates the characteristic
polynomial in a way which simultaneously provides a Sturm sequence for finding the
real roots. The eigenvectors then follow easily from the product of the rotation
matrices.
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COMPLEX SYSTEMS

Complex systems may be exchanged for equivalent, and larger, real systems. Thus,
comparing real and imaginary parts of

(A+iB)(x+iy) = a+1b

£ 4160 - )

to which our real algorithms apply. The inversion problem
(A+iB)(C+1iD) = I

responds to similar treatment. Eigenvalue problems could also be approached in this way,
but alternatives which avoid increasing the size of the system seem preferable. (See Prob-
lem 26.45 and 26.46.)

Solved Problems

GAUSSIAN ELIMINATION

26.1. Tllustrate the method of Gaussian elimination for solving linear systems. Use the

following equations.
21+ 3xe+ 4w = 1

i+ 3+ = 0
it ixetixs = 0

This method is one of the oldest, and still perhaps the best, for the treatment of linear systems.
Its objective is to reduce the matrix of coefficients on the left to a triangular form in which the main
diagonal (NW to SE) consists of ones, with all coefficients below the diagonal zero. This is achieved
by replacing the given equations by suitable combinations of themselves. First the largest coefficient
in absolute value is located, and brought to the upper left corner by interchanges of equations and
columns. This coefficient is called the first pivot. In the present example it is already in place.
The first equation is then divided through by the pivot, reducing the main diagonal entry to one.
In the present example this coefficient is already a one. Now the remaining coefficients in column
one are reduced to zero. Multiply the first equation by 4 and subtract from the second; then multiply
the first equation by £ and subtract from the third. The result is this new system:

Xy + %xz + %mg - 1
1 1 = —1
Ta% T 12%s 3

4
1 = = —1
-1—2562 + 15 Lg = 3

This completes the first stage of the elimination algorithm and we now apply the same process
to the smaller system which results from deleting the new first row and column. Although we should
begin by locating the absolutely largest coefficient and bringing it to the upper left corner of the
reduced matrix, for this miniature system it is not worth the bother. (The use of large pivots is a
device intended to reduce roundoff error accumulation in the treatment of large systems. Here
our system is tiny and we are doing our computations exactly.) With 1/12 as our second pivot the
second stage of the elimination algorithm produces these two equations,

Ty + X3 = —6

1
e |
B0% = @
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The third stage merely involves reducing the last pivot to one and we then have the triangular
system

© + day + foy = 1
X + X3 = —6
X3 = 30

Having triangularized the original system, the Gaussian algorithm now discovers the ‘“‘un-
knowns” x,, #,, 23 by back substitution. Beginning with the last equation we find successively

my = 80, @ = —6—30 = —36, x; = 1— }(~36)—}(30) = 9

This combination of triangularization plus back substitution is known as Gaussian elimination.
In serious applications the computations will not usually be done in exact fractional form, and
using the absolutely largest coefficient in each stage as the pivot is of some importance.

Approximately how many multiplications and divisions are performed in carrying
out the Gauss algorithm for a set of » equations?

Counting just these operations, ignoring additions and subtractions, is justified by the remark
that these are the time-consuming and error-producing parts of the algorithm. If we also focus
our attention on the coefficient matrix, ignoring the right hand side of our equations, then the
count runs as follows. To reduce the first pivot to 1 requires n — 1 divisions across the pivot row.
Then to reduce the other elements in the pivot column to 0’s requires a similar n — 1 multiplications
per element. The total is (n— 1)2 operations. Similar counts for the successively smaller steps
which follow lead to the grand total of

=12 + (n—2% + «+» + 22+ 12 = 4md — fn? + }n

For large n this is approximately {n® which is commonly used as an indicator of the size of the
problem. Recalling that roundoff error accumulation is roughly dependent upon the square root
of the number of operations, one sees that even for n =7 errors may be multiplied by factors of
ten, losing perhaps one significant digit. In the treatment of large systems error growth is a sub-
stantial factor.

Rework Problem 26.1 under the assumption that a computer capable of carrying
only two significant digits at a time is to do the computations. Since any computer
has some limit to the number of digits it can carry, this will illustrate by overemphasis
what happens to some extent in any such computation.

The given equations are now replaced by these:
1.0z, + .50x, + 3323 = 1.0
50, + .33z, + 25253 = 0.0
38 + 25%, + 2025 = 0.0

Using 1.0 as pivot, one step now leads to
.08z, + 0823 = —.50, .08z, + 0923 = —.33

The coefficients .08 and .09 appear to only one significant digit since they come to us as differences
such as .33 —.25 and .20 —.11. This loss of digits in subtraction is common and troublesome., If
we once again omit the exchanges involved in bringing the largest coefficient of .09 into pivot
position (which in this case would actually lead to more roundoffs and poorer results), then after
a second step we have

1.0, + 1.023 = —6.3, Olzg = 17
after which back substitution brings

xg = 17, X9 = “23, xry = 7.0
Comparing with the correct results (30, —36, 9) we see sizable errors. The severe limitation on our
computer, coupled with the fact that the matrix of coefficients in this system is one of the family
of Hilbert matrices (see Problem 21.24, page 247) which are notoriously troublesome, makes this
example a dramatic illustration of what can happen. Ordinarily one should not expect error to be
quite so overwhelming.
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26.4.

26.5.

26.6.

Define residuals and show how they may be used in a method of successive approxima-
tions to the solution of a linear system.
Let the given system be

Soagpw, —¢ = 0 i=1,2....,n
k=1
and suppose that Xy, X,, ..., X, are approximations to the x;. The numbers
n
> apXy — ¢, = R;
k=1

are called the residuals associated with these approximate values. For the correct =z, all residuals
are zero. Let A, = x;,, — X). and subtract the above equations to find

n
S axh, = —R; 1=12,...,n
k=1

This system of equations has the same matrix of coefficients a;, as the original system. Repeating
the Gaussian algorithm we may solve for the corrections h; at little cost, only the right hand sides
requiring treatment. Since the h; are (hopefully) small, the issue of roundoff error may not be
so troublesome as before and the values X, + k; will usually be improved approximations.

Apply the method of Problem 26.4 to the system of Problem 26.3.
First the residuals are computed:
R, = 70—-12 +57—1.0 = 0.0
R, = 35—-774+43-0.0 = 0.1
R; = 23—-58+34—-00 = —0.1
Actually, the order of computation in R, is not immaterial here. Different orders produce differing
results, Proceeding with what we have, the system to solve is as follows.
1.0h; + .50hy + .33h3 = 0.0
.50k, + .33hy + 25h3 = —0.1
33k + .25hy + 20k = 0.1

The Gaussian algorithm retains the first equation and exchanges the other two for these:

1.0k + 1.0h, = —1.3, 1.0hy = 20
The corrections are therefore hgy = 20, hy = —21, h; = 4 making the new approximations 2x; = 37,
1y = —44, 23 = 11. Comparisons show that even under the severe conditions imposed here (a bad

matrix and a two-digit computer) there has been substantial improvement. The thought of repeating
the process naturally arises, and ordinarily it might be worth pursuing. Here, however, our
two-digit computer finds the new residuals to be all zero, which blocks further progress. The fact
that all residuals may be zero to two digits without the solution being correct to two digits, should
be carefully noted. Generally speaking small residuals and small errors go together, but for some
matrices the relationship is disappointingly loose.

Prove the fundamental theorem of linear algebra, which states that the system

> axxx = ¢; has a unique solution precisely when the associated homogeneous sys-
k=1 n
tem > axx: =0 has only the zero solution, x. =0 for all .

k=1

Apply the Gauss algorithm, If it can be continued to the end, producing the triangular sys-
tem with 1’s along the main diagonal, then back substitution produces a unique solution. If all the
¢c; are 0, then this unique solution has all the wx;, equal to zero also. But suppose the algorithm
cannot be continued to the expected triangular end. This happens when at some point all candidates
for the role of next pivot are zero. To be definite, say the algorithm has reached the form

xl + alzxz + tr
Lo + ag3®y + .- = €

o e®a t o =g
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with the left sides zero beyond this point. Then in the homogeneous case, where all ¢; = 0, we may

choose ;.4 ...,%, at random, after which the other w, are determined. But in the general case,
unless ¢jiq,...,¢, happen to be zero, there are inconsistencies and no solution is possible. If
Cjt1, - - -1 €y do equal zero, then once again we may choose #;.y, ...,%, at random, after which the

other x; are determined. The unique solutions claimed in the fundamental theorem therefore exist
precisely when the Gaussian algorithm may be completed. When it can not be completed there is
either no solution at all, or else there is an infinite set of solutions.

GAUSS-SEIDEL ITERATION AND OVER-RELAXATION

Occasionally it is convenient to use a method other than
the Gauss elimination algorithm for solving a linear sys-
tem. Illustrate the iterative method using the following
problem. A dog is lost in a square maze of corridors
(Fig. 26-1). At each intersection he chooses a direction
at random and proceeds to the next intersection, where he
again chooses at random and so on. What is the prob- il 8 9
ability that a dog starting at intersection 7 will eventually
emerge on the south silde?

Suppose there are just nine interior intersections, as shown. .
Let P, stand for the probability that a dog starting at intersection Fig. 26-1
1 will eventually emerge on the south side. Let P,,...,Pg be similarly defined. Assuming that
at each intersection he reaches, a dog is as likely to choose one direction as another, and that having
reached any exit his walk is over, probability theory then offers the following nine equations
for the Py.

Py = 10+ 0+ Py + Py P, = L(P;+0+ Ps+ Py P, = 1Py +0+Pg+1)
Py, = 10+ P, + Py + Py) Ps = 1(Py + Py + Pg+ Py) Py = 1(P5+P;+ Py+1)
Py = 1(0 + Py + 0 + Py) Pg = L(Py+ Py + 0+ Py) Py = 1(Pg+Pg+0+1)

Leaving the equations in this form, we choose initial approximations to the P,. It would be possible
to make intelligent guesses here, but suppose we choose the uninspired initial values P, =0 for
all k. Taking the equations in the order listed we compute second approximations, one by one.
First P, comes out zero. And so do P,, P3, ..., P But then we find

P, =10+0+0+1) =1 Pg=210+1+0+1) =5 Py =10+35+0+1) = 24

and the second approximation to each P, is in hand. Notice that in computing Py and Py, the newest
approximations to P, and Py respectively have been used. There seems little point in using more
antique approximations. This procedure leads to the correct results more rapidly. Succeeding ap-
proximations are now found in the same way, and the iteration continues until no further changes
occur in the required decimal places. Working to three places, the results of Table 26.1 are obtained.
Note that Py comes out .250, which means that one-fourth of the dogs starting at the center should
emerge on the south side. From the symmetry this makes sense. All nine values may be substituted
back into the original equations as a further check, to see if the residuals are small.

Iteration Py p, Py P, Py Pg P, Py Py
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 .250 312 .328
2 0 0 0 062 .078 .082 328 .394 .328
3 016 .024 027 .106 152 127 375 464 .398
4 .032 .053 .045 140 .196 160 401 .499 415
5 .048 072 .068 161 223 174 415 513 422
6 .058 085 .065 174 .236 181 422 520 425
7 .065 .092 .068 .181 244 184 425 524 427
8 .068 095 070 184 .247 .186 427 525 428
9 .070 .097 071 .186 .249 187 428 526 428

10 071 .098 071 187 .250 .187 428 .526 428

Table 26.1
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26.8.

26.9.

26.10.

26.11.

Under what circumstances may one expect the iterative method of the previous prob-
lem to converge to a correct solution?

There is no single easy-to-apply condition for convergence, suitable for all situations. But
there are several known results, adequate for certain types of matrix which often arise. With the
system written in the form x = Bx+ ¢, for example, and « the vector to be determined, if all the
elements of B are non-negative (such a matrix is called a non-negative matrix) and if the initial
approximation vector x, is such that each of its components is no greater than the corresponding
component of Px,, then the iterations increase monotonically to a solution. This is the situation
in Problem 26.7, with « = (P, P,, ..., Pg) and w, the zero vector.

Again, if the system is written in the form Az = b, then convergence is assured for any z,
if A is a symmetric positive, definite matrix (all its eigenvalues positive). An important special
case of this is the “dominant diagonal” matrix, in which the diagonal element of each row exceeds
the sum of absolute values of all other elements of that row. Such a matrix can be proved positive
definite. The A matrix of Problem 26.7 also qualifies in this respect, as may be seen by rearrange-
ment of the system.

What is a relaxation method?

Any method in which a new approximation is obtained from the previous approximation and
its residuals, may be called a relaxation method. The central idea is that the residuals are used
as indicators of how large the corrections should be. The Gauss-Seidel iteration can be viewed as
a relaxation method under this fairly broad definition. For, let each equation be divided by its
(dominant) diagonal element. Call the matrix of coefficients A and suppose it split into

A=L+I+U

where L has the same lower triangle as 4 but is otherwise zero, I is the unit matrix, with diagonal
1’s but otherwise zero, and U has the same upper triangle as A but is otherwise zero. Then the
Gauss-Seidel method may be expressed in matrix form as

g+ = g 4 [ — La®m+D — g — Ug]

where ¢ is the vector formed from the ¢; and z is the vector formed from the ;. The term Lx(nt+D),
in spite of its superscript, involves only known quantities since L has lower triangular form and
the relevant parts of #(»+1 will have been computed. The expression in brackets is closely related
to the residual vector Ax(™ —e¢. (These various vectors are usually taken in matrix algebra to be
column vectors and we shall so consider them here. To save space however, all vectors, when
printed explicitly, will be printed as rows of numbers rather than as columns. This will not be a
serious obstacle.)

What is over-relaxation?
Let the Gauss-Seidel algorithm be modified as follows.
g+l = g L+ /w[c — Lx(ntl) — gn) — Ux(n)]

The factor w is available for speeding convergence. It has been found, in part on the basis of
experimental evidence, that for suitably chosen w the number of successive approximations needing
to be computed may be reduced by a factor of 100 in some cases. The modification is called
over-relaxation.

Apply an over-relaxation method to the system of Problem 26.7.

Noting the slow but steady growth of the approximations, suppose we arbitrarily choose
w = 1.2. Then we find zeros generated as before until we come to

PV = P 4120250+ 1PV — PO 4+ 1P] = 0+ 1.2[.250+0—0+0] = .300
PY = P 4 1.2[.250 + 1PV + 1PV — PO + 1P®] = 0+ 1.2[.250+ 0+ .075— 0+ 0] = .390
PV = P +1.2[.250 + 1PV + 1PV —P®] = 0+ 1.2[.250 +0+.098 — 0] = .418

Succeeding approximations are found in the same way and are listed in Table 26.2 below. Notice
that about half as many iterations are needed.



342

LINEAR SYSTEMS [CHAP. 26

Tteration Py P, P, P, P, Ps Py Py P,
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 300 .390 418
2 090 144 169 384 506 419
3 028 052 .066  .149 234 182 420  .520  .427
4 054 096  .071 183  .247 187 427 526  .428
5 073 .098  .071  .188  .251 187  .428 527  .428
6 071 .098 071 187  .250  .187  .428  .526  .428

Table 26.2

UNSTABLE OR ILL-CONDITIONED SYSTEMS
26.12. What is meant by instability or ill-conditioning of systems?

26.13.

’ The term stability is used in a standard way. Stated loosely, a system of equations is called
stable if relatively small changes in the coefficients produce correspondingly small changes in the

solution vector. Given two systems,

Ax = ¢ By = d
if the elements of A and B differ by little, and those of ¢ and d differ by little, then for a stable
system the elements of the solution vectors # and y will also differ by little. When this is not true
the system is called unstable or ill-conditioned. A more precise definition of stability involves the
concept of norms of vectors and matrices. The norm of a vector = = (2 ...,%,) is usually

defined as
fell = Va4 - + a2

This is the Euclidean norm. The corresponding Euclidean norm of a matrix A with elements ay

is defined as .
Al = 4[Sdk

Other norms are also used. The details are extensive and may be found elsewhere.

Compare the solutions of these two midget systems:
r—y =1 xr—y =1
x— 1.00001y = 0 x—.99999y =

The corresponding solution vectors are )
(100,001; 100,000) and (—99,999; —100,000)

and differ violently in spite of the almost identical coefficients in the system. The instability here
is easy to interpret. Each system may be viewed as an effort to determine a position (x,y) as the
intersection of two almost parallel lines, as shown in Fig, 26-2. Naturally even a slight shift of
either line can provoke a violent move of the intersection. Such systems oceur often in astronomical
problems, where nearly parallel lines cannot always be avoided, and must be carefully handled.
In more substantial systems the cause of instability may not be so easily explained, and even the
presence of instability has often been undetected, erroneous results having been accepted as correct.

y towards
(100,001; 100,000)

c—y=1

towards
(—99,099; —100,000) /|

Fig. 26-2
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26.14.

26.15.

26.16.

Show that for a stable system, changing the coefficients by small amounts Ae; and
the components of the vector ¢ by small amounts Ac;, suggests the system

n n
> aiar; = Ac — Y x;8ay i=1,...,n
i=1 j=1

for the amounts Az; by which the solution will be altered.

In the given system we replace the old entries by the new and have
n

jgl (@i + Aay)(@;+Az) = ¢ + Ac

Multiplying out and ignoring Aa;; Ax; products, then recalling that the x; satisfy the original system
2%‘%’ = ¢;, we have the required result. Because of the omitted products this determines the
J

Az; only approximately.

Apply the previous problem to compare the solutions of these systems:

21+ 3+ ey = 1 1.0z + .50xs + 3323 = 1
i+ 4xa+30s = 0 B0x + 33z + 2523 = 0
1+t +3xs = 0 8321 + 2522 + 2005 = O

As can be seen, the only change is the replacement of § by .33. The correction system of the
previous problem becomes, using the exact solution found in Problem 26.1 to obtain the right hand
column,

Axl + -% sz + % Arg = —.03
—% Awl + % sz + % Axs = 12
% Ay + % Ax2 -+ —é— Axg = —.10

which may be solved exactly to yield the solution (—7.59, 42.12, —40.50). Obviously the “corrections”
are not small, so that the very use of the procedure of Problem 26.14 has doubtful validity. Even
s0, we have here very strong evidence that the original system of equations is unstable. It may
be recalled that in Problem 26.83 and 26.5 we found some difficulty in solving this system on a

two-digit computer.

Show that the system
10w +Tx+ 8y + Tz = 32

Tw+5x+ 6y+ 5z = 23
8w + 6x + 10y + 9z = 33
Tw -+ 52 + 9y + 10z = 31

in which the coefficients form what is known as Wilson’s matrix, is badly unstable.

The solution is (1,1,1,1). If the vector on the right is changed to (32.1, 22.9, 32.9, 31.1) then
the solution is (6, —7.2, 2.9, —.1). If the vector on the right is changed to (32.01, 22.99, 32.99, 31.01)
then the solution is (1.50, .18, 1.19, .89). The changes in the solution are substantially greater then
the changes made in the system itself.

MATRIX INVERSION BY ELIMINATION

26.17.

Show how the Gauss elimination algorithm may be extended to produce the inverse
of the coefficient mattix A, that is, the matrix A~ such that AA-1=1].

The system of Problem 26.1 may serve as an illustration. In that problem the column vector
on the right side was (1,0, 0), which we now call U;. Similarly let U, and U; be the column vectors
(0,1,0) and (0,0,1). Essentially we now solve three linear systems at once, the right sides being
these three column vectors. The starting point is the rectangular array

1 3 5 1 0 o0
3 % 1 0 1 0
} o1 & 0 0 o1
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the left half of which is the matrix of coefficients A, the right half being the unit matrix I. Choosing
the upper left 1, as first pivot, the first Gaussian step now leads to the new array

1 3+ 3 1 0 o

0 & % -5 1 0
4

0 &% § % 0 1

each of the last three columns being treated as U; was treated in Problem 26.1. Choosing the
diagonal {L; as second pivot (the three 1_12’5 make it very hard in such a short computation to obey
our rules and choose the slightly larger 4/45), a second Gaussian step produces

R U | 1 0 0
o 1 1 -6 12 0
0 0 1w 1 11

and the new coefficient matrix at the left is in triangular form. Back substitution could now be used
to yield the three solution vectors X, X,, X3 corresponding to Uy, U, Us.

AXI = Ul AX2 = U2 AX3 - U3

However, a further continuation of the Gauss algorithm is popular. Subtracting half of row two
from row one produces

1 o0 -3 4 -6 0

0 1 1 -6 12 0
1

0 0 i ¥ 11

and column 2 has become U, The third Gaussian step now follows and is extended to convert
column 3 into Usj.

1 0 0 9 —36 30
0 1 0 —36 192 —180
0 0 1 30 —180 180

This is the final array. Back substitution is now trivial and shows that the last three columns are
X,, X, and X,;. The inverse matrix is therefore
9 —36 30
A-1 = | —36 192 —180
30 —180 180

as may easily be verified. Note that in this algorithm the method of Gaussian elimination converts
the array [A,I] into [I,A—1].

Apply the inverse matrix to solve a linear system.

Knowing A1, we may at once write the solution of the system Az = ¢ in the form » =A"1¢
from which the components of « are found by matrix multiplication. For example, the system

©; + $op + Jws = —.03
%xl + 31_;52 + i—wg - 12
Loy + oy + Loy = —10

appeared in Problem 26.15. Its exact solution was claimed to be (—7.59, 42,12, —40.50). This solu-
tion can now be found directly from

9 —36 30 —.03
r = —-36 192 —180 12
30 —180 180 —.10

For instance, x; = (9)(—.08) + (—36)(.12) + (30)(—.10) = ~7.59 and similarly for =, and ;.



CHAP. 26] LINEAR SYSTEMS 345

26.19. When is it convenient to compute the inverse matrix?

If several systems of equations, having the same coefficient matrix A but different ¢ vectors,
must be solved, then it becomes economical to find the inverse matrix first. Finding A—1 is the
equivalent of solving three systems, but its possession then allows other systems to be solved at the

cost of only a few multiplications and additions. Occasionally other reasons for computing A-1
may exist.

MATRIX INVERSION, THE EXCHANGE METHOD

26.20. Derive the formula for making an exchange step in a linear system.

Let the linear system be Ax = ¢, or
n
P apxe = ¢, 1=1,...,n
k=1

The essential ingredients may be displayed as in this array for n = 3.

vy Lo ‘3
41 211 a1 a3
] 231 2:0] Qg3
C3 a3y agg Q33

We proceed to exchange one of the “dependent” variables (say ¢,) with one of the independent
variables (say ®3). Solving the second equation for x5, %3 = (€3 — @1 — Ggpts)/@eg. This requires
that the pivot coefficient ay; not be zero. Substituting the expression for z; in the remaining two
equations brings

e; = @yt yemy + ayz(cy — ap %y — Aga¥s)/tgs
€3 = Qg1%y T+ age®y + Ggg(Cy — Ua¥y — Uoso)/ Cog

The array for the new system, after the exchange, is as follows.

Ly Lo ()
a3y Q130 a3
Qa1 Q39 1
23 - - —
Qa3 Qo3 Qa3
Q33021 _ Ogslap Q33
o %817 23 %32 g3 Qa3

This may be summarized in four rules:
1. The pivot coefficient is replaced by its reciprocal.
2. The rest of the pivot column is divided by the pivot coefficient.
8. The rest of the pivot row is divided by the pivot coefficient with a change of sign.

A Cim

4. Any other eoefficient (say a;,) is replaced by a;, — where a;, is the pivot coefficient.

ik

26.21. Illustrate the exchange method for finding the inverse matrix.

Once again we take the matrix of Problem 26.1.

x4 Xy Zg
1 1

2 1 3 3
1 1

Co % El 1
1 1 1

C3 k) % 5
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For error control it is the practice to choose the largest coefficient for the pivot, in this case 1.
Exchanging ¢, and x,;, we have this new array:

¢ Tg X3
e |1 -} 3
e | ¥ & 1=
es | ¥ & =

Two similar exchanges, of ¢; and =3, then of ¢, and «,, lead to the two arrays shown below. In each
case the largest coefficient in a ¢ row and an x column is used as pivot.

¢y %y c3 21 Ca s
& 3 e @ 9 —36 30
1
o | & =% 15 @ | —36 192 —180
15 45
P I T @y 30  —180 180

Since what we have done is to exchange the system ¢ = Ax for the system = = A—1l¢, the last
matrix is A-1L,

MATRIX INVERSION, AN ITERATIVE METHOD
26.22. Derive the formula A~' = I+ R+ R2+ ---)B where R = I — BA.

The idea here is that B is an approximate inverse of A, so that the residual E has small ele-
ments. A few terms of the series involved may therefore be enough to produce a much better
approximation to A~1, To derive the formula note first that I —R)(I+ R+ R2+ ---) =1 provided
the matrix series is convergent. Then I+ R+ R2+ -+ = (I—R)~1 and so

I+R+R+--)B = (I—R~'B = (BA)"'B = A-1B-'B

which reduces to 41,

26.23. Apply the formula of the preceding problem to the matrix

1 10 1
4 = 2 -0 1
3 3 2

assuming only a three-digit computer, perhaps a slide rule, is available. Since any
computer carries only a limited number of digits, this will again illustrate the power
of a method of successive corrections.

First we apply Gaussian elimination to obtain a first approximation to the inverse. The three

steps, using the largest pivot available in each case, appear below along with the approximate
inverse B which results from two interchanges of rows, bringing the bottom row to the top.

1 1 1 1 0 0 0 1 .037 JA11 0 -—.0371
2.0 0 1.0 0 1 0 0 0 —.260 222 1 =742
2.7 0 1.7 -3 0 1 1 0 830 —.111 0 371
Step 1 Step 2
0 .143 143 —.143 427 243 —1.43
0 0 1 —854 -—3.85 2.85 .143 143 —.143
1 0 0 427 243 —1.43 —.854 —3.85 2.85

Step 3 The Matrix B
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Next we easily compute
.003 .020 .003

R = 1 - B4 = 0 —.001 0
004 —.010 004

after which BB, B+ REB, R?B = R(RB) and B -+ RB + R2?B are found in that order. (Notice that
because the elements in R2B are so small, a factor of 10,000 has been introduced for simplicity in
presentation.)

[ .001580 —.001400  .001400 428579 2.428600 —1.428600 |
—.000143 —.000143 000143 142857 142857 —.142857
| —003140 —007110 007110 —857138 —8.857110  2.857110
RB B +RB
[ —.07540 —.28400 28400 4285715 24285716 —1.4285716 |
00148 .00143 —.00143 1428571 1428571 —.1428571
| —.04810 —.32600 32600 — 8571428 —3.8571426  2.8571426
104 - R(RB) B + RB + RB

Notice that except in the additive processes, only three significant digits have been carried. Since
the exact inverse is

3 17 —10
1
-1 = = -
A 7 1 1 1
—6 —27 20

it can be verified that B + RB + R2B is at fault only in the seventh decimal place. More terms of
the series formula would bring still further accuracy. This method can often be used to improve
the result of inversion by Gaussian elimination, since that algorithm is far more sensitive to
roundoff error accumulation.

EVALUATION OF DETERMINANTS

26.24.

26.25.

26.26.

Direct evaluation of a determinant of order » requires the computation of »! terms.
This is prohibitive except for the smallest integers n. How can the Gauss elimination
algorithm produce the value of a determinant more economically?

From the properties of determinants no step in the Gauss algorithm alters the value of the
determinant of the coefficient matrix except division by each pivot element and interchanges of
rows or columns. The determinant of the resulting matrix is 1, since this has a zero lower triangle
and diagonal ones. The value of the original determinant is therefore the product of the pivots,
modified in sign if an odd number of column and row interchanges have been made. The size of the
evaluation job has thus been reduced to the order of n3/3.

Find the determinant of the coefficient matrix of Problem 26.1.

The pivots were 1, 1/12 and 1/180. Their product is 1/2160. No rows or columns were inter-
changed, so there is no modification of sign. This small determinant partly accounts for the
troublesome character of this matrix. A zero determinant would result from a zero pivot, and
would mean non-uniqueness of the solution, or non-existence. (See Problem 26.6.) A small deter-
minant suggests that in some sense we are close to this singular case.

Evaluate the determinant of the matrix A in Problem 26.23.

One easily finds directly for this small matrix that the determinant equals —7. The three pivots
used in our elimination algorithm were 10, 2.7 and —.26. Their product is —7.02, which is reason-
able since we were limited to three digit arithmetic. Note that since two interchanges of rows were
required to bring the bottom row to the top, no modification of sign need be made.
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EIGENVALUE PROBLEMS, THE CHARACTERISTIC POLYNOMIAL

26.27.

26.28.

What are eigenvalues and eigenvectors of a matrix A?

A number A for which the system Az =Xz or (A —Al)x =0 has a nonzero solution vector =
is called an eigenvalue of the system. Any corresponding nonzero solution vector x is called an
eigenvector. Clearly, if « is an eigenvector then so is Cx for any number C.

Find the eigenvalues and eigenvectors of the system
(2—=M)z1 — 22 =0
—21+ (2— N2 — 23 = 0
—22+(2—Nxs = 0
which arises in various physical settings, including the vibration of a system of three
masses connected by springs.

We illustrate the method of finding the characteristic polynomial directly and then obtaining
the eigenvalues as roots of this polynomial. The eigenvectors are then found last. The first step
is to take linear combinations of equations much as in Gaussian elimination, until only the a4
column of coefficients involves A. For example, if E,, E, and E; denote the three equations, then
—E, + \E; is the equation

2y — 22y + (1+ 2N —A)23 = 0

Calling this E,, the combination E; — 2E, + \E, becomes
do; — By + 2+ A+222—-2N3)xy = 0
These last two equations together with E3 now involve A in only the «; coefficients.

The second step of the process is to triangularize this system by the Gauss elimination algorithm
or its equivalent. With this small system we may take a few liberties as to pivots, retain

2y — 229+ (14+20 =22y = 0
—xy + 2—Nz; = 0
as our first two equations and soon achieve
(4—10A+6X2— 73y = 0

to complete the triangularization. To satisfy the last equation we must avoid making x; =0,
because this at once forces x, = x; = 0 and we do not have a nonzero solution vector. Accordingly

we must require
4 — 100+ 622 — 23 = 0

This cubic is the characteristic polynomial, and the eigenvalues must be its zeros since in no other
way can we obtain a nonzero solution vector. By methods of an earlier chapter we find those

eigenvalues to be A, =2—V2, A, =2, A\; =2+ V2 in increasing order.

The last step is to find the eigenvectors, but with the system already triangularized this involves
no more than back substitution. Taking A; first, and recalling that eigenvectors are determined
only to an arbitrary multiplier so that we may choose z3 =1, we find %, = \/5 and then «; = 1.
The other eigenvectors are found in the same way, using Ny and A3. The final results are

A 2 Xy *g
2 —-v2 1 Ve 1
2 —1 Q 1

24+vV2 1| —/2 | 1

In this case the original system of three equations has three distinct eigenvalues, to each of which
there corresponds one independent eigenvector. This is the simplest, but not the only, possible out-
come of an eigenvalue problem. It should be noted that the present matrix is both real and sym-
metrie. For a real, symmetric n X » matrix an important theorem of algebra states that
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26.29.

26.30.

(a) all eigenvalues are real, though perhaps not distinect.
(b) » independent eigenvalues always exist.

This is not true of all matrices. It is fortunate that many of the matrix problems which computers
currently face are real and symmetrie.

To make the algorithm for direct computation of the characteristic polynomial more
clear, apply it to this larger system:

E: (I—M)z + 2 + 23 + 2e = 0
Es: 21+ (2—A)x2 + 3x3 + 4z, = 0
Es: x + 322 + (6 — N)as + 102, = 0
Eq z1 + 4z, + 1023 + (20 —M)zs = 0

Calling these equations E,, E,, Ej, E,, the combination E, + 4E,+ 10E; + AE, is
152, + 392, + T3wg + (117 + 200 — Nz, = 0

and is our second equation in which all but the x, term are free of \. We at once begin triangulariza-
tion by subtracting 15E, to obtain

Eg —21x, — TTxg + (—183 + 350 — A%y = O
The combination —21E, — 77E3; + AE5 becomes
—98x; — 273z, — 52524 + (—854 — 183\ + 3572 —\3)wy, = 0

and is our third equation in which all but the z4 term are free of A. The triangularization continues
by blending this last equation with E, and E; to obtain

Eg: 392w, + (1449 — 1736\ + 61672 — 21\3)xwy = O
Now the combination 392Ej3; + AEg is formed,
392x, + 11762, + 2352w, + (3920 + 1449) — 173622 + 616)\% — 21 Yz, = 0
and the triangularization is completed by blending this equation with E,, E5; and Eg to obtain
E; (1 =20+ 7222 —2003 + Y2y = O
The system E,, E;, Eg, E; is now the triangular system we have been aiming for. To avoid the zero
solution vector, A must be a zero of 1 — 20\ + 72\2 — 2923 + A% which is the characteristic poly-

nomial. Finding these zeros and the corresponding eigenvectors will be left as a problem. The
routine just used can be generalized for larger systems.

Apply the method of the previous problem to the system

(18 — A)x1 — 4o + 2z = 0
—4x, + (13 —)t).’l}z — 223 = 0
2z, — 2z + (10— A)xs = 0

to illustrate the case of a ‘“degenerate” eigenvalue.
Proceeding as usual, we form 2E; — 2E, + \Ej:
34x; — 342y + 8+ 10A—A2)x3 = 0
Removing the x; term, we find the x, term disappearing simultaneously:
(162 — 272 +A)xz = 0
This prevents continuation of the algorithm in the usual fashion. However, solving 162 —27A+22=0
for its roots 18 and 9, we may back substitute to find eigenvectors. With Ay = 18, and choosing

x3 = 1, the original equations require that #; =2 and x, = —2. But for Ay =9 all the equations

become 2y — 2y + 73 = 0
so that two independent eigenvectors correspond to this value. (Both x, and z3 may now be chosen
independently.) For example, (1,0,—2) and (1,1,0) are both eigenvectors. Such an eigenvalue is
called degenerate. It is possible to modify the algorithm to handle any degeneracies.
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THE POWER METHOD
26.31. What is the power method for producing the dominant eigenvalue and eigenvector of

26.32.

a matrix?

Assume that the matrix A is of size n X n, with n independent eigenvectors V,,V,,...,V, and
a truly dominant eigenvalue Ay |Aq| > [A\g] = -+ =|5,;|. Then an arbitrary vector V can be ex-
pressed as a combination of eigenvectors,

V = a1V1+a2V2+ et +anVn
It follows that
AV = alAVl + a2AV2 + -+ anAVn = a1>\1V1 + az)\sz 4o+ a”)\nVn

Continuing to multiply by A we arrive at

AV = a3V 4+ ap\iV,y + oo + a0V, = AT[agVy + as(Ma/A)PVs + -+ + a,(\/2A)PV )
provided a; ¥ 0. Since A, is dominant, all terms inside the brackets have limit zero except the

first term. If we take the ratio of any corresponding components of A?+1V and A®V, this ratio
should therefore have limit A;. Moreover, A7 ?A?V will converge to the eigenvector a,V;.

Apply the power method to find the dominant eigenvalue and eigenvector of the
matrix used in. Problem 26.28:

2 -1 0
A4 = -1 2 -1
0 -1 2

Choose the initial vector V = (1,1,1). Then AV = (1,0,1) and A2V = (2,—2,2). It is con-
venient here to divide by 2, and in future we continue to divide by some suitable factor to keep the
numbers reasonable. In this way we find

ATV = (99, —140,99), A8V = ¢(338, —478,338)
where ¢ is some factor. The ratios of components are
338/99 ~ 38.41414, 478/140 ~ 3.41429
and we are already close to the correct A; = 2 + V2 ~ 8.414214. Dividing our last output vector

by 338, it becomes (1, —1.41420,1) approximately and this is close to the correct (1, —/2, 1) found
in Problem 26.28. ’

26.33. What is the Rayleigh quotient and how may it be used to find the dominant

eigenvalue? :

The Rayleigh quotient is xTAwx/xTx, where T denotes the transpose. If Az = Ax this collapses
to A. If Ax ~ Ax then it is conceivable that the Rayleigh quotient is approximately A. Under
certain circumstances the Rayleigh quotients for the successive vectors generated by the power
method converge to A;. For example, let » be the last output vector of the preceding problem,
(1, —1.41420, 1). Then

Az = (3.41420, —4.82840, 3.41420), «TAx = 13.65672, 7o = 3.99996

and the Rayleigh quotient is 3.414214 approximately. This is correct to six decimal places, suggest-
ing that the convergence to A, here is more rapid than for ratios of components.

26.34. Assuming all eigenvalues are real, how may the other extreme eigenvalue be found?

If Az =z, then (A —¢ql)x = (\—q)x. This means that A —g is an eigenvalue of A —gl.
By choosing ¢ properly, perhaps g = );, we make the other extreme eigenvalue dominant and the
power method can be applied. For the matrix of Problem 26.33 we may choose ¢ =4 and consider
-2 -1 0
A — 4 = -1 -2 -1
0 -1 —2
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26.35.

26.36.

26.37.

Again taking V = (1,1,1) we soon find the Rayleigh quotient —8.414214 for the vector (1, 1.41421, 1)
which is essentially (A —4I)8V. Adding 4 we have .585786 which is the other extreme eigenvalue

2 —V/2 correct to six places. The vector is also close to (1,\/5 , 1), the correct eigenvector.

How may the absolutely smallest eigenvalue be found by the power method?

If Ax = ¢, then A—!xz = A—1lx. This means that the absolutely smallest eigenvalue of A can
be found as the reciprocal of the dominant A of A—1. For the matrix of Problem 26.33 we first find

3 21
1
-1 = =
A 4242
1 2 3

Again choosing V = (1,1,1) but now using A—1 instead of 4, we soon find the Rayleigh quotient
1.707107 for the vector (1, 1.41418, 1). The reciprocal quotient is .585786 so that we again have this
eigenvalue and vector already found in Problem 26.28 and 26.34. Finding A-1 is ordinarily no
simple task, but this method is sometimes the best approach to the absolutely smallest eigenvalue.

How may a next dominant eigenvalue be found by a suitable choice of starting
vector V'?

Various algorithms have been proposed, with varying degrees of success. The difficulty is
to sidetrack the dominant eigenvalue itself and to keep it sidetracked. Roundoff errors have spoiled
several theoretically sound methods by returning the dominant eigenvalue to the main line of the
computation and obscuring the next dominant, or limiting the accuracy to which this runnerup can
be determined. For example, suppose that in the argument of Problem 26.31 it could be arranged
that the starting vector V is such that a, is zero. Then \; and V; never actually appear, and if A,
dominates the remaining eigenvalues it assumes the role formerly played by A, and the same reason-
ing proves convergence to Ay and V,. With our matrix of Problem 26.32 this can be nicely illus-
trated. Being real and symmetrie, this matrix has the property that its eigenvectors are orthogonal.
(Problem 26.28 allows a quick verification of this.) This means that V’fV = alV’fVl so that a,
will be zero if V is orthogonal to V,. Suppose we take V = (—1,0,1). This is orthogonal to V.
At once we find AV = (—2,0,2) =2V, so that we have the exact Ay =2 and V,=(—1,0,1).
However, our choice of starting vector here was fortunate.

It is almost entertaining to watch what happens with a reasonable but not so fortunate V, say
V =10, 1, 1.4142) which is also orthogonal to V,; as required. Then we soon find A3V ~
4.8(—1, .04, 1.20) which is something like V, and from which the Rayleigh quotient yields the
satisfactory A, ~ 1.996. After this however, the computation deteriorates and eventually we come
to A2V ~ ¢(1, —1.419, 1.007) which offers us good approximations once again to A; and V,.
Roundoff errors have brought the dominant eigenvalue back into action. By taking the trouble to
alter each vector APV slightly, to make it orthogonal to V,, a better result can be achieved. Other
devices also have been attempted using several starting vectors.

Show how a next dominant eigenvector may be found by a reduction of the matrix A.

Let the dominant eigenvector V, be normalized so that its first component is one. Then
V,=(1,% ...,24,). Let r be the top row of the matrix A4, that is, r = (a1, ..., 0 Form the

matrix

a1 LD Q1n 1
Tolyy  Tolyg ...  Lalyy (5] —
B = = (an P aln) — Vl r
Lplyy Typlig [P Q1 Ty

Let the next dominant eigenvector be A, and normalize its eigenvector so that its first component
is 1. (If V; or V, has a zero first element, then a different element may be normalized and the cor-
responding row r of matrix A is used.) Then since AV; =X V; and AV, =\V,, we find by
considering only the row r of these products that »V, = Ay, rVy = Ay, This is a consequence of the
normalizations. But then
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BVI = (Vl T)Vl = Vl (TVI) = >‘1V1
BV2 = (Vl ”')Vz = Vl (TVZ) = )\2V1
30 that (A - B)(V2 - Vl) = }\2V2 - )\1V1 - AZV]. + )\IVI = )\2(V2 - Vl)

Thus A, is an eigenvalue and V; — V, an eigenvector of A —B. Since A — B has all zeros in its top
row while V; —V, has first component zero, both the first row and first column of A — B may be
deleted. Let A, be this reduced matrix. We then determine the dominant eigenvalue and vector of
A, and by attaching a zero first component get a vector which we call Z;,. Finally V,~ V, must be
a multiple of Z,, say V, = V,+aZ;, and multiplying by the row vector » we find a = (A, — A\{)/7Z,.
Further reductions may be made to obtain other eigenvalues.

Apply the reduction method to the matrix of Problem 26.28, page 348.
Using A ~ 34142 and Vy ~ (1,—1.4142,1) with the row vector » = (2,~1,0), we soon find

the reduced matrix
A _ 5858 —1
2T 0 2]

Applying the power method with starting vector V = (1,1), we compute ALOV ~ ¢(—.7071,1) after
which there are no further changes to four places. As usual ¢ is some constant of no interest to
us. The Rayleigh quotient applied to this last output vector makes A, ~ 2.000000, correct to six
places. And with Z, = (0,—.7071,1) we compute ¢ = —2.00002. Finally V, ~ (1,.00001, —1.00002)
which, like our input approximation to V;, is correct to four places.

As a brief example of how the reduction may be continued, we take Ay =2 and normalize
(—17071,1) to the vector (1, —1.4142). The matrix A, is then reduced as follows:

5858 —1 1 0 0
- 5858, —1) =
\: 0 2] <—1.4142>( 1) [.8284 .5858:|

Deleting the first row and column, we have the new reduced “matrix” Az = {.5858]. Needless to
say its eigenvalue is .5858 and we may choose (1) for its eigenvector. Attaching a leading zero we
have (0,1) and computing a coefficient similar to the above &, namely, (.5858 —2)/—1 = 1.4142,
obtain (1, —1.4142) + 1.4142(0,1) = (1,0) as a new eigenvector of A, belonging to A; ~ .5858. The
last step is to repeat our procedure for getting an eigenvalue of A. Attaching another leading zero
brings Z, = (0,1,0). Then a = (.5858 — 3.4142)/—1 = 2.8284 and finally

Vs ~ (1,—1.4142, 1) + 2.8284(0,1,0) = (1, 1.4142,1)

JACOBI'S METHOD

26.39.

A basic theorem of linear algebra states that a real symmetric matrix A has only real
eigenvalues and that there exists a real orthogonal matrix O such that O—'40 is
diagonal. The diagonal elements are then the eigenvalues and the columns of O are
the eigenvectors. Derive the Jacobi formulas for producing this orthogonal matrix O.

In the Jacobi method O is obtained as an infinite product of “rotation” matrices of the form

[cos ¢ —sin ¢]
01 = .
sin ¢ cos ¢

all other elements being identical with those of the unit matrix I. If the four entries shown are in
positions (i,7), (4, k), (k,i) and (k, k), then the corresponding elements of O;71AQ; may easily be
computed to be

b; = a;cos?p + 2ay sing cosg + ay sing
by, = by = (ag—ay) sing cosg + ay(cos?¢ — sin? ¢)
bkk = &y sin? o — 2aik sin ¢ COS ¢ + Ay cos? [

Choosing ¢ such that tan2¢ = 2a;/(a; — ax,) then makes by = b,; = 0. Each step of the Jacobi
algorithm therefore makes a pair of off-diagonal elements zero. Unfortunately the next step, while
it creates a new pair of zeros, introduces nonzerc contributions to formerly zero positions. Never-
theless, successive matrices of the form O;10;140,0,, and so on, approach the required diagonal
form and O = 0,0,---.
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2 -1 0
26.40. Apply Jacobi’s methodto A =| -1 2 -1
0 -1 2

With i{=1, k=2 we have tan2p = —2/0 which we interpret to mean 2¢ = /2. Then
cos ¢ = sin ¢ = 1//2 and

1V2 1/V2 o 2-1 ol 1/vVZ -1V2 0 1 0o —1V2
A, = 0740, = | -1INV/Z 1IV2 0 || -1 2-1 | 1V2 120 |= 0 3 —1/2
0 o0 1 0-1 2 0 0 1 -1V/2 -1V2 2

Next we take ¢=1, k =3 making tan2p = —/2/—1 = /2. Then sin¢ ~ .45969, cos ¢ ~ .88808
and we compute

88808 0 .45969 88808 0 —.45969 63398 —.32505 0
4, = 0;'4,0, = 0 1 0o A o 1 0 |=|-32505 3 —.62797
—.45969 0 .88808 45969 0 .88808 0 —.62797 2.36603

The convergence of the off-diagonal elements toward zero is not startling, but at least the decrease
has begun. After nine rotations of this sort we achieve

.58578  .000000  .000000
Ay = .00000 2.00000 .00000
.00000 .00000 3.41421

in which the eigenvalues found earlier have reappeared. We also have

50000 70710 .50000
0 ~ 00,.0, = |.70710 .00000 —.70710
50000 —.70710  .50000

in which the eigenvectors are also conspicuous.

GIVENS’ METHOD

26.41. What are the three main parts of Givens’ variation of the Jacobi rotation algorithm
for a real symmetric matrix?

In the first part of the algorithm rotations are used to reduce the matrix to triple-diagonal
form, only the main diagonal and its two neighbors being different from zero. The first rotation
is in the (2, 8) plane, involving the elements agy, 93, @32 and agg. It is easy to verify that such a
rotation, with ¢ determined by tan ¢ = a;3/a5, will replace the a;; (and a3;) elements by 0. Suec-
ceeding rotations in the (2,7) planes then replace the elements a,; and a;; by zero, for i =4,...,n.
The ¢ values are determined by tan¢ = a,;/a;,, where aj, denotes the current occupant of row 1,
column 2. Next it is the turn of the elements ayy, ..., @y, which are replaced by zeros by rotations
in the (8,4),...,(3,n) planes. Continuing in this way a matrix of triple-diagonal form will be
achieved, since no zero that we have worked to create will be lost in a later rotation. This may be
proved by a direct computation and makes the Givens’ reduction finite whereas the Jacobi diagonali-
zation is an infinite process.

The second step involves forming the sequence

fo) = 1, fi) = (A—a)fisiO) — B fice ()

where the o’s and 8’s are the elements of our new matrix

ay By 0
Bi ey B
B = 0 ,82 ag

Bn—l
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and B¢ = 0. These f;(A) prove to be the determinants of the principal minors of the matrix AI — B,
as may be seen from

A—a =By 0 .. 0

-8, A—ag —Bs v 0

i) = 0 By A—ag ... 0
~Bi—1
—Bi—1 AT«

by expanding along the last column,
i) = O—«)fi-1(\) + 81D

where D has only the element —g8,_; in its bottom row and so equals D = —8;—; fi—o(A). For i=n
we therefore have in f,(\) the characteristic polynomial of B. Since our rotations do not alter the
polynomial, it is also the characteristic polynomial of A.

Now, if some B, are zero, the determinant splits into two smaller determinants which may be
treated separately. If no 8, is zero, the sequence of functions f;(A) proves to be a Sturm sequence
(with the numbering reversed from the order given in Problem 25.33, page 325). Consequently the
number of eigenvalues in a given intervil may be determined by counting variations of sign.

Finally, the third step involves finding the eigenvectors. Here the diagonal nature of B makes
Gaussian elimination a reasonable process for obtaining its eigenvectors U; directly (deleting one
equation and assigning some component the arbitrary value of 1). The corresponding eigenvectors
of A are then V;= OU; where O is once again the product of our rotation matrices.

1 1/2 1/3
Apply the Givens’ method to the Hilbert matrix A = 1/2 1/3 1/4
1/3 1/4 1/5

For this small matrix only one rotation is required. With tan¢ = 2/3 we have cos¢ = 3/V13
and sing = 2/1/13. Then

1 0 0 1 18/6 0
0 = (1/V/18)| 0 3 -2 |, B = O0-'A0 = (1/18)| 138/6 34/5 9/20
0 2 3 0 9/20 2/15

and we have our triple-diagonal matrix. The Sturm sequence consists of

fod =1, f@) =1—1, fo) = (1—34/5)(1—1) — 169/36

fa() = (1—2/15)[(1 —34/B)(I —1) — 169/36] — (81/400)(1 — 1)
if we ignore the factor 1/18, which means using 13B
in place of B itself and [ = 13\. An easy computa- fo fi fa fa changes
tion then yields the =+ signs shown in Table 26.3 and
reveals two roots between 0 and 1 and another be- 0 + - + - 3
tween 7 and 8. The Newton process may be used 1 + 0 — — 1
to refine these roots. For example, the initial ap- + _ _ 1
proximation =0 leads quickly to [ = .028815 7 +
and Ay =.002217. To find the eigenvector for A,, 8 + + + + 0
we have BU; = \jU,;. Using u,, u,, 3 for the com-
ponents of Uj, this means Table 26.3
u; + (13/6)uy = .028815u,
(13/6)uy + (34/B)uy + (9/20)ug = .028815 u,
(9/20)uy + (2/15)ug = .028815 ug

and if we delete the last equation and set u, =1, U, = (—2.23095, 1, —4.30548). Finally,
V. = 0U, = (1/V13)(—2.23095, 11.61096, —10.91644)
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which may be normalized as desired. In finding eigenvectors directly it is often profitable to try
deleting different equations, since roundoff errors can have a heavy influence on computations of the
length required here when larger matrices are involved. It should be noted that such systems are
over-determined (there are more equations than unknowns since one component may be assigned
at random) so that methods for treating such systems may be in order.

COMPLEX SYSTEMS

26.43.

26.44.

26.45.

How can the problem of solving a system of complex equations be replaced by that
of solving a real system?

This is almost automatic, since complex numbers are equal precisely when their real and
imaginary parts are equal. The equation

(A+iB)(x+1iy) = a+1b

is at once equivalent to

Ax — By = q, Ay+Bx = b
and this may be written in matrix form as
[A —B7 /=» a
B A} <y) <b)

A complex n X n system has been replaced by a real 2n X 2n system, and any of our methods for
real systems may now be used. It is also possible to replace this real! system by the two systems
(B-!A4+A-1B)x = B la+ 41
(B-1A+A-B)yy = B"lb—-A"la

of size n X n with identical coefficient matrices. This follows from
(B~1A+A-1B)x = B~ 1Az —~By) + A~ ¥Bx+Ay) = B~ la+ A~
(B~1A+A-1B)y = B~Y{Ay+Bxz) + A~ (By—Ax) = B7b— A~ la

Using these smaller systems slightly shortens the overall computation.

Reduce the problem of inverting a complex matrix to that of inverting real matrices.

Let the given matrix be A +iB and its inverse C+4D. We are to find C and D such that
(A +iB)(C +iD) = 1. Suppose A is nonsingular so that A—1 exists. Then

C = (A+ BA-1B)™1, D = —A-B(A + BA-1B)"!
as may be verified by direct substitution. If B is nonsingular, then
C = B'A(AB~'A + B)™1, D = —(AB-1A + B)™!

as may be verified by substitution. If both A and B are nonsingular, the two results are of course
identical. In case both A and B are singular, but (4 + iB) is not, then a more complicated procedure
seems necessary. First a real number ¢ is determined such that the matrix E = A +tB is non-
singular. Then, with F = B—tA, we find E 4 iF = (1 —it)(A +iB) and so

(A+iB)~1 = (1 —4tWE +iF)~1

This can be computed by the first method since E is nonsingular.

Extend Jacobi’s method for finding eigenvalues and vectors to the case of a
Hermitian matrix. ‘

We use the fact that a Hermitian matrix H becomes diagonalized under a unitary transforma-
tion, that is, U1HU is a diagonal matrix. The matrices H and U have the properties HT = H
and UT = U-1. The matrix U is to be obtained as an infinite product of matrices of the form
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cos ¢ — sing e~
Uu, = . -
sin ¢ eif cos ¢

all other elements agreeing with those of I. The four elements shown are in positions (i,1), (3, k),
(k, 1) and (k, k). If the corresponding elements of H are

a b — ic
H = .
[b—kw d }

then the (i, k) and (k, 1) elements of U—1HU will have real and imaginary parts equal to zero,
(d—a)cosg sing cosd + bcos2¢ — bsin?¢cos2¢ — esin2¢sin2¢ = 0
(e —d)cos¢p singsing — ccos2¢ + bsin2¢sin2¢ — csin2¢pcos26 = 0

if ¢ and ¢ are chosen so that

tane = ¢/b, tan2¢ = 2(b cos g + ¢ sin g)/(a — d)

This type of rotation is applied iteratively as in Problem 26.39 until all off-diagonal elements have
been made satisfactorily small. The (real) eigenvalues are then approximated by the resulting
diagonal elements, and the eigenvectors by the columns of U = U, Uy, Uy -+

How may the eigenvalues and vectors of a general complex matrix be found? As-
sume all eigenvalues are distinct.

As a first step we obtain a unitary matrix U such that U-1AU = T where T is an upper
triangular matrix, all elements below the main diagonal being zero. Once again U is to be obtained
as an infinite product of rotation matrices of the form U; shown in the preceding problem, which

we now write as
x =y
v, = [ ]
Y 2

The element in position (k,4) of U;1AU, is then
%2 + (@ — @) Ty — aycy?

To make this zero we let y = Cx, « = 1/V1 + |C]2 which automatically assures us that U, will be
unitary, and then determine C by the condition «;C? + (a; — a4, )C — a;; = 0 which makes

C = (2ap)[(me— a3} = Vi{ag — 2)® + dogay)

Either sign may be used, preferably the one that makes |C| smaller. Rotations of this sort are made
in succession until all elements below the main diagonal are essentially zero. The resulting matrix is

by bt ... i,

0t t

T = UMAU = 2 2n
T
0 0 tun

where U = U U, --+ Uy. The eigenvalues of both T and A are the diagonal elements ¢,

We next obtain the eigenvectors of 7, as the columns of

1 wp wis Win
0 1 Wog Woy
w = 0 0 )
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26.50.

26.51.

26.52.
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The first column is already an eigenvector belonging to ¢,;. To make the second column an eigen-
vector belonging to ty; we require &y;wyy + iy = fagWis Or wyp = typ/(fgs — ty;) assuming &y, # oo,

Similarly, to make the third column an eigenvector we need

Wyg = fag/(ts3 — tao), wiz = (t1awag + t13)/ (tas ~ tyy)

In general the wy, are found from the recursion

k
wie = D twpd (g — ty)
j=1ti+1
with ¢ = k—1,k—2,...,1 successively. Finally the eigenvectors of A itself are available as the

columns of UW.

Supplementary Problems

Apply the Gauss elimination algorithm to find the solution
w+ 2x— 12y + 82

vector of this system:

bw + 4w+ Ty — 2z =

—3w -+ Tx+ 9y + 5z
6w — 120 — 8y + 3z

Apply the Gauss elimination algorithm to find the solution

27
4
11

= 49

vector of this system:

33x; + 1625 + 72253 =
—24%, — 102, — 5Tx3 =

_8ﬂ71 - 4372 - 17.’/03 =

Suppose it has been found that the system

1.72; + 2.3x, — 1523 =

1.1z, + 1.625 — 1923 =

359

281
85

2.35

—.94

2.7T¢; — 2.2x9 + 1.5xs =
has a solution near (1,2, 3). Apply the method of Problem 26.4 to obtain an improved approximation.

2,70

Apply Gaussian elimination to the system which follows, computing in rational form so that no
roundoff errors are introduced, and so getting an exact solution. The coefficient matrix is the

Hilbert matrix of order four.

2y + (1/2)xy + (1/8)25 + (1/4)2,
(1/2)z; + (1/3)x, + (1/4)xg + (1/5)x4
(1/8)2y + (1/4)x, + (1/5)s + (1/6)2,
(1/4)wy + (1/8)2y + (1/6)x5 + (1/T)2y

Il

Il

Il

1
0
0
0

Il

Repeat the preceding problem with all coefficients replaced by decimals having three significant
digits. Retain only three significant digits throughout the computation. How close do your results
come to the exact solution of the preceding problem? (The Hilbert matrices of higher order are
extremely troublesome even when many decimal digits can be carried.)

Apply the Gauss-Seidel iteration to the following system.
—2x; + 2y
xy — 229 + 23
Lo — 2003 + X4

X3 — 204
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Start with the approximation x;, = 0 for all k, rewriting the system with each equation solved for
its diagonal unknown. After making several iterations can you guess the correct solution vector?
This problem may be interpreted in terms of a random walker, who takes each step to left or right
at random along the line of Fig. 26-3. When he reaches an end he stops. Each x; value represents
his probability of reaching the left end from position k. We may define =1 and x5=20, in

which case each equation has the form «,_q ~ 2z, + 2., = 0, k=1,...,4.
£
(N
%
T T L T T T
0 1 2 3 4 3
e
step length
Fig. 26-3

Does over-relaxation speed convergence toward the exact solution of Problem 26.52?

Apply the Gauss-Seidel method to the system
2, = B/Dxy g+ U/)xy 44 k=1,...,19
Xy = 1, Loy = 0

which may be interpreted as representing a random walker who moves to the left three times as
often as to the right, on a line with positions numbered 0 to 20.

The previous problem is a boundary value problem for a difference equation. Show that its exact
solution is =, = 1 — (8¢ —1)/(820 —1). Compute these values for %k = 0(1)20 and compare with
the results found by the iterative algorithm,

Apply over-relaxation to the same system. Experiment with values of w. Does under-relaxation
(w < 1) look promising for this system?

Apply any of our methods to the following system:
x,+ w+ xzgt+ gt wy =
®; + 22y + Bwg + 4xy + Sug
x; + 3wy + 6xg + 102, + 15x4
2y + 4xy + 1023 + 202, + 35x;
2y + bxy 4+ 1525 + 352y + T0xy =

o
o o o o ~

I

Try to apply the Gauss-Seidel iteration to the system of Problem 26.16, page 343. Start with the
initial approximation «;, = 0 for all k.

Invert the coefficient matrix of Problem 26.47 by the elimination algorithm of Problem 26.17.
Invert the same matrix by the exchange method.

Apply both the elimination and the exchange methods to invert the coefficient matrix of Problem
26.48. Use three-digit arithmetic.

Invert the coefficient matrix of Problem 26.52 by any of our methods.

Try to invert the Hilbert matrix of order four (see Problem 26.50) using three-digit arithmetic
(slide rule accuracy).

Try to invert Wilson’s matrix (see Problem 26.16, page 343) by any of our methods using three-
digit arithmetic.

Try to apply the method of Problem 26.22, page 346, to the Hilbert matrix of order three, using
three-digit arithmetic.
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26.66.

26.67.
26.68.
26.69.

26.70.

26.71.

26.72.

26.73.

26.74.

26.75.
26.76.
26.77.
26.78.
26.79.

26.80.

26.81.

26.82.

26.83.

Apply the method of Problem 26.22 to the results of Problem 26.61. Does it appear to converge
toward the exact inverse?
—58 —16 -—192
A-1 = (1/6)| 48 15 158
16 4 54

Evaluate the determinant of the coefficient matrix of Problem 26.47.
Evaluate the determinant of the coefficient matrix of Problem 26.48.

What is the determinant of the Hilbert matrix of order four?

Apply the method of Problem 26.29, page 349, to find the eigenvalues and eigenvectdrs of Ax = Ax
where A is the Hilbert matrix of order three. Use rational arithmetic and obtain the exact char-
acteristic polynomial.

Referring to Problem 26.70, apply the same method to

@2 — N2, — @y =0
—x1 + (2 —Nwy — X3 =0
~xg + (2 — Nz — 24 =0

—xg + (2 — N2y — 25 = 0

-2+ 2—Nxy; = 0

Use the power method to find the dominant eigenvalue and eigenvector of the matrix
2 -1 0 0

Use the power method to find the dominant eigenvalue and eigenvector of the Hilbert matrix of
order three.

Apply the reduction method of ‘Problem 26.87, page 351, to the matrix of Problem 26.72, deter-
mining all the eigenvalues and vectors.

Apply the reduction method to the Hilbert matrix of order three.
Apply Jacobi’s method to the Hilbert matrix of order three.
Apply Jacobi’s method to the matrix of Problem 26.72.

Apply Givens’ method to the matrix of Problem 26.72.

Apply Givens’ method to the Hilbert matrix of order four.

Solve the system 2y + g =1
—ixl + Lo + 'ixg =0
—ix2 + x3 = 0

by the method of Problem 26.43, page 355.
Apply the method of Problem 26.44 to invert the coefficient matrix in Problem 26.80.

Apply Jacobi’s method, as outlined in Problem 26.45, to find the eigenvalues and vectors for the
coefficient matrix of Problem 26.80.

Apply the algorithm of Problem 26.46 to the matrix A = v 19
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26.85.

26.86.

26.87.

26.88.

26.89.

26.90.

26.91.

26.92.

26.93.
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Apply the algorithm of Problem 26.46 to the real but nonsymmetric matrix

Solve the system 6.4375x; + 2.1849x, — 3.7474x; + 1.8822x,
2.1856x, + 5.2101x, + 1.5220x3 — 1.1234x,
—3.7362x; + 1.4998x, + 7.6421x; + 1.2324ax,

1.8666x, — 1.1104x, + 1.2460x; + 8.33124,

Find all the eigenvalues of this system:

[CHAP. 26

123

A=]135

147
4.6351
5.2181
5.8665
4.1822

and the corresponding eigenvector.

dx+2y+ 2z = \x
20 + 4y + 22 = \y
x+ 2y + 4z = Nz
Find all the eigenvalues and eigenvectors of this system:
4 2 2 &y Xy
2 5 1 29 = A o
2 1 6 X3 X3
Invert Pascal’s matrix. 1 1
1 2 4 5
1 3 10 15
1 4 10 20 35
1 5 15 385 170
Invert the following matrix: 1 1/3 1/5
1/3 1/5 1/7
1/5 1/7 1/9
Invert the following matrix: 54 44 2%
10 + 3¢ 8 + 61
25 —41 10 -—6
. -41 68 —17 10
Find the largest eigenvalue of to three places.
10 —17 5 -3
—6 10 -3 2
8 -5t 83—2¢
Find the largest eigenvalue of 5¢ 3 0
3+2i 0 2
9 10 8
Find the extreme two eigenvalues of | 10 5 —1

8 -1 3



Chapter 27

Linear Programming

THE BASIC PROBLEM
A linear programming problem requires that a linear function

H = c¢cxi + -+ + ¢uta

be minimized (or maximized) subject to constraints of the form

AiX1 + -0+ Qindn = by, 0= g
where 1 =1,...,m and 7=1,...,n In vector form the problem may be written as
H(xz) = ¢T™» = minimum, Ar = b, 0 =2z

*An important theorem of linear programming states that the required minimum (or maxi-
mum) occurs at an extreme feasible point. A point (i, ...,%.) is called feasible if its co-
ordinates satisfy all n+m constraints, and an extreme feasible point is one where at
least n of the constraints actually become equalities. The introduction of slack variables

Tn+1, ..., %n+m converts the constraints to the form
Qi1 + QuoXs + -+ Qi F+ Tnri = by
for = 1,...,m. It allows an extreme feasible point to be identified as one at which »n or

more variables (including slack variables) are zero. This is a great convenience. In special
cases more than one extreme feasible point may yield the required minimum, in which case
other feasible points also serve the purpose. A minimum point of H is called a golution point.

The simplex method is an algorithm for starting at some extreme feasible point and,
by a sequence of exchanges, proceeding systematically to other such points until a solution
point is found. This is done in a way which steadily reduces the value of H. The exchange
process involved is essentially the same as that presented in the previous chapter for
matrix inversion.

The duality theorem is a relationship between the solutions of the two problems
¢Tx = minimum, Ax = b, 0 =2
¥Th = maximum, yTA = (7, 0=y
which are known as dual problems, and which involve the same a;;, b; and ¢; numbers. The
corresponding minimum and maximum values prove to be the same, and application of

the simplex method to either problem (presumably to the easier of the two) allows the
solutions of both problems to be extracted from the results. This is obviously a great

convenience.

361
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TWO RELATED PROBLEMS

1. Two-person games require that B choose a row and C choose a column of the following
“payoff” matrix:

Q11 Q12 [23%3
Q21 Q22 Q2n
am1  Om2 Amn

The element a:;; where the selected row and column cross, determines the amount which
R must then pay to C. Naturally C wishes to maximize his expected winnings while R
wishes to minimize his expected losses. These conflicting viewpoints lead to dual
linear programs which may be solved by the simplex method. The solutions are called
optimal strategies for the two players.

2. Overdetermined systems of linear equations, in which there are more equations than
unknowns and no vector z can satisfy the entire system, may be treated as linear pro-
gramming problems in which we seek the vector z which in some sense has minimum
error. The details appear in Chapter 28.

Solved Problems

THE SIMPLEX METHOD
27.1. Find z: and z» satisfying the inequalities
0=u2, 0= 12 —21+22 =2 x1+xe=4, x =3
and such that the function F = x: — 21 is maximized.

Since only two variables are involved it is convenient to interpret the entire problem geometri-
cally. In an x,, %, plane the five inequalities constrain the point (xy, ;) to fall within the shaded
region of Fig. 27-1. In each case the equality sign corresponds to (x4, ;) being on one of the five
linear boundary segments. Maximizing F subject to these constraints is equivalent to finding that
line of slope one having largest y-intercept and still intersecting the shaded region. It seems clear
that the required line L; is 1 = »; —%; and the intersection point (0,1). Thus, for a maximum,
=0, 2,=1, F =1

(3,1)

Xy

(0,0) 1 3,0

o~

Fig. 27-1
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27.2.

27.3.

274.

27.5.

With the same inequality constraints as in Problem 27.1, find (x:,%2) such that
G = 2z, + 22 is a maximum.

We now seek the line of slope —2 and having largest y-intercept while still intersecting the
shaded region. This line L, is 7 = 2x;+x, and the required point has w, =3, x, = 1. (See
Fig. 27-1.)

Find yi1,¥s, 3 satisfying the constraints
= Y1, 0= Yo, 0= Ys
Vi—Ye—Ys=1, —2y1—ys=~—1
and minimizing H = 2y, + 4y: + 3ys.

Interpreting the entire problem geometri- Y2
cally, we find that the five inequalities constrain
the point (y1, ¥s, #3) to fall within the region pic-
tured in Fig. 27-2. This region is unbounded in
the positive yy, ¥s, ¥3 directions, but is otherwise
bounded by portions of five planes, shown shaded.
These planes correspond to equality holding in
our five constraints. Minimizing H subject to
these constraints is equivalent to finding a plane
with normal vector (2, 4, 3) having smallest inter-
cepts and still intersecting the given region. It
is easy to discover that this plane is 1 = 2y, +
4y, + 3y; and the intersection point is (3,0, 0). Fig. 27-2

List three principal features of linear programming problems and their solutions
which are illustrated by the previous problems.

Let the problem be to find a point & with coordinates (zy, %, ..., %,) subject to the constraints
=%, Ax = b and minimizing a function H(x) = ¢Tx = 2 ¢;»;. Calling a point which meets all
the constraints a feasible point (if any such exists), then:

1. The set of feasible points is convex, that is, the line segment joining two feasible points consists
entirely of feasible points. This is due to the fact that each constraint defines a half-space and
the set of feasible points is the intersection of these half-spaces.

2. There are certain extreme feasible points, the vertices of the convex set, identified by the fact
that at least » of the constraints become equalities at these points. In the two-dimensional
examples, exactly » = 2 boundary segments meet at such vertices. In the three-dimensional
example, exactly three boundary planes meet at each such vertex. For = =38 it is possible,
however, that more planes (or hyperplanes) come together at a vertex.

3. The solution point is always an extreme feasible point. This is due to the linearity of the func-
tion H(x) being minimized. (It is possible that two extreme points are solutions, in which case
the entire edge joining them consists of solutions, ete.)

These three features of linear programming problems will not be proved here. They are also
true if H(x) is to be maximized, or if the constraints read Ax = b.

What is the general idea behind the simplex method for solving linear programs?

Since the solution occurs at an extreme feasible point, we may begin at some such point and
compute the value of H. We then exchange this extreme point for its mate at the other end of an
edge, in such a way that a smaller (in the case of a minimum problem) H value is obtained. The
process of exchange and edge-following continues until H can no longer be decreased. This ex-
change algorithm is known as the simplex method. The details are provided in the following
problem.
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27.6. Develop the simplex method.

Let the problem be

0 =2 Ax =b, H(x) = ¢Tx = minimum
‘We first introduce slack variables x,.q, ...,%,+, to make

ayy®y + ae®y + v b G, + ey = by

@y + oagawy + ot oAy, F wpie = by

1%y + Qo + 00 U@, + Tpym = by

Notice that these slack variables, like the other x;, must be non-negative. The use of slack variables
allows us to identify an extreme feasible point in anather way. Since equality in Az =b now
corresponds to a slack variable being zero, an extreme point becomes one where at least n of the
variables «,, ..., %,4, are zero. Or said differently, at an extreme feasible point at most m of
these variables are non-zero. The matrix of coefficients has become

@y G 1 0 0
Gy Ay Aoy 0 1 0
Ui Gmso Qun 0 O 1

the last m columns corresponding to the slack variables. Let the columns of this matrix be called
V1, Vg, .+ -3 Vpt+m The linear system can then be written as

AT + XoVg + o+ Zo+mPn+m — b

Now suppose that we know an extreme feasible point. For simplicity we will take it that
Tyn 41y « - oy Ly are all zero at this point so that 4, ...,%, are the (at most m) nonzero variables.
Then

x1v1+x2'02+ e +xmvm = b (1)

and the corresponding H value is

Hl = 101 + X9Co 4+ e+ LmCm (2)

Assuming the vectors vy, ...,v,, linearly independent, all n + m vectors may be expressed in terms
of this basis:

v = w0t Vg G=1,...,n+m) (€3]

Also define hj = vyeq + 00+ vpiem — ¢ G=1,...,n+m) 4)

Now, suppose we try to reduce H, by including a piece pz,, for k> m and p positive. To preserve
the constraint we multiply (3) for § = k by p, which is still to be determined, and subtract from
(1) to find

(2 — POy + (@p — pogp)va + - + (B — PUR)V T PV, = b

Similarly from (2) and (4) the new value of H will be
(g — PV1x)ey + {2y~ prgg)es + -0 + (X — PVp)Cm + PO, = Hy — phy

The change will be profitable only if £, > 0. In this case it is optimal to make p as large as possible
without a coefficient x; — pv;, becoming negative. This suggests the choice

p = min (x/vg) = x /vy
i

the minimum being taken over terms with positive v, only. With this choice of p the coefficient of
c; becomes zero, the others are non-negative and we have a new extreme feasible point with H value

Hi = H, — ph
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which is definitely smaller than H;. We also have a new basis, having exchanged the basis vector
v, for the new v,. The process is now repeated until all h; are negative, or until for some positive
hx no vy is positive, In the former case the present extreme point is as good as any adjacent
extreme point, and it can further be shown that it is as good as any other adjacent or not. In the
latter case p may be arbitrarily large and there is no minimum for H.

Before another exchange can be made all vectors must be represented in terms of the new
basis. Such exchanges have already been made in our section on matrix inversion but the details
will be repeated. The vector v; is to be replaced by the vector v,. From

Vg = UV T Uy

we solve for v; and substitute into (3) to obtain the new representation

— ’ . ’ ; ' i
v; = vyt T Vg, Vi~y T VRV Vi Viey Rt R vk v,
where
, vy — (vylvgvg,  for 41
Vij = .
I vyl vy for i =1

Also, substituting for v; in (1) brings

"

@{vy + o b 2lov F vy + v b v, = b
where
) x; — (fvpg)vy,  for 441
x = .
‘ x/ vy for i =1

Furthermore, a short calculation proves

h; = 'Uijcl + o 4+ ’U'{"njcm —_ C]- = h’] - ('Ulj/vlk)hk
and we already have H] = H,— (x/vy)hy

This entire set of equations may be summarized compactly by displaying the various ingredients as
follows:

Ly 381 V12 oo Vindm
Lo Va1 Vg2 coe V2ntm
Lm  VYmi  Vm2 Vm,n+m
Hl hl h‘2 hn+m

Calling vy, the pivot, all entries in the pivot row are divided by the pivot, the pivot column becomes
zero except for a 1 in the pivot position, and all other entries are subjected to what was formerly
called the rectangle rule. This will now be illustrated in a variety of examples.

Solve Problem 27.1 by the simplex method.

After introducing slack variables, the constraints are

—xy + 25 + xg = 2
2+ 2 + oy = 4
24 +x5 = 3

with all five variables required to be non-negative. Instead of maximizing x; —x; we will minimize
%;— x5 Such a switch between minimum and maximum problems is always available to us. Since
the origin is an extreme feasible point, we may choose x; =2y =0, 23 =2, x4 =4, 25 =3 to start.
This is very convenient since it amounts to choosing vs, v, and vy as our first basis which makes all
vy = ;. The starting display is therefore the following:
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Basis b vy Vo Vg Vy vy
g e -1 (&) 1 0
vy 4 1 1 0 1
Uy 3 1 0 0 0

0 -1 1 0 0 0

Comparing with the format in Problem 27.6, one finds the six vectors b and vy, ...,vs forming
the top three rows, and the numbers H, h,, ..., hs in the bottom row. Only h, is positive. This deter-
mines the pivot column. In this column there are two positive v, numbers, but 2/2 is less than 4/1
and so the pivot is vy, = 2. This number has been circled. The formulas of the previous problem
now apply to produce a new display. The top row is simply divided by 2, and all other entries are

subjected to the rectangle rule:

Basis | & vy vy Vg Vy Vg
V2 —% %
Vg 3 g —'%' 0
Vg 1 0
—1 -4 0 -4 0 0

The basis vector v; has been exchanged for v, and all vectors are now represented in terms of
this new basis. But more important for this example, no k; is now positive so the algorithm stops.
The minimum of x; — %, is —1 (making the maximum of x, — %, equal to 1 as before). This minimum
is achieved for «, =1, , =38, 5 =8 as the first column shows. The constraints then make
1 = 0, 3 = 0 which we anticipate since the x; not corresponding to basis vectors should always be
zero. The results x; =0, o =1 correspond to our earlier geometrical conclusions. Notice that
the simplex algorithm has taken us from the extreme point (0, 0) of the set of feasible points to the
extreme point (0,1) which proves to be the solution point. (See Fig. 27-1.)

Solve Problem 27.2 by the simplex method.

Slack variables and constraints are the same as in the previous problem. We shall minimize

H = —2x; —x5. The origin being an extreme point, we may start with this display:
Basis b vy Vo vy vy Vg
vy 2 -1 2 1 0 0
vy 4 1 1 0 1 0
v 13 (O o o 1

0 2 1 0 0 0

Both %, and h, are positive, so we have a choice. Selecting k, =2 makes v; the pivot, since
8/1 is less than 4/1. This pivot has been circled. Exchanging v5; for v; we have a new basis, a

new extreme point and a new display.
Vg 5 0 2 1 0 1
w1 o @O o 1 -1

v 3 1 0 0 0 1

—6 0 1 0 0 -2

Now we have no choices. The new pivot has been circled and means that we exchange v, for
vy with the following result:

vy 3 0 0 1 -2 3
Vg 1 -1
vy 3 1 0 0 0 1
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Now no h; is positive, so we stop. The minimum is —7, which agrees with the maximum of 7
for 2x, + x5 found in Problem 27.2. The solution point is at x; = 3, x, = 1 which also agrees with
the result found in Problem 27.2. The simplex method has led us from (0,0) to (3,0) to (8,1). The
other choice available to us at the first exchange would have led us around the feasible set in the
other direction.

Solve Problem 27.3 by the simplex method.

With slack variables the constraints become

Y1~ Y2 Yz T Yy = 1

—2y1 — Y2 +tys = —1
all five variables being required to be positive or zero. This time, however, the origin (y, = y5 =
y3 = 0) 1is not a feasible point, as Fig. 27-2 shows and as the enforced negative value y; = —1

corroborates. We cannot therefore follow the starting procedure of the previous two examples
based on a display such as this:

Basis I b vg vy Vg vy vy
vy 1 1 —1 -1 1 0
v | -1 -2 -1 0 0
The negative value y; = —1 in the b column cannot be allowed. Essentially our problem is that

we do not have an extreme feasible point to start from. A standard procedure for finding such a
point, even for a much larger problem than this, is to introduce an artificial basis. Here it will be
enough to alter the second constraint, which contains the negative b component, to

=2y, —ys+ys —yg = —1

One new column may now be attached to our earlier display.

Basis l b vy Vy vy vy vy Vg
vy 1 1 —1 -1 1 0 0
vs | —1 -2 -1 0 0 1 -1

But an extreme feasible point now corresponds to ¥, = yg = 1, all other y; being zero. This makes
it natural to exchange v5 for vg in the basis. Only a few sign changes across the v row are required.

Basis b vy Vg Vg Vy Vs Vg
v 1 1 -1 -1 1 0 0
v 1 (2 1 0 R 1

W 2W-—2 W-—4 -3 0 -W 0

The last row of this starting display will now be explained.

Introducing the artificial basis has altered our original problem, unless we can be sure that yg
will eventually turn out to be zero. Fortunately this can be arranged, by changing the function
to be minimized from H = 2y, + 4y, -+ 3y; as it was in Problem 27.2 to

H* = 2y, + 4y, + 3ys + Wy

where W is such a large positive number that for a minimum we will surely have to make y4 equal
to zero. With these alterations we have a starting H value of W. The numbers %; may also be com-
puted and the last row of the starting display is as shown.

We now proceed in normal simplex style. Since W is large and positive we have a choice of
two positive k; values. Choosing ky leads to the circled pivot. Exchanging v¢ for »; brings a new
display from which the last column has been dropped since vg is of no further interest:

0 -
1

Vg

[

vy

—
=)
i
o
|
w0
=)
{
—
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Since no h; is positive we are already at the end. The minimum is 1, which agrees with our geo-
metrical conclusion of Problem 27.3. Moreover, from the first column we find v, = 1/2, y, = 1/2
with all other y; equal to zero. This yields the minimum point (},0,0) also found in Problem 27.3.

27.10. Minimize the function H = 2y; + 4y» + 3ys subject to the constraints y—y.—ys =

—2, —2y1—y2 = —1, all y; being positive or zero.
Slack variables and an artificial basis convert the constraints to
Y1 — Yo~ Yg+ Yg — Yg = —2

—2y1 — Y + s —y; = —1

and much as in the preceding problem we soon have this starting display:

Basis b vy Vg V3 V4 Vg Vg vy
Vg 2 -1 1 1 —1 0 1 0
vy 1 2 ) 0 0 —1 0 1

s W WwW-2 2W—-4 W—-3 -~-W -w 0 0

The funection to be minimized is
H* = 2y, + 4y, + 3y; + Wyg + Wy,

and this determines the last row. There are various choices for pivot and we choose the one circled.
This leads to a new display by exchanging v; for v, and dropping the v; column.

g 1 -3 0 O 1 1
vy 1 2 1 0 0 -1 0
W+4 —8W+6 0 w-3 -w @ wW-4 0

A new pivot has been circled and the final display follows.

vy 1 -3 0 1 -1 1

The minimum of H* and H is 7, and it occurs at (0,1,1).

THE DUALITY THEOREM
27.11. What is the duality theorem of linear programming?

Consgider these two linear programming problems.

Problem A Problem B

¢Tx = minimum ¥Tb = maximum
z =0 y =0
Az = b yTA = T

They are called dual problems because of the many relationships between them, such as the

following.

(1) If either problem has a solution then the other does also and the minimum of ¢Te equals the
maximum of yTb.

(2) For either problem the solution vector is found in the usual way. The solution vector of the
dual problem may then be obtained by taking the slack variables in order, assigning those in the
final basis the value zero, and giving each of the others the corresponding value of —h;.

These results will not be proved here but will be illustrated using our earlier examples. The
duality makes it possible to obtain the solution of both problems A and B by solving either one.
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27.12. Show that Problem 27.1 and 27.8 are dual problems and verify the two relationships
claimed in Problem 27.11.

A few minor alterations are involved. To match Problem 27.1 and A we minimize z; — %,
instead of maximizing ®; — ;. The vector ¢T is then (1,—1). The constraints are rewritten as

% — 22y = —2, —my—xp = —4, —x; = -3
which makes 1 -2 _9
A = -1 -1 b = —4
-1 0 -3

For Problem B we then have
Y1 — Yo — 1
JTA = 1~ Y2~ Y3 =
—2y, — ¥» -1

which are the constraints of Problem 27.3. The condition yTb = maximum is also equivalent to
yT(—b) = 2’_‘/1 + 41/2 + 32/3 = minimum

so that Problem 27.3 and B have also been matched. The extreme values for both problems proved
to be 1, which verifies relationship (1) of Problem 27.11. From the final simplex display in Problem
27.7 we obtain #T = (0,1) and yT = (},0,0) while from the computations of Problem 27.9 we find
yT =(4,0,0) and «T = (0,1), verifying relationship (2).

27.13. Verify that Problem 27.2 and 27.10 are duals.

The matrix A and vector b are the same as in Problem 27.12. However, we now have ¢T =
(—2, —1). This matches Problem 27.2 with A and 27.10 with B, The final display of Problem 27.8
yields 2T = (8,1) and yT = (0,1,1) and the same results come from Problem 27.10. The common
minimum of ¢Tz and maximum of yTb is —7.

SOLUTION OF TWO-PERSON GAMES
27.14. Show how a two-person game may be made equivalent to a linear program.
Let the payoff matrix, consisting of positive numbers a;;, be
a1y G2 g3
A = Qg1 Ggp Cgg
31 @3p Qg3

by which we mean that when player R has chosen row i of this matrix and player C has (independ-
ently) chosen column j, a payoff of amount a;; is then made from R to C. This constitutes one play
of the game. The problem is to determine the best strategy for each player in the selection of rows
or columns. To be more specific, let C choose the three columns with probabilities p,,ps, p3 re-

spectively. Then
D1, P2, P3 = 0 and pr+pet+ps =1

Depending on R’s choice of row, C now has one of the following three quantities for his expected
winnings:

Py = aypy -+ ay9ps + @303

Py = i S Ty

Py = agp; + agepy t azsps

Let P be the least of these three numbers. Then, no matter how R plays, C will have expected
winnings of at least P on each play and therefore asks himself how this amount P can be maximized.
Since all the numbers involved are positive, so is P; and we obtain an equivalent problem by letting

® = p/P, xy = pof/P, x5 = ps/P

and minimizing F = @ +ua,+a; = 1/P
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The various constraints may be expressed as x;,%5, 23 =0 and

This is the type A problem of our duality theorem with ¢7 = 37 = (1,1, 1).

a11%; + @y + ay3%s

Gg1%1 T Qgo%p + dog®y

'
a31%1 T agotty + aggxy =

=1
=1

1

[CHAP. 27

Now look at things from R’s point of view. Suppose he chooses the three rows with probabili-
ties gy, g3, g3 respectively. Depending on C’s choice of column he has one of the following quantities
= Q
=Q
=@
where @ is the largest of the three. Then, no matter how C plays, B will have expected loss of no
more than @ on each play. Accordingly he asks how this amount @ can be minimized. Since @ > 0,

as his expected loss,

we let

q1011 T qo8ay + 05
q1013 + galge + q3tay
g1043 T Golgs + g3ss

1 = @/,
and consider the equivalent problem of maximizing
G =y +y,ty = 1/@Q

The constraints are ¥;,¥., %3 = 0 and

Y1011 + Yooy + Y33
Y1012 T Yalop + Y3ags

Y1013 T Yaloz T Y3lss

Yo = a/Q,

Y3 = ¢a/Q

=1
=1

1

This is the type B problem of our duality theorem with ¢T = dT = (1,1,1). We have discovered that

R’s problem and C’s problem are duals.

This means that the maximum P and minimum @ values

will be the same, so that both players will agree on the average payment which is optimal. It also
means that the optimal strategies for both players may be found by solving just one of the dual

programs. We choose R’s problem since it avoids the introduction of an artificial basis.

The same arguments apply for payoff matrices of other sizes. Moreover, the requirement that
all a;; be positive can easily be removed since, if all a;; are replaced by a;;+ a, then P and Q are
replaced by P 4+ a and @ + a. Thus only the value of the game is changed, not the optimal strategies.

Examples will now be offered.

27.15. Find optimal strategies for both players and the optimal payoff for the game with

matrix

Instead we minimize the function

01 2
A = |1 0 1
1 2 0
~G =Y~V Y3
Yo+ Y3+ ys
Y1 + 2y + s
2y1 + Y2 + ¥

subject to the constraints

1
1
1

all y; including the slack variables y4, ¥s, ¥¢ being non-negative. Since the origin is an extreme
feasible point, we have this starting display:

Basis b vy Vg Vg Vg Vs Vg
vy 1 0 1 1 1 0 0
vy 1 1 0 2 0 0
vg 1 (@ 0 1

0 1 1 1 0 0 0
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Using the indicated pivots we make three exchanges as follows,

vy 1 0 1 1 1 0 0
s 1 0 -3 @ 0 1 -3
vy 1 1 3 0 0 0 3

-1 0 bt 1 0 R
v | & 0 o 1 -} 3
Vs 1 U ¥ -1
on 3 1 3 0 0

-4 0 e 0 0 -3 -
Vg 3 - - - - - -
Vg 2 - — — - - -
v % - — - — - -

-3 0 0 0 -3 -+ -%

From the final display we deduce that the optimal payoff, or value of the game, is 5/6. The optimal
strategy for B can be found directly by normalizing the solution y; = 1/5, y, = 8/5, y; = 2/5. The
probabilities gy, g5, ¢3 must be proportional to these y; but must sum to 1. Accordingly,

q = 1/6, ¢, = 8/6, g3 = 2/6
To obtain the optimal strategy for C we note that there are no slack variables in the final basis so
that putting the —h; in place of the (non-basis) slack variables,

X = 3/5, Ly = 1/5, X3 = 2/5
Normalizing brings py = 3/6, p, = 1/6, p3 = 2/6

If either player uses the optimal strategy for mixing his choices the average payoff will be 5/6.
To make the game fair, all payoffs could be reduced by this amount, or C could be asked to pay this
amount before each play is made.

Find the optimal strategy for each player and the optimal payoff for the game with
matrix

0 3 4
A = 1 21
4 3 0

Notice that the center element is both the maximum in its row and the minimum in its column.
It is also the smallest row maximum and the largest column minimum, Such a saddle point iden-
tifies a game with pure strategies. The simplex method leads directly to this result using the saddle
point as pivot. The starting display is as follows:

Basis b vy Vg Vg vy vy Vg

Vy 1 0 1 4 1 0

vs | 1 3 (&) 3 1
Vg 1 4 1 0 0 1
0 1 1 1 0 0 0

One exchange is sufficient:

Vg 1 - - - - - -
Vg 3 - - - - - -
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The optimal payoff is the negative reciprocal of —i, that is, the pivot element 2. The optimal
strategy for R is found directly. Since y; =0, y3 =4, y3 =0, Wwe normalize to obtain the pure

strate
&y @ =0 g =1 4g3 =0

Only the second row should ever be used. The strategy for C is found through the slack variables.
Since v, and vg are in the final basis we have x; = 23 = 0, and finally «; = —hg = 4. Normalizing,
we have another pure strategy

Supplementary Problems

Make a diagram showing all points which satisfy the following constraints simultaneously.

0 =, 0 = 2y, @ +2x, =4, -2z +23 =1 2+2, = 3

What are the five extreme feasible points for the previous problem? At which extreme point does
F = @, — 2w, take its minimum value and what is that minimum? At which extreme point does
this function take its maximum value?

Find the minimum of ¥ = %, — 2z, subject to the constraints of Problem 27.17 by applying the
simplex method. Do you obtain the same value and the same extreme feasible point as by the
geometrical method?

‘What is the dual of Problem 27.19?7 Show by using the final simplex display obtained in that prob-
lem that the solution of the dual is the vector y; = 1/3, y, = 4/3, y3 = 0.

Find the maximum of F = z, —2x, subject to the constraints of Problem 27.17 by applying the
simplex method. (Minimize —F.) Do you obtain the same results as by the geometrical method?

‘What is the dual of Problem 27.217 Find its solution from the final simplex display of that problem.

Solve the dual of Problem 27.19 directly by the simplex method, using one extra variable for an
artificial basis. The constraints should then read

—Yy + Y — Y3+ Yy = 1
—2y; — Yy — U3 TYs—Yg = —2

with y, and yj the slack variables. The function H = 4y, +y,+ 3y; is to be minimized. From the
final display recover both the solution of the dual and of Problem 27.19 itself.

Minimize F = 2x; + x5 subject to the constraints
3wy + 2o = 8, 4wy +3xy = 6, x;+ 2z, = 2

all #; being non-negative. (The solution finds ; = 3/5, x5 = 6/5.)

Show geometrically that for a minimum of F = x; —x, subject to the constraints of Problem 27.17
there will be infinitely many solution points. Where are they? Show that the simplex method pro-
duces one extreme solution point directly and that it also produces another if a final exchange of
vy and v, is made even though the corresponding h; value is zero. The set of solution points is the
segment joining these extreme points.

Minimize F = x;+ x4 subject to the constraints
2%1 + 2{172 + X3 =17 X9 + Xy =1
2, + x4+ 223 = 4 29 + 23 + 24 3

all «; being non-negative. (The minimum is zero and it occurs for more than one feasible point.)
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27.27. TFind optimal strategies and payoff for the game

= i

using the simplex method. [The payoff is 2.5, the strategy for R being (4, ) and that for C being

(1/4, 3/4).]
27.28. Solve the game with matrix 0 3 4
A = 3 0 5
—4 5 0

showing the optimal payoff to be 10/7, the optimal strategy for R to be (5/14, 4/7, 1/14) and that for
C to be the same.

27.29. Solve the following game by the simplex method.
0 0 1 1
1 1 -2 -2
1 -2 1 -2
-2 3 -2 3

27.30. Find the min-max cubic polynomial for the following function. What is the min-max error and
where is it attained?

x -2 —-1.5 -1 —.5 0 .5 1 1.5 2

() 5 5 4 2 1 3 7 10 12

27.31. Find the min-max quadratic polynomial for
y(x) = 1/[1 + (4.1163x)2], z = 0(.01)1

as well as the min-max error and the arguments at which it is attained.

27.32. What is the result of seeking a cubic approximation to the function of the preceding problem?
How can this be forecast from the results of that problem?

27.33. Maximize x; — x4 -+ 2%3 subject to
%+ ®y+ B3+ ®g = 5

y + wg — 4oy

[
™o

and all x, = 0.
27.34. Solve the dual of the preceding problem.
27.35. Maximize 2%, + x, subject to
2 — %y = 2, w twy =6, x+2, = A4
and all x; = 0. Treat the cases A = 0, 3, 6,9, 12.
27.36. Use linear programming to find optimum strategies for both players in the following game.

e

. 31
27.87. Solve as a linear program the game with payoff matrix [2 3:\ .
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In a battle between red and blue forces each side sends aircraft to locations A and B. Assuming
that equal forces draw and that a superior force annihilates its opposition without losses, the
payoff matrix for various dispositions of forces is as follows. (Blue has a total of six aircraft and
red has five.) Convert to a linear program and solve.

Red
4,1 32 2,83 1,4
Blue
5,1 4 2 1 0
4,2 3 0 —1
3,3 —2 2 2 -2
2,4 -1 0 3
1,5 0 1 2 4
B 1
Convert to a linear program and solve: | 2 4
Ll 0 20

In one version of the game of Morra each player exposes 1, 2 or 3 fingers and simultaneously tries
to predict how many his opponent will expose.. Let 1,3 mean, for example, that he exposes 1 finger
and predicts that his opponent will expose 3. The following payoff matrix is determined by the
rule that if only one player predicts correctly he collects according to the number of fingers show-
ing. Use linear programming to find the optimal strategies.

1,1 1,2 1,3 2,1 2,2 23 31 32 33
1,1 0 2 2 —3 0 —4 0 0
1,2 -2 0 0 0 3 —4 0
1,3 —2 0 0 -3 0 0 4
2,1 3 0 3 0 —4 0 0 -5 0
2,2 0 -3 0 4 0 4 0 -5 0
2,3 0 -3 0 0 —4 0 5 0 5
3,1 4 0 0 0 -5 0 0 —6
3,2 0 —4 5 5 0 0 0 —6
3,3 0 —4 0 0 —5 6 6 0




Chapter 28

Overdetermined Systems

NATURE OF THE PROBLEM
An overdetermined system of linear equations takes the form
Ax = b

the matrix A having more rows than columns. Ordinarily no solution vector x will exist,
so that the equation as written is meaningless. The system is also called inconsistent.
Overdetermined systems arise in experimental or computational work whenever more results
are generated than would be required if precision were attainable. In a sense, a mass
of inexact, conflicting information becomes a substitute for a few perfect results and one
hopes that good approximations to the exact results can somehow be squeezed from the
conflict.

TWO METHODS OF APPROACH
The two principal methods involve the residual vector
R = Ax—b

Since R cannot ordinarily be reduced to the zero vector, an effort is made to choose z in
such a way that r is minimized in some sense.

1. The least-squares solution of an overdetermined system is the vector x which makes the
sum of the squares of the components of the residual vector a minimum. In vector

language we want L.
RTR = minimum

For m equations and n unknowns, with m > n, the type of argument used in Chapter
21 leads to the normal equations

(@, a)xy + + - + (@, @0)%n = (a1, b)

(@m, @11 + -+ - + (Am, @n)Tn = (Am, D)
which determine the components of x. Here
(@i, 05) = Qulyy + ++* + QmiClmj
is the scalar product of two column vectors of A.
2. The Chebyshev or min-max solution is the vector z for which the absolutely largest
component of the residual vector is a minimum. That is, we try to minimize
r = max (jri, ..., |[rm))

where the r; are the components of R. For m = 3, n =2 this translates into the set of
constraints

375
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anr + aeXs — by = r —Q1®y — Qs + b1 = 71
Qo1y + Q22 — by = 71 —0o1¥1 — U2e¥2 + b2 =
O31%1 + Qs — by = 7 ~Q31%, — Q32¥s + s = 71

with 7 to be minimized. This now transforms easily into a linear programming prob-
lem. Similar linear programs solve the case of arbitrary m and «.

Solved Problems
LEAST-SQUARES SOLUTION

28.1. Derive the normal equations for finding the least-squares solution of an overdeter-
mined system of linear equations.

Let the given system be

ay1%1 + @y = by
Q%1 + gty = by
az %1 + g%y = by

This involves only the two unknowns #; and z, and is only slightly overdetermined, but the details
for larger systems are almost identical. Ordinarily we will not be able to satisfy all three of our
equations. The problem as it stands probably has no solution. Accordingly we rewrite it as

ay1%y + a2y — by = 7y
Gg1%y T @goty — by = 1y
ag1%; + agewy — by = 13

the numbers 7y, 7y, r3 being called residuals, and look for the numbers x;,#; which make rf+*r§+ rs
minimal. Since

i+ b+ ri = (af +ad +ad)at + (al +ak + ady)a)
+ 2(ay1@1 T G91099 + a51839)2 Xy — 2(ay1by + ag1by + ag,b3)x,
— 2(ay9b1 + Ggoby + agobg)wy + (b7 + b2+ b))

the result of setting derivatives relative to x, and x, equal to zero is the pair of normal equations

(@1, )%y + (ay, ag)zy = (ag,d)
(ag, @)%y + (@, ag)xy = (ap, b)
in which the parentheses denote
(ay, ) = a121 + “31 + “gp (@1, @9) = @13015 + a91000 T ag105,

and so on. These are the scalar products of the various columns of coefficients in the original system,
so that the normal equations may be written directly. For the general problem of m equations in.
n unknowns (m > n),

ay®y + o e, = by
o1%y + <o+ ag, = by
Am1%1 + + Apn®yn — bm

an almost identical argument leads to the normal equations
(ag, 612 + (@1, @)y + -+ + (ag, ¢)2, = (ay,b)
(g, a)xy + (@, )Xy + =+ + (a9, a,)x, = (asb)

(Gny 01)21 + (B, @)y + -+ + (ay, )%, = (ay,b)
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28.2.

28.3.

28.4.

This is a symmetric, positive definite system of equations.

It is also worth noticing that the present problem again fits the model of our general least-
squares approach in Problems 21.7 and 21.8, page 242, The results just obtained follow at once as
a special case, with the vector space E consisting of m-dimensional veectors such as, for instance,
the column vectors of the matrix A which we denote by a4, as, .. .,a, and the column of numbers b;
which we denote by b. The subspace S is the range of the matrix A, that is, the set of vectors Ax.
We are looking for a vector p in S which minimizes

lp—bll2 = [Az—b]z = 3o}
and this vector is the orthogonal projection of b onto S, determined by (»—b, u,) = 0, where the
uy are some basis for S. Choosing for this basis w, =a,, ¥k =1,...,n, we have the usual rep-
resentation p = x4y + -+ + w,a, (the notation being somewhat altered from that of our gen-

eral model) and substitution leads to the normal equations.

Find the least-squares solution of this system:
X1 — X2

r1 + 22

221 + X

i
0 H~ O

Forming the required scalar products, we have
6x, + 2, = 22, 20, + 8w, = 10
for the normal equations. This makes «; = 23/7 and #, = 8/7. The residuals corresponding to
this #, and %, are 7, =1/7, r, = 8/7 and r3 = —2/7, and the sum of their squares is 2/7. The
root-mean-square error is therefore p = V/2/21. This is smaller than for any other choice of
x; and .

Suppose three more equations are added to the already overdetermined system of

Problem 28.2:
X1 +2x0 = 4

21— X2 = b
x1— 222 = 2

Find the least-squares solution of the set of six equations.

Again forming scalar products we obtain 12x; = 38, 122, = 9 for the normal equations, making
x, = 19/6, x5, = 3/4. The six residuals are 5, —1, —11, 8, 7 and —4, all divided by 12. The RMS

error is p = V23/72.

In the case of a large system, how may the set of normal equations be solved?

Since the set of normal equations is symmetric and positive definite, several methods perform
very well. The Gauss elimination method may be applied, and if its pivots are chosen by descending
the main diagonal then the problem remains symmetric to the end. Almost half the computation

can therefore be saved.

CHEBYSHEYV SOLUTION

28.5.

Show how the Chebyshev solution of an overdetermined system of linear equations
may be found by the method of linear programming.
Once again we treat the small system of Problem 28.1, the details for larger systems being

almost identical. Let 7 be the maximum of the absolute values of the residuals, so that |ry| =r,
|ry] = 7, |r3l = r. This means that », =7 and —r =7, with similar requirements on 7, and r;.

Recalling the definitions of the residuals we now have six inequalities:

A%y + Xy — by = 71 —@ %y — Qp%e + by = 7
ag1%1 + Ggexy — by = 7 =09y — Gge%y + by = 7
a3:%; + a32x2 —_ b3 = g —Qg1%y — O039%9 + b3 =y
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If we also suppose that »; and x, must be non-negative, and recall that the Chebyshev solution is
defined to be that choice of x,,#, which makes » minimal, then it is evident that we have a linear
programming problem. It is convenient to modify it slightly. Dividing through by r and letting
2y/r = Yy, %o/7 =Yg, 1/7 = yg, the constraints become

@Yy + apys — byyg = 1 @Y — GyeYs + byys = 1
@91y + GogYy — boyy = 1 —Go1Yy — GoglYp T+ boyy = 1
agiyy + agys — bayz = 1 —G31Y1 — Q3 T bayy = 1
and we must maximize y; or, what is the same thing, make F = —y; = minimum. This linear

program can be formed directly from the original overdetermined system. The generalization for
larger systems is almost obvious. The condition that the x; be positive is often met in practice,
these numbers representing lengths or other physical measurements, If it is not met, then a
translation 2; = «;+¢ may be made, or a modification of the linear programming algorithm may
be used.

Apply the linear programming method to find the Chebyshev solution of the system
of Problem 28.2.

Adding one slack variable to each constraint, we have
Y1 — Y2~ 2ys t ys
Y1+ Y2 — 4Ys +ys5
2y +ys — 8ys + Yo =
—¥1 t Yz T+ 2y3 + Y7 =
—Y1 — Yz + 43 + yg =
~2y; — ¥, + 8Bys +yy =

|
e T T = S SOy Y

with F' = —y; to be minimized and all y; to be non-negative. The starting display and three
exchanges following the simplex algorithm are shown in Table 28.1. The six columns corresponding
to the slack variables are omitted since they actually contain no vital information. From the
final display we find y; =10 and y, = y3 = 8. This makes r = 1/y; =1/3 and then x; = 10/3,
25 = 1. The three residuals are 1/38,1/8, —1/3 so that the familiar Chebyshev feature of equal
error sizes is again present.

Basis b vy Vg Vg Basis b vy Uy Vg
v, | 1 1 -1 -2 O -5 9
vy 1 1 1 —4 v 2 0 1 0
Vg 1 2 1 -8 Vg 2 0 0 0
Vg 1 -1 1 2 vy 3 -1 2 0
vg 1 -1 -1 4 vg 1 0 -1 0
Vg 1 —2 -1 Vg 1 -+ - 1

0 ] 0 1 -1 1 3 0

Basis b vy Vg V3 Basis b vy Vg vy
v 3 1 =3 0 v; | 10 1 0 0
vs | 20 0 v | 3 o 1 0
Vg 2 0 0 0 Vg 2 0 0 0
Vg 2 0 0 0 V7 2 0 0 0
Vg 3 0 - 0 Vg 2 0 0 ]
V3 2 0o -2 1 on 3 0 0 1

-3 o 3 0 -3 0 o o

Table 28.1
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28.7. Apply the linear programming method to find the Chebyshev solution of the over-
determined system of Problem 28.3.

The six additional constraints bring six more slack variables, y;q, ..., ¥;5- The details are very
much as in Problem 28.6. Once again the columns for slack variables are omitted from Table 28.2,
which summarizes three exchanges of the simplex algorithm. After the last exchange we find

Y, =18/3, yo=1, y3=4/3. So r=3/4 and x, = 13/4, x, = 3/4. The six residuals are 2, 0, —3,
3, 8 and —1, all divided by 4. Once again three residuals equal the min-max residual », the others
now being smaller. In the general problem n+ 1 equal residuals, the others being smaller, identify
the Chebyshev solution, » being the number of unknowns.

Basis b vy Vg Vg3 Basis b vy Vg Vg
v, 1 1 -1 -2 vy 3 -3 0
g 1 1 1 —4 vs 3 0 it 0
Vg 1 2 1 -8 Vg 2 0 0 0
vq 1 -1 1 2 vy 3 -3 s 0
vg 1 -1 -1 4 vw |3 0 -} 0
v |1 -2 -1 v |3 -1 -3 1
V10 1 1 2 4 V10 3 0 3 0
vy 1 2 -1 —b m 13 -8 0
Vi 1 1 -2 -2 V19 s y -2 0
Vyg 1 -1 -2 o 3 o =% 0
V14 1 -2 1 Vi4 $8 -3 18 0
Vi 1 -1 2 2 vy5 8 -} 2 0

0 0 0 1 -+ 3 % o0

Basis b vy Vg Vg Basis b vy Vg Vg
V4 3 0 -3 0 vy 3 0 0 0
v 2 0 3 0 Vg 1 ] 0 0
Vg 2 0 0 0 Vg 2 0 0 0
vy u 0 3 0 vy 3 0 0 0
Vg 3 0 - 0 vg 1 0 0 0
vz | 2 0 -3 1 v [ £ 0o 0o 1
v | 2 0 @ 0 v, 1 0 1 0
vy B 1 -8 0 vy L 1 0 0
vy > 0 -z 0 V19 4 0 0 0
Vi3 3 o -3 0 Vi3 2 0 0 0
vy | 2 0 0 0 vy | 2 0 0 0
vy | U 0 1 0 v | 2 0 0 0

-3 0 3 0 -3 0 0 0

Table 28.2

28.8. Compare the residuals of least-squares and Chebyshev solutions.

For an arbitrary set of numbers z4, ..
Then r%—i— +'r'§1 = m|r|2. so that the root-mean-square error surely does not exceed |r|yax.

.y %, let |7|may be the largest residual in absolute value.
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28.9.

28.10.

28.11.

28.12.

28.13.

28.14.

28.15.

28.16.
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But the least-squares solution has the smallest RMS error of all, so that, denoting this error by p,
p = |*Imaxe In particular this is true when the x; are the Chebyshev solution, in which case |r|yyy is
what we have been calling . But the Chebyshev solution also has the property that its maximum
error is smallest, so if |p|,.x denotes the absolutely largest residual of the least-squares solution,
[7|max = |plmax- Putting the two inequalities together, p =7 = |p|.,, and we have the Chebyshev
error bounded on both sides. Since the least-squares solution is often easier to find, this last result
may be used to decide if it is worth continuing on to obtain the further reduction of maximum
residual which the Chebyshev solution brings.

Apply the previous problem to the systems of Problem 28.2.

We have already found p =V/2/21, r =1/3 and |p|nax = 8/7 which do steadily increase as
Problem 28.8 suggests. The fact that one of the least-squares residuals is three times as large as
another already recommends the search for a Chebyshev solution.

Apply Problem 28.8 to the system of Problem 28.3.

We have found p = V23/72, »r = 3/4 and |p|max = 11/12. The spread does support a search
for the Chebyshev solution.

Supplementary Problems

Find the least-squares solution of this system:
X1 — X9 = —1 2961—002 = 2
xytxy = 8 221+ 29 = 14

Compute the RMS error of this solution.
Compare |p|,,.x With p for the solution found in Problem 28.11.

Find the Chebyshev solution of the system in Problem 28.11 and compare its r value with p and

[P lmax-

Find both the least-squares and Chebyshev solutions for this system:

X+ %, —%x3 = B xy + 2y — 23 =

Il
J< -

20, — 3wy + 23 = —4 4y — xy— X3

Suppose it is known that —1 = ;. Find the Chebyshev solution of the following system by first
letting #; = #;+ 1 which guarantees 0 = z;. Also find the least-squares solution.

20y — 2xp + a3+ 224 = 1 —2xy — 25 + 35 + 32y = 4
2yt %+ 25 +4xy = 1 —x; — 3%y — 323+ x4 = 3
2y — 3w + 23+ 224 = .2 20, + 4xy + w53+ Bxy = 0

Find the least-squares solution of this system:
xry = 0 2, + Xy = -1

1l
.

2 = 0 daxy + 1y
‘What is the RMS error?



CHAP. 28] OVERDETERMINED SYSTEMS 381

28.17.

28.18.

28.19.

28.20.

28.21.

28.22.

Find the Chebyshev solution of the system in Problem 28.16.

Four altitudes wy, %y, %3, ¥, are measured, together with the six differences in altitude, as follows.
Find the least-squares values.
x, = 8.47, x, =201, x3=158, =x,=.43

@y — s =142, x; — 2y = 192, x;— x4 = 3.06, xy—3 = .44, xy—x, =153, w3— =z, =1.20

A quantity x is measured N times, the results being a,, ay, ..., ay. Solve the overdetermined system
x = a; i1—=1,..,N

by the least-squares method. What value of x appears?

Two quantities « and ¥ are measured, together with their difference x —y and sum = -+ y.
x = A, y = B, x—y = C, x+y = D

Solve the overdetermined system by least-squares.

The three angles of a triangle are measured to be A, A5, A;. If %y, %5, x5 denote the correct values,
we are led to the overdetermined system

2y = Ay xy = A, T — Xy = Ag

Solve by the method of least-squares.

The two legs of a right triangle are measured to be A and B, and the hypotenuse to be C. Let
Ly, L, and H denote the exact values, and let x; = Lf, Ty = Lg. Consider the overdetermined system

xy = A2, xy = B2, z +ay, = C2

and obtain the least-squares estimates of #, and x,. From these estimate L;, Ly and H.



Chapter 29

Boundary Value Problems

NATURE OF THE PROBLEM

A boundary value problem requires the solution of a differential equation or system in
a region R, subject to various extra conditions on the boundary of R. Applications generate
a great variety of such problems. The classical two-point boundary value problem of ordi-
nary differential equations involves a second order equation, an initial condition and a

terminal condition:
¥y’ = fx,y,y), Y = A4, yb) =28

Here the region R is simply the iriterval (a, b) and the boundary consists of the two end-
points. A classical problem of partial equations is the Dirichlet problem, which requires
that the Laplace equation Tt T = 0

T vy —

be satisfied inside some region R of the zy plane and that T(z, y¥) assume specified values on
the boundary of B. These two examples merely represent the two broad classes of bound-
ary value problems.

METHODS FOR ORDINARY DIFFERENTIAL EQUATIONS

The available algorithms for the approximate solution of ordinary boundary value
problems include the following, among others.

1. The superposition principle may be used if the equations are linear. As an example,
to solve
¥y’ = q@@)y, Yy =4, yb) =B

one could first use the methods of Chapter 19 (Taylor, Runge-Kutta, etc.) to solve the
two initial value problems

W@y, U@ =1 Y@ =0

Yy =
¥y = q@) Y, Y(a) =0, yila) =1
after which yY(x) = Cy(x) + C,y,(x)

and the boundary conditions determine the constants C: and Co.

2. Replacement by a matrix problem is also possible when the equations are linear. As an
example, replacing »”/(xx) by a second difference converts the equation y” = q(x)y into
the di :

e difference equation Yoot — (2 + R2q)ue + Yusr = O

Subdividing the interval (a, b) into equal parts, using the arguments o =a, 21, ..., Zs,
Zn+1= b, we may then require that the difference equation hold for k=1, ...,n, with
yo=A and ¥Y.+: = B. The resulting system of n equations may then be treated by the
methods of Chapter 26.

382
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3. The garden-hose method provides a simple and popular approach to nonlinear problems.
It proceeds through successive approximations, very much like the root-finding algo-
rithms of Chapter 25. Ag an example take the classical two-point problem above. First
we solve the initial value problem

¥ = f=,vv), ya) =A y@ =M
for some arbitrary choice of M. The terminal value obtained depends upon the choice
of M. Callit F(M). Then what we want is F(M) = B, and to achieve this will require
successive corrections to the initial choice of M. Each new M value brings a new initial

value problem, to be solved by the methods of Chapter 19. As with root-finding there
are several ways for choosing the corrections to M, including a Newton method
_ _ FM,) - B
o= - ey
4. The calculus of variations establishes the equivalence of certain boundary value prob-
lems with problems of optimization. To find the function y(x) which has y(a) =4,
y(b) = B and makes

b
f Flx,y,y) dx
maximum (or minimum), one may solve the Euler equation
d
F, = T F,
subject to the same boundary conditions. There are also direct methods for maximizing
the integral, which may therefore be considered as methods for solving the Euler

equation with its boundary conditions. The equivalence may be exploited in either
direction.

5. Dynamic programming provides another approach to the above optimization problem,
and hence to the boundary problem also. For fixed b and B it notes that the optimum
value of the integral (maximum or minimum) depends upon ¢ and A. Call the optimum
value f[a, A]. Now consider the larger problem of determining f[X,Y] for various X
and Y values. Approximating the integral in a simple way leads to the recursion

fIX,Y] ~ Opt{h-F[X,Y,y(X)] + f[X‘+ h, Y + hy(X)]}
which may then be used to work backward from X =5, Y = B.

METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS

Here the solution algorithms depend heavily on the type of problem. The variety of
problems is much greater than with ordinary equations and only a few classical cases are
discussed here.

1. The parabolic problem
T = T, T(0,t) = T{1,%) =0, T(x,0) = f(z)
is the prototype of diffusion problems. The equation must be satisfied inside the semi-
infinite strip 0=x =1, 0=t¢t. On the boundaries of this strip T(x,y) is prescribed.
Though this prototype can be solved by elementary series methods (Fourier series), a
finite difference algorithm suitable for more troublesome problems will be illustrated.
Replacing derivatives by simple differences, the basic equation becomes the difference

equatlon Tm,n+1 — )\Tm—l,n + (1-—'2)\)Tm,n 4+ ATm+1,n
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where 2. =mh, t.=nk and X =k/h%. A rectangular lattice of points (zm,t.) thus
replaces the strip. The difference equation allows each T value to be computed from
values at the previous time step, with the specified initial values f(xm) triggering the
process. For proper choices of h and k (tending to zero) the method converges to the
correct solution. The computation for small ~ and k proves to be strenuous, and nu-
merous variations of this algorithm have been invented in an effort to reduce the size
of the job. The implicit methods are foremost and involve a succession of matrix
problems. Free boundary problems are among the more troublesome modern extensions
of the prototype just presented and require that the location of part of the boundary be
determined as part of the problem.

2. The elliptic problem
Tow+ Ty = 0, 0=z =1, 0=y =1

is the Dirichlet problem already mentioned. Also solvable by series methods, it has
inspired various finite difference and other methods of solution which may be applied
to less cooperative problems of the same general sort. For example, using differences
in place of the derivatives easily leads to the difference equation

T(xm, yn) = 2[T(xm—hyyn) + T(@m+hk, yn) + T(Xm, Yyn— k) + T(Zm, Yn + k)]

which requires each T value to be the average of its four nearest neighbors in the
square lattice (&m,¥.). Writing this difference equation at each interior lattice point
brings a linear system of N equations, where N is the number of such points. The
system must be solved by the methods of Chapter 26. Convergence to the correct solu-
tion can be proved. The method can be adapted to other equations, to regions with
curved or unknown boundaries and to more dimensions. Other methods, including the
solution of equivalent optimization problems, also exist.

3. The hyperbolic problem
Utt:Uxx, '-°°<.'L'<°°, 0=t

is the prototype of wave propagation problems. Finite difference methods can also be
adapted to solve such problems, but the best methods involve some understanding of
the theory of hyperbolic equations, including characteristic curves, and are omitted here.

Solved Problems

LINEAR ORDINARY DIFFERENTIAL EQUATIONS
29.1. Find a solution of the second order equation
Ly) = y'(@) — p@)y(x) — ¢@)y(x) = r()
satigfying the two boundary conditions
cuy(a) + cry(b) + cisy(a) + cuy’(b)
e ¥(a) + c2y(b) + cuy’(a) + cauy’(b)

il

A
B

i

With linear equations, we may rely upon the superposition principle which is used in ‘solving
elementary examples by analytic methods. Assuming that elementary solutions cannot be found
for the above equation, the numerical algorithms of an earlier chapter (Runge-Kutta, Adams, ete.)
may be used to compute approximate solutions of these three initial value problems for a =z = b.
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29.2.

L(y) = 0 L{yy) = 0 L(Y) = r(x)
yi(@) =1 ysla) = 0 Y@ =0
yil@) = 0 ysa) = 1 Y'() = 0

The required solution is then available by superposition,
y(z) = Cryyx) + Cayslx) + Y(x)
where to satisfy the boundary conditions we determine C, and C, from the equations
[e1r + e10y1(D) +e14971(B)]Cy + [e13+ €10y2(b) +€1445(0)]C; = A — 1Y (D) — ¢y Y'(B)
[eay + cogy1(b) + c2qy1(B)]Cy + [C23 + Cona(b) + €24y2(0)]Cy = B — €Y (b) — ¢5,Y'(D)

In this way the linear boundary value problem is solved by our algorithms for initial value problems.
The method is easily extended to higher order equations or to linear systems. We assume that the
given problem has a unique solution and that the functions y,, y,, ete., can be found with reasonable
accuracy. The equations determining Cy, C,, ete., will then also have a unique solution.

Show how a linear boundary value problem may be solved approximately by reducing
it to a linear algebraic system.

Choose equally spaced arguments x; = ¢+ jh with xy=a and xy;, =b. We now seek to
determine the corresponding values y; = y(x;). Replacing y''(x;) by the approximation

Yz ~ Wi — 2y T Y- 0)/R?
and ?/'(xj) by yl(xj) ~ (Yj+1— yj—l)/Zh

the differential equation L(y) = r(x) of Problem 29.1 becomes, after slight rearrangement,

¢ _%hpj)yj—l + (—2+ hij)yj + 1+ %hpj)yj+1 = h27’j
If we require this to hold at the interior points §=1,...,N, then we have N linear equations in
the N unknowns ¥y, ...,Yy, assuming the two boundary values to be specified as y, = y(a) = 4,
yYn+1 = y¥(b) = B. In this case the linear system takes the following form,
Biyr + V1¥2 = h¥ry —a;A
ag¥y + Bays + Y2¥s3 = hPry

agyy + Bays + vays = hirg

an¥y—1 + Byyn = Ry — vxB
where a; = 1—4hp;, B; = —2+ kg, v; = 1+ Jhp;

The band matriz of this system is typical of linear systems obtained by discretizing differential
boundary value problems. Only a few diagonals are nonzero. Such matrices are easier to handle
than others which are not so sparse. If Gaussian elimination is used, with the pivots descending
the main diagonal, the band nature will not be disturbed. This fact can be used to abbreviate the
computation. The iterative Gauss-Seidel algorithm is also effective. If the more general boundary
conditions of Problem 27.1 occur these may also be discretized, perhaps using

y' (@) ~ (y1—yo)/h, y'(d) ~ (Un+1—wyn)/k
This brings a system of N + 2 equations in the unknowns %, ..., ¥x+1-

In this and the previous problem we have alternative approaches to the same goal. In both
cases the output is a finite set of numbers y;. If either method is reapplied with smaller h, then
hopefully the larger output will represent the true solution y(x) more accurately. This is the ques-
tion of convergence.
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Show that for the special case
v +y =0, y0) =0,

the method.of Problem 29.2 is convergent.

y(1) =1

The exact solution function is y(x) = (sin #)(sin 1). The approximating difference equation is

Yi—1 + (—2+hy; + yj4g = O

and this has the exact solution
y; = [sin (ax/h)]/[sin (a/h)]

for the same boundary conditions y, =0, yy+( =1. Here z;=jh and cosa =1—1h2% These
facts may be verified directly or deduced by the methods of our section on difference equations. Since
lim (a/h) is one for h tending to zero, we now see that limy; = y(x;), that is, solutions of the dif-
ference problem for decreasing h, converge to the solution of the differential problem. In this
example both problems may be solved analytically and their solutions compared. The proof of
convergence for more general problems must proceed by other methods.

~

Illustrate the reduction of a linear differential eigenvalue problem to an approximating
algebraic system.

Consider the problem

y'+xy =0, y0) =yl =0
This has the exact solutions y(x) = C sin nrz, for = =1,2,.... The corresponding eigenvalues
are \, = n?z2, Simply to illustrate a procedure applicable to other problems for which exact solu-
tions are not so easily found, we replace this differential equation by the difference equation

Yji—1 + (2+NRB)y; + yj41 = O
Requiring this to hold at the interior points § =1,...,N, we have an algebraic eigenvalue problem
Ay = \h2y with the band matrix
o 1 _
1 -2 1
1 -2
A =
.......... 1
all other elements being zero, and yT=(y;,...,¥n). The exact solution of this problem may be
found to be
y; = sinnrx; with An = (4/h2) sin2 (nwh/2)

Plainly, as h tends to zero these results converge to those of the target differential problem. -

NON-LINEAR ORDINARY DIFFERENTIAL EQUATIONS
29.5. What is the garden-hose method?

Given the equation "’ = f(x,y,¥y’), we are to find a solution which satisfies the boundary

conditions y(a) = A, y(b) = B.

One simple procedure is to compute solutions of the initial value problem

y' = flz,v,y), ya) = A, Y@ =M

for various values of M until two solutions, one with y(b) < B and the other with y(b) > B, have
been found. If these solutions correspond to initial slopes of M; and M,, then interpolation will sug-
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29.6.

gest a new M value between these and a better
approximation may then be computed (see Fig. 29-1).
Continuing this process leads to successively better
approximations and is essentially the regula falsi
algorithm used for nonlinear algebraic problems. M T
Here our computed terminal value is a function of 2
M, say F(M), and we do have to solve the equation M,

F(M) = B. However, for each choice of M the cal- A4 1
culation of F(M) is no longer the evaluation of an @ b
algebraic expression but involves the solution of an

initial value problem of the differential equation. Fig. 29-1

How may the garden-hose method be refined?

Instead of using the equivalent of regula falsi, we may adapt Newton’s method to the present
problem, presumably obtaining improved convergence to the correct M value. To do this we need to
know F’(M). Let y(x, M) denote the solution of

= flx,9,9), yl@) = 4, y(e) = M

and for brevity let 2(x, M) be its partial derivative relative to M. Differentiating relative to M
brings

2" = fu@uy)e + fp(xy,y)e (1)

if we freely reverse the orders of the various derivatives. Also differentiating the initial conditions,

we have
2a,M) = 0, 2'(a,M) =

Let M, be a first approximation to M and solve the original problem for the approximate solution
y(x,M;). This may then be substituted for y in equation (1) and the function 2(x,M,) computed.
Then F'(M) = z(b, M,). With this quantity available the Newton method for solving F(M)—B =0
now offers us the next approximation to M:

F) - B

F'(My)
With this M, a new approximation y(x, M,) may be computed and the process repeated. The method

may be extended to higher order equations or to systems, the central idea being the derivation of an
equation similar to (1), which is called the variational equation.

M, = M,

OPTIMIZATION

29.7.

29.8.

Reduce the problem of maximizing or minimizing f Flz,y,¥']dx to a boundary
value problem.

This is the classical problem of the calculus of variations. If the solution function y(x) exists
and has adequate smoothness, then it is required to satisfy the Euler differential equation F, =
(d/dx)Fy.. If boundary conditions such as y(a) = 4, y(b) = B are specified in the original op-
tlmlzatlon problem, then we already have a second order boundary value problem. If either of these
conditions is omitted, then the variational argument shows that ¥, = 0 must hold at that end
of the interval. This is called the natural boundary condition.

1
Minimize f (y* + y’z) dx subject to »(0)=1.
0

The Euler equation is 2y = 2y’ and the natural boundary condition is y’(1) = 0. The solution
is now easily found to be y = coshx — tanh1 sinh« and it makes the integral equal to tanh 1,
which is about .76. In general the Euler equation will be nonlinear and the ga ‘den-hose method

may be used to find y(x).
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29.9.

29.10.

29.11.

BOUNDARY VALUE PROBLEMS [CHAP. 29

What is the dynamic programming approach to this same kind of optimization
problem?

The optimum value (maximum or minimum) we are seeking clearly depends on ¢ and 4. Denote
it by fla, A]. The idea of dynamic programming is to imbed this problem in the larger problem of
finding f[X,Y] for arbitrary X and Y. In other words we now try to solve a whole family of
optimization problems at once, with differing initial conditions %(X) = Y. Suppose we leave this
initial point and travel along a straight line segment to [X + h, Y 4- hy'(X)]. If we approximate
our basic integral over this subinterval by h-F[X,Y,y’(X)], then

fIX, Y] ~ Opt{hF[X,Y,yX)] + f[X+h Y +hyX)]}

the optimum being relative to y'(X). This amounts to saying that if we start out from (X,Y) in the
optimum direction y'(X) and then follow up by taking an optimum path from the new initial point,
we will have achieved our objective. Essentially we obtain an expression for fIX,Y] in terms of
fIX+k, ¥ + ky'(X)], which corresponds to a shorter interval of integration. Clearly flo,Y] =0,
since our integral is certain to be zero when both its limits are b.

As a first step toward the solution we take the above equation at X equal to b — h. Writing p for
'(X), this i
V&), this is flb—h Y] ~ Opt{h-Flb—h,Y,pl}

since f[b, Y + hp] is zero. For arbitrary Y this determines both the optimum value f[b—h, Y] and
the optimum direction p[b —k, Y]. Next we take X = b— 2k and have

flo—2h, Y] ~ Opt{h+F[b—2h,Y,p] + flb—h, Y+ hp]}
With the last term determined in the previous step, this now yields both f[b — 2k, Y] and the op-
timum direction p[b — 2k, Y]. In this way the computation works backward to the required fla, A}
value.

Compare the variational and dynamic programming approaches to the optimization

problem,

In the variational approach the emphasis is on the optimum curve y(z). Once this is in hand,
the value f(a, A) may be computed. The principal difficulty lies in the search for y(x) by successive
approximations. If the garden-hose method is used, the usual questions of stability and conver-
gence arise. Moreover, much of the intermediate numerical data may be valueless; only the final
output is significant. (This apparent waste may be reduced in some cases by integrating from
right to left.) In the dynamic programming approach the direct outputs are the optimum value of
the integral for various initial points and the optimum direction at each such point. This has the
advantage that all information produced is of conceivable value, and the disadvantage that the
solution function %(x) is available only through the direction field p[X, Y].

Solve Problem 29.8 by dynamic programming.
For simplicity we choose h = 1/4. Since f(1,Y) =0, our first equation is
f[8/4,Y] ~ Min {(1/4}(Y2+ p?)}
In general we might now have to evaluate (1/4)(Y?2 + p?) for various p values and find the minimum

by inspection. Here, however, elementary considerations enforce p[3/4,Y] ~ 0 and then f[3/4,Y] ~
(1/4)Y2. Note that the result p ~ 0 is the equivalent of the natural boundary condition y'(1) = 0.

The next step finds
fl1/2, Y] ~ Min {(1/4)(Y2+p?) + f[3/4, Y + (1/4)p]}

In a more troublesome problem we would again have to compute the expression in braces for
various p values and find the minimum by inspection. Here, however, elementary calculus yields

f11/2,Y] ~ Min (/Y2 +p% + (1/4(Y +p/4)2} = 33Y%/68 ~ .49Y2
corresponding to p[1/2,Y] ~ —4Y/17 ~ —.24Y. Similarly we find
fl1/4, Y] ~ Min {(1/4)(Y2+p2) + f[1/2, Y + (1/4)p]} ~ .68Y2
with p[1/4,Y] ~ —.43Y; and finally
10, Y] ~ Min {(1/4(Y2+p2) + f[1/4, ¥ +(1/4)p]} ~ .83¥2

with p[0, Y] ~ —58Y. Comparing with the exact results of Problem 29.8, we have f[0,1] ~ .83
where the correct value is nearer .76, and p[0,1] ~ —.58 where the correct value is —tanh1l ~ —.76.
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THE
29.12.

29.13.

The errors are due to the discretization. A smaller % value would bring improvement.

In this problem it has been possible to obtain f(X, Y) explicitly for any ¥, due to the elementary
character of the functions involved. Ordinarily the Y argument must also be discretized and, for
each X, f(X,Y) computed for a range of Y values before going on to an earlier X.

DIFFUSION EQUATION
Replace the diffusion problem involving the equation
aT/at = a(*T/9x?) + b(3T/ox) + T

and the conditions T'(0,%) = f(t), T(},t) = ¢(f), T(x,0) = F(x) by a finite difference
approximation.

Let x, =mh and ¢, =nk, where )4, =1 Denoting the value T(x,t) by the alternate
symbol T, ,, the approximations

0T/0t ~ (Typt1 = Tk, 8T/0¢ ~ (Toii,n = T—1.0)/2h,

2T/9x2 ~ (Tpo1,n = 2Tmn T They,2)/R?
convert the diffusion equation to
Thon+r = Ma—30R)Tp_y, + [1 —M2a+ ch?)]| Ty n + Ma+ L) Ty 1y,

where A=k/h2, m=1,2 ...,N and n=1,2,.... Using the same initial and boundary condi-
tions above, in the form T, , = f(t,), Tyt1,n» = 9(t,) and T, o= F(x,), this difference equation
provides an approximation to each interior T, ,.; value in terms of its three nearest neighbors at
the previous time step. The computation therefore begins at the (given) values for ¢ =0 and
proceeds first to t = k, then to t = 2k, and so on. (See the next problem for an illustration.)

Apply the procedure of the preceding problem to the case a=1,b=¢=0, f({) =
gty=0, F(x)=1and I =1.
Suppose we choose h = 1/4 and k = 1/32. Then X = 1/2 and the difference equation

simplifies to
Tm,n+1 = ‘%(Tm—l,n + Tm+1,n)

A few lines of computation are summarized in Table 29.1(ac). The bottom line and the side columns
are simply the initial and boundary conditions. The interior values are computed from the difference
equation line by line, beginning with the looped @ which comes from averaging its two lower
neighbors, also looped. A slow trend toward the ultimate “steady state” in which all T values are
zero may be noticed, but not too much accuracy need be expected of so brief a calculation.

For a second try we choose h = 1/8, k = 1/128, keeping X = 1/2. The results appear in
Table 29.1(b). The top line of this table corresponds to the second line in Table 29.1(a) and is in
fact a better approximation to 7(x,1/32). This amounts to a primitive suggestion that the process
is starting to converge to the correct T(x,t) values.

In Table 29.1(c) we have the results if h = 1/4, k = 1/16 are chosen, making A = 1. The dif-
ference equation for this choice is

Tm,n+1 = Tm—l,n - Tm,n + Tm+l)n
The start of an explosive oscillation can be seen. This does not at all conform to the correct solu-

tion, which is known to decay exponentially. Later we shall see that unless A =1/2 such an ex-
plosive and unrealistic oscillation may occur. This is a form of numerical instability.

0 —12 17 —12 0

0 5 —7 5 0
0 1 1 1 o0 0 2 3 Z 1 I % 3 0 0 -2 3 -2 0
0 3 3 1 o0 0 L 38 1 1 1 2 1 o0 o 1 -1 1 0
0 L 1 % o 0 L 1 1 1 1 1 4 0 o 0 1 0 0
o(H1 1 0 001 1 1 1 1 1 1 0 o 1 1 1 0
O1 @1 1 111 1 1 1 1 1 1 1 1 1 1 1

(a) (b) (¢)
Table 29.1
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29.14.

29.15.

29.16.

BOUNDARY VALUE PROBLEMS [CHAP. 29

What is the truncation error of this method?

As earlier we apply Taylor’s theorem to the difference equation, and find that our approximation
has introduced error terms depending on k and k. These terms are the truncation error

A/DkT,, — (1/12)ah2T,,,, + (1/6)bR2T,, + O(h%)

subscripts denoting partial derivatives. In the important special case a = constant, b =0, we
have Ty = aT,,,, so that the choice % = h2/6 (or A = 1/6) seems especially desirable from this
point of view, the truncation error then being 0(h*).

Show that the method of Problem 29.12 is convergent in the particular case
aT/ot = o*T/ox?, T(0,t) = T(r,t) = 0, T(x,0) = sinpz
where p is a positive integer.
The exact solution may be verified to be T(x,f) = ¢~ P% gin px. The corresponding difference
equation is
Tm,n+1 - Tm,n = >\(T'm+1,'n - 2T'm,n + Tm—l,n)
and the remaining conditions may be written

Two = sin(mpr/IM+1)), Ty = Taypyn = 0

This finite difference problem can be solved by “separation of the variables”. Let T, , = u,v,

to obtain
(Vpt+1— ")n)/vn = A([um+l — 2uy, + um—l]/um) = —=\C

which defines C. But comparing C with the extreme left member we find it independent of m, and
comparing it with the middle member we find it also independent of n. It is therefore a constant
and we obtain separate equations for u,, and v, in the form

Vpr1 = 1=2C)v,,  Umi1— = Cupy + sy = 0

These are easily solved by our difference equation methods. The second has no solution with
uy = upyr+1 = 0 (except u,, identically zero) unless 0 < C < 4, in which case

Uy = A cosam + Bsinaem

where 4 and B are constants, and cose =1—1C. To satisfy the boundary conditions, we must
now have A =0 and «(M +1) = jz, j being an integer. Thus

Um = B sin [mjr/(M + 1)]
Turning toward v,, we first find that C = 2(1 —cos a) = 4 sin? (j=/[2(M + 1)]) after which
v, = [1 — 4\ sin2 (jz/2(M + 1)) v,

It is now easy to see that choosing B =7y =1 and j =p we obtain a function

Thon = Upv, = [1— 4\ sin2(pr/2[M + 1])]* sin (mp=/[M + 1])
which has all the required features. For comparison with the differential solution we return to the
symbols x, = mh, t, = nk. AR
Tmn = [1— 4x sin2 (ph/2)]™ sin pa,,

As h now tends to zero, assuming A = k/h2 is kept fixed, the coefficient of sin pw,, has limit e~P*»
so that convergence is proved. Here we must arrange that the point (x,,, t,) also remain fixed, which
involves increasing m and n as h and k diminish, in order that the T, , values be successive ap-
proximations to the same T'(x, ).

Use the previous problem to show that for the special case considered an explosive
oscillation may oceur unless A = 4.

The question now is not what happens as h tends to zero, but what happens for fixed & as the
computation is continued to larger » arguments. Examining the coefficient of sinpx, we see that
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29.17.

29.18.

29.19.

the quantity in brackets may be less than —1 for some values of A, p and k. This would lead to an
explosive oscillation with increasing ¢,. The explosion may be avoided by requiring that A be no
greater than 1/2. Since this makes k& = h2/2 the computation will proceed very slowly, and if
results for large ¢ arguments are wanted it may be useful to use a different approach. (See the
next three problems.)

Solve Problem 29.13 by means of a Fourier series.

This is the classical procedure when a is constant and b = ¢ = 0. We first look for solutions of
the diffusion equation having the product form Uf(x) V(¢). Substitution brings V//V = U"/U =
—a? where o is constant. (The negative sign will help us satisfy the boundary conditions.) This

makes
V = Ae— o U = Becosax + Csinax

To make T(0,t) =0, we choose B =0. To make T(1,t) =0, we choose &« = nr where n is a
positive integer. Putting C = 1 arbitrarily and changing the symbol A to 4,, we have the functions

A, e gin nrx, n=123,...

each of which meets all our requirements except for the initial condition. The series
o0
T(x,t) = I Ape~™" ginnre
n=1

if it converges properly will also meet these requirements, and the initial condition may also be
satisfied by suitable choice of the 4,,. For F(x) =1 we need

o0
T(x,0) = Fx) = El A, sin nre
ne=
and this is achieved by using the Fourier coefficients for F(x),

1
4, = 2f F(x) sin nre dx
0

The partial sums of our series now serve as approximate solutions of the diffusion problem. The
exact solution used in Problem 29.15 may be viewed as a one term Fourier series.

Show how the equation of Problem 29.12 may be replaced by a system of ordinary
differential equations.

Using the same finite difference approximations as in Problem 29.12, but leaving the time
derivative alone, we obtain the system

T) (&) = (a/h?—b/2R)Tp_y + (—2a/h2 + )Ty + (a/h2 + b/2R) Ty, 1y
where T,,(t) = T(x,,,t) and m =1,...,M. Using the boundary conditions as needed, this is an
initial value problem involving M equations in the unknown functions Ty, ...,Ty. Any of our

methods for dealing with such systems may be applied.

If a, b, ¢ are constants show that the system of the preceding problem may be solved
as an algebraic eigenvalue problem.

Actually, any linear system of differential equations with constant coefficients may be ap-
proached by eigenvalue methods. Take the two equations

¥y = ay + bz, 2 = ey +dz
as a simple example. The same considerations apply to larger systems as well. Look for solutions

of the exponential form
y = ue?, 2 = veM

Substitution brings the equations au+bv =\, cu+dv = Av for w and v. Suppose A; and X,
are distinct eigenvalues corresponding to u;, v; and u,, vy respectively. Then
= AuyeM® + Bugeh?, 2z = AveMT + Bugeh®

The initial conditions on ¥ and z then determine A4 and B. Degenerate cases (multiple eigenvalues)
respond to special treatment.
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29.20.

29.21,

BOUNDARY VALUE PROBLEMS [CHAP. 29

What is an “implicit” finite difference method?
As a simple example consider the problem
aT/at = o2T/9x2, T(0,t) = T(1,t) = O, T(x,0) = 1
already discussed in Problem 29.13. With the same approximations as before except for
oT/8t ~ (Twm,n— Tpa—1Mk
we obtain ANl pegn — Q2T + AT = —Typn—1

Applied first at n =1, the right side of this equation involves known initial values and the left
side three unknowns. Using m =1,...,M, we have a linear system of M equations to determine
T4,; up to Ty, 1. Solving this system we are ready for a second step with » = 2. Each new line is
thus obtained as a unit, by solving a linear system. The advantage is that now there proves to be
no stability restriction on the size of A\, and the horizontal lines may be more widely separated.

Use the implicit method together with a variable time step to solve the free boundary

problem
T: = Toe for 0=t 0=2z=X(t) where X(0) = 0

T.(0,8) = -1, T(X,8) = 0, X'(t) = —T«(X,1)
Problems such as this arise in change of state circumstances, such as the freezing of a lake or

the melting of a metal. The position of the boundary between solid and fluid is not known in advance
and must be determined by the solution algorithm. One algorithm uses

(Tm—l,n - 2Tm,n + Tm+1,'n)/h'2 = (Tm,n - Tm,n—l)/kn
in place of the diffusion equation and
TO,‘n - Tl,ﬂ = h, Tn,n =0

in place of the first two boundary conditions. The remaining (free) boundary condition is equivalent to
X()
Xt = t — f T(x,t) dx
0
X(t)
To see this, temporarily let f(t) = t — f T(x, t)dx and differentiate to find
0

X(¢) X(t)

W = 1 — X0 TIXM),t — T.(x,t)de = 1 — T, (o b d

71(8) ) TIX (), ] fo (@, ) da fo z, t) du
= 1 — TI[X(t),t] + 7.0t = X'(¢t)

Since f(0) = X(0) = 0, it follows that f(t) = X(¢¥).
We next replace this condition by the discretization
n—1
nh = t,_ + k, — .21 Tin_1h
i=

Each step of the computation now consists of determining k, from this last equation (by the fact
that = steps of size A must reach the boundary) and then the T,, , values from a linear system.
Since Ty =0 the first step brings k; =k, Toy = h, Ty; = 0 from the boundary conditions alone.
But then k, = h, and the equations

Too— Ty = H Ty, — 2Ty, = ATy,

vield Ty, =PRk2+R)/(1+}k), Ty 5,=Hh/(1+h). Choosing h=.1, for example, Ty, ~ .191 and
Ty o~ 091, Of course, Ty, = 0. The third step finds k; = .109, after which the equations

To5—2092T, o+ Tyy = —.0083, Ty3—2002T,5 =0, To3— Ty = .1

determine Ty 3 = .275, Ty 3 = 175, Ty 3 = .084. Again, Tj3;=0. The computation of k, = .144
now begins step four.: Since h is kept fixed, the increasing k, values suggest an upwards curving
boundary with ¢, =k, + -+ +k, X(¢,) = nh. The convergence of this algorithm for h—0 has
been proved by Douglas and Gallie (Duke, 1955).
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THE LAPLACE EQUATION

29.22.

29.23.

Replace the Laplace equation

?*T/ax® + 3*T/ay® = 0, O=x=1 0=y=1]
by a finite difference approximation. If the boundary values of T(x,y) are assigned
on all four sides of the square, show how a linear algebraic system is encountered.

The natural approximations are
02T/32® ~ [T(x—h,y) — 2T(%, y) + T(x+k, y)]/R?
2T/oy? ~ [T(x,y—h) — 2T(x,y) + T(x, y+ h)]/h2

and they lead at once to the difference equation

T@,y) = A/HYT=—rhy) + Tx+hy) + T, y—h) + Tz, y+ k)
which requires each T value to be the average of its four nearest v
neighbors. Here we focus our attention on a square lattice of points
with horizontal and vertical separation k. Our difference equation D

K Z |B
can be abbreviated to

T, = @/4(Ty+ Tg -+ Te+ Tp) C

with points labeled as in Fig., 29-2. Writing such an equation for
each interior point Z (where T is unknown), we have a linear system

in which each equation involves five unknowns, except when a
known-boundary value reduces this number. Fig. 29-2

Apply the method of the previous problem when T(x,0)=1, the other boundary
values being 0.

For simplicity we choose %2 so that there are only nine interior points, as in Fig. 29-2.
Numbering these points from left to right, top row first, our nine equations are these:

T, = (1/4)(0 + Ty + Ty + 0) Ts = (1/4)(Ty + 0 + Ty + Ts)
T, = (/40 + Ty + Ts+ Ty T, = (V4)Ty+ Tg+ 1+ 0)
Ty = (1/4)(0 + 0 + Tg+ Ty) Ty = (/4)(T5+ Ty + 1+ Ty

T, = (/4)(Ty + T5 + T7 + 0) To = (1/4)(Te+ 0+ 1+ Ty)

Ty = (1/4)(To+ Ts+ T+ Ty)
The system could be rearranged for Gaussian elimination, but as it stands the Gauss-Seidel itera-
tion seems natural. Starting from the very poor initial approximation of zero for each interior T;

the successive results given in Table 29.2 are obtained. Ten iterations bring three place accuracy
for this linear system. (For a discussion of convergence of the Gauss-Seidel iteration see Problem

26.8, page 341.)

Iteration T, T, Ty T, Ty Tq T, Ty Ty
0 0 0 0 0 0 0
1 0 0 0 0 0 0 250 312 .328
2 062 .078 .082 .328 .394 .328
3 016 .024 .027 .106 152 127 375 464 .398
4 .032 .053 .045 140 196 160 .401 .499 .415
5 .048 072 .058 161 .223 174 415 .513 .422
6 .058 .085 .065 174 236 181 422 .520 .425
7 .065 .092 .068 181 244 .184 425 .524 427
8 .068 .095 .070 .184 .247 .186 427 525 .428
9 .070 .097 071 .186 .249 .187 .428 .526 .428

10 071 .098 071 .187 250 87 428 .526 .428

Table 29.2
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A CONVERGENCE PROOF

29.24,

29.25.

29.26.

Prove that the linear system encountered in Problem 29.22 will always have a unique
solution.

The point is that, since we base our approximation on this system, it is important that it be

non-singular. Denoting the unknown interior values Ty, ..., Ty, we may rewrite the system in the
form N
S ayly = b (1)

where the b; depend upon the boundary values. If all boundary values were zero, then all b; would
be zero also: N

2 ap Ty = 0 ' @)

By the fundamental theorem of linear algebra (Problem 26.6, page 339) the system (1) will have a
unique solution provided that (2) has only the zero solution. Accordingly, we suppose all boundary
values are zero. If the maximum T, value occurred at an interior point Z, then because of T, =
(1/4(To + Ty + Te + Tp) it would also have to occur at 4, B, C and D, the neighbors of Z. Simi-
larly this maximum would occur at the neighboring points of A, B, C and D themselves. By con-
tinuing this argument we find that the maximum 7T value must also occur at a boundary point,
and so must be zero. An identical argument proves that the minimum T} value must occur.on the
boundary, and so must be zero. Thus all T} in system (2) are zero and the fundamental theorem
applies. Notice that our proof includes a bonus theorem. The maximum and minimum T, values
for both (1) and (2) occur at boundary points.

Prove that the solution of system (1) of Problem 29.24 converges to the corresponding
solution of Laplace’s equation as & tends to zero.

Denote the solution of (1) by P(x,y, h) and that of Laplace’s equation by Tz, y), boundary values
of both being identical. We are to prove that at each point (x,y) as h tends to zero,

lim T(x, 9, b} = T(z, ¥)
For convenience we introduce the symbol
LIF] = Fe+hy + Fle—h,y) + Fleg,y+h) + Flz,y—h) — 4F(x, y)

By applying Taylor’s theorem on the right we easily discover that for F = T(z,y), |L[T(x,»)}| =
MR4/6 where M is an upper bound of |T ., and |Ty,,,|. Moreover, L[T(x,y,k)] =0 by the defini-
tion of T(x,y, ). Now suppose the origin of x,y coordinates to be at the lower left corner of our
square. This can always be arranged by a coordinate shift, which does not alter the Laplace
equation. Introduce the function

S(x,y,h) = T(x,y,k) — Tl(x,y) — (A/2D2(D2— a2 —y2) — A/2

where A is an arbitrary positive number and D is the diagonal length of the square. A direct com-

putation now shows
L[S(x,y,h)] = 2h2A/D? + 0(Mh?/6)

so that for h sufficiently small, L[S] > 0. This implies that S cannot take its maximum value at
an interior point of the square. Thus the maximum occurs on the boundary. But on the boundary
T(x,y,h) = T(x,y) and we see that S is surely negative, This makes S everywhere negative and
we easily deduce that T(x,y,h) — T(x,y) < A. A similar argument using the function

R(@,y,h) = T(x,y) — T(x,y,h) — (A/2D%)(D*~a2—y?) — A/2

proves that T(z,y) — T(x,y,h) < A. The two results together imply |T{(x,y,k)— T(x,¥)| < A
for arbitrarily small A, when h is sufficiently small. This is what convergence means.

Prove that the Gauss-Seidel method, as applied in Problem 29.28, converges to the
exact solution T(x,y, k) of system (1), Problem 29.24.

This is, of course, an altogether separate matter from the convergence result just obtained.
Here we are concerned with the actual computation of T(z,y, 2) and have selected a method of suc-
cessive approximations. Suppose we number the interior points of our square lattice from 1 to N
as follows. First we take the points in the top row from left to right, then those in the next row



CHAP. 29] BOUNDARY VALUE PROBLEMS 395

from left to right and so on. Assign arbitrary initial approximations T? at all interior points,
i=1,...,N. Let the succeeding approximations be called 7" We are to prove

imT; = T, = T(z,y,hk)
as n tends to infinity. Let S7'= T7— T,. Now it is our aim to prove lim S = 0. The proof is based
on the fact that each S; is the average of its four neighbors, which is true since both 77 and T'; have
this property. (At boundary points we put S equal to zero.) Let M be the maximum ]S? | Then, since
the first point is adjacent to at least one boundary point,

ISil = }M+M+M+0 = 3M
And since each succeeding point is adjacent to at least one earlier point,
ISl = M+ M+ M+ 1))
Assuming for induction purposes that |Sj| = [1— (})]M we have at once
Sivd = BM + J1-GIM = [1— @M

The induction is already complete and we have |Sy| = [1 — ($)¥IM = oM which further implies

18{] = oM, i=1,...,N

Repetitions of this process then show that |S7| = "M, and since « <1 we have limS} = 0 as
required. Though this proves convergence for arbitrary initial T¢, surely good approximations
T!will be obtained more rapidly if accurate starting values can be found.

MORE GENERAL PROBLEMS
29.27. Adapt the previous method to the case of a curved boundary.

A variety of procedures have been suggested for handling curved boundaries. Suppose the
boundary passes between lattice points as shown in Fig. 29-3, leaving points A and B outside. With
h small the known values at E and F could simply be assigned to points A and B, or even to Z
itself if this is closer. For the more fastidious a linear interpolation may be adequate, making

Ty = Tg+ ;2=Te=T, T = T+ 725 (Tr—T

1
Since Ty and Ty are known boundary values these formulas may be added to our linear system,
which then has two more equations and two more unknowns T, and Tp. (These unknowns are of no
great interest to us since they are at exterior points.) Such a pair of equations will correspond
to any interior point Z with two exterior neighbors. The case of just one exterior neighbor is

handled in the same way (see Fig. 29-4).

A
V A
E
h —rh
D Z F B D Z F B
h — sh sh
C C
Fig. 29-3 Fig. 29-4

29.28. Adapt the previous method when the values of 37/dy are known along the horizontal
parts of the boundary instead of the values of T itself.
The simplest device is to use the approximation
aT/dy ~ (Ta—TR/h
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29.30.

29.31.
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with points labeled as in Fig. 29-5. This determines the boundary value T, in terms of T',. For
greater accuracy the parabolic formula

aT/ay ~ (—Tg+ 4T, — 3T,)/2h

may be used instead. Similar formulas apply if d7/6x is given along vertical boundary segments.
Often in applications the normal derivative 3T/dn is given along a curved boundary. An interpola-
tion procedure may again be used to handle this case. From Fig. 29-6 we have

Ty — Tp ~ d@T/dn)g, Tp— Tz ~ r(Tc—Tz)

and putting these together,
Tg ~ @—nTz; + rTe + d@T/on)g

This introduces a new equation to our linear system and the additional unknown T'p.

Fig. 29-5 Fig. 29-6

Extend the finite difference method to the Poisson equation 82T/dx? + 8*°T/dy* = f(x, ¥).

The difference equation becomes T, = (1/4)(T, + Ty + T¢ + Tp) — (1/4)h2f; and leads to an
algebraic system much as before. Other generalizations may similarly be made. .

Reduce the eigenvalue problem 827'/9x? + 3*°T/oy* = AT with suitable boundary con-
ditions to an algebraic problem.

The finite difference equation becomes Ty = (1/4)(T4 + Ty + T¢ + Tp) — (1/4)R3\T; and leads
to a matrix eigenvalue problem.

What is the equivalent optimization problem?

Most boundary value problems are equivalent to a problem of optimjzation. In this case a
function T'(x,y) which makes

ff (T2 + T2)dw dy = minimum
R

and takes prescribed values on the boundary curve of the region R, must also satisfy the Laplace
equation T,, + T,, = 0 inside R, assuming that it has adeguate continuity properties. The prob-
lem of minimizing the integral may then substitute for the differential boundary value problem.
One procedure might be to introduce finite difference approximations to the derivatives, replace the
integral by a summation over a lattice of points covering R, and tackle the resulting problem by
the methods of calculus. Another procedure, known as a direct method of the calculus of variations,
uses analytic approximations. The method of dynamic programming provides still another
approach.
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WAVE EQUATION

Apply finite difference methods to the equa"cion
?U ?U
W_a—x—.? - F[t’ny)Ut’Ux] —°°<x<°°,Oét

with initial conditions U(zx, 0) = f(x), U:(z, 0) = g(x).
Introduce a rectangular lattice of points =, = mh, t, =nk. At t=n =0 the U values are
given by the initial conditions. Using
U Uz, t+k) — Ulx, t)
at k R
at t =0 we have U(x, k) ~ f(x) + kg(x). To proceed to higher t levels we need the differential
equation, perhaps approximated by

Uw,t+k) — 2U(, t) + Ulx,t—k)  Ule+th t) — 22U, t) + Uxz—ht)
k2 B2

Ulw, ) — Uw,t—k) U(@+h,t) — Ul—h, t)
% ’ 2h ]

= F':t, x, U,

which may be solved for Ulzx, t+ k).
U values to any ¢ level and for all z,,.

Applied successively with ¢t =k, k+1, ..., this generates

Illustrate the above method in the simple case F =0, f(x) = z?%, g(z) = 1.
The basic difference equation may be written (see Fig. 29-7) A
UA = 2(1 - >\2)Uc + )\2(UB + UD) e UE h
where A\ = k/h. For A =1 this is especially simple, and re- | |
sults of computation with A =k = .2 are given in Table 29.3. B h Y D
Note that the initial values for # =0 to 1 determine the U
values in a roughly triangular region. This is also true of the
differential equation, the value U(x,t) being determined by in- EH
itial values between (x — ¢, 0) and (x + ¢, 0). (See Problem 29.34.) Fig. 29-7
.6 1.00 1.20
4 .52 .64 84 112
2 .20 .24 .36 .56 .84 1.20
0 .00 .04 .16 .36 .64 1.00
t/x 0 2 4 .6 .8 1.0
Table 29.3

Show that the exact solution value U(z,t) of Usx = Us, Uz, 0) = f(x), Us(x, 0) = g(x)
depends upon initial values between (x — ¢, 0) and (z + ¢, 0).
For this old familiar problem, which is serving us here as a test case, the exact solution is

easily verified to be L
t — 1t
Mot et 1 ("
z—t

and the required result follows at once. A similar result holds for more general problems.

Uz, t)

Illustrate the idea of convergence for the present example.

Keeping » =1, we reduce k and k in steps. To begin, a few results for A =% =.1 appear
in Table 29.4. One looped entry is a second approximation to U(.2,.2) so that .26 is presumably
more acceurate than .24. Using A =k = .05 would lead to the value .27 for this position. Since
the exact solution of the differential problem may be verified to be

Uz, t) = x2+t2+1¢
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we see that U(.2,.2) = .28 and that for diminishing & and k our computations seem to be headed
toward this exact value. This illustrates, but by no means proves, convergence. Similarly,
another looped entry is a second approximation to U(.4,.4) and is better than our earlier .64 because
the correct value is .72.

4 61

3 .40 .45 .52 .61

2 23 31 .38 47 .58

i 10 11 14 19 26 35 .46 .59
0 .00 .01 .04 09 16 25 .36 .49
¢ 0 1 2 3 4 5 6 1

Table 294

Why is a choice of A =k/h > 1 not rec-
ommended, even though this proceeds 7\
more rapidly in the ¢-direction? PN

The exact value of U(x,t) depends upon ini- NoC oy NN
tial values between (x —¢,0) and (z+¢ 0). If % =/ \ \\
A >1 the computed value at (x,t) will depend 7§ \ N\
only upon initial values in subset AB of this in- s
terval. (See Fig. 29-8.) Initial values outside AB / \ N
could be altered, affecting the true solution, but (:c—lt, 0) ,11 1_!; (ac+I t,0)
not affecting our computed value at (x,t). This
is unrealistic. Fig. 29-8

Supplementary Problems

Solve the equation y” +y + 2y = 0 with y(0) =1 and y(1) =0 by the method of Problem
29.1.

Solve the previous problem by the method of Problem 29.2, Which approach do you find more
convenient?

Solve y"’ +Vay +y = e with y(0) =0 and y(1) =0.

Apply the method of Problem 29.4 to y” + Ay = 0 with %(0) =0 and y’(1) = 0. Prove conver-
gence to the exact solution y = sin (2n + 1)(z2/2), N\, = [@n + 1)(z/2)]2.

Apply the method of Problem 29.4 to obtain the largest eigenvalue of y' +xxy = 0 with
y(0) = y(1) = 0.

Apply the method of Problem 29.5 to y” = y2 + (¥')2, »(0) = 0, y(1) = L.

An object climbs from ground level to height 100 feet in one second. Assuming an atmospheric
drag which makes the equation of motion ¥/ = —32 — 1vy', what was the initial velocity?

An object climbs from (0, 0) to (2000, 1000) in one second, distances being in feet. If the equations

of motion are
z'(t) = —.1Vv cosa, y'(t) = —32 — .1Wvsina

where v2 = (z')2 + (y')2 and « = arctan (y'/x’), find the initial velocity.
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29.45.

29.46.

29.47.

29.48.

29.49.

29.50.

29.51.

29.52.

29.53.

29.54.

29.55.

1
Find the function y(x) which minimizes f [ey2 + (¥')?] dx and satisfies %(0) =0, y(1) =1. Use
the method of Problem 29.7. 0

Apply the dynamic programming method of Problem 29.9 to the previous problem. Compare the
results of the two methods.

A vehicle flying at altitude 100 miles and speed 1000 miles per hour is to climb to altitude 150 miles
and reduce speed to 900 miles per hour. This maneuver is to be achieved in minimum time. With
(x,y) denoting position and (u,v) velocity components, the equations of motion may be written as

[A—

& =u, ¥y = v, «w = 1000cosy, v = 1000 siny

where the figure 1000 represents the thrust available and y is the angle of the thrust. We also
have these boundary conditions:

x(0) = 0 y(0) = 100  u(0) 1000 »(0) = 0
y(T) = 150  w(T) = 900 oT) = 0

In the calculus of variations approach, Lagrange multipliers Ay, Ay, Mg, A4 are introduced and the
Euler equations make \; and X\, constant, with

A = —MEHCy, A = =Nt + Gy Agsiny = Agcosy

I

The natural boundary conditions A; = 0 and
1000(A3 cos Yy + Ay siny) = 1 at t=T

are also obtained. If the constants C;, Cy, Ay were known, then y(f) could be determined and the
equations of motion could be integrated. Unfortunately, however, these three constants and also
the time of flight T are not known. In their place we have four terminal conditions, at time T.
Use a method of successive approximations to find the optimum time T and the optimum path, as
well as the optimum control function y(t) which tells how to steer the vehicle. This problem nicely
illustrates the difficulties of optimization.

Apply the method of Problem 29.12 to the case a=c¢=1,b=0,1=1, f(t) =gt) =0, F(x) =
(1 — x). Diminish h, obtaining successive approximations until you feel you have results correct
to two decimal places. Use A =1/2.

Repeat the previous problem with A = 1/6. Are satisfactory results obtained more economically
or not? Try A =1.

Apply the method of Problem 29.20 using N\ = 1. Is two place accuracy obtained more economically
than in the previous two problems? Also try A = 2.

Apply the method of Problem 29.18. Does it seem more or less effective than the other methods
just applied?

Show that replacement of derivatives by simple finite differences converts the two dimensional dif-
fusion equation T, = T,, + T,, into

Tl,m,n+1 = (1 - 4>\)Tl,m,n + >\(Tl+1,m,n + Tl—l,m,n + Tl,m+1,n + Tl,m——l,n)

and obtain a similar approximation to the three dimensional diffusion equation Ty = T, + T, + T...

Obtain an approximate solution of T, = T,, in the “triangular” region 0 =1¢, 0 = = X(¢) = 2
where T(0,t) = ¢ and T(X,t) = 0. Use the variable k method of Problem 29.21.

Apply the method of Problem 29.22 when T(x,0) = «(1—«), the other boundary values being 0.
Assume [ = 1. Use the Gauss-Seidel iterative method to solve the linear system. First try h = 1/4,
then the more ambitious % = 1/8. How accurate do you believe your results to be?

Find an approximate solution to Laplace’s equation in the region 0=z, 0 =y, y = 1—«2 with
T0,y) =1—y, T(x,0) =1—% and the other boundary values zero. Use the simplest method for
handling curved boundaries, merely transferring boundary values to nearby lattice points. Try
h=1/4 and h = 1/8. How accurate do you think your results are?



400

29.56.
29.57.

29.58,
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Solve the previous problem with the first boundary condition replaced by T,.(0,y) = 0.
Suggest a simple finite difference approximation to T, + T, + T,, = 0.

Adapt the method of Problem 29.32 using A =1 to solve
Uy = U, U@O,t) = U@Rt) =0, U0 = singz, Uglz,0) = 0

Compare results with the exact solution U(x, t) = (cos »t)(sin 7).

Prove the convergence of the algorithm used in the previous problem by comparing the exact solu-
tions of both the differential and difference problem for decreasing h.

Solve in the form of a Fourier series:
Utt = U:m:’ U(O’ t) = U(]-: t) =0, U(xy 0) = x(l - x)y Ut(m) 0) =0

Adapt the method of Problem 29.32 to the two dimensional wave equation Uy = U, + Uy,

The boundary value problem " = n(n—1)y/(x—1)2, y(0) =1, y(1) =0 has an elementary solu-
tion. Ignore this fact and solve by the garden-hose method, using n = 2.

Try the previous problem with n = 20. What is the troublesome feature?

The boundary value problem y"’ —nZy = —n2/(1—e~®), y(0) =0, y(1) =1 has an elementary
solution. Ignore this fact and solve by one of our approximation methods, using n = 1.

Try the previous problem with n = 100. What is the troublesome feature?

Solve by the finite difference method: ¥ + y = L with y(0) = %’(0) = y(1) = y'’(1) = 0. This is
the beam deflection problem with uniform load L, the beam being imbedded (in concrete) at « = 0
and simply supported at x = 1. Let L = 160,000. Choose h = .05.

Repeat the previous problem with % half as large.

The boundary value problem T,=T,, T(x,0) =0, T(0,£) =1 in the quarter-plane « >0, t>0
represents the warming of a semi-infinite solid, initially at temperature zero, when a constant tem-
perature of T =1 is applied and maintained at the surface = = 0. An elementary solution can be
found, but proceed by one of our approximation methods.

Work the previous problem with boundary condition 7T(0,¢) = sint¢ replacing T7(0,t) = 1. Again
use one of our approximation methods.

The boundary value problem
Uy + Uppre = 0, 0<w, 0<t U0 =Ulz,0 =U,(0,t)=0, U@©t)=1

represents the vibration of a beam, initially at rest on the x axis, and given a displacement at
2 = 0. This problem can be solved using Laplace transforms, the result appearing as a Fresnel
integral which must then be computed by numerical integration. Proceed, however, by one of our
finite difference methods.



Chapter 30

Monte Carlo Methods

RANDOM NUMBERS

Random numbers, as the term is normally used, are not numbers generated by a random
process such as the flip of a coin or the spin of a wheel. Instead they are numbers gen-
erated by a completely deterministic arithmetical process, the resulting set of numbers
having various statistical properties which together are called randomness. A typical
mechanism for generating random numbers is

Tnt+1 = T2,(mod N)

An initial element x, is repeatedly multiplied by r, each product being reduced modulo N.
For certain choices of 7 and N the resulting sequence o, 21, Z2, . . . is fairly evenly distributed
over {0, N), contains about the expected number of upward and downward double runs
(18, 69, 97 for example) and triple runs (09, 17, 21, 73 for example) and agrees with other
predictions of probability theory. Such modular multiplicative methods may be the most
heavily-used random number generators at present. With decimal computers

Zn+1 = T2, (mod 109), Zo=1
is quite satisfactory, while with binary computers a good choice is
Tn+1 = (8t —3)xa(mod 2°), wo=1
with ¢ some large number.

APPLICATIONS

Monte Carlo methods solve certain types of problems through the use of random num-
bers. Although in theory the methods ultimately converge to the exact results, in practice
only modest accuracy is attainable. This is due to the extremely slow rates of convergence.
Sometimes Monte Carlo methods are used to obtain good starting approximations for
speedier, refinement algorithms. Two types of application are offered.

1. Simulation refers to methods of providing arithmetical imitations of “real” phenomena.
In a broad sense this describes the general idea of applied mathematics. A differential
equation may, for example, simulate the flight of a missile. Here, however, the term
simulation refers to the imitation of random processes by Monte Carlo methods. The
classic example is the simulation of a neutron’s motion into a reactor wall, its zigzag
path being imitated by an arithmetical random walk. (See Problems 30.2 and 30.4.)

2. Sampling refers to methods of deducing properties of a large set of elements by study-
ing only a small, random subset. Thus the average value of f(x) over an interval may
be estimated from its average over a finite, random subset of points in the interval.
Since the average of f(x) is actually an integral, this amounts to a Monte Carlo method
for approximate integration. As a second example, the location of the center of gravity
of a set of N random points on the unit circle may be studied by using a few hundred
or a few thousand such sets as a sample. (See Problem 30.5.)

401
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30.2.
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Solved Problems

What are random numbers and how may they be produced?

For a simple but informative first example begin with the number 01. Multiply by 13 to obtain
13. Again multiply by 18, but discard the hundred, to obtain 69. Now continue in this way, mul-
tiplying continually by 13 modulo 100, to produce the following sequence of two digit numbers.

01, 13, 69, 97, 61, 93, 09, 17, 21, 73, 49, 37, 81, 53, 89, 57, 41, 33, 29, 77
After 77 the sequence begins again at 01.

There is nothing random about the way these numbers have been generated, and yet they are
typical of what are known as random numbers, If we plot them on a scale from 00 to 99 they show
a rather uniform distribution, no obvious preference for any part of the scale. Taking them con-
secutively from 01 and back again, we find ten increases and ten decreases. Taking them in triples,
we find double increases (such as 01, 13, 69) together with double decreases occurring about half
the time, as probability theory suggests they should. The term random numbers is applied to
sequences which pass a reasonable number of such probability tests of randomness. Our sequence
is, of course, too short to stand up to tests of any sophistication. If we count triple increases (runs
such as 01, 13, 69, 97) together with triple decreases, we find them more numerous than they should
be. So we must not expect too much. As primitive as it is, the sequence is better than what we -
would get by using 5 as multiplier (01, 05, 25, 25, 25, ... which are in no sense random numbers).
A small multiplier such as three leads to 01, 03, 09, 27, 81, ... and this long upward run is hardly
a good omen. It appears that a well-chosen large multiplier may be best.

Use the random numbers of the preceding problem in a simulation of the movement
of neutrons through the lead wall of an atomic reactor.

For simplicity we assume that each neutron entering the wall travels a distance D before col-
liding with an atom of lead, that the neutron then rebounds in a random direction and travels
distance D once again to its next collision, and so on. Also suppose the thickness of the wall is 3D,
though this is far too flimsy for adequate shielding. Finally suppose that ten collisions are all a
neutron can stand. What proportion of entering neutrons will be able to escape through this lead
wall? If our random numbers are interpreted as directions (Fig. 30-1) then they may serve to predict
the random directions of rebound. Starting with 01, for example, the path shown by the broken
line in Fig. 30-2 would be followed. This neutron gets through, after four collisions. A second
neutron follows the solid path in Fig. 30-2, and after ten collisions stops inside the wall. It is now
plain that we do not have enough random numbers for a realistic effort, but see Problem 30.3.

Fig. 30-1 Fig. 30-2
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30.3.

30.4.

30.5.

How may a more extensive supply of random numbers be produced?

There are quite a few methods now available, but most of the best use the modular multiplica-
tion idea of Problem 30.1. For example, the recursion

Znt1 = T, (mod 10%), zy=1

generates a sequence of length 5.105—3 having quite satisfactory statistical behavior. It is suitable
for decimal machines. The recursion

Cp+1 = (St - 3) Ln (mOd 23)7 Xy = 1

generates a permutation of the sequence 1,5,9, ..., 25— 3, again with adequate statistical behavior.
It is suitable for binary machines. The number ¢ is arbitrary but should be chosen large to avoid
long upward runs. In both these methods s represents the standard word length of the computer
involved, perhaps s = 10 in a decimal machine and s = 30 or 40 in a binary machine,

Continue Problem 30.2 using a good supply of random numbers.

Using the first sequence of Problem 30.3 on a ten digit machine (s = 10), the results given
below were obtained. These results are typical of Monte Carlo methods, convergence toward a
precision answer being very slow. It appears that about twenty-eight percent of the neutrons will
get through, so that a much thicker wall is definitely in order.

Number of trials 5,000 10,000 15,000 20,000

Percent penetration 28.6 28.2 28.3 28.4

Suppose N points are selected at random on the rim of the unit circle. Where may
we expect their center of gravity to fall?

By symmetry the angular coordinate of the center of gravity should be uniformly distributed,
that is, one angular position is as likely as another., The radial coordinate is more interesting and
we approach it by a sampling technique. Each random number of the Problem 30.3 sequences may
be preceded by a decimal (or binary) point and multiplied by 27. The result is a random angle ¢;
between 0 and 2z, which we use to specify one random point on the unit circle. Taking N such
random points together, their center of gravity will be at

N N
X = (1/N) 21 cos6, Y = (1/N) .21 sin 8;
i= i=

and the radial coordinate will be » = VX2 4+ Y2. Dividing the range 0 =7 =1 into subintervals
of length 1/32, we next discover into which subinterval this particular r value falls. A new sample
of N random points is then taken and the process repeated. In this way we obtain a discrete ap-
proximation to the distribution of the radial coordinate. Results of over 6000 samples for the cases
N =2,3and 4 are given in Table 30.1 below. The columns headed Freq give the actual frequency
with which the center of gravity appeared in each subinterval, from the center outward. Columns
headed Cum give the cumulative proportions, For the case N =2 this cumulative result also
happens to be exactly (2/z) arcsin (#/2) which serves as an accuracy check. Note that we seem to
have about three place accuracy.
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n=2 n=23 n=4
Freq Cum Exact | Freq Cum | Freq Cum
1 121 .0197 0199 7 .001 36 .005
2 133 0413 .0398 37 .007 87 .018
3 126 0618 .0598 58 017 128 .038
4 124 .0820 .0798 67 .028 169 .063
5 129 .1030 .0999 95 .043 209 .094
6 111 J211 1201 113 061 192 123
7 123 1411 1404 141 .084 266 163
8 115 .1598 .1609 172 112 289 207
9 129 .1808 1816 224 .149 238 242
10 142 2039 .2023 336 .203 316 .290
11 123 2240 2234 466 279 335 .340
12 138 2464 2447 344 .335 360 .394
13 126 2669 2663 291 .383 357 448
14 157 .2925 .2883 285 429 365 503
15 126 .3130 .3106 269 473 365 .558
16 125 .3333 .3333 255 514 405 .618
17 150 3577 .3565 223 551 353 672
18 158 .3835 .3803 189 .581 255 710
19 135 4054 .4047 208 .615 275 751
20 148 4295 4298 185 .645 262 790
21 157 .4551 .4558 215 .680 182 .818
22 158 .4808 4826 197 712 159 842
23 173 .5090 5106 183 742 163 .866
24 190 5399 5399 201 775 168 .892
25 191 5710 .5708 188 .805 167 917
26 211 .6053 .6038 183 .835 131 936
27 197 6374 6393 163 .862 102 952
28 247 8776 6783 176 .890 87 965
29 262 7202 7221 170 918 87 .978
30 308 7703 7787 162 944 76 .989
31 424 .8394 .8407 163 971 45 996
32 987  1.0000 1.0000 178  1.000 27  1.000
Table 30.1
30.6. Solve the boundary value problem
Tex+ Ty = 0, T(0,9) = T(L,y) = T(x,1) = 0, T(z,0) = 1
by a sampling method which uses random walks.
This is an example of a problem, with no obvious statistical 2 3
flavor, which can be converted to a form suitable for Monte Carlo
methods. The familiar finite difference approximations lead to a
discrete set of points (say the nine in Fig. 80-3) and at each of 2 &
these points an equation such as
Ts = (/4)[T, + T, + Tg + Ty 8 9
which makes each 7T value the average of its four neighbors. This
same set of nine equations was encountered in Problem 26.7, page
340, each unknown standing for the probability tl}at a lost dog will Fig. 30-3




CHAP. 30] MONTE CARLO METHODS 405

30.7.

30.8.

30.9.

30.10.

30.11.

30.12.

30.13.

eventually emerge on the south side of our diagram, reinterpreted as a maze of corridors! Though
a sampling approach is hardly the most economical here, it is interesting to see what it manages.
Starting a fictitious dog at position 1, for example, we generate a random number. Depending on
which of the four subintervals (0, 1/4), (1/4, 1/2), (1/2, 3/4) or (3/4,1) this random number occupies,
our dog moves north, east, south or west to the next intersection. We check to see if this brings
him outside the maze. If it does not, another random number is generated and a second move
follows. When the dog finally emerges somewhere, we record whether it was at the south side or
not. Then we start a new fictitious dog at position 1 and repeat the action. The result of 10,000
such computer samples was 695 successful appearances at a south exit. This makes the probability
of success .0695 and should be compared with the result .071 found by the Gauss-Seidel iteration.
The latter is more accurate, but the possibility of solving differential boundary value problems by
sampling methods may be useful in more complicated circumstances.

Illustrate approximate integration by Monte Carlo methods.
Perhaps the simplest procedure is the approximation of the integral by an average,

b N
J wa = am 3w

where the x; are selected at random in (a,b). For example, if we use just the first five random
numbers of Problem 30.1, all preceded by a decimal point, then we have

1
f cde ~ (1/5)(241) ~ .48
0

1
where the correct result is 1/2, and we also find f 22dx ~ .36 where the correct result is 1/3.
0

For the same integrals, with N = 100 and using the longer sequences of Problem 30.3, the results
.523 and .316 are obtained, the errors being about five percent. This is not great accuracy, but in
the case of integration in several dimensions the same accuracy holds and Monte Carlo methods
compete well with other integration algorithms.

Supplementary Problems

Generate a sequence of twenty random numbers using x,.,; = 72,(mod 100), selecting your own
multiplier ». Use these numbers to simulate three or four neutron paths as in Problem 30.2.

Using a sequence of the sort in Problem 30.3, simulate 1000 neutron paths as in Problem 30.4.
Repeat for lead walls of thickness 5D, 10D and 20D. How does the shielding efficiency seem to grow?

Simulate 1000 random walks in a plane, each walk being twenty-five steps long, steps having equal
lengths. Let each walk start at (0,0) and each step be in a random direction. Compute the average
distance from (0, 0) after 4, 9, 16 and 25 steps.

X
Approximate this integral using random numbers: f sin x dx.
0

Approximate this integral using random numbers:
r et fl ot dA dB dC dD dE dF
f "1+4+B+C+D+E+F
o Yo Yo Yo Yo Yo

Golfers A and B have the following records:

Score 80 81 82 83 84 85 86 87 88 89

A 5 5 60 20 10

B 5 5 10 40 20 10 10
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30.14.

30.15.

30.16.

30.17.

30.18.

30.19.

30.20.

MONTE CARLO METHODS [CHAP. 30

The numbers in the A and B rows indicate how many times each man has shot the given score.
Assuming they continue this quality of play and that A allows B four strokes per round (meaning
that B can subtract four strokes from his scores), simulate 1000 matches between these men. How
often does A defeat B? How often do they tie?

A, B and C each has an ordinary pack of cards. They shuffle the packs and each exposes one card,
at random. The three cards showing may include 1, 2 or 3 different suits. The winner is decided
as follows:

Number of suits showing 1 2 3

Winner is A B C

The exposed cards are replaced and this completes one play. If many such plays are made, how
often should each man win? The answer can be found by elementary probability, but simulate the
actual play by generating three random numbers at a time, determining suits according to this
scheme:

x falls inside interval 0, 1/4) (1/4, 1/2) (1/2, 38/4) (3/4, 1)

Suit is S H D C

A baseball batter with average .300 comes to bat four times in a game. What are his chances of
getting 0, 1, 2, 3 and 4 hits respectively? The answer can be found by elementary probability
but proceed by simulation.

In the “first man back to zero” game two players take turns moving the same marker back and
forth across the board.

10y 9| 8| 76|54 |3f(271]0|112|3]4|5|6|7|8(9]10

The marker is started at 0. Player A starts and always moves to the right and B to the left, the
number of squares moved being determined by the throw of one die. The first man to stop on zero
exactly is the winner. If the marker goes off either end of the board the game is a tie, the marker
is returned to 0 and a new game is started by player A. What are the chances of A winning? The
answer is not so easy to find by probability theory. Proceed by simulation.

The integers 1 to N are arranged in a random order. What are the chances that no integer is in its
natural place? This is the famous “probleme des rencontres” and is solved by probability theory.
But choose some value of N and proceed by simulation.

Generate three random numbers. Arrange them in increasing order «; < #, < 3. Repeat many
times and compute the average x,, average xz, and average x,.

Suppose that random numbers y with non-uniform distribution are required, the density to be
f(¥). Such numbers can be generated from a uniform distribution of random numbers x by equating
the cumulative distributions, that is,

foxl-dx = foyf(y)dy

For the special case f(y) = ¢~¥, show how y may be computed from =«.

For the normal distribution f(y) = ¢~v%/\/2; the procedure of the preceding problem is trouble-
some. A popular alternative is to generate twelve random numbers z, from a uniform distribution
over (0,1), to sum these and, since a mean value of zero is often preferred for the normal dis-
tribution, to subtract six. This process depends upon the fact that the sum of several uniformly
distributed random numbers is close to normally distributed. Use it to generate 100 or 1000 numbers

Then check the distribution of the y numbers generated. What fraction of them are in the intervals
0,1), 1,2), (2,3), and (3,4)? The corresponding negative intervals should have similar shares.



Answers to Supplementary Problems

CHAPTER 1

1.19. 153, 1530 and then 765

1.20. 765

1.21. 1.018

1.22. 1+ .018, only two terms being needed.

1.23.  Near the middle of the possible range.

1.24. —.009

1.25. N =100, N = 10,000

1.26.  First method yields only one digit, second gives three.
1.29. Exact value is E/(VX + V=)

1.30. Exact value is In[1 + (E/x)].

131,  1.414214

1.32.  1.414214, slower convergence

1.33.  1.414214

134, 1.259921

1.35. 1.259921, slower convergence

1.36. .114904, .019565, .002486, .000323, .000744, .008605
1.37.  .008605

1.38. Computed Jg %= .119726.

CHAPTER 2

211, (x—D)(x2+1)

212. 3,-3,3,-3,3

213. px) = 2x — «2

215. Est. max. error = .242; actual error = .043,
216, y' =111, p' =1

217. y" =-—1.75, p’' =2

218. 4/r,4/3

219, y = x4+ Tx(x—1) + 6x(x — 1)z — 2)

220. 7(x) = xz(x—1)(x—2)(x—3)

221. 1

CHAPTER 3

3.13. Fourth differences are all 24,

3.14. ASy, = A%y; — A%y, and now use our result for fourth differences.
3.15. Z:: - :—: = D1 T Wb ;i;::v"“ , ete.

3.16.

Fifth differences are 5, 0, —5.

407
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3.17. Change y, to 0.

3.22. 1,3,7,14, 25,41

3.23. Ay, =0,1,5,18,36,60; y, = 0,0,1,86,24,60,120
3.24. A%y, = 24,30,36; Ay, = 60,90,126; y, = 120,210, 336
3.25. Change 113 to 131.

3.26. A%, = y3— 2y, +yy; A2y = yy—2ys+ ye

3.27. 3k

3.28, 4k, (—2)k

3.29. L[4k — (—2)¥]

3.30. Apply the identity for the sine of a difference.
3.31. Apply the identity for the cosine of a difference.

CHAPTER 4

423. 120, 720, 0, —2/9, 10/27, —80/81

4.24. 1/7,1/56, 1/504, 3/4, 9/28, 27/280

425. 20,1,0,—1/9, 5/81, —10/243

4.26. Fourth differences are all 24.

4.27. 4E®, 12k, 24k, 24

4.28. 5k, 20k, 60k, 120k, 120

4.29. 2K — TR2 4+ 9k — 17

4.30. k% — 15Kk5 + 85k* — 224Kk3 + 271k2 — 118k + 1
431, 2k 4 4kB) + 252 — 25D + 1

432. 3k — 25k®) 4 75k 4 53EL

4.33. Ay, = 53 + 185k + 90k2 — 90k3 + 15k
434, A%y, = 150 — 30k — 180k2 + 60k3

435. 31,129, 351

436. 10, 45, 126

437. 2
438. 4
439. k3/3
440, ED/4

441, LEG) + 1E2
442, Lk + k@ 4 Lp@
443.  —1/(k+1)

CHAPTER 5

59  1lln+ 1)@ —13]

510. ni(n+1)2/4

511,  Use the fact that A? = Al4i/(A —1)].

512.  Use the fact that (L) = {®/kt = A[ik+D/(k + 1)1].

'5.13.  1/4
514. 3/4
515. (R®+4R2+ R)/(1—R)*
516. 26
517. —1/3

518.  log(n+1)



n
5.19. ,-21 SN + 1)U+D — 1]/ +1)
1 1 1
5.20. ;[1+§+§+---+ﬂ
5.21. Denote the sum by S,(R). Then S,,(R)=RS,(B) which may be used to compute each sum in
its turn.
5.22. yk:1+%+§+---+7€{—1
523. y;, = log2+log3+ -+ +log(k—1)
CHAPTER 6
6.8. [(x — 2)(x — 4)/64][8 — 4(x — 6) + (x — 6)(x — 8)]
69. 1+ a+ Jo@—1)
610. 6+ 18(z—3) + 9z — 3)(w — 4) + (z — 3)(x — 4)(x — 5)
6.11. = Degree 4 suffices, x(x — 1)[{ — {(x —2) + @ —2)(x - 3)].
612. 1+ o+ le(w—1) + fa(e — 1)z —2)
6.14. Tx2 — 6x
6.15. Lud — 222 +—§w; collocation at # = 4, but not at # = 5.
6.16. No, degree 3
6.17. No, degree 1
6.18. (722 — x%)/6; greater in (—2,—1) and (1, 2)
6.19. (7o — x2)/6; arguments are not equally spaced.
6.20. = Lk(k—1)(k—2)
CHAPTER 7
738. 142k 4+ 2k(k+1)+ %k(lc + 1)k +2) + 2k(k+ 1)k + 2)(k+ 3)
7.39. 120 + 60k + 12k(k + 1) + Kk + 1)(k + 2)
741, 2z — 322 + 23
742 1—Fk—k(k—1) + 30k + Dk(k — 1) + 1k + Dk(k — 1)(k — 2)
743 14k — (k+ Dk — 3(k+ Dk(k— 1) + 1(k + 2)(k + Dk(k — 1)
744. 24 + 86k + 9k(k— 1) + (B + 1)k(k— 1)
45, 1— 3k —1) + 1506 + Dk(e — 1)(k — 2)
747, 1 -k + I(k+ DRk —1)
748. With k=0 at @ =1, y = 2+ 3k + k2
749. 60k — 24(k— 1) + 4k + Dk(k— 1) — 3k(k — 1)(k — 2)
750, 1— LB+ k(E~1) — kE—-1k—2)] + % [(k2 — 4)(k2 — Dk — (k2 — D)ke(k — 2)(k — 3)]
751, 4k — 2(k—1) + [k — Dk — k(k — 1)(k — 2)]
752, 42 + 36(k— 1) + S k(k— 1) + (k— Pk —1)
753, 1— Lh(k—1) + 25k + Dk(k — 1)(k —2)
754.  Add (k?) 8%y, to the formula in Problem 7.30; x_3 to ;.
CHAPTER 8
811 (z—D(x—4)(x—6) xx—4)(x—6) + zx—1)(x—6) ale—1)(x—4)
) —24 15 —24 60
813, —el@— 2)(”?: D@5 | g — 1) — )@~ 5) — 11 @ — 1)(”; 2)(x ~
816. ap=5/2, a; = —15, ap = 31/2
.17, 2/35 4/15  41/30 + 73/70

ANSWERS TO SUPPLEMENTARY PROBLEMS

x+1 -1 x2—4 x—6

; ¥(8) =84
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1 31
1137, 1+ 8% — 5;58* + g5.4509° —

CHAPTER 12

12.43. 1.0060, 1.0085, no
1244. 1.0291

12.45. 1.01489

12.46. 1.12250

12.47. 1.05830

1248. 1.05356, 1.06302, 1.06771
12.49. .12451559

12.50. 1.213967600118
1251, .1295

12.52. 1295

12.53. 1.4975

1254, 1.4975

410 ANSWERS TO SUPPLEMENTARY PROBLEMS
(% — )2 2(x — o) ' (& — wp)2 [( 2(x ~ x1)> ,:‘
8.20. 1- + (x—x + —_— 1 - +(x—2
e |Gl R T I el | Gty EOR
821 sin 4(x — «,) sin L(x — ) sin 4(x — 2¢) sin 4(x — ) sin 3(x — x,) sin 1(¢ — x,)
T sin d(wp — @y) sin Ly — xp) 0 sin 4{w; — xg) sin §(w; — ) ! sin 4{wy — o) sin 4 (g — 2y)
822 sin (x — ®,) sin (z — x,) sin (x ~ xg) sin (& — ) sin (& — @) sin (¥ — ;)
S sin (g — »9) sin (g — xg) 0 sin (w; — o) Sin (%, — %5) sin (xy — %) sin (wy — @) v
CHAPTER 9
9.10. First order, —2, 2/8, —1; second order, 2/3, —1/3; third order, —1/6.
911, 12 + 3a(x —1) — dulz —1)(z—4)
9.12. First order, 2/8, 0, —1/8; second order, —1/8, 1/3; third order, —1/6.
913. -1 »
914, 16x + 8x(x — 1) — 3x(x — 1)(x — 2) — a(x — L)(x — 2)(x — 4); y(3) = 84 l
CHAPTER 10
108, 22 — o3 1012, py(x) = 23(4 — 2)/16, po(x) = 2 — (4 — 2)%x/16
109. ot — 423 4 422 1015, % — 222 4+ 1
10.10. 325 — 8x* + 68 1016, 2x* —x +1
1011, pylx) = L2, pylax) =2 — L4 —w)? 1017, 3 — a2+ 1
CHAPTER 11
1120, sinzx = o — «3/3! 4+ 25/6! — z7/7' + --- to odd degree n
cosx = 1 — x2/2! + x%/4] — x6/6! + --- to even degree n
1121, #=sing -+ xn*1/(n+1)! for both functions
1122, n=71T
1123, n=28, n =12
-1124. 3 D¥/il
i=1
1127, & + 182 + L83 — 15585 + o 87 + - -
1135, 1+ §8% — g558% + 15506 —
1136, 1 — (1,82 + Abst — gois86 4 -

, 2059, .1942

1255, .1714, .1295, .0941
1256, .2420, .2299, .2179
1257. .02

12.58. .006

1259. .25, .12

12.60. Not quite

12.63. About 1

12.66. About A =1 for x> 1.
12.68. 1.05830

12.70. .34643

12.711.  5/4

12.73.

76604

2
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12,74. 15.150 12.82. .86742
12.75. 14.097 12.83. .71784
12.76. .841552021 12.84. 93/128,133/128, 125/128
12.78. 1.16190, 1.18322, 1.20419, 1285. 1 — 2z
the last being 3 units off. 1286. Error = «t— 722 + 6x;
12.79. 1.20419, 1_22390’ £E= 0 explains the zero error.
both being somewhat in error. 12.87. Fortunate value of ¢
12.80. Correct values are .96126 and .85717, 12.88. 0
12.81. 17.288,18.174, 12.89. 24
both correct to five digits. 1290. O and1
CHAPTER 13
3k2 4+ 6k + 2 4k3 4 18k2
1823, hpt = Vyo + (k) vy, + T2 gy IELIBE AT 6 gy
2
R2pD = 2y, + (k1) Viy, + L’*‘;’fﬂvwo
p® = Viy, + (k +%) Yy,
13.24. 4386, .168, .24
6k2 — 6k
13.25. hp' = 8y + (k— Hudyyp + —l—gﬂs?’yl/z
4k3 — 6k2 — 2k + 2 5kt — 10k3 + 5k — 1
+ 24 w1 120 %12
12k%2 — 12k — 2 4k3 — 6k2 4+ 1
Wp® = w8y + k= PPSyyy + gy + T 8wy
Bp® = 83y + (B— Lusty e + LK — k)83,
Bp® = sty + (=P
RSp(® = 85y,

13.26. .4714, —.208, .32

13.27. Predicted error approx. 10—9 actual error .0000045.

13.28. Max. r.0. error is about 2.5E/h; for Table 13.1 this becomes .00025.
13.31. Exact resultis z =#/2, y = 1.

13.32. 1.57

13.34. h3=E/2A

13.35. h5 = 3E/8A; about h = .11

13.37. Theoretical best & is about .13.

1342. .540300, compared with the correct value .540302.

CHAPTER 14

1446. h ~ V/3/100
1447. A, = .69564, A; = .69377, (¢4, — A;)/3 = 69315

14.48. .69315
14.49. .6931, no corrections needed.
14.50. = .14

1451. 1/3/10% trapezoidal, .014 Simpson.

1457. Exact value is #/4 = .7853982.

14.58. Correct value is 1.4675.

14.63. .03088860

14.65. 9.688448

1468, a_; = a; = 7/15, a9 = 16/15, by =0, b_y = —b; = 1/15
14.75. .807511

411
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14.76. a(h) = e~ k@—h)[(2s2— 35+ 2) — (s+ 2)e~2]/2s3 = o(—h)
b(h) = 2e~kz[(s — 1)es + (s +1)e~s]/s8, where s =kh
14.77. Gives the exact result [e k(=) — g—k(x+h)]/k,
1478. Use k=1, x = 1/2, h = 1/2 to obtain exact result 1 —2e—1.
14.80. .463
CHAPTER 15
15.64. 1.00002
15.65. 1.5
1572. Ly=1, Ly=1—x, Ly=2—4x+2?, Ly =6~ 180+ 922— 3,
L, =24 —96x + 7222 — 1623 + a4, Ly = 120 — 600z + 60022 — 20023 + 2524 — 5
15.79. Exact value is .5. '
15.80. Correct value to five places is .59634.
1582. H,=1, H, = 2z, H, = 422 —2, H, = 8a3 — 120, H, = 16x*— 482+ 12, Hy = 3245 — 160x3 + 120z
1584. [Va/6][y(— V3/2) + y(V/3/2) + 4y(0)]; 3V=/4
15.88. 2.128 15.98. 4/3, the exact value being /2.
15.89. .587 15.99. 1.4675
1591. 2,404 15.100. 1.3506
15.92. 3.82 15.101. Exactly =
15.93. 0200, 0730, 1200, 1630, 2200; 68° 15.102. 9.688448
15.94. 0330, 1200, 2030 15.103. .8862
15.97. About .991, the exact value being 1. 15.104. 1.772
CHAPTER 16
16.13. .5 and —.23, compared with 16.31. Exact value is V#/2.
the exact values .5 and —.25.
16.15. 1.935 16.32. Exact value is #/2.
16.18. —.797 16.33. Exact value is =.
16.27. Exact value is § V7 e~72/4, )
16.29. Exact value is #/2. 16.34. Exact value is #/2e.
16.30. T'(n) 16.35. .0915633
CHAPTER 17
1752, nn—1)(n—2)/3 1771, 798
1753. (n -+ 1)2n2(2n2 + 2n — 1)/12 17.72. .687
3 2n + 3 17.73. .B77
1754, —~ V7o
4 2t Dn+2) 1774, 1.1285
1 1 < 1 1 1 > 1779, Q; =«
1757. = — 3 + + t
18 3\n+1 =n+2 =n+3 : 17.87. After four terms;
1759. .6049 this method yields C ~ .5769.
17.63. About = = .7. 17.95. After seven terms.
17.64. At most eight. 17.97. Almost produces the correct value
1765. About x = 7. .04546 to five places.
gont1 2n+2)2 bout @ = 10 1798. .37653
17.66. G T D1 @Gntop —a2 2P0 2 =10 1790, 03436
17.67. 1.0986 17.100. .8225
17.68. .0953 17.101. Exact value is 1/10.
17.69. 1.6094 and 1.9459 17.102. 1 — C, where C is Euler’s constant.
17.70. 2.0412 17.103. Exact value is 1/2.



17.104. Exact value is 1.

17.105. Exact value is 2 log 2 — 1.

17.106. 5, 61, 1385, 50,521

17.107. Exact value is #3E;/24 2! = »3/32,

17.108. Exact value is #5E,/28«4! = 575/1536.

17.109. Exact value is #7E3/28 «6! = 61x7/256 =720.

17.110. Exact value is 1C + log 2, where C is Euler’s constant.

17.111. Exact value is 1/8.

17.112. Exact value is 2 log 2.

17.113. Exact values are —g—log 2 and % log2.

CHAPTER 18

1845, y, = [A + (1_17)2} P e (1_1r)2,

1846. 1,3, 1,3, ete; 2 — (—1)F; (yo— 2)(=1)k + 2

18.49. Let y, = (k—1)! A(k) to obtain y, = (k—1)! (2k—1) for k> 0.

1850. 127/64

1851. <<<<%— 1> ,%_25 + 1> E%— 1> 3”.22 + 1>x

1854. 1/(k—1)!

18.55. ¢3X(0) = 31#4/90, ¢®(n) = 3! |:7r4/90 —k$1 1/k4:|

1856. 3/4 -

18.57. ~#%2/12 —11/16

1858, y(1/2) = .0865, w(3/2) = .7032, y(—1/2) = 1.9685

18.59. It takes arbitrarily large negative values.

1860, 34(0) — 4¢(V3/5) — Ly(—V3/5)

1861 44(0) ~ 4(V3/4) — Ju(~V3/4)

18.64. 5(—1)k — 3(—2)k

18.66. A -+ B(—1)k

18.67. A4k 4 B3k 4+ (a cos k + b sin k)/(a? + b2), where
a = cos2— Tcosl+ 12, =sin2 — 7sinl
A = (3a — a cos1 — b sin1)/(a? + b2)
B = (—4a + a cos1 + b sin1)/(a2 + b2)

18.68. [—4(—1/2)k + 2k(—1/2)k + 3k2 — 8k + 4]/27

18.70.  (2/3)[2k — (1/2)K]

18.71, [5%(—cos ko — 3 sinke) + 2K]/41, coss = —§,

1873, a <0

18.74.  L(3k) — L (—1)k — 82 — L

18.75. Oscillatory, linear, exponential

18.79, %[1 — (—1)¥]

1881, 0,1,2,2,1,0,0,1,2,2,1 or 1 +%

18.83. 3(—1)k — 3(—2)k + (—3)k

1884, ¢, =1=—c,

18.89. 5k — 2k

1890. 2-+2k + 415k — 64k

1891, %(2k — Bk) + 4k-5k

18.92. 2K, k2k, 22k

ANSWERS TO SUPPLEMENTARY PROBLEMS

except when r =1,

413



414 ANSWERS TO SUPPLEMENTARY PROBLEMS

18.93. 13k/2 cos kg, 13%/2 sin ke, ¢ = arctan 3/2
1894, Fegk — 3 (-2)k — 3k — 4k — 3
18.95. a; = (—1)12itWay/iin®

18.98. 3.359886

CHAPTER 19

19.72. Exact value is 1.

19.73. 1.4060059

19.74. Exact solution is x3y% + 2y = 3x.

19.75. Exact solution is 22y + xe¥ = 1,

19.76. Exact solution is log (x2 + 32) = arctan y/x.
19.77. 4 days, 18 hours, 10 minutes

19.78. 4

19.79. Exact value is  arctan 1.

19.80. Exact solutionis # = ~V1—y2+log(1+V1—9y2)/y.
CHAPTER 20

20.23. See Problem 19.77.

2028. ag=a; =1, Ka, — (2k—Vay_, + ay_s = 0 for k> 1

20.29. Fourth degree Taylor approximation to e—21* is 6.2374 compared with the correct .014996.
20.33. Exact solution is y = tanh .

2034. (1) = .325, y(1) = 1.056

20.35. Exact valueis 1.

20.36. Exact value is 1.

20.37. Exact solution is }(8x%—1).

2038. Exact solution is §(35x* — 3022 + 3).

20.39. Exact value is 127/V/3.

20.40. Exact solution is y = {«3/2 — g1/2 4+ 2; dog catches master at (0, 2/3).

CHAPTER 21

2157. y = .07h + 4.07

2158. 4.49, 4.63, 4.77, 4.91, 5.05, 5.19, 5.8, 5.47, 5.61, 5.75

2159. .07

21.60. No.

21.62. Very little.

21.63. They alternate.

21.65. A = 84.8, M = —.456

21.67. 5 point formula does better here.

21.69. Results are almost the same as from five point formula.

21.85. plx) =1/3

21.86. p(x) = 3x/5

2187, p(x) = 3z/5

21.88. p(x) = .37 + .01z — .225(3%2 — 1)/2

2190. p(x) = 1/2

2191. p(x) = 3x/4

21.92. Drop two terms and have 1.26607 — 1.1308T; + .2715T, — 044473 + .0055T, — .00057 5.
21.102. (81 + 72x)/64; over (—1,1) this is only slightly worse than the quadratic.
21.106. 3x/4
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21.107. Min. integral parabola is p = %-}-54; (8x2—1).

21.109. .001, .125, .217, .288, .346, .385, .416, .438, .451, .459, .466

21.110. —.8, 19.4, 74.4, 143.9, 196.6, 203.9, 180.2, 143.4, 126.7, 118.4,
112.8, 97.8, 87.0, 73.3, 56.5, 41.8, 33.4, 26.5, 15.3, 6.6, 1.2

21.111. 5.045 — 4.043x + 1.009x2

21.112. —.0530P, + .2024P, — .0568P, — .00486P; + .00508P, — .00209P;.
Smoothed values are 1.310, 1.236, 1.098, .868, .514, .017, —.602, —1.263, —1.793, —1.908,

21.113. p = .6931 -+ .2383P,(s) + .05457P,y(s) + .01124P3(s) + .002205P4(s) + .000421P;(s),
where & = 4s+ 2 and the shifted Legendre polynomials are used.

21.114. Degree 3; T3(x) is the true function.

21.115. x% + 2.9875x3 + 2.0188x2 4 .9915x -+ 5.0010

21.116. Extremely poor, because of the ill-conditioning.

21.117. .806 -+ .200x — .102x2

CHAPTER 22

2234, P = 4.44¢45%

22.37. 5_T3\/‘§+§(\/§_%)x + 52-1_2‘@942

2238. p = (1 — 18z + 4842)/32; h = 1/32

22.41. (10T, + 15T, + 67T,)/32; 1/32

2242. To+ Ty + Ty 1

2243, Y87, — BT, 4 % T,; 1/23,040

2244, p = 2x/7 —1.10525

22.45. Method fails, %, becoming the point of discontinuity.

2246. p = —2u/7+ 1.105 :

2250. 1.6476 + .4252x + .0529x2; .0087

22.51. Degree 4.

2252. Not more than .000005.

2253. Degree 4.

2254. Degree 2.

CHAPTER 23

23.15. 3/%; no, the method produces 4 —z.

23.16. 90/(90 + 97% — T«2); no, the method produces (20 + Tx)/(20 + 34x).

23.17. (22 —1)/(x2+ 1)

23.18. «2/(1+ x)

2319, (x4 1)/(x+2)

23.21. 1/(2—4?%)

23.22, —1/2

2325, 4(1—=z+22)/(1+ )

23.26. 12(x + 1)/(4 — x2)

2327, (@2+2+2)/(x2+x+1)

23.28. 1/(sin 1°30’) ~ 38.201547

23.29. (1680 — 2478 + 89722 — 9923)/(140 4 242 — 17x2)

23.30. (12 + 6z + 2)/(12 — 62 + x?)

23.31. (24 + 18z + 622 + x3)/(24 — 6w)
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23.32. (24 + 62)/(24 — 18z + 622 — x8)

23.33. 1/(1—w+ 42— L%+ Lot

23.34. .01, .004, .004, .01, .05

23.35. (1—FaB)/(1+4 a2); 1/(1+ 422 + Soat)

2836, (z—2)/(1+22); o/(1+3a? +35a1)

23.38. (1.00002 + .50198x + .08262x2)/(1 — .49762x + .08061x2)
23.39. E = .868999°+10—4, a, = 1.00007255, o, = .50863618, a, = .08582937,b, = .49109193, b, = .07770847
23.40. .004, .00019, .000087

CHAPTER 24

24.29. a, =16, a; = —.8472, a, = .5608, b, = .6155, b, = .3683
2431, a,=2, a;=-1, ay=az; =0, b, =V/3/3, by,=0

24.32. .8; .8 — .8472 cos (27%/5) + .6155 sin (272/5)

2434, Tyx) = 1; Ty(x) = 1 — cos (a/3) + (V3/3) sin (z2/3) = y(x)
2435, [(V2+2)/2] sin (za/4) + [(V2 — 2)/2] sin (z/2)

2436. 1— % cosza '

24.38. 72/12 and =»2/6

24.39. %/8

2441, 7%/32

2445. a = 9.285, b = .333, ¢ =.048

24.46. a; = 6.945, 2.797, —.112, —.047, —.065, .020, .011; b; = .476, —.015, —.126, .097, —.028, .010
2447, 24 cosz + 3 sin 2x

2448. a; = .0008, ,0002, .0000, 1.0002; bj = 1.0000, —.0002, .0001;
max. correction is three units in fourth place.

24.49. (4/7)(sin = + } sin 3x)

2450. b, = (—1)k+1/k3

2451, b, = 1/k?

2452. Exact value is 73/32.

2453. Exact value is 37%/2/128.

2454, ay =0, a, = 1/k* for k>0

2455. ay =0, a; = (—1)k+1/k* for k> 0
2456. Exact value is 1974/360.

2457. Exact value is T#%/720.

CHAPTER 25

2551. About 1.839. 25.77. 1.79632

2552. Two; three; .567143 25.78. .44881

25.53. 1.83929 25.79. 1.895494267

25.54. 1.732051 25.80. —.9706 = 1.005817

25.55. 1.245731 258l. x = 74977, y = 2.7687
25.60. 1.618034 2582. « = 1.8836, y = 2.7159
25.69. «=.772, y = 420 25.83. .94775

25.72. 3 and —2. 25.84. « = 2.55245

25.74. x2 + 1.9412x + 1.9537 25.85. 1.4458

25.75. 4.3275 25.86. x = 1.086, y = 1.944

25.76. 1.123106 and 1.121320 25.87. 1.85558452522
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(% + 2.90295x — 4.91774)(x2 + 2.09705¢ + 1.83011)

25.88. .58853274

25.89.

25.90. 1.497300

2591. 7.87298, —1.5, .12702
2592. 1.403602

25.93. 1.7684 and 2.2410
CHAPTER 26

26.52. Exact solution is .8, .6, .4, .2.

8.3874, C(.8077,.7720,1); 4.4867, C(.2170,1,—.9473); 2.1260, C(1, —.5673, —.3698);

(0,0), (0,1), (2/3,5/3), (2,1), (3,0); max. of 3 at (3,0); min. of —8/3 at (2/3, 5/3).

10
—35
46
—27
6

10
—17
5
—3

0

-5
19
—27
17
—4

—6
10
-3
2

2654. Exact solution is given in Problem 26.55.
26.57. Exact solution is 5, —10, 10, —5, 1.
F 5 —10
—10 30
26.59. Exact inverse is 10 —35
—5 19
| 1 -
[ 25 —a1
2664. Exact inverseis | 21 68
10 -—17
L —6 10
26.70. 2160x3 — 3312)2 + 381\ — 1 =
26.80. (0, —1i, 1)
0 7 1
26.81. -1 —1 1
1 —i 0
26.85. 2,18518, —.56031, 2.00532, —.36819
26.86. 1.62772, 3, 7.37228
26.817.
C being any constant.
5 —10 10 -5 1
—10 30 -—-35 19 —4
26.88. 10 —35 46 —27 6
—5 19 —27 17 —4
1 —4 6 —4 1
5 =70 63
26.89. é—i ~70 588 —630
63 —630 735
1 6—8 —2+ 4i
26.90. 6 [—3 + 107 1 — 51 :,
26.91. 98.522
26.92. 12.054; [1, .55221, .0995(3 + 21)]
26.93. 19.29, —7.08
CHAPTER 27
27.18.
27.19. See Problem 27.18.
27.20.

27.21.

—4y; — ¥s — 3y5 = max.; ¥y, Ys, Y3 non-negative; —y+y2—ys =1, —2y; —yp—y3 = —2

See Problem 27.18.

417
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21.22. 4y; + yo + 3ys = min.; y, ¥, y3 non-negative; ¥y —y, +ys = 1, 2y, + yo + yg = —-2;
solution at (0,0,1). .
27.23. See Problems 27.18 and 27.20.
27.24. «, = 3/5, %, = 6/5
27.25. Extreme solution points are (0, 1) and (2/3, 5/3).
27.27. Payoff is 2.5; R(1/2, 1/2), C(1/4, 3/4).
2130. 3+ o + Po? + Aoo8; 13125 —2,-1,0,1,2
27.31. 1.04508 — 2.47210x + 1.52784x2; .04508; 0, .08, .31, .73, 1
27.32. Same result; five positions of maximum error.
27.33. Max, =44 for x = (4.4,0,0,.6).
27.34. Min. (By; -+ 2y,) = 4.4.
27.35. A ] 0 3 6 9 12
Max. | 0 2 2 10 10
27.36. 3/8,5/8
27.37. R(1/3, 2/8), C(2/83, 1/8)
27.38. Blue (4/9, 0, 1/9, 0, 4/9), Red (1/18, 8/18, 8/18, 1/18)
27.39. R(0,1,0), C(1,0,0)
2740. 0,0,5/12,0, 4/12, 0, 8/12, 0, 0 for both players.

CHAPTER 28
28.11. 2z, = 3.90, %, = 5.25, error = .814 28.19. The average (Z2a;)/N.
28.12. p=.814, |e| 0y = 1.15 2820, x=(A+C+D)/3, y=((B—C+D)/3
2816. x; = —.8278 = x,, error = .3004 2821, x; = A;+Lz—A;—Ay,— A4y
2817, x;=—1/3 =2 2822 Li=42-D, L3=B2—D, H2=(C2+D
28.18. 3.472, 2.010, 1.582, .426 where D = %(A2 + B2 — (?)
CHAPTER 29
2057, T(w,y,2) = 3{T(@+h,y,2) + T(@w—h,y,2) + T,y +h,2) + ete.]
< . 1 1 4
2960. U = n§1 A, sin nzx cos nzt, where A, = 4 cos n7<n—7 — W) + B

2062, y = (x— 1)

29.63. A near-singularity at x =0

2964, y=(1—em)/(1—e—m)

29.65. A near-singularity at « =0

29.66. Partial answer is (1/4, 396), (1/2, 839), (3/4, T06).
29.67. Partial answer is (1/4, 391), (1/2, 832), (3/4, 702).

z/2Vt
29.68. Exact solution is 1 — (2//7) f o2 g
0

» 2
29.69. Exact solution is (2/V7) ¢~ sin <t - 4%,5) du.
z/2Vt

z/Vt
29.70. Exact solution is 1 — \/2/7rf [cos (u?) + sin (u?)] du.
0

CHAPTER 30

30.10. Theoretical values are 2, 3,4 and 5 steplengths.

30.11. Exact value is 2.

30.14. Theoretical values are 1/16, 9/16, 6/16.

30.15. Theoretical values are .2401, .4116, .2646, .0756, .0081.
30.17. For N — « the theoretical value is 1/e.

30.18. Theoretical values are 1/4, 1/2, 3/4.

30.19. y = —log (1 —x) or equally well y = —log .

30.20. Theoretical values are .3413, .1359, .0215, .0013.
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Acceleration of convergence, 6-8, 156, 160-163, 296,
303-306, 310, 314, 315, 332
Adams method, 210, 212, 217-219, 221, 223,
225, 233, 384
Aitken’s §2 process, 310, 314, 315, 332
Aitken’s interpolation, 53-57, 80, 84, 85, 94
Algorithm, 1, 2
Analytic function, 70, 73-76
Approximation,
Chebyshev, 267-282, 375-381
collocation, 10, 34, 40, 41, 125, 129, 130,
135, 136, 207, 210, 235, 237, 250, 258,
283-293, 296-298, 311, 318
continued fractions, 283-291
least-squares, 16, 98, 235-266, 280, 294, 295,
298, 299, 302-305, 307-309
min-max, 10, 267-283, 289-292
osculating, 10, 65-70, 125, 128-130, 135, 136
polynomial, 10, 34-79, 107, 193, 235-266
rational, 283-292
Taylor, 70-78 (see also Taylor polynomial,
Taylor series)
trigonometric, 57, 98, 165, 293-309
Artificial basis, 367, 368, 370, 372
Asymptotic series, 157, 170-173, 175, 176, 229

Back substitution, 334, 338, 344, 348, 349
Bairstow’s method, 313, 325, 330, 331, 333
Bernoulli numbers, 71, 75-76, 157, 165-170, 174
Bernoulli polynomials, 156, 157, 163-167, 174, 302
Bernoulli’s method, 311, 319-322, 332
Bernstein polynomials, 267, 274, 275
Bessel functions, 223, 227-229, 262
Bessel’s formula, 41, 49-52, 79, 94, 95, 108, 116, 117
Bessel’s inequality, 238, 254
Binomial coefficients, 15, 18, 22, 24, 25, 29, 34,
35, 42-52, 75, T8
Binomial series, 70, 77, 160
Binomial theorem, 42, 164, 273
Boundary value problems,
for difference equations, 179, 188, 189, 192
for differential equations, 382-400, 404, 405
free boundary, 392

Calculus of variations, 383, 387, 388, 396, 399
Central differences (see Difference)
Characteristic equation, 178, 183-190, 214-220, 319
Characteristic polynomial, 336, 348, 349, 354, 359
Chebyshev,

approximation (see Approximation and Min-max)

formulas, 128, 144

-Gauss quadrature, 127, 142, 148

inequality, 274

line, 268-272, 280, 281

419

Chebyshev (cont.)
polynomials, 127, 142, 184, 191, 238, 239, 255-259
263, 264, 268, 278, 280, 302
series, 263, 292
Christoffel identity, 133
Collocation, 10, 34, 40, 41, 53 (see also
Approximation)
Completeness, 238, 254
Composite formulas, 107, 108, 124 (see also
Simpson and Trapezoidal rules)
Continued fractions, 283-291
Convergence,
in the mean, 254, 295, 302
of collocation polynomials, 13
of methods for differential equations, 195,
197-201, 204-206, 213-215, 385-400
of quadrature formulas, 109, 114
of root-finding algorithms, 310-331
of series, 6, 9, 32, 33, 70, T1, 74-78, 159-163,
228, 256
Cotes formulas, 110, 111, 115, 207

Data smoothing (see Smoothing)
Deflation, 311, 312, 320, 321, 326, 332
Desert-crossing problem, 168, 175
Determinant, 53, 55, 63, 265, 266, 285-287,
289, 347, 359
Diagonalization, 336, 344, 352, 353
Difference, 15
backward, 40, 42, 43
central, 40, 44-52, 71, 77, 78
divided, 58-64
equations, 29, 33, 177-192, 193, 311, 319-321, 358,
382-384, 386, 389, 390, 393, 396, 397
formulas, 15-25
forward, 15, 17-21, 34-37, 59, 71, 74
modified, 80, 89, 90, 95
of polynomial, 23, 28
table, 15-20, 42, 44
Differential equations, ordinary,
boundary value problems, 382-389
Euler method, 193, 197-200
existence theorem, 193, 198-200
method of isoclines, 193, 196, 219
predictor-corrector methods, 194, 195, 206-215,
219-221, 225
systems, 223-234
Taylor and Runge-Kutta methods, 193-195,
200-206, 209, 219-221
Differential equations, partial, 383, 384, 389-400
Differentiation, approximate, 382-389
by difference methods, 97-106, 218, 247
by Fourier method, 295, 296, 304-308
with simultaneous smoothing, 237, 245-247, 261
Diffusion equation, 383, 389-392, 399
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Di-gamma function, 178, 181-183, 191

Digital computers, 2

Direction field, 193, 196, 219

Dirichlet problem, 382, 384, 393-395

Discretization, 237, 259, 385, 389, 392

Divergent series (see Asymptotic series and
Euler-Maclaurin formula)

Division algorithm, 10, 11

Dog and his master problem, 234

Dual problem, 361, 368-370

Duck-river problem, 233

Duffing’s equation, 231

Dynamic programming, 383, 888, 389, 396, 399

Economization, 239, 257, 263, 264, 278
Eigenfunction, 189, 192
Eigenvalue, 189, 192, 334, 336, 337, 341, 348-355,
359, 360, 386, 391, 396, 398
Elliptic integrals, 122
Equal-error property, 238, 239, 256, 257, 260,
263, 267-283, 289, 290
Equations, roots of, 310-333
Equidistant data, 15, 34-52
Error, 1, 2
detection of isolated, 20, 21
in least-square approximation (see RMS error)
input, 80, 91, 92, 95, 97, 99, 101-103, 109, 112
magnification, 91, 95, 97, 101-103, 109, 112, 236,
237, 246
of collocation polynomials, 12-14, 59
of osculating polynomials, 65, 67
probable, 5, 8
relative, 7, 195, 205, 206, 212, 216-219, 221
roundoff, 3, 4, 6, 8, 19, 80, 91, 101-105, 109,
114, 119, 160, 162, 195, 198, 205, 323,
334, 335, 338, 339, 347, 351, 355
truncation, 6, 80, 87, 88, 93-97, 100-113, 1186,

120-124, 126, 128, 136, 139, 141-145, 159, 162,

171, 172, 194, 195, 197, 203-208, 210-216,
220, 221, 228, 229, 232, 256, 257
Error function, 118, 119, 137
Euclidean algorithm, 312, 325
Euler-Maclaurin formula, 71, 76, 108, 117, 118,
120, 122, 157, 166-169, 173, 176
Euler numbers, 176
Euler’s algorithm, 80, 82, 92, 109
Euler’s constant, 157, 167-168, 175, 178, 181
Euler’s method, in differential equations, 193,
197-200, 330
Euler’s transformation, 71, 75, 78, 156, 160, 161,
173-175
Everett’s formula, 41, 47-50, 79, 83-90, 105
Exchange method, 267-273, 279-282, 290, 291, 336,
345-346, 361, 363-368, 370, 371, 378
Extrapolation to the limit, 106, 195, 206, 208, 210,
212, 314, 315

Factorial polynomials, 22-29

Factor theorem, 10, 12

False position (see Regula falsi)

Feasible point, 361-367

Fibonacei numbers, 179, 185-186, 189, 192, 322,
323, 332

INDEX

Filon’s formula, 108, 120, 121, 124
Finite differences (se¢e Differences)
Finite integration, 30, 31, 33
Fourier analysis,

applied to smoothing, 303-309

differentiation, 304, 306-308

finite, 298-300

infinite series, 294, 295, 300-309, 383, 391, 400
Functions, approximation of (see Approximation)
Fundamental theorem of linear algebra, 334, 339,

340, 394

Game theory, 362, 369-374
Gamma function, 178, 181, 183
Garden-hose method, 383, 386-388, 400
Gauss,
elimination method, 334-340, 343-348, 354, 357,
371, 385, 393
formulas, 40, 41, 44-52
quadrature formulas, 125-149
-Seidel iteration, 334, 340, 341, 357, 358, 385,
393-395, 399, 405
Gill method, (differential equations), 204, 225
Givens method, 336, 353-355, 359
Gradient methods, 328-330
Gravitation, 221, 222, 233, 234
Gregory’s formula, 108, 117, 118

Hermite formula (osculation), 65-69, 93, 96, 105,
125,.128

Hermite-Gauss quadrature, 127, 141, 142, 148

Hermite polynomials, 127, 141, 148

Hermitian matrices, 355, 356

Hilbert matrix, 247, 248, 338, 354, 357-359

Horner’s method, 180, 190

Ill-conditioned problems, 236, 241, 247, 248, 335,
342, 343
Implicit methods, 384, 392
Infinite product, 181
Information, 1, 2
Initial value problems,
for difference equations, 179-181, 185-191, 214,
215, 217
for differential equations, 193, 197-234
Instability (see Ill-conditioned problems and
Oscillations of error)
Integration, approximate, 107-155
by Gaussian methods, 125-149
by Monte Carlo methods, 401, 405
of singular integrals, 150-155, 162, 171-176
Interpolation,
direct, 79-84, 87-96, 288, 291, 297, 298, 395
inverse, 85
subtabulation, 85, 86
Inversion of matrices, 335, 336, 343-347, 355,
358-360
Iterative methods, 310-315, 327-328, 332, 336,
340, 341

Jacobi’s method, 336, 352-353, 355, 359

Lagrange multipliers, 54, 65, 66, 125, 128, 129, 399
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Lagrange’s formula, 53-54, 57, 79, 84, 85, 91,
94, 105
Laguerre polynomials, 127, 138-139, 147
Laguerre-Gauss quadrature, 127, 138-140, 147, 148
Lanczos error estimate, 127, 188
Lanczos o factors, 296, 305-308
Laplace equation, 382, 393-396, 399
Least-squares,
polynomial approximation, 235-266
solution of overdetermined system, 375-377,
379-381
trigonometric approximation, 294, 295, 298, 299,
302-305, 308, 309
Legendre polynomials, 126, 130-134, 148-146, 191,
237, 251-253
Legendre-Gauss quadrature, 126, 130-138, 146-147,
151, 153, 154
Linear,
algebraic systems, 334-360
programming, 361-374, 376-379
Lipschitz condition, 195, 199, 206, 213, 313
Lobatto-Gauss formula, 127, 143
Loss of significant digits, 4

Matrix problems,
complex, 337, 355-357
eigenvalues, 336, 348-355
inversion, 335, 336, 343-347, 358, 359
linear systems, 334, 335, 337-343, 382, 385, 392
Milne’s method, 209-210, 214-215, 217, 219, 220,
221, 233
Min-max,
polynomial approximation, 267-282
rational approximation, 283, 289-292
solution of overdetermined system, 375, 377-381
Modified differences (see Difference)
Modular multiplication, 401-403, 405
Monte Carlo methods, 401-406
Morra, 374
Multiple integrals, 405

Nearly-singular (see Ill-conditioned)
Newton,
-Cotes quadrature formulas, 110, 111, 115, 207
formulas, 34, 43, 59, 62, 64, 79, 81-84, 92-96,
98, 100, 104, 107, 110, 121, 210, 288
iteration method, 310-313, 315-317, 319, 321,
324-333, 354, 383, 387
Non-equidistant data, 53-64, 125
Nonlinear equations, roots of, 310-333
Norm, 242, 243, 250, 252, 342
Normal equations, 235, 239, 241-244, 246-251, 266,
375-377
Nuclear reactor problems, 401-403, 405
Numerical analysis, 1
Numerov’s method, 224, 232, 233

Operators, 38-52, 70, 71, 86

Optimum control problem, 399

Ordinary differential equations (see Differential
equations)

Orthogonal functions, 129, 293, 294, 296, 300

Orthogonal polynomials, 125, 126, 236-239, 247-258,
262, 265

Orthogonal projection, 235, 242-243, 250, 252, 254,
258, 377
Orthonormal set, 242
Oscillations, 226, 234, 256, 306
of error, 233, 238, 389-391
Overdetermined systems, 362, 375-381
Over-relaxation, 841, 342, 358
Oversmoothing, 262

Partial differential equations, 383, 384, 389-400

Partial fractions, 57, 182

Periodic functions, 109, 224, 229-231, 293-309

Perturbation methods, 224, 229-231, 234

Phase plane, 226

Pivot, 337, 338, 344-348, 365-368, 370, 871, 377, 385

Pole, 283, 288, 291

Polynomial approximation (see Approximation)

Positive-definite matrix, 341

Power method, 336, 350-352, 359

Prediction, 29, 80, 92, 93, 96

Predictor-corrector methods, 194, 195, 206-215,
219-221, 225

Probable error, 5, 8

Propagation of error, 216-219

Quadratic convergence, 310, 316, 317, 319

Quadrature (see Integration)

Quotient-difference algorithm, 311, 312, 321-325,
331, 332

Ralston method, 204, 225

Random numbers, 401-406

Random walk, 858, 401-406

Rate of convergence (see Acceleration of
convergence and Convergence)

Ratio test, 74

Rational approximation, 283-292

Rational function, 158

Rayleigh quotient, 336, 350-352

Reciprocal differences, 283-289

Rectangle rule, 345, 365, 366

Recurrence relations, 22, 23, 26, 27, 182, 133, 163,
179-180, 184, 255, 263, 264, 310, 330, 383

Regula falsi, 311, 318, 332

Relative error, 7, 195, 205, 206, 212, 216-219, 221

Relative stability, 195, 216-218, 221

Relaxation methods, 335, 341, 342

Remainder theorem, 10, 11

Residual, 335, 339-341, 375-380

RMS ervor, 237, 245, 250, 261, 262, 304, 305, 308,
3717, 879, 380

Rolle’s theorem, 131

Romberg’s method, 108, 114, 115, 195

Roots of equations, 310-333

Roundoff error (see Error)

Runge-Kutta methods, 224-226, 233, 382, 384

Saddle point, 329, 371
Sampling, 401, 403-406
Secalar product, 242, 243, 250, 251, 254, 376, 377
Series, (see also Taylor series)
accelerating convergence of, 156, 174, 176
asymptotic, 170-173
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Series (cont.)
evaluated by telescoping, 30, 31, 38, 156, 158, 163
perturbation, 224, 229-231, 234
rapidly convergent, 156, 159-160, 174
Sigma factors, 296, 305-308
Significant digits, 7
Simplex method, 361-374, 378
Simpson’s rule, 108, 109, 112, 114-116, 119-122, 124,
137, 138, 147, 208, 214, 253, 260, 263
Simulation, 401, 402, 405, 406
Simultaneous equations,
differential, 223-234
linear algebraic, 334-360
nonlinear algebraic, 312, 313, 327, 332
Singular integrals, 150-155
Singular systems, 334, 336
Smooth and unsmooth functions, 127, 136-138, 148,
150, 301, 303
Smoothing,
by differences, 20, 21
by Fourier methods, 295, 303-308
by least-squares polynomials, 286, 237, 240,
243-245, 250, 251, 260-262, 264
by min-max methods, 280, 290
by moving averages, 262
Square-wave function, 305, 306
Stability,
of linear systems, 335, 342, 343
relative, 195, 216-218, 221
Steepest descent, 812, 328-330, 332
Steffensen’s method, 315, 319
Stirling’s formula, 41, 46-52, 59, 63, 79, 94-95,
99-101, 105, 108, 115, 207, 246, 261
Stirling’s numbers,
first kind, 22, 26, 27, 98
second kind, 23, 27, 28, 81
Stirling’s series for factorials, 157, 169-172, 175
Strategy, in game theory, 362, 369-374
Sturm seguence, 311, 312, 325-327, 832, 336, 354
Subtabulation, 85, 86
Successive approximations (see Iterative methods)
Summation, 30-33, 156-176
by parts, 30, 32, 78
by telescoping, 30, 156, 158, 165, 167, 178, 181
Superposition principle, 178, 882, 884, 385
Supporting theory, 1

Symmetric functions, 61
Synthetic division, 10, 11, 14

Taylor polynomial, 70, 72-78, 80, 193, 200-205,
216, 257, 281, 315

Taylor series, 70, 92, 95, 106, 107, 110, 116, 119,
121, 123, 137, 138, 152-154, 159, 193, 195,
200-203, 208, 211, 215, 216, 219, 221, 223,
224-228, 233, 282, 327, 382

Taylor’s theorem, 108, 118, 390, 394

Telescoping method, 30, 31, 33, 156, 158, 163

Throwback, 80, 89

Trapezoidal rule, 107-109, 111, 112, 114, 115, 117,
118, 121, 122, 151, 206, 207, 295, 302

Triangular matrix, 334, 337-339, 341, 344,
347-349, 356

Trigonometric approximation, 57, 98, 165, 293-309

Triple diagonal matrix, 336, 353, 354

Truncation error (see Error)

Tschebycheff (see Chebyshev)

Undetermined coefficients, method of, 65, 67, 68,
109, 119, 120, 123, 143, 144, 189, 224, 227,
232, 284

Unequally-spaced arguments, 53-64, 125

Uniform approximation, 238, 267-282

Uniform convergence, 199, 267, 274, 275

Van der Pol equation, 224, 226, 230, 231
Variational equation, 887

Variations, calculus of, 383, 387, 388, 396, 399
Vector space, 235, 236, 242, 243, 377

Wallis’ product, 157, 168-170

Wave equation, 397-398

Weddle’s rule, 123

Weierstrass approximation theorem, 267, 273-275
Weight function, 125, 238, 255-257, 263

Wilson’s matrix, 343, 358

Wronskian determinant, 178, 179, 185-186

Zeros of polynomials,
methods for finding, 310-333
number of, 10, 12, 131, 266, 282, 312
Zig-zag rule, 41, 50, 52
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