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Preface

11 bt AL
The th%Gi’_'y' of functions of

a complex variable, also called for brevity complex variables
or complex analysis, is one of the most beautiful as well as useful branches of mathematies.
Although originating in an atmosphere of mystery, suspicion and distrust, as evidenced by
the terms “imaginary” and “‘complex” present in the literature, it was finally placed on a
sound foundation in the 19th century through the efforts of Cauchy, Riemann, Weierstrass,
Gauss and other great mathematicians. :
Today the subject is recognized as an essential part of the mathematical background
of engineers, physicists, mathematicians and other scientists. From the theoretical view-
point this is because many mathematical concepts become clarified and unified when
examined in the light of complex variable theory. From the applied viewpoint the theory
is of tremendous value in the solution of problems of heat flow, potential theory, fluid
mechanics, electromagnetic theory, aerodynamics, elasticity and many other fields of
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science and engineering.

This book is designed for use as a supplement to all current standard texts or as a
textbook for a formal course in complex variable theory and applications. It should also be
of considerable value to those taking courses in mathematics, physics, aerodynamics, elas-
ticity or any of the numerous other fields in which complex variable methods are employed.

Each chapter begins with a clear statement of pertinent definitions, principles and
theorems together with illustrative and other descriptive material. This is followed by
graded sets of solved and supplementary problems. The solved problems serve to illustrate
and amplify the theory, bring into sharp focus those fine points without which the student
continually feels himself on unsafe ground, and provide the repetition of basic principles so
vital to effective learning. Numerous proofs of theorems and derivations of formulae are
included among the solved problems. The large number of supplementary problems with
answers serve as a complete review of the material in each chapter.

Topics covered include the algebra and geometry of complex numbers, complex differ-
ential and integral calculus, infinite series including Taylor and Laurent series, the theory
of residues with applications to the evaluation of integrals and series, and conformal
mapping with applications drawn from various fields. An added feature is the chapter
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on special topics which should prove useful as an introduction to some more advanced topics.

Considerably more material has been included here than can be covered in most first
courses. This has been done to make the book more flexible, to provide a more useful book

of reference and to stimulate further interest in the topics.

I wish to take this opportunity to thank the staff of the Schaum Publishing Company
for their splendid cooperation.

M. R. SPIEGEL
Rensselaer Polytechnic Institute

Teelee 1TONA
July, 1504
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Chapter 1

THE REAL NUMBER SYSTEM

The number system as we know it today is a result of gradual development as indicated
in the following list.

1. Natural numbers 1,2,3,4, . also called positive integers, were first used i
counting. The symbols varled w1th the times, e.g. the Romans used -
If a and b are natural numbers, the sum a+b and product a- b, or ab are
also natural numbers. For this reason the set of natural numbers is said to be
closed under the operations of addition and multiplication or to satisfy the closure

property with respect to these operations.

/\H

2. Negative integers and zero, denoted by —1,-2,—83,... and 0 respectively, arose
to permit solutions of equations such as z+b = o where ¢ and b are any natural

numbers. This leads to the operation of subtraction, or inverse of addition, and
we write ¢ = a—b.

The set of positive and negative integers and zero is called the set of integers
and is closed under the operations of addition, multiplication and subtraction.

3. Rational numbers or fractions such as 4,—4,... arose to permit solutions of
equations such as bz =a for all integers @ and b where b=0. This leads to the
operation of division or inverse of multiplication, and we write x=a/b or a=b
[called the quotient of a and b] where a is the numerator and b is the denominator.

The set of integers is a part or subset of the rational numbers, since integers

correspond to rational numbers a/b where b= 1
The set of rational numbers is closed un

er ) at
traction, multiplication and division, so long s division by zero is excluded.

4. Irrational numbers such as /2=141423... and ==23.14159 are numbers
which are not rational, i.e. annot be expressed s a/b where a and b are integers
and b=0

The set of rational and irrational numbers is called the set of real numbers. It is
assumed that the student is already familiar with the various operations on real numbers.

GRAPHICAL REPRESENTATION OF REAL NUMBERS

Real numbers can be represented by points on a line called the real axts, as indicated
in Fig. 1-1. The point corresponding to zero is called the origin.

: r—Z\/{E : r-—-& :or -1.5 : %1 : l—\/i : :l—r .
—4 -3 -2 -1 0 1 2 3 4

Fig.1-1

Conversely, to each point on the line there is one and only one real number. If a
point A corresponding to a real number e lies to the right of a point B corresponding to

a real number b, we say that a is greater than b or b is less than a and write respectively
a>b or b<a.

&
[}
! ! /! [ ' ' ' '/ | | |



2 COMPLEX NUMBERS [CHAP. 1

The set of all values of z such that a <z <b is called an open interval on the real axis
while ¢ < < b, which also includes the endpoints a and b, is called a closed interval. The

symbol z, which can stand for any of a set of real numbers, is called a real variable.

The absolute value of a real number a, denoted by |a|, is equal to a if >0, to —a if
a <0 and to 0 if =0. The distance between two points e and b on the real axis is |a —b|.

THE COMPLEX NUMBER SYSTEM

There is no real number z which satisfies the polynomial equation z*+1 = 0. To
permit solutions of this and similar equations, the set of complex numbers is introduced.

We can consider a complex number as having the form a + bi where ¢ and b are real
numbers and i, which is called the imaginary unit, has the property that i>=-1. If
2z = a+bi, then a is called the real part of z and b is called the imaginary part of z and
are denoted by Re {z} and Im {z} respectively. The symbol #, which can stand for any of
a set of complex numbers, is called a complex variable.

Two complex numbers e+ bi and ¢+ di are equal if and only if a=¢ and b=d. We
can consider real numbers as a subset of the set of complex numbers with b=0. Thus
the complex numbers 0 + 07 and —3 + 0 represent the real numbers 0 and —3 respectively.
If a =0, the complex number 0+ bi or bi is called a pure imaginary number.

The complex conjugate, or briefly conjugate, of a complex number a+bi is a— bi.
The complex conjugate of a complex number z is often indicated by Z or z*.

FUNDAMENTAL OPERATIONS WITH COMPLEX NUMBERS

In performing operations with complex numbers we can proceed as in the algebra
of real numbers, replacing 2 by —1 when it occurs.

1. Addition )
(a+b))+(c+di) = a+bi+c+di = (a+c)+(b+d)

2. Subtraction )
(a+bi)—(c+di) = a+bi—c—di = (a~¢)+ (b—d)

3. Multiplication
(a+bi)(c +di) = ac + adi + bei + bdi* = (ac— bd) + (ad + be)
4. Division

a+bi _ a+bi c—di _ ac—adi+bei—bdi?
c+di = c+di c—di ¢ —du?
_ ac+bd+(bc—ad)i _ ac+bd + be—ad .
- ¢+ d? T o¢t+d? c+d?

The absolute value or modulus of a complex number a+bi is defined as |a+bi| =

Example: |—4+2i| = V(=4 + (2)2 = /20 = 2V6

If 2,22, ...,2n are complex numbers, the following properties hold.
1 Juzl = fallel  or  |azcze| = |alja] - ol
21 |le .
9. |2] = B
22 l lzzl lf 22 7" 0
8. |z+2] = |a|+lze] or |zt zt - tzm| S o]+ e+ o+ |20
4. otz Z |z —jes or  |zi—22| = || — 2



CHAP. 1] COMPLEX NUMBERS 3

AXIOMATIC FOUNDATIONS OF THE COMPLEX NUMBER SYSTEM

From a strictly logical point of view it is desirable to define a complex number as
an ordered pair (a,b) of real numbers ¢ and b subject to' certain operational definitions
which turn out to be equivalent to those above. These definitions are ag follows, where
all letters represent real numbers.

A. Equality (a,b) = (¢,d) ifandonlyifa=c, b=d

B. Sum (@,b) +(c,d) = (a+¢, b+d)

C. Product (a,b):(c,d) = (ac—bd, ad+bc)
m(a,b) = (ma, mb)

From these we can show [Problem 14] that (e,b) = a(1,0) + b(0,1) and we associate
this with a + bi where 7 is the symbol for (0, 1) and has the property that i% = 0,1)(0,1) =
(=1,0) [which can be considered equlvalent to the real number —1] and (1, 0) can be con-

1 'T“I_-

The ordered pair (0,0) corresponds to the real

4l 1 Tyama
sidered equivalent to the real number 1.

number 0.

From the above we can prove that if 2, 2,, z; belong to the set S of complex numbers,
then

1. 21+2: and 2122 belong to S Closure law

2. z1+2 = 23+ 2, Commutative law of addition

3. z1t(22t+2) = (R1i+2) +2s Associative law of addition

4. 2122 = 2924 Commutative law of multiplication
5. z1(z223) = (2122)2s Associative law of multiplication
6. 21(z2+23) = 212 + 2123 Distributive law

7.

2140 =0+21 =2, 121 = 2z1°1 = 2,, 0 is called the identity with respect to
addition, 1 is called the identity with respect to multiplication.

8. For any complex number z; there is a unique number z in S such that z+2z, = 0;
z is called the inverse of 21 with respect to addition and is denoted by —z.

9. For any z,+0 there is a unique number z in S such that ziz = zz; =1; z is called
the inverse of z1 with respect to multiplication and is denoted by zi! or 1/z.

In general any set, such as S, whose members satisfy the above is called a field.

GRAPHICAL REPRESENTATION OF COMPLEX NUMBERS

If real scales are chosen on two mutually perpendicular axes X’0OX and Y'OY [called
the z and y axes respectively] as in Fig. 1-2, we can locate any point, in the plane de-
termined by these lines, by the ordered pair of real numbers (z,y) called rectangular
coordinates of the point. Examples of the location of such points are indicated by P, Q,
R,S and T in Fig. 1-2. B y "

Since a complex number 2z +1y can be
considered as an ordered pair of real numbers, "Q(—3,3) 12

we can renresent such numbers hu nainta in

Nivaa A TUDTALY BWLEL dRinUva D MPVALLWnG  Akk 42

an zy plane called the comple:c plane or Argand ,
diagram. The complex number represented T!
by P, for example, could then be read as ——t— — T(:2.5, 0;)
either (3,4) or 3+4i. To each complex num- w4 s 2 00 1 2 s 40X
ber there corresponds one and only one point 17!

in the plane, and conversely to each point in
the plane there corresponds one and only one
complex number, Because of this we often y'T?
refer to the complex number z as the point z.

"P@3,4)

‘S(2, -2)




4 COMPLEX NUMBERS [CHAP. 1

Sometimes we refer to the x and y axes as the real and imaginary axes respectively and
to the complex plane as the z plane. The distance between two points 2z, = z:+iy: and
22 = Zz+1iy, in the complex plane is given by 21— 22| = V(%1 —22)® + (¥ — ¥2)%.

POLAR FORM OF COMPLEX NUMBERS

If P is a point in the complex plane corre-
sponding to the complex number (z, %) or 2 + i,
then we see from Fig. 1-3 that

x =r7rcosfd, y=rsing
where » = V22 +y® = |z +1iy| is called the
modulus or absolute value of z = x+iy [de-
noted by mod 2 or [¢|]; and §, called the ampli-

tude or argument of z = x+iy [denoted by x

arg z], is the angle which line OP makes with 0
the positive z axis. :

It follows that
z =z +1ty = r(cos§ + ising) (1)

which is called the polar form of the complex Y’

number, and r and ¢ are called polar coordi-
nates. It is sometimes convenient to write the
abbreviation cis 8 for cos@ + i siné.

g

For any complex number z+0 there corresponds only one value of 4 in 0=6<2nr.
However, any other interval of length 2r, for example —n<#=mx, can be used. Any
particular choice, decided upon in advance, is called the principal range, and the value of ¢
is called its pringipal value.

DE MOIVRE’S THEOREM

If 21= 21 +iy = 71 (cos 0 +is8inf;) and 22 = xz+iys = r2(cosfz+isinfz), we can
show that [see Problem 19)

2122 = 7rirz{cos(fy+62) + isin (61 + 62)} 2
2 r ..
Ei = }—; {cos {81 — 62) + i sin (61— 02)} (%)

A generalization of (2) leads to

ZiZs 2 = Tige- Ta{COS(B1+ 02+ -+ +0a) + i8in(f1+02+ - +0n)} (4)
and if 21 =2 = -+« = z» = #z this becomes
z* = {r(cosf +ising)}* = r"(cosnd + isinnf) (%)

which'is often called De Moivre’s theorem.

ROOTS OF COMPLEX NUMBERS

A number w is called an nth root of a complex number z if w"=2, and we write
w=2z"", From De Moivre’s theorem we can show that if » is a positive integer,

2V» = {r{cosf + isin@)}"
0+2kn> . [0+ 2kn
+ 2s81n

= ri/»Jcos

from which it follows that there are n different values for 2", i.e. n different nth roots

of 2z, provided z+0.



CHAP. 1] COMPLEX NUMBERS 5

EULER’S FORMULA

By assuming that the infinite series expansion e¢* = 1+x+22/2!+2%8!+--- of
elementary calculus holds when x =9, we can arrive at the result
e = cosd +ising e = 2.71828. .. (?)

which is called Euler’s formula. It is more convenient, however, simply to take (?) as a
definition of e®. In general, we define

e’ = €™ = ¢%e¥ = e*(cosy + 1siny) (8)
In the special case where y =0 this reduces to e~

Note that in terms of (7) De Moivre’s theorem essentially reduces to (e) = ¢in8,

Qo
o

@®

=]
gt
Y

a

=

&

€

e require solutions of polynomial equations having the form

Q2" + 2"+ @22" i -+ An-aZ s = 0 -9
where @0#0, a1, ...,a, are given complex numbers and z is a positive integer called
the degree of the equation. Such :

-f\“d o«
uch solutions a

left of (9) or roots of the equation.

PR L PR, i
zeros of the polynomial on the

i ~ nann e nnn nand ot L ommaccas o Y T . Pa 1 -
A very important theorem called the fundamental theorem of algebra |[to be proved

in Chapter 5] states that every polynomial equation of the form (9) has at least one root
which is complex. From this we can show that it has in fact n complex roots, some or all
of which may be identical.

If 21,2, ...,2. are the n roots, (9) can be written
@ —21)(z—22) - (2—2a) = 0 (210)

which is called the factored form of the polynomial equation. Conversely if we can write
(9) in the form (10), we can easily determine the roots, '

THE nth ROOTS OF UNITY

The solutions of the equation 2*=1 where 7 is a positive integer are called the
nth roots of unity and are given by :

2 = cos2knr/n + i8in2kn/n = e2kmin k=012 ...,0-1 (11)

If we let o = cos2x/m +18in2+/n = €*/n the n roots are Lo, ...,0" L. Geo-
metrically they represent the n vertices of a regular polygon of n sides inscribed in a cirele

of radius one with centre at the origin. This circle has the equation |2|=1 and is often
called the unit circle.

VECTOR INTERPRET

A complex number z = z +1iy can be con-
sidered as a vector OP whose initial point is the B
origin O and whose terminal point P is the /
point (r,y) as in Fig. 1-4. We sometimes call A
OP = gz +1y the position vector of P. Two vec- P(=z9)

tors having the same length or magnitude and
direction but different initial pninf-u anioh asa

SREITNL ALY aaldivadna Valiuvdy SULVII A0

OP and AB in Fig. 1-4, are considered equal,
Hence we write OP = AB = g + 4. Fig. 1-4

.~
L

-



6 7 COMPLEX NUMBERS [CHAP. 1

Addition of complex numbers corresponds v . —;,gB
to the parallelogram law for addition of vectors T L e ;/
[see Fig.1-5]. Thus to add the complex num- 21 wi" Vit
bers z; and z:;, we complete the parallelogram //"" 2y /p
OABC whose sides OA and OC correspond to o z
2, and z2. The diagonal OB of this parallelo-
gram corresponds to z: +2:. See Problem 5. Fig.1-5

SPHERICAL REPRESENTATION OF COMPLEX NUMBERS.
STEREOGRAPHIC PROJECTION

Let ¢ [Fig. 1-6] be the complex plane and consider a unit sphere of [radius onej tangent
to P at z=0. The diameter NS is perpendicular to ¢ and we call points N and S the north
and south poles of J- Corresponding to any ' '
point A on P we can construct line NA inter-
secting o at point A’. Thus to each point of
the complex plane % there corresponds one
and only one point of the sphere o, and we can
represent any complex number by a point on

the sphere. For completeness we say that the
noint N itself corresponds to the “point at

point 4y 18l COIICspOlis

infinity” of the plane. The set of all points
of the complex plane including the point at.
infinity is called the entire complex plane, the
entire z plane, or the extended complex plane. Fig. 1-6

The above method for mapping the plane on to the sphere is called stereographic
projection. The sphere is sometimes called the Riemann sphere.

DOT AND CROSS PRODUCT
Let 21 = #:+iy: and 2z = % +iy: be two complex numbers [vectors]. The dot
product [also called the scalar product] of z: and z; is defined by

miozs = |z|lzgf co88 = m@s + Yz = Re{Ziz} = ${Z22+ 22} (12)
where 6 is the angle between z; and 2z; which lies between 0 and .

The cross product of z; and 2 is defined by .
21 X2 = 121| 122] sinf = Ziy: — Y1%e = Im {21Z2} = 55{2122 — 21%2} (13)

Clearly,
2120 = (21022) + (71X 22) = |21] |22 €' (14)

If z: and 2 are non-zero, then

1. A necessary and sufficient condition that 2 and 2. be perpendicular is that
21022 = 0.

2. A necessary and sufficient condition that 2, and 2: be parallel is that 2z: Xz, = 0.
3. The magnitude of the projection of z: on 2z is |2y 0 22/ {22].

4, The area of a parallelogram having sides z: and 2z is |21 X 22|



CHAP. 1] COMPLEX NUMBERS 7

COMPLEX CONJUGATE COORDINATES

A point in the complex plane can be located by rectangular coordinates (%,y) or polar
coordinates (r,6). Many other possibilities exist. One such possibility uses the fact that

1
z=}z+2), y= 2;i(z—2) where z = x+14y. The coordinates (2, 2) which locate a point

are called complexr conjugate coordinates or ‘briefly conjugate coordinates of the point
[see Problems 43 and 44].

POINT SETS

Any collection of points in the complex plane is called a (two-dimensional) point set,
and each point is called a member or element of the set. The following fundamental
definitions are given here for reference.

1 Naoioghhnriwhanda A Al
F uct

[ o
AVCARIIUUVULIIVUUD, M s

ta, or 6, neighbourhood of a point 2, i8 the set of all points 2z
such that |z —2z, < 8§ where § is any given positive number. A deleted § neigh-
bourhood of z, is a neighbourhood of 2, in which the point z, is omitted, i.e.

0< IZ—-ZoI < 4.

2. Limit Points. A point z, is called a limit point, cluster point, or point of accumu-
lation of a point set S if every deleted & neighbourhood of 2z, contains points of S.

Since 8 can be any positive number, it follows that S must have infinitely
many points. Note that 2o may or may not belong to the set S.

3. Closed Sets. A set S is said to be closed if every limitl point of S belongs to S,
i.e. if S contains all its limit points. For example, the set of all points z such
that |z| =1 is a closed set.

4, Bound_ed Sets. A set S is called bounded if we can find a constant M such that
2| <M for every point z in S. An unbounded set is one which is not bounded.
A set which is both bounded and closed is sometimes called compact.

5. Interior, Exterior and Boundary Points. A point z, is called an interior point
- of aset S if we can find a § neighbourhood of z, all of whose points belong to S. If

every § neighbourhood of z, contains points belonging to S and also points not
belonging to S, then z, is called a boundary point. If a point is not an :

AW we

ind .
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or boundary point of a set S, it is an exterior point of S.

6. Open Sets. An open set is a set which consists only of interior points. For
- example, the set of points 2 such that |2 <1 .is an open set.

7. Connected Sets. An open set S is said to be connected if any two points of the
set can be joined by a path consisting of straight line segments (i.e. a polygonal
path) all points of which are in S.

8. Open Regions or Domains. An open connected set is called an open region or
domain.

9. Closure of a Set. If to a set S we add all the limit points of S, the new set is
called the closure of S and is a closed set.

10. Closed Regions. The closure of an open region or domain is called a closed
region.

11. Regions. If to an open region or domain we add some, all or none of its limit
points, we obtain a set called a region. If all the limit points are added, the

111 StL Lalicud (20 {4 SSaa vads aiaasav WALZAVES RAW AUV ViAW

region is closed; if none are added, the region is open. In this book whenever we
use the word region without qualifying it, we shall mean open region or domain.
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Union and Intersection of Sets. A set consisting of all points belonging to set S:
or set S» or to both sets S; and Sy is called the union of S: and S: and is denoted
by Si+8; or S1US..

A set consisting of all points belonging to both sets S and S: is called the
intersection of S; and S: and is denoted by S1S: or SiNS..

Complement of a Set. A set consisting of all pomts which do not belong to S is
called the complement of S and is denoted by S.

+ 3ia ~nme an
13

It is convenien

ct+
ct
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all. This set is called the null set an
have no points in common (in which case they are called disjoint or mutually
exclusive sets), we can indicate this by writing S;i N S; = Q.

Any set formed by choosing some, all or none of the points of a set S is
called a subset of S. If we exclude the case where all points of S are chosen,
the set is called a proper subset of S.

[«
Q‘ C>

Countability of a Set. If the members or elements of a set can be placed into a
one to one correspondence with the natural numbers 1,2,8, ..., the set is called
countable or denumerabie; otherwise it is non-couniabie or non-denumerabdle.

Weierstrass-Bolzano Theorem. Every bounded infinite set has at least one limit
point.

Heine-Borel Theorem. ILet S be a compact set each point of which is contained

in one or more of the open sets A;, A,, ... [which are then said to cover S]. Then
there exists a finite number of the sets A4;, A,, ... which will cover S.
Solved Problems
FUNDAMENTAL OPERATIONS WITH COMPLEX NUMBERS
1. Perform each of the indicated operations.
(@) B+2)+(—T—1%) =8—-T+2i—i = —4+1
b (—7T—-H+B8+2) = —T+8—-i+2 = —4+1i
The results (a) and (b) illustrate the commutative law of addition.
(&) 8B—6)—(2¢—7) = 8—6i—2i+7 = 15 — 8¢ v
(@) G+3)+{(-1+2)+(T—6)} = 5+3) +{-1+2i+T7—5i} = (6+8)+(8—38i) =
() {(6+38)+ (—1+2)}+ (T—5) = {F+3i—1+2}+(T—5i) = 4+56)+ (T-bi) =
The results (d) and (¢) illustrate the associative law of addition.
(f) 2—38)(4+2)) = 2(4+2{) —3i(4+2]) = 8+4di—12{— 612 = 8+4i—12{+ 6 = 14 — Bi
(9) 4+20)(2—58i)) = 4(2-8) +2i(2—3)) = 8—12i+4i—6i2 = 8—12i+4i+6 = 14 — 8

The results (f) and (g) illustrate the commutative law of multiplication.

B 2 —){(—3 + 2i)(5 — 49)} (2 —7){—15 + 12i + 10: — 8:2}

2—i)(—=T+22) = —~14 4+ 441 + Ti — 22¢2 = B8 + bl
{—6 + i + 3i — 212}(5 — 49)

(—4 4+ 7)(6 — 4¢) = —20 + 161 + 35¢ —
The results (k) and (?) illustrat:e the associative law of multiplication.

(@) {(2—d(-8+20)}(5 — 49)

2842 8 + 51i
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() (1+20{(T—5) + (—8+4i)) = (—1+2)(4—4) = —4+i+8 —2i2 = —2 + 9;
Another method.  (—1+20{(T— 50 + (8 +4i)} = (—1+ 2i)(7— 5i) + (—1 + 2i)(—3 + 49)

= {—7+5i+14i— 10i2} + {3 — 4i—6i + 8i2}

= (34199 + (—5—10)) = —2 + 9
This illustrates the distributive law.
W 222 _ 32 -—1-i _ -8-3itgi+e? _ b—i _ _5 _1. g
—1+i —14+{ —1—1% 1—12 2 272

Another method. By definition, (3 —2i)/(—1+1) is that number a + bi, where a and b are real,
such that (—1+i}(a+bi) = —a—b+(a—b)i = 3—2i. Then —a—b =3, a—b = —2 and
solving simultaneously, a = —5/2, b = ~1/2 or a+ bi = —5]2 i/2,

) 5+51+ 20 _ 5+5i 3+4i 20 4—3i
8—41 T 448 T 3-4 3+4 T I+3 4—m:
_ 15+20i+15i+20i2+80—60i - =5+385i  80-60i _ 5 _

9 —16i2 16 —942 25 25

m) 3i%0 — 1o _ 3(,2);‘57:(12)9,7 3(=1)15 — (—1)%
2i—1 S 2i—1 -1+ 2:
— —3+z.—1—-2i _ 8+6i—i—2i2 _ B5+5i _ 1+ i
—1+2 —-1-2 — 1—4i2 - 5

If 22=2+4+1, 22=8-2¢ and 23 = —é + —‘ﬁ—gi, evaluate each of the following.

(@) |82;—42z5] = |3(2+4) — 4(8—2i)| = |6+ 3i—12+8i|

= |=64+11i] = V(—6)2+ (11)2 = V157 ' -

(b) 23— 322 +42, —8 = (2+43 —82+9)2+4(2+17) —8
{(2)3 4+ 8(2)2(3) + 3(2)(9)2 + i3} — 3(4 +4i+12) + 8 + 45 — 8
8+121—6—-¢—-12—12{+3+8+4i—8 = —7+ 3i

————\ 4 4
oo = () - (R - (8]
= 1, VB, §i-212=/ LVBNT 1 VB s, 1 VB
L4 2ty S tetgl) sttt = —g- g
o |2zt —B—if 26— 2i)+(2+1')—5-—c|2
Y| —n =i T |2A2+9-(3—2) +3— |
|8—4i|2 _ (/B)2+(=4)2)

- 3—4i|?
4+ 31

|4+3i]2 V@2 + @3)2)2

Find real numbers # and y such that 3z +2iy —ix +5y = T+5i.

The given equation can be written as 3x+5y+z(2y—x) = T+ 5i. Then equating real and
imaginary parts, 8xz+5y = 7, 2y —z = 5. Solving simultaneously

Y, & = _1’ '3’22-

Prove: (@) zi+2: = Z1+ 2, (b) |212e = || 2.
Let z; = @, +1y,, %3 = z3+1ys. Then
(d) z1+z2 = & + iyl + 7)) + iy2 = % + Xy + i(ul'f' yg)
= a:1+a02—1'(y1+y2) = acl—-iyl-f-xz—'iyz = x1+iy1 + x2+'iy2 = §1+22
(®) |21zl = {(@r+iy) (e +iyg) | = |22 — vays + (e + y1%0) |
= VEm— v + (@ ty)? = Vsl + 2023 +48) = Ve + iVl + 42 = || |z
Another method.
121222 = (2129 (3129} = @ymebidy = (B2 ){zede) = 24222 or |2z = 2y |2l
where we have used the fact that the conjugate of a product of two complex numbers is equal to
the product of their conjugates (see Problem 55). ‘
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GRAPHICAL REPRESENTATION OF COMPLEX NUMBERS. VECTORS

=
D

Dawlrsrm tha indinata 3 i i :
Perform the indicated operations both analytically and graphically:

(@ @+4i) + (5+2i), (b) (6—28) — (2—5i), () (~8+5) + (4+2i) + (53 +
(—4 — 6i).

(a) Analytically. (3+49) + (5+2)) = 8+5+4i+2 = 8+ 61

Graphically. Represent the two complex numbers by points P, and P, respectively as in Fig. 1-7
below. Complete the parallelogram with OP; and OP, as adjacent sides. Point P represents the
sum, 8 + 6i, of the two given complex numbers. Note the similarity with the parallelogram law
for addition of vectors OP, and OP, to obtain vector OP. For this reason it is often convenient
to consider a complex number a+ bi as a vector having components a and b in the directions of
the positive # and y axes respectively.

Fig. 1-7 ' Fig.1-8

(b) Analytically. (6—2i) —(2—5i)) = 6 —2—2i+5 = 4+3i :
Graphically, (6—2i))—((2—5i) = 6—2i+(—2+5i). We now add 6 —2i and (—2+57) as in
part (@), The result is indicated by OP in Fig. 1-8 above.

(¢) Analytically.

(-3+5)+@4+2)+(B5—3)+(—4—~6) = (—8+4+5—~4)+ (i+2{—8i—68) = 2 —2¢
Graphically. Represent the numbers to be added by zj, 25, 23, %4 respectively. These are shown
graphically in Fig. 1-9. To find the required sum proceed as shown in Fig. 1-10. At the terminal
point of vector z, construct vector z;. At the terminal point of 23 construct vector 2z, and at the
terminal point of z; construct vector z;,. The required sum, sometimes called the resultant, is

obtained by constructing the vector OP from the initial point of z; to the terminzal point of z,, i.e.
OP = z,+2y+23+2, = 2—2i.

Fig.1-9 Fig. 1-10
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6. If z, and 2; are two given complex numbers (vec-
tors) as in Fig. 1-11, construct graphically
(a) 321 — 22z (b) 422 +§2:
(a) In Fig. 1-12 below, 0A =38z, is a vector having lengti 27 4
times vecter z; and the same direction.

OB = —22, is a vector having length 2 times vector 22
25 and the opposite direction.

Then vector OC = OA + OB = 8z, — 22,, Fig.1-11

C ¥
l

Fig.1-12 Fig.1-13
(b) The required vector (complex number) is represented by OP in Fig. 1-13 above.

7. Prove (@) [@1+2:| = |aof + |22, (b) |21+ 22+2s) = [2u] + |2 + Jos|, (¢) |2a—2d 2
|z21) — |2;| and give a graphical interpretation.

(a) Analytically. Let z; = x,+1iy,, 25 = 23+ 1y, Then we must show that
Vigy+ 292 + (yy +32)? = Val+y2 + Va2 + 43
Squaring both sides, this will be true if
(1t 22 + (1 +92)? = 2} + o] + 2V + Dl +0d) + 23 + vl

Le. if 2%y + vy = V(a2 +3)(22 +42)

or if (squaring both sides again)

wlag + 2xoyyys + iyl S odad + ohd + vled + 203
+ uia}

or 22, 2g¥ 143

A
8
=

e

2 %fv
But this is equivalent to (ryy, —a,y)2 = 0 which is t
reversible, proves the result.

rue. Reversing the steps, which are

Graphically. . The result follows graphically from the fact that |2,|, |2, |2, + 2,| represent the
lengths of the sides of a triangle (see Fig. 1-14) and that the sum of the lengths of two sides of
a triangle is greater than or equal to the length of the third side.

1y v
l2a f2gl
N N/ o
|2, + 24| A syt at Z;L___-___ P
x o S i s e S x
Fig.1-14 Fig.1-15
(b) Analytically. By part (a),
leitzgtzg] = lzy+(atzd] = 2 + |2p+23) S |zg] + |2g) + |2

Graphically. The result is a consequence of the geometric fact that in a plane a straight line
is the shortest distance between two points O and P (see Fig. 1-15).

~
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(c) Analytically. By part(a), |z,] = |21 — 23+ 23] S |21 — 25| + |2a. Then |2,— 2| & || — lzg].
An equivalent result obtained on replacing z; by —z; i8 |21 +2;] = 2] — 2.
Graphically. The result is equivalent to the statement that a side of a triangle has length
greater than or equal to the difference in lengths of the other two sides.
Let the position vectors of points A(x1,¥:) and v

B(z2, y2) be represented by 21 and z; respec- Az, ¥y)

tively. (a) Represent the vector AB as a com- ‘ L

N, PR R el - ~d ewr e

plex number. (b) Find the distance between %

points A and B.

(a) From Fig. 1-16, OA+ AB = OB or x

AB = OB—OA = %9 — 24
= (%a+ 1ya) — (x4 +iyy)

= (wp—ay) + vz —v1) : Fig.1-16
(b) The distance between points A and B is given by
|AB| = |(x, —\xl) +iye—y)| = ‘\/(xz -2+ (ya—v1)?

Let 2z, = 21+ and z; = x3+iy: represent two non-collinear or non-parallel vectors.
If a and b are real numbers (scalars) such that az,+ bz: = 0, prove that a=0and b=0.
The given condition az, + bz; = 0 is equivalent to a(z; +iy;) + b(xp+iyy) = 0 or azy+ bz, +

ilay, + byy) = 0. Then azx; + bx, 0 and ay,+ by, = 0. These equations have the simultaneous
solution @ =0, b =0 if y,/x; % Yo/%,, i.e. if the vectors are non-collinear or non-parallel vectors.

v

Prove that the diagonals of a parallelogram
bisect each other.

Let OABC [Fig. 1-17] be the given parallelogram
with diagonals intersecting at P.

Since 2z, +AC = 2, AC = 2,—2,;. Then AP =

m(zg—2;) where 0=m =1,

Since OB = 2z, + 23, OP = n(z,+2;) where’
0=n=1. )

But OA + AP = OP, ie 2z +m(zp—2z) =
nzy+2) or (l—m—mn)z; + (m—mn)2z; = 0. Hence
by Problem 9, 1-m—2 =0, m—n =0 or m=1},
n=1% and so P is the midpoint of both diagonals. Fig.1-17

Find an equation for the straight line which passes through two given points A(x1, y1)
and B(z:, y2).

Let 2z, = x, +1iy; and 2z, = %3+ iy, be the posi-
tion vectors of A and B respectively. Let z = -+ iy
be the position vector of any point P on the line join-
ing A and B.

From Fig. 1-18,

OA+AP =0P or z;+AP =2, ie. AP =2z—z2
OA+AB = 0B or z;+AB = 2;, i.e. AB = 2z,— 2
Since AP and AB are collinear, AP = tAB or

2— 2, = t(zo—2,) where t is real, and the required
equation is

z2 = z;+ Hza—2y) or 2 = (1—1t)z, + tzy Fig.1-18
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Using 2z, =z, +14y,, 25 = 2+ iy, and 2z = x + 4y, this can be written

-z = Hep—2xy), Y-y = ty,—v,) or TTh _ VT
Ta— X Yo— U
The first two are called parametric equations of the line and ¢ is the parameter; the second is called the

equation of the line in standard form.

Another method. Since AP and PB are collinear, we have for real numbers m and n:

mAP = nPB or m(z — zy) = n(zy —2)
Toi mz, + nz, mx, + ne, my, + ny,
S0lvine 2 = —— S X = — gy = ——
Soving, * m+n b ¥ m+n ' Y m+n

which is called the symmetric form.

12. Let A(1,-2), B(-3,4), C(2,2) be the three ver-
tices of triangle ABC. Find the length of the
median from C to the side AB.

The position vectors of A,B and C are given by
2y = 1—2i, zg = —3+4i and 23 = 2+ 2i respec- '
tively. Then from Fig. 1-19,

AC = 2z3—2 = 2+ 20— (1—-2)) = 1+ 4i
=2+2—(=83+4) = 5—2¢

AB = z 2p = -8+ 4i—(1—2¢9) = —4 + 61

AD = }JAB = }(—4+6i) = —2+ 3{ since D is the midpoint of AB.

AC+CD = AD or CD = AD—-AC = ~2+38i—-(1+4)) = —3—1i.

Then the length of median CD is |CD| = |—3—i| = V/10.

o
Q
Lon
&
|
o
|

»
b
l
o
|
Ky
I

13. Find an equation for (a) a circle of radius 4 with centre at (—2,1), (b) an ellipse with
major axis of length 10 and foci at (-3, 0) and (8, 0).

(a) The centre can be represented by the complex number —2+4i If z is any point on the circle
[Fig. 1-20], the distance from z to —2 + 1 is

|z —(—2+19)| = 4
Then [z2+2—1i| = 4 is the required equation. In rectangular form this is given by
[(x+2)+iy—1)| = 4, ie (x+2)2+ (y—1)2 = 16

v

Fig.1-20

(b) The sum of the distances from any point z on the ellipse (Fig. 1-21] to the foci must equal 10,
Hence the required equation is '
|z+3|+ |2—3| = 10

In rectangular form this reduces to 22/25 + 2/16 = 1 (see Problem 74).

AXIOMATIC FOUNDATIONS OF COMPLEX NUMBERS

14. Use the definition of a complex number as an ordered pair of real numbers and the
definitions on Page 3 to prove that (a,b) = a(1,0)+ b(0,1) where (0,1)(0,1) = (~1,0).
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From the definitions of sum and product on Page 3, we have
(@,b) = (6,0)+(0,b) = a(1,0) + b(0,1)

where 0,1)(0,1) = (0+0 — 11, 0-1+1+0) = (—1,0)
By identifying (1,0) with 1 and (0,1) with ¢, we see that (a,b) = a+ bi.

15. If 2z = (a1, b1), 22 = (az, b2) and z; = (as, bs), prove the distributive law: 2:1(22+25) =
2122 + 212s.

(@1, 5){(ag, by) + (ag, b3)} = (ay, by)ag+ ag, by + by)
{a;(as + a3) — by(by + bs), a;(by+ bs) + bylas + ag)}
(@100 — byby + aya3 — byby, aiby+ byag + ayby + byag)
(@103 — byby, ayby +biay) + (aja3— bybg, arbg+ biag)
(ag, by)(ag, by) + (ay,b1)as, bg) = 223 + 2125

We have 24(2g + 2g)

POLAR FORM OF COMPLEX NUMBERS
16. Express each of the following complex numbers in polar form.

(@) 2+ 2V3i
Modulus or absolute value, r = |2+2V3i| = V4 +12 = 4.

Amplitude or argument, ¢ = sin~—! 2V/3/4 = sin—1 V3/2 = 60° =
7/8 (radians).

%
Then
2+ 2v/8i = r(cose +ising) = 4(cos60° + 1 sin 60°)
= 4(cos /3 + i sin x/3)
The result can also be written as 4 cis #/3 or, using Euler’s formula, as 4e™/3,
(d) -5 + 5i
r = |-b+6i] = V26+26 = b5V2
o = 180° — 46° = 1385° = 3x/4 (radians) z
Then —5+ 5i = 5V2 (cos185° + isin 135°)
= 52 cis 3n/4 = 52 i/ Fig.1-23
. v
) —V6é —V2i ; /L\"i'a
r= |=VB—VZi| = V6+2 = 22 v [\ x
o = 180° + 80° = 210° = 7x/6 (radians) -vi| %
3 e
Then * —V/6 — V2i = 2V/2(cos 210° + isin 210°)
' = 2V2cis Tr/6 = 2V/2eTmi/6 Fig. 1-24
@ -3 S
r = [-8] = |0—8i] = V0o+9 = 3 "{H\ ‘ z
6 = 270° = 3#/2 (radians) 1‘3
Then —3i = 3(cos 37/2 + i sin 37/2) o
= 3 cis 3r/2 = 8edmi/2 Fig.1-25

17. Graph each of the following: (a) 6(cos240° + ¢ 8in240°), (b) 4e*™5, (c) 2e~"/4.

(a) 6(cos 240° + i 5in 240°) = 6 cis240° = 6 cis 47/3 = 6 etmi/3
can be represented graphically by OP in Fig. 1-26 below.
If we start with vector OA, whose magnitude is 6 and whose direction is that of the positive
% axis, we can obtain OP by rotating OA counterclockwise through an angle of 240°. In general,

rel? is equivalent to a vector obtained by rotating a vector of magnitude r and direction that of
the positive x axis, counterclockwise through an angle o.
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18. A man travels 12 miles northeast, 20 miles 30°
west of north, and then 18 miles 60° south of
west. Determine (@) analytically and (b) graphi-
cally how far and in what direction he is from 2 miles
his starting point.

(a)

o~
o
~—

DE MOIVRE’S THEOREM

19. If 2, = 71 (cosd, +¢8infd;) and 2, = ry(cosf: + isindy), prove:
(@) 2122 = 7172 {cos (01 + 02) + isin (61 + 62)}
Zi_n _ . . _
(b) %= {cos (6, — 82) + isin(6: 02)}.
(@) 22y = {ry(cosé, + isin 6;)}{ry(cos o, + i sin 6;)}

[y
[+, ]

7] Y ¥
V}e .z A 0 2 >
/ \ N
P : \ L ’

0 p

Fig.1-26 Fig.1-27 Fig.1-28

4 ¢3/5 = 4(cos 37/6 + isin 37/B) = 4(cos 108° + i sin 108°)
is represented by OP in Fig. 1-27 above.
2¢~m/4 = 2{cos(—=/4) + isin(—=x/4)} = 2{cos (—45°) + i sin (—45°)}

This complex number can be represented by vector OP in Fig. 1-28 above. This vector can
be obtained by atarting with vector OA, whose magnitude is 2 and whose direction is that of the
positive x axis, and rotating it counterclockwise through an angle of —45° (which is the same
as rotating it elockwise through an angle of 45°).

BIY

PmiQ

Analytically. Let O be the starting point (see Fig.
1-29). Then the successive displacements are repre-
sented by vectors OA,AB and BC. The result of all
three displacements is represented by the vector

OC = OA + AB + BC
Now OA = 12(cos 45° + i sin45°) = 12 ¢/t
AB = 20{cos (90° + 30°) + i sin (90° + 30°)} = 20 27V
BC = 18{cos (180° + 60°) + 1 sin (180° + 60°)} = 18 e4ni/s

Fig. 1-29
[

Then
OC = 12e¢m/4 + 20 271/3 + 18 etwi/s
{12 cos 45° + 20 cos 120° + 18 cos 240°} + {12 sin 45° + 20 sin 120° + 18 sin 240°}
{12)(V2/2) + (20)(—1/2) + (18)(—1/2)} + {(12)(V2/2) + (20)(V3/2) + (18)(—V/3/2)
= (6V2—19) + (6V2+V8)i
If r(cose+ising) = 6V2—19+ (6V2 + V3)i, then r = \/(6\/5—19)2+(6\/§+\/§)2 =
14.7 approximately, and § = cos—1! (62 —19)/r = cos—1(~.T17) = 135°49’ approximately.

Thus the man is 14.7 miles from his starting point in a direction 135°49’ — 90° = 45°49’
west of north.

nregents 2 miles,
f diadindeddainbdng At 4
d

icall ing a cor ient t of lengt! y
and a protractor to measure angles, construct vectors OA, AB an
number of units in OC and the angle which OC makes with the ¥

results of (a).

S22k 0L R

Graphically. Using a convenient unit of length such as PQ in Fi
a

7r179{(cos 8, cos 8, — sin 8, sin 8;) + i(sin #; cos #, + cos 6, sin #5)}
r17o{cos (6, + 65) + 18in (¢, + 85)}
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) % ry(cos 8; + i s8in @) (cos 6y — i 8in 4y)

] ro(cos #5 + 7 8in ¢g) (cos 83 — i sin dy)

_ 7y {(cos 6y cos 8, + sin #, sing,) + d(sin e, cos 8, — cos 6, sin 6,)
T2 cos? g5 + sin2 e,

= T teon (8, —05) + i sin (9, — 6)}
Lf]

In terms of Euler’s formula ¢® = cos ¢ + i 8in 9, the results state that if z; =r;e®s and 2y =ryeifs,

(8 eity
then 23z = ryry el01+6) and 2t = 101 = 11 pue-ep,
25 roefs rs

Prove De Moivre’s theorem: (cos§ +ising)* = cosnf +isinnd where n is any
positive integer.

We use the principle of mathematical induction. Assume that the result is true for the particular

positive integer k, i.e. agsume {cos# + isin 8}k = cosks + 18in ks. Then multiplying both sides by
cosé + ising, we find
(coss + iging)k*+l = (coskes + isinke)(cose® + ising) = cos(k+1)e + 4sin(k+1)e

by Problem 19. Thus if the result is true for n =k, then it is also true for n = k4 1. But since the
result is clearly true for n =1, it must also be true for n = 1+1 =2 and n =2+1 = 3, etc, and
so must be true for all positive integers.

The result is equivalent to the statement (eff)r = enie,

Prove the identities: (a) cos58 = 16 cos®d — 20 cos®d + 5 cosd; (b) (sinbh)/(sing) =
16 cos*d — 12 cos?d + 1, if 6§ # 0, xx, £2x, . ...

We use the binomial formula
(@a+b) = ar + (Par~1b + (3)ar—2b2 + -«- + (Pav—rbr + -+ + b»
n!
rin—nr)!’
The number n! or factorial n, is defined as the product 1¢2+3---n and we define 0! =1.

where the coefficients (3) = also denoted by ,C,, are called the binomial coefficients.

From Problem 20, with » =5, and the binomial formula,
cosbe + i18inbs = (cosé + ising)®
= cos®¢ + (})(costs)(isine) + (§){cos®6)(isins)?
+ ($)(cos26)(isin6)® + (I)(cos6)(ising)t + (isine)®

B —nod a 2 AN ancl s =20 a

= costd + b1 ¢os8%d §lnv — 1V CO8° ¥ Bini~ @
— 10icos?0 8in%6 + bcosdsinté + isine

= cos5¢ — 10cos36 sin2e + b5 cosesinte
+ (b costd sing — 10 cos? ¢ sin%¢ + gindg)
Hence
(a) cosbs = cos®¢ — 10 cos?¢ sin?é + 5 cosé sintg
= cosSe — 10 cos3s (1”— cos2g) + b cose (1 — cos?e)?
= 16cosbs — 20cos®s + Lcose (om b5 ,7
and ’ ‘
(b) sinb¢ = Bcostesing = 10 cos?e sind®s + sinSe
or .
51'n_5a = bHcoste — 10 cos?é sin?¢ + sinte
sin &

Bcoste — 10 cos2¢ (1 — cos?29) + (1 — cos?y)?
16 coste ~ 12 cos2e + 1
provided sing # 0, ie. ¢ ¥ 0, X7, X27,....

' o0 4 10 18 _ o—i0
22, Show that (a) cosd = " (b) sing = L,
: Z ’ at ’ o

We have (1) €% = coso + isineg, (2) et = cosg —isgine
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i0 4 g=10
(a) Adding (1) and (2), e+ e~ = 2c080 or coss = L
-
' 10— g—10
(b) Subtracting (2) from (1), et — ¢= = 2{ging or ging = -6—2:——

23. Prove the identities (a) sin*¢ = %sind — $sin89, (b) cos*d = }cos4d + 4 cos 20 + &

16 — 0 10 . o —16)3
(@) sin®e = (e_;___) = (i_sfg—) = ——"‘— 3(3“’)\’(3—“’) + 3(0“’) —i)2 — (g-i0)3) \
D B PR 3/440—9—40\ 1/e W-—a TN
= g - ata o = Y5 (S

3 . .
= —gine — l,sm3o
4 4

/eia.;.e-w\‘ (et + g-io)t

-~
o
~—
[r]
[+
w
'3
<
It

2 /) 16
= 1—16{(6“’)4 + 4(e!f)3(e~10) + 6(e0)2(e16)2 + d(eff)(e—0)3 + (e—i0)4)
_ %(64{9_‘_482‘,.*_6_‘_“_2“_*_ 40 = %(euu-ze-«io) 4 %<em+2,-zw) +§
= %cos“ + %_cos20 + ?8-
24. Given a complex number (vector) z, interpret v

geometrically ze** where « is real,

Let z =17¢' be represented graphically by vector
OA in Fig. 1-30. Then

261 = peilegla — pgit0+a)

is the vector represented by OB.

Hence multiplication of a vector z by ei® amounts
to rotating z counterclockwise through angle a. We can
consider ei® as an onerator which acts on z to produce

this rotation. Fig.1-30

25. Prove: ¢¥ = el®+%m [ =0, =1, +2 ....

eie+2km = ooy (04 2ke) + isin(0+2x) = co80 + ising = b

26. Evaluate each of the following.
(@) [3(cos 40° + 7sin 40°)][4(cos 80° + i sin 80°)]

3+ 4[cos (40° + 80°) + i sin (40° + 80°)]
12(cos 120° + 1 sin 120°)
/1 V8B

= 12(-3+5i) = —6 + 6V8i
() ZERIEY 1B g 050 1a50
\= Vil v 7 vz LIE 400
= 2[cos(—30°) + isin(—30°)] = 2[cos80° —isin80°] = V8 — i
1+ V3i\" 2 cis (60°) | " o0 : 1, V3,
— = < = i = is1 ° = 120° = —= —
() (1_ \/§i) { o (cis 120°) cis 1200 cin 2+
Another method.
10 10
( 1 +‘/§1 = 29"‘/3) = (e2W/3)10 = o207
\1-V3 1/ \2e™m/3, 1 VE
= efmietns = (1)[cos(2¢/3) + isin(20/8)) = -3+ =i
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27. Prove that (a) arg(zi22) = argz: +argzs, (b) arg(z/2:;) = argz, — argz;, stating
appropriate conditions of validity.
Let 2z = ri(cos6, +isinegy), z, = ry(cosé, +ising,). Then argz, =4, argz, =4,

+¢8; = argz + arga,.

z r z
(b) Since — = — {cos (¢, — 83) + isin (e, — 8,)}, arg (—l-> = 0, —8; = argz, — argz,.
Za T2 29
Since there are many possible values for 8, = argz, and §, = argz,, we can only say that the

two sides in the above equalities are equal for some values of argz, and argz,. They may not hold

even if prineipal values are used,

ROOTS OF COMPLEX NUMBERS
28. (a) Find all values of z for which 2°=—32, and (b) locate these values in the com-
plex plane

Let z = r(coss + iging). Then by De Moivre’s theorem,
25 = 79(cosbo + isinbe) = 32{cos (v + 2kx) + i sin (r + 2kx)}
and so r5=232, 50 = v+ 2ks, from which . »r =2, ¢ = (r + 2ks)/5. Hence

z = 2{cos(1i—52ﬁ) + i sin ("+52k">}
1§ AN - 4 N o

Iftk=0, 2z = z; = 2(cos n/5 + 1 sin »/B).

If k=1, 2z = 2z, = 2(cos 3z/6 + i sin 3z/5).

If k=2 2z = z3 = 2(cos 5#/6 + isin bx/5) = —2.
If k=38, z = 2z, = 2(cos T«/b + isin T=/b).

If k=4, 2z = z5 = 2(cos 9r/5 + < sin 9=/b).

By congidering k = 5,6,... as well as
negative values, —1,—2, ..., repetitions of the
above five values of z are obtained. Hence
these are the only solutions or roots of the
given equation. These five roots are called the
Jifth roots of —82 and are collectively denoted
by (—82)1/5, In general, al/® represents the nth
roots of a and there are n such roots.

(b) The values of z are indicated in Fig. 1-31.
Note that they are equally spaced along the
circumference of a circle with centre at the
origin and radius 2. Another way of saying
this is that the roots are represented by the
vertices of a regular polygon. Fig. 1-31

29. Find each of the indicated roots and locate them graphically.
(@) (—=1+4)1/3
=141 = V/2{cos (3z/4 + 2kz) + i sin (8/4 + 2kx)}

(—1+49)1/8 = 2u/8 {cos (—————37/4 ; 2k"> + isin <———-37/4 ; 2k")}

It k=0, 2z = 2V%cos z/4 + isin 7/4).
If k=1, 23 = 2V8cos 117/12 + ¢ sin 112/12).
If k=2, z3 = 21/¢(cos 19z/12 + isin 19x/12).

These are represented graphically in Fig. 1-32, Fig.1-32
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/
7

(b) (—2V8 — 2i)1/4
~2V8—2i = 4{cos (Tr/6 + 2k=) + i sin (Tr/6 + 2kx)}
, T2/6 + 2k« .. (/6 + 2x
(—2vV3—2)14 = 41’4{‘:03 <—-4—> + dgin <T>}
If k=0, 2 = V2(cos 7r/24 + i sin T2/24).
If k=1, 2, = VZ(cos 197/24 + i sin 19+/24).
If k=2, 23 = VZ(cos 31x/24 + i sin 31x/24).

s ¥

If k=3, z4 = VZ(cos 437/24 + i sin 43+/24).,

These are represented graphically in Fig. 1-33. Fig.1-33

30. Find the square roots of —15 — 8.
Method 1.
—-15 — 8i = 17{cos (¢ + 2kz) + isin (8 + 2kr)} where coss = —15/17, sine = —8/17.
Then the square roots of —15—8i are

V17 (cos 8/2 + i sin 6/2) #3)
and V17 {cos (¢/2 + w) + isin (6/2 + 2)} = —\/ﬁ (cos 8/2 + 1 sin 0/2) (2)
Now cos 0/2 = =\/(1+ cos9)/2 = /(T - 16/17)/2 = *=1/1/17

sin 0/2 = V(1 —cos6)/2 = £\/(1 + 16/17)/2 = =4/\/1T

Since 6 is an angle in the third quadrant, ¢/2 is an angle in the second quadrant. Hence coss§/2 =
—1/Y17%, sin6/2 = 4/v/17 and so from (1) and (2) the required square roots are —1+4i and 1 — 4.
As a check note that (—1+4i)2 = (1 —44)2 = —15— 8i.

Method 2.
Let p+1q, where p and q are real, represent the required square roots. Then
(ptiQ? = p>—¢*+ 2pqi = —15— 8¢ or @) pPP—q? =15, (4) pg = —4

Substituting ¢ = —4/p from (4) into (3), it becomes p2— 16/p? = —15 or pi+15p2—16 = 0, i.e.
(P2 +16)(p2—1) =0 or p2=-16, p2=1. Since pis real, p==*1. From (4) if p=1, ¢ = —4; if
p=-1, ¢g=4. Thus the roots are —1+4i and 1— 41,

POLYNOMIAL EQUATIONS
31. Solve the quadratic equation az*+bz+c = 0, a 0.

Transposing ¢ and dividing by a + 0, 22 + %z =-£
b \? b b \? ¢ b\?
. b . ) Y _ _e b
Adding <2a) [completing the square], 22 + a? + ( 2a> p + <2a>
b \2 _ b2—dac
Then (z + 2a> = T
Taking sanare rasts - _b_ = *y b2 — 4ac
- Rasiiagm SYuaLT JUUWD, 2a 20,
—b = B2 =
Hence z = %
a

32. Solve the equation 22+ (2(—8)z+5—1i = 0.
From Problem 31, a=1, b =2{—3, ¢ =5—1 and so the solutions are
; = ~bxybl—dac  —(2i-3) =+ V(2i—3)2 — 4(1)(6 — 1) _ 8—2ix+/-15—8i
2a - 2(1) - 2
3~ 2+ (1—49)
Z

using the fact that the square roots of —15— 8i are *(] — 4i) [see Problem 30]. These are found to
satisfy the given equation.

= 2—-3i or 1+1
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33.

34.

35.
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If the real rational number p/gq (where p and ¢ have no common factor except *1, i.e.
p/q is in lowest terms) satisfies the polynomial equation @z + @2" '+ - tan = 0

where ao, a1, ...,0. are integers, show that p and ¢ must be factors of a. and ao
respectively. :

Substituting z = p/q in the given equation and multiplying by ¢" yields

‘ agp™ + ayp"ig t crc + @1 pgtT + ang® = 0 (1)
Dividing by p and transposing the last term,
a. n
Gpt 1+ ayprig + e Gy Pl = = ®

¥

Since the left side of (2) is an integer, so also is the right side. But since p has no factor in common
with g, it cannot divide ¢» and so must divide a,.

Similarly on dividing (1) by ¢ and transposing the first term, we find that ¢ must divide a,.

Solve 62t — 252® + 38222+ 82— 10 = 0.

The integer factors of 6 and —10 are respectively *1,+2, +3, 6 and =1, %2, *5,*10. Hence by
Prob. 33 the possible rational solutions are *1,%1/2,*1/3, +1/6, 2, +2/8, £5, +5/2, £56/8, +5/6, £10, =10/3.

. -

By trial we find that z = —1/2 and z = 2/3 are solutions, and so the polynomial (2z + 1){(3z =
622—2—2 is a factor of 62z% — 25¢3 + 3222 + 3z — 10, the other factor being 22— 42+ 5 as foun
long division. Hence :

624 — 252% + 3222 + 82— 10 = (622—2z—2)(z2—4z+5) = 0
The solutions of 22— 4z+5 = 0 are [see Problem 31]
; = 4+116—-20 _ 4xV-4 _ 4*2 _ o,
2 B 2 T2

Then the solutions are —1/2, 2/8, 2+1, 2—1.

Prove that the sum and product of all the roots of aez" + @12" '+ -+ +@x = 0 where
ao% 0, are —a/ao and (—1)"a./ac respectively.

If 2,25 ...,%, are the n roots, the equation can be written in factored form as

aglz =2z —29) " (z—2,) = 0

Direct multiplication shows that

aglz® — (B + 2+ o +z)2n "t + oo+ (FD)"2gzp o2} = 0
It follows that —ag(z;+ 25+ ++- +2,) = @y and ag(—1)"2;23" " 2p = Gy, from which
2t zgt+ s 2, = —a/ag 22 0z = (—1)"a,/a,
as required.

If p+qi isarootof gz +@mz" '+ --+a, =0 where ao#0, a1,...,0s, p and ¢
are real, prove that p — ¢t is also a root.
Let p+ ¢i = re!® in polar form. Since this satisfies the equation,
agrheind + g rn—leln—10 4 ... + g, yre +a, = 0
Taking the conjugate of both sides
Ggrhe—ind + g n—lg—iA—DO 4 ... 4 Gyp_yre " +a, = 0

we see that re—# = p—gqi is also a root. The result does not hold if ag,...,a, are not all real
(see Problem 32).

The theorem is often expressed in the statement: The zeros of a polynomial with real coefficients
oceur in conjugate pairs.
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THE nth ROOTS OF UNITY
37. Find all the 5th roots of unity.

28 = 1 = cos2r + isin2kr = e2%m where k = 0,*1,%2,...
Then z = cosz—k’ + isinz—-kr = g2kmi/s

where it is sufficient to use %k = 0,1,2,3,4 since all other values of k lead to repetition.

Thus the roots are 1, e27i/5, gdmi/3 ¢8mi/S ¢8nirS.  If we call e27i/5 = «, these can be denoted by
1, o, w?, W3, wt, ’

38. If n =2,38,4,..., prove that

s " n s ‘n
i i : . 2(n—

(b) smgf+ mnﬁr + sm&r- + e+ smu = 0
n n n n

Consider the equation zn—1 = 0 whose solutions are the nth roots of unity,
q
i , eiﬂi/ﬂ' e‘ﬂifn. eaﬂ/ﬂ’ ceny cz(ﬂ—l)‘lﬂ/ﬂ

By Problem 36 the sum of these roots is zeré. Then

1 + e2m/n 4 gimi/n 4 gbmi/m 4 ... 4 g2(n-Dmi/n =
ie,
{1 + cos& + cosﬁ LR cos———z("_l)”} + i{sin& + sin 2z + o+ sinz—-—(n_l)”} =0
n n n n n n

from which the required results follow.

DOT AND CROSS PRODUCT
39. If 2,=8-4¢ and 2z, = ~4+8i, find (a) z102s, (b) 21 X 2s.

(@) 21023 = Re{%25} = Re{(8+4)(—4+3))} = Re{—24—7i) = —24
Another method. 1z 02z, = (3)(—4) + (—4)(3) = —24

(®) 2y X 23 = Im{212} = Im{(3+4)(—4+31)) = Im{-24—-Ti) = —7
Another method. 2, X z, = (3)(3) — (~4)(—4) = -7

40. Find the acute angle between the vectors in Problem 39.

From Problem 39(a), we have cos¢ = -1 2 — .—24 - = =24 —.96.
|21l fzal ™ 8 — 44| [—4 + 3i] 25

'’ approximately.

Then the

41. Prove that the area of a parallelogram having
sides 2; and 2: is |21 X z|.

[}
YA
Area of parallelogram [Fig. 1‘-34] h = |23| sin @
= (base)(height) A 6 | 2 /
= (|22)(|2,] sin 9) )
= |2y |2g] sine = |2y X 2, P 1.24
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42, F nd the area of a triangle with vertices at
Z1, 1), B(xs,y2) and C(zs, ys).

The vectors from C to A and B [Fig. 1-35] are
respectively given by
oy = (m—xy) Hily—w),
23 = (z3—xy) + i(ys—¥s)

Since the area of a triangle with sides z, and z, l
1

is half the area of the corresponding parallelogram, Fig.1.88
we have by Problem 41:

Areaof triangle = }|# X 2] = §|Im{[{(z,—25) — ily1— ¥s))[(@g — 23) + i(yg— v} |
§ (2 = 2) (v —vs) — (1 — ¥s)(x2 — z5) |

= §|%wWe — V1% + Ta¥s — Vo + Tg¥1 — V¥ |

EXRY

in determinant form.

(@) Since z = a:-i-iy, Z=gx—-iy, = ;i, y= z;;.i. Then 2x+y = b becomes
z(‘”) + (-’-—;-}) = 5 or (Z+le+ @i-1)z = 104
The equation represents a straight line in the z plane.
(b) Method 1. The equation is (z+iyMz—iy) =36 or 2z =36
Method 2. Substitute 2z = z-;-vi’ Y= zz—ii in 2?2+ y2 = 36 to obtain zz = 36. i:

The equation represents a circie in the z plane of radius 6 with centre at the origin.

44, Prove that the equation of any circle or line in the z plane can be written as
a2t + Bz + Bi+y = 0 where « and y are real constants while 8 may be a complex
constant.

The general equation of a circle in the xy plane can be written
Ax2+y)+ Bx+Cy+D = 0
which in conjugate coordinates becomes
Azz+8(”2'*>+c( 2t)+D =0 or Az2+<—g+2%.)z+(g——-—2%)i+b =0

Calling A = q, g + % = 8 and D =y, the required result follows.

In the special case 4 = a = 0, the circle degenerates into a line.

POINT SETS

45. Given the point set S: (i, 4, 4i,1i,...} or briefly {i/n}. (e) Is S bounded? (b) What
are its limit points, if any? (c) Is S closed? (d) What are its interior and boundary
points? (e) Is S open? (f) Is S connected? (¢) Is S an open region or domain?
(k) What is the closure of S? (i) What is the complement of S? (j) Is S countable?
(k) Is S compact? () Is the closure of S compact?

(a) S is bounded since for every point z in S, |z| < 2 [for example], i.e. all points of S lie inside a
circle of radius 2 with centre at the origin.

(b} Since every deleted neighbourhood of z = 0 contains points of S, a limit point is z = 0. It is the
only limit point.
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Note that since S is bounded and infinite the Weierstrass-Bolzano theorem predicts at least one
limit point.
(¢) § is not closed since the limit point z =0 does not belong to S.

. (@) Every & neighbourhood of any point i/n [i.e. every circle of radius § with centre at i/n] contains
points which belong to S and points which do not belong to S. Thus every point of S, as well as
the point z =0, is a boundary point. S has no interior points.

(¢) S does not consist of any interior points: Hence it cannot be open. Thus S is neither open nor
closed.

o~
'

If we join any two points of S by a polygonal path, there are points on this path which do not
belong to S. Thus S is not connected. .

(9) Since S is not an open connected set, it is not an open region or domain.

(k) The closure of S consists of the set S together with the limit point zero, ie. {0,1, &5, 41, ...
({) The complement of S is the set of all points not belonging to S, i.e. all points z 1, 4/2,4/8, ....
(/) There is a one to one correspondence between the elements of S and the natural numbers 1,2,3, ...

as indicated below, . . ,
1 1 i
I

DO €—p 1
o€k

I
1

(-8

Hence S is countable.

(k) S is bounded but not closed. Hence it is not compact.
(!) The closure of S is bounded and closed and so is compact.

46. Given the point sets A = {3,—i,4,2+4,5}, B = {—i, 0, -1,2+1}, C = {—/24,4,3)}.
Find (a) A+B or AUB, (b) AB or ANB, (¢) AC or ANC, (d) A(B+C) or
AN(BUC), (¢) AB+AC or (ANB)U(ANC), (f) A(BC) or AN(BNC).

(@) A+B = AUB consists of points belonging either to A or B or both and is given by
{3,—i,4,24+14,5,0,—1).
() AB or ANB consists of points belonging to both 4 and B and is given by {—i, 2+ 1}.

(¢} AC or ANC = {3}, consisting of only the member 8. |
(d) B+Cor BUC = {4, 0, -1, 241, —\/21, %, 3}
Hence A(B+C) or An(BUC) = {3, —t,2+1}, consisting of points belonging to both A
and B+ C.
() AB = {—i,2+14}, AC = {3} from parts (b) and (¢). Hence AB+AC = {—i, 2+, 3}.

From this and the result of (d) we see that A(B+C) = AB+AC or An(BuC) =
(ANB)U(ANC), which illustrates the fact that A, B, C satisfy the distributive law. We can show
that sets exhibit many of the properties valid in the algebra of numbers. This is of great im-
portance in theory and application.

(), BC = BNC = @, the null set, since there are no points common to both B and C. Hence
A(BC) = @ also.

MISCELLANEOUS PROBLEMS

47. A number is called an algebraic number if it is a solution of a polynomial equation
Q2"+ a12" '+ - +an12+a, = 0 where Qo, 1, ...,0, are integers. Prove that
(@) V3+V/2 and (b) V/4 —2i are algebraic numbers.
(a) Let z = V3+V2 or z—V2 = V3, Squaring, 22 —2y224+2 =3 or 22— 1= 2\/§z. Squaring

again, 24 —222+1 = 822 or 24—1022+1 = 0, a polynomial equation with integer coefficients

having V3 + /2 as a root. Hence V3+ \/§ is an algebraic number.

(b) Let z = ‘%—21‘ or z+2i = % Cubing, 23+ 322(27) +82(20)2+(20)° = 4 or 28—12z—4 =
18 — 622). Squaring, 28+ 12z%— 823+ 4822496z + 80 = 0, & polynomial equation with integer
coefficients having \3/2 — 27 as a root. Hence \S/I —2¢ is an algebraic number.

Numbers which are not algebraic, i.e. do not satisfy any polynomial equation with integer
coefficients, are called transcendental numbers. It has been proved that the numbers » = 3.14159. ..
and e = 2.71828... are transcendental. However, it is still not yet known whether numbers such as
er or e+ 7, for example, are transcendental or not.
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z—3 z—8
48. Represent graphically the set of values of z for which (a) !z 73| = 2, (b) !z 3 ! < 2.

() The given equation is equivalent to |z—8| = 2[2+4+3| or, it z = z+4y, |z+iy—8| =

2|z+ty+8) ie,
Viz—~8)2+y? = 2V(x+8) + 42
Squaring and simplifying, this becomes
22+924+102+9 = 0 or (x+5)2+y2 = 16
ie. |2+5]| = 4, a circle of radius 4 with centre
at (—b,0) as shown in Fig, 1-36.

Geometrically, any point P on this circle is
guch that the distance from P to point B(2,0) is

=2t LAAEmRL BRI LARLEAllce AXeIAL £ Fyaiat D239; V)

twice the distance from P to point A(—3 0).

Another method.
z—38
z+ 8

= 2 is equivalent to

‘2—8\/%— 8 _ _ _
<z+3 (i+3 = 4 or 22+52+5z2+9 =

ie. (z+5)(z+5) = 16 or |z+5| =4.

(b) The given inequality is equivalent to [z—38| < 2[2z+8] or V(x—382+y2 < 2V(x+3)2+ 2
Squaring and sm:phfymg, this becomes 24+ 42+102+9 > 0 or (x+5)2+y% > 16, i.e.
[z4+56] > 4.

o

Fig.1-38

The required set thus consists of all points external to the circle of Fig. 1-36.

Given the sets A and B represented by |2—1] < 3 and |¢—2{ < 2 respectively.
Represent geometrically (a) ANB or AB, (b)) AUB or A+B
The required sets of points are shown shaded in Figures 1-37 and 1-38 respectively.
v

Fig.1-87 Fig.1-38

Method 1. The equation can be written 24 —22+16 =0, ie. 24+822+16—~0922 =0, (22+4)2—-9822 =0
or (22+4+82)(22+4—382) = 0. Then the required solutions are the solutions of 22+3z+4 = 0

8. V7, 3, V7.
2 — - —— — -t ——y,
and 22—32+4 =10, or 2 21 and 3 21
Method 2. Letting w = 22, the equation can be written w?—w+16 = 0 and w = -%t -:-\/7 i
To obtain solutions of 22 = % * g 71, the methods of Problem 30 can be used.
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51. If 21,2325 represent vertices of an equilateral v
triangle, prove that

B +2l+22 = 2z + 228 + 232,

From Fig. 1-39 we see that
25— 2 = e™/3 (24— z,)
2 — 23 = €"3 (25— 2y) 2
Zg =T 24 23— z;

Then by division - =
y dlvision, %12 22— 23 or

#+2+ 28 = 212 + 2525 + 22, Fig.1-39

52. Prove that for m = 2,8, ...

.7 . 2r ., 3x . (m—1)x m
SIHHSHI—-SIH—"' —_— =

81 = —
m m m 2m—-1
The roots = i, e*mim gimiim  g2(m—Dimi/m Then we can write

of 2% =1 are z =
m — 1 = (z —1)(z— e21ri/m)(z — e41'rilm) (2 — e2(m— l)m/m)

D1v1dmg both sides by z—1 and then letting z=1 [realizing that (2m—1)/(z—1) = 1+2z+22+
++2m-1] we find

m = (1— e2Mi/m)(1 — etmi/m) ... (] — g2(m—D)wi/m) )
Taking the complex conjugate of hoth sides of (1) yields
m = (1—e2m/m)(] — g=4mi/m)...(1 — ¢—2(m—Dwi/m) ®
Multiplying (f) by (2) using (1 — e2kmi/m){]1 — ¢—2kri/m) = 2 — 2 cog (2kx/m), we have
mé = 2m-—1 (1 — cosz—"')(l - cosﬁ> .o <1 - cosm) {9)
m m m

Since 1 — cos (Zkz/m) = 2 sinZ (kz/m), (&) becomes
. . o 27 . o m—Dr
2 — 9Im—2 gin2 " cin227 ... P ) 1.8
m 22m=2 gin 8in sin - (4)

Then taking the positive square root oi both sides yields the required result.

Supplementary Problems

FUNDAMENTAL OPERATIONS WITH COMPLEX NUMBERS
83. Perform each of the indicated operatlons

(@) (4—3i) + (2i—8) (o) =3¢ () (2{—1)2{ 4 +3_—'}

4—1 1+
() 3(-1+49 ~27—19) (H @+DE+ 201 —3) (f) At +i®4dte
(& @+20@—1) Z= % o —
. S e (2+ (3 — 20(1 +2) 1+i 1-iy’
@ G-DEA+)-3i-1) () EHAC-2 o 8 (1) -2 (1)
Ans. (@) —4—i (0) 8+ () 11/17 — (10117 (g) —16/2 + 6i @) 2+i
() -17T+14 () -9+ T () 2A+i (h) —11/2 — (23/2)i () —8—2i

5. If 2, =1—1, 29 = —2+4i, 23 = \/§ — 27, evaluate each of the follqwing:

() 21 +22, -3 0|22 (h) 73+ 2302 + (23— o312

(b) |22,—3z |2 % " (i) Re{2z} + 323 — 523}

(©) (2528 - by (zs z3> B Im{zz/z)

(@) |22+ 224, | (@) (22 F 29)(z1 — 2)

Ans. (@) —1—4i (¢) 1024i (e) 8/5 (@) =7+ 3V3 + V3i () —35

(b) 170 (d 12 ¢ -1 (h) 765 + 1283 () (6V8+4)/7
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55. Prove that (a) (2;2;) = 2,25, (b) (£;2523) = %;%2%3. Generalize these results.
56. Prove that (a) (21/22) = 51/52, (b) |21/72| = l21|/|32| if 22#0-

57. Find real numbers « and y such that 2x—3iy+4iz—2y—5-10i = (x+y+2) — (y —x + 3)i.
Ans. =1, y=-2

58. Prove that (a) Re{z} = (z+2)/2, (b) Im {2} = (z— 2)/2i.

59. Prove that if the product of two complex numbers is zero then at least one of the numbers must be zero.

60. If w=3iz—22 and 2 = z+1dy, find w2 in terms of = and y.
Ang, 244 34+ 22202 — 622 — 633 + 02 + 042
£1Ti8. T Y T L4XY QXY QY T vE° T oY

GRAPHICAL REPRESENTATION OF COMPLEX NUMBERS. VECTORS.
61. Perform the indicated operations both analytically and graphically.

(@) (2+3i) + (4 — 53) (c) 3(1+2i) — 2(2 — i) (e) $(4—3) +%(5+20)
(®) T+ — (4—29) (@) 31+4) +2(4—23) — (2+5)

Ansg. (a) 6 —2¢, (b) 3+ 31, (¢) —1+12{, (d) 9— 8¢, (e) 19/2 + (3/2)i

62. If z;, z, and 23 are the vectors indicated in Fig. 1-40, construct y
graphically \
2
(@) 22+ 7 () 2 + (23 + 2 (¢) §2a— B+ 32 2 .
(b) (21 + 22) + 23 (d) 321 - 222 + 523 W
3
63. If zy =4—3i and 29 = —1 + 2i, obtain graphicaily and analyti- ¥
cally (a) |2z, + 22|, (b) [21—23|, (¢) 21— 2, (d) |22 —82,—2].
Ans. (a) V10, (b) 5V2, (¢c) 5+ 51, (d) 15 Fig. 1-40

64. The position vectors of points A, B and C of triangle ABC are given by 2z, = 1+ 2i, 2, = 4—2i{ and
23 = 1 — 61 respectively. Prove that ABC is an isosceles triangle and find the lengths of the sides.

Ans. 5,5,8

65. Let 21, %9, 23,24 be the position vectors of the vertices for quadrilateral ABCD. Prove that ABCD
is, a parallelogram if and only if 2z, —2zy—23+2, = 0.

66. If the diagonals of a quadrilateral bisect each other, prove that the quadrilateral is a parallelogram.
67. Prove that the medians of a triangle meet in a point.

68. Let ABCD be a quadrilateral and E,F,G,H the midpoints of the sides. Prove that EFGH is a
parallelogram.

69. In parallelogram ABCD, point E bisects side AD. Prove that the point where BE meets AC trisects AC.

70. The position vectors of points A and B are 2+1 and 3 —2{ respectively. (¢) Find an equation for
line AB. (b) Find an equation for the line perpendicular to AB at its midpoint,

Ans. (@) z— (241 = t{1—37) or =2+t y=1-3¢ or 3z+y =1
() z —(5/2 —1i/2) = t3+1) or =3t+5/2, y=t-1/2 or z2—3y=4

71. Describe and graph the locus represented by each of the following: (e) |z—4i] = 2, (b) |2+2i|+
|z—2i| =6, (¢) |2—38|—|2+3| =4, (d 2z+2) =3, (¢) Im {22} = 4.

Ans. (a) circle, (b) ellipse, (¢) hyperbola, (d) circle, (e) hyperbola

72. Find an equation for (a) a circle of radius 2 with centre at (—3,4), (b) an ellipse with foci at (0, 2)
and (0, —2) whose major axis has length 10.

Ans. (a) |z+3—4i| =2 or (x+82+(y—4)2 =4, (b) |2+2i|+|2—2i] = 10
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73. Describe graphically the region represented by each of the following:
(@ 1<|z+i| =2, (b) Re{z2}>1, (c) |2+3i| >4, (d |lz+2—3i| + |z—2+ 8] < 10.

74. Show that the ellipse |z+8|+|z—38| = 10 can be expressed in rectangular form as x2/25 +
¥?/16 = 1 [see Problem 13(b)].

AXIOMATIC FOUNDATIONS OF COMPLEX NUMBERS

75. Use the definition of a complex number as an ordered pair of real numbers to prove that if the
product of two complex numbers is zero then at least one of the numbers must be zero,

76. Prove the commutative laws with respect to (a) addition, (b) multiplication.
71. Prove the associative laws with respect to (a) addition, (b) multiplication.

78. (a) Find real numbers « and y such that (¢,d)* (x,%) = (a,b) where (c,d) #* (0,0).
(b) How is (s,y) related to the result for division of complex numbers given on Page 2?

79. Prove that

atm Py e a i Ta a . ss a 1\
2’)" '(CGSE,‘, Sin I'I’ﬂ) - (\:U: {31+32+ s _1'_’“]’ Slllvl+02+ Al +Uﬂ_|}

80. (a) How would you define (a, b)1/» where n is a positive integer?
(b) Determine (a, b)!1/2 in terms of @ and b.

POLAR FORM OF COMPLEX NUMBERS

8. Express each of the following complex numbers in polar form.
(@) 2— 2, (b) ~1+V8i, (o) 2V2+2VEZi, (d) —i, (&) —4, () —2VB—2i, (9) VZi, (h) V3/2—3i/2.

Ans. (a) 2V/2 cis 315° or 22 ¢7m/4, (b) 2 cis 120° or 2e2™/3, (c) 4 cis 45° or 4e™/4, (d) cis 270° or €37V/2,
(e} 4 cis 180° or 4em, (f) 4 cis 210° or 4677/8, (g) /2 cis 90° or V2 e™i/2, (h) V/3 cis 300° or /3 e57i/3,

82. Show that 2+ i = yBettan ' /2),

83. Express in polar form: (a) —8 —44, (b) 1—2i.
Ans. (a) 5 el + tan—! 4/3)' ) ‘/ge—itan"l 2
84, Graph each of the following and express in rectangular form.
(a) 6 (cos135° + 1 8in 135°), (b) 12 ¢is 90°, (c) 4 cis 315°, (d) 2e57i/4, (e) Be™™i/6, (f) Be—2mi/3,
Ans. (2) —8V2+3V24, (b) 12i, () 2VZ - 2VZi, (d) —VZ - VZi, (o) —6VB/2 - (6/2)i, (/) —3V3/2— (3/2)i

85. An airplane travels 150km southeast, 100km due west, 225km 30° north of east, and then 328km
northeast. Determine (a) analytically and (b) graphically how far and in what direction it is from

its starting point. Ans. 375km, 23° north of east (approx.)
86. Three forces as shown in Fig. 1-41 act in a plane on an '}
object placed at O. Determine (a) graphically and (b) ana-
lytically what force is needed to prevent the object from
moving, [This force is sometimes called the equilibrant.) )
87. Prove that on the circle z = Re'¥, jeis] = ¢—Rsing, & 60°
. 30° ®
88. (a) Prove that r,e!i + rpeifs = rgeis where of 450
rs = Vri+ i+ 2rr; cos (8, — 6,) o
05 = tan-! (rl sin #; + rysin 02>

71 co8 8 + 73 CO8 6,

(b) Generalize the result in (a). Fig.1-41
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DE MOIVRE'S THEOREM

89.

©
-

Evaluate each of the following:

(a) (5 cis 20°)(3 cis 40°) ( (8 cis 40°)3 @ (3¢71/8)(2¢ ~ STi/4)(Ge5Ti/3) © (\/5— 1 4( 1+ i)"‘
() (2 cisb0°)8 °) (2 cis 60°)* (4e2m/3)2 ' V3+ i) 1—1

Ans. (a) 16/2 + (15v/3/2)i, (b) 82 —32V/34, (c) —16 —16V/3i, (d) 3V3/2— (3V/38/2)i, (e) —V3/2 — (1/2)i

Prove that (a) sin3¢ = 3sins — 4 sinds, (b) cos3¢ = 4cos®s — 3 cose.

n awma csctssaw L - J— [; Qg
U are given ny z — < Cos

I

sk = amleaat . 8 a9 1
HBL W1 SUIMLIVIS 01 2 — o4 T 1

Show that (a) cos36° = (VB +1)/4, (b) cos72° = (V5 - 1)/4. [Hint: Use Problem 91,]

sin 4¢

Prove that (a) Sine = 8coslg —4 = 2co836 + 6coso — 4
(b) cos4s = 8sinte — 8sin2¢ + 1
Prove De Meivre’s theorem for {(a} negative integers, (&) rational numbers

ROOTS OF COMPLEX NUMBERS

97.

98.

Find each of the indicated roots and locate them graphically.

(@) (2V8 — 2012, (b) (—4 + 4)V/5, (c) (2 + 2VB )13, (d) (—160)174, (e) (64)1/8, (f) (§)2/2.

Ans. (@) 2cis166°, 2cig345°. (b) VZcis27°, V2 cis99°, V2 cis171°, V2 cis248°, /2 cis316°.
(€) V4 cis20°, V4 cis140°, V4 cis260°. (d) 2 cis67.5°, 2 cis157.6°, 2 cis247.6°, 2 cis387.5°.

(e) 2cis0°, 2cis60°, 2 ¢is120°, 2 ciz 180°, 2 cis 240°, 2 cis 300°, (f) cis 60°, cis 180°, cis 300°,

-]
&V ; & Lis SV = U )y~ Pt

Find all the indicated roots and locate them in the complex plane.

(@) cube roots of 8, (b) square roots of 42+ 4VZi, (¢) fifth roots of —16+ 1634, (d) sixth roots

of —27i.

Ans, (a) 2 cis 0°, 2 cis 120°, 2 cis 240°. (b) V8 cis 22.5°, V8 cis 202.5°. (c) 2 cis 48°, 2 cis 120°, 2 cis 192°,
2 cis 264°, 2 cis 336°. (d) V3 cis 45°, /3 cis 105°, V/3 cis 165°, v/3 cis 225°, V3 cis 285°, /3 cis 345°.

Solve the equations (a) z¢+81 = 0, (b) 26+1 = V3.
Ans. (a) 3 cis456°, 3 cis 135°, 3 cis 226°, 3 cis 315°
(b) VZ cis 40°, ¥/2 cis 100°, V/Z cis 160°, V2 cis 220°, V2 cis 280°, V3 cis 340°

Find the square roots of (a) 56— 12i, (b) 8 +4V5 4.
Ans. (a) 3—2i, —3+2i, (b) V10+V24i, —V10— V21 .
Find the cube roots of —11 — 2i. Ans, 1+ 23, § — V3+ @1+ 1}\/5 ¥, —% — V3 + (-}\/5— 1)

POLYNOMIAL EQUATIONS
100. Solve the following equations, obtaining all roots: (@) 522+ 224+10 =10, (b) 224+ (1—2)2+(3—1) = 0.

Ans. (a) (-1 =79/, (b) 1+4,1—2¢

101. Solve 28—2z¢—284+62—4 = 0. Ans. 1,1,2,—1%¢

102, (a) Fin& all the roots of 2z¢+22+1 =0 and (b) locate them in the complex plane.

Ans, J(1+iV/B), J(—1=V3)

103. Prove that the sum of the roots of agz" + a;#"~1+ ay2®2+4+ --- +a, = 0 where ay7 0 taken

r at a time is (—1)"a,/a;, where 0 <r<n,

104. Find two numbers whose sum is 4 and whose product is 8. Ans. 2+2i, 221
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THE nth ROOTS OF UNITY
105. Find all the (a) fourth roots, (b) seventh roots of unity and exhibit them graphically.
Ans. (a) e2mik/4 = emik/2, k£ =0,1,2,3 (b) e2mik/T | = 0,1, .. .6 :

106. (a) Prove that 1 + cos72° + €08 144° + cos 216° + cos 288° = 0.
(b) Give a graphical interpretation of the result in (a).

107. Prove that cos36° + c0s72° + cos 108° + cos 144° — 0 and interpret graphically.

rapiiicnall

108. Prove that the sum of the products of all the nth roots of unity taken 2,8,4,...,(n—1) at a time
is zero.

109. Find all roots of (1+2)5 = (1-—2)5.
Ans, 0, (0~ 1/(w+1), (w2—1)/(w2+1), (o3 — 1)/(

N

w3 + 1)
ALY )

THE DOT AND CROSS PRODUCT

0. If zy = 2+5i and 2z, = 3—14, find {8} 71025, (b) z;X 25, (o) 2302, (d) 23Xz, (e) |2,02],
(N z202(], (9) |2, %X 25|, () |29 X 2]
Ans. (@)1, (0 =17, (1, (@) 17, () 1, (N1, (g) 17, (k) 17

111. Prove that (a) z;0zy = z,02;, (b) 2y X2y = —25 X 24.

12 If 2z, = rie* and 2z, = ryeis, prove that (@) 2102y = 7 cos (6, — 8,), (D) 2) X 23 = 75 8in (¢4 — 9,).

113, Prove that (a) z,°0(zp+2;) = #1°% + 21025, (b)) 2z X (23423 = z, X2, + 2y X 2g.
114. Find the area of a triangle having vertices at —4—4¢, 1+ 2i, 4 — 34, Ans. 17
Find the area of a quadrilaterai having vertices at (2,—1), (4, 3), (—1,2) and (-3, -2). Ans. 18

CONJUGATE COORDINATES

116. Describe each of the following loci expressed in terms of conjugate coordinates z, 2.
(@) 22 =16, (b) 2z2—2:—2z+8 = 0, (©)z2+z2 =4, (d 2 = 2+6i.
Ans. (@) 22+32 =16, (B) 22+ y2—4x+8 = 0, (¢) & = 2, dyy=-3

117. Write each of the following equations in terms of conjugate coordinates.
(6) (®x—38)2+y2 =9, (b) 22~—3y = 5, (¢) 4224 16y2 = 25.
Ans. (a) (z—3)(2—38) =9, (b) (2i—28)z+ (i +8)z = 104, (c) 3(22+22)—102z+25 = 0

POINT SETS

118. Let S be the set of all points o+ bi, where e and b are rational
numbers, which lie inside the square shown shaded in Fig. 1-42.
(a) Is S bounded? (b) What are the limit points of S, if any?
(¢) Is S closed? (d) What are its interior and boundary points?
(e) Is S open? (f) Is S connected? () Is S an open region or
domain? (k) What is the closure of S? (7} What is the comple-
ment of S? (j) Is S countable? (k) Is S compact? (I) Is the clo-
sure of S compact?

Ans. (a) Yes. (b) Every point inside or on the boundary of the square is a limit point. (¢) No.
(d) All points of the square are boundary peints; there are no interior points. (e) No. (f) No.
(9) No. (k) The closure of S is the set of all points inside and on the boundary of the square.
(}) The complement of S is the set of all points which are not equal to a + bi when a and b
[where 0<a<1,0<b< 1] are rational. (j) Yes. (k) No. (I) Yes.’

Fig.1-42

19. Answer Problem 118 if S is the zet of all points inside the square.

Ans. (a) Yes. (b) Every point inside or on the square is a limit point. (¢) No. (d) Every point inside
is an interior point, while every point on the boundary is a boundary point. (e) Yes. (f) Yes.
(9) Yes. (k) The closure of S is the set of all points inside and on the boundary of the square.
(1) The complement of S is the set of all points exterior to the square or on its boundary.
() No. (k) No. (I) Yes.




121.

122.

123.

124.

1108
149.

126.
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Answer Problem 118 if S is the set of all points inside or on the square.

Ans, (a) Yes. (b) Every point of S is a limit point. (¢) Yes. (d) Every point inside the square'is an
interior point, while every point on the boundary is a boundary point. (¢) No. (f) Yes. (g} No.
(h) S itself. (i) All points exterior to the square. (j) No. (k) Yes. (l) Yes. '

Given the point sets A = {1,i{,—i}, B = {2,1,—i}, ¢ = {i,—i,1+14}, D = {0, 1}. Find:
(a) A+ (B+C) or AU(BUC), (b) AC+ BD or (AnC)U(BND), (c) (A+ C)B+D)or (AuC)n(BUD).
Ans. (a) {2’ 1’ "1,1:,1+’i}, (b) {1: i’ —’7’}) (0) {1» —i}

If A, B,C and D are any point sets, prove that (@) A+ B = B+ A, (b)) AB=BA, () A+(B+C(C) =
(A+B)+C, (d) A(BC) = (AB)C, (¢) A(B+C) = AB+AC. Give equivalent results using the
notations N and U. Discuss how these can be used to define an algebra of sets.

If A,B and C are the point sets defined by lz+1i < 3, |¢| < 5, |e+1] < 4, represent graphically
each of the following:

(@ AnBnC, (b)~AuBuC, (¢) AnBUC, (d) C(A+B), (@ (AUB)n(BUC), (¢) AB+BC+CA,
(fy AB+BC+CA.

Prove that the complement of a set S is open or closed according as S is closed or open.

It S$,S...,8, aree +8;+ -+ 8, is open.

If a limit point of a set does not belong to the set, prove that it must be a boundary point of the set.

MISCELLANEOUS PROBLEMS

127. Let ABCD be a parallelogram. Prove that (AC)2+ (BD)? = (AB)2+ (BC)2+ (CD)2+ (DA
128. Explain the fallacy: —1= V-1v-1=V(-1)(-1) = V1 =1. Hencel = -1
129. (¢) Show that the equation A+ad+a®+agzta, = 0 where a0 030, are real constants
different from zero, has a pure imaginary root if a} + a}a, = a 0005
(b) Is the converse of (a) true?
1 n(in—1)
130. (@) Prove that cos"¢ = pre cosng + n cos(n—2)¢ + T cos(n—4)¢ + -+ + R,
cos ¢ if n is odd
where R, = n! o s
[/2) 12 if » is even.
(») Derive a similar result for sin® ¢.
181. If z = 6e™/3, evaluate |e¥|, Ans. e—3V3
. m
132. Show that for any real numbers p and m, gZmicotTrp {z—:%} = 1,

133. If P(z) is any polynomial in z with real coefficients, prove that P(z) = P(2).

134,

135.

136.

137.

138.

If z;,25 and zg are collinear, prove that there exist real constants «,f,v, not all zero, such that
a2y + Bza+y23 =0 where at+g+y = 0.

Given the complex number z, represent geometrically (a) 2, (b) —2, (c) 1/z, (d) 22

Given any two complex numbers z; and z; not equal to zero, show how to represent graphically using
only ruler and compass (@) 2,23, (b) z/zy, (¢) 23 + 2%, (D) z}/2, (e) 234,

Prove that an equation for a line passing through the points z; and z, is given by
arg {(z — z2)/(za — )} = 0

If z = z+1iy, prove that |z| + [y] = V2|z+iwyl.
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190 &L PR
A,

. Is the converse to Problem 51 true? J ustify your answer,

140. Find an equation for the circle passing through the points 1-—1, 2¢, 1 +4.
Ans. |2+1]| = V6 or (x+1)24+42 =5

H1. Show that the locus of z such that |¢—al|z+a| = a2,

@ >0 is a lemniscate as shown in Fig. 1-48, - -

U2, Let p, =a2+b%, n =1,23,... where a, and b, are
positive integers. Prove that for every positive integer

M we can always find positive integers A and B such |

that pipy - :py = A2+ B2 [Example: If 5 = 22+ 12
and 26 = 82442, then 5-26 = 22+ 112) Fig. 1-43

143. Prove that

sin {(n + 1)a

(@) cose + cos(e+a) + + cos{d+na) = —2—_ " cos (6 + {na)
8in 4a
ind(n+1

(b) sine + sin(o+a) + -+ + sin(+na) = SnFOADa o

sin }a

144, Prove that (a) Re{z} > 0 and (b) lz4+1]

n
[
(2
A

145,

A wheel of radius 1-2 metres [Fig. 1-44] isrotating counterclockwise
about an axis through its centre at 30 revolutions per minute.
(a) Show that the position and velocity of any point P on the
wheel are given respectively by 4¢!™t and 4rief™, where ¢ is the
time in seconds measured from the instant when P was on the
positive z axis. (b) Find the position and velocity when ¢ = 2/8
and ¢t = 15/4.

146. Prove that for any integer m > 1, ,
m—
(z+a)2m — (z—a)2™ = 4maz kI_]l {22 + a®cot? (kz/2m)}

m—1
where kH1 denotes the product of all the factors indicated from k=1 to m — 1.

147. If points P, and P,, represented by z, and z, respectively, are such that |23+ 22| = |2, — 2|, prove
that (e) z,/z; is a pure imaginary number, (b) LPyOP, = 90°,

148. Prove that for any integer m > 1,

T ot 2T ot 3T ... g M= VT
cot om cot om cot 2m cot o = 1

149. Prove and generalize: (@) csc?(#/7) + csc? (22/7) + csc? (42/T) = 2
(b) tan?(/16) + tan2(3z/16) + tan? (57/16) + tan? (7x/16) = 28

150. If masses m,, m,, my are located at points %), %3, 23 respectively, prove that the centre of mass is given by
? _ mzy + Moy + Mazg
my + mg + my

151. Find that point on the line joining points 2y and z, which divides it in the ratio p: q.
Ans. (g2, + pz)/(g + p)

152. Show that an equation for a circle passing through 8 points zy,z2,, 25 is given by

=)/ - )/
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153,

154,

158.

[
o
w

160.

161.

164.

165.

166.

167.

168.

. Prove that \f§ + \/§ is an irrational number.

COMPLEX NUMBERS [CHAP. 1

Prove that the medians of a triangle with vertices at z,,z,, z; intersect in the point $(z; + 23+ 25).

(Hint. Arrange the numbers as 0,4, 4, %, 3. 4. 4. & & ... ]

. Prove that all the real rational numbers are countable.

Prove that the rational numbers between ¢ and 1 are countable. I
esent graphically the set of values of z for which (a) 2] > {z—1|, () |z+2| > 1+ |z-2|. }

Show that (a) {)/5 + V3 and (b) 2 - V2i are algebraic numbers.

Let ABCD:--PQ represent a regular polygon of n sides inscribed in a circle of unit radius. Prove
that the product of the lengths of the diagonals AC,AD,...,AP is in csc? (=/n).

Prove that if sing = 0,

i n—1
(a) S:_:,’:o 27~1 T] {cos 6 — cos (kn/n)}
sin(@n+1)s _ n B __slrﬂa—_}
(b) sin ¢ = (2n+1) kgl Ll sin? kr/(2n + 1)1 .
P S o [. cos? ¢ )\
P Zne = —j)n _- .
rove cosZn (—1) k1=1111 vost @k — T)oTdn J

. If the product of two complex numbers 2, and z, is real and different from zero, prove that there

exists a real number p such that z; = pz,.

If z is any point on the circle |z—1| = 1, prove that arg(z—1) = 2argz = 4 arg (22—2) and
give a geometrical interpretation,

Prove that under suitable restrictions (a) zmzt = zm+n, (b} (am)n = zmn,
Prove (a) Re{z;2,} = Re{z;} Re{zy} — Im{z} Im{z,}
(®) Im{z;zs} = Re{z}Im{z} + Im{z;} Re{z)}.
Find the area of the polygon with vertices at 2+ 8¢, 8+, —2—4¢, ~4—1i, —1+ 21, Ans. 47/2
Let a,,a5 ...,a, and b;, by, ..., b, be any complex numbers. Prove Schwarz’s inequality,

n

2
S ax by
e

= (3 lwt)( 2 )




Chapter 2

VARIABLES AND FUNCTIONS
A symbol, such as z, which can stand for any one of a set of complex numbers is
called a complex variable.

If to each value which a complex variable z can assume there corresponds one or
more values of a complex variable w, we say that w is a function of z and write w = f(z)
or w = G(z), etc. The variable z is sometimes called an independent variable, while w is
called a dependent variable. The value of a function at z=a is often written f(a). Thus

if f(z) =22 then f(2i)= (20)? = —4.

™

SINGLE-AND MULTIPLE-VALUED FUNCTIONS

If only one value of w corresponds to each value of z, we say that w is a single-valued
function of z or that f(z) is single-valued. If more than one value of w corresponds to each
value of z, we say that w is a multiple-valued or many-valued function of z.

A multiple-valued function can be considered as a collection of single-valued functions,
each member of which is called a branck of the function. It is customary to consider one
particular member as a principal branch of the multiple-valued function and the value of
the function corresponding to this branch as the principal value.

Example 1:  If w =22, then to each value of z there is only one value of w. Hence w = (zy=22is a
single-valued function of 2.

Example 2: If w =2/2, then to each value of z there are two values of w. Hence w =flzy =212 ig
a multiple-valued (in this case two-valued) function of z.

Whenever we speak of function we shall, unless otherwise stated, assume stngle-valued
function.

INVERSE FUNCTIONS

If w = f(z), then we can also consider z as a function of w, written 2 = g(w) = f~1(w).
The function 7! is often called the inverse function corresponding to f. Thus w = f(=)
and 22 =f “(g).f are inverse functions of each other.

TRANSFORMATIONS
If w=wu+1iv (where u and v are real) is a single-valued function of z = z +iy (where
& and y are real), we can write u +iv = f(x +1y). By equating real and imaginary parts
this is seen to be equivalent to Wi ln
U = u(z,y), v = v(2,9) (1)
Thus given a point (z,%) in the z plane, such as P in Fig. 2.1 below, there corresponds a
point (u,v) in the w plane, say P’ in Fig. 2-2 below. The set of equations (1) [or the

equivalent, w = f(z)] is called a transformation. We say that point P is mapped or
transformed into point P’ by means of the transformation and call P’ the image of P.

83
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Example: If w=22 then u+iv = (z+#)2 = 22— y2+ 2izy and the transformation is
u=z2—y?2 v = 2zy. The image of a point (1,2) in the z plane is the point (-3, 4) in

the w plane.
Y v
z plane P’ w plane
/\/\/ Q
Ql
P 4
z \ ﬂ u
Fig. 2-1 Fig. 2-2

In general, under a transformation, a set of points such as those on curve PQ of

Fig. 2-1 is mapped into a corresponding set of points, called the image, such as those on
curve P’Q’ in Fig. 2-2. The particular characteristics of the image depend of course on

f e A s pennnnann rg Enins nda nan Ix masrldienln

the type of function f(z), which is sometimes called a mapping function. If f(z) is multiple-
valued, a point (or curve) in the z plane is mapped in general into more than one point
(or curve) in the w plane.

Given the transformation w = f(2) or, equivalently, u = u(x,y), v = v(2,¥y), we call
(#,y) the rectangular coordinates corresponding to a point P in the z plane and (,?) the
curvilinear coordinates of P.

CURVILINEAR COORDINATES

z plane

w plane

Fig. 2-3 Fig. 2-4

The curves u(zx,y) = ¢, v(x,y) = ¢z, Wwhere ¢ and c¢. are constants, are called
coordinate curves [see Fig. 2-3] and each pair of these curves intersects in a point. These
curves map into mutually orthogonal lines in the w plane [see Fig. 2-4].

THE ELEMENTARY FUNCTIONS
1. Polynomial Functions are defined by

W = G2+ a12* 14 -+ @12+ an = P(2) (2)

where ao =0, ay, ...,a, are complex constants and = is a positive integer called the
degree of the polynomial P(2).

The transformation w = az+b is called a linear transformation.

|
|
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2.

5

&

Rational Algebraic Functions are defined by

P(z)
wW = _—— 3
Q) @
where P(z) and Q(?) are polynomials. We sometimes call (3) a rc_tt'ional transformation.
The special case w = Z’:ig where ad —be = 0 is often called a bilinear or frac-

tional linear transformation.

Exponential Functions are defined by

w = & = et = e*(cosy + 18iny) ~ (4)
where e = 2.71828. .. is the natural base of logarithms. If a is real and positive, we
define

nd \“7
where In a is the natural logarithm of a. This reduces to (4) if a=e.
Complex expvn ntial functions have properties similar to those of real exponential
functions. For example, e%-:e® = entn, gnfen = e,
.. . 4% WN____ 4% ____ _ Xr.. Ph [P L FF Ly (. P PRLIS DU S . P
1rigonomenrric runcuoms, Y& daernrne Llle Lr1ZOoNnOIINeLric or circular UIILLIUIIS SlIl 2,
cos z, ete., in terms of exponential functions as follows
olz __ p=—iz olz L p—iz
sinz = d o8z = —
2i 2
1 2 1 21
secz = = cscz = - = —
cos 2 e + g™t 8inz e — g~
ginz gk — g , CO8 2 (e’ + e~ %)
tanz = = - cotz = — = —— —
cos 2 i(e* + e~ %) sinz e —e
Many of the properties familiar in the case of real trigonometric functions also

hold for the complex trigonometric functlons. For example, we have
sin?z + cos?z = 1 1 + tan?z = sec?z 1 + cot?z = c8c22

sin(—2) = —sinz cos(—2) = cosz tan(—2) = —tanz
sin(21=2;) = sinzicos8? * coszi sinz
cos(z1*23) = cCO821c€0822 + 8inzis8inz:

tanz; = tanz:

+ =
tan (zl - zz) 1 = tanz, tanz:

Hyperbolic Functions are defined as follows:

. e —e? e+e " ,
sinhz = —— coshz = ~———
2 2
sechz = L _ 2 cschz = 1 _ 2
coshz e’ + e~ * sinh z et — e~ *
sinh 2 et — e~ ? coshz e+ e*
tanh z = = cothz = = =
coshz e+ e * sinh 2z e —e 3
my . oYYt o _ 4 L 113,
i10e 10i1I0wWlNg properuies Iiola.
cosh?z — sinh®z = 1 1 — tanh?z = sech?z coth?z — 1 = csch?z
sinh (—z) = —sinhz cosh (—z) = coshz tanh(—z) = —tanhz
sinh (21 = 2;) = sinhz,coshz2; = coshz; sinhz;
cosh (21 £22) = coshzicoshz: *+ sinhz; sinhz,

tanh z; *= tanhz,
1 =+ tanhz; tanh zs

tanh(z1+2) =
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The following relations exist between the trigonometric or circular functions and |
the hyperbolic functions:
sintz = isinhz cosiz = coshz tan iz i tanh 2

sinhiz = isinz cosh iz = cos z tanh iz = ttanz

. 6.] Logarithmic Functions. If z =e¥, then we write w =1Inz, called the natural loga-

rithm of z. Thus the natural logarithmic function is the inverse of the exponential |
function and can be defined by

w = Inz = Inr + (6 + 2kx) k=0,=x1 =2, ...
where z = re® = rei®+2m, Note that Inz is a multiple-valued (in this case infinitely-
many-valued) function. The principal-value or principal branch of Inz is sometimes
defined as Inr + i where 0 =6 <2x. However, any other interval of length 2~
can be used, e.g. —7 < ¢ = 7, etc.

The lugazluuuu. function can be dEu ied for real bases other than e¢. Thus if
z=a¥ then w =log.z where a >0 a #=0,1. In this case z=e¢e*»¢ and so
w = (In 2)/(In a).

Q..
5]

7. Inverse Trigonometric Functions. If z = sinw, then w = sin~'z is called the inverse |
sine of 2 or arc sine of z. Similarly we define other inverse trigonometric or circular °
functions cos~'z, tan~'z, etc. These functions, which are multiple-valued, can be
expressed in terms of natural logarithms as follows. In all cases we omit an additive

constant 2knt, k= 0,%1,%2, ..., in the logarithm.

sin~'z = }:ln(iz+v1-—z2) csc™lz = lln(__.__.i+ sz_l\

LA &/
cos~lz = l.ln (2 +v22—1) sec™lz = lln(1+__ Vl_zz\
i AN

tan-1z = 1, (1+zz\ cot-17 = l,“/z+i\

_'"' \1—iz/

8. Inverse Hyperbolic Functions. If z =sinhw then w =sinh~'z is called the inverse
hyperbolic sine of z. Similarly we define other inverse hyperbolic functions cosh-!z,
tanh~1z, etc. These functions, which are multiple-valued, can be expressed in terms
of natural logarithms as follows. In all cases we omit an additive constant 2kxi,
k=0,%x1,%2, ..., in the logarithm.

ginh—'z = In (z+‘/22+1) esch-'z = In (1+\/z;2~'ﬁ>
cosh™z = In(z+vy2*-1) sech~'z = In (l +——m>
F4

' 1 1+2 1 z+1
-1 —_ = - -
tanh-1z = 2ln <1-—z) coth—1z2 1 <z—1>

9. The Function 2%, where « may be complex, is defined as e*# Similarly if f(z) and g(z)
are two given functions of 2z, we can define f(z)*® = es@ i  In general such func-
tions are multiple-valued.

10. Algebraic and Transcendental Functions. If w is a solution of the polynomial equation
Po(z)w® + Pr(2)w™™* + -+« + Pa1(Rw + Pr(2) = 0 (6)

where Py % 0, Pi(2), ..., P.(2) are polynomials in z and = is a positive integer, then
w = f(z) is called an algebraic function of z.

Example: 1w = 2!/2 js a solution of the equation w2—2z = 0 and so is an algebraic function of 2.
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iction which cannot be expressed as a solution of (6) is called a transcendental

function. The logarithmic, trigonometric and hyperbolic functions and their correspond-
ing inverses are examples of transcendental functions.

The functions considered in 1-9 above, together with functions derived from them
by a finite number of operations involving addition, subtraction, multiplication, division
and roots are called elementary functions.

BRANCH POINTS AND BRANCH LINES
Suppose that we are given the function
w = 2"2, Suppose further that we allow 2 to make
a complete circuit (counterclockwise) around the
origin starting from point 4 [Fig. 2-5]. We have

< I1x. &=J

z=71e’, w=1/re®? go that at 4, ¢ =6, and
w=\re%? After a complete circuit back to A,
§ =6:+2r and w = ret+mrz = —\/7 e,

Thus we have not achieved the same value of w
with which we started. However, by making a
second complete circuit back to 4, ie. 0 =6, + 4,
w=\/re®timt = \/peitv2 314 we then do obtain

the same value of w with which we started. Fig. 2-5

We can describe the above by stating that if 0 =4 < 2» we are on one branch of the
multiple-valued function 2'%, while if 2r =6 <4r we are on the other branch of the
function.

It is clear that each branch the function is single-vaiued. In order to keep the
function single-valued, we set up an artificial barrier such as OB where B is at infinity
[although any other line from O can be used] which we agree not to cross. This barrier
[drawn heavy in the figure] is called a branch line or branch cut, and point O is called a
branch point. It should be noted that a circuit around any point other than z=0 does not

lead to different values; thus z=0 is the only finite branch point.

RIEMANN SURFACES

There is another way to achieve the purpose of the branch line described above. To
see this we imagine that the 2 plane consists of two sheets superimposed on each other.
We now cut the sheets along OB and imagine that the lower edge of the bottom sheet is
joined to the upper edge of the top sheet. Then starting in the bottom sheet and making
one complete circuit about O we arrive in the top sheet. We must now imagine the other

cut edges joined together so that by continuing the circuit we go from the top sheet back
to the bottom sheet. ’

The collection of two sheets is called a Riemann surface corresponding to the function

22, Each sheet corresponds to a branch of the function and on each sheet the function
is single-valued.

The concept of Riemann surfaces has the advantage in that the various values of

multiple-valued functions are obtained in a continuous fashion.
The ideas are easily extended. For example, for the function 2'/* the Riemann surface

has 3 sheets; for Inz the Riemann surface has infinitely many sheets.
LIMITS

Let f(z) be defined and single-valued in a neighbourhood of z=z, with the p«{)ssible
exception of z=z, itself (i.e. in a deleted neighbourhood § of z,). We say that the number /
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is the limit of f(z) as z approaches zy and write lim f(z) = ! if for any positive num-

Z=rZgy
ber « (however small) we can find some positive number & (usually depending on ¢) such
that |f(z)—1| < ¢« whenever 0 < |z—20| < 8.

In such case we also say that f(z) approaches ! as z approaches 20 and write f(z) =1
as 2= 2,. The limit must be independent of the manner in which 2 approaches 2.

Geometrically, if 2, is a point in the complex plane, then lim f(z) = ! if the difference

in absolute value between f(z) and ! can be made as small as wezowish by choosing points 2
sufficiently close to zo (excluding z =z itself).

fz'*’ 2#Eq
10 2=1
to i2=—1, We thus suspect that lzl’_rpi f(z) = —1. To prove this we must see whether

v avnla-

Encullpu: H Let f(Z) =

Then as z gets closer to ¢ {i.e. z approaches 1), f(z) gets closer

the above definition of limit is satisfied. For this proof see Problem 23.

Note that lim f(z) * f(i), i.e. the limit of f(z) as z - i is not the same as the value
2=+

of f(z) at z=1, since f(i) =0 by definition. The limit would in fact be —1 even i

were not defined at z=1.

- Y .

When the limit of a function exists it is unique, i.e. it is ¥y
If f(z) is multiple-valued, the limit as z >z may depend on the particular branch.

THEOREMS ON LIMITS

it ;li_"r'rgof(z) = A and 31210 g(z) = B, then
1. lgn {(fe)+9(z)) = limf(z) + 1{3309(:4) = A+ B
2. lim {fey—9(»)} = zlig{f(z) - gi»rgog(z) = A-B
3. lim (fa)9)) = {gggof(z)}{gi_ggog(z)} = 4B
lim f(2)
4. liﬁog% = m = F it B#0
INFINITY

By means of the transformation w = 1/z the point z2=10 (i.e. the origin) is mapped
into w = «, called the point at infinity in the w plane. Similarly we denote by 2= the
point at infinity in the z plane. To consider the behaviour of f(2) at z==, it suffices to let
z=1/w and examine the behaviour of f(1/w) at w=0.

We say that lim f(z) = I or f(z) approaches [ as z approaches infinity, if for any

Z— 0

«>0 we can find M > 0 such that |[f(2) -] < ¢ whenever |z| > M.

We say that lim f(z) = © or f(z) approaches infinity as z approaches zo, if for any
N >0 we can find 5 >0 such that |f(¢)) >N whenever 0 < |z—2| < 3.

CONTINUITY

. Let f(z) be defined and single-valued in a neighbourhood of 2=z, as well as at z2=2,
(i.e. in a § neighbourhood of z,). The function f(z) is said to be continuous at z=z, if
lim f(z) = f(z0). Note that this implies three conditions which must be met in order that

f(z) be continuous at z =2z,
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1. lim f(z) = I must exist

z—bzo
2.  f(z0) must exist, i.e. f(z) is defined at 2z
3. I=f(z0)

Equivalently, if f(z) is continuous at 20 we can write this in the suggestive form
lim f(z) = f(lim z)
[Aad (] Z= 24 -
22 244 ) .
0 z=4i then from the Example on Page 38, Ilmi f(z) = —=1. But f() =0.
= Py

Hence lim f(z) # f(i) and the function is not continuous at z =1.
2

Example 1: If f(z) =

Example 2: If f(z) =22 for all z, then liin‘ f(z) = f(i) = —1 and f(z) is continuous at z =1.

Points in the z plane where f(2) fails to be continuous are called discontinuities of
f(2), and f(2) is said to be discontinuous at these points. If lim f(2) exists but is not

=2
equal to f(zo), we call 2o a removable discontinuity since by redeﬁnisng f(z0) to be the same
as lim f(2) the function becomes continuous.
Z—+3Zp
Alternative to the above definition of continuity, we can define f(z) as continuous at
z=20 if for any «>0 we can find >0 such that |f(z) —f(ze)| < ¢ whenever |z—z)| < 3.
Note that this is simply the definition of limit with I = f(2,) and removal of the restriction
that z - zo.

To examine the continuity of f(2) at z= », we place z = 1/w and examine the continuity
of f(1/w) at w=0.

CONTINUITY IN A REGION
A function f(2) is said to be continuous in a region if it is continuous at all points of
the region.

THEOBEEMS ON CONTINUITY
Theorem 1. If f(z) and g¢(z) are continuous at 2=z, so also are the functions

f(z) + 9(2), f(z) — 9(2), f(2) g(z) and 5((—%, the last only if g(z0) 0. Similar results hold for
continuity in a region.
Theorem 2. Among the functions continuous in every finite region are (a) all poly-

nomials, (b) €%, (c) sinz and cosz.

Theorem 3. If w=f(z) is continuous at z=2, and z2=g({) is continuous at (=,
and if {,=f(z0), then the function w = g[f(2)], called a function of a function or compasite
function, is continuous at z =2,. This is sometimes briefly stated as: A continuous function
of a continuous function is continuous.

Theorem 4. If f(2) is continuous in a closed region, it is bounded in the region; i.e.
there exists a constant M such that If(2)] < M for all points z of the region.

7  Theorem 5. If f(z) is continuous in a region, then the real and imaginary parts of
f(z) are also continuous in the region. ‘

UNIFORM CONTINUITY

Let f(z) be continuous in a region. Then by definition at each point 2z of the region
and for any ¢« > 0, we can find § > 0 (which will in general depend on both ¢ and the particular
point zo) such that |f(z)—f(z0))| < ¢ whenever |z—2z < §. If we can find 8 depending
on ¢ but not on the particular point zo, we say that f(z) is uniformly continuous in the region.
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Alternatively, f(z) is uniformly continuous in a region if for any ¢>0 we can find
8 > 0 such that |f(z1) — f(22) | < ¢ whenever |z:—2z; < & where z: and 2: are any two points
of the region.

Theorem. If f(2) is continuous in a closed region, it is uniformly continuous there.

SEQUENCES

A function of a positive integral variable, designated by f(n) or u., wheren =1,2,3, ...,
is called a sequence. Thus a sequence is a set of numbers w, us, %3, ... in a definite order

of arrangement and formed according to a definite rule. Each number in the sequence
is called a term and u, is called the nth term. The sequence u%;, Us, ¥Us is also designated

18 callea a term and wn A LENiiTWU vaiT luiil v 4 10 STYUTLLT Wi, W2y W3y « o « RO RS Tag 214GV

briefly by {u.}. The sequence is called finite or infinite according as there are a finite
number of terms or not. Unless otherwise specified, we shall consider infinite sequences only.

Example 1: The set of numbers 1,72,13,..,,7100 s a finite sequence; the nth term is given by
=in n=12,...,100.
Example 2: The set of numbers 1+ 4, ——'2'-—|":, ‘—1—;—,1—’:, ... is an infinite sequence; the nth term

is given by u, = (1+dv/n!, n = 1,2,8,....

LIMIT OF A SEQUENCE

A number ! is called the limit of an infinite sequence u,, uz, us, ... if for any positive
number ¢ we can find a positive number N depending on ¢ such that Ju.—1 < ¢ for all
n>N. In such case we write Iim u, = i. If the limit of a sequence exists, the sequence

n oo

is called convergent otherwise it is called divergent. A sequence can converge to only

OI11C lllllll,, l e. 11 a lll[llL emsm ll; IS uruque

A more intuitive but unrigorous way of expressing this concept of limit is to say that

o 13 4T P dln arrncacoiora $nrermn s mnd alacnase A Yrcnee?? 4. 7

a Sequcence Ui, Uz, Us, . . . has a limit ! if the successive terms get “closer and closer” to [.
Thls is often used to provide a ‘“guess’” as to the value of the limit, after which the
definition is applied to see if the guess is really correct.

THEOREMS ON LIMITS OF SEQUENCES
If lima, = A and limb, = B, then

1. lim (an+bn) = lim o, + lim bn = A+ B
2. lim(an—bs) = lima, — limb, = A — B

3. lim (asbs) = <1im_a,.>(1im b,,> = AB
lima
an _ ne—co " — A .
4 lmy" = fme, - 5 HBAO

n =g

Further discussion of sequences is given in Chapter 6.

INFINITE SERIES

Let ui,us,us, ... be a given sequence.
Form a new sequence Si, Sz, Ss, ... defined by
Si=u, Se=w+u, Ss=ur+us+us, ', Sa=twr+uUs+ -+ +Un

where S, called the nth partial sum, is the sum of the first n terms of the sequence {uUa}.
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The sequence S, S:,Ss, ... is symbolized by
Mt U tus+ -0 = 3 u,
n=1

41

which is called an infinite series. If lim S, = S exists, the series is called convergent

n =0

and S is its sum; otherwise the series is called divergent. A necessary condition that a
series converges is lim u. = 0; however, this is not sufficient (see Problems 40 and 150).

n = 0

| Solved Problems
FUNCTIONS AND TRANSFORMATIONS

L Let w=f(z)=2%. Find the values of w which correspond to (@) 2 = —2+{ and
(b) z = 1-3i, and show how the correspondenrce can be represented graphically.
@ w = f(—24+49) = (—2+92 = 4—4i+4i2 = 3— 4
() w = f1-38) = (1—83i)2 = 1—6i+9i2 = —8— g

z plane w plane
Ly L’U

ovil I 1
- W bbbt

[ 13 I p
$Q , + o3 —4q
1 °—8—6i 1

Fig. 2-6 Fig. 2-7

The point z = —2+41, represented by point P in the z plane of Fig. 2-6, has the image point
w = 8 — 4¢ represented by P’ in the w plane of Fig. 2-7. We say that P is mapped into P’ by means
of the mapping function or transformation w =22, Similarly, z = 1— 8 [point Q of Fig. 256] is
mapped into w = —8 — 64 [point @' of Fig. 2-7]. To each point in the 2 plane there corresponds one

and only one point (image) in the w plane, so that w is a single-valued function of z.

2. Show that the line joining the points P and Q in the z plane of Problem 1 [Fig. 2-6] is
mapped by w =22 into a curve joining points P’'Q’ [Fig. 2-7] and determine the equation

of this curve.

Points P and Q have coordinates (—2,1) and (1, —3). Then the parametric equations of the line

joining these points are given by

z—(=2) _ y—-1 _ = -
1i—(=2) — —3=1 = t or 2=3t—-2, y=1-—4¢

The equation of the line PQ can be represented by z = 8t — 2+ #(1 —4¢t). The curve in the w plane

into which this line is mapped has the equation
w =12 = {3t—2+il—4))2 = (3t— 2)2 — (1 —42)2 + 2(3t — 2)(1 ~ 4¢)i
= 83— 4t — Tt + (—4 + 22t — 2442)¢
Then since w = u+1iv, the parametric equati:)ns of the image curve are given by
U = 3—4— T2, v = —4 + 22t — 24¢2
By assigning various values to the parameter ¢, this curve may be graphed.
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5.
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A point P moves in a counterclockwise direction around a circle in the 2 plane having
centre at the origin and radius 1. If the mapping function is w = 2*, show that when P
makes one complete revolution the image P’ of P in the w plane makes three complete
revolutions in a counterclockwise direction on a circle having centre at the origin and
radius 1.

Let z=r¢®, Then on the circle |z| =1 [Fig. 2-8], r =1 and z=¢¥®, Hence w = z® = (¢¥)} = €%,
Letting (p, ¢) denote polar coordinates in the w plane, we have w = pe!¢ = ¢3¢ 50 that p=1, ¢ =30,

z plane w plane

Fig. 2-8 Fig. 2.9

Since p =1, it follows that the image point P’ moves on a circle in the w plane of radius 1 and
centre at the origin [Fig. 2-9]. Also, when P moves counterclockwise through an angle 4, P’ moves
counterclockwise through an angle 2¢. Thus when P makes one complete revolution, P’ makes three

complete revolutions. In terms of vectors it means that vector O'P’ is rotating three times as fast
as vector OP.

If ¢; and ¢; are any real constants, determine the set of all points in the z plane which
map into the lines (a) u =¢i1, (b) v = ¢z in the w plane by means of the mapping func-
tion w = 2% Illustrate by considering the cases ¢;=2,4,-2,—4 and c¢;=2,4,-2,-4.

Wehave w = u+iv = 22 = (x+iy)? = «2—y2+2ixy so that u = 22—y2, v = 2xy. Then

lines u=¢, and v=c¢, in the w plane correspond respectively to hyperbolae 22— ¥ = ¢; and
2xy = ¢, in the z plane as indicated in Figures 2-10 and 2-11.
»
L
6»
v > -
Vs 1]
3 #
v=4
v=2
2oy = g 2oy =4
2ry =2 u
’ .
ey = =2
2y = =—4
v=—2
-yl = 4 v=—4
Byt =
at— v’ = -2 ;
Fig. 2-10 Fig. 2.11

Referring to Problem 4, determine: (a) the image of the region in the first quadrant
bounded by 22—y = -2, zy =1, 22—y* = —4 and zy = 2; (b) the image of the
region in the z plane bounded by all the branches of z?2—4% =2, zy =1, 2?—y* = -2
and xzy = —1; (c) the curvilinear coordinates of that point in the xy plane whose
rectangular coordinates are (2, —1).
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(a) The region in the z plane is indicated by the shaded portion PQRS of Fig. 2-10. This region
maps into the required image region P’Q'R‘'S’ shown shaded in Fig. 2-11. It should be noted
that curve PQRSP is traversed in a counterclockwise direction and the image curve P'Q'R'S'P’
is also traversed in a counterclockwise direction.

(b) The region in the z plane is indicated by the shaded portion PTUVWXYZ of Fig. 2-10. This
region maps into the required image region P'T'U’V’ shown shaded in Fig. 2-11.

It is of interest to note that when the boundary of the region PTUVWXY?Z is traversed only
once, the boundary of the image region P'T'U’V’ is traversed twice. This is due to the fact that
the eight points P and W, T and X, U and Y, V and Z of the 2 plane map into the four points
Por W, T or X, U or Y, V' or Z' respectively.

However, when the boundary of region PQRS is traversed only once, the boundary of the
image region is also traversed only once. The difference is due to the fact that in traversing
the curve PTUVWXYZP we are encircling the origin z = 0, whereas when we are traversing the
curve PQRSP we are not encircling the origin.

(6 u=122—3y2=(2)2—(-1)2 =3, v = 2zy = 2(2)(—1) = —4. Then the curvilinear coordinates are

— \«) v

3, v=—4,

u

MULTIPLE-VALUED FUNCTIONS

6. Let w® =z and suppose that corresponding to the particular value z = z; we have w = w,.
(a) If we start at the point z; in the z plane [see Fig. 2-12] and make one complete
circuit counterclock:wis2 around the origin, show that the value of w on returning to
2y is wie?™/5, (b) What are the values of w on returning to z, after 2,3, ... complete
circuits around the origin? (c) Discuss parts (a) and (b) if the paths do not enclose
the origin.

z plane w plane
v
w,e27i/5
/ —~ ‘\\WI
wetTi/s ¢ \ "
w168ﬂ‘i/5
wleﬁﬂ’i/5
Fig. 2-12 Fig. 2-13

(@) We have z =re®®, so that w = 21/5 = y1/5¢0/5, If r=1r; and 6 = 4,, then w, = r1/5¢€i01/5,

As ¢ increases from 6, to ¢, + 27, which is what happens when one complete circuit counter-
clockwise around the origin is made, we find
w = r;/5 ei(01+27‘l‘)/5 = fri/5 g10,/5 e2mi/s = Wy e2mi/s

(b) After 2 complete circuits around the origin, we find
w = rlseie+4m/s = TU/5 gi01/5 gdTi/S = gdmi/s
Similarly after 3 and 4 complete circuits around the origin, we find
w = w, ebri/s and w = w, e8Ti/5

After 5 complete circuits the value of w is wel0wi/5 = w;, so that the original value of w is
obtained after 5 revolutions about the origin. Thereafter the cycle is repeated [see Fig. 2-13].

Another method. Since w3 =12, we have argz = bargw from which

Changein argw = g(Change in arg 2)
Then if argz increases by 2r,4r,6r,87,10r, ..., argw increases by 2x/5,4%/5,6x/5,8%/5,
27, ... leading to the same results obtained in (a) and (b).

(¢) If the path does not enclose the origin then the increase in arg z is zero and so the inecrease in
arg w is also zero. In this case the value of w is w,, regardless of the number of circuits made.
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7. (a) In the preceding problem explain why we can consider w as a collection of five
single-valued functions of z.

(b) Explain geometrically the relationship between these single-valued functions.

(¢) Show geometrically how we can restrict ourselves to a particular single-valued
function. '

(@) Since w5 = z = rei® = rei0+2km) where k is an integer, we have
w = rl/Bei8+2km/s = p1/3{cos (9 + 2k#)/B + i sin (¢ + 2kx)/5}
and so w is a five-valued function of z, the five values being given by k = 0,1,2,3,4.
Equivalently, we can consider w as a collection of five single-valued functions, called branches

ta

wWrive

of the multiple-valued function, by properly restricting 6. Thus, for example, we can
w = rl/S(cos 8/5 + isin ¢/b)

where we t

d e the five

wl we take the five p
all other such intervals producing repetitions of these.

The first interval, 0 =4 < 2r, is sometimes called the principal range of § and corresponds
to the principal dbranch of the multiple-valued functien.

Other intervals for ¢ of length 27 can also be taken; for example, —7 S o<7, r=6< 3=, etc., i
the first of these being taken as the principal range.

(b) We start with the (principal) branch
w = rV/5(cos 8/5 + 1 sin /5) where 0 =6 < 2r
After one complete circuit about the origin in the z plane, ¢ increases by 2= to give another branch

of the function. After another complete circuit about the origin, still another branch of the
function is obtained until all five branches have been found, after which we return to the original

(¢) We can restrict ourselves to a particular single-valued funection, usually the principal branch, by
insuring that not more than one complete circuit about the branch point is made, i.e. by suitably
restricting 6.

In the case of the principal range 0 =¢ <27, this is accomplished by constructing a cut,
indicated by OA in Fig. 2-14 below, called a branch cut or branch line, on the positive real axis,
the purpose being that we do not allow ourselves to cross this cut (if we do cross the cut, another |
branch of the function is obtained).

If another interval for ¢ is chosen, the branch line or cut is taken to be some other line in
the z plane emanating from the branch point.

For some purposes, as we shall see later, it is useful to consider the curve of Fig. 2-15 of which
Fig. 2-14 is a limiting case.

z plane
v

Fig. 2-14 Fig. 2-15

THE ELEMENTARY FUNCTIONS
8. Prove that (a) en-e» = es*#, (b) |ef| = €5, (¢) e2t%m = oz | =0,x1,%2, ...,
(a) By definition e? = e*(cosy + isiny) where z = x+iy. Then if z; = #; +14y; and z3 = X2+ W2,
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ef1+ef1 = e%1(cosy + isiny,) * e (cos Yp + isiny,)
= ™1+ efa(cosy;y + isiny,)(cos y; + isiny,)
= en*=a{cos (y; +y,) + isin(y, + Ys)} = entn
(b) le¥| = ‘|e*(cosy +isiny)| = le*| |cosy + isiny| = er+1 = e
(¢) By part (a), e*t2km = grekml =  ez(cos 2kr + isin 2kr) = e?

This shows that the function e* has period 2kri, In particular, it has period 2xi.

9. Prove:
(a) sin’*z + cos?z =1 (¢) sin(z1+2:) = sinz;

o

08 2z + co

wn

.
2; 81

=]

%2

(b) e =cosz +1i8inz, e * = cosz — isinz (d) cos(21+25) = cosz; cos 2z — sin z; sin 2,

o sas . et — g—iz elz 4 g—iz
By definition, sinz = ———~—, cosz = Then
21 2
iz — g-iz\ 2 fr 4 g-iz\2
(a) sin?z + cos?z = /e__?e_\ + (% + e7iz
\ &/ \ 2z )
- _ (ez"-— 2‘+ e'z“\ + (32*‘ +2+ 6‘2‘1\ = 1
\ 4 / \- 4 /
(b) (1) €%~ e = 2iging, (2) e+ e~z = 2cog2
Adding (1) and (2): 26 = 2cosz + 2isinz and e* = cosz + isinz

Subtracting (1) from (2): 2e~% = 2cosz — 2isinz and e-©? = cosz — isinz

(c) gin (z1+zz) - ez t23) _.21.3 (2, +2y) _ el*1 » gizg _2; 21 e g—izy
_ (cosz + isinz)(cosz, + isinzy) ~ (cosz; — isin #zy)(cos 25 — isin zy)
B 24
= sinz,co82; + cosz sinz,
+ - . - -
(@) cos(z;+2) = eilzy+zq) +23 2y +2y) _ dneen +2e iz 0 g=ity
_ {coszy + isinz )(coszy + i8in2zy) + (cos 2y — i8in z;)(cos 7, — i sin z,)
2 %

= co082; coszy — singz, sinz,

10. Prove that the zeros of (a) sinz and (b) cosz are all real and find them.

iz — g—1
(a) If sinz = e___éie_z = 0, then ei* = eTi or eMe =1 =¢2%m k = 0,%1,%2 ... .
Hence 2iz = 2kzi and 2z = kr, i.e. 2= 0, 7, =27, *37, ... are the zeros.
iz —iz .
(b) If cosz = e_+2_e__: 0, then é¢* = —¢ &z or g2z = —1] = eZk+tm f = 0, x1,%2 ...,

Hence 2iz = (2k+1)7i and z = (k+ $m, Le. z = *r/2, %32/2, +57/2, ... are the zeros.

11. Prove that (@) sin(-z) = —sinz, (b) cos(—z) =cosz, (c) tan(—z) = —tanz.

) o O — gD gmir gl (et —e=tz\ _ .
(a) sin (~=z) % = % = _\T/ = —sinz
(®) cos(—z) = el—2) 4 g—i(—2) _ el 4 e _ et e _ cos 2
2 2 2
(¢) tan(—2z) = sin(—z) _ —sinz _ —tanz, using (a) and (b).
cos (—z) €08 2

Functions of z having the property that f(=z) = — f(z) are called odd functions, while those for
which f(—2) = f(z) are called even functions. Thus sinz and tan z are odd functions, while cos z
is an even function,
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12, Prove: (a) 1 — tanh?z = sech®z (¢) cosiz = coshz
(b) siniz = i sinhz (d) sin(x +1y) = sinz coshy + ¢ cosx sinhy
-2 y — et 4
(a) By definition, coshz = %—, sinhz = E——:;— Then
-z\2 — p—2\2 o2 -2 2z _ -2
cosh2z — sinh?z = <ez_'*'2_e_’f> _<§i_.§e_z> = ‘3’+24+e z _e® 24+e =1
Dividing by cosh?z, cosh?z — sinh?z _ 1 or 1 — tanh2z = sech?z.
cosh?z cosh2z .
i(iz) —. g—iliz) -2 z— g2
(b) siniz = e 2: g z2i ¢ = i<5—-28—> = {sinhz
R ei(fZ) + e—‘i(iz) e~ # + e? ev + e *
c = = = = coshz
(¢) cosiz 3 3 3
(d) From Problem 9(¢) and parts (b) and (¢), we have
sin{e+1iy) .= sinxcosiy + cosx siniy = sinxcoshy + icosx sinhy

13. (a) If z=¢* where z = 7(cosf +¢s8ind) and w = w + iv, show that » = Inr and
v =0+2kr, k=0,x1,%2,... so that =lnz = Inr+1i0 +2kr). (b) Determine
the values of In{l1—¢). What is the principal value?

(a) Since z = r(cose + ising) = e¥ = eu+iv = eu(cosv + i sinv), we have on equating real and
imaginary parts, . . .

(I) e%cosv = rcosé (2) etsmv = rsiné

Squaring (1) and (2) and adding, we find €2* = 72 or ¢ =r and # = Inr. Then from (1) and (2),

rcosv=7cosé,r sinv=rsing from which v =6+ 2ks. Hence w = u+iv = In r + i(¢ + 2kr).

If z = ew, we say that w = In 2. We thus see that Inz = In r + i(¢ + 2kr). An equivalent
way of saying the same thing is to write lnz = Inr + 7¢ where ¢ can assume infinitely many
values which differ by 2.

Note that formally In z = In{rei®) = In » + i¢ using laws of real logarithms familiar from
elementary mathematics.

(b) Since 1 —i = V2 eTmi/4+2mi we have In(1—4) = InV2 + <%+ 2k1ri) = %1::2 + 74ﬂ + 2kri.

The principal value is % In2 + % obtained by letting k= 0.

14. Prove that f(2) =Inz has a branch point at z = 0.

We have Inz = Inr + 44. Suppose that we start at some
point z; #= 0 in the complex plane for which r =7, § =9; so that
Inz; = Inry + i6; [see Fig. 2-16]. Then after making one com-
plete circuit about the origin in the positive or counterclockwise
direction, we find on returning to z; that r=17;, ¢ = ¢, +2r so0
that Inz;, = Inr, + 18, + 27). Thus we are on another branch
of the function, and so z=0 is a branch point.

Further complete circuits about the origin lead to other

branches and (unlike the case of functions such as 21/2 or z1/5) we
never return to the same branch.

Fig. 2-16

It follows that In z is an infinitely many-valued function of z with infinitely many branches. That
particular branch of In z which is real when z is real and positive is called the principal branch. To
obtain this branch we require that 4 =0 when 2> 0. To accomplish this we can take Inz = Inr + 8
where ¢ is chosen so that 0 £ 6 < 27 or —7 = 9 < 7, etc.

As a generalization we note that In (z — a) has a branch point at z=a.
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15. Consider the transformation w =Inz. Show that (a) circles with centre at the origin
in the 2z plane are mapped into lines parallel to the v axis in the w plane, (b) lines or
rays emanating from the origin in the z plane are mapped into lines parallel to the
% axis in the w plane, (¢) the z plane is mapped into a strip of width 2 in the w plane.
Illustrate the results graphically.

Wehave w = u+14 = Inz = Inr + i8 so that u=Inr, v=ou4.

Choose the principal branch as w = Inr + i¢ where 0= ¢ < 27,

(a) Circles with centre at the origin and radius a have the equation |2/ = » = a. These are mapped
into lines in the w plane whose equations are © =In a. In Figures 2-17 and 2-18 the circles and
lines corresponding to a = 1/2,1,3/2,2 are indicated,

IRRICH

z plane w plane
[ S
N ] & v
@ #
* 3 /v/
/\/H—N _ a=7/2
ox . s . o —_f . e=ma

3
-
AY
/‘/
N\
\
//
~
~
{
\
~
~
\4\
/T
P
2
i
g/1=?
1=
3/e="
2=

il,/e
a=3w/2
PA

Fig. 2-17 Fig, 2.18
(b) Lines or rays emanating from the origin in the 2z plane (dashed in Fig. 2-17) have the equation

¢ = a. These are mapped into lines in the w plane (dashed in Fig. 2-18) whose equations are v = a.
We have shown the corresponding lines for o = 0,7/6,7/3 and =/2.

(¢) Corresponding to any given point P in the z plane defined by z+ 0 and having polar coordinates
(r,6) where 0 =6 < 2r, r> 0, there is a point P’ in the strip of width 2r shown shaded in
Fig. 2-20. Thus the z plane is mapped into this strip. The point z =0 is mapped into a point of
this strip sometimes called the point at infinity.

If 4 is such that 27 = ¢ < 47, the z plane is mapped into the strip 2» = v < 47 of Fig. 2-20,
Similarly, we obtain the other strips shown in Fig. 2-20.

It follows that given any point z+ 0 in the z plane, there are infinitely many image points in
the w plane corresponding to it.

z plane
y
z
r )
o x
Fig. 2-19 Fig. 2-20

It should be noted that if we had taken ¢ such that —r =9 <z, 7 =9 < 37, etc,, the strips
of Fig. 2-20 would be shifted vertically a distance =.
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16. If we choose the principal branch of sin—!z to be that one for which sin-!0 =0, prove

that

. 1 .
sin"lz = 7 In(iz + y1—-22%)
0 . g—i
If w=3sin"12z then 2z = sinw = % from which
eiw — 24z — e~lw = or e2w — 2izetw — 1 = 0

Solving, ew = 22*TV4-42 _ . A a o iz + V1—22

2

since +V1—22 is implied by V1 —22. Now eiw = gltw—2km) [ = 0,%],%2,... s0 that

elw=2km = 4z 4 /1 —22 or w = 2k1r+:—,1n(_iz+\/1—z2_)

The branch for which w = 0 when z =0 is obtained by taking k¥ =0 from which we find, as required,

5 = sin—1z — 1, V1 — 223
W = 8in z = iul\ﬁTVL z)
17. If we choose the principal branch of tanh~'z to be that one for which tanh~10 = 0,
prove that L 1+
P
tanh-tz = .:ln(, \
Z \1 -z /
= -1 - — sinhw _ e¥ —e~w :
If w =tanh—12, then 2 = tanhw coshw — ® T o ® from which
(1—z)ew = (1+2)e—w or ew = (1+42)/(1—2)
Since e2w = e2(w—kw) we have
. 1+ 1
e2(w—kmi) — d or w = kei+<In _1 t+2
1—2z 2 1—2
The principal branch is the one for which k=0 and leads to the required result,
i8. (a) If z=re®, prove that z' = e~ ¥*+%™ {cog(In7) + ¢ sin (In7)} where k=0,=x1,%x2,....
(b) If z is a point on the unit circle with centre at the origin, prove that z' represents
infinitely many real numbers and determine the principal value.
(¢) Find the principal value of it
(a) By definition, 2! = eilnz = gi{inr +i(8+2km)

®)

(e)

= gilnr — (042km) = —(8+2km {cog(In») + i sin (Inr)}

The principal branch of the many-valued function f(z) = 2! is obtained by taking k=0 and
is given by e~¢{cos(In ) + i sin(In r)} where we can choose § such that 0 = ¢ < 2n.

If z is any point on the unit circle with centre at the origin, then [z| =7 =1, Hence by part (a),

since Inr =0, we have 2i = e~(#+2km) which represents infinitely many real numbers. The

principal value is ¢—¢ where we choose ¢ such that 0 < ¢ < 27.

By definition, 1 = eflni = gilitn/2+2km) = ¢~ (m/2+2k7) ginee 1 = eitm/2+2km gnd Ini = (/2 + 2kx).
The principal value is given by e—7/2,

Another method. By part (b), since z =1 lies on the unit circle with centre at the origin and since
6 = =/2, the principal value is e—7/2,

BRANCH POINTS, BRANCH LINES, RIEMANN SURFACES

19. Let w = f(2) = (22 + 1)"/2. (a) Show that z = +i are branch points of f(z). (b) Show
that a complete circuit around both branch points produces no change in the branches
of f(z).

(a) Wehave w = (22+1)/2 = {(z—i)(z+19)}/2. Then argw = darg(z—1) + farg(z+1) sothat

Changein argw = 4{Changein arg (z—1%)} + }{Changein arg (z+ 1)}
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(®)

Let C [Fig. 2-21] be a closed curve enclosing the point i but not the point —i. Then as point 2
goes once counterclockwise around C,

Change in arg(z—i) = 2g, Change in arg(z+1) = 0
so that .
Changein argw =
Hence w does not return to its original value, ie a z plane

change in branches has occurred. Since a complete cir-
cuit about z =i alters the branches of the function,
z = { is a branch point. Similarly if C is a closed curve
enclosing the point —i but not i, we can show that
z = —1i is a branch point.

Let z2—1¢ = rel%, 241 = ryei®s, Then
w = {rrpel i +e 2 = [y ei0/2 416y

Suppose we start with a particular value of z correspond-
ing to 8; =a; and ¢ =ay. Then w = Vr;r; ela1/2 gies/2,
As z goes once counterclockwise around 17, ¢; increases
to a; + 27 while 6, remains the same, i.e. 8, = a5, Hence

w = ‘/r‘ 2a ei((!1+21r)/2 efa;/2
w VT Tq € 1 e

= - "'1 1-2 eiall2 eia,/Z

showing that we do not obtain the original value of w, s
i.e. a change of branches has occurred, showing that
=1 is a branch point.

If C ehcloses both branch points z = *i as in Fig. 2-22,
then as point z goes counterclockwise around C,

Change in arg(z—1% = 2
Change in arg(z+1) = 2r
so that
Change in argw = 2»r

Hence a complete circuit around both branch points
produces no change in the branches.

Another method.

In this case, referring to the second method of
part (a), ¢, increases from a;, to a; + 27 while 4, in-
creases from a; to a; + 27. Thus

w = \/rllrze‘(dl"'zﬂ')/z ei(ﬂ:+2ﬂ')/2 = ‘/rlrzei-al/zeiagfz

and no change in branch is observed. Fig. 2-22

20. Determine branch lines for the function of Problem 19.

The branch lines can be taken as those indicated heavy in either of Figures 2-28, 2-24. In both

cases, by not crossing these heavy lines we insure the single-valuedness of the function.

z plane z plane

v y
[ 3

~i ¢ o=t

Fig. 2-23 Fig. 2-24
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21. Discuss the Riemann surface for the function of Problem 19.

We can have different Riemann surfaces corresponding to Fig. 2-28 or 2-24 of Problem 20.
Referring to Fig. 2-23, for example, we imagine that the z plane consists of two sheets superimposed
on each other and cut along the branch line. Opposite edges of the cut are then joined, forming the
Riemann surface. On making one complete circuit around z =1, we start on one branch and wind up
on the other. However, if we make one circuit about both z =1 and z = —i, we do not change branches
at all. This agrees with the results of Problem 19,

22. Discuss the Riemann surface for the function f(2) = Inz [see Problem 14].

In this case we imagine the z plane to consist of infinitely many sheets superimposed on each

other and cut along a branch line emanating from the origin z =0. We then connect each cut edge to
the opposite cut edge of an adjacent sheet. Then every time we make a circuit about z =0 we are on
ancther gheet corresponding to a different branch of the function. The collection of sheets is the

SRIVLVNTL SaSCyV LLIITSpe & eiel oralll

Riemann surface. In this case, unlike Problems 6 and 7, successive circuits never bring us back to
the original branch.

LIMITS
23. (a) If f(z) = 2%, prove that lim f(z) = 2I.
22,
. 2? z#2
(b) Find lim f(2) if f(z) = J °.
zer 2y LU 2 =20
(a) We must show that given any ¢>0 we can find § (depending in general on ¢) such that
I,2=~2I < : whonaver 0 & o —a | & 8
t o ﬁo l ~ € YWICILITYC L v o~ 1 ~ ho l ™~ U
If § =1, then 0 < |z—2,| < & implies that
[22=22] = le—zllz+z] < 8la—2+22| < &{lz—z| + |22} < &1 + 2|z
2

Take 8 as 1 or e/(1+ 2|z5|), whichever is smaller. Then we have {z2—zZ| < ¢ whenever
|2—25| < 8, and the required result is proved.

(b) There is no difference between this problem and that in part (a}, since in both cases we exclude

z =2, from consideration. Hence lim f(z) = 22. Note that the limit of f(z) as z -z, has
=2

nothing whatsoever to do with the value of f(z) at z,

24. Interpret Problem 23 geometrically.

(¢) The equation w = f(z) = 22 defines a transformation or mapping of points of the z plane into
points of the w plane. In particular let us suppose that point 2, is mapped into wy = z3.

z plane w plane
Y v

Fig. 2-25 Fig. 2-26

In Problem 23(a) we prove that given any ¢>0 we can find § >0 such that |w—w,| < e
whenever |z—z,| < 8. Geometrically this means that if we wish w to be inside a circle of
radius e [see Pig. 2-26] we must choose § (depending on €) so that z lies inside a circle of radius 8.
According to groblem 23(a) this is certainly accomplished if & is the smaller of 1 and /(1 + 2|z)).

() In Problem 23(a), w = wy = 2% is the image of z = z;, However, in Problem 23(b), w =0 is the
image of z = z;, Except for this, the geometric interpretation is identical with that given in
part (a).
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4 _ 9,3 2 __ ]
25. Prove that lim 82 — 22 —zl-Szi 22+5 = 4+ 4.
Zzeri - .
We must show that for any ¢ >0 we can find § > 0 such that
324 —2:2+8:2—2:+ 5
z—1
Since z ¥ %, we can write

874 — 28+ 822 - 2246 _  [323 — (2—8i)22 + (5— 20z + bil[z — 4]
z2—1 B z~—d '
= 828 — (2—-3i)22 + (5—2i)z + bi

on cancelling the common factor 2 —4{ =< 0,

4RI

—(4+41) ]| < ¢ when 0<|z—i|<3s

Then we mnist show that for any ¢ > 0, we can find § > 0 such that
[3z3——(2—31')22+(5—21');—4+i! < e when 0<|z—7
If §=1, then 0 < |z—1i| < § implies
|82% — (2~ 3i)22 + (6 — 20}z — 4 + i|

A
Co

lz—1i||822 + (6i—2)z — 1 — 4i|
lz2—i]|8(z—i+9)2+ (6i— 2}z —i+ 1) — 1 — 45|
|z—1i]|8(z =92 + (12i — 2)(z — 1) — 10 — 64|
8{8jz—ij2 + |12i—2f{2—1] + j—10—6¢]}
8(3+13+12) = 288

Taking & as the smaller of 1 and /28, the ired regult followa,

AN

THEOREMS ON LIMITS
26. If lim f(2) exists, prove that it must be unique.

We must show that if lim f(z) = I, and lim f(z) = L, then !
z2— 2y T2y

By hypothesis, given any «> 0, we can find § > 0 such that

[ f2) = 4] < o2 when 0<|z—2%}| <3
[fz) — L] < e/2 when 0<|z—2| < &
Th
T olu-bl = @+ D —b] S [h—f@)] + | f@D =l < &2+ 2 =

ie. |l — | is less than any positive number ¢ (however small} and so must be zero. Thus I, = I,

27. If lim g(z) = B » 0, prove that there exists § > 0 such that
' 2) > 4|B] for 0<jz—z|<3$
Since lim g(z) = B, we can find 3 such that |g(z) ~B| < 3!B| for 0 < |z—2,] < 8.

Writing B = B — g(z) + g(2), we have
Bl = |B—g()| + g2 < }|B| + |g(2)|
ie. |B] < }IB| + |g(=)| from which lo(2)| > §|B|

28. Given lim f(z) = A and lim g(z) = B, prove that (a) lim [£(=) +g(z)] = A+ B,

() lim f(z)g9(2) = AB, () lim () l if B40, (4 lim ;g if B=0.

(a) We must show that for any «> 0 we can ﬁnd & > 0 such that
[ [f(z)+9(z)) —(A+B)| < e when 0<|z—2| <38

We have
[ @) +9@)]) —(A+B)| = |[fl2)-A) + [g(x)—B]| = [f# A+ |g(z)—B| ()
By hypothesis, given ¢ > 0 we can find 8, > 0 and 8, > 0 such that

|fz) — 4] < &2 when 0 < |z—2| < ﬁl ‘ (£)]
lg(z) — B| < ¢/2 when 0<|z=2z] <8, €3]
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Then from (1), (2) and (3),
[HA(2)+9(@)] —(A+B)] < e/2+ /2 = ¢ when 0<|z=2| <38
where & is chosen as the smaller of 8, and &,.

| f(z){g(z) — B} + B{f(z) — A}| (4)
IH(2)] | g(z) — B} + |B]| f(z) — A |

/()| |g(2)—B| + (Bl+1) |f(z)— 4|

Since }jm f(z) = A, we can find &, such that |f(z)—A| < 1 for 0 < |2—2]| < §;.

-'l@

Hence by inequalities 4, Page 2,
|f)—A| 2 |f@)| =14, ie 12 |fa)|—IA] or [f(a)] =|4]+1
i.e. |f(z)] < P where P is a positive constant.
Since lim g(z) = B, given ¢>0 we can find §,>0 such that |g(z) —B| < /2P for

z= 2y

0 < IZ—ZO| < 82-

. . _ . - —
Since z1_1_’rrle-.f(.<‘:) = A, given ¢>0 we can find §;>0 such that |f(z)—A]| < 2B + 1)

for 0 < |z2—2y| < &
Using these in (4), we have
| f(z) 9(2) — AB| < P+

(b) We have |f(2) 9(z) — AB|

WA A1

€ . €
2P V3B + 0
for 0 < |z—2z5| < 8 where & is the smaller of 3§, 8y, 85, and the proof is complete.

(¢) We must show that for any ¢ >0 we can find § >0 such that
1 _ 1] _ lg@—B]

|g(z) B |Bi [g(2)i
By hypothesis, given any «>0 we can find §; > 0 such that

e when 0<|z2—2|<3$§ 5)

[POY SR n| 1 1DIg o NPy pr—_—
|g{z) —B| < %|B|*¢ when 0<|z=2] < ¥

By Problem 27, since lim g(z) = B % 0, we can find 83> 0 such that

=2
lg(z)] > 3|B| when 0 < [z—z]| <3
Then if § is the smaller of 3; and 8,, we can write
1 1 |9(z) — B| 3|BJ2e
9() B |Bl lg(2)| |B| - §|B|
and the required result is proved.
(d) From parts (b) and (¢),

m {8 =y R T clim = = 4.2 = 4
e T 3&“:.,{"’) gm} = e e T 4B T B

¢ whenever 0<|z—2z|<3

This can also be proved directly [see Problem 145].

Note. In the proof of (a) we have used the results |f(z) —A| < ¢/2 and [g(z)—B| < ¢/2, s0
that the final result would come out to be |f(z) + g(2) — (A + B)| < e. Of course the proof would be’
just as valid if we had used 2¢ [or any other positive multiple of ¢] in place of e Similar remarks
hold for the proofs of (b), (¢) and (d).

29. Evaluate each of the following using theorems on limits.

(@) lim (:2—52+10) = lim 22+ lim (-5z + lim 10
z=1+1 z—+1+4 z= 144 z=+1+i

/ lim z\/ lim 2) / lim —5Y)/ lim z)
= (z-—»l+£ )(z-»1+i ) + (z-»1+l )(;..14.; ) + z-!:l}l+£10

1+d1+49) —6(1+2 +10 = b — 8i

In practice the intermediate steps are omitted.

lim (22+3) lim (2—1)
z - —21 ze—2f

®) @z +8)z—1) _ B—4iy—2i—-1) _ _1 1,
i 4

oSy 22—2z+4 Im_(2—2+4) = 4 2

2=
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In this case the limits of the numerator and denominator are each zero and the theorems on
limits fail to apply,

However, by obtaining the factors of the polynomials, we see that

li #+8 =  Iim (z + 2)(z — 2em/3)(z — 2e5mi/8)
eme2emi/3 24+ 422 + 16 g..zcws (z — 2e™/3)(z — 2¢2ri/3)(z — 2AmI/B)(; — 2¢57i/3)
- lim (z+2) _ em/3 4 1
- 2‘,,{,3 (z — 262mi73)(; — 26573y —  P(gmis— €27i/3)(¢mi/3 _ g4mi/s)
2 2/ 9
= 2 _ Y-
8 8"
Another method. Since 28—64 = (2% — 4)(24 + 422 + 16), the problem is equivalent to finding
: 2—4)(z5+8) _ . 22— 4 e2mi/s—1 _ 8 3.
lim (Z2—4)(+8) = 1 = = 2_Ye
ser2enis 28 — 64 cer2em/s 28 — 8 2e"—1) 8 8"

30. Prove that lirr;% does not exist.
=

If the limit is to exist it must be independent of the manner in which 2 approaches the point 0,
Let z-» 0 along the x axis. Then ¥=0, and 2= xz+iy =z and % = *—1y = xz, so that the

required limit is
1

o
3
I8
]

Let 2 0 along the
required limit is

x+iy =iy and zZ = x—1iy = —iy, so that the

Since the two approaches do not give the same answer, the limit does not exist.
CONTINUITY
31. (a) Prove that f(z) = 2% is continuous at z = 2o.

(b) Prove that f(z) = {(z)’ 2720 where 200, is discontinuous at 2 = Zp.

=%
(@) By Problem 23(a), lim H2) = f(zg) = 22 and so f(z) is continuous at z = 29
Another method. We must show that given any ¢>0, we can find 8 >0 (depending on ¢) such
that | f(z) — f(z9) | = |#2—22| < ¢ when |z—2y] < 8. The proof patterns that given in
Problem 23(a).
(b) By Problem 23(b), zlim f(z) = 22, but f(zg) = 0. Hence lim f(z) * f(zy) and so f(z) is
-+ 2q F L
discontinuous at z =z, if z,% 0. ’

If 2,=0, then f(2)=0; and since lim flz) = 0 = f(0), we see that the function is
continuous. Ere

32. Is the function f(z) = 82 — 2¢° ;}-_Sz: 22+5 continuous at z = 1?

f(i) does not exist, i.e. f(z) is not defined at z=4{. Thus f(2) is not continuous at z =

deﬂning‘ f(z) so that f(i) = iim‘ flz2) = 4+ 41 (see Problem 25), it becomes continuous
2=
at z=1. In such case we call 2=1i a removable discontinuity,

33. Prove that if f(z) and 9(2) are continuous at z = z,, 8o also are

(@) f(2z) +9(2), (b) f(2)9(2), (c) fﬁz; if g(z0) = 0

These results follow at once from Problem 28 by taking A = f(z), B = g(z,) and rewriting
0<|z=2%] <8 as |2—2,| < 8, ie. including z = 2

w*
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34. Prove that f(z) = 2z*> is continuous in the region |z| =1.

Let 2z, be any point in the region |z =1. By Problem 23(a), f(2) is continuous at z,. Thus ()
is continuous in the region since it is continuous at any point of the region.

35. For what values of z are each of the following functions continuous?
_ z _ z

(@) flz) = 2Z+1 T (z—dz+9)

continuous everywhere except z = *i.

b) f(z) = cscz = silj:lz'

continuous everywhere except at these points.

Since the denominator is zero when z= *{, the function is

By Problem 10(a), sinz = 0 for z = 0,%x,*27,.... Hence f(2) is

UNIFORM CONTINUITY
36. Prove that f(z) = 2% is uniformly continuous in the region |2| <1.

We must show that given any > 0, we can find § >0 such that |{22—22| < e when |z—2,| < 3,
where 5 depends only on ¢ and not on the particular point z, of the region.

If z and z; are any points in |z| < 1, then
|#=gi = latallz=anl = Gd+iliz=nl < 2lz—z]
Thus if |z—z,| < 8, it follows that [22—22| < 28. Choosing 8 =¢/2, we see that |[22—2}| < e

when |z—2,| < 8, where & depends only on ¢ and not on z,, Hence f(z) = 22 is uniformly con-
tinuous in the region.

37. Prove that f(2) = 1/z is not uniformly continuous in the region jz| <1.
Method 1.

Suppose that f(z) is uniformly continuous in the region. Then for any ¢>0 we should be able
to find 3, say between 0 and 1, such that |f(z) —f(zg)| < ¢ when |z2—2,| < § for all z and %z in
the region. |

s ! ] €
Let z=8 and 2= 1o Then Iz—z°|‘|8—1+e —1+€8<8
1 1 14e] _ ¢ .

However, z 3 3 =3 > e (since 0 <8< 1)

Thus we have a contradiction, and it follows that f(z) = 1/z cannot be uniformly continuous in
the region.

Method 2.
Let 2z, and z,+ { be any two points of the region such that [zo+¢—z2| = [¢{ = 8. Then
1 1 by 8
fle) — flz+ 9| = == s| = =
e = e+ D1 = =297 = fallatel - Tllzti]

can be made larger than any positive number by choosing z, sufficiently close to 0. Hence the function
cannot be uniformly continuous in the region.

SEQUENCES AND SERIES
38. Investigate the convergence of the sequences

i 1+
@ wm=%, n=123..., @) up = 12
LI LR O L .1 =i 1d
(@) The first few terms of the sequence are t,—2-,§-,4 Vg ete., or i, 2 3L On

plotting the corresponding points in the z plane, we suspect that the limit is zero. To prove this

we must show that
: |uy— 1] = |i®/n~0] < e¢ when 2a>N $)]

Now lit/n— 0] = |i*/n] = [{®/n = 1/n < ¢  when 1> 1/e

Let us choose N =1/e. Then we see that (Z) is true, and so the sequence converges to zero.

P>

E
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I L A+ Y+ _ _n Lo w2
b d —_— = 1+4i] = ——,
() Consider | = A+ )/n e
2
For all n 210 (for example), we have n_\:: > g = 1.2, Thus |u,.+q > 1.2|n,| for n > 10,
n

e  |uy| > 1.2 ugl, |ugg| > 1.2uyy] > (1.2)2 |uyy|, and in general [thy] > (1.2 =10 3, |. Tt follows
that |u,| can be made larger than any preassigned positive number (no matter how large) and
thus the limit of |u,| cannot exist, and consequently the limit of u, cannot exist. Thus the
sequence diverges.

39. If lima. = A and lim b, = B, prove that lim (@n+bn) = A+B.

@ nerw 7t
By definition, given ¢ we can find N such that
la,—A| < e/2, |[b,—B| < ¢/2 for n>N
Then for n > N,
l[(@ntb) —(4+B)| = |(@,—A)+ (b,—B)| = |a,—A4]| + [bp—B| <
which proves the result.
It is seen that this parallels the proof for limits of functions [Problem 28].

40, Prove t

f a series w1+ us+us+ --- is to converge, we must have Iim u, = 0,

ne=—+x

If S, is the sum of the first n terms of the series, then S, ., = S, +u,. Hence if lim S, exists

and equals S, we have '}gnw Sat+1 = ’}Enx S, + 1}1_.11; u, or $ =98+ ’}1_1‘11ao Uy, i.e. ,}}_:1"::;'* = 0.
Conversely, however, if lx_n;r:o %, = 0 the series may or may not converge. See Problem 150,
41, Prove that 1+z+z2+z3+---=11z if J2] <1
Let Sy = l4z422+4 0 +gn-1
Then 28, = 2+ 224 ro Fan-1 4 gn
Subtracting, 1=2)S, = 1—2n or S, = 11—_z:

If |z} <1, then we suspect that lim 2 = 0. To prove this we must show that given any ¢> 0
” e

we can find N such that |2"— 0| < ¢ for all »>N. The result is certainly true if z =0; hence we
can consider z # 0,

Now |z" = [¢[" < ¢ when nlnl|z| < Ine or n > (Ine)/(Inlz)) = N [since if |2} <1, Inle| is
negative]. We have therefore found the required N, and lim z" = 0.

N=—r oo

Thus 1+z+22+.-- = lim§, = limi=22 _ 1=0 _ 1

n—+co n=w 1 —2 1—2 1—2z
The series

etazta2+ - = =

1—2
is called a geometric series with first term equal to a and ratio z, and its sum is a/(1 —z) provided

1

lz] < 1.

MISCELLANEOUS PROBLEMS

2. Let w = (22+1)"2, (a) If w=1 when 2=0, and z describes the curve C; shown in
Fig. 2-27 below, find the value of w when z=1. (b) If z describes the curve C; shown
in Fig. 2-28 below, is the value of w when z=1 the same as that obtained in (a)?

(2) The branch points of w = f(z) = (Z2+1)Y2 = {(z—1i)(z+19)}¥2 are at z = *i by Problem 19.




b6 FUNCTIONS, LIMITS AND CONTINUITY [CHAP. 2

1
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, 7 7 3

Fig. 2-27 Fig. 2-28

Let (1) z—1i = ryet®, (2) 2+¢ = ryei®s, Then since 6, and 6, are determined only within
integer multiples of 2ri, we can write
w = VTyrg elOit0)/2 g2kT2 = [T T, ei(0)+03)/2 gkmi ®

Referring to Fig. 2-27 [or by using the equations () and (2)] we see that when z is at 0, r; =1,
0, =37/2 and r,=1, ¢3==/2. Since w=1 at 2=0, we have from (3), 1 = ek+Dm and we
choose k=—1 for 1,-3,...]. Then

w = - mef(01+0=)/2

As z traverses C; from 0 to 1, r; changes from 1 to Ve, 6, changes from 3r/2 to —r/4,
ry changes from 1 to \/E, 8, changes from #/2 to /4. Then

w = _\’(\/ﬁ)(\/ﬁ) e =/ + /42 = —\/2

(3) As in part (a), w = —\/rr,el01+0/2, Referring to Fig. 2-28 we see that as z traverses Cg,
r, changes from 1 to V2, ¢, changes from 3z/2 to Tz/4, r, changes from 1 to V2 and ¢, changes

from 7/2 to /4. Then
w = —NV2)V2)etTra+airz = /2

which is not the same as the value obtained in (a).

43. Let VT—22=1 for z=0. Show that as z varies from 0 to p > 1 along the real axis,

V1 — 22 varies from 1 to —iy/p?—1.

Yy
z /"_'LP
\\
7 X \
A -~ B¢ \.E F 5
1 r
Fig. 2-29

Consider the case where z travels along path ABDEF, where BDE is & semi-circle as shown in
Fig. 2-29. From this figure, we have

1—2 = 1—x2—14dy = rcoso — irsineg
sothat 1—22 = {1—21+2 .= Vr(cose/2 — isine/2)V2 — rcoss + érsineé
Along AB: z=2,r=1-26=0 and Vi—22 = yl—-2zV1i+z = Vy1—22
Along EF: z2=2x, r=2z—1, 6 =7 and Vi—-z2 = —i\/:;—_l\/m = —i\/w’_—i.

Hence as z varies from 0 [where z =0] to p [where z = p], V1 —22 varies from 1 to —iVpi—1.
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44. Find a mapping function which maps the points z = 0, *i,+27, +37, ... of the 2 plane
into the point w=1 of the w plane [see Figures 2-30 and 2-31].

z plane w plane
v v
3i

2¢

o E
——A{
]
=X
&

Fig. 2-30 ' Fig. 2-31

Since the points in the z plane are equally spaced, we are led, because of Problem 15, to consider
a logarithmic function of the type z = In w.

Now if w=1=e%m k =0,%1,%2 ..., then z=Inw = 2ksi s0 that the point w=1 is
mapped into the points 0, 27, *4x1, ... .

if, however, we congider z = (Inw)/27, the point w=1 is mapped into z = 0,*4,%2{, ... as
requiréd. Conversely, by means of this mapping function the points z = 0,*i,+2i,... are mapped
into the point w=1.

Then a suitable mapping function is z = (In w)/27 or w = e27=,

45. If lim 2z, = I, prove that lim Re{2.} = Re{l} and lim Im {za} = Im {1}.

"~ 7 = 0

Let 2, = z,+1iy, and ! = I, +1l,, where z,,¥, and l,,l, are the real and imaginary parts of
z, and I respectively.

By hypothesis, given any ¢>0 we can find N such that |z, — l|] <e for m» > N, e,
[Zg + Yy —(, +il)| < e for >N
or \/(x,, =2+ (yp—l)2 < e for n>N
From this it necessarily follows that
|#,~l| <e and |yp,—L| <e for a>N

ie. lim 2, =!; and lim y, = l,, as required.
n=—so N~

46. Prove that if |a| <1,

(@ 1+acosd+a*cos20 + a*cog3f + -+. = L acosd

1—-2acosf+ad

asing
1—2acosd + a2

Let z = ael® in Problem 41. We can do this since |z} = |a| <1. Then

(b) asing + ¢*sin2¢ + a%sin89 + --- =

1+ ae® + 220 + o330 4 ... — __1
1 — ael
— ge—i#
or (L1+acose + a2coa20 + ++) + iasing + a2sin2 + --+) = l—la,e“.}—::"“
1 —acoss + iasing
1 —2acose + a?

The required results follow on equating real and imagiriary parts.
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Supplementary Problems

FUNCTIONS AND TRANSFORMATIONS

47. Let w = f(z) = 2(2—2). Find the values of w corresponding to (a) z = 1+4, (b) z = 2—2¢ and
graph corresponding values in the w and z planes. Ans, (a) 2, (b) 4+ 4i

48. If w = f(z) = (1+2)/(1—2), find (a) f(i), (b) f(1 —4) and represent graphically.
Ans. (a) i, (b) —1—2i

49. If f(z) = (22+1)/(82—2), z# 2/3, find (a) f(1/2), (b) f{f(2)}. Ans. (a) (2+2)/(8—22), (b} 2

50. (@) If w = f(z) = (2+2)/(2z~—1), find f(0), f(i), f(L+1). (b) Find the values of z such that
Fz) = 4, f(z) = 2—3i. (¢) Show that z is a single-valued function of w. (d) Find the values of 2
such that f(z) =z and explain geometrically why we would call such values the fixed or invariant
points of the transformation. Ans, (a¢) —2, =1, 1 —4, (b) —i, (2+1¢)/3

51. A square S in the z plane has vertices at (0,0), (1,0), (1,1), (0,1). Determine the region in the
w plane into which S is mapped under the transformations (a) w = 22, (b)) w = 1/(z +1).

52. Discuss Problem 51 if the square has vertices at (1,1), (—1,1), (-1,-1), (1,-1).

53. Separate each of the following into real and imaginary parts, ie. find u(x,y) and v(x,y) such that
f(2) =u+iv: (a) flz) = 222—3iz, (b) f(2) = 2+ 1/z, (¢) f(2) = 1 —2)/(1+2), (d) f(z} = 2172,

1 am 2 — a2 —Day
_ _ —- _ _ i it ¥ _ &y
Ans. (a) 1w =22 —2y2+ 3y, v = 4oy — 3 (c)u—————(1+x)2+y2, v——————-(1+x)2+y2
(b) u = x+ x/(x2+ y2), (d) u = 71/2 cos ¢/2, v = r1/2 gin ¢/2
v=y—ylz2+y2 where = = rcose, y = rsing

54, If f(z) = 1/z = u+iv, construct several members of the families wu(x, ¥) = a, viz,¥) = B where

« and S are constants, showing that they are families of ecircles.

MULTIPLE-VALUED FUNCTIONS

55. Let w3 =z and suppose that corresponding to z=1 we have w=1. (a) If we start at z=1 in the
z plane and make one complete circuit counterclockwise around the origin, find the value of w on
returning to z=1 for the first time. () What are the values of w on returning to z=1 after
2,8,4, ... complete circuits about the origin? Discuss (a) and (b) if the paths do not enclose the origin.
Ans. (a) 2713, (b) eATi/B, 1, e27i/3

56. Let w = (1 —22)1/2 and suppose that corresponding to z=0 we have w =1. (@) If we start at z=10
in the z plane and make one complete circuit counterclockwise so as to include z=1 but not to include
z=—1, find the value of w on returning to z=0 for the first time. (b) What are the values of w if
the cireuit in (a) is repeated over and over again? (c) Work parts (a) and (b) if the circuit includes
z=—1 but does not include z=1. (d) Work parts (a) and (b) if the circuit includes both z=1 and
z=—1. (e) Work parts (a) and (b) if theé circuit excludes both z=1 and z=-1. (f) Explain why
z=1 and z=--1 are branch points. (g) What lines can be taken as branch lines?

57. Find branch points and construct branch lines for the functions (a) f(z) = {z/(1—2)}1/?
(b) f(z) = (22— 4)V3, (¢) f(z) = In(z—22).

THE ELEMENTARY FUNCTIONS

58, Prove that (a) e®1/enz = en1i—2, (b) |eiz| = e~ %,

59. Prove that there cannot be any finite values of z such that e* = 0.
60. Prove that 2r is a period of e'*, Are there any other periods?

61. Find all values of z for which (a) e3* =1, (b) e?* =14,
Ans. (a) 2kri/3, (b) J=i + Ykxi, where k=0=1,=2 ....

62. Prove (a)sin2z =2sinzcosz, (b)cos2z = cos?z — sinZz, (c) sin?(2/2) = §(1 —cos 2), (d) cos?(2/2) =
3(1 + cos z).

63. Prove (a) 1+ tan®z = sec2z, (b) 1+ cot?z = csc?z.
64. If cosz = 2, find (a) cos 2z, (b) cos3z. Ans. (a) 7, (b) 26

65. Prove that all the roots of (a) sinz = a, (b) cosz =a, where —1=a =1, are real.

[
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66. Prove that if [sinz| =1 for all z, then z must be real.

67,
68.

70.

1 B
72.

3.

76.

.

78,

19,

i,

Show that (a) sinz = sinz, (b) cosz = cos 2, (¢) tanz = tan3z.

For each of the following functions find u(z,y) and v(x,y) such that f(z) = u+iv, ie. separate into

real and imaginary parts: (a) f(z) = ez, () f(z) = cosz, (c) f(z) =sin2z, (d) f(z) = 22¢22,

Ans. (a) u = ¢~% cos 3z, v = e~ gin 8z, (b) u = cosx coshy, v = —sinx sinhy, (¢) u = sin 22 cosh 2y,
v = co8 2z sinh 2y, (d) u = e2*{(22 — y2) cos 2y — 2xy 8in 2y}, v = €2¢{2xy cos 2y + (22 — y2) 8in 2y}

Prove that (a) sinh (—2) = —sinhz, (b) cosh (—2) = coshz, (¢) tanh{—2) = —tanhz.
Prove that (a) sinh(z;+2;) = sinh 2y cosh 2, + cosh z; sinhz,, (b) cosh2z = cosh?z + sinh? z,

(¢) 1 — tanh2z = gech?z, »
Prove that (a) sinh?(2/2) = 4 (coshz—1), (b) cosh?(z/2) = 4 (coshz +

1
Find u(x, ¥) and v(z, ¥) such that (a) sinh 22 = w+4u, (B) zcoshz = # + v,
Ans. (a) u = sinh2x cos2y, v = cosh 2z sin 2y
(b) u = xcoshzcosy — y sinhx siny, v = y cosh % cosy + x sinh z sin y

Find the value of (a) 4 sinh(xi/3), (b) cosh(2k + 1)7/2, k = 0,%1,=2,..., (¢) coth 3ri/4.
Ans. (a) 2iV8, (b) 0, (o) ¢
( 1 V3

—_—— ——i) = (% + 2k1r>’i, k=0,%1,%2, ... . (b) What is the principal value?

(a) Show that In 2

Ans. (b) 4xi/8

Obtain all the values of (a) In (—4), (b)In(31), (¢) In(V3—1) and find the principal value in each case,
Ans. (@) 2In2 + (v + 2kx)i, 2In2 + #i. (b)) In3 + (/2 + 2kr)i, In3 + 7i/2. (c) 2 + (112/6 + 2kr)i,
In2 + 117i/6

Show that In(z— 1) = $In{(z—1)2 + 42} + {tan-1y/(x —1), giving restrictions if any.

o

z+1
z2—1

Prove that (a) cos—1z = % In(z+Vz2-1), (b) cot—1z = -217111 < ) indicating any restrictions.

Prove that (a) sinh—!z = In(z + V22+1), (b) coth-1z = %ln (:ii)

Find all the values of (a) sin—12, (b) cos— 1%,
Ans. (@) *iln@+V8)+2/2+ 2%  (B) —iln(VE+1) + /2 + 2kr, —iIn(VZ —1) + 37/2 + 2z
Find all the values of (a) cosh—1%, (b) sinh—! {ln (-1)}.
Ans. To) In(VZ+1) + #i/2 + 2kzi, In (V2 — 1) + 32i/2 + Zkri
() In[(2k+ 1)z + V(@& + 1)222 — 1] + #i/2 + 2mtai,
In [V(2k +1)%% — 1 — 2k + 1)a] + 3xi/2 + 2mi, k,m = 0,1, %2, . ..

Determine all the values of (a) (1+14)i, (b) 1V2,
Ans. (a) e=™/4+ 27 {co8 (}In2) + isin(§In2)}, (b) cos (2VZ kr) + 1 sin (2V2 kr)

Find (a) Re{(1—-d1+1}, () | (—i)—4].
Ans. (a) e%In2 ~ T8/4 — 27 cog (Tr/4 + $In2), (b) esn/2+2kw

Find the real and imaginary parts of 2¢ where z = » + iy.

Show that (a) f(z) = (22— 1)1/3, (b) f(z) = 2z1/2+21/3 are algebraie functions of z.

'RANCH POINTS, BRANCH LINES AND RIEMANN SURFACES

5.
I

Prove that z = =i are branch points of (22 + 1)1/3,

18
Construct a Riemann surface for the functions (a) z1/3, (b) z1/2(z — M2, (o) ( :ig) .

Show that the Riemann surface for the function 2z1/2+ z1/3 has 6 sheets.

Construct Riemann surfaces for the functions (@) In(z+2), (b) sin—tz, (c) tan~—1z,

A 2
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LIMITS
89. (a) If f(z) = 2242z, prove that lim‘ f(z) = 21—1,

Z > .

93.

94.

97.

99.

100.

2+22 271

® 1 f) = {8+2i z=i’

find limi f(z) ﬁnd justify your answer.
z

—z+1—% _ 1 _1;
Prove that BTH z’—2z+2 = 1- 4§

Guess at a possible value for (a) lim }—f
z -

of your guess. zrtlTa

and investigate the correctness

2 _ 9;
. P2 1z
(b) lim

! z—2+i 22+ 4

If lim fiz) = A and lim g(z) = B, prove that (a) lim {2f(2) — 8ig(z)} = 24 — 3iB,
Z=2Zy

z=rzp 22y

b lim {pf(z) + ¢9(2)} = pA + ¢B where p and ¢ are any constants.
l-’lo .

If lim f(z) = A, prove that () lirr; {f(z)}> = A2, (b) lim {f(2)}3 = A3 Can you make a

z=>2zy

similar statement for lim {f(z)}*? What restrictions, if any, must be imposed?
2= 2y

Evaluate using theorems on limits. In each case state precisely which theorems are used.
(22 — 3){(4z + 1)

(@) Tim (izt + 322 — 104) P (2 )
(a) Z-l-fnéi (u z ) (c) zl-lrs2 ('iz_l)z (e) Iim { z 1—1: }2
2141 |22—224+2
® lim —2 @ lim2E1 :
zmrgmiid 22+ 2+ 1 zizé+1

Ans. (a) —12 + 64, (b) VZ(1+1)/2, (c) —4/3 — 4i, (d) 1/3, (¢) —1/4

i : gy (2 —

Find z_1.1:11 3(z € )<23+1) Ans. 1/6 — i\/3/6
f(2) — f(z0)

Prove that if f(z) = 322 +22, then lim 2% — 6z, + 2.

22 Z— 2

If flz) = provided 2z, * —2/3.

—1
=~—— prove that lim
h=0

] 7
272 h = Bz, + 22

If we restrict ourselves to that branch of f(z) = Vz2+ 3 for which f(0) = V3, prove that
lim¥£#+3—-2 _ 1
z=1 z—1 -2

224 +1 _

Explain exactly what is meant by the statements (a) limi 1/(z—19)2 = =, (b) hm )
P

Show that (a) lim (sinz)/z = 2/x, (b) lim 22 cosh 42/3 = =%/8.
z=T/2 z=smi/2

101. Show that if we restrict ourselves to that branch of f(z) = tanh—1z such that f(0) =0, then

lim f(z) = 3ri/d.

zw i

CONTINUITY

102.

“"3

104.

105.

106.

2 ,
Let f(z) = Z +2t. if z 9 2, while f(2{) = 3+ 4i. (a) Prove that lim‘ f(z) exists and determine its
— bl

value. (b) Is f(z) continuous at z=2i? Explain. (¢) Is f(z) continuous at points z# 2i? Explain.

Answer Problem 102 if

f(27) is redefined as equal to 4i and explai

]
—

Prove that f(z) = z/(z¢+1) is continuous at all points inside and on the unit circle |2 =1 except
at four points, and determine these points. Ang, e@k+lmi/d = 0,1,2,83

If f(z) and g(z) are continuous at z =2z, prove that 38f(z) —4ig(z) is also continuous at z =z,

If f(z) is continuous at z =z, prove that (a) {f(z)}2 and (b) {{(2)}® are also continuous at z =z,
Can you extend the result to {f(z)}® where » is any positive mteger?
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107. Find all points of discontinuity for the following functions.

@ 0 = 57t 0 =2 (G 1) = s, @ 10 = L seen, () ) = S,
Ans. (@) -1 (¢) kn, k = 0, *1,*2,...

®) 2,220 (@) 0, b+, k=0,x1,xz,,,, (O T EFHL k=021, 22,

108. Prove that f(z) = 22—2:+3 is continuous everywhere in the finite plane.

2 ,
109. Prove that f(z) = za::-—% is (a) continuous: and (b) bounded in the region [z] = 2.

110. Prove that if f(z) is continuous in a closed region, it is bounded in the region.
H1. Prove that f(z) = 1/z is continuous for all 2 such that |z] > 0, but that it is not bounded.

112. Prove that a polynomial is continuous everywhere in the finite nlane.

2241 . . ‘ . —
113. Show that f(z) = m is continuous for all z outside |[z| = 2.
UNIFORM CONTINUITY

114, Prove that f(z) = 82— 2 is uniformly continuous in the region |z| = 10.

115. Prove that f(z) = 1/22 (a) is not uniformly continuous in the region |zl =1 but (b) is uniformly
continuous in the region 1= =31,

116. Prove that if f(z) is continuous in a closed region R it is uniformly continuous in R.

SEQUENCES AND SERIES

NaAr %

n2i . n o\ _ ..
(17. Prove that (a) hm 3+1 =0, (b lim <n+3i n+l> =13,

n=—w

l18. Prove that for any complex number z, lim (14 8z/n2 =
n~—x

n
{18, Prove that lim n<1—+1>
n—+
20. Prove that 1lim ni" does not exist.
n = oC
21, It hm luy] = 0, prove that lim ‘Un = 0. Is the converse true? Justify your conclusion.
ﬂ—'w

2. If lima, = A and ]im b, = B‘, prove that (@) lim (e,+b,) = A + B, () lim (a,—b,) =

n =~ 00

A-B, () lim ayb, = AB (@) lim a,/b, = A/B if Bw0.
ne—x

n— o
8. Use theorems on limits to evaluate each of the following.

1 n?—in+1-—38¢ i - :
(a) Jim En T E= B3 ) lim Va+2i - Vn¥i

() lim 1{% @ lim Va{Va+2i — Vati)

Ans. (@) §i, (®) 1, () 0, (d) §i_

M. If lim %, = I, prove that lim =1

LY ne=eo n
5. Prove that the series 1+ /3 + @32+ ... = E (#/3)»=1 converges and find its sum.
Ans. (9 + 81)/10 "=

8. Prove that the series ¢ — 2i+ 8i —4i+ . diverges.

7. If the series E a, converges to A, and 2 b, converges to B, prove that 3 (a,+1d,) converges
n=1

to A+iB. 1Is the converse true?

. v ot ‘.
8. Investigate the convergence of Ja;l gz Where o = VB+i. Ans. conv.
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MISCELLANEOUS PROBLEMS

129,

130.

131.

132.

133.

136.

137.

138.

139.
140.
141.

142,

143.

144.

145.

146.

147,

148.

149,

150.

151,

Let w = {(4—2)(z2+4)}V/2. If w=4 when z=0, show that [¥
if z describes the curve C of Fig. 2-32, then the value of w at C
2 =6 is —4iV/5.

Prove that a necessary and sufficient condition for f(z) =
u(x,y) + iv(z,y) to be continuous at z = 2o = xy+ iy, is that
u(x,y) and v(x,y) be continuous at (x, ¥o)-

. Fig. 2-32
Prove that the equation tanz = z has only real roots.

A student remarked that 1 raised to any power is equal to 1. Was he correct? Explain,

]
ain
2948

[

8 n 3¢

D

PR
SiLL

4 coso

=1

Show that + 22 + 93 4+ .- = 3

LN

o]

. Show that the relation |f(x+iy)| = | f(x)+ f(iy)| is satisfied by f(z) =sinz. Can you find any

other functions for which it is true?

Prove that Um B3—82+2 — n

1I9ve uiav 115

=0zt 22—-3245 -

Prove that |ecscz| = 2e¢/(e2—1) if |y| = L

Show that Re{sin—!z} = }{Va2+y2+22+1 — Va2 +y2—2x+1}).

If f(z) is continuous in a bounded closed region ®, prove that (a) there exists a positive number M
such that for all zin R, |f(2)| S M, (b) |f(z)| has a least upper bound s in R and there exists at
least one value z4 in R such that | f(zp) | = n.

Show that |tanh »{(1+d¢)/4] = 1.

Prove that all the values of (1—1)Y2i lie on a straight line.
Evaluate (a) cosh#i/2, (b) tanh—1x, Ang. (a) 0, (b) 2k+ V)xi/2, k=0,%1,%2,....

If tanz = u+ iv, show that
sin 2x v = sinh 2y
cos 2 + cosh 2y’ cos 2z + cosh 2y

Evaluate to 3 decimal place accuracy: (a) €3—2, (b) sin (5 — 44).

Prove Re _l__m_(g/_fl_) = cos 8, indicating any exceptional values.
1 — 4 tan (6/2)
If lim f(z = A and lim gz = B # 0, prove that lim f(2)/g(z} = A/B without first
z2—+2, 22y z=zy
proving that lim 1/g(z) = 1/B.
Z—‘Zo

1 if |z] is rational Cae .
Let f(z) = ) . ) . Prove that f(z) is discontinuous at all values of z.

0 if |z| is irrational

Prove that if f(z) = u(x,¥) + iv(x,y) is continuous in a region, then (a) Re {f(z)} = u(z,y) and
(b) Im {f(2)} = v{x,y) are continuous in the region.

Prove that all the roots of ztanz = k, where k > 0, are real.

Prove that if the limit of a sequence exists it must be unique.

(@) Prove that lim (Va+1 — Vn) = 0. : .

n=r 0

(b) Prove that the series S (Vet+1- Vn) diverges, thus showing that a series whose nth term
n=1

approaches zero need not converge.

If 2,4y = }(z.+Vz,), n=0,1,2,... and —#/2 < arg 2 < #/2, prove that lim z, = L

n—rx




Chapter 3

DERIVATIVES :
If f(z) is single-valued in some region ® of the z plane, the derivative of f(z) is
defined as
. z+42) — f(z

Az

provided that the limit exists independent of the manner in which az- 0. In such case
we say that f(z) is differentiable at z. In the definition () we sometimes use % instead
of Az. Although differentiability implies continuity, the reverse is not true (see Problem 4).

ANALYTIC FUNCTIONS

If the derivative f’(z) exists at all points z of .a reglon ‘R, then f(z) is said to be
analytic in R and is referred to as an analytic function in R or a function analytic in R.
The terms regular and holomorphic are sometimes used as synonyms for analytic.

A funct 10'1 f(z) is said to be analytic at a point z, if there exists a neighbourhood
|z—20| < 8 at all omts of which f’(z) exists.

CAUCHY-RIEMANN EQUATIONS
A necessary condition that w = f(z) = u(x,y) + iv(x,y) be analytic in a region ®
is that, in R, » and v satisfy the Cauchy-Riemann equations
U _ o du _ v
a—x - .aa" @ - ox (2)
If the partial derivatives in (2) are continuous in R, then the Cauchy-Riemann equations
are sufficient conditions that f(z) be analytic in ®. See Problem 5.

The functions u(z,y) and »(x,y) are sometimes called conjugate functions. Given
one we can find the other (within an arbitrary addltlve constant) so that w+iv = f(2)
is analytic (see Problems 7 and 8).

HARMONIC FUNCTIONS
If the second partial derivatives of u and v with respect to z and y exist and are
continuous in a region R, then we find from (2) that (see Problem 6)
u By | 8%
32 + E = 0, Fre] + W
It follows that under these conditions the real and imaginary parts of an analytic function
satisfy Laplace’s equation denoted by

0 (8

i O 4 ? &
a?+5y—,—0 or VW¥=0 where ViEataE -4

The operator y? is often called the Laplacian.

63
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Functions such as u(z,y) and v(z,y) which satisfy Laplace’s equation in a region |
are called harmonic functions and are said to be harmonic in R.

GEOMETRIC INTERPRETATION OF THE DERIVATIVE

Let 2o [Fig. 8-1] be a point P in the z plane and let w, [Fig. 3-2] be its image P’ in
the w plane under the transformation w = f(z). Since we suppose that f(2) is single-valued,
the point 2z, maps into only one point wo.

z plane w plane

Fig. 3-1 Fig. 3-2

If we give 2, an increment Az we obtain the point @ of Fig. 3-1. This point has
image @’ in the w plane. Thus from Fig. 3-2 we see that P’Q’ represents the complex
number Aw = f(2o + A2) — f(20). It follows that the derivative at 2z, (if it exists) is given by

. flzo+42) — f(20) _ . QP
Alzl—rvr}) AZ - ‘l,l.'.r,la QP (5)

i.e. the limit of the ratio Q’P’ to QP as point Q approaches point P. The above interpre-
tation clearly holds when 2, is replaced by any point z.

DIFFERENTIALS
Let Az=dz be an increment given to z. Then

aw = f(z+42) — f(2) (6)

is called the increment in w = f(z). If f(z) is continuous and has a continuous first
derivative in a region, then

Aw = f(2)oz + eAz = [f'(2)dz + edz )
where ¢~ 0 as Az~ 0. The expression
dw = f(2)dz (8)

is called the differential of w or f(z), or the principal part of Aw. Note that aw # dw
in general. We call dz the differential of z.

Because of the definitions (1) and (8), we often write

dw _ o fetA)—f@) _ m A%
P = re = jm eSO - gm o @
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It is emphasized that dz and dw are not the limits of Az and Aw as Az— 0, since these
limits are zero whereas dz and dw are not necessarily zero. Instead, given dz we determine
~dw from (8), i.e. dw is a dependent variable determined from the independent variable dz
for a given 2.

It is useful to think of d/dz as being an operator which when operating on w = f(2)
leads to dw/dz = f'(2). :

RULES FOR DIFFERENTIATION
If f(z), g(z) and h(z) are analytic functions of z, the following differentiation rules
(identical with those of elementary calculus)

1 d CLIN s o foN d PYSRS d PR ) ,
L gz U192} = —27(?) T 9% = f(2) + g'(2)
] d [&F 7NN oy d T YRS d PR er ’
“ U —g@)} = Tf@) - 9@ = f) - g
o ir-.ﬂA\ . ,_d_nz\ _ c.i,z. h ¢ is t t
P g\ = eliZ) = ¢j°(2)  where ¢ 18 any constan
A ill/-\ ~f N Y — ry \i N PR d P - L , ,
G URIR) = [@)gr9@) + 9() g-f(2) = f(2)g'(2) + 9(2) f'(2)
d d
(2)-—~ f(2} — (2} a(
5 —d_{i(ﬁ)- B g\z/dzl\"l N g(z) _ 9(2) F'(2) — f(2) g;(z) it 2 w0
dz | g(z) [9(2))° [9()]°
6. If w=/f({) where {=g(z) then
l,i:_?;v = i}g'iﬁ = _f’(C)gc— = f{g(2)) g'(2) (10)
az ug az e/ az RN T/
Similarly, if w = f(¢) where = 9{(n) and n = h(z), then
dw _ dw d¢ Jdn
dz ~ df dy dz (11)

The results (10) and (11) are often called chain rules for differentiation of
composite functions. e

1. If w=/f(z), then z=f"1(w); and dw/dz and dz/dw are related by

dw _ 1
& = Taw (12)
8. If z=/f(t) and w = g(t) where t is a parameter, then
dw _ dw/dt _ g'(t) (13)

dz T de/dt T Q)
Similar rules can be formulated for differentials. For example,
a{f(2) +9(2)} = df(z) +dg(2) = f(2)dz + g'(2)dz = {f"(2) + g'(2)) dz

d{fz)9(z)} = f(z)dg(z) + g

P . |

2)df(z) = {f(2) 9'(2) + 9(2) f'(2)} dz

DERIVATIVES OF ELEMENTARY FUNCTIONS

In the following we assume that the functions are defined as in Chapter 2. In the
cases where functions have branches, i.e. are multi-valued, the branch of the function
on the right is chosen s0 as to correspond to the branch of the function on the left. Note
that the results are identical with those of elementary calculus.
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d _ _d_ . _ =1
1. 2 (¢) =0 16. T cot~'z = Y
d d 1
2. 52" = na"? 17, —=—sec™lz =
dz dz a7 —1
d 2 — pz i -1, — -1 -
3. = = 18. o8¢l = T -
d d .
4, a—z—a' = a*lna 19. a—ésmhz = coshz
b. s—s8inz = cosz 20, icoshz = sinhz
dz dz
6. Lcosz = —si 21. L tanhz = sech?
. gpe08z = —sinz . gptanhz = sech’z
T itanz = sec?z 22 il—cothz = —csch?z
* dz * dz
8 icotz = —esc2z2 23 isechz = —sechz tanhz
*odz *odz - ‘
9 —d—secz = secztanz 24 d cschz = —eschz cothz
© dz _ T a2
d _ a . 1
10. 47087 = —cscz cotz 25. a2 sinh—1z = m
4a 4, 1 a4 v, - 1
11. ‘dzlogez = dzlnz =3 26. dzcosh z = =
d _ 10 a € d - _ 1
12, gz—ligz = __i » 27. grtanh™'z = o
d.. . _ 1 a4 ooy, 1
18. 4z 8in 1z = 28. oz coth—1z -

d 1
29, a;sech 1z =

d ... _
14. Tz C08 lz =

a4, . _ 1 30, Lesch-1z = —_1
15. S tan"lz = T2 . dz 2/2Z+1

HIGHER ORDER DERIVATIVES
If w=f(2) is analytic in a region, its derivative is given by f’(z), w’ or dw/dz. If

2
f'(z) is also analytic in the region, its derivative is denoted by f"’(z), w”’ or (d%x dw) ?i:f

Similarly the nth denvatlve of f(2), i

n is called the order of the derivative. Thus denvatlves of first, second, third, ... orders

are given by f(2), f(2), f”(2), .... Computations of these higher order derivatives
follow hv raneatad nnn’hnahn-n of the above differentiation rules,

Qi B3 a1 151 Dreawiv vawas vaiw NRaisawa wa

One of the most remarkable theorems valid for functions of a complex variable and
not necessarily valid for functions of a real variable is the following

Theorem. If f(z) is analytic in a region R, so also are f’(z), f(z), ... analytic in R,
i.e. all higher derivatives exist in R.

This important theorem is proved in Chapter 5.
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L’HOSPITAL’S RULE
Let f(2) and g(2) be analytic in a region containing the point z, and suppose that
f(z0) = g(z)) = 0 but g¢’(2z0) = 0. Then L’Hospital’s rule states that
. f(2) _ f(20)
M@ = 7 (24)

In case f’(20) = g’(%0) = 0, the rule may be extended. See Problems 21-24.

We sometimes say that the left side of (14) has the “indeterminate form” 0/0, although
such terminology is somewhat misleading since there is usually nothing indeterminate
involved. Limits represented by so-called indeterminate forms /o0, 0+, ©° 0° 1 and
-~ can often be evaluated by appropriate modifications of L’Hospital’s rule.

SINGULAR POINTS
A point at which f(z) fails to be analytic is called a singular point or singularity of
f(z). Various types of singularities exist.

1. Isolated Singularities. The point z = 2z, is called an isolated singularity or isolated
singular point of f(z) if we can find 8 > 0 such that the circle |2— 2] = 8 encloses
no singular point other than z, (i.e. there exists a deleted § neighbourhood of z,

containing no singularity). If no such 8§ can be found, we call z, a non-isolated
singularity.

If 2o i3 not a singular point and we can find 8> 0 such that |z—z| = 8
encloses no singular point, then we call zo an ordinary point of f(z).

2. Poles. If we can find a positive integer n such that lim (z—2)"f(z) = A » 0,
zZ= 2y

then z =2 is called a pole of order n. If n=1, z is called a simple pole.
Example 1: f(z) = ﬁj has a pole of order 3 at 2 =2.
3z—2

]

Example 2: f(z) has a pole of order 2 at z=1, and simple

—1%z+1)(z—4)
poles at z=-—1 and 2 =4.
If 9(2) = (z—2z)"f(z), where f(z))»0 and n is a positive integer, then
=20 is called a zero of order n of g(z). If n=1, 2 is called a simple zero. In
such case zo is a pole of order n of the function 1/g(2).

3. Branch Points of multiple-valued functions, already considered in Chapter 2, are
singular points.
Example 1: f(z) = (z~3)¥2 has a branch point at z=3.
Example 2: f(2) = In(22+2—2) has branch points where 22+2—2 = 0, ie. at
z=1 and z2=—-2.

4. Removable Singularities. The singular point 2o is called a removable singularity
of f(z) if lim f(2) exists.

Example: The singular point z=0 is a removable singularity of f(z) = %E since
lim 82 _ 4
z=0 Z ‘

5. [Essential Singularities. A singularity which is not a pole, branch point or remov-
able singularity is called an essential singularity.

Example: f(z) = eV/(x=2) hag an essential singularity at z=2.

If a function is single-valued and has a singularity, then the singularity is
either a pole or an essential singularity. For this reason a pole is sometimes
called a non-essential singularity. Equivalently, z=2, is an essential singularity
if we cannot find any positive integer n such that lim (—2)"f(z) = A = 0.

T2y
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6. Singularities at Infinity. The type of singularity of f(z) at 2=« [the point at
infinity; see Pages 6 and 38] is the same as that of f(1/w) at w=0.
Example: The function f(z) =2 has a pole of order 3 at z = %, since f(1/w)=1/w3
has a pole of order 3 at w=0.

For methods of classifying singularities using infinite series, see Chapter 6.

ORTHOGONAL FAMILIES
If w=f(z) = u(z,y) +iv(z,y) is analytic, then the one-parameter families of curves
u(x:y) - a 'v(a:,y) (15)

where a and B are constants, are orthogonal, i.e. each member of one family [snown heavy
in Fig. 8-8] is perpendicular to each member of the other family [shown dashed in Fig. 3-3]

at the point of intersection. The corresponding image curves in the w plane consisting of

lines parallel to the » and v axes also form orthogonal families [see Fig. 3-4].

z plane w plane
v v
VoY
P
é#' '/ //\//\
"—F”‘J,\*\,\
.___.,I\W\k/
\'\;LT\\/N u

Fig. 3-3 Fig.3-4

In view of this, one might conjecture that when the mapping function f(z) is analytic
the angle between any two intersecting curves C, and C: in the z plane would equal (both
in magnitude and sense) the angle between correspending intersecting image curves Ci
and C; in the w plane. This conjecture is in fact correct and leads to the subject of
conformal. mapping which is of such great importance in both theory and application that
two chapters (8 and 9) will be devoted to it.

CURVES

f ¢(t) and y(t) are real functions of the real variable ¢{ assumed continuous in
t: =t=t; the parametric equations '

z=2x+1y = ¢() +iy(t) = 2(t), LW=t=t (16)
define a continuous curve or arc in the z plane joining points a =2z(t1) and b = z(le)
[aca Fior 2.8 halawsl

[NV A il TV AMVAVYY [

If ¢, » t; while 2(f) = 2(t2), i.e. a =b, the endpoints comclde and the curve is said
to be closed. A closed curve which does not intersect itself anywhere is called a simple

clospd curve. For example the curve of Fig. 3-6 is a simple closed curve while that of
Fig. 3-7 is not.

If ¢(t) and ¢(f) [and thus 2(f)] have continuous derivatives in &1 =% =1¢,;, the curve
is often called a smooth curve or arc. A curve which is composed of a finite number of
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R4 OD

Fig.3-5 Fig.3-6 Fig.3-7

smooth arcs is called a piecewise or sectionally smooth curye or sometimes a contour. For
example, the boundary of a square is a piecewise smooth curve or contour.

Unless otherwise specified, whenever we refer to a curve or simple closed curve we
shall assume it to be piecewise smooth.

APPLICATIONS TO GEOMETRY AND MECHANICS

We can consider 2(t) as a position vector
whose terminal point describes a curve C in a

definite sense or direction as ¢ varies from ¢, P Az = a(t+ AL — 2(2)
to t2. If z(f) and 2(t+At) represent position - 7‘&

vectors of points P and Q respectively, then Q
Az _ z(t+at) — 2(2) a(t)
at At

. ) z(t + At)
18 a vector in the direction of Az [Fig. 3-8]. / : u/
x

Y

If lim &z _ dz exists, the limit is a vector in
At =0 At dt
the direction of the tangent to C at point P and
is given b
g y dz _ dzx .dy Fig. 3-8

a = dr T var
If ¢ is the time, dz/dt represents the velocity with which the terminal point describes the
curve. Similarly, d?z/dt? represents its acceleration along the curve.

COMPLEX DIFFERENTIAL OPERATORS
Let us define the operators v (del) and ¥ (del bar) by

R P T Y |
VEaty = 2% V= giy =2 (17)
where the equivalence in terms of the conjugate coordinates z and Z (Page 7) follows from

Problem 382.

GRADIENT, DIVERGENCE, CURL AND LAPLACIAN

The operator ¥ enables us to define the following operations. \In all cases we con-
sider F(z,y) as a real continuously differentiable function of z and y (scalar), while
Az, y) = P(z,y) + i Q(z, Y) is a complex continuously differentiable function of and y
(vector). )

In terms of conjugate coordinates, F(z,y) = F(%i, 5———£> = G(z2,2) and
A(z,) = Bz,2). 2

L Gradient. We define the gradient of a real function F (scalar) by

gradF = yF = %F [ ;9F _ ,9G

oz 3y FI3 (8)
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Geometrically, this represents a vector normal to the curve F(x,y) = ¢ where
¢ is a constant (see Problem 33).

Similarly, the gradient of a complex function A = P +{Q (vector) is defined by

gradAd = VA = (;%Hi)(PHQ)
_ 9P _3Q 0P Q) _ QQ
= w " w T (ay+ ) = 2 (29)

In particular if B is an analytic function of z then 4B/6Z=0 and so the gradient

is zero, i.e. i—i = ?,3, % aQ, which shows that the Cauchy-Riemann 'equa.-

tions are satisfied in thls case.

do_o saealencen

Divergence. By using the definition of dot /;?aucr, of two complex numbers
(Page 6) extended to the case of operators, we efine the divergence of a complex

function (vector) by e
. I _ s av _ 9 .9 .
div A = VoA = Re{Vj::L}’ = Re{(ax zay>(P+zQ)}
_ P Q _ oB
= %ty = 2Re{az} // (20)

Similarly we can define the dlye'}gence of a real function. It sHould be noted that
the divergence of a comple /1( or real function (vector or sca ar) is always a real

function (scalar). d Ve
J
Curl. By using the deﬁmtmn of cross product of twq/complex numbers (Page 6),
we define the curl of a complex function by P ~
curlA = v XA = Im{—v—Al = Im I( - iva"ﬁ (P'{"lQ)l
’ L - L\d / \ ,J
_ 8Q _ P _ 3B
= % T 2 Im{az} (21)
Similarly we can define the curl of a real function. /

i P he ;

s
Laplacian. The Laplacian operator is defined as the dot or scalar product of ¥

with itself, i.e.,
_ - _ P AYA R )
VoV vV: = Re(VV) = Re {(ax ’ayXax + ay)}
92 92 02

= wtw T lua (22)

Note that if A is analytic, V24 =0 so that Y?2P =0 and V2Q =0, ie. P and Q
are harmonic.

il

SOME IDENTITIES INVOLVING GRADIENT, DIVERGENCE AND CURL
The following identities hold if A,, A. and A are differentiable functions.

I O S

grad (A:+ A;) = grad 4, + grad A,

div(4:1+Ay) = divA, +divA;

curl (4;+Az) = curl 4 + curl A;

grad (A:4:) = (Ai)(grad A,) + (grad A1)(Az)

curl grad A = 0 if A is real or, more generally, if Im {A} is harmonic.

div grad A = 0 if A is imaginary or, more generally, if Re {A} is harmonic.
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Solved Problems

DERIVATIVES

1. Using the definition, find the derivative of w = f(z) = 2*—2z at the point where
(@) 2 =2y, (b) z=-1. :
(@) By definition, the derivative at z =z, is

flzg + Az) — f(z,) (29 + A2)8 — 2(zp + A2) — {23 — 22,}

flz) = A]zi-m Az - Alzi-l-r»lo Az
= lim z3 + 322 Az + 3z4(Az)2 + (Az)% — 229 — 28z — 23 + 2z,
Az =0 Az
= lir_r:o 323 + 3204z + (42)2 — 2 = 38z — 2
In general, f'(z) = 322—2 for all z.
(8) From (a), or directly, w d that if zp=—1 then f'(—1) = 3(-1)2—-2 = 1.

2. Show that g;z does not exist anywhere, i.e. f(z) = Z is non-analytic anywhere.

- d o — 1o fz+AZ) — f(2)
By definition, e fiz) = Alzn-?o —
if this limit exists independent of the manner in which Az = Az + 14y approaches zero,
d - . v 3 _ v
Then TZ = lim z2+Az— 2 = lim x+zy+Ax+1‘Ay x + iy
z Az—0 Az Ar—0 Az + Ay
Ay =0
= lim r— iy + Ax — iAy — (¢ — iy) = lim — 14y
Az -0 Az + 1Ay Az~ 0 Aa'-l-g/\u
Ay =0 Ay =0
. s ey s . A
If Ay =0, the required limit is lim L 1.
Az—0 A
_'A
If Ax =0, the required limit is lim e A -1,
Ay=0 1Ay

Then since the limit depends on the manner in which Az- 0, the derivative does not exist, i.e.
f(#) =z is non-analytic anywhere.

t// If w={f() = i__iz, find (a) % and (b) determine where f(z) is non-analytic.

(a) Method 1, using the definition.
1+(z+42) 142

D~ im T8 —fG) o T-GFA) T T
dz Az=0 Az Az 0 Az

N 2 2

1 =

Az (1—z—A4z)(1—2) (1—2)2

independent of the manner in which Az - 0, provided z#1.
Method 2, using differentiation rules.
By the quotient rule [see Problem 10(c)] we have if z =1,

d
d/ies a z)——(1+z)—(1+z) -9 L—9W -t 2
dz\1—z ) = =22 = I—2)2 T @d-22

(d) The function f(z) is analytlc for all finite values of 2 except 2=1 where the derivative does not
exist and the function is non-analytic, The point z=1 is a singular point of f(2).

4. (a) If f(2) is analytic at 2o, prove that it must be continuous at z,.
(b) Give an example to show that the converse of (@) is not necessarily true.
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);M;___——M.h

{n) Qinpa flo. 4 b\ = flo_ whara A = A= () wa hovae
) since JFgT ) Jlzg & . wher e A az » U, we have
f(zg + h) — f(zo) _ ..
li + h) - = li —_— s limh = (20) *0 = 0
lim ftzo+ k) — f(zo) lim W lim f'(%o)

because f'(z;) exists by hypothesis. Thus
;l.i"})f(zo-*- k) = flzg) = 0 or 'I.in}) o+ Ry = f(20)

showing that f(z) is continuous at z,.

7N A P [y P W i, E

The function f(z) = z is continuous at Zg. However, by Problem 2, f(z) is not analytic anywhere.
This shows that a function which is continuous need not have a derivative, i.e. need not be analytic.

~—
Qe
~

CAUCHY-RIEMANN EQUATIONS
5. Prove that a (a) necessary and (b) sufficient condition that w = f(2) = w(z,y) +iv(z, v)
. . . . . . ou _ov ou _ adv
be analytic in a region ® is that the Cauchy-Riemann equations i W W om

are satisfied in R where it is supposed that these partial derivatives are continuous in R.

(a) Necesgity. In order for f(z) to be analytic, the limit
lim [T 42) ~ f(2)
Az=0 Az
, . f{ule+ax, y+ay) + ivie+ax, v+ an) — {ulx,v) + iviz, v}
= f'(z) = lim Az + idy . 2 (1)

two possible approaches.

0
mu.s_f exist independent of the manner in whi

Case 1. Ay =0, Ax - 0. In this case (I) becomes
lim {u(x+Ax, ¥) — u@y) o [’v(w+Ax, ¥} — (=, y):l} = v

Ax =0 Ax Az

provided the partial derivatives exist.
Case 2. Ax =0, Ay = 0. In this case (1) becomes
lim {u(x,yﬂy) ~ ulw,y) | vly+ay) ~ v(z.ﬂ} = low v _ _bu v

; — = —i
Ay—s0 iAy Ay toy Y dy oy
Now f(z) cannot possibly be analytic unless these two limits are identical. ';‘hus 8 necessary

condition that f(z) be analytic is

gu g3 o 0y or Ju ko _du
z dx ay = dx dy' ox oy
(b) Sufficiency. Since du/dx and du/dy are supposed continuous, we have
Au = u(x+Ax, y+ay) — uz,y) ’
= {u(x+az,y+ay) — uz y+ay)} + {ulx y+ay) — uzy)}

0x ax
where ¢, +0 and 7, >0 as Axr >0 and Ay~ 0.

(al+e1>Ax+(%%+ﬂl>AU = -aﬂAx+ AU+¢1A”+"IAV

Similarly, since dv/dx and dv/dy are supposed continuous, we have
g - AN ! -~ \
dv v
av = (b;+e2)Ax + (35+ ﬂz)Ay = Daz+ 3 Ay + qaz + nyAy
where ¢;—0 and 3,20 as Ax - 0 and Ay—*O Then
Aw = Au + jAv = ( + i >A +< +l—>Ay+eAa:+nAy 2)

where ¢ = ¢, +i3 >0 and 2 = 9, +in, >0 as Az—>0 and Ay — 0.

By the Cauchy-Riemann equgtions, (2) can be written




CHAP. 3] COMPLEX DIFFERENTIATION, THE CAUCHY-RIEMANN EQUATIONS 73

_ (g e v ew
Aw = (ax+zax)A:c + ( ax+1£)Ay + ez + nAy
ou , v .
<£+ 1-&->(Aw+1Ay) + eAx + nAy
Then on dividing by Az = Az +iAy and taking the limit as Az— 0, we see that

ou av
2= = p = i 2¥W 04 1 9V
f'(z) llm0 P + 1 P

If f(2) = u+iv is analytic in a region R, prove that % and v are harmonic in R if
they have continuous second partial derivatives in R.

If f(z) is analytic in R then the Cauchy-Riemann equations (1) g—:— = g—; and (2) -g—: = —-g—:—
are satisfied in R. Assuming u and v have continuous second partial derivatives, we can differentiate
2. 2
both sides of (1) with respect to = and (2) with respect to y to obtain (3) % = 'ag;_.;L and
P _Bu g which P P o o Y
(4) yox — o2 trom Which T =~ or 55 t+5,z = 0, ie u is harmonic.

Similarly, by differentiating both sides of (1) with respect to y and (2) with respect to z, we find
v 8% _ «

— L2 s | A SN
922 | ayz =v

'
and v is harmonic.

It will be shown later (Chapter 6) that if f(z) is analytic in R, all its derivatives exist and are
coniinucus in K. Hence the above assumptions will not be necessary.

(@) Prove that 4 = e~*(x siny — y cosy) is harmonic.
(b) Find v such that f(z) = u+iv is analytic.

(a) g—: = (e %)(siny) + (—e %)z siny — ycosy) = e~Tginy — ze—= siny + ye~% cosy
% _ 8, ot —z = _9g-% & —z o —z
322 = %(e siny — xe~*siny + ye~*casy) = —2¢~%siny + xe *siny — ye~Zcosy (1)
%;i = e *(xcosy + ysiny — cosvy) = we~Tcosy + ye~Fsiny — e~ % cosy
62u _ [ -z —x o —z — -2 ol —-T ai —z
W = 5—y~(xe cosy + ye~*siny — e Tcosy) = —we~ZTsiny + 2¢"*siny + ye Zcosy (2)

. . 2u  o%u . .
Adding (1) and (2) yields Y + 57 = 0 and u is harmonic.

(b) From the Cauchy-Riemann equations,
dv _ du

= = 22 -2 qi — -2 ai -z
3y o e~ %giny xe~% gin y’ + ye~%cosy )
0V ou .
—_— = —— = - — -z —_ -2
Fy E e~ % cosy Ze T cosy ve~% giny (4)
Integrate (3) with respect to y, keeping z constant. Then
v = —e"Fcosy + xe"*cosy + e T(ysiny + cosy) + F(x)
= ye~fginy + xe~Toosy + Fix) &

where F(z) is an arbitrary real function of z.

Substitute (5) into (4) and obtain

—ye *siny — xe~Tcosy + e~Tcosy + F'(x) = —ye Tginy — ze~* cosy — ye % giny
or F'(x) =0 and F(x) =¢, a constant. Then from (5),
v = e *(ysiny + zcosy) + ¢

For another method, see Problem 40.
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8. Find f(2) in Problem 7.

Method 1.
We have f(z) = f(x+iy) = u(z,y) + tv(x,¥).
Putting ¥y =0, f(z) = ulz,0) + iv(z,0).

Replacing x by z, f(2) = w(z,0) + iv(z,0).

Then from Problem 7, u(z,0) = 0, v(2,0) = z¢~* and so f(z) = u(z,0) + tv(z,0) = ize~*,
apart from an arbitrary additive constant,

Method 2.
Apart from an arbitrary additive constant, we have from the results of Problem 7,
fz) = w + w e *{zsiny — ycosy) + e T{ysiny + ¥ cos¥)
() - () (25 ¢ ()
X i /] 24 2
A Y \ A 4 AY L]
= i(wtiy)e— @+ = {ze-*
Method

left with the result ize—2,

o
14 W “~iT avad L4

In general method 1 is preferable over methods 2 and 3 when both u and v are known. If only u
(or v) is known another procedure is given in Problem 101,

W N WY TR TAR v -

; , Y= ;t . Then substituting into wu(x,) + iv(z,y), we find after much I
A i
DIFFERENTIALS I
9. If w = f(z) = 2°—22%, find (e) Aw, (b) dw, (c) aw — dw. !
(@) Aaw = flz+4Az2) — f(z) = {(z+ A2)8 — 2(z + A2)2} — {23 — 222}
= 28 4 322Az + 3z(Az)2 + (Az)3 — 222 — 4z Az — 2(Az)? — 28 + 222
= (822 —42) Az + (3z — 2)(Aa2)? + (az)®
(b) dw = principal part of Aw = (322 —42)Az = (322 —4z)dz, since by definition a4z = dz.
Note that f'(z) = 322—4z and dw = (822 —4z)dz, ie dw/dz = 322 —4z.
(¢) From (a) and (b), Aw —dw = (3z—2)(a2)2 + (A2)® = eAz where ¢ = (3z—2)az + (Az)%

Note that ¢e=» 0 as Az~ 0, i.e. A—wijﬂ - 0 as Az-> 0. It follows that Aw —dw is an

infinitesimal of higher order than Az.

DIFFERENTIATION RULES. DERIVATIVES OF ELEMENTARY FUNCTIONS
10. Prove the following assuming that f(z) and g(z) are analytic in a region R.

@ Lyw+oey = Liw + 2ok
® Li@ee) = f0)20@ + o) ggf(z) i
L f2) — f2) o= o(2) |
i _ﬂ_z_)} _ g(Z) dZ ( ) .
(c) {g(z) TP if g(z) %0
(a) ‘—;i;{f(z) +9(2)}) = AI:TO f(z +4z2) + g(z +AA:) = {f(2) + g{2)}
= Alzi!—'olo ILAAZL_—M + AlziTO E.(_?..i_AA%.__E_(Z_) = ad;f(z) + d%—g(z)
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(®) %{f(z) 02} = Alziglo f(z+42) g(z +A2z) — 1(2) g(2)
= lim [E+a2){g(z+42) — g(2)} + g(2){f(z+ A7) — f(2)}
Az=0 Az
= Alzig0 f(z+ A2) {w} + lim g() {f (z+ A::)z —f (z)}

= f(z) 9@ + 9@ 7 f(z)

Note that we have used the fact that limo f(z + Az) = f(z) which follows since f(z) is
analytic and thus continuous (see Problem 4), az=

Another method.
Let U=/f(z), V=g(). Then AU = flz+ Az) —

flz+4a2) = U+AU g(z+42) = V 4 AV. Thus

and AV = g(z+Az) —

3
\-’

AV = lim UHADVHAV)-UV _ . UAV + VAU + AU AY
bt : AT=0 Az Az=0 Az
= lim Uﬂ+ V-A—U+—AV = p% | yU
Az—+0 dz dz

where it is noted that AV >0 as Az- 0, since V is supposed analytic and thus continuous.

A similar procedure can be used to prove (a).

(¢) We use the second method in (b). Then

d/U\ _ . 1[Uu+aU Ul _ . VAU-—UaV

dz\V/ = a0l 1V+AV V[ T st a(VEanv
= lim [ VAU gAYl _ V(dU/ds) — U@dV/dz)
B Az»ow-i-ﬁ’ v Az | V2

The first method of (b) can also be used.

11. Prove that (a) :—z et = e (D) (iize“ = ae** where a i3 any constant.

(@) By definition, w = e* = e=+%W = e*(cosy +isiny) =u+ or u = efcosy, v = e* sin 9.

. ou v v . ou . .
—_— = X = — —_—= = — = -
Since o e* cos y P and e e* siny 3y’ the Cauchy-Riemann equations are
satisfied. Then by Problem 5§ the required derivative exists and is equal to
ou By _am v ctainy = o
ax+'ax '6y+ay = e*cosy + ie*siny = e

(b) Let w = ¢' where { = az. Then by part (a) and Problem 39,

d d - d d¢
— = —ebt = gte 2 = $ o =
& T & g4 T €% = e
We can also proceed as in part (a).
d d d .
12. Prove that (a) —smz = cosz, (b) dz C08% = —ginz, (c) tanz = gec?z.
(@) We have w = sinz = sin(zx+1iy) = sinz coshy + icosx sinhy. Then
u = sinx cosh ¥, v = cosz sinhy
o _ - W nssinhy = -2
Now % = coszx coshy = Em and o = sinz sinhy = 3 so that the Cauchy-

Riemann equations are satisfied. Hence by' Problem 5 the required derivative is equal to

au ., dv .08 |, v ;. . - . -
ax+l;ﬁ = -—25+5§ = cosxcoshy — isinzsinhy = cos(z+iy) = cosz



COMPLEX DIFFERENTIATION, THE CAUCHY-RIEMANN EQUATIONS (CHAP. 8

Another method.

Since sinz = eiz_z—-%-_w , we have, using Problem 11(b),
. _ dfer—et\ _ 1d ., 1d _, _ 1,1, & _
dz nE = E(T) = nat T mat T 2% Tl cos 2
d - dfer+ety _ 1d ,  1d _,
(d) 082 = dz( 5 ) = samtine
. \ . R~
= %e*’—%c"’ = —3‘:—2:—- = -—ginz

The first method of part (a) can also be used.
(¢) By the quotient rule of Problem 10(c) we have

d . . d
: ——8inz — sinz - cosz
d d /sinz Co8 2 3z S0 d
~tanz = —(—) = z z
dz dz \ cos z, cos? z
_ (cosz)(cosz) — (sinz)(—sinz) _ cos?z+ sinfz _ 1 = sec?z
cos? z cosz cos? z

d 1 . . . . .
13. Prove that E;z‘/z = S realizing that 2!/2 is a multiple-valued function.

A function must be single-valued in order to have a derivative. Thus since 21/2 is multiple-vglugd
(in this case two-valued) we must restrict ourselves to one branch of this function at a time.

Case 1,

Let us first consider that branch of w = z1/2 for which w = 1 where z = 1. In this case, w2 =z
so that

dz dw _ 1 d 1

= = b L o2 = i
dw 2w and so dz ow T dz* 2z1/2
Case 2.
Next we consider that branch of w =212 for which w =—1 where z=1. In this case too, we
have w2 =2z so that i i 1 d 1
z w
dw = 2w and =% Ez”z = on
In both cases we have ;—zz”z = 2:; 5" Note that the derivative does not exist at the branch

point z=0. In general a function does not have a derivative, i.e. is not analytic, at a branch point.
Thus branch points are singular points.

d
14. Prove that E—lnz = 1.
¥4 z
Let w = Inz. Then %Z = ev and dz/dw = e¥ =2 Hence
Apy = S0 - 1 _ 1
dz 2% T @z T dzlaw T =

Note that the result is valid regardless of the particular branch of In z. Also observe that the
derivative does not exist at the branch point z =0, illustrating further the remark at the end of
Problem 13.

15. Prove that ;—zln f(2) = ];’((:)) .

Let w = In¢{ where { = f(z). Then

w _ dw dt _ 1.4 _ f&)
dz ~— df dz ¢t dz ~ f@2)
d . .. _ 1 d . 1
16. Prove that (a) —sin~'z = A ()] %tanh ‘e = 1

(a) If we consider the principal branch of sin—1z, we have by Problem 22 of Chapter 2 and by
Problem 15,
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d%sin‘lz = -g;{%ln(iz+\/1—z2)}
= 1dz(u+\/1-—zz)/(*~z+\/ 1—22)
= 7 i+ 31— 29)-12 (—2z)}/(iz +VI—22)

- <1 * 1‘.z_22>//(u+m - _—\hl—zz
The result is also true if we consider other branches
(b) We have, on considering the principal branch,
tanh—iz = %ln <ii—j> = zIn(l+2) —=In(l-2)
Then 1d 1d 1/ 1 N, 1/ 1 i
g = gghtta —agEh-a = 5(1) *3(t) = ==

17. Using rules of differentiation, find the derivatives of each of the following

(a) cos?(2z+3i), (b) ztan~!(Inz), (c) {tanh~!(iz +2)} -1, (d) (2 — 87)=+2,
(@) Let 3 = 2z2+3i, { = cosy, w = {2 from which w = cos2(2z2+3i). Then using the chain

rule, we have '

L= LB D oy
S = (2cosn)(—sinn)(2) = —4 cos(2z+ 8% sin (22 + 81)
Another method.
g’,‘{“s (22+39))2 = 2{cos(2z+ 3} {% cos (2z+3i)}

2{cos (2z‘+ 3i)}{—sin (2z + 37)} {;;(2: + 31)}

—4 cos (22 + 34) sin (22 + 87)
{b) d {)[tan-1(ln2)]} = =z i[tau‘1 (In2)} + [tan—1(In2)] i(z:)
dz n - dz dz

1+ (nz)

= _1...... -1l
T (n o) + tan—1!(Inz2)

- z{—__l__z};—zanz) + tan-1(In 2)

{c) % {tanh=1(iz + 2)} -1 —1{tanh~1 (iz + 2)} -2 %{tanh“l (iz + 2)}

= -{tanh-l(iz+2)}—2{ 1 } 77 (ie +2)

— (iz + 2)2

— —i{tanh=1(iz +2)}-2
1—(iz+2)

dii.{e(u+ DIn(E-M) = g(4z+2)In(z—3D i{“z +2) In (z — 89))

@ £ {a—8)u+n)

= ¢4z+2)In (x-3i) {(4: +2) [ln (z=8)] + In(z— 8) 3, (4z + 2)}

=  e4s+2)In (z—30) {4"*'3? + 4ln(z— 3,-)}

= (2—8its+1(42+2) + 4(z— Bi)te+2 In (z — 89)
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18, If w® — 222w +4Inz = 0, find dw/dz.

et 4

Differentiating with respect to 2, considering w as an implicit function of 2, we have

4 _g % 4 = 20w _ g pdw 2 =
dz(w3) 3dz (z2w) + 4dz (Inz) = 0 or 3w Tz 3z iz 6zw + = 0
. . aw _ 6zw — 4/z
Then solving for dw/dz, we obtain 3z = 8wr—ag"
19. If w =sin~'(t—38) and 2z = cos(Int), find dw/dz.
dw _ dw/dt _ 11— (t—82 _ t
dz dz/dt — sin (In )[1/1) sin (In ) VI — (¢ — 3)2
20. In Problem 18, find d?w/dz2
2w i(g_t_q) _d (62w —4/z"
dz2 = dz\dz/ ~ dz\3w?2-—3z2
_ {3w? — 322)(6zdw/dz + 6w + 4/22) — (62w — 4/2)(6w dw/dz — 62)

(3w2 — 322)2

The required result follows on substituting the value of dw/dz from Problem 18 and simplifying.

L’HOSPITAL’S RULE »
21. Prove that if f(z) is analytic in a region R including the point z,, then
f@) = flz0) + (zo)le—20) + (e~ 20
where > 0 as 2 - 2.

Let 1@ 7% _ sy = 4 so that

fiz) = flzo) + f(2o)(z—20) + n(z—20)

Then since f(z) is analytic at z; we have as required

lim 7 = lim {M - f’(Zo)} = e - fleg = 0

z=r 2y z=2g 22— 2

22. Prove that if f(z) and g(z) are analytic at z,, and f(z)) = g(20) = 0 but ¢’(20) 0, then
1o 10 _ (20
=2 g(z) g’(zo)
By Problem 21 we have, using the fact that f(zg) = ¢(z0) = 0,
fz) = fzg) + f'(zo) (2 — 2zg) + m(z—2g) = f'(20) (2 — 2¢) + n1(2—20)
g9(2) = g(20) + 9'(20) (2 —2p) + nalz - 29} = g'(20) (2 — 20) + n2(z — 20)

where lim 9, = lim 9, = 0. Then, as required,
z= 2 =2y
Jlz) . {f'(20) + m1}{z — 2) f'(zo)
lim = lim =
2=z, 9(2) z=zq {g' (2o} + 2} (z — 2g) 7' (29)

Another method.

iy 1B = o [ = fz) [96) — g(z0)

2=z, 9(2) z=zy 2Z2— 2 z— 2
. f2) = f(zo) . o) — glz) - f'®
<zll'n:. 22— % )/(zll»n;o z— 2 : ) 9’'(zo)

210+ 1 COS 2 . 1—cosz
23. Evaluate (a) hm I (b) 11.'.'3_5—’ (c) llﬂW'

(@) If f(z) =219+1 and g(2) =28+ 1, then f()) = g{d) = 0. Also, f(z) and g(z) are analytic at
z=1, Hence by L’'Hospital’s rule,
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10 9
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i 28+1  zei 625 z—+i 3 3

() If f(z) = 1—cosz and g(z) =22, then f(0) =g(0) =0. Also, f(z) and g(z) are analytic at
z=0. Hence by L'Hospital’s rule,
. 1—cosz . sinz
lim~——= = 1lim
z=+0 22 z~0 2z

sinz and g,(z) = 2z are analytic and equal to zero when z=0, we can apply

nirad limit
eG 1

L’Hoapit ule again to obtain the requir imit,
lim sinz lim 952 — 1
z=0 2z zm0 2 2

(¢) Method 1. By repeated application of L’Hospital’s rule, we have

i l—cosz . ginzg . co8 2 _ 1
LAY U — M= > - 4110 " _ -
20 s8in 22 z— 022z cos 22 z=~02 cos 22 — 422 sin 22 2
. . 8inz . , -
Method 2. Since lim —— = 1, we have by one application of L’Hospital’s rule,
z=0
limlocosz _ . sine _ L <sin z)( 1 )
z-+0 8in 22 z=+0 22 co8 22 z=0\ 2% /\2cosz?

_ 4. [sinz\ .. 1 . 1y _ 1
- lﬂ'};( z )lm<2cosz2> - (1)<§> T2

in 22 2
Method 3. Since llj;r:.) sn:zz =1 or, equivalently, ll_r’r{) s—i;—z—z = 1, we can write
im Loc0s2 _ ‘1 —cosz\/ 22 \ _ lim L= cosz _ 1
z=0 Sin2? 20 22 sinz2) -~ T =2 )
using part (b).
24. Evaluate lim (cosz)"".
z—0 .
2
Let w = (cos z)”z . Then Inw = ln%s_z_ where we consider the principal branch of the
logarithm. By L’Hospital’s rule,
liminw = lim0S%BZ - g, (csinz)/coss
z=0 z=0 z z=0 2z

- (k) - () - -

But since the logarithm is a continuous function, we have

limlnw = In (lim w) = -1
z=0 z=0 2
or lin% w = e~1/2 which is the required value.
z—
Note that since limcosz = 1 and lim 1/22 = «, the required limit has the “indeterminate
form” 1=, z=0 z=0

SINGULAR POINTS

25. For each of the following functions locate and name the singularities in the finite
2 plane and determine whether they are isolated singularities or not.

- z _ z _ z
@ O = mry = Grhe—op - GrIrG—¢
i s —on2 - 1 z - 1 — 0 -
Since zlgrzni (z — 20)2 f(z) zl-l.r;l‘ _—_(z+ PAD 8 # 0, 2=2iis a pole of order 2. Similarly

2= —21 is a pole of order 2,

Since we can find 8 such that no singularity other than z = 2i lies inside the circle |z —2i] = &
(e.g. choose 3 =1), it follows that z =2i is an isolated singularity. Similarly z = —2i is an isolated
singularity.
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®) fz) = sec(l/2).

Since sec(l1/z) = -——-%m, the singularities occur where cos(1/z) =0, i.e. 1/z = (2n+ 1)z/2
cos (1/z
or z = 2/(2n+ 1)z, where n = 0,*1,%2,+8, .... Also, since f(z) is not defined at z=0, it
follows that z =0 is also a singularity.

Now by L’Hospital’s rule,

l 2 o) = im z—2/Cn+ Nr
Y PR @n+r z=2/n+dr  co8(1/2)
= lim 1
Tz a2+ 1o — sin (1/2){—1/2%}
_ {2/@n+ L)m}2 _ 4(=1)» % 0
T osinZn+ Dr/2 T (2n+1)372
Thus the singularities z = 2/(2n+ 1)/x, v
n =0,%1,%2, ... are poles of order one, i.e.
simple poles. Note that these poles are located
on the real axis at z = =2/, *2/37, +2/B7, ... _‘_2/5’ 2/5r .

and that there are infinitely many in a finite . —— — .
interval which includes 0 (see Fig, 3-9). —2/z -2/3~ 2/8z 2/x
Since we can surround each of these by a

irele of radius & which econtaine nag ather
CIrci€ oI ragius 4 wialil <ontalns no Joianer

singularity, it follows that they are isolated
singularities. It should be noted that the &

raomirad ig amallar tha slasar tha sinsularity ie e 8.
TEQUITed IS SMmMalier U Ci088r LA SINgUIATIVY 1S A age w=

to the origin.
Since we cannot find any positive integer n such that lin% (z—0)"f(z) = A » 0, it follows
Ze

that z=0 is an essential singularity. Also since every circle of radius 8§ with centre at z=0
containg singular points other than z =0, no matter how small we take &, we see that 2=0 is a
non-isolated gingularity.

—_ In(z—2)
(¢) flz) = m.

The point 2=2 is a branch point and is an isolated singularity. Also since z22+2z+2 = 0
where z = —1 %4, it follows that 224+ 224+2 = (z+1+4+4)(z+1—1%) and that z = —1x{ are
poles of order 4 which are isolated singularities.

sin Vz
d flz) = = vz

At first sight it appears as if 2z =0 is a branch point. To test this let z = rel® = peité+2m
where 0 = ¢ < 2.

= peif

If z=re¥% we have _ sin (V7 €i9/2)
fla) = VT el

If z = reit€+2m  we have

o) = sin (\/; i8/2 gmi) _ sin (._\/; €i9/2) _ sin (\/'; 0/2)

V7 €i0/2 gmi —\/T eit/2 V7 ei2

Thus there is actually only one branch to the function, and so 2 =0 cannot be a branch point.

Since limM = 1,

z=0 \/;

it follows in fact that z =0 is a removable singularity.

26. (a) Locate and name all the singularities of f(z) =

(b) Determine where f(2) is analytic.

(2) The singularities in the finite z plane are located at z=1 and z=-2/3; z=1 is a pole of order 8
and z=~2/3 is a pole of order 2.

To determine whether there is a singularity at z = = (the point at infinity), let #=1/w. Then

_ (UwE+ (Mwir+2 14w+ 2w
fjw) = M/w—133/w+22 ~ wi(l—w?(8+2uw)
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Thus since w =0 is a pole of order 3 for the function f(1/w), it follows that z=w is a pole of
order 3 for the function f(z).

Then the given function has three singularities: a pole of order 3 at z = 1, a pole of order 2
at z=-2/3, and a pole of order 3 at 2z = .

(b) From (a) it follows that f(z) is analytic everywhere in the finite z plane except at the points
z=1 and —2/3.

27. Let u(x,y) = « and v(z,y) = B, where u and v are the real and imaginary parts of
an analytic function f(z) and « and B are any constants, represent two families of
curves. Prove that the families are orthogonal (ie. each member of one family is
perpendicular to each member of the other family at their point of intersection).

I

Consider any two members of the respective
families, say u(x,y) = a; and v(x,y) = 8, where ay v
and B3, are particular constants [Fig. 3-10].

Differentiating u(x,y) = a; with respect to «

yields ou dudy _ o
' 9z T Gy dz / \

Then the slope of u(z, Y) =« is

3

@ _ _au
dx dx/ oy
Similarly the slope of viz,¥) = B, is
dy _ v fw Fig. 3-10
dz ox/ 8y

The product of the slopes is, using the Cauchy-Riemann equations,

wav foutn _ _wou fouww _
ox dx/ 9y ay oyay/ yay "

Thus the curves are orthogonal.

28. Find the orthogonal trajectories of the family of curves in the xy plane defined by
e *(xsiny — ycos Y) = « where « is a real constant.

By Problems 7 and 27, it follows that ¢~z (y siny + « cos ¥) = B, where 8 is a real constant,
is the required equation of the orthogonal trajectories.

APPLICATIONS TO GEOMETRY AND MECHANICS

29. An ellipse C has the equation 2z = acosot + bisinot where a,b,» are positive
constants, a>b, and ¢ is a real variable. (@) Graph the ellipse and show that as
¢ increases from ¢t =0 the ellipse is traversed in a counterclockwise direction. (b) Find
a unit tangent vector to C at any point.
(a) As t increases from 0 to 7/20, 7/20 to r/w,

7/w to 37/20 and 3x/24 to 2r/w, point z on C
moves from A to B, Bto D, D to E and

B
ey
D \
E to A respectively, i.e. it moves in a counter- 7] a
clockwise direction as shown in Fig. 3-11. \\___/
(b) A tangent vector to C at any point ¢ is E '

2—: = —awsinwt + bt cos wt

0]
c z

Fig.3-11
Then a unit tangent vector to C at any point ¢ is

dz/fdt _ _—awsinet + buwi coswt — _—asinet + bicoswt
|dz/dt| | —aw sinwt + buicos wt | Va? sin2 ot + b3 cost ot
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30. In Problem 29 suppose that z is the position vector of a particle -moving on C and
that ¢ is the time.
(@) Determine the velocity and speed of the particle at any time.

(b) Determine the acceleration both in magnitude and direction at any time.
(c) Prove that d?z/dt* = —.% and give a physical interpretation.
(d) Determine where the velocity and acceleration have the greatest and least magnitudes.

(@) Velocity = dz/dt = =—aw sinwt + buwi coswi
Speed = magnitude of velocity = |dz/dt] = «Va?sin2wt + b2 cos?wt
(d) Acceleration = d2%z/dt? = —aw? coswt — bw?i sin wt

Magnitude of acceleration = |d2z/dt2| = «2V/a? cos?wt + b2 sinwt |

(¢) From (b) we see that

d22/dt? = —ao?coswt — bulisinet = —wXacoswt+ bisinet) = —e?z C
i
Physically this states that the cceleratim at any time is always directed toward point O and |

8

has magnitude proportional to the ins ne
projection on the » and y axes descnbes wha

amnomind O_1. Mha anpala atinn is samatim

perioa aw/w, Ane ACCeieravion IS somelim

(d) From (a) and (b) we have
Magnitude of velocity . = wVaZsinot + b2(1 — sin2wt) = oV(a?—b?) sinZet + b2

eous distance from O. As the particle moves, its
t is sometimes called simple harmonic motion of
n as the centrinetal acceleration. {

CCRITIUPC L QLCOCT S0

Magnitude of acceleration = w2VaZcos?wt + b2(1 — cos?wt) = w2V/(a? — b2) con?wt + b2

n#-

Then the veiocn:y has the greatest magnitude lgwen by wa] where sinwt = =1, i.e. at poin
B and E [Fig. 3-11], and the least magnitude [given by wb] where sinwt =0, i.e. at points A
and D.

Similarly the acceleration has the greatest magnitude [given by w®a] where cosut = *1,
j.e. at points A and D, and the least magnitude [given by «2b] where coswt =0, ie. at points
B and E.

Theoretically the planets of our solar system move in elliptical paths with the sun at one
focus. In practice there is some deviation from an exact elliptical path.

i

GRADIENT, DIVERGENCE, CURL AND LAPLACIAN

31. Prove the equivalence of the operators (a) +— a = %+§, (b) i <§z——5%> where

2=x+1iy, Z=x—1y.
If F is any continuously differentiable function, then
oF _ oF 9z | OF 92 oF aF

(@) 9z oz ox  ozox 9z t 9%
showing the equivalence 2 = 2 + L
ox 0z 0%z
aF _ oF 9z , oF 03 _ - ;(9F _9oF
. . 8 _ f8 _ &
showing the equivalence o 1( 7% ai)
o :| 2 -
hd T = Y Ly, S
32. Show that (a) V = +z@ 25_2’ (b) V = 3 tay Zaz.
From the equivalences established in Problem 31, we have
= 0 L .0 _ 0 L3 (0 B8 _ g9
(a) Vet “wtat® (az a:z) 23
3

|

T o= & _ ;8 _ 8,8 (8 _3) _ pd
®) Ve iy " nta ‘(az az) = 25
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the zy plane, show that grad F = VF = %+ i%%, is a vector normal to the curve.

We have dF = -‘?Edw + -aidy
ox oy

( +i eE)o(da.:+ialy) = 0

But dz + idy is a vector tangent to C. Hence VF = %;— + 14 % must be perpendicular to C.

3. Show that £ 99, ;(3Q PN _ 4B Liire Bas) = P ;
3 0 — 14t —4+—]=2— w = ]
w that — " + &ax + 7 3 ere B(z,2) (x,9) + i Q(x, ¥) |

o B
From Problem 32, VB = 2—5. Hence

3, .9 . P 3Q /8@ , aP\ 3B

YR -— /_.1_3___ (PLioy = 22 _ % oy , o — 990

v 2 \ax'ay/‘ T ) o y'rz\x-ry/ ‘62

35. Let C be the curve in the xy plane defined by 3z% —2y® = 5z'y? — 622

)
vector normal to C at (1,-1).
Let F(x,y) = 32% —2y3 —5a4y2+ 652 = 0. By Probl

VF = oF ,dF

= + 1-&- = (6wy — 20232+ 12x) + (322 —6y2—10x%) = —14+ Ti at (1,-1)
Then a unit vector normal to C at (1,—1) is |:;:I';:1 = —i/:_i. Another such unit vector is
2—1
75
36. If A(z,y) = 2zy —iz%®, find (a) grad A, (b) divA, (c) curl A, (d) Laplacian of A.
() gradd = VA = ( +in- )<2xu — i) = ey — ) + i (2ay — i)
= 2y — 2izy® + i(2x — By = 2y + 3x2Y? + i(2x — 2x3)
()) divdA = VoA = Re{VA) = Re i—c (@ay — iz2y?)
A or
= 2@ - 2w = 2y - 3oy
dx ay
(¢©) curlA = VXA = Im{VA4} = Im{(a—i-— z—>(2xy— x2y3)}
= 9 (20 - & = _—Qxy3 —
= ax( x2y®) ay(2a=y) = —2zy 2z
— 2 2
(d) LaplacianA = V24 = Re{VVA4} = 3—; + % = axﬂ (2a:y-—w2y3) + (2xy— 1x2y3)
= 5%(23/ — 2izy®) + %(Zx — Bix2y?) = —2iyd — Gix2y

MISCELLANEOUS PROBLEMS

37. Prove that in polar form the Cauchy-Riemann equations can be written
ou _ 1dv dw _  1lou
 ~ra’ a - rad
We have z =rcoss, y =rsin® or r=+vVz2+y? 6 =tan-1(y/z). Then
duw _ dudr  duie _ a_u<_x_> a_u(_—v_> = g _ lou
oz or oz 90 dx or \\Vz + 42 a2 + y2 ar r 3o

1 9u
oy ordy ~ o6 dy r \Ja+ 2 Py +-8ind + - —coso

Moo i e gy N, w( s ou
- ) or r 09
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33. If F(z,y) = ¢ [where c is a constant and F is continuously differentiable] is a curve in

0. In terms of dot product [see Page 6] this can be written

(1)
@
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38.

39.
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Similarly, v _ dvar dvie _ 1 3v
w -5;49_2+335- = a—rcosﬂ—;a—asmo %)
wo_ wor e _ 1o
3y — oroy T aeay ~ orSin® t 50088 “)
From the Cauchy-Riemann equation -g—g- = g-:—;— we have, using (1) and {4),
du 1adv v, 1louy . _
(5-————>cosa - (5- ;a—>sxna = 0 (5)
From the Cauchy-Riemann equation g_u = g— we have, using (2) and (3),
‘du 1 9v 1 9u’ _ '
(5 a)sn0+ ( +;‘5; cosd = 0 (6)
—_ . N du _lov _ u _ 1w
Multiplying (5) by cos 4, (6) by sin# and adding yields % rae = 0 or 7 = 730
. yeis . . . av 1ou v 13u
Multiplying (5) by —sin e, (6) by cos ¢ and adding yields e + 3 0 or % = "o
Prove that the real and imaginary parts of an analytic function of a complex variable

when expressed in polar form satisfy the equation [Laplace’s equation in polar form]
10v¥ 1 %%

T rar Trae =0
v _  du v _ _1ldu
From Problem 37, (2) 3 = Tar (2) > = " ras
To eliminate v differentiate (1) partially with respect to » and (2) with respect to 4. Then
% _ 3 fa\ _ au) L)
@ 33 T & \38/ Y T o
%) v 8 av _ 8 _}au _ __]:az_u
dar o0 T o8\ rads) T rae
a2v %v . . e . .
But 3735 — 3¢5y A2ssuming the second partial derivatives are continuous. Hence from (3)
and (4), or de a6 or
82u _ 1 0%u 02u 16u 1 9%
Tt + T T rae? or Fro = I 7
. s i 4. v 19 1 é2v . .
Similarly by elimination of u we find — + = — Y+ =%Y = 0 so0 that the required result is
a? " rar  r?ag?
proved.
dw _dw d . e
If w= f(C) where { = g(2), prove that = I Eé assuming f and g are analytic

in a region R.

Let z be given an increment Az »< 0 so that z+ Az is in ®. Then as a consequence { and w
take on increments A{ and Aw respectively, where

aw = fE+Aa) —f@), Al = glz+A2) — g(2) (1)
Note that as Az—= 0, Aw > 0 and A{ > 0.

If A} 20, let us write ¢ = AA_?—(Z_? so that ¢~ 0 as A{—0 and
Aw = d';’A; + et (2)

It At =0 for values of Az, then (1) shows that Aw = 0 for these values of Az. For such cases,
we define ¢e=0.
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It follows that in both cases, A # 0 or A{ =0, (2) holds. Then dividing (2) by Az+ 0 and
taking the limit as Az > 0, we have

dw _ .. Aw _ . dw A} Aw
dz ~ Az"-?OE - Alzu-?o<d§ Az+¢Az>
= 2 iim 2 4 lim oee lim 2Y
T odt Al:?olo Az + Alz“--!.‘oc Alz"-?o Az
= K K de g
d¢ dz dz d¢ dz

40. (@) If wilx,y) = ow/éx and wa(x,y) = ou/dy, prove that f'(z) = wi(z, 0) — Tus(z, 0).
(b) Show how the result in (a) can be used to solve Problems 7 and 8.

= o
(a) From Problem 5, we have f/(z) = P 161/

Putting y =0, this becomes f'(z) = wu,(z,0) — 1 ug(z, 0).

= wuy(x,y) — iuy(x, y).

Then replacing = by z, we have as required  f'(z) = u,(2,0) — iuy(z, 0).

(b) Since we are given u = e~ *(zrsiny — y cozy), we have

u(z,y) = % = e *giny — ze fsiny + ye *cosy
Uz, y) = g—:— = e Tcosy + ye~Tsiny — e Tcosy

so that from part (a),

Fl(2) = u(2,0) — fug(z,0) = 0 — i(ze~2 — €™ = —i(ze~z— ¢™?)
Integrating with respect to z we have, apart from a constant, f(z) = i{ze—%, By separating this into
real and imaginqry parts, v = e~ *(ysiny + xcosy) apart from a constant.

41. Prove that curlgrad A = 0 if A is real or, more generally, if Im A is harmonic.

If A=P+Qi gradd = (%H{;)(PHQ) = "—”——ﬂ+i<£+ﬂ). Then

oz ay ay  ox
_ 2 _,o\[op_2@ , (P @
curlgrad A = Im [(ax 15-1;) % 3y + '(ay + az>}:|
_ #eP  32Q (0P | QN _ [P #Q ‘§2P 32Q
= Im [a;—ﬁ way T l(aoacay + aa:2> '(ayax at) v \ar t ayes
Q. 29
dx? + dy?
Hence if @ =0, i.e. A is real, or if Q is harmonie, curl grad 4 = 0.
. . . . *U U 2 2
42. Solve the partial differential equation e +Ty’ = 2 — 92
Let z=zx+1iy, 2=2—1y sothat z = z-;-i’ Y= z‘;z Then
a2U | 2U 22U
2 — 2 — 2 4 32 — + — = VU = 4%
x ¥ $(z2 + 29) and 723 + o vy 46: 33
. e . . LBU 1 .
Thus the given partial differential equation becomes 4 3203 = 5(22+22) or

2(%Z) = L 5
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Integrating (Z) with respect to z (treating Z as constant),

U _ 28 | 222 .
% - % + 3 + Fy(3) (2)
where F, (z) is an arbitrary function of z. Integrating (2) with respect to 2,
U = 24 + n + F(z) + G(2 £]

where F(3) is the function obtained by integrating F(2), and G(z) is an arbitrary function of z.
Replacing z and z by z + iy and x — iy respectively, we obtain

U = Lxt—y!) + Flz—1) + G(x + iy)

i

R Supplementary Problems

DERIVATIVES

43. Using the definition, find the derivative of each function at the indicated points.
@ fle) = B2+ diz—5+i; 2=2 () () = 2t g =—i ) fl)) = 372 = = 1+i.

Ans. (a) 12+ 4i (b) —5i  (c) 8/2 + 3i/2
d, .. .
44, Prove that ‘—i;(zzz) does not exist anywhere.

45. Determine whether |z|2 has a derivative anywhere.

4§/ For each of the following functions determine the singular points, i.e. points at which the function
z 3z2—2

is not analytic. Determine the dex:lvatwes at all other points. (a) ot (b) 213, 55"
Ans. {a) —i, i/{z+4)2;, (b) —1=2i (194 4z — 322)/(22 + 22 + 5)?

Ans. (a) —i, 1
CAUCHY-RIEMANN EQUATIONS
41. Verify that the real and imaginary parts of the following functions satisfy the Cauchy-Riemann

equations and thus deduce the analyticity of each function:
(@) f(z2) = 22+ Biz+3—14, (b) flz) = ze~% (¢) f(z) = sin2az.

‘48, Show that the function x2+ iy3 is not analytic anywhere. Reconcile this with the fact that the
Cauchy-Riemann equations are satisfied at =0, y=0.

49. Prove that if w = f(z) = w+1v is analytic in a region X, then i—:’ = %% = —i%g—.

50. (a) Prove that the function u = 2z(1 —y) is harmonic. (b} Find a function v such that f(z) = u+év
is analytic [i.e. find the conjugate function of ). (¢) Express f(z} in terms of z.

Ans. () 2y + x2—y2, (c) iz2+ 22
51. Answer Problem 50 for the function u = x2—y2— 2xy — 2z + 3y. Ang, (b) a2 —y2+ 2zy — 32— 2y
52. Verify that the Cauchy-Riemann equations are satisfied for the functions (@) e=*, (b) cos 2z, (¢) sinhd4z.

53. Determine which of the following functions u are harmonic. For each harmonic function find the
conjugate harmonic function v and express u+4v as an analytic function of z.

(a) 3x2y + 222 — 43 — 242, (b) 2xy + Szy2—2y8, (c) ze*cosy — ye* siny, (d) e~ 22¥ gin (x2 — y2).
Ans. (@) v = day— 23+ 32y +¢, f(z) = 222 —iz%+dc  (c) ye*cosy + ze*siny + ¢, 26* + deo
(b) Not harmonic (d) —e—22¥ con (z2—y2) + ¢, —~igh® + ic
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§4. (a) Prove that y = In[(z—1)2+ (y —2)?] is harmonic in every region which does not include the
point (1,2). () Find a function ¢ such that ¢ + iy is analytie. (¢) Express ¢+ iy as a function of 2.

Ans. (b) —2tan-1{(y—-2)/(z—1)} (¢) 2iln(z—1-2i)
§5. It Im{f'(2)} = 62(2y—1) and f(0) = 8 —2i, f@1) = 6—>5i, find f(1 +19). Ans. 8 + 8i

DIFFERENTIALS
56. If w =1:2—42+8i, find (a) Aw, (b) dw, (c) Aw—dw at the point z = 2i.
Ane. (a) —8Az+i(Az)2 = —8dz+i(dz)?, (b) —8dz, (c) i(dz)?

57. Find (a) Aw and (b)) dw if w= (22+1)3, z = —4, Az = 1+14. Ans. (a) 38 —2i, (b) 6 —42i

88. If w=38iz2+2z+1—38i, find (a) Aw, (b) dw, (¢) Aw/Az, (d) dw/dz where z =i.
Ans. (a) —44z + 3i(A2)3, (b) —4dz, (c) —4 + BiAz, (d) —4

59. (a) If w = sin 2z, show that éﬂ = lcgé g\/Sin \ anSInz(Azlz)l
Az VTN Az ) 1 Az
. . sinaz _ dw _
(3) Assuming Alzu-?o? = 1, prove that a = cosz

(¢) Show that dw = (cos z) dz.

8. (a) I w=1Inz show that if as/z =1, 22 = %m (@ + vy,

(#) Assuming gx_r.r(:) 1+t = ¢ = 2.71828..., prove that % = %
(¢) Show that d(lnz) = dz/z.

\827 Prove that (@) d{f(z) g(2)} = {f(2) 9"(2) + g(2) f'(2)} dz

(®) d{f(2)/g(2)} = {9(2) /'(2) — f(2) 9"(2)} d2/{g(2)}2

giving restrictions on f(z) and g(2).

DIFFERENTIATION RULES. DERIVATIVES OF ELEMENTARY FUNCTIONS.
62. Prove that if f(z) and g(z) are analytic in a region R, then

@ FEfD-A+D0E) = BI@-A+HIE, ) LUHOP = 2/ 1@, © Lt =
()}~ £(2).

63. Using differentiation rules, find the derivatives of each of the following functions: (a) (1 + 44)22 — 32— 2,
(®) (224 38)(z—1), (¢) (22—14)/(z+2), (d) (2iz+1)2, (e) (iz—1)-8.
Ans. (a) (2+8i)2—8, (b) 42+, (o) Bi/(z+ 20)2, (d) 4i—8z, (e) —8i(iz—1)—4

64. Find the derivatives of each of the following at the indicated points:
(@) +20(6—2)/(22—1), z=4. (B) {2+ (22+1)2)2, 2 = 1 +1.

Ans. (a) —6/5+ 8i/5, (b) —108 — 78i

65. Prove that (a)%secz=mstanz, (b)%cotz=—csc’z.

68, Prove that (a) 3 4 @+ = From O L in2+20+2) = ;,_2%2':—%—2- indicating restrictions

if any.
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67.

-y
(]
.

72.

8.

5.

76.

.
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Find the derivatives of each of the following, indicating restrictions if any.
(a) 8 sin2(2/2), (b) tan3(22—8z4 41), (¢) In(secz +tanz), (d) cse {(z3+ 1)1/23}, (e) (22 — 1) cos (2 + 2i).

Ans. (a) 38 sin (2/2) cos (2/2) ~z cse {(z2 + 1)1/3) cot {(22 + 1)1/2}
(d)
(b) 8(2z —3) tan? (23 — 3z + 4i) sec? (2 — 8z +47) - (&2 + 1)172
(¢) secz (e) (1—22) sin(z+ 27) + 22z cos(z+ 2i)

Prove that (a) dd_z(l +22)3/2 = 32(1+22)1/2, (b) % (z+2Vz)1/3 = -al-z“”’ (z+2Vz)-¥3(Vz+1).

Prove that (a) ‘%("n" 2) = 3 }‘_ 1’ (b) :—z(Sec“i) = ,——z:_ 5
Prove that (a) ad— sinh—!z = — , (B 4 esch~!z = i .
Z viza V@ A
1. Find the derivatives of each of the following:
(a) {sin—1(2z-—1)}2 (¢) cos—1(sinz — cosz) (e) coth—1(z esc 22)
(b) In {cot™122} (d) tan—1(z+ 8¢)—1/2 (f In(z —i--f- V2 —38z+ 2i)
Ans. (a) 2s8in—1(2z —1)/(z—22)V/2 (d) —1/2(z+ 1+ 3i)(z+ 3)1/2
(b) —22/(1 + 24) cot—122 (e) (csec 22)(1 — 2z cot 22)/(1 — 2% csc? 2z)
{¢) —(=in z + cos z)/(sin 22)i/2 (N i/Va®2—8z+2i

If w=cos~1(z—1), z = sinh(3; +2i) and ¢ = V¢, find dw/dt.
Ans. —3[cosh (3¢ + 2i))/2(2z — z2)1/2 1/2

If w=tsec(t—8i) and z = sin—1(2t—1), find dw/dz.
Ans. sec(t—3i) {1+ ¢ tan (t— 35)}(t —¢2)1/2

If w2—2w+sin2z = 0, find (s} dw/dsz, (b) dZw/ds2,

Ans. (a) (cos 22)/(1 —w), (b) {cos?2z — 2(1 — w)? sin 22}/(1 — w)?
Find d2w/ds2 at { =0 if w = cos{, z = tan ({ + =4). Ans. —coshtz

Find (a) %{zlnz}, (b) -&%{[sin (iz—2)]‘f"""””

Ans. (a) 2zm2—1]n 2
(®) {[sin (iz — 2)]*" 7 +3)(i tan—1 (z + 8i) cot (iz—2) + [In sin (iz — 2))/[22 + 6iz — 8]}

}

Find the second derivatives of each of the following:

(a) 3 sin? (22 —1+4), (b) In tanz?, (¢) sinh(z+ 1)2, (d) cos—1(Inz), (e) sech—! \/ﬁ-—z

Ans. (a) 24 cos (42— 2+ 27) (d) (1 —Inz—In22)/z2(1 — In22)%/2
(b) 4 csc 272 — 1622 cse 222 cot 222 (e} —i(1+ 82)/4(1 + z)22%/2

(¢) 2 cosh(z+ 12 + 4(z + 1)2 sinh (z + 1)2

L’HOSPITAL’S RULE

8.

79.

81,

22+ 4 _ws< z ) #-2iz—1
Evaluate (a) 13121‘222_*_(3 407 = () ,.1.1:21/3(2 emi/3) A1/ (¢) li ”4_*_2 ek
Ans. (a) (16 +120)/25, (b) (1—14V3 )/6, (¢) —1/4
2T sing [ e \ A 1/6, (b) e™™/(cosh
Evaluate (a) lllno-—_-;—, (b) .B‘,}.‘ﬂ(z-mwﬂksinz)' ns, (a) , (b) em"i/(cosh mr)

. tan—1(22 4 1) . : -1 =
Find lim st ¥ 1) where the branch of the inverse tangent is chosen such that tan—10 = 0.
Ans. 1

V7
Evaluste lim ('i‘z‘ ’) . Ans, o-18
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SINGULAR POINTS
82. For each of the following functions locate and name the singularities in the finite z plane,

2—8 In (z + 84) -
® gy © REE o s, @ VEETD, © 2
Ans. (a) z = —1 =4, simple poles

(b) z = —3i; branch point, z = 0; pole of order 2
(¢) 2z = 0; essential singularity
(d)

w7

(e) z = —1t; pole of order 3

. ;
= 0, *i; branch points

83. Show that f(z) = (z—z(i% has double poles at z = 1*+2{ and a simple pole at infinity.

84. Show that ¢*’ has an essential singularity at infinity.

85. Locate and name all the singularities of each of the following functions.
(@) (z+3)/(22—1), (b) csc(1/22), (¢) (22+ 1)/2%/2,
Ans. (a) z==*1; simple poles, 2= =; simple pole. (b) z = 1/Vimw, m = =1, 22, %3, ...; simpie poies,

) 2=0; branch point, z = =; branch point.

on
[1]
w
173
o
8
=
-]
LI
w
»
5
"
s
=5
-]
]
o}
[
=
[
1l
8
13
®
°
(2.
o
"
a
o
~
o
3]

ORTHOGONAL FAMILIES

86. Find the orthogonal trajectories of the following families of curves:
(@) Pdy—2y¥ =2, (B) e *cosy + 2y = a
Ans. (@) zt—62%2+yt = B, (b) 2¢—Zsiny + 2% — v =28

87. Find the orthogonal trajectories of the family of curves =2 cos2¢ = a. Ans. r23in2¢ = g

88. By separating f(z) = 2+ 1/z into real and imaginary parts, show that the families (r2+1)coss = ar
and (r2—1)sine = Br are orthogonal trajectories and verify this by another method.

89. If n is any real constant, prove that " = 4sec n¢ and 7" = Bcscné are orthogonal tra.jectories.

APPLICATIONS TO GEOMETRY AND MECHANICS
90. A particle moves along a curve 2z = e~*(2sint+icost).
(@) Find a unit tangent vector to the curve at the point where t =r/4.
(b) Determine the magnitudes of velocity and acceleratioq of the particle at t=0 and /2.

Ans. (a) *i. (b) Vglocif.y: V5, VB e—7/2, Acceleration: 4, 2e—7/2

91. A particle moves along the curve z = aeivt. (q) Show that its speed js always constant and equal to wa.
(b) Show that the magnitude of its acceleration is always constant and equal to w?a. (¢) Show that
the acceleration is always directed toward z=0. (d) Explain the relationship of this problem to the
problem of a stone being twirled at the end of a string in a horizontal plane.

92. The position at time ¢ of a particle moving in the z plane is given by z = 8te—4t. Find the magnitudes
of (a) the velocity, (b) the acceleration of the particle at t=0 and t=y.

Ans. (o) 8, 3Y1+ 1622 (b) 24, 241 + 45t

93. A particle P moves along the line = + ¥ = 2 in the z plane with a uniforlp speed of 3V/2 ft/sec from
the point 2 = —-5+7i to 2 =10—8i. If w = 2:2—3 and P’ is the image of P in the w plane, find
the magnitudes of (a) the velocity and (b) the acceleration of P’ after 3 seconds.

Ans. (a) 24V10, (b) 72
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GRADIENT, DIVERGENCE, CURL AND LAPLACIAN

94,

95.

w
=3

98.

99.

100,

I F = 22y—xy?, find (a) VF, (b) V2F. Ans. (a) (2zy — y®) + (23— 2zy), (b) 2y —2x

Let B = 322+ 42. Pind (a) grad B, (b} divB, (¢) curl B, (d) Laplacian B.
Ans. (a) 8, (b) 122, (c¢) 12y, (d) O

Let C be the curve in the zy plane defined by 22— zy+ 42 = 7. Find a unit vector normal to C at
(a) the point (—1,2), (b) any point.
Ans. (a) (—4+5i)/V41, (b) {2z —y + i(2y — 2)}/Vb22 — 8xy + 532

Find an equation for the line normal to the curve 22y = 2xy+ 6 at the point (3,2)
Ans. z = 8t+38, y = 8t+2

Show that V2|f(z)]2 = 4|f'(z)|2 Illustrate by choosing f(z) = 22+ iz.
Prove V2{(FG} = FV2G + GVIF +2VFoVG

Prove divegrad A = 0 if A is imaginary or, more

MISCELLANEOUS PROBLEMS

101.

102.

103.

104.

105.

106.

107.
108,

109.

110.

If f(z) = ulx,y) + iv(x,y), prove that:
(@) f(2) = 2u(z/2, —iz/2) + constant, (b) f(z) = 2iv(2/2, —iz/2) + constant.

Use Problem 101 to find f(z)} if (a) u(x,y) = z% — 6x2y2 + 4, () v(x,y) = sinhx cosy.

If V is the instantaneous speed of a particle moving along any plane curve C, prove that the normal
component of the acceleration at any point of C is given by V2/R where E is the radius of curvature

at the point,
Find an analytic function f(z) such that Re{f'(z)} = 822—4dy—3y2 and f(1+1) = 0
Ans, 284+ 2i224+6—21

Show that the family of curves
22 y2 -
a®+ A t o, +A

with —a2 < A\ < —b2 is orthogonal to the family with A > —b2 > —a?.

Prove that the equation F(x,y) = constant can be expressed as wu(wx,y) = constant where u is
92F /02 + 92F/oy?

(0F/32)2 + (9F/ay)? is a function of F.

harmonic if and only if

Illustrate the result in Problem 106 by considering (y + 2)/(z —1) = constant.
If f(z) =0 in & region R, prove that f(z) must be a constant in R.

If w = f(z) is analytic and expressed in polar coordinates (r,#6), prove that
dw 0%

dz or

If u and v are conjugate harmonic functions, prove that

= Qu, _ du
dv = azdy aydx
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111. If  and v are harmonic in a region R, prove that
ou o . [-0u dv
(a“ra) * (a—w)

112. Prove that f(z) = |z|* is differentiable but not analytic at z=0,

is analytic in R.

113. Prove that ¢ =1In|f(z)| is harmonic in a region R if f(z) is analytic in R and 7(2) f(z) = 0 in X.

ii4. Express the Cauchy-Riemann equations in terms of the curvilinear coordinates (¢&,7) where
= ¢ coshy, y = ef sinhy,

115. Show that a solution of the differential equation

:i:t? T .ur:li? + % = Eo cos wi

where L, R, C, E; and « are constants, is given by

~ -— P N

Q R E 0 ewl’
= e
w[R + (oL — 1/uC))
The equation arises in the theory of allernating currenis of electricity,

[Hint. Rewrite the right-hand side as Foe't and then assume a solution of the form Aefwt where 4 is
to be determined.)

1i6. Show that V2 {f(z)}*» = n2 |f(z)|*—2|f'(z)|2, stating restrictions on f(z).

‘ 2
117, Solve the partial differential equation 32 + il,] = :-gi—y_

Ans. U = #In (22 + y2))2 + 2{tan! (y/x)}2 + F(x+ i) + Gz~ iy)

4
118. Prove that V4U = V(V2U) = ag + 23:2 g;’ + ﬂ_ﬂ' 16 a::gjzz

119. Solve the partial differential equation w— + 23—:3,-%5 + ‘?Tg 36(x2 + y2),
Ans, U = Pala®+ ) + (x+iy) F(x—iy) + Gi(x—iy) + (. —iy) Fy(x + iy) + Gy (xz + iy)



Chapter 4

COMPLEX LINE INTEGRALS v

Let f(z) be continuous at all points
of a curve C [Fig. 4-1] Which we shall

ascsnima haa a finit lanoth {7 ig o

A WUILIIC llaw O lllllbc u:usul., lc- v oo @ \b
rectifiable curve. ..« M, Y 7

Subdivide C into n parts by means a :

of points 21, 2s, ..., Z.—1, chosen arbi- . 2z
trarily, and call a=zo, b=z, On each z
arc joining 2x-1 to 2x [where k goes x
from 1 to n] choose a point £. Form Fig. 4-1
the sum

Su = flE)(m—a) + f(&) (a—2) + -+ + f(&)(b—2a-1) (1)
On writing 2« — 2c—1 = Az, this becomes

Sh = E &) (B —2e1) = 2 f(§,) Az 2

Let the number of subd1v131ons n increase in such a way that the largest of the chord
lengths |Azx| approaches zero. Then the sum S, approaches a limit which does not depend
on the mode of subdivision and we denote this limit by

J;b f(z)dz  or j; f(z) dz €)]

called the complex line integral or briefly line integral of f(z) along curve C, or the definite
inlegral of f(z) from a to b along curve C. In such case f(z) is said to be integrable along
C. Note that if f(2) is analytic at all points of a region ® and if C is a curve lying in R,
then f(z) is certainly integrable along C.

REAL LINE INTEGRALS

If P(x,y) and Q(z, y) are real functions of « and y continuous at all points of curve C,
the real line integral of Pdx + Qdy along curve C can be defined in a manner similar
to that given above and is denoted by

rfP(x,y)dx + Q(z,y)dy] or rPda: + Qdy (4)
Je b Jc

the second notation being used for brevity. If C is smooth and has parametric equations
x = ¢(t), ¥y =y(t) where t =t =1t; the value of (4) is given by

_f [P{s(t), p(B)}o’(t) dt + Q(a(t), (t)}¢'(t)dt]

Suitable modifications can be made if C is piecewise smooth (see Problem 1).

92
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CONNECTION BETWEEN REAL AND COMPLEX LINE INTEGRALS
f(z)

2) = u(z,y) +iv(z,y) = u+ v the complex line integral (3) can be expressed
in terms of real line integrals as

j; fx)dz = j; (w + iv)(dx + i dy)

= j:_udx—vdy + i_{vdm%—udy (5)

For this reason (5) is sometimes taken as a definition of a complex line integral.

PROPERTIES OF INTEGRALS
If f(z) and g(z) are integrable along C, then

L f o = [ faae + { oeyaz
2. ./E Afz)de = 4 J.f(®dz  where A = any constant
( ’
. zZ = - f(2)dz
3 ), /e Jo 1
" (" ("
4 Jr f)de =} flz)dz + J flzdz  where points a, b, m are on C
a a m

5. | ( fleyde| = mr

where |f(z)] = M, ie. M is an upper bound of |f(z)| on C, and L is the length of C.

There are various other ways in which the above properties can be described. For
example if T, U and V are successive points on a curve, property 3 can be written

fT f@de = - f @)z

vuT

Similarly if C, C, and C; represent curves from @ to b, a to m and m to b respectively,
it is natural for us to consider C = C;+ C: and to write property 4 as

jc‘lw’ fz)dz = fc f(2)dz + fc fa) dz

CHANGE OF VARIABLES

Let z=g(¢) be a continuous function of a complex variable ¢ = w+iv. Suppose
that curve C in the z plane corresponds to curve C’ in the ¢ plane and that the derivative
9’(¢) is eontinuous on ¢’ Then

J.tme = row) e a 6

‘These conditions are certainly satisfied if g is analytic in a region containing curve C’.

SIMPLY- AND MULTIPLY-CONNECTED REGIONS

A region R is called simply-connected if any simple closed curve [Page 68] which
lies in R can be shrunk to a point without leaving R. A region R which is not simply-
connected is called multiply-connected, '
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For example, suppose R is the region defined by |2 <2 shown shaded in Fig. 4-2.
If T is any simple closed curve lying in R [i.e. whose points are in R], we see that it can be
shrunk to a point which lies in ®, and thus does not leave R, so that R is simply-connected.
On the other hand if R is the region defined by 1< 2| <2, shown shaded in Fig. 4-3,
then there is a simple closed curve I lying in R which cannot possibly be shrunk to a point
without leaving R, so that ® is multiply-connected.

Fig. 4.2 Fig.4-3 Fig. 4-4

,,,,,,,

Intuitively, a simply-connected region is one which does not have any “holes” in it,
while a multiply-connected region is one which does. Thus the multiply-connected regions
of Figures 4-3 and 4-4 have respectively one and three holes in them.

4 LaeLLIvVE]L 2 w22 TS 22R23AGS Al

JORDAN CURVE THEOREM

Any continuous, closed curve which does not intersect itself and which may or may
not have a finite length is called a Jordan curve [see Problem 30]. An important theorem
which, although very difficult to prove, seems intuitively obvious is the following.

- Jordan Curve Theorem. A Jordan curve divides the plane into two regions having
the curve as common boundary. That region which is bounded [i.e. i8 such that all points
of it satisfy [¢| <M, where M is some positive constant] is called the interior or inside
of the curve, while the other region is called the exterior or outside of the curve.

It follows from this that the region inside a simple closed curve is a simply-connected
region whose boundary is the simple closed curve.

CONVENTION REGARDING TRAVERSAL OF A CLOSED PATH

The boundary C of a region is said to be traversed in the positive sense or direction

if an observer travelling in this direction [and perpendicular to the plane] has the region
to the left. This convention leads to the directions indicated by the arrows in Figures 4.2,

S 2310 LLAALVELILAAY gLl R 2 a SAAMALLEHM VLA AV VEIU LA UV D

4-3 and 4-4. We use the special symbol

i f(z) dz

to denote integration of f(z) around the boundary C in the positive sense. Note that in
the case of a circle [Fig. 4-2] the positive direction is the counterclockwise direction. The
integral around C is often called a contour integral.
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GREEN’S THEOREM IN THE PLANE
Let P(x,y) and Q(z,y) be continuous and have continuous partial derivatives in a
region R and on its boundary C. Green’s theorem states that

fcpdz + Qdy = ff(‘}g—%f) dz dy @)
R

The theorem is valid for both simply- and multiply-connected regions.

COMPLEX FORM OF GREEN’S THEOREM ,

Let F(z,2) be continuous and have continuous partial derivatives in a region ® and
on its boundary C, where z = z+1dy, 5 = 2—iy are complex conjugate coordinates
[see Page 7]. Then Green’s theorem can be written in the complex form

P
$ Fena = 2 [ Laa ()
¢ X
where dA represents the element of area dx dy.

For a generalization of (8), see Problem 56.

CAUCHY’S THEOREM. THE CAUCHY-GOURSAT THEOREM
Let f(2) be analytic in a region ® and on its boundary C. Then

§ fade = o (9)

This fundamental theorem, often called Cauchy’s integral theorem or briefly Cauchy’s
theorem, is valid for both simply- and multiply-connected regions. It was first proved by
use of Green’s theorem with the added restriction that f'(2) be continuous in R [see Prob-
lem 11]. However, Goursat gave a proof which removed this restriction. For this reason
the theorem is sometimes called the Cauchy-Goursat theorem [see Problems 13-16] when

one desires to emphasize the removal of this restriction.

/ MORERA’'S THEOREM
Let f(z) be continuous in a simply-connected region ® and suppose that

§ feydz = o (10)
C
around every simple closed curve C in ®. Then f(2) is analytic in R.

This theorem, due to Morera, is often called the co/nversgw,o[\ Cauchy’s theorem. It
can be extended to multiply-connected regions. For a proof which assumes that f(z) is
continuous in R, see Problem 22. For a proof which eliminates this restriction, see
Problem 7, Chapter 5.

INDEFINITE INTEGRALS _
If f(2) and F(z) are analytic in a region R and such that F’(z) = f(z), then F(2) is
called an indefinite integral or anti-derivative of f(2) denoted by

Fo) = | t@)ds (11)

Since the derivative of any constant is zero, it follows that any two indefinite integrals
can differ by a constant. For this reason an arbitrary constant ¢ is often added to the
right of (11).

Example: Since %(Sz2 —48inz) = 62 — 4cosz, we can write

f(6z-4coaz)dz = 822 — 4sinz + ¢
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INTEGRALS OF SPECIAL FUNCTIONS
Using results on Page 66 [or by direct differentiation], we can arrive at the follow-
ing results (omitting a constant of integration).

" _ zﬂ+l f . R
1. f 2hdz = prar S %*-1 . 18. cothzdz = Insinhz
2. f dz 19. f sechzdz = tan~!(sinhz)
3. f eedz = ¢ 20. J eschzdz = —coth™!(coshz)
(" L 21. ( sech?zdz = tanhz
4. J a*dz = m . J =
b. J(‘ sinzdz = -—cosz 22, J(. esch?zdz = —cothz
6. J(' cogszdz = ginz 23. J(' sechztanhzdz = —sechz
7. r tanzdz = Insecz 24. j_ cschzcothzdz = —cschz
v —In cos z dz
o o 25 f—— —— = h@+VFEa)
8. J cotzdz = Insinz ve ==
dz 1 z 1 2
26. ——— = =tan"!= or —=cot 1=
3. J(‘ seczdz = In(secz + tanz) 22; a? a a a a
In tan (2/2 + /4 _dz i z—a
n tan (2/2 + r/4) 21. ) 52— = ——In <z+a>
dz
10. f esczdz = In(cscz — cotz) 28. f —_— = sin'IE or —cos'IE
In tan (2/2) va: —2° a o
29 f L ()
11. f sec’zdz = tanz ' z\/a'*’ +22 @ a+ va?+z?
1 4 a 1 -
13. f secztanzdz = sgecz 31. f Viixatdz = %\/zz +q2?
az
14. fcscz cotzdz = —cscz i_ln(z+”zzia2)
VaE — 22 — 2./ -1%
15. fsinhzdz = coshz 32. f @-ztdz = V-2 +2sm a
e**(a sin bz — b cos bz
16. f coshzdz = sinhz 33. f e*sinbzdz = ( af + b2 )
az b 3
17. f tanhzdz = Incoshz 34. f e**cosbz dz = e*(a cosazz:;):) sin b2)

~

SOME CONSEQUENCES OF CAUCHY’S THEOREM
Let f(z) be analytic in a simply-connected region ®. Then the following theorems hold.

Theorem 1. If a and z are any two points in R, then

_£ " f2) de

is independent of the path in R joining a and z.
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Theorem 2. If a and z are any two points in R and

G) = f f(2) de (12)

then G(2) is analytic in R and G’(z) = f(2).
Occasionally, confusion may arise because the variable of integration z in (12) is the
same as the upper limit of integration. Since a definite integral depends only on the
curve and limits of integration, any symbol can be used for the variable of integration,

and for this reason we call it a dummy variable or dummy symbol. Thus (12) can be
equivalently written ‘

S r~
G(z) = J f(&) d¢ (13)
a
Theorem 3. If a and b are any two points in ® and F'(2) = f(z), then
b
[ ted = F) - F (14)
This can also be written in the form, familiar from elementary calculus,
b b
J(' F(zyde = F(z) = F(b) — F(a) (15)
a a
(1 [1—i e )
Example: J dzdz = 222 = Z{1—-79Z-2(8302 = 18 — 44
3i 3i

Theorem 4. Let f(z) be analytic in a region bounded by two simple closed curves
C and C; [where Ci lies inside C as in Fig. 4-5 below] and on these curves. Then

2)dz (16

"

where C and C, are both traversed in the positive sense relative to their interiors [counter-

clockwise in Fig. 4-5]

AN AR ¥ 4 J .

The result shows that if we wish to integrate f(2) along curve C we can equivalently
P replace C by any curve C, so long as f(z) is analytic in the region between C and C..

v Y

Fig. 4-5 Fig. 4-6

Theorem 5. Lei f(2) be analytic in a region bounded by the non-overlapping simple
closed curves C,Cy,C;,Cs,...,Ca [where Ci,C, ...,C, are inside C as in Fig. 4-6 above]
and on these curves. Then

_£ feyde = £ fz)dz + ~£ f@)de + - + § f(2)de (17)

Cu
This is a generalization of Theorem 4.
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Solved Problems

LINE INTEGRALS

1'

2.

(2,4)
Evaluate 2y + 2®)dx + (Bx — y)dy along: (a) the parabola z = 2t
0,3)
y = t*+3; (b) straight lines from (0,3) to (2,3) and then from (2,3) to (2,4); (c) a
straight line from (0,3) to (2, 4).

{a) The points (0,8) and (2,4) on the parabola correspond to t =0 and t =1 respectively. Then the
given integral equals

[
<
~~
[ 3]
—
o~
©
+
&
g
+
—
(3
Al
-~
©
—~—
n
8
o
+
—
w
—~
[
o
S’
|
S
+
o
N’
———
n
o~
[
o
]

1
f (24t2+ 12— 218 —6t)dt = 338/2
0

R .

nd the line integral equals

—_—

N

b
£,

e 7 [P URT, S LU o
rom (0,3) to (2,3), y=3, dy=

Lio(6+x2)dw + (3z—30 = f

r=

[ =]
-]

(6+ahds = 44/3

Along the straight line from (2,3) to (2,4), x=2, dr=0 and the line integral equals

4 4
Jf @y+4)0 + (E—y)dy = Jr G—-ydy = 52
¥=3 y=3
Then the required value = 44/3 + 5/2 = 103/6.
(¢} An equation for the line joining (0, 3) and (2,4) is 2y —z = 6. Solving for x, we have x = 2y — 6
Then the line integral equals

<
——
[
—_
L]
3
!
<h
~—
!
o
S’
&
«
Il
S
[
—
ap
<

The result can also be obtained by using » = 3z + 6).

Evaluate f Zdz from z=0 to z = 4+ 2{ along the curve C given by (&) z = 2 +1t,

c
(b) the line from 2z =0 to z=2{ and then the line from z=2¢ to 2 = 4 +2i.

(a) The points z=0 and 2z = 4+ 2{ on C correspond to t=0 and t =2 respectively. Then the line
integral equais

2 - 2 2
f (EFriyde+it) = f (B~it)@t+i)dt = f @B—it+t)dt = 10 — 8i/3
t=0 (1] 0

Another Method. The given integral equals

f(x—iy)(dx-f—idy) = facdx+ydy + ifxdy—yda:
c c c

The parametiic equations of C are z=1£2, y=¢ from ¢t=0 to t =2. Then the line integral
equals

2 2
f ()2t dt) + (e)(dt) + i f (£3)(dt) — ()2t dt)
t=0

2 2
= f (2t3+tydt + 'if (-t)dt = 10 — 8i/3
0 0

(b) The given line integral equals

f(w—iy)(dx+idy) = fmdx+ydy + ifca:dy—ydx
c c

The line from z=0 to z=2i is the same as the line from (0,0) to (0,2) for which z=0,
dx =0 and the line integral equals

2 L2 ~2
), OO +ydy + 1_Jy=° 0)(dy) —¥(0) = J..=

The line from z = 2{ to 2 = 44 2{ is the same as the line from (0,2) to (4,2) for which
¥=2,dy=0 and the line integral equals

4 4 4 4
f xde+2-0 + 1 2:0—-2dx = f zde + if —2der = 8 -8
z 0 0

ydy = 2
0

=0 =0

Then the required value = 2+ (8 —81) = 10 — 8i.

/s
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o AT

Prove that if f(z) is integrable along a curve C having finite length L and if there
exists a positive number M such that [f(z)| = M on C, then

J; f(z) dz

By definition we have on using the notation of Page 92,

= ML

f e = tim 3 fe0an, @
Now . - ”n S ‘
2 fwon| s 3 el sal
k=1 | k=1
= M3 |ag % @)
k=1
s ML J

i)
where we have used the facts that | f(2)] =M for all points z on C and that S |Az,| represents

k=1
the sum of all the chord lengths joining points z,_, and z,, where &k = 1,2,...,n, and that this sum
is not greater than the length of C,

Taking the limit of both sides of (2), using (1), the required result follows,

It is possible to show, more generally, that

<
) rwra| s fc 1F(a)| 1l
GREEN’S THEOREM IN THE PLANE Y H
4. Prove Green’s theorem in the plane if C is a P
“simple closed curve which has the property F
7 that any straight line parallel to the coordi- Eq
nate axes cuts C in at most two points. '] R

Let the equations of the curves EGF and EHF

N e
>}

(see Fig.4-7) be y = Y, (x) and y = Y, (x) respec-
tively. If R is the region bounded by C, we have
aP f’ [ f"'"’ 3P ] Fig. 4-7
- = —dy | d
ff aﬂdz dy z=e | Jy=v,(x) ¥ v
R
4 Y (x) f
= f Pz, y) dxr = f [P(z, Y,) — P(x, Y] dx
x=e ¥=Y () ) e
= —f’ P(z,Y,) dz — f’ Pz, Yy)de = —§de
e f C
P
Then § Pde = — j:f W dz dy (1
¢ ®
Similarly let the equations of curves GEH and GFH be z=X,(y) and 2z = X,(y) respectively.

Then

f,r -aa—g—dx dy [u o ﬂdx} dy = Jf;h @7y, %) — QUX,, v)] dy
R

V=g [ Jr=X,(y 9% -

[ axina +£"Q(x2,y)dy = §ou
Then £Qdy = _{f‘;—gdzdy ' @

Adding (1) and (2), f; Pdz + Qdy = ff (%g B %) o dy
R
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Verify Green’s theorem in the plane for

_f @zy—t)de + (z+y?)dy
c

where ‘C is the closed curve of the region
bounded by ¥y =2? and y*=x.

C ammm 1 1)

The plane curves y =2 and y2 =2z intersect at
(0,0) and (1,1). The positive direction in traversing
C is as shown in Fig. 4-8. Fig. 48

Along y = 2, the line integral equals

1 1
(" (@a)at) — 22 do + (o + (222} d(a?) (Ewtat+229de = V6
Jz=0 JO

Along y2 =2, the line integral equals
0 0
f . {202y — W2 d(y?) + {2 +y2}dy = J: 4yt —25+2y0)dy = -—17/16
y=

J— 1 _:.

en the required integral = i7/16 = 1/80.

The 7/6 —
f ———)d dy = f —a—(x+y2) - —9—(2xy——x2)}da: dy
JJ \8z oy JJ 9% ay J
X

[V

r1—2x)dxdy = rl fﬁ (1—2x)dydx

vr=0{ vyfjg

i
;9‘-—3

1 vE 1 .
f (y — 22y) I dxr = ,,r (x1/2 — 223/2 — 22 + 2¢8)de = 1/30
()

z=0 y=a?
Hence Green’s theorem is verified.

Extend the proof of Green’s theorem in the v
plane given in Problem 4 to curves C for

eaGass vTii vLicelt

which lines parallel to the coordinate axes
may cut C in more than two points.

Consider a simple closed curve C such as shown
in Fig. 4-9 in which lines parallel to the axes may
meet C in more than two points, By constructing
line ST the region is divided into two regions R, and (0]
R, which are of the type considered in Problem 4 and Fig.4-9
for which Green’s theorem applies, i.e., 8

{ Piz+qay ff <———->d d, (@ sv!;de + Qdy ff( >dxdy

STUS

Adding the left-hand sides of () and (2), we have, omitting the integrand Pdxz + Qdy in

R S S A Y S S

STUS SVTS TUS svT TUS SvT TUSVT

using the fact that f = - f .
Adding the right-hand sides of (Z) and (2), omitting the integrand,
J4-)
Ry
Then de¢+Qdy ff(———-)d dy

TUSVT R
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and the theorem is proved. We have proved Green’s theorem for the simply-connected region of
Fig. 4-9 bounded by the simple closed curve C. For more complicated regions it may be necessary to
construct more lines, such as ST, to establish the theorem.

Green's theorem is also true for multiply-connected regions, as shown in Problem 7.

Show that Green’s theorem in the plane is also

. . . Yy
valid for a multiply-connected region ® such as H
shown shaded in Fig. 4-10. _
The boundary of R, which consists of the exterior : ,—-\ : J
boundary AHJKLA and the interior boundary DEFGD, &
is to be traversed in the positive direction so that a per- st D G F) R
son travelling in this direction always has the region on AT~ _ :
his left. It is seen that the positive directions are as \’__—‘_/
indicated in the figure. L K x
In order to establish the theorem construct a line,

such as AD, called a cross-cut, connecting the ex-
terior and interior boundaries. The region bounded by Fig. 4-10
ADEFGDALKJHA is simply-connected, and so Green's

theorem is valid. Then ,
@ 9
§ Pamtoa = [[(29-E) 4,
J 2 N0y

ADEFGDALKJHA

But the integral on the left, leaving out the integrand, is equal to

Jor foofe f o= [+ f

AD DEFGD DA ALKJHA DEFGD ALKJHA
el s
since J = —J . Thus if C, is the curve ALKJHA, C, is the curve DEFGD and C is the bound-
AD DA
ary of R consisting of C; and C, (traversed in the positive directions with respect to ®), then

+f = § and so
c fo) c

Let P(z, y) and Q(x,y) be continuous and have continuous first partial derivatives at
each point of a simply-connected region R. Prove that a necessary and sufficient

condition that _£ Pdx +Qdy = 0 around every closed path C in ® is that oP/oy =
dQ/0z identically in R.
Sufficiency. Suppose 0P/dy = 6Q/3z. Then by Green's theorem,
- 9Q _ 9P _
ide+Qdy = {f(ax ay)dxdy = 0
where R is the region bounded by C.

Necessity.

Suppose § Pde + Qdy = 0 around every closed path C in R and that oP/éy # 9Q/dz at some
c

point of R. In particular suppose aP/dy — 3Q/dx > 0 at the point (zg, ).

By hypothesis 0P/dy and 9Q/ox are continuous in R so that there must be some region r con-
taining (2, yy) as an interior point for which 0Pfdy —8Q/oxz > 0. If I is the boundary of r, then

by Green’s theorem
- 9Q _ 9P
frl’da: + Qdy = ff(ax ay> dedy > 0
T
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contradicting the hypothesis that 6 Pdx+ Qdy = 0 for all closed curves in R. Thus 0Q/éx — sP/dy
cannot be positive.

Similarly we can show that 9Q/dx — 8P/dy cannot be negative and it follows that it must be
identically zero, i.e. dP/dy = 3Q/3x identically in ®.

The results can Ibe extended to multiply-connected regions.

('D
2

9. Let P and Obe_-ﬁ__e..asmPr blem 8 Pro
t co

t_h'at 4 necessary g and suffici dition that
B

Jr Pdx + Qdy be i . of the path
A

ependent
in ® joining points A nd B is that oP/oy =
0Q/dzx identically in R.

Sufficiency. If 9P/dy = 8Q/ox, then by Problem 8

=

®
((Paz+Qay = o
ADBEA
[see Fig. 4-11]. From this, omitting for brevity the Fig.4-11

integrand Pdx + Q dy, we have

= 0, = -
f+f f=-f

ADB BEA ADB BEA  AEB
i.e. the integral is independent of the path.

Hi

Jr and so r = r

Ve A JC,

Necessity.
If the integral is independent of the path, then for all paths C; and C; in ® we have

Fad Vel ~ - ~
J = J . J = J and J =0
€1 Cs ADB  AEB ADBEA

From this it follows that the line integral around any closed path in | is zero, and hence by Probiem 8
that aP/oy = aQ/ox.

The results can be extended to multiply-connected regions.

COMPLEX FORM OF GREEN’S THEOREM

10. If B(z,2) is continuous and has continuous partial derivatives in a region ® and on
its boundary C, where z = z+1iy and Z = x—1y, prove that Green’s theorem can
be written in complex form as

ﬁ_B(z,é)dz = szf—dx

Let B(z,z) = P(x,y) + iQ(x,%). Then using Green’s theorem, we have

£B(z,§)dz = f(PHQ)(ddey) = §sz—de + iiQdm+de

- J () v ff (5-F)ww

- ff[(a, a) i) e
= 2szFdxdy

from Problem 34, Page 83. The result can also be written in terms of curl B [see Page T0].
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CAUCHY’S THEOREM AND THE CAUCHY-GOURSAT THEOREM

11.

12,

13.

Prove Cauchy’s theorem § f()dz = 0 if f(2) is analytic with derivative f’(2) which
(o4
is continuous at all points inside and on a simple closed curve C.

Since f(z) = u+ v is analytic and has a continuous derivative

du ov oV ou
, _ du v v du
fey = &t iz aw ~ ‘ay
it follows that the partial derivatives (1) g—: = g—;, (2) g—: = —g—: are continuous inside and on C.

Thus Green’s theorem can be applied and we have

f; f(z) dz

§(u+iv)(dx+idy) = §ud:t,—vdy + i§vdx+udy
c

C

¢
_ w _du A (on_ o -
= ff ( pye ay> dedy + 1ff (6:» ay> dedy = 0
R R

using the Cauchy-Riemann equations () and (2).
iply-connected regions, we can extend
tions on f{(2).
The Cauchy-Goursat theorem [see Problems 13-16] removes the r
Another method.

The result can be obtained from the complex form of Green’s theorem [Problem 10] by noting

that if B(z,2) = f(z) is independent of Z, then 3B/3z = 0 and so § flz2)dz = o.
¢

By using the fact that Green’s theorem is applicable to mult
the result to multiply-connected regions under the given condi

estriction that f/(z) be continuous.

Prove (a) § dz = 0, (b) § zdz =0, (c) £ (2—2)dz = 0 where C is any simple
c (o

AN ~r
closed curve and z, is a constant.

These follow at once from Cauchy’s theorem since the functions 1, z and z— 2z, -are analytic
inside C and have continuous derivatives.

The results can also be established directly from the definition of an integral (see Problem 90),

Prove the Cauchy-Goursat theorem for the case A
of a triangle.

Consider any triangle in the z plane such as ABC,
denoted briefly by A, in Fig. 4-12. Join the midpoints
D, E and F of sides AB, AC and BC respectively
to form four triangles indicated briefly by Ay, Aq,
A"l and AIV'

Fig. 4-12

If f(z) is analytic inside and on triangle ABC we
have, omitting the integrand on the right,

froe - [ [+ f

ABCA DAE EBF FCD

Lo - e )
RN

DAED EBFE FCDF DEFD

f;l flz)ydz + f;" f(zydz + f;m f(z)dz + f;

where in the second line we have made use of the fact that

I R

DF FD

|
|
a

f(z) dz

I
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Then

=

+ (1)

- |$ e

Arrp

l § it s f; f(2) da §; f(2) de

Let A; be the triangle corresponding to that term on the right of (1) having 1argest value (if there
are two or more such terms then A, is any of the associated triangles). Then

f; f(z) dz

24

§ f(2) dz = 4 § f(z) dz (2)
/N £9
By joining midpoints of the sides of triangle A;, we obtain similarly a triangle A; such that
§ f(z)da = 4 (f f(2) dz (8)
4y *"Ag
so that
§ Hz) dzI = 42 § f(z) dz (4)
A | Ag
After n steps we obtain a triangle A, such that
6 f(2) dz' = £ f(2) dzl (5)
JA I '/Aﬂ
Now A4,A; A As, ... is a sequence of triangles each of which is contained in the preceding (i.e. a

sequence of nested triangles) and there exists a point z; which lies in every triangle of the sequence.

Since 2z, lies inside or on the boundary of A, it follows that f(z) is analytic at z;. Then by
Problem 21, Page 78,
flz) = flz) + f'(z0) (z—20) + n(z—2) (6}
where for any ¢> 0 we can find § such that [7] < ¢ whenever }z—z,| < 8.

L o A afaa B8 L atAdas A
y 1OWETALIOIL UL DOLIL SIUcs ©

fﬂ f()dz = £n(z—zo)dz (7)

Now if P is the perimeter of A, then the perimeter of 4, is P, = P/2n,
If z is any point on 4,, then as seen from Fig. 4-12 we must have

ns

|z2—2zg] < P/2® < 8. Hence from {?) and Property 5, Page 93 we have

— P P _ P2

in f(z)dz}| = i,. 7z — zq) dz = “onon = 4n
Then (5) becomes
P2 Fig. 4-13
§ f(z) dz = 4ne = P2
/ 4n

Since ¢ can be made arbitrarily small it follows that, as required,

if(z)dz = 0

14. Prove the Cauchy-Goursat theorem for any closed
polygon.

Consider for example a closed polygon ABCDEFA such
as indicated in Fig. 4-14. By constructing the lines BF,
CF and DF the polygon is subdivided into triangles, Then
by Cauchy’s theorem for triangles [Problem 13] and the
fact that the integrals along BF and FB, CF and FC, DF
and FD cancel, we find as required

fydz = f f)ydz + f 1(2) da

ABCDEFA ABFA BCFB

f fe)dz + f f(z) dz

¢DFC DEFD Fig. 4-14
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15.

where we suppose that f(z) is analytic inside and on the polygon.

It should be noted that we have proved the result for simple polygons whose sides do not eross.
A proof can also be given for any polygon which intersects itself (see Problem 66).

Prove the Cauchy-Goursat theorem for any
simple closed curve.

Let us assume that C is contained in a region
R in whieh f(z) is analytic.

Choose n points of subdivision 2y, z,, <1y, OB
curve C [Fig. 4-15] where for convenience of nota-
tion we consider zp=2, Construct polygon P by

Tatan Tam

Let us define the sum

S. = S fla) g
k=1

where Az, = z, — 2,_,. Since

Fig. 4-15

Iim§, = § f(z) dz
c

[where the limit on the left means that n » = in such a way that the largest of |az,| ~ 0], it follows
that given any ¢ > 0 we can choose N so that for n > N

f; f@dz — 8,

Consider now the integral along polygon P. Since this is zero by Problem 14, we have

€

< 3 (1)

$rma: = o = (" fwar + (i@ + o + (" f2)a
VP Jzﬂ le En—1
2 Zn
= f {f(z) — f(z)) + flz))}dz + -+ + f {f(2) — f(za) + f(2)} dz
o Zn—1

= (U@~ fend + o+ 7 @ -sena + s,
%o Zn—1

so that
z 2,
S, = f flz) ~ fa)}de + -+ 4+ f {/(z) — f(2)} dz 2
20 Zn—1
Let us now choose N so large that on the lines joining z, and z;, z; and z,, ..., z,_1 and z,,
€ € €
@) = 1@ < g, e = f@] < 570 o @) = Q)] < 57 (8)

where L is the length of C. Then from (2) and (%) we have

s = | f S - renas| + | e - senas| 4 | [ (e - oy s
29 X 2 Zp—1q
or ¢
IS = £{|21’"20| + ]zz_zll oot ) = ;‘.’ (4)
From

‘if(z)dz = if(z)dz - S, + S,

we have, using (I) and (4),

}; f(z) dz i flzydz — 8,

Thus since ¢ is arbitrary, it follows that § f(z)dz = 0 as required.
c

= + 18] < L+

= €

LA
2 2




106 COMPLEX INTEGRATION AND CAUCHY’'S THEOREM [CHAP. 4

16. Prove the Cauchy-Goursat theorem for multiply-connected regions.

We shall present a proof for the multiply- D
connected region R bounded by the simple closed c

curves C; and C, as indicated in Fig. 4-16. Exten-
gsions to other multiply-connected regions are easily
made (see Problem 67).

Construct cress-cut AH. Then the region bounded
by ABDEFGAHJIHA is simply-connected so that by

Problem 15,
fz)dz = 0
ABDEFGAHJIHA
Hence f(2)dz + f(2)dz + f(z)dz + flzdz = 0
ABD‘EI;GA A‘! H.r'tjt; H'!

Since f(zydz = — §} f(z)dz, this becomes
A! u!

fz) dz + f fydz = 0
ABDEFGA RIIH
This however amounts to saying that

if(z)dz = 0

where C is the complete boundary of ® (consisting of ABDEFGA and HJIH) traversed in the sense
that an observer walking on the boundary always has the region ® on his left.

g . . < ) .
17. If f(2) is analytic in a simply-connected region R, prove that f(#) dz 1is independent
of the path in R joining any two points a and b in R. @

By Cauchy’s theorem,

f2)dz = 0 v
ADBEA
or f(z)dz + fadz = 0
A5£ BE!
Hence
f fdz = — f fdz = f f(2) dz
ADB BEA AEB
Thus
b
dz = = x
[ e fr #(a) de f f(z) de

which yields the required result.
Fig. 4-17

18. Let f(2) be analytic in a simply-connected region R and let @ and z be points in R.
Prove that (a) F(2) = f f(u)du is analytic in R and (b) F/(2) = f(2).

We have
F(z+42) — Fz) _ I U e - (" -
ston =R _ gy = L { IRCLEN du} @) ,
z+ Az
= 1 f' [fw) — £(2)] du )
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19.

20.

By Cauchy’s theorem, the last integral is inde- v
pendent of the path joining z and z+4 Az so long
as the path is in ®. In particular we can choose
as path the straight line segment joining z and
z + Az (see Fig. 4-18) provided we choose |Az| small
enough so that this path lies in ®.

Now by the continuity of f(z) we have for all
points u on this straight line path | f(u) — f(2)] < «
whenever |u—2z| < 8§, which will certainly be
true if |Az| < s.

z
Furtharmara wa hava
Furthermore, we have
z+ Az
f [f(w) — f(2)] dul < ela] (2) Fig. 4-18
[ I
so that from (1) | l
| Fz+a2) - F(z) ., . 1 ztaz |
Rt — 2 = = u) —= f(2)]du| <
Az 1(z) l Taz] J' f{u) = f(2)] €
for |Az| < 8. This, however, amounts to saying that lim Fz+42 - F(z) _ f(z), li.e. F(z) is ana-
lytic and F'(z) = f(2). az=0 Az

A function F(z) such that F’(z) = f(z) is called an indefinite integral of f(z) and is
” o~ 1.
denoted by j‘ f(z)dz. Show that (a) J sinzdz = —cosz+e¢, (b) J uz—z =Inz+c¢

where ¢ is an arbitrary constant.

(a) Since %("cosz +¢) = sinz, we have f sinzdz = —cosz + c.
(b) Since -g-(lnz +¢) = l, we have f dz = lnz+e.
dz z z

Let f(z) be analytic in a region R bounded
by two simple closed curves C; and C.
[shaded in Fig. 4-19] and also on C; and C.

Prove that f f()dz = £ f(2)dz, where
C1 2

C: and C; are both traversed in the positive
sense relative to their interiors [counter-
clockwise in Fig. 4-19].

Construct cross-cut DE. Then since f(z) is ana-
lytic in the region R, we have by Cauchy’s theorem

fRYdz = o0
DEFGEDHJKLD
or f2)dz + f(z)dz + f(z)dz + fleydze = 0
b[ EF‘L a‘[ DH.;I!;.D

Hence since fle)dz = — | f(2)dz,
i)£ E‘!‘

fz)dz = —f f2)dz = f f(z) dz or f flz)dz = § f(2) dz

DHJIKLD EFGE EGFE G G
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where C is any simple closed curve C and 2=a is (a) outside C,
Y

Evaluate 6 dz
Jc Z2—Qa

(b) inside C.

(a) If a is outside C, then f(z) = 1/(z—a) is analytic every-
where inside and on C. Hence by Cauchy’s theorem,
dz

cz—a

(b) Suppose a is ms:de Candlet"beac
centre at 2 = a so that T is insi d C

z=ga is an interior point}.
By Problem 20,

circle of radius ¢ with

Lic aon ha Jama =3

Ts
| VS Can ve uvlic Since

dz  _ £ dz 1) Fig. 4-20

c @ zZ—a

NowonT, |z—a| =¢ or z—a = e, ie. z=a+eelf, 0 =9 <2r. Thus since dz = ieei®ds,
the right side of (1) becomes

(% ieeifde (a0 = 20
= = T
Jo:o eetd Jo
which is the required value.
Ternlinada K dz m— O O A whaoara v — o ia inaide +tha gaimnla olncad cuvva (7
uvaluale .I' W, o — &aygtdy‘Xy; o 4 o YWIITIT & — U 10 HIDIUT LIV RLULIMIV WiVOTU Luavye
. dz dz
Asg in Problem 21, “ — = —
‘]C (z"'ﬂ'/}" Jr \¢ — )™
2 2 30 . 27
ieeifde i " e
= eﬂeiﬂ@ = G?&—l e(l ﬂ)tado
Jo Jo
(1—n)ig |27
= Lt e " = __1___1_[32(1—1:)#{_1] —
en—1(1—n)i (1—mn)er

where n ¥ 1.

If C is the curve y = 2*—3x*+4x— 1 joining points (1,1) and (2,3), find the
value of

j; (1222 — 4iz) dz

Method 1. By Problem 17, the integral is independent of the path joining (1,1) and (2,3). Hence
any path can be chosen. In particular let us choose the straight line paths from (1,1) to (2,1) and
then from (2,1) to (2, 3).

Case I. Along the path from (1,1) to (2,1), =1, dy=0 so that z = z+iy = xz+1i, dz = de.
Then the integral equals

2
f {12 + 42 — 4z +)Ydx = {4(x+1)3 — 2i(xz+ )2} ’ = 20 + 30¢
=1

1

kN
Case 2, Along the path from (2,1) to (2,8), x=2,dc=0 so that z = x+iy = 2+1iy, dz = idy.
Then the integral equals

3
{‘ ~ . . ey B L \n\ Ia

J {122 + y)2 — 462 + dy)yidy =
v=1

Then adding, the required value = (20 + 304) + (—176 + 8)) = —156 + 38i.
Method 2. The given integral equals
2+3i 2+3i
f (1222 — diz)dz = (423 — 2iz?) = 156 + 38i
1+4 1+i

It is clear that Method 2 is easier.
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INTEGRALS OF SPECIAL FUNCTIONS
24. Determine (a) f sin 38z cps 3z dz, (b) f eot (22 + 5) dz.

(@) Method 1. Let sin3z = u. Then du = 8cos32dz or cos3zdz = du/3. Then

. _ du _ 1 12
fs1n3zcos3zdz = f“’S = 3fudu = 3-2—+c
1,2 1 ine
"'5'“ +c—§sm3z+c
Method 2.
f sin3zcos3zdz = %f sin 3z d(sin 3z) = ésin2 3z + ¢
bethod 3. Let cos3z = u. Then du = —8sin8zdz or sin3zdz = —du/3. Then
f sin3zcos32dz = -—-;—! udu = —g—;uz +e = —é—cos23z + ¢

Note that the results of Methods 1 and 2 differ by a constant.

nE_ _

(6) Method I.

_ cos (22 + 5)
f cot(8z+5b6)d: = f sin %z £ 5) dz
Let u = sin(2z+5). Then du = 2cos(2z+5)dz and cos (22 +5) dz = du/2. Thus
cos(ztbdz _ 1 ("du Ihmute = Limsm@+s + o
J 8in(2z+bH) Z2J u 2 2 N ’
Method 2.
C o e {‘cos(22+5)d. _ 1 d{sin(22+5)}
J corlezrojaz = J sin(2z+5) ¥ = EJ sin (22 + B)

1 .
= —2-lnsm(2z+5) + c

25. (a) Prove that f F(2)G'(z)dz = F(2)G(2) — f F'(2) G(z) dz.
1
(b) Find f ze**dz and f z e* dz.
0
(¢) Find f z?2sind4z dz and f% 22 sindz dz.
0
(d) Evaluate J; (# + 2)e=dz along the parabola C defined by =%y =2? from (0, 0)

to (1r, 1).

{a) We have
d{F(z)G(z)} = F()G'(z)dz + F"(z)'G(z)dz

Integrating both sides yields

f d{F(z) G)} = F@)Gkr = fF(z) G'(2)dz + fF’(z) G(z) dz

Then
rF(z)G’(z)dz = F(@)Gr - fF’(z)G(z)dz

The method is often called integration by parts.

et F(2) =2, G'(z) =e22. Then F'(zy=1 and G(2) = 4?2, omitting the constant of integration.
Thus by part (a),

f ze22 dz = f F(z) G’(Z) dz = F'(z) G(z) — f F'(Z) G(z) dz
= (2)({e??) — f 1« Je2*dz = Jre2t — le2 + ¢
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1
zeﬂt—%e%-l—c)ll = %32—%9’-{-% = %(52-!-1)

' 0
(c) Integrating by parts choosing F(z) = 22, G'(z}) = sin4z we have
f #22sindzdz = (22)(—} cosdz) — f (22)(—} cos 42) dz
= —lz2 cosdz + 1 f z cos 4z dz
= 1 3 g
Integrating this last integral by parts, this time choosing F(z) = z and G'(z) = cos 4z, we find

f zcosdzdz = (2)(}sindz) — f (1)(4 sin4z)dz = }zsindz + {4 cosdz

Ve
Hence J z2sindzdz = —122cosdz + }zsindz + Ly cosdz + ¢
27
and 2Z2gindzdz = —x2 + 3‘.15 _ 315 = g2

(1}
The double integration by parts can be indicated in a suggestive manner by writing

J 22sindzdz = (22)(—} cos4z) — (22)(—f; sin4z) + (2) (gl  cosd2) + ¢
= —}z%cosdz + Jzsindz + ; cosdz

where the first parentheses in each term [after the first] is obtained by differentiating 2% suc-
cessively, the second parentheses is obtained by integrating sin 4z successively, and the terms
alternate in sign.

(d) The points (0,0) and (r,1) correspond to z =0 and z = r+1i. Since (z+ 2)e!* is analytic, we
see by Problem 17 that the integral is independent of the path and is equal to

! {(z+2)<97f"> - (1)(-—eiz)} I:“

J (2 + 2) ez dz
0
[eitm+ D\

L Lo 2
= @i+ + eilmd ~ = — ]

= —2¢ 1 —1+4 {2+ we 14+ 2e7))

dz 1 _.2 1 z~ai)
m-—atan a+c‘“ﬂln<z+ai + Cs.

26. Show that

Let 2z = atan«. Then
2
dz _ f a sec®u du _ —lfdu _ ltan“*i+cl
a a a

22+ a2 a2(tan2 u + 1)
Also _1..._. = .__i.______. = _1. .1_ — 1
? 2+a2 T (z—a)z+ai) ~ 2ai\z—ai z+at
and 5o dz _ 1 dz 1 J‘ dz
22+a2 = 2ai z—at 2ai z+ai
1 o 1 . _ 1 . fz—ai
= 3m In (z — a1) Sa7 In(z+ai) + ¢, = 2ai In (z T ai) + ¢,

MISCELLANEOUS PROBLEMS
27. Prove Morera’s th

e A AWVY W atlAw

derivative in R.
If f(z) has a continuous derivative in R, then we can apply Green’s theorem to obtain

ff(z)dz fudw-vdy + i§vdx+udy
(o (4

(of
dv  du . du v
f (—ﬂ—@—>dxdy + sz (E—a—>dxdy
R R
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Vad
Then if 90 f(z}dz = 0 around every closed path C in R, we must have

ﬁudm-—vdy:O, §vda:+udy=0
C

around every closed path C in R. Hence from Problem 8, the Cauchy-Riemann equations

oo
ox oy’ dx ay

are satisfied and thus [since these
that u+iv = f(z) is analytic.

A force field is given by F' = 82+ 5. Find the work done in moving an object in this
force field along the parabola 2z = #2+it from 2z =0 to z = 4+ 24,

Total work done = LFOdz = ReJ;Fdz = Re{ﬁ(3é+5)dz}

Re{sf idz + 5f dz}
C C
2.

Re{3(10 —%i) + 5(4+2i)} = 50

U

uging the result of Problem

29. Find (a) f e sinbx dz, (b) f €% cos bx dzx.

Omitting the constant of integration, we have

re(a+ib):dx ~ glatidz
J

a+1b

which can be written
aaxd .. _ L __ 1 LN U LY I3 R
€%*(cos bx + 1 sin bx)(a — ib)

(' coz(cos be + i sinbe) de = €3(cosbz + isinba) _
J €e**(cos dbx + isinbz)dx = A — 7 = P
Then equating real and imaginary parts,
9% cos br de = €@ cosbx + b sin ba)
f o8 ¥ a2 + b2
or ginbr dz = E2%asinbx — b cos bx)
f €%% gin bz dx PR

Give an example of a continuous, closed, non-intersecting curve which lies in a bounded

region R but which has an infinite length.

Consider equilateral triangle ABC [Fig. 4-21] with sides of unit length. By trisecting each side,
construct equilateral triangles DEF, GHJ and KLM. Then omitting sides DF, GJ and KM, we obtain
the closed non-intersecting curve ADEFBGHJCKLMA of Fig. 4-22.

30.

B

A

Fig. 4-21
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The process can now be continued by trisecting sides
DE, EF, FB, BG, GH, etc., and constructing equilateral
triangles as before. By repeating the process indefinitely
[see Fig. 4-23] we obtain a continuous clesed non-inter-
secting curve which is the boundary of a region with
finite area equal to

3 3
15 + @@L + o@eE + enandE +
= By = YL 36 R
4 e v 4 1—1/3 [] A4

or 1.6 times the area of triangle ABC, and which has
infinite length (see Problem 91). Fig.4-23

31. Let F(x,y) and G{z,y) be continuous and have continuous first and second partial

derivatives in a simply-connected region ® bounded by a simple closed curve C.
Prove that

G, 3G .\ _ ‘ff <a2G #G\ , [3F 3G  oF oG
£F<ayd —d> - X {F ax2+ay>+(axax+aya>]d zdy
G .
Let P = 3’ Q= F-a—x- in Green’s theorem

iPdm-%—Qdy ff (—-——)dxdy
ff (ax{ am} - @{F,@ﬁ}) dx dy

2G | 326\ oF 3G | aF 3G
“ff[ (axz T T (a— E +m;>] de &y

SO~
"y
TN

<D
S|Q
a,
8
|
QDD
T
a
<
N’
|

Il

Supplementary Problems

LINE INTEGRALS

3z

38,

34.

35.

. (2,5)
Evaluate Bx+y)de+ (2y —2)dy along (a) the curve y = 22+ 1, (b) the straight line
€0,1)

joining (0,1) and (2,5), (c) the straight lines from (0,1) to (0,5) and then from (0,5) to (2,5), (d} the
straight lines from (0,1) to (2,1) and then from (2,1) to (2,5).
Ans. (a) 88/8, (b) 32, (c) 40, (d) 24

(a) Evaluate f (x +2y)dx + (y — 2x) dy around the ellipse C defined by « = 4 cos4, y = 3sing,
C
0 =0 <2 if C is described in a counterclockwise direction. (b) What is the answer to (a) if C is
described in a clockwise direction? Ang. (@) —487, (b) 487
Evaluate f (22— iy2)dz along (a) the parabola y =222 from (1,1) to (2,8), (b) the straight lines
c .
from (1,1) to (1,8) and then from (1,8) to (2,8), (c) the straight line from (1,1) to (2,8).

Ans. (a) 3L — %8¢, (b) Y8 — 574, (c) 848 — 8¢

Evaluate f |z|2dz around the square with vertices at (0,0), (1,0), (1,1), (0,1). Ans. —1+14
C
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N\ r .
) DKfvaluate J (:2+32)dz along (a) the circle |2/ =2 from (2,0) to (0,2) in a counterclockwise
C

irection, (b) the straight line from (2, 0) to (0,2), (c) the straight lines from (2, 0) to (2,2) and then
from (2,2) to (0, 2). Ans. =4 — &1 for all cases

37. If f(z) and g(z) are integrable, prove that

@ J;bf(z) dz = —J:f(z)dz

()] ‘£ {2f(z) — 3ig(z)}dz = 2}; f(@)dz — 3ij; g(2) dz.

z2—i
38. Evaluate f (3zy + ?)dz (a) along the straight line joining z =i and z = 2—14, (b) along
1
the curve x = 2t—2, y = 1-+t—¢2. Ans. (a) =4+ 8, (b) -4+ B:

39. Evaluate 4‘ #2dz around the circles (o) [2| =1, (b) |z—1| = 1. Ansg. (a) 0, (b) 4xi

L %

]

[o!

40. Evaluate 6‘ (62 —23+2)dz around (a) the circle |2} =1, (b) the square with vertices at (0, 0),
(%

(o
(1,0), (1,1) and (1,0), (¢) the curve consisting of the parabolae y =2 from (0,0) to (1,1) and y2=¢
from (1,1) to (0,0). Ans. 0 in all cases

41, Evaluate f (22+1)2dz along the arc of the cycloid % = a(¢—sing), ¥y = a(l —coss) from the
c
point where # =0 to the point where ¢ = 2x. Ans. (9675a5 4 80z3a® + 307a)/15

F oL 2 =0 ’ -

%z +z*dz along the curve C defined by 22 + 222 + 22 = (Z—20)z + (Z+ 20} from

1 to z=2+2:. Ans. 248/15

[«
m
8
I =
a_p

the point z

43. Evaluate (_i_z )
1

c ?
vertices at 2 * 2¢,

around (a) the circle [z; 2| = 4, (b) the circle |[z—1| = B, (c) the square with

~2 %2, Ans. 27i in all cases

44. Evaluate § (2 +iy?) ds around the circle {z| =2 where s is the arc length. Ans. 8z(1+7)
c

GREEN’S THEOREM IN THE PLANE

45. Verify Green’s theorem in the plane for § (x% — 2xy) dx + (y2—23y)dy where C is a square with
c

vertices at (0,0), (2,0), (2,2), (0,2). Ang. common value = -8

46. Evaluate § (62 + 6y —38)dx + (8x—4y+2)dy around a triangle in the zy plane with vertices at
(o4
(0,0), (4,0) and (4, 3). Ans. —18

47. Let C be any simple closed curve bounding a region having y
area A. Prove that
_ 1
A = = § zdy — ydx
2 Je

48. Use the result of Problem 47 to find the area bounded by the
ellipse x* = acose, y = bsing, 0 = ¢ < 2r. Ans. rad

49. Find the area bounded by the hypocycloid x2/3 4+ 42/3 = 2/3
shown shaded in Fig. 4-24. [Hint. Parametric equations are
=acos’s, y = asinde, 0 =4 <2n) Ans. 37a2/8 Fig. 4-24
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50. Verify Green’s theorem in the plane for (F 22y dx + (y3—2xy?)dy where C is the boundary of the

region enclosed by the circles x24y2 = 4, 22+ y2 = 16. Ans. common value = 120~
51. (a) Prove fhat § (y2 cosz — 2e¥)dz + (2y sinx — 2xe¥)dy = 0 around any simple closed curve C.
c

(b) Evaluate the integral in (a) along the parabola y =2 from (0,0) to (=, =2). Ans. (b) —2re™
@2

52. (a) Show that (2ay® —2y2 — 6y) dx + (3x2y% — 4y — 6x) dy is independent of the path joining
2,1

points (2,1) and (3,2). (b) Evaluate the integral in (a). Ans. (b) 24

COMPLEX FORM OF GREEN'S THEQORE

53. If C is a simple closed curve enclosing a region of area A, prove that 4 = -21—1 § zdz.
c

54. Evaluate 9 zdz around (a) the circle |z—2| = 8, (b) the square with vertices at 2=0, 2, 2¢
c
and 2+ 2i, (c) the ellipse |z—3| 4+ |2+ 3] = 10. Ans. (a) 1871, (b) Bi, (c¢) 4071

55. Evaluate § (82+3z)dz around the hypocycloid x2/3 + y2/3 = q2/3, Ans. 6ria?
(o

56. Let P(z,2z) and Q(z,%) be continuous and have continuous partial derivatives in a region R and on
its boundary C. Prove that

fc”"'”dz + Q3 dz = 2iﬂ'(%§—%§) dA
R

57. Show that the area in Problem B3 can be written in the form A4 = % § z2dz — 2dz.
(o]

58. Show that the centroid of the region of Problem 53 is given in conjugate coordinates by (';, '3) where
p = -l foa 1= L €n
z 147 j‘;z Z, z VY .(é;z dz

59. Find the centroid of the region bounded above by |z] = @ > 0 and below by Imz = 0.

Ans. 2 = 2ailx, = —~2ai/r

CAUCHY'’S THEOREM AND THE CAUCHY-GOURSAT THEOREM

60. Verify Cauchy’s theorem for the functions (a) 822+iz—4, (b) 5s8in2z (c) 83cosh(z+2) if C is
the square with vertices at 1 *4¢, —1 %4, ‘

61. Verify Cauchy’s theorem for the function 28 —iz2 —5z+2i if C ig (a) the circle |2/ =1, (b) the circle
|z—1| = 2, (c) the ellipse |z —3i| + [¢+ 3i] = 20.

(E' 3 = 0. (b) Does your answer to (a) contra-

62. If C is the circle |z —2| = 5, determine whether §
c

dict Cauchy’s theorem? £

63. Explain clearly the relationship between the observations
j; (2~ y2+ 2y)dx + (22 — 2xy)dy = 0 and f (2 — 2iz)dz = 0
c c

where C is any simple closed curve.
64. By evaluating § e2dz around the circle |2| =1, show that
c
2r 2
f €08 cos (9 + sing)ds = f ec0s@ gin (¢ + sing)de = 0
0 0

65. State and prove Cauchy’s theorem for multiply-connected regions.



CHAP. 4] COMPLEX INTEGRATION AND CAUCHY’S THEOREM 115

66. Prove the Cauchy-Goursat theorem for a polygon, such as ABCDEFGA shown in Fig. 4-25, which
may intersect itself.

67. Prove the Cauchy-Goursat theorem for the multiply-connected region R shown shaded in Fig. 4-26.

Fig. 4-25 Fig. 4-26

68. (a) Prove the Cauchy-Goursat theorem for a rectangle and (b) show how the result of (a) can be used
te prove the theorem for any simple closed curve C.

69. Let P and @ be continuous and have continuous first partial derivatives in a region R. Let C be
any simple closed curve in R and suppose that for any such curve

j)de+Qdy = 0
[5)

(a) Prove that there exists an analytic function flz) such that Re {f(z)dz} = Pdx + Qdy is an
exact differential.

(b) Determine p and ¢ in terms of P and @ such that Im {f(z)dz} = pdx + gdy and verify that
e
5) pdx + qdy = 0.
c

(¢) Discuss the connection between (a) and (b)) and Cauchy’s theorem.

70. Illustrate the results of Problem 69 if P = 2z+y—2zy, Q = x—2y—x2+y? Dby finding p,q
and f(z). Ans. One possibility is p = a2~ y2+2y—z, q = 22 +y — 2wy, f(2) = 4224+ (2 —9)z.

Tl. Let P and @ be continuous and have continuous partial derivatives in a region K. Suppose that for
any simple closed curve C in R we have § Pdx + Qdy = 0. (a) Prove that § Qdx —Pdy = 0.
c c

() Discuss the relationship of (¢) with Cauchy’s theorem.

CONSEQUENCES OF CAUCHY’S THEOREM

4-3i
72. Show directly that (622 + 8iz)dz has the same value along the following paths C joining
3+4i
the points 3+ 4i and 4—3i: (a) a straight line, (b) the straight lines from 3 +4i to 4+4i and
then from 44 4i to 4 — 3¢, (c) the circle |2} = 5. Determine this value. Ans. 238 — 2661

73. Show that f e 22dz is independent of the path C joining the points 1—#zi and 2+ 3z¢ and
(o

determine its value. Ans. Je~2(1 — e~2)
rz
74, Given Gz} = J cos3{ df. (a) Prove that G(2) is independent of the path joining r — 71 and
i

the arbitrary point z.  (b) Determine G(zi). (c) Prove that G’(z) = cos3z.  Anas. o)y 0

H

75. Given G(z) = f sin{? d{. (a) Prove that G(z) is an analytic function of z. (b) Prove that
G'(z) = sin 22 141

76. State and prove a theorem corresponding to (a) Problem 17, (b) Problem 18, (¢) Problem 20 for the
real line integral f Pdx + Qdy.
c
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77. Prove Theorem 5, Page 97 for the region of Fig. 4-26.
78. (a) If C is the circle |z| = R, show that

) 2 -
A, fc @ 3 4;:;1 225+ 5% = 0
(b) Use the result of (a) to deduce that if C, is the circle |z— 2| = b, then
§ 22422z—5 dz = 0
c, (224 4)(22+ 224+ 2)
{c) Is the result in (d) true if C, is the circle |z+1] = 2? Explain.

INTEGRALS OF SPECIAL FUNCTIONS
79. Find each of the following integrals:

(a) re‘zzdz, (b) rzsinz2 dz, (¢) f%‘zj——l—g
(%4 1% (% ~ ok T & %4

Ans. (a) —4e 2%+ ¢ () 4In(®+38z+2) +¢

€) i Incosh (423) + ¢
(b) —4 cosz? + ¢ (d) {5 sin®2z + ¢ @ 1% )

) f 2 tanh (42%) dz

80. Find each of the following integrals:
r s P~ ~
(a) J zcos2zdz, (b) J 22e-z2dz, (c) J zlnzdz, (d) J 23 sinh 2 dz.

Ans. (a) 3zsin2z + }cos2z + ¢ (¢) 422z — %} + ¢
(b) —e*(22+22+2)+ ¢ (d) (284 62) coshz — 38(22+ 2) sinhz + ¢ '
81, Evaluate each of the following:
2mi i m+i
(a) edzdz, (b) f sinh Bz dz, (¢) f z cos 2z dz.
T 0 0
Ans. (a) 2/3, (b) —2/5, (¢) } cosh2 — § sinh2 + }risinh2
/2
29. Show that f gin2z dz (" cos2zdr = #/4
Uk N LAV YY vilie v J -2 Jo [
_ zZ—a _1 12
83. Show that f zz—a2 = ln <z+a> + ey = coth la + ¢,

84. Show that if we restrict ourselves to the same branch of the square root,

| f VBT dr = (2B — S@e+E) + o

85. Evaluate f \fl + Vz+1dz, stating conditions under which your result is valid.
Ans. $(1+Vz+1)%2 — 41 +Vz+1)32 + ¢

MISCELLANEOUS PROBLEMS
86. Use the definition of an integral to prove that along any arbitrary path joining points a and b,

b b
{(a) f dz = b—a, (b) f zdz = }(b2—a?).

87. Prove the theorem concerning change of variables on Page 93.
[Hint. Express each side as two real line integrals and use the Cauchy-Riemann equations.]

88. Let u(x,y) be harmonic and have continuous derivatives, of order two at least, in a region R.
(@) Show that

(x,y)
_%u
v,y = f edn + Say
’ wwy

is independent of the path in ® joining (a, d) to (z, y).
(b) Prove that u+ iv is an analytic function of z = x4+ iy in R.
{¢) Prove that v is harmonic in R.
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89.

90.

9.

92.

93.

94,

brd
[+
b

97.

98.

99,

100.

101.

102.

Work Problem 88 for the special cases (z) 4 = 322y + 222 — ¥ —2y2% (B) u = ze* cosy — yer siny.
[See Problems 53(a) and (c), Page 86.]

Using the definition of an integral, verify directly that

(a) §dz = 0, (b) §zdz = 0, {¢c) §(z—z0)dz =0
c (o] c

where C is a simple closed curve and z, is any constant.

Find the length of the closed curve of Problem 30 after n steps and verify that as n - = the length
of the curve becomes infinite.

Evaluate f ;;i—:z along the line x+y = 1 in the direction of increasing . Ans. /2
c

Show that f re~fginzdz = 4.
0

-2+ 2V3i
Evaluate z/2dz along a straight line path if we choose that branch of 21’2 such that
V-2 -2V3i
2/2=1 for z=1. Ans. 32/3

Does Cauchy’s theorem hold for the function f(z) = 21’2 where C is the circle |2 =1? Explain.

Does Cauchy’s theorem hold for a curve, such as Y E
EFGHFJE in Fig. 4-27, which intersects itself? /\
Justify your answer. H , P
If n is the direction of the outward drawn normal W
to a simple closed curve C, s is the arc length _
parameter and U is any continuously differentiable G z
function, prove that

W _ Uds | 3Udy

m 9z ds dy ds Fig. 4-27

Prove Green’s first identity,

U3V | 83U aV § aV
2 —
foV Vdzdy + ff(aw Wty 01/) U'on 48

where ® is the region bounded by the simple closed curve C, V2 = 6x2 + , while n and s are
as in Problem 97,

Use Problem 98 to prove Green’s second identity

_{(va V V2U) dA §C<Uan Van>ds

where dA4 is an element of area of R.
Write the result of Problem 31 in terms of the operator V.

dz
Evaluate § 5 ——— around the unit cirel z| =1 starting with #=1, assuming the
o Vi +2z+2 ° ¢ unl e | g £

integrand positive for this value.

If n is a positive integer, show that

S T
f esinnb cog (9 — cosng)de = f esinnb gin (9§ — cosne)ds = 0
(] (]



Chapter 5

CAUCHY'’S INTEGRAL FORMULAE
If f(2) is analytic inside and on a simple closed curve C and a is any point inside C
[Fig. 5-1), then

E )
N
p—
1Y
L

where C is traversed in the positive (counterclockwise) sense.
Also the nth derivative of f(z) at z=a is given by

£{ n\

(n) - L2 - A L7 _
7 (@) 271 .9 (z— a)ﬂ+1 n 1,238,... @
The result (1 (Z ) can be considered a special case of (2) v
with n=0 if we define 0! = 1.

avre called Cauchy’s inte
The results ( ) and \ﬂ} are called Cauchy’s inle-

gral formulae and are quite remarkable because they
show that if a function f(z) is known on the simple
closed curve C then the values of the function and
all its derivatives can be found at all points inside C.
Thus if a function of a complex variable has a first z
derivative, i.e. is analytic, in a simply-connected re-
gion R, all its higher derivatives exist in R. This is
not necessarily true for functions of real variables. Fig.5-1

SOME IMPORTANT THEOREMS

The following is a list of some important theorems which are consequences of Cauchy’s
integral formulae.

1. Morera’s theorem (conver;se of Cauchy’s theorem).
If f(z) is contmnous in a simply-conrfected region ® and if f f(z)dz

1l
o

4around every sxmple closed curve C in R, then f(z) is analytic in R.

Vv
If f(z) is analytic inside and on a circle C of radius r and centre at z=a,

. '
If™ @) = M,,.nn. n=2012,... (%)

where M is a constant such that |[f(z)) <M on C, i.e. M is an upper bound of
|f(#)] on C.

118
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Liouville’s theorem.

Suppose that for all z in the entire complex plane, (i) f(z) is analytic and
(ii) f(2) is bounded, ie. |f(z)) < M for some constant M. Then f(z) must be a
constant.

Fundamental theorem of algebra.

Every polynomial equation P(2) = a0+ a1z + a22®+ -+ + aa2®" = 0 with
degree n =1 and a, # 0 has at least one root.

From this it follows that P(z) =0 has exactly n roots, due attention being

Tatdina [
pa.d to muxupuuuca of roots.

Gauss’ mean value theorem.

If f(2) is analytic inside and on a circle C with centre at @ and radius 7,
then f(a) is the mean of the values of f(2) on C, i.e.,

27

f@ = 5§ fa+rends )

Maximum modulus theorem. )
If f(2) is analytic inside and on a simple closed curve (0 and is
S

SE

2) is analytic inside and on a simple closed curve C and f(2) # 0 inside C,

al: r
assumes its minimum value on C.

The argument theorem.

Let f(z) be analytic inside and on a simple closed curve C except for a finite
number of poles inside C. Then

1 f’(Z) _ _
i flg® = NP (%)
where N and P are respectlvely the number of zeros and poles of f(z) inside C.
For a generalization of this theorem see Problem 90.

Rouche’s theorem.

If f(2) and g(z) are analytic inside and on a simple closed curve C and if
|9(2)] <|f(z)] on C, then f(z) + g(z) and f(2) have the same number of zeros inside C.

s
Poisson’s integral formulas for a circle. :

Let f(2) be analytic inside and on the circle C defined by |2/ =R. Then if
2z =re* is any point inside C, we have

1T (R? — 7?) f(Re'%)
flre®) = & o R?—2Rrcos(f—¢) + 2 ¢ ©)

If u(r, 6) and v(r, 0) are the real and imaginary parts of f(re*) while u(R, ¢)
and v(R, ¢) are the real and imaginary parts of f(Re'), then

1 (" (R—r)u(R,¢)

Ul = g ), B oRreos(o—g) TR * @
o) = 2 _(E-r)uR,9)

2= Jo Rz—ercos(o—¢)+rzd¢ (8)
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These results are called Poisson’s integral formulas for a circle. They
express the values of a harmonic function inside a circle in terms of its values
on the boundary.

11. Poisson’s integral formulae for a half plane

Let f(2) be analytic in the upper half ¥ =0 of the z plane and let ¢ = ¢+1iy
be any point in this upper half plane. Then

J nﬂx) dx (9)

— 2
In terms of the real and imaginary parts of f(¢) this can be written

0 o= L el (
- 107 _nv(@0 4.
—e (€= £)? + 7?

These are called Poisson’s integral formulae for a half plane. They ex

2 fRlle) pAIINIC 2 s

the values of a harmonic function in the upper half plane in terms of the values
on the x axis [the boundary] of the half plane.

Solved Problems

CAUCHY’S INTEGRAL FORMULAE

1. If f(2) is analytic inside and on the boundary C of a simply-connected region R, prove
Cauchy’s integral formula

_ 1 f(®)
fla) = 27t Jo z—-adz
Method 1.
The function f(z)/(z — a) is analytic inside and on C y

except at the point 2 =a (see Fig. 5-2). By Thecrem 4,
Page 97, we have

Cc
z 2
1D 4 - £ 1e,, 0
c?2—a rX2—a
where we can choose T as a circle of radius ¢ with m
centre at «.- Then an equation for I' is |z—a| = ¢ or 7Y
z—a = el where 0 = ¢ < 2. Substituting 2z = a + i, a

dz = 1iee!®, the integral on the right of (1) becomes

§ flz) g, = " fla+ eet®) iee® o 2
r

z— 0 eeie

27

1 fla + i) do
o -

Fig.5-2
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Thus we have from (1),
27

1@ g, = i e+ ce) ds
[1]

c?—a

Taking the limit of both sides of (2) and making use of the continuity of f(z), we have

2
z . .
§ —f—(—)—dz = lim1{ f(a + eei®) da
c 2—a €0 0
(1211’ {‘211'
= zJ lim fla+ ) ds = 1J flayde = 27if(a)
0 e~ 0
so that we have, as required,
1 J(z)
a) = == d
f(@) 2riJ, 2—a
Method 2. The right side of equation () of Method 1 can be written as

- (2) — f(a) .
= S dz + 2xif(a)

using Problem 21, Chapter 4. The required result will follow if we can show that

§ BD-fa, _ 0

Jr z—a
But by Problem 21, Chapter 3,
L £ — flp) Ve r r
J\*7 J\wxJ d — ! =
9P—~—z_a z xf(a)dz +§>rndz j)rndz

Then choosing I' so small that for all points on I' we have |n| < §/27, we find

§ ndz < <28—'7T>(27re) = e
r

r
Thus 9 ndz = 0 and the proof is complete.
r .

121
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®

If f(2) is analytic inside and on the boundary C of a simply-connected region R, prove

that 1 f2)
’ _ ‘ z
@ = 2§ e

From Problem 1 if w ..d e+ & lie in R, we have

flathy—fla) _ 1 4 1 1 _ 1 = 1 f(z) dz
h - 21ri.£h{z—(a+h) z—a}f(z)dz - 27r'i£(z—a—h)(z—a)

- 1 f f®dz |k f(2) de
2ri Jo (z— a)? 27t Jo (z—a— h)(z — a)2
The result follows on taking the limit as .~ 0 if we
can show that the last term approaches zero. )

To show this we use the fact that if T is a circle
of radius ¢ and centre a which lies entirely in R

kL f(2) dz
27t Jo(z—a— R)(z—a)?

ke 7(z) dz
2ri i (z—a—Rh)z—a)?

Choosing h so small in absolute value that ¢ + A lies
in T and |h| < ¢/2, we have by Problem 7(¢), Chap-
ter 1, and the fact that I' has equation [z —a] = ¢, Fig.5-3
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|z—a—k| & |z—@a| — b > e— 2 = o2
Also since f(z) is analytic in R, we can find a positive number M such that |[f(z)] < M.

Then since the length of T is 2r¢, we have

b § #(z) dz | A M@2r) _ 2Ih M
27i J. (z— a— h)(z — a)? 27 (¢/2)(e2) @

and it follows that the left side approaches zero as h — 0, thus completing the proof.

It is of interest to observe that the result is equivalent to

4 = 411 & f&) = f(2)
daf@ = da{zﬂiz—adz} - 2r‘l§ aa{ }

which is an extension to contour integrals of Leibnitz’s rule for differentiating under the integral sign.

Prove that under the conditions of Problem 2,

1
f™@ = c(z—_ﬂ—:;T;-,dz n=0123,...

The cases where n=0 and 1 follow from Problems 1 and 2 respectively provided we define
fONa) = f(a) and 0! =1.

To establish the case where n =2, we use Problem 2 where a and a+ k lie in ® to obtain

flath—f@ _ 1 £1[ 1 1 1g
h = 2m chi(z—a—h)2 (z—a)zjlw

_ 2 £ _J® + b §_3e—a) -2

T 20 J, (,_a)s“‘ T 2% Jciz—a— h)"(z—o:!.)a i

The result follows on taking the limit as A —> 0 if we can show that the last term approaches zero.
The proof is similar to that of Problem 2, for using the fact that the integral around C equals the
integral around T, we have

h 3—a) =2k ¢\ q, I < bl M2z _ 4IMM
2ri J. z—a—h)Hz—a)’ 2 (2R o

Since M exists such that |{8(z—a) — 2R} f(2)] < M.
In a similar manner we can establish the result for n = 8,4,... (see Problems 36 and 37).

The result is equivalent to (see last paragraph of Problem 2)

- J@) _ 1 f(2)
da,"'f(a) - da."{21n§ d} = 2m caa"{z-a}

If f(z) is analytic in a region R, prove that f/(z), f*(2), ... are analytic in K.
This follows from Problems 2 and 8.

Evaluate (a) 5,; Si?zf’l;izcgsé;z’ de,

e . . ;
(b) § mdz where C is the circle |Z‘ =
C

1 1 1

G—-D@a—2 2-2 z—1’' we have

(a) Since
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8in 722 + cos 7z® - § sin 722 + cos 722 dz — § gin 722 4+ cos 722 d
i G-De-2 = A # T 2—1 #

By Cauchy’s integral formula with ¢ =2 and a =1 respectively, we have

3 2 2
§ ﬂ!”_'z*_'_;"’_’i dz = 2rifsinz(2)? + cos7(2)?} = 2ri
c
§ sinza? + cosws? ”z: t ::03#22 dz = 2ri{sinz(1)? + cosm(1)2} = —2qi

Je
since 2=1 and 2 =2 are inside C and sinz2? + cos722 is analytic inside C. Then the required
integral has the value 27i— (—271) = 4.

(d) Let f(2) = e2* and a = —1 in the Cauchy integral formula
=1 L P

\ | f™M(a) = -2"7‘, y -*-——(z_{:),,l+1 dz 1)

c

-9 TE_ . Lan
4

Hence (1) becomes

3! § L
-2 = 2 —_—
8e 2ri Jo GF IR P

from which we see that the required integral has the value 8zie—2/8.

6. Prove Cauchy’s integral formula for multiply-
connected regions.

We present a proof for the muitiply-connected re-

gion R bounded by the simple closed curves C; and C,

as indicated in Fig. 5-4. Extensions to other multiply-
connected regions are easily made (see Problem 40).

Construct a circle T having centre at any point a
in R so that T lies entirely in R. Let ‘R’ consist of
the set of points in R which are exterior to I'. Then

f()

the function =

is analytlc inside and on the bound-

ary of R’ Hence by Cauchy’s theorem for multiply- ’ Fig. 54
connected regions (Problem 16, Chapter 4), &.
1@ g4, § Lda - ¢ La = o )
21r1 c, #—a 271 2ri Jp 20

But by Cauchy’s integral formula for simply-connected regions, we have

so that from (1),
— f(2) _ f(z) '
A .£lz— a % 2ri i i—a® @)

Then if C represents the entire boundary of R (suitably traversed so that an observer moving around C
always has R lying to his left), we can write (8) as

fo = 5 § 22

In a similar manner we can show that the other Cauchy integral formulae

@ = 2 zz—_ﬂf));'ﬂdz n=1283,...

hold for multiply-connected regions (see Problem 40).
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MORERA’S THEOREM

7. Prove Morera’s theorem (the converse of Cauchy’s theorem): If f(2) is continuous in
a simply-connected region ® and if

j»;f(z)dz =0

around every simple closed curve C in K, then f(2) is analytic in R.

Z
If & f(z)dz = 0 independent of C, it follows by Problem 17, Chapter 4, that F(z) = f f(z) dz

is independent of the path joining o and 2, so long as this path is in K.

Then by reasoning identical with that used in Problem 18, Chapter 4, it follows that F(z) is
analytic in ® and F'(z) = f(z). However, by Problem 2, it follows that F’(z) is also analytic if
F(z) is, Hence f(z) is analytic in R.

CAUCHY’S INEQUALITY

8. If f(2) is analytic inside and on a circle C of radius r and centre at z=a, prove Cauchy’s
tnequality.

M.n!
fm@ = =z n=01283,...
<M.

where M is a constant such that |f(2)]

C NS

We have by Cauchy’s integral formulae,
' w@ = M@ -
™ (o) 2t 9)(: dz n=0123,...

(z—a)n+1

ML hee DLVl 8 ML a4 2o [ el e el s Y .3 Al ) PRy I o BN DU, SV
ANCIl By I'IUNICIIL O, VIIRAPWCE 4, BUICE (27 G| — 7T Ol U &ll4d uIC Itngul UL v 13 477,
If™@)| = n! @ ___ 4. nl M, - M-l

27| Jp (z—a)nt1 27 il rn

LIOUVILLE’'S THEOREM

9. Prove Liouville’s theorem: If for all z in the entire complex plane, (i} f(2) is analytic
and (ii) f(z) is bounded [i.e. we can find a constant M such that [f(z)| < M], then f(z)
must be a constant.

Let a and b be any two points in the 2 plane, Suppose v
that C is a circle of radius r having centre at a and enclosing
point b (see Fig. 5-5).

From Cauchy’s integral formula, we have

- = 1 £ f@ . _ 1 £ f&) z
1) = fla) = 35 f; =% " 2 .f: —a®
- b—a f(z) dz
. 2g1 Jo (z—0b)z—a) ; Fig. 5-5

Now we have

|z—a| = |z—b] = |z—a+a—b] Z |z—a|—|a—-b| =r—|a—-b|] = /2

if we choose 7 80 large that |a —b] < /2. Then since |f(z)] < M and the length of C is 277, we have
by Problem 3, Chapter 4,

§ f(z) dz b—a] M2xr) _ 2lb—alM
c (z2=b)(z—a) 2a(r/2)r - r

Letting r - » we see that | f(b) — f(a)| = 0 or f(b) = f(a), which shows that f(z) must be a constant.

16 -fw] = L=
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Another method. Letting n=1 in Problem 8 and replacing a by z we have,
If'@z) = Mir
Letting r > =, we deduce that |f'(z)} = 0 and so f{(z) = 0. Hence f(z) = constant, as required.

FUNDAMENTAL THEOREM OF ALGEBRA

10. Prove the fundamental theorem of algebra: Every polynomial equation P(z) =
Qo+ @z + a2+ -+ +a,2" = 0, where the degree =1 and a,+ 0, has at least
one root,

If P(z) = 0 has no root, then f(z) = 1% is analytic for all z. Also [f(2)| = I-IT%z_)] is bounded
(and in fact approaches zero) as |z| = =.
Then by Liouville’s theorem (Problem 9) it follows that f(z) and thus P(z) must be a constant.

Thus we are led to a contradiction and conclude that P(z) = 0 must have at least one root or, as is
sometimes said, P(z) has at least one zero.

11. Prove that every polynomial equation P(z) = ap+ a1z + a2+ -+ +anz® = 0, where
the degree n=1 and a.+ 0, has exactly » roots.

By the fundamental theorem of algebra (Problem 10), P(z) has at least one root. Denote this
root by a. Then P(a) = 0. Hence

P(z) — Pla) = a9+ a2 + age® + -+ + gzt — (ap + a1a + aga? + -+« + a,a™
= a(z—a) + ay(22—a?) + -+ + a,(zn—an)
= (—a)Q(2)

where Q(z) is a polynomial of degree (n~1).

Applying the fundamental theorem of algebra again, we see that Q(2) has at least one zera
which we can denote by g [which may equal a] and so P(z) = (z—e)(z— B) R(2). Continuing in
this manner we see that P(z) has exactly n zeros.

GAUSS’ MEAN VALUE THEOREM

12. Tet f(2z) be analytic inside and on a circle ¢ with centre at a. Prove Gauss’ mean
value theorem that the mean of the values of f(z) on C is f(a).

By Cauchy’s integral formula,

_ 1 f(=)
o) = 2m'§cz—ad‘ @
If C has radius r, the equation of C is |z—a] =7 or z = a+re®, Thus (I) becomes
. 1 2wf(a,—i-'rew) iretd _ 1 (* i
fley = 23 L — de = 2 J, f(a + retd) de

which is the required result.

MAXIMUM MODULUS THEOREM
13. Prove the maximum modulus theorem: If f(z) is analytic inside and on a simple closed
curve C, then the maximum value of |f(2)| occurs on C, unless f(2) is a constant.
Method 1.
Since f(z) is analytic and hence continuous inside and on C, it follows that |f(2)| does have a

maximum value M for at least one value of z inside or on C. Suppose this maximum value is not
attained on the boundary of C but is attained at an interior point @, i.e. |f(a)] = M. Let C; be a circle
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inside C with centre at a (see Fig. 5-6). If we exclude f{z) from
being a constant inside C;, then there must be a point inside C,,
say b, such that |f(b)] < M or, what is the same thing, |f(b) =
M — ¢ where ¢>0.

Now by the continuity of |f(z)| at b, we see that for any e >0
we can find & > 0 such that

[1f@)| —1f®)]| < 4e¢ whenever |z—b| < 8 (1)

ie,
LV 4

]f(i)i < if(b)i T ge = M-+ %e = M — -i-e {2)

for all points interior to a circle C, with centre at b and radius 3,
as shown shaded in the figure.

Construct a circle C; with centre at a which passes through
b (dashed in Fig. 5-6). On part of this circle [namely that part
PQ included in C,] we have from (2), |f(z)] < M —4e. On the ¥ig.
remaining part of the circle we have |f(z)| = M.

[
[

If we measure ¢ counterclockwise from OP and let ZPOQ = a, it follows from Problem 12 that
if r=|b—a

e = fa fatrends + = | * fa+re) do
2r J, 2r J,
Then
s L (Citarrenian + L fatrena
@ S 3 [ 1atrenide + o et ren
s L wm-g0d0 + = ma %
= ), M 2.) M
- 22— 1a 4 Moo
LM}y + (@)
4r

ie. [fa)l=M=M —Z—;, an impossible situation. By virtue of this contradiction we conclude that

|f(z)] cannot attain its maximum at any interior point of C and so must attain its maximum on C.

Method 2.
From Problem 12, we have

2
fal s 5 f 1@t rem)|do ®)

lIA

Let us suppose that |f(a)| is & maximum so that |f(a+re®)| = |f(a}l. If |fla+re®)| < |f(a)|
for one value of @ then, by continuity of f, it would hold for a finite arc, say 6; < ¢ < 6,. But in
such case the mean value of | f(a - rei®)| is less than |f(a)|, which would contradict (8). It follows
therefore that in any neighbourhood of a, i.e. for |z2—a| < 3, f(z) must be a constant. If f(z) is not
a constant, the maximum value of |f(z)| must occur on C,

For another method, see Problem 57.

MINIMUM MODULUS THEOREM

14.

Prove the minimum modulus theorem: Let f(2) be analytic inside and on a simple
closed curve C. Prove that if f(z) =0 inside C, then |f(z)| must assume its minimum
value on C.

Since f(z) is analytic inside and on C and since f(z)+# 0 inside C, it follows that 1/f(z) is analytic
inside C. By the maximum modulus theorem it follows that 1/|f(z)| cannot assume its maximum value

inside C and so |f(z)| cannot assume its minimum value inside C. Then since |f(z)] has a minimum,
this minimum must be attained on C,
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15. Give an example to show that if f(z) is analytic inside and on a simple closed curve C
and f(z) = 0 at some point inside C, then |f(z)| need not assume its minimum value on C.

Let f(z) = z for |2| =1, so that C is a circle with centre at the origin and radius one. We have
J(z)=0 at 2=0. If z=re!, then |f(z)) =~ and it is clear that the minimum value of |f(z)| does
not occur on C but occurs inside C where » =0, i.e. at z=0.

THE ARGUMENT THEOREM

16. Let f(2) be analytic inside and on a simple closed
curve C except for a pole z=a of order (multi-
plicity) p inside C. Suppose also that ins
1o\ haa nnley Arna cann 2 — D ~Af ~andas fmmilddnld _.L--\
J\ﬁ) Has Villy VUIIC 4LV ¢« — p Ul uiluvcel \ ulblpl l.by)

7 and no zeros on C. Prove that
1 r fi2) d _
QT = P

T,aé and T h
L 14 \Jl alu 1] W

side C and enclosing 2 =a and 2 =2 respecti

24

<

o,
«
L]
=

®

=

Ty 97 (1)

f(Z) - (z — a)” (2)

where F(z) is analytic and different from zero inside and on C,. Then taking logarithms in (2) and
differentiating, we find

iz _ Fz) 2
flzy =~ Fl@ z2—a )
80 that
1 [(2) _ 1 F'(z) _p dz_ _ _
2ri § T ® T om ¢, F(2) dz 27i J, 7-2 - 0P = -p “)

Since f(z) has a zero of order n at z =8, we have
f@) = (@-p"G) %)
where G(2) is analytic and different from zero inside and on T,.

Then by logarithmic differentiation, we have

@) _ _"_ G'z)
fo = i-F T @@ @
so that
') _ _n G'(2) —
e Rl = ffr megs = = @
Hence from (1), (4) and (7), we have the required resuit
1 ¢ 2 _ f'(2) 1 f'(z) — -
WP T = e, 1@ d + 33 f fa % = TP

17. Let f(z) be analytic inside and on a simple closed curve C except for a finite number
of poles inside C. Suppose that f(z)»= 0 on C. If N and P are respectively the
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number of zeros and poles of f(z) inside C,
smesanded e e il 2 ldianllnidd e dla b
COUNviIE IMiunipiicivies, prove unav
1
i §a = NP
[+
Let aj, a9, ..., a9 and By, By, ..., B be the re-

spective poles and zeros of f(z) lying inside C [Fig. 5-8]
and suppose their multiplicities are p;,p;, ...,p; and
ny,, N ..

Enclose each pole and zero by non-overlapping

circles C;,Cy,...,C; and TI'y,Ty,...,T. This can
always be done since the poles and zeros are isolated.

oy Mo

Then we have, using the results of Problem 186,

L gra, $1 £ reg,
i J, 7o) © A2ei @)
k
= 4’ n, — }i Py
r=1 r=1
= N-P

U
. Prove Rouché’s theorem:

[CHAP. §

If f(2) and g(z) are analytic inside and on a simple closed

curve C and if [g(z)] < |f(2)] on C, then f(z) + g(z) and f(z) have the same number of

zeros inside C.

Let F(z) = g(2)/f(z) so that g(z) = f(z) F(z) or brieRy g = fF. Then if N, and N, are the
number of zeros inside C of f+ g and f respectively, we have by Problem 17, using the fact that these

functions have no poles inside C,

1 ff+e
N1 - 21r‘i c f+9' dz' N2
Then
1 C/+fF+fF
N, — N. —-—._tf—d
1T 2 J, fHIF

1 $ra+m+fF,
2ri Je f1+F)

= 0

$17
§1F’d’_L
c

%if—;dz

= §Cf—f'az
P § Ldz

2ﬂ.f FA-F+F:—F+...)dz

[

using the given fact that |[F| <1 on C so that the series is uniformly convergent on C and term by

term integration yields the value zero. Thus N,

= N, as required.

Use Rouché’s theorem (Problem 18) to prove that every polynomial of degree n has

exactly n zeros (fundamental theorem of algebra).

Suppose the polynomial to be ag+ a4z + agz2+ -
and g(2) = agt+az+agel+ - +a,_qz*"L

+ a,2",

where a, » 0. Choose f(z) = a,2"

If C is a circle having centre at the origin and radius r > 1, then on C we have
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g(2) lag + @1z + ag22 + <+« + ap_ 21|
HE) |agz™
- laol + lay| r + lag]#2 + -+ + Jay_y| rm—?
B |a'nl rm
- lagl 7= 1 + [ag| =1 + [agl =t + -+ + |a,y| !
{ag| ™

lag] + laa| + lag] + -++ + [an4

I"’n"'
1 a(2)! . . e o R - s s
Then by choosing r large enough we can make | ‘f'(z)ll <1, ie. |g(2)] < |f(z)]. Hence by Rouche’s
theorem the given polynomial f(z) + g(z) has the same number of zeros as f(z) = a,2". But since this
iast function has n zeros all located at e =90, f{z) + {2} slsc has = zeros and the proof is complete.

20. Prove that all the roots of z7—52+12 = 0 lie between the circles [z{=1 and [?|=

27—523. On C,; we have

i

Consider the circle C;: [2| = 1. Let f(2) = 12, g(2)
o) = [a7—528 = 27|+ 1628 = 6 < 12 = |f(z)|

Hence by Rouché’s theorem f(z) + g(z) = z7 — 523+ 12 has the same number of zeros inside |z2| =1 as
f(z) = 12, i.e. there are no zeros inside C;.

Consider the circle Cy: |z| = 2. Let f(z) =27, g(2) = 12—5z% On C, we have
lg&)] = |12—628] = |12| + 1628 = 60 < 27 = |f(a)
Hence by Rouché’s theorem f(z) + g(z) = 27 — 523+ 12 has the same number of zeros inside |2/ =2 as
f(z) =27, i.e. all the zeros are inside C,.

Hence all the roots lie inside |z] =2 but outside |z] =1, as required.

POISSON’S INTEGRAL FORMULAE FOR A CIRCLE
21. (a) Let f(2) be analytic inside and on the circle C defined by |z2| =R, and let z=re"
be any point inside C. Prove that

1 (% R:—1r?
9y — _> id
f(re®) 2r Jo R — 2Rrcos (0 —¢) + 72 f(Ee?) do

(b) If u(r,0) and v(r,6) are the real and imaginary parts of f(re”), prove that
1 "  (R2—r)u(R, ¢)do

ur,b) = 3. ) BT —3Rrcos (6—¢) +1°
_ 1 07 (R—) (R, ¢) de
v(r,8) = 3.}, R? — 2Rr cos (6 — ¢) + 7°

The results are called Poisson’s integral formulae for the circle.

(a) Since z = rel® is any point inside C, we have by Cauchy’s
integral formula

f) = fire®) = § L) g (1)

21

The inverse of the point z with respect to C lies outside C and
is given by R2?/Z. Hence by Cauchy’s theorem,

0 = 35 f o H7E W ) Fig. 59
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If we subtract (2) from (1), we find

1 1 1
i) = ﬁi{w—z - w—Rzli}f(w)dw

_ 1 z — R?/z
= Y woom—rm ™ (%)

Now let z =re® and w = Re!®. Then since z = re=%9, (8) yields

Flrel®) = (‘ {re¥ — (R2/7)ew} f(Re%) iRel® d¢
e 21n Jo “{Re® — re®)}{Ret® — (R%/r)et®)

1 (‘2" (r2 — R2) 60+ ®) f(Re't) do
2r Jo  (Ré*® — reif)(rei¢ — Reif)

_ 1 (™ (R2—1?) f(Re") dp T

E)

T 2r Jy (Rei® —reif)(Re—10 — re—if) \

Sl

(__(R2—1?) f(ReWd) dp
v Jo B2 — 2Rr cos (6 — ¢) + 72

ince f(re®¥) = wulr,8) + iv(r,8) and f(Re'¥) = u(R,¢) + iv(R,$), we have from part (a),
1 (R - r){u(R, ¢) + iv(R,9)} de
27 Jy R2 — 2Ry cos (8 — &) + r2

u(r,8) + iwv(r,e)

L (" _ (R uRede i (T (R-r)uR,¢) do
2r Js R2 — 2Rrcos(9— o) + r2 2r Jo R2 — 2Rrcos{8—¢) + 72

&4ALT L0 SO 4 Lo

Then the required result follows on equating real and imaginary parts.

POISSON’S INTEGRAL FORMULAE FOR A HALF PLANE
22. Derive Poisson’s formulae for the half plane [see Page 120].

Let C be the boundary of a semicircle of radius R [see Fig. 5-10] containing { as an interior point.
Since C encloses ¢ but does not encloge [, we have by Cauchy’s integral formula,

= § 1 4, _ 1@ 4

211"& cz—¢
Ll

} dz
= L £G6=D ) de
2ri Jo (z— 8z — ?) Fig.5-10

Then by subtraction,

f®

Letting ¢ = ¢+in, { = ¢—145, this can be written

-1 " f(z) dz 1 (_nfz)de
0 fﬂz"f)“rﬂz MR Yoy

where T is the semicircular arc of C. As R — =, this last integral approaches zero [see Problem 76]
and we have
= 1 ﬂf(x) dx
£®) f S
Writing  f¢) = f(g+4n) = ulg,n) + ivie,n), flx) = u(x,0) + iv(x,0), we obtain as required,
u(g,n) = 1 f 2 u(z, 0) dz (g, n) = % f 2 v(z, 0) dz

w(@—§2 + 92’ o (=82 + 72
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MISCELLANEOUS PROBLEMS

23. Let f(z) be analytic in a region R bounded by two
concentric circles C: and C; and on the boundary
[Fig. 6-11]. Prove that if 2 is any point in R, then

= LI 4 1 £ f@)
f(z) = Zﬂilz—zodz 21ri£,z—20dz
Method 1.

Construct cross-cut EH connecting circles C; and C,.
Then f(z) is analytic in the region bounded by EFGEHKJHE.

Hence by Cauchy’s integrsal formula,

- 1 f(z)
f (20) - 271 § Z_——' Zo dz
_ 1 f(z) 1 ¢ [z 1 f(z)
= m '——z_zodl + 2ﬂ"ifz—20d + '2—1’_—;: ! *Z-Zg_;dz
EFGE EH HKJH
R WO (NS W (N
271 Z—2a i 2=z

the derivatives of f(z).

Method 2. The result also follows from equation (#) of Problem 6 if we
curves C, and C, by the circles of Fig. 5-11.

1:35--- (2n—1)
246 (2n)

Let z=¢'%. Then dz = ieds = izds or do = dz/iz and coss =
Hence if C is the unit circle |2l =1, we have

2T
24. Prove that Jo cos 9 do =

2 2n
f cos2hg de = f {l(z + l)} _(_i_z_
o c 2 z iz

= oo _i 2{‘2“ + (%")“”"”(;) o (i”)(z’"—")(;> + oo +<
= 221”_ i{zz'a—_x + (zln)zzn—a + e (2kn)z8n—2k-—l + .
R
: 1
= g (%) = m(P)er
= L@, _ @Coen—1)@2n—2)---(n)n—1)---1
T 2mpinl T T 2nninl
= 1:3:5---@n—1),
2:4+6-2n

2. If f(z) = u(z,y) +iv(z,y)
monic in R.
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C .

Fig, 5-11
+ 2—1— i dz
7t ) Z— Zy
HE

replace the simple closed

2r where n = 1,2,8,....

e+ e=10) = Lz +1/2).

1

F

)”"} ds

© + 2z} dz

27

is analytic in a region R, prove that % and v are har-

In Problem 6, Chapter 3, we proved that u and v are harmonic in R, i.e. satisfy the equation

92 2
5;% + 37': = 0, under the assumption of existence of the second partial derivatives of u and v, i.e.

the existence of f''(2).

This assumption is no longer necessary since we have in fact proved in
analytic in R then all the derivatives of f(z) exist.

Problem 4 that if f(z) is
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26. Prove Schwarz's theorem: Let f(z) be analytic for |¢|=R, f(0)=0 and |f(2)| = M.
Then

Mz
= X2
The function f(z)/z is analytic in |z| = R. Hence on [zl =R we have by the maximum modulus
theorem,
However, since this inequality must also hold for points inside |s) = R, we have for |3| =R,

|f(z)] = Mjz|/R as required.

27, Let flz) = {gz sin (1/2) : : g

first derivative at all values of # for which 0 =2 =1 but (b) does not 1} a second
derivative in 0 =2z =1. (c) Reconcile these conclusions with the result of Pro

(a) The only place where there is any question as to existence of the first derivative is at x =0. But
at # =0 the derivative is

where z is real. Show that the function (a) has a

VY7 . S I YA Y FrV\Y 1A \D _*_ /4 Fa N\ -— N
Lim JAWUTaz) — Jiv) lim \&%)* BN \1/a%) U
Az =0 Az Ax =0 Az
= lim Azsin(1/az) = 0
Ax=+0 "

and so exists.

At all other values of zin 0 = 2

rules) by o , S R T -
a2 cos (1/x) {—1/22} + (22)sin(1l/x) = 2xsin(l/x) — cos(1/x)
(b) From part (a), we have
fla) = {Zz sin (1/2) — cos(1/x) x =+ 0
0 z=0

The second derivative exists for all x such that 0 < a2 =1. At =0 the second derivative is
given by

im fo+ar) — f(O) _ lim 2 Az sin (1/Ax) — cos(l/Az) — 0

AT=0 Az AT =0 Ax

lim {2 sin (1/Az) — (1/Az) cos (1/Ax)}
Az=+0

which does not exist.

It follows that the second derivative of f(x) does not exist in 0 =S x = 1.

(¢) According to Problem 4, if f(z) is analytic in a region ® then all higher derivatives exist and are
analytic in R. The above results do not conflict with this, since the function f(z) = 22 sin(1/2)
is not analytic in any region which includes 2 =0,

28, (a) If F(z) is analytic inside and on a simple closed curve C except for a pole of order m
' at z=a inside C, prove that

dm-l
-2% i F@)dz = lim (mil)! = (=@ (&)

zZ=q

(b) How would you modify the result in (a) if more than one pole were inside C?
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(a) If F(z) has a pole of order m at z=a, then F(z) = f(z)/(z—a)™ where f(z) is analytic inside
and on C, and f(a) # 0. Then by Cauchy’s integral formula,

1 = L f(2) = ™V
2+ £F (€)dz = 35 i G ® = TmoD
= lim Gy g (= O Fl@)

(b) Suppose there are two poles at z=a, and z = a, inside
C, of orders m; and m, respectively. Let I'; and T, be
circles inside C having radii ¢; and ¢, and centres at
a; and ag respectively., Then

C

1
miF‘(z)dz = §%§ Flz) de
I‘l
1
+ o § Fla)de )
s Fig.5-12

If F(z) has a pole of order m; at z=a,, then

F@zy = -—&S-z)—_ where f, (z) is analytic and f;(a,) # 0
o (z —ay)™

If F(z) has a pole of order m, at z=a,, then

F(z) = (z—_{iif;))—m’ where f;(z) is analytic and f; (ag) #* 0

1 _ 1 f1(2) 1 fa(2)
2w )"0 T mS Eam” Y S
: 1 dmi—1
= z]aﬁ, (m; — 1)! dgmi—1 {(z = ay™ F(2)}

K . 1 dms—1
+ lim (mz — 1)! dzma—1 {(z - a‘2)ml F(z)}

z=>as
If the limits on the right are denoted by R, and R,, we can write
f F)de = 2ri(R;+Ry)
c
where R; and R, are called the residues of F(z) at the poles z=a, and z = a,.

In general if F(z) has a number of poles inside C with residues R, Ry, ..., then f F(z)dz =
c

27i  times the sum of the residues. This result is called the residue theorem. Applications of
this theorem together with generalization to singularities other than poles, are treated in Chap. 1.

29. Evaluate f G,—_f;-,-)sz where C is the circle 2] =4.
C

The poles of 7 e, '_m = = __.\;j_ ——5 are at z = *zi inside C and are both of order two.
Rl \R— TR T mT
. 1 d ot z+i
= Jiaiipphadiy —-— -, — =
Residue at z=1xi is ,ljfn 1% {(z 71) TEPTIPE ﬂ')z} yp
. , 1 d e* T—1
= =i § im =X g ¢ 1 _ 71
Residue at z = —ri is Jim = dz{(z-ﬁn') =G 1 .),} yy

Then v i‘v—,)z dz = 2¢i(sum of residues) = 2,,,-(
c
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Supplementary Problems

CAUCHY'S INTEGRAL FORMULAE
30. Evaluate 221 § dz if C is (a) the circle |z| =8, (b) the circle |z] = Ans. (a) €3, (b) 0

sin 3z

31. Evaluate f gy

\/32. Evaluate f dz if C is (a) the circle |z—1| = 4, (b) the ellipse |z—2{+ [z+2| =
Ans. (a) -25-1 lb\ 0

———=dz if C is the circle 2] = 5. Ans. 27i

l £ co8 T2
2i Jo22—1
Ans. (a) 0, (b) —}

@
o
5]
]
®
2,
=
©®
o

» ¢
V34, Show that 2L —;—z—— dz = sint if t>0 and C is the circle |z| =8,
7i Jo 22 +1

iz
35. Evaluate § gz-é-dz where C is the circle |z] = 2. Ans. —rni
c
™~

3! fRydz . . . . \d\kJ
1 — =
36. Prove that f''(a) = 51 ), (2 —a)? if C is a simple closed curve enclosing z=a an z) is
analytic inside and on C.

37. Prove Cauchy’s integral formulae for all positive integral values of n. [Hint: Use mathematical
induction.]

ginb2

38. Find the value of (a) 9 7 = n® /6 dz, (b) y (z—"_-_"'T/-s—);dz if C is the circle jz| = 1.
Ans. (a) #i/32, (b) 21xi/16
39. Evaluate o f @+ 1)2dz if t>0 and C is the circle [z| =3. Ans. }(sint — tcost)

40. Prove Cauchy’s integral formulae for the multiply-connected region of Fig. 4-26, Page 116.

MORERA’S THEOREM dt

2
41. (a) Determine whether G(z) = f T is independent of the path joining 1 and 2.
1

(b) Discuss the relationship of your answer to part (a) with Morera’s theorem.
42. Does Morera’s theorem apply in a multiply-connected region? Justify your answer.
43. (a) If P(z,y) and Q(x,y) are conjugate harmonic functions and C is any simple closed curve, prove
that § Pdx + Qdy = 0.

(b) If for all simple closed curves C in a region X, § Pdx +Qdy = 0, is it true that P and Q

are conjugate harmonic functions, i.e. is the converse of (a) true? Justify your conclusion.

CAUCHY'S INEQUALITY

44. (a) Use Cauchy’s inequality to obtain estimates for the derivatives of sinz at z=0 and (b) determine
how good these estimates are.
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45. (a) Show that if f(z) = 1/(1—=z), then fi™(z) = nl/(1—2)n+1,

(b) Use (a) to show that the Cauchy inequality is “best possible”, i.e. the estimate of growth of the
nth derivative cannot be improved for all functions,

46. Prove that the equality in Cauchy’s inequality (8), Page 118, holds if and only if f(z) = kMzn/r»
where |k| =1.

47. Discuss Cauchy’s inequality for the function f(z) = e—1/2* in the neighbourhood of z=0.

LIOUVILLE'S THEOREM

48. The function of a real variable defined by f(x) = sinz is (a) analytic everywhere and (b) bounded,
ie. |sinxy| =1 for all x but it is certainly not a constant. Does this contradict Liouville’s theorem?
Explain.

49. A non-constant function F(2) is such that F{z+«) = F(z), F(z+ b)) = F(z) where a>0 and >0
are given constants. Prove that F'(z) cannot be analytic in the rectangle 0 =S x <a, 0=y = b.

FUNDAMENTAL THEOREM OF ALGEBRA

§0. (a) Carry out the uét&us of proof of the fundamental theorem of algebra to show that the particular
function f(2) = z¢—22— 22+ 2 has exactly four zeros. (b) Determine the zeros of f(2).

Ans. (b) 1,1, —-1 x4

r
.'v).

51, Determine all the roots of the equations (a) 23— 382+ 4i = 0, V(b) #+224+1=0.

Ans. {a) i, H—i=+/15), (b) H—-1%+/34 ’%(1-:‘@.;)

...... W) &y

b

GAUSS’ MEAN VALUE THEOREM

52. Evaluate -zl-f 8in2 (x/6 + 2¢') de Ans, 1/4
0

7

53. Show that the mean value of any harmonic function over a circle is equal to the value of the function
at the centre. : .

54. Find the mean value of #2—y2+ 2y over the circle |z2—5+2i| = 3. Ans. b

55. Prove that f Insineds = —#»In2. [Hint. Consider f(z) = In(1+2).)
()

MAXIMUM MODULUS THEOREM /
56. Find the maximum of |[f(z)| in [z| =1 for the functions f(z) given by ) 22—3z+2, (b) 24+ 22+1,
(c) cos 3z, (d) (2z+1)/(2z—1).

57. (a) If f(z) is analytic inside and on the simple closed curve C enclosing z = a, prove that
Y = L § Y& e  a=o1s,...
1 cC Z2—a
() Use (a) to prove that |f(a)|* = M"/2zD where D is the minimum distance from a to the curve
C and M is the maximum value of |f(2)| on C.
(¢} By taking the nth root of both sides of the inequality in (b) and letting n = =, prove the maximum
modulus theorem.

58. Let U(xz,y) be harmonic inside and on a simple closed curve C. Prove that the (a) maximum and
(b) minimum values of U(z,y) are attained on C. Are there other restrictions on U(x,y)?

59. Verify Problem 58 for the functions (a) #2—y? and (b) 23 —38xy2 if C is the circle {z|=1.

60. Is the maximum modulus theorem valid for multiply-connected regions? Justify your answer.
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THE ARGUMENT THEOREM PR
6l. It f(z) = 28— 81224+ 22— 1414, evaluate L) s where C encloses all the zeros of f(z).
Ans. 10qi c /()

= B+ 1 § f'(z) i = -
62. Let f(z) = EETIEY A Evaluate 2 3. 72) dz where C is the circle |2| =4. Ang. -2

63. Evaluate i If’(L:))dz if C is the circle |z| =» and (a) f(2z) = sinrz, (b) f(2) = coswrz, (¢) f(2) = tan =z

Ans. (a) 14#%, (b) 1271, (c) 2+t

-4 _ 0.2 =2 19 ae
& T k™ =

A -2 __10. L On 3 i L .
T & luZ T &V &0ia U

= tha alpals lo]l = B
A8 LT VilUIS ]ﬁl -y

-
Dl)\ITFl!E’s THEOREM

AR RIS AwRIATA

If a> e, prove that the equation az" = ¢* has n roots inside |z| = 1.

66. Prove that ze* — a where a+ 0 is real has infinitely many roots.

87. Prove that tan 8
a <1, (c) all real roots if a =

n
n

az,a >0 hsa

POISSON'S INTEGRAL - FORMULAE FOR A CIRCLE
2r R2 - 1"
69. Show that f dp = 2r
) o R® — 2Rrcos(0—¢) + »2 —

(a) with, (b) without Poisson’s integral formula for a circle.

M. Showthat (o) [ oconloindl gy = FF gcont con aino)

®) J;z" 6=084 gin (sing)

2r
— pCOB 0 g% N
b — 4cos(o—¢) 3 ¢°*? sin (sin ¢)

2r gin ¢
1—1r2

71. (a) Prove that the function U(r,6) = %tan—1<

), 0<r<1, 020<2r is harmonic
ingide the circle |z| = 1.

1 0<oe<n»
-1 7<60<2

(¢) Can you derive the expression for U(r,s) from Poisson’s integral formula for a circle?

(b) Show that lirln_ Ulr,9) = {

72. If f(z) is analytic inside and on the circle C defined by |z| = R and if z = re!® is any point inside C,
show that .

flre) = L R(R2 — 1) f(Re") gin (0 — ¢)

2r Jo [R?*— 2Rrcos (¢ —¢) + 2]2

de
78. Verify that the functions u# and v of equations (7) and (8), Page 119, satiafy Laplace’s equation.

POISSON'S INTEGRAL FORMULAE FOR A HALF PLANE

74. Find a function which is harmonic in the upper half plane ¥ >0 and which on the z axis takes the
values —1 if x <0 and 1if >0, Ans. 1 — (2/7) tan—1 (y/x)

75. Work Problem 74 if the function takes the values —1 if #<~1, 0 if —1<2<1, and 1 if z>1,

1 ] 1 i
- -1({ ¥ _y_2 -1
Ans. 1 tan <z I 1) rtan ( 1)
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76. Prove the statement made in Problem 22 that the integral over I' approaches zero as R = «.

71. Prove that under suitable restrictions on f(x),

lim = f = "{)(:ZI- 22 dx = f(§)

=0+ 7
and state these restrictions.

78. Verify that the functions « and v of equations (10) and (11), Page 120, satisfy Laplace’s equation.

MISCELLANEOUS PROBLEMS

o224

1 22d . . . . .
79. Evaluate 27 ‘% "y where C is the square with vertices at =2, £2 4+ 4i. Ans. 1
cos tz .
80. Evaluate f —5—dz where C is the circle |2l =1 and ¢>0. Ans, —2rit?
8t. (a) Show that bz 27t if C is the circle |2] = 2.
c # +1
(b) Use (a) to show that
+1)d d dy — yda
(zl.. L)i\z -t- y_ u = o’ ‘ (zi 1|)1\y2 ' y2 = 2r
ve @&T 1) T ¥ v & T LT Y

We results directly.

82. Find all functions f(z) which are analytic everywhere in the entire complex plane and which satisfy
the conditions (a) f(2—1) = 4i and (b) |f(z)] < ¢? for all 2.

83. If f(2) is analytic inside and on a simple closed curve C, prove that

2

@ f@ = 5 ) e *fa+eds
27

) fA)‘”;!“ = L J; o= fla + %) do

84. Prove that 8z¢-—6z+5 = 0 has one root in each quadrant.
2% 27
85. Show that (a) J; €80 cog (sing)de = 0, (b) f eco88 gin (sing) do = 2=.
(3

86. Extend the result of Problem 23 so as to obtain formulae for the derivatives of f(z) at any point
in R.

87. Prove that 23¢!~2 =1 has exactly two roots inside the circle |z] = 1.

88. If t>0 and C is any simple closed curve enclosing z = —1, prove that

..l_f ze*t _ t—ﬁ -t
WMy erip® = z/°®

89. Find all functions f(z) which are analytic in |2| <1 and which satisfy the conditions (a) 7(0) =1
and (b) |[f(z)) =1 for |2/ <1.

90. Let f(z) and g(z) be analytic inside and on a simple closed curve C except that f(z) has zeros at
4y, @ ...,0y &nd poles at by, by, ...,b, of orders (multiplicities) py,ps,...,Pn 8nd ¢y, 92 ...,q,
respectively. Prove that

mfooila = 3 poew - 3asen



188

o1,

92,

100.

101.

102,

108.
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It f(z) = apz*+ay2"~1+ag2*2+ -+ +a, where ay*0, a,, ..., a, are complex constants
1 zf'(2) 1 § 22 f'(2) .

and C encloses all the zgros of f(z), evaluate (a) o j; ) dz, (b) il Ay ) dz and interpret

the results. Ans. (a) —a,/ay, (b) (a2 — 2agag)/a}

Find all functions f(z) which are analytic in the region |z| =1 and are such that (a) f(0) =38 and
(b) |f(z)] =8 for all z such that |z| <1,

Prove that 28+ 192z 4 640 = 0 has one root in the first and fourth quadrants and two roots in the
second and third quadrants.

Prove that the function xzy(x2—»?) cannot have an absolute maximum or minimum inside the circle
o] = 1. «

(a) I a function is analytic in a region R, is it bounded in R? (b) In view of your answer to (a), is

it necessary to state that f(z) is bounded in Liouville's theorem?

Find all functions f(z) which are analytic everywhere, have a zero of order two at z=0, s
condition |f'(2)] = 6]z| for &ll z, and are such that f() = —2.

Prove that all the roots of z5+2z—16i = 0 lie between the circles |z =1 and |z =2.

If U is harmonic inside and on a simple closed curve C, prove that

Ia:19)
9 Tdd = 0
c mn

where 7 is a unit normal to C in the z plane and s is the arc length parameter.

A theorem of Cauchy states that all the roots of the equation 2z* 4+ a;2""1+agz"~2+ -+ +a, = 0,
where a,,a,,...,a, are real, lie inside the circle [z] = 1+ max{a;, a5, .. oy}, ie Jzl =1 plus
the maximum of the values a,, @, ...,a,. Verify this theorem for the special cases

(@ B—22+z~1=0, (B) 24+22+1 =0, (c) #—22—22+2=0, (d) #4+322—6z+10=0.

-

Prove the theorem of Cauchy stated in Problem 99. .
Let P(z) be any polynomial. If m is any positive integer and « = e2™/m, prove that
m

and give a geometric interpretation.
Is the result of Problem 101 valid for any function f(z)? Justify your answer.

Prove Jensen’s theorem: If f(z) is analytic inside and on the circle [zj = B except for zeros at
@y, 09, ...,0y, of multiplicities py,ps, ..., P, and poles at by, by, ..., b, of multiplicities ¢1,9s, ...,y
respectively, and if f(0) is finite and different from zero, then

1 2 _ m R _ n R
ﬁj; In [f(Rei®)| d8 = Inlf(0) + k§l P In (W) k§1 g In <-|b—k|->

[Hint. Consider §; Inz {f'(2)/f(z)} d= where C is the circle [z| = R.]



Chapter 6

T

SEQUENCES OF FU 'IONS

The ideas of Chapter 2 Pages 40 and 41, for sequences and series of constants are
easily extended to sequences and series of functions.

Let wi(2), ua(2), ..., uUa(2), ..., denoted briefly by {un(z)}, be a sequence of functions
of z defined and single-valued in some region of the z plane. We call U(z) the limit of

o N . . . e ot - ,
ux(2) as n >, and write Hm u.(2) = U(z), if given any positive number « we can find

n=,a

a number N [depending in general on both ¢ and z] such that
[un(2) —U(2)| < ¢ forall n>N
In such case we say that the sequence converges or is convergent to U(z).
If a sequence converges for all values of 2 (points) in a region R, we call R the region
of convergence of the sequence. A sequence which is not convergent at some value (point) z
8 called divergent at z.

The theorems on limits given on Page 40 can be extended to sequences of functions.

i

SERIES OF FUNCTIONS
From the sequence of functions {us(z)} let us form a new sequence {S.(z)} defined by
Si(z) = wu(2)
Sy(2) = wiz) + us2)

Sa(z2) = wui(2) + u(?) + - + un(2)
where Sa(z), called the nth partial sum, is the sum of the first n terms of the sequence
{ux(2)}.
The sequence Si(2), Sx(2), ... or {Sa(z)} is symbolized by

W@ + wE) + o = 3w (1)

called an infinite series. If hm Si(z) = S(z), the series is called convergent and S(z) is

its sum; otherwise the series 1s called divergent. We sometimes write 2 Un(z) as 2 ua(2)
or 3 u, for brevity.

As we have already seen, a necessary condition that the series (1) converge is
lim ua(z) = 0, but this is not sufficient. See, for example, Problem 150, Chapter 2, and

A= 0

also Problems 67(c), 67(d) and 111(a).

If a series converges for all values of z (points) in a region R, we call R the region
of convergence of the series.

139
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ABSOLUTE CONVERGENCE

A series E un(2) is called absolutely convergent if the series of absolute values, i.e.

E |ua(2)|, converges.

If 2 Un(2) converges but i lun(2)] does not converge, we call ilun(z) conditionally
=] n=1 n=

convergent.

UNIFORM CONVERGENCE OF SEQUENCES AND SERIES

In the definition of limit of a sequence of functions it wag mointad out that the

Vad SACaaldiavaVaa Adiiazv v SNy MvAIV A maiv wAN R0 MV

number N depends in general on ¢ and the particular value of z. It may happen, however,
that we can find a number N such that |u.(2) — U(z)| < ¢ for all n> N, where the same
number N holds for all z in a region R [i.e. N depends only on ¢ and not on the particular

value of z (point) in the region]. In such case we say that u.(z) converges uniformly, or
is uniformly convergent, to U(z) for all z in K.

LAY IV Aa Jax & aaxs A\

Similarly if the sequence of partial sums {S.(z)} converges uniformly to S(z) in a
region, we say that the infinite series (1) converges uniformly, or is uniformly convergent,
to S(z) in the region.

If we call Ru(2) = Ua+1(2) + Uns2(2) + - -+ = S(2) — Sa(2) the remainder of the
infinite series (1) after n terms, we can equivalently say that the series is uniformly
convergent to S(z) in R if given any «>0 we can find a number N such that for all 2z in R,

|Ba(2)] = |8(2) — Sa(2)] < ¢ for all n >N

POWER SERIES

YY &d A

series having the form

o~ [P % P [P % . . €« s N
o+ az—a) +axz—ay: + -+ = 2 as(z—a) 2
n=0

is called a power series in z—a. We shall sometimes indicate (2) briefly by Sa.(z—a)™

Clearly the power series (2) converges for z=a, and this may indeed be the only
point for which it converges [see Problem 13(b)]. In general, however, the series con-
verges for other points as well. In such case we can show that there exists a positive
number R such that (2) converges for |z—a| < R and diverges for |#—a| > R, while for
|z—a| = R it may or may not converge.

Geometrically if T is a circle of radius B with centre at z=a, then the series (2)
converges at all points inside I and diverges at all points outside ‘¥, while it may or may
not converge on the circle 1. We can consider the special cases R=0.and R =« respec-
tively to be the cases where (2) converges only at z=a or converges for (finite) values
of z. Because of this geometrical interpretation, R is often called the radius of convergence
of (2) and the corresponding circle is called the circle of convergence.

SOME IMPORTANT THEOREMS

For reference purposes we list here some important theorems invelving seguences

AGiIClivE e 242y 212 224, ALs gy

n ) 4 (< Q
and series. Many of these will be familiar from their analogs for real variables.
A. General Theorems
Theorem 1. If a sequence has a limit, the limit is unique [i.e. it is the only onej.

Theorem 2. Let u, = an+1ib,, n=1,2,8,..., where a, and b, are real. Then
a necessary and sufficient condition that {u»} converge is that {as} and {b.} converge.
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Theorem 3. Let {a.} be a real sequence with the property that
(1) Grn+1=an OF Gni1 = Qa, (ii) |as] < M (a constant)
Then {a.} converges.

If the first condition in Property (i) holds the sequence is called monotonic
inereasing, while if the second condition holds it is called monotonic decreasing. If
Property (ii) holds, the sequence is said to be bounded. Thus the theorem states that
every bounded monotonic (increasing or decreasing) sequence has a limit.

Theorem 4. A necessary and sufficient condition that {u.} converges is that
given any ¢> 0, we can find a number N such that [p —uq) < ¢ forallp>N, ¢>N.

This result, which has the advantage that the limit itself is not present, is called
Cauchy’s convergence criterion.

5. A necgssary copdltlon that /,,cenverge is that lim u, = 0, -How-
eW{omn ion },nﬁt sgjﬁclent — e g

s PN n momed ) P PRy Iy A A B
Theorem 6. Multiplication of each term of a series by a constant different from

zero does not affect the convergence or divergence. Removal (or addition) of a finite
number of terms from (or to) a series does not affect the convergence or divergence.

w

Theorem 7. A necessary and sufficient condition that E (an+ibs) converge,

1l’h

ara
YYiiwad

n
Vwﬂ“

a» and 2 b. converge.
n=1 n=

B. Theorems on Absolute Convergence

(=7
-

Theorem 8. If E |ua| converges, then 2 un converges. In words, an absolutely
n=1

convergent series is convergent

Theorem 9. The terms of an absolutely convergent series can be rearranged in
any order and all such rearranged series converge to the same sum. Also the sum,
difference and product of absolutely convergent series is absolutely convergent.

These are not so for conditionally convergent series (see Problem 127).

C. Special Tests for Convergence
Theorem 10. (Comparison tests.)
(a) If 2|va| converges and [ua| = |va|, then Su. converges absolutely.

(b) If Z|va| diverges and |us| = |va], then X |u.| diverges but Su. may or may
not converge.
Theorem 11. (Ratio test.)

If lim |2

n=->o "

L>1. If L=1, the test fails.

Theorem 12. {(uth Roet test.)
If limy lua| = L, then 3u, converges (absolutely) if L <1 and diverges if L > 1.
7= 0

If L=1, the test fails.
Theorem 13. (Integraltest). If f(x)=0 for z=a, then 2f(n) converges or

= L, then 3u. converges (absolutely) if L <1 and diverges if

. \ . M .
diverges according as n!‘lm f f(z)dxz converges or diverges.
-p 00 a

Theorem 14. (Ruabe’s-test.)

If limn (1 _|Ynta
Un

-0

) = L, then 2u. converges (absolutely) if L >1 and diverges
or converges conditionally if L<1. If L= 1, the test fails.
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Theorem 15. (Gauss’ test.)

It 'I%ﬂ-t = 1— L

Un n
(absolutely) if L >1 and diverges or converges conditionally if L=1.

+—cn12 where |e,| <M for all n> N, then Su. converges

Theorem 16. (Alternating series test.)
If anz0, ans1=a, for n=1,2,8,... and lima, = 0, then ai—as+as—
.-+ = 3(—1)*'a, converges. e

Theorems on Uniform Convergence
Theorem 17. (Weierstrass M test.)

If |ua(2)] = M, where M. is independent of z in a region R and M, converges,
then 3u.(?) is uniformly convergent in R.

Theorem 18. The sum of a uniformly convergent series of continuous functions
is continuous, i.e. if u.(z) is continuous in R and S(z) = Sua(z) is uniformly convergent
in R, then S(z) is continuous in R.

Theorem 19. If {u.(2)} are continuous in R, S(2) = Zu.(2) is uniformly con-
vergent in R and C is a curve in R, then

LS(Z)dz = J;ux(z)dz + j;ug(z)dz + e
J; (Zun(z)}dz = Ej; Un(2) dz

In words, a uniformly convergent series of continuous functions can be integrated
term by term.

]
L2 ]

' 373 T4 7 F o d 3 s g L] -
Theorem 20. If wu/(2) = éun(z) exists in R, 2u)(z) converges uniformly in R
and 2u.(z) converges in R, then %Eun(z) = Zul(z).

Theorem 21. If {u.(2)} are analytic and 2u.(2z) is uniformly convergent in R,
then S(z) = Sun(z) is analytic in R.

Theorems on Power Series

Theorem 22. A power series converges uniformly and absolutely in any region
which lies entirely inside its circle of convergence.

Theorem 23.

(a) A power series can be differentiated term by term in any region which lies
entirely inside its circle of convergence.

(b) A power series can be integrated term by term along any curve C which lies
entirely inside its circle of convergence.

(¢) The sum of a power series is continuous in any region which lies entirely
inside its circle of convergence.

These follow from Theorems 17, 18, 19 and 21.

Theorem 24. (Abel’s theorem.)

Let Za.z" have radius of convergence B and suppose that z, is a point on the
circle of convergence such that 2anz; converges. Then lim 3ag.z" = 2aa2; where
z = 2o from within the circle of convergence. R

Extensions to other power series are easily made.

Theorem 25. If Za.z" converges to zero for all z such that |2} < R where R >0,
then ¢, =0. Equivalently, if Za.z" = 3bn2" for all z such that |z| < R, then as = ba.
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TAYLOR’S THEOREM

Let f(z) be analytic inside and on a simple closed curve C. Let ¢ and a+ % be two
points inside C. Then

Ha+h) = f@ + hfi(@) + mf"@ + o + fo@) + )

or writing 2=a+h, h=2—aq,
#11(a) , £ (q) -
) = f@) + r@e-0) + LBe-ap + o+ Eleogp o )

This is called Taylor’s theorem and the series (3) or (4) is called a Taylor series or expansion
for f(a + h) or f(2).

The region of convergence of the series (4) is given by |z—a| < R, where the radius
of convergence R is the distance from a to the nearest singularity of the function f(2).
On |z—a| = R, the series may or may not converge. For |¢—a| > R, the series diverges.

If the nearest singularity of f(2) is at infinity, the radius of convergence is infinite,
i.e. the series converges for all z.

If a=0 in (3) or (4), the resuiting series is often called a Maclaurin series.

SOME SPECIAL SERIES
The following list shows some special series together with their regions of con-

2 3 n
1. e =14zt by le] < o
2! 3! n! o
. 2 2 _y R
2. sinz =z-g7tEr- cee(=1) 1(2n_1)g+ 2] <
3 1 2 4 1 ' z2n—2 <
— 4z n— 0
. CO8% 2!+4! (-1) (2n—2)!+ 2]
4 Im(+2) = 2-242 . capmiZg I < 1
. In ) = 213 m
zs z5 z2ﬂ—1
-1 — [ T g BT Lo |
5. tan~!z z 3+5 (-1) 2n—1+ l2] <1
6. (1+2p = 1+pz+p(p2—'_1)z2+...+P(10—1)"7;|(p'"+1)z"+... ¢} <1

This is the binomial theorem or formula. 1f (1+z)* is multiple-valued the result
is valid for that branch of the function which has the value 1 when z=0.

LAURENT'S THEOREM Y

Let C; and C: be concentric circles of radii R, and
R, respectively and centre at a [Fig. 6-1]. Suppose that
f(z) is single-valued and analytic on C; and C: and in .
the ring-shaped region ® [also called annulus or an-
nular region] between C; and C:, shown shaded in the
figure. Let a+h be any point in ®. Then we have

fla +h) = ao+ arth + azh® + --- x

a— a-2 a-3
R TR

e (9) Fig. 6-1
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where n = é.f(_ig)lmdz n=2012... )
LT C & =
' (6)
1 }
A-p = -2_":‘=~£. (z—a)*1f(z) dz n=1238,...

C: and C: being traversed in the positive direction with respect to their interiors.

We can in the above integrations replace C; and C: by any concentric circle C between
C: and C; [see Problem 100]. Then the coefficients (6) can be written in a single formula,

1 Jiz
G = —;:iﬁ,ndz n=0=x1=x2 ... 4!
With an appropriate change of notation, we can write the above as
a—y a-3
- -— - )2 s o
f(2) = a0 + a(z—a) + as(z—a)? + to=e * Z—a) + (8)
where = 1 —f(de n=0=x1=2 ... 9)

2mi J, ({—a)"*!
This is called Laurent’s theorem and (5) or (8) with coefficients (6), (7) or (9) is called a
Laurent series or expansion.

The part a0+ ai(z—a) + ax(z—a)® + - -- is called the analytic part of the Laurent
series, while the remainder of the series which consists of inverse powers of z—a is called

X inoi i urent series reduces o a M
the principel part. If the principal part is zero, the Laurent series reduces to a Taylor

23S Ll s o

series.

CLASSIFICATION OF SINGULARITIES

It is possible to classify the singularities of a function f(z) by examination of its
Laurent series. For this purpose we assume that in Fig. 6-1, R:=0, so that f(z) is
analytic inside and on C: except at z=a which is an isolated singularity [see Page 67].

In the following, ail singuiarities are assumed isolated unless otherwise indicated.

L Poles. If f(2) has the form (8) in which the principal part has only a finite num-
ber of terms given by

a—i a-2 Q-n
z—a (2 —a)? Tt (z—a)y
where a-» # 0, then z=a is called a pole of order n. If n=1, it is called a simple

pole,
If f(2) has a pole at z=q, then limf(z) = » [see Problem 32].

2. Removable singularities. If a single-valued function f(z) is not defined at 2 =a but
lim f(z) exists, then z=a is called a removable singularity. In such case we
2=a

define f(2z) at 2=a as equal to lim f(2).

Example: If f(z) = sinz/z, then z=0 is a removable singularity since f(0) is not
defined but lin}’ sinz/z = 1. We define f(0) = lin}’ sinz/z = 1. Note that
ZzZ= Zop

in this case
sinz _ 1) _2#*
= Tz {' T
3. Essential singularities. If f(z) is single-valued, then any singularity which is
not a pole or removable singularity is called an essential singularity. If z=a is
an essential singularity of f(2), the principal part of the Laurent expansion has
infinitely many terms.

1 1 1 .
. : 1/2 — = — pr——— ess =0 i
Example: Since el/z = 1 + p + 212 + 31 x Tt » 2=0 is an essential singularity,

N

5 a7 l L L Y

~Z 40l = 1 E LB _ 2 ...

1 ) TR TR T

4|
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The following two related theorems are of interest (see Problems 153-155):

Casorati-Weierstrass theorem. In any neighbourhood of an isolated essential
singularity a, an otherwise analytic function f(z) comes arbitrarily close to any
complex number A. In symbols, given any positive numbers 8 and ¢ and any
complex number A, there exists a value of z inside the circle |z —a| = § for which
]f(z) —4 I < e

Picard’s theorem. In the neighbourhood of an isolated essential singularity a,
an otherwise analytic function f(z) can take on any value whatsoever with perhaps
one exception.

4. Branch points. A point z=z, is called a braneh point of the multiple-valued
function f(z) if the branches of f(z) are interchanged when z describes a closed
path about 2o [see Page 37]. Since each of the branches of a multiple-valued
function is analytic, all of the theorems for analytic functions, in particular

T?y}er’s theorem, apply.

—_—
L Example: The branch of f(z) = 21’2 which has the value 1 for z =1, has a Taylor series

of the form a5 + a(z —1) + as(z—1)2 + --- with radius of convergence
R =1 [the distance from z =1 to the nearest singularity, namely the branch
point z=10].

5. Singularities at infinity. By letting z=1/w in f(z) we obtain the function™

Y; nze s - ndesvan UL P, PR — am (4Ll - E ad 2. 240
f(l/w; = F(w). Then the nature of the singularity at 2=« [the point at infinity]

is defined to be the same as that of F(w) at w=0.

! Example: f(z) = 2% has a pole of order 3 at z = =, since F{(w) = f(1/w) = 1/w? has a
pole of order 3 at w=0. Similarly f(z) = e* has an essential singularity at
z=«, gince F(w) = f(1/w) = el/* has an essential singularity at w =0.

.‘\:

ENTIRE FUNCTIONS - =
A function which is analytlc everywhere in the ﬁn1be plane [1 e. everywhere except

at =] is called an entire function or integral function. The functions e? sinz, cosz are
entire functions. ;

An entire function can be represented by a Taylor series which has an infinite radius
of convergence. Conversely if a power series has an infinite radius of convergence, it
represents an entire function.

Note that by Liouville’s theorem [Chapter 5, Page 119] a function which is analytic
everywhere including « must be a constant.

MEROMORPHIC FUNCTIONS
A function which is analytic everywhere in the finite plane except at a finite number

of poles is called a meromorphic function. o
Example: m which is analytic everywhere in the finite plane except at the poles z =1

(simple pole) and 2= —3 (pele of order two) is a meromorphic function.
. s

LAGRANGE’S EXPANSION

Let z be that root of z = a+¢{¢(2) which has the value z=a when ¢{=0. Then if
¢(2) is analytic inside and on a circle C containing z=a, we have

| : = o+ 3EL(ya (1)
More generally, if F(z) is analytic inside and on-C, then
F&) = F@) + 3520 re e (12)

The expansion (12) and the special case (11) are often referred to as Lagrange’s expansions.

\
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ANALYTIC CONTINUATION v

Suppose that we do not know. the precise
form of an analytic function f(2) but only know
that ingide some circle of convergence C; with
centre at a [Fig. 6-2] f(2) is represented by a
Taylor series

@ + a(z—a) + ax(z—a): + - - (13)
. W r P
Choosing a point b inside Ci, we can find the s T "“':"’Epath P,
value of f(2) and its derivatives at b from (19) ) x
and thus arrive at a new series
Bo+ bi(z—b) + ba(z—Db)2 + -+ (14) Fig.6-2

having circle of convergence C,. If C: extends beyond Ci, then the values of f(z) and its
derivatives can be obtained in this extended portion and so we have achieved more
information concerning f(z).

We say in this case that f(z) has been extended analytically beyond C: and call the
process analytic continuation or analytic extension.

The process can of course be repeated indefinitely. Thus choosing point ¢ inside Cs,

we arrive at a new series having circle of convergence C; which may extend beyond C;

and C,, etc.

The collection of all such power series representations, i.e. all possible analytic con-
tinuations, is defined as the analytic function f z) and each power series is sometimes

called an element of f(2).

In performing analytic continuations we must avoid singularities. For example,
there cannot be any singularity in Fig. 6-2 which is both inside C» and on the boundary
of Cy, since otherwise (14) would diverge at this point. In some cases the singularities
on a circle of convergence are so numerous that analytic continuation is impossible. In
these cases the boundary of the circle is called a natural boundary or barrier [see Prob. 30].
The function represented by a series having a natural boundary is called a lacunary function.

In going from circle C; to circle C. [Fig. 6-2], we have chosen the path of centres
a,b,e,...,p which we represent briefly by path P,. Many other paths are also possible,
eg. a,b’,¢,...,p represented briefly by path P.. A question arises as to whether one
obtains the same series representation valid ingide C. when one chooses different paths.
The answer is yes so long as the region bounded by paths P; and P: has no singularity.

For further discussion of analytic continuation, see Chapter 10.

Solved Problems

SEQUENCES AND SERIES OF FUNCTIONS

1. Using the definition, prove that lim (1 +%) =1 for all 2.

bl )

Given any number ¢>0, we must find N such that [1+2z/—1|] < ¢ for n>N. Ther
|#/nf < e, ie. |z|/n<e if n> |z|fe = N.
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2. (a) Prove that the series 2(1—2) + 2%(1—2) + 2%1—2) + --- converges for 2| <1,
and (b) find its sum.

The sum of the first n terms of the series is

Siz) = z2(1—2) + 221—2) + -+ + z22(1—2)
= 22— 22+ 22— 284 0 4 g8 — 01
= z — z'l"'l
Now |S,(z)—z| = |—2zn*1] = [zat1< ¢ for (n+1)Injz| < Ine, ie. n+1 > ll_n|¢|_ or
n |z
n>ABE_ g i gxo,
In |z|

It 2=0, S,(00=0 and [S,{0)—-0| < ¢ for all =

Hence lim S,(z) = 2z, the required sum for all z such that |z] < 1.

nl=>x

Another method.

Since Sp(z) = z—2"*1, we have [by Problem 41, Chapter 2, in which we showed that lim z* = 0

if |z| <1] e
Required sum = S(z) = 1lim S,(2) = lim (z—z°*t1l) = 2
n -+ 0 n =
ANARTITEN D AATEVCAT M
ABSOLUTE AND UNIFORM CONVERGENCE

3. (a) Prove that the series in Problem 2 converges uniformly to the sum z for |z| = 3.
(b) Does the series converge uniformly for |2 =1? Explain.

{a) In Problem 2 we have shown that |S,(z2)—z] < ¢ for all n >
verges to the sum z for |¢| <1 and thus for |z] = {.

— 1, i.e. the series con-

Ine
In 12|

1L &y

Now if |z] =4, the largest value of
lnl(nT;Z) —1 = N. It follows that |S,(2)—z| < e for all n > N where N depends only on ¢ and

not on the particular z in |z] = }. Thus the series converges uniformly to z for |¢| = §.

—1 occurs where [z =1 and is given by

(b) The same argument given in part (a) serves to show that the series converges uniformly to sum z

Ine _ e '
n(9) 1 and N = n (99) 1 respectively.

for 2] =.9 or |2/ =.99 by using N =

However, it is clear that we cannot extend the argument to |2| £ 1 since this would require
= ll::—; ~— 1 which is infinite, i.e. there is no finite value of N which can be used in this case.

Thus the series does not converge uniformly for |z} = 1.

4. (a) Prove that the sequence { } is uniformly convergent to zero for all z such

1+nz
that |¢/=2. (b) Can the region of uniform convergence in (a) be extended? Explain.

(a) We have

———0

1
|TF 72 < ¢ when mz_l<‘ or |1+nz]>1/e. Now [l+4+nz| = (1] + |nz| =
1+nl2| and 1+ n|z| 2 |1+ 0z} > 1/e for = > H%T—l Thus the sequence converges to zero
for |z| > 2,

1/e—1
To determine whether it converges uniformly to zero, note-that the largest valie of _L‘I_;‘__

< e

— =0

1+nz

for all n > N where N depends only on ¢ and not on the particular z in |2{ Z 2. Thus the
sequence is uniformly convergent to zero in this region.

in [z| Z 2 occurs for [z| =2 and is given by §{(1/¢)—1} = N. It follows that
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(b) If & is any positive number, the largest value of -(—ll—al;l-

given by L“)‘——l .

[CHAP. 6

in [2) = 8 occurs for |z| =3 and is

As in part (a), it follows that the sequence converges uniformly to zero for

all z such that |z| = 8, i.e. in any region which excludes all points in a neighbourhood of z = 0.

Since § can be chosen arbitrarily close to zero, it follows that the region of (a) can be extended

considerably.

5. Show that (a) the sum fufiction in Problem 2 is discontinuous at z=1, (b) the limit
in Problem 4 is discontinuous at 2=0.

(@) From Problem 2, S,(z) = z—zntl, 8S(2) = 1}1?}9 Salz). If 2| < 1. S(z) = li_r.rL Sa(z) = 2.
If z=1, S, (z) = S,(1) = 0 and '}1_':::‘ S,.(1) = 0. Hence S(z) is discontinuous a: z=1.

(b) From Problem 4 if we write wu,(z) = i _: poyn and Ulz) = ’Efn‘” un(z) we have U{z)=0 i
2% 0 and 1 if 2=0. Thus U(z) is discontinuous at z=0.

vy

-I-llcﬁ!: alic Luilscyurnces U.I. blle iacCL lBUe I.'I'UUICKH J.Uj [2¢1-17 ll. a aéncn U.L bvnunuvuu 1u iC

1871 L4 et ol b fenen e

is uniformly convergent in a region %, then the sum function must be continuous in €. Hence
if the sum function is not continuous, the series cannot be uniformly convergent. A similar result

halds faw an~isansaa

AVIUD AVE DTYUTIILED.

Prove that the series of Probilem 2 is absolutely convergent for |2 <1.

Let T, (2)

If |2/ <1, then lim |2|* =
N =+ 0

Note that the series of absolute values converges in this case to

SPECIAL CONVERGENCE TESTS

.

If 3|va| converges and [u. = |va,

n=123,...,

|z0=2)] + |22(1=2)| + ¢ + [2¢(1—~2)|
|1—z|{lz] + |22 + 2| + .-

|1_,H,|!1 el ]

il

izl )

0 and lim T,(2) exists so that the series converges absolutely.
"=t N

[t

—2l o]

—lal

prove that 2 |us| also converges

(i.e. establish the comparison test for convergence).
= vy + |vg| + o0 + [vgl.

Let S, = Iull + |u2| + e+ I“nl» T,

Since 2 |v,| converges, lim T, exists and equals T, say.
N =>e0

Then S, = |u] + fugl + -

+lun| = |og| + v + -

Also since jv,| &0, T, S T.

vy ST or 0=8S,=T.

Thus S, is a bounded monotonic increasing sequence and must have a limit [Theorem 8, Page 141],

ie. 2 |u, converges.

1.1 ,1 e

Prove that Ttmtet =,2
We have 1
17

1 1

»te

1 1 1 1

E+§+6_P+F

ete., where we consider 1,2,4,8,...

»

1% converges for any constant p>1.

1

17—1

1,1 _ 1

Ty T B

1,1 ,1,1 1
rTetete a1

terms of the series. It follows that the sum of any finite number

of terms of the given series is less than the geometric series
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1+1+1+1+.“_ 1
1p-1 29—1 49—1 gr—1 T 1-1/2-1

which converges for p > 1. Thus the given series, sometimes called the p series, converges.

By using a method analogous to that used here together with the comparison test for divergence
[Theorem 10(b), Page 141], we can show that E 1 dlverges for pS 1.

n=1

9. Prove that an absolutely convergent series is convergent.
Given that 3 |u,| converges, we must show that 2u, converges.
Let Sy =u, +ug+ - +uy and Ty = |y + |ug] + -+ + |upg. Then
Sy + Ty = (ur+|wyl) + (ug+jug) + - + (up+ Jupl)
2yl + 2ug + o 4+ 2]uyl

Since 3 |u,| converges and u,+|u,] £ 0 for » = 1,2,8,..., it follows that Sy, + Ty is a
bounded monotonic increasing sequence and so lim (Sp+ Ty) exists.

Also since llm Ty exists [because by hypothesis the series is absolutely convergent],

lim Sy = lim (Sy+Ty—Ty) = lim (Sy+ Ty) — A}lm Ty

M= M=t Merx -+ %0

must aiso exist and the resuit is proved.

10. Prove that i'n(n 1

converges (absolutely) for [2| =1.

— 2 i1
ln(n+1)|—n(n+1) nn+1) = n2

If |2/ S 1, then

=1
nin+1)’ Un T W
by Problem 8 with p =2, we see that X |u,| converges, i.e. 2u, converges absolutely.

Taking u, = in the comparison test and recognizing that Sia converges
n

11. Establish the ratio test for convergence.

u
We must show that if lim |——

(absolutely) convergent. nee

=L <1, then Z|u,| converges or, by Problem 9, Su, is

n

Up 41

By hypothesis, we can choose an integer N so large that for all n= N, S r where r is

some constant such that L < < 1. Then

lunsdl S rluy|
[unsal = rlune,] < r8uyl
=

lun 4+ sl rlugeg < 73 |uyl

etc. By addition,
lunsal + lunsgl + o0 S junlr+ B34 00

and 20 3 |u,| converges by the comparison test since 0 <r <1,

1
12. Find the region of convergence of the series E %
n=1

(z + 2)»—1 __ (z+2)m —_
It u, = gyl then u,.; = mapanT Hence, excluding z = —2 for which the given
series converges, we have
lim |-+t lim |G+ (13 _ a2
ne nerw 4 (n+2) 4
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Then the series converges (absolutely) for _I_z__-l—_2| <1, ie

[z+2] < 4. The point z=—2 is included in |z +2| < 4.

)4 |2:2| =1, ie |2+2| = 4, the ratio test fails.
However it is seen that in this case
(a2l 1 <1
n+1)34n 4n+1)8 — nd

and since 2;11'3 converges [p series with p = 8], the given series

converges (absolutely).

It follows that the given series converges (absolutely) for
|2+ 2| S 4. Geometrically this is the set of all points inside

and on the circle of radius 4 with cenire at z = —2, calied the
cirele of convergence [shown shaded in Fig. 6-3]. The radius Fig. 6-3

of convergence is equal to 4.

© 0 1\n-1,2n—1 0
18. Find the region of convergence of the series (a) Y (;1: ;)"' , (b) X ntzm
=1 -1)! a=1
_ (—1)n—1z2n—1 _ (=1)nz2n+1 _ .
() If wu, = —(2n—1)! , then wu,,, = __—(2n T Hence, excluding z=0 for which the
given series converges, we have
tm |9t o g |—2@R=DI L @e—1) e
nmw | Uy | nes o 2n+1)! | n=w (2n 4+ 1)(2n)(2n — 1)1
— 1 |2}2
= lim 0

now (27 4+ 1)(2n)
for all finite 2. Thus the series converges (absolutely) for all z, and we say that the series
converges for |z| < ». We can equivalently say that the circle of convergence is infinite or that
the radius of convergence is infinite.

) If u,=nla", u,.q = (n+1)120+1 Then excluding z =0 for which the given series converges,
we have
Up 41
Un

(n+1)1zn+1

li
m n!lam

b R

lim

N0

lim (n+1)lz] = o
N =+ 00

Thus the series converges only for z=0.

THEOREMS ON UNIFORM CONVERGENCE >

14. Prove the Weierstrass M test, i.e. if in a region R, |ux(2)] = M., n = 1,2,8, ..., where
M., are positive constants such that SM. converges, then 2u.(2) is uniformly (and abso-
lutely) convergent in R.

The remainder of the series Zu,(z) after n terms is R, (z) = wuy,q(2) + u,,4(z) + +++. Now

[Ba@)| = |un41(8) + tp42(@ + 2| I ltysr (@] + |Ups2(2)] + -+
S Myiy + Mpig + o
But M,,,+M,,3+ :-+ can be made less than ¢ by choosing n> N, since 3IM, converges. Since

N is clearly independent of 2z, we have |R,(z)] < ¢ for n > N, and the series is uniformly con-
vergent. The absolute convergence follows at once from the comparison test.
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15. Test for uniform convergence in the indicated region:

&> 2 - 1 & oS Nz
(a) ”gl Nt 2| =1; (b) ,.Zln“-zz’ 1<7]<2; (c) "gl 7 A =1,

m |2}» 1, . 1
————, then |u,(z)] = —=—= 5 —— if |2/ =1. Calling M, = ==, we see
NS Y e S T

that 2M, converges (p series with p =3/2). Hence by the Weierstrass M test the given series
converges uniformly (and absolutely) for |z| = 1.

(e) If wu,(z) =

(b) The given series is T i 2 + 7 i = + 3 i ) + +--. The first two terms can be omitted without

affecting the uniform convergence of the series. For n 23 and 1< |2] <2, we have

1

n? -+ 22

A

n+2% = |n?| — |2 = #2—4 = In® or I

2
nZ
i n

L}
o0

Sihce 3 % converges, it follows from the Weierstrass M test (with M, =2/n2?) that the given
n=8§
series converges uniformly (and absolutely) for 1 < |7| < 2,

‘Note that the convergence, and thus uniform convergence, breaks down if |z =1 or |z| =2
[namely at z=*i and z = *2i]. Hence the series cannot converge uniformly for 1 = |z| = 2,

(¢) If z = z+1y, we have
cos nz einz 4 ¢—inz ginz—ny 4 g—inz +ny
n3 o2 T 2n8

e~ ™ (cod nx + 1sin nx) + e™ (cos nx — 1 sin nx)
2n3 2ns

a0 . . R I3 Iy
eny - —ny
S (cos nx — 1isin nx) and S ¢ (cos nx + 1sin nx) cannot converge for

n=1 2nd n=1 2n3

The series

¥ >0 and y <0 respectively [since in these cases the nth term does not approach zero]. Hence

the series does not converge for all z such that |2l =1, and so cannot possibly be uniformly
convergent in this region

The series does converge for. y =0, ie. if z is real. In this case z=x and the series

o0 o0
cos Nx . cosS nx 1 1 .
becomes I i Then since | =.5 and S 5 converges, it follows from the
n=1 n=1

)
Weierstrass M test (with M, = 1/23) that the given series converges uniformly in any interval
on the real axis. :

16. Prove Theorem 18, Page 142, ie. if u.(2), n=1,2,8,..., are continuous in ® and
> ua(2) is uniformly convergent to S(z) in R, then S(?) is continuous in R.
n=1

If Sp(2) = uy(2) +uglz)+ --- +u,(2), and R,(2) = up4 () +upse(2)+ -+ is the remainder
after n terms, it is clear that

S(z) = Sp(z) + B,(2) and S(z+h) = Sup(z+h) + R (z+h)
and so S(z+h) ~ S(z) = Sulz+h) — S,(z) + Rlz+h) — R,(2) @)
where z and z+ k are in R.

Since S,(z) is the sum of a finite number of continuous functions, it must also be continuous.

Then given «> 0, we can find § so that
| Sp(z+ k) — Su(2) | < ¢/83 whenever |h| <35 @
Since the series, by hypothesis, is uniformly convergent, we can choose N so that for all z in R,
[Ru(2)] <e¢/3 and |R,(z+h) <e/3 for n>N (#)
Then from (1), (2) and (3),
|SG+h) —S@)| S |Sueth) —Su@) | + |Bye+h)| + [Bld)] < e
for (h| <3 and all z in R, and so the continuity is established.
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17. Prove Theorem 19, Page 142, ie. if {u.(2)}, n=1,2,8,..., are continuous in R,

TNF

S(z) = i %n(2) is uniformly convergent in R and C is a curve in R, then
n=1

J;S(z)dz = jc'(gu,.(z)ﬂz - ngjc'u.,(z)dz

As in Problem 16, we have S(z) = S,(2) + R,(z) and so since these are continuous in R [by
Problem 16] their integrals exist, i.e.,

swds = [ Sade + [ Reds
[+ c

= (wwd + [ w@d + - + (wd + § Be)as
Je Je Je Je

By hypothesis the series is uniformly convergent, so that given any ¢ >0 we can find a number N
independent of z in ® such that |R.(2)] < ¢ when n > N. Dencting by L the length of C, we have

ucil Liis IEAg 1 e ~ & Wl »

[using Property 5, Page 98]
f R, (z) dz

J; S(z)dz - J; Sp(z) dz " b I

and the result is proved.

< L

Then can be made as small as we like by choosing » large enough,

THEOREMS ON POWER SERIES

18. If a power series 3 axz" converges for z = 2z, » 0, prove that it converges (a) absolutely
for |z <lzo|, (b) uniformly for |2| =|z:| where |z| < [2].

(a) Since Ea,,zg converges, lim a,2} = 0 and so we can make |aa2}| < 1 by choosing n large
N~

enough, ie |a,) < Izll" for n> N. Then
)
2 - 3 3 lobr
2 lapen = S laalle» = 3 Ta (1
N+1 N+1 N+1 %ol

But the last series in (1) converges for |z| < |z5| and so0 by the comparison test the first
series converges, i.e. the given series is absolutely convergent.

|2y [
b) Let M, = ——.
() Let [2|™

|s| = |24| so that, by the Weierstrass M test, Ta,z" is uniformly convergent.

Then 3M, converges, since |[z;| < |z)]. As in part (a), |a,2*| < M, for

- It follows that a power series is uniformly convergent in any region which lies entirely inside
its circle of convergence.

19. Prove that both the power series i a2 and the corresponding series of derivatives

2 Man2*~* have the same radius of convergence.

n=90
Let B >0 be the radius of convergence of Za,z". Let 0 < |z < R. Then as in Problem 18 we
can choose N so that |e,| < 1 for > N.

|2o|"
Thus the terms of the series 3 |na,#*~1 = 3n|a,||z|*~1 can for n > N be made less than
-1
corresponding terms of the series Snl?l;” which converges, by the ratio test, for |z] < |z,| < R.
2o

Hence Zna, 2"~1 converges absolutely for all points such that |z| < |z,] (no matter how close 120l
is to R), i.e. for |z| < R.

If however |z] > R, lim a,z* » 0 and thus lim na,z"~! % 0, so that 2na, 2*~1 does not
converge. : n=re nee

Thus R is the radius of convergence of Zna, z*~1, This is also true if R = 0,
Note that the series of derivatives may or may not converge for values of z such that |2| = R,
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20. Prove that in any region which lies entirely within its circle of convergence, a power
series (a) represents a continuous function, say f(2), (b) can be integrated term by
term to yield the integral of f(z), (c¢) can be differentiated term by term to yield the
derivative of f(z).

We consider the power series 2a,z", although analogous results hold for 2a,(z —aym.

(a) This follows from Problem 16 and the fact that each term a,z® of the series is continuous.
(b} This follows from P
thus integrable.

7 and the fact that each term a,2" of the series is continuous and

(¢) From Problem 19 the derivative of a power series converges within the circle of convergence of
the original power series and therefore is uniformly convergent in any region entirely within
the circle of convergence. Thus the required result follows from Theorem 20, Page 142,

21. Prove that the series >, :— has a finite value at all points inside and on its circle of
i

convergence but that thlé 8 not true for the series of derivatives.

By the ratio test the series converges for |z| <1 and diverges for |z| > 1. If izl =1, then
|z"/n2| = 1/n% and the series is convergent (absolutely). Thus the series converges for . 2 =1 and
30 has a finite value inside and on its circle of convergence.

The series of denvatlves is 2 -—n—— By the ratio test the series converges for |z| < 1. How-
n=1

ever, the series does not converge for all z such that |2} =1, for example if z=1 the series diverges.

TAYLOR’S THEOREM
22. Prove Taylor’s theorem: If f(z) is analytic inside a circle C with centre at @, then for

all z inside C,

&) = fl@) + fla)(z—a) + f"( )(z ap + f';#(z—a)s +

Let z be any point inside C. Construct a circle C; with centre .
at ¢ and enclosing z (see Fig.6-4). Then by Cauchy’s integral
formula,

@ = o § L6 g ()

We have
1 1 _ 1 { 1 } Fig. 6-4

w—z = w-a)—G-a  (w-a|l-G-alw—a

1 1 + (_z—_a) + z—a>2+ e 4 z_@)”‘l
(w—a) w—a w—a w—a

zZ—a " 1
+ (w—a> 1—-(z—a,)/(w—a)}

P 17 - 1 , Z2—a , (z—a)? | vis a4 (z—am1 [fz—a\" 1
or w—2z - wm—a T (w—a)? T+ (w—a) T+ = kw_a} w—2 (2)

Multiplying both sides of (2) by f(w) and using (1), we have

_ f(w) f(w) ves L —a)nt f(w)
fe) = § d + £ 211 (w a)2 + 2xi § (w—a)» dw + Un (@

zZ—a (w)
where U, = 2m§ < )-L-_—zdw
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Using Cauchy’s integral formulae

f™ (@) = 2ﬂ ) @ ﬂ';’)),,“ n=0123,...
(2) becomes '
10 = f@ + f@e-0 + EDgoap 1+ o 4 £ gp-i + v,

If we can now show that lim U, = 0, we will have proved the required result. To do this we
note that since w is on C,, nee

EIEERE

w—a

where v is a constant. Also we have |f(w)] < M where M is a constant, and

fw—2z| = |w—a)—(@z—-a)] 2 r — |2—a]
where r; is the radius of C;. Hence from Property 5, Page 93, we have
1 —a\" f(w)
v) = L l f (
Ul 2riJ. \w—a w—zdw
1 "M n My
= 211'1'1 Y 1
27y, — |z—aq r, - |z-al

Let f(2) = In(1+2), where we congider that branch which has the value zero when
2=0. (a) Expand f(2) in a Taylor series about z=0. (b) Determine the region of
convergence for the series in (¢). (¢} Expand In G * z) in a Taylor series about 2=0,
-2
(a) f(2) = In(1+2) F(0) =0
' _— 1 = -1 ? —_
f'(z) = 117 1+2) '(0) =1
() = —(1+2)2 1(0) = =1
F'""(2) = (-D(=2)1+2)"3 "0 = 2|
ftD(z) = (=lpnl(l+2)~0+D FortD0) = (—1)rnl
Then "0 "0
f@ = ma+s = 0+ 10z +L0a +f3‘! s 4 oo
- 2.8 _ 2,
A T

Another method. 1If |z| <1,

1
= - 2 — .
179 l1—z+2 28 +
Then integrating from 0 to z yields
In(l+z) = =_£+13__£+__,
A ’ 2 3 4
—1)n—1
(b)) The nth term is %, = %—ﬂ Using the ratio test,
lim Yatt) _ lim [-2-| = 2|
A= Uy neo [n+1 .

and the series converges for [2] < 1. The series can be shown to converge for |z| = 1 except for
zZ= -ln
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This result also follows from the fact that the series converges in a circle which extends to
the nearest singularity (i.e. z=—1) of f(z2).

(¢) From the result in (z) we have, on replacing z by —z,

22 8 2t
In(1 = z-Z=4+Z T 4.
n(1+2) z 2 3 1
2 B8 7
1 -— et — e . " —— N — — 0 0
In(1-—2) z 2 3 n
both series convergent for |z} < 1. By subtraction, we have
1+z) ( 28, 28 Z 2gin+1
= 2 —_— —_— .o -
1“(1—:,- FrytEyTo, 2t
which converges for |z|] < 1. We can also show that this series converges for |z =1 except for

z= =1,

/
(@) fz) =sinz, f'(z) = conz, f'(z) = —sing, f'(2) = —cosz, fIV(z) = gingz, ...
2_1AY — SBI0  #_tay = JOI0 _JAY = . JO19 AN = —JO19  FIVI_IA\ = JO 19
J\#i%) V &l by J \WI%) i@y J \H['R) &idey J \4I%) V&i& jo\&i%) V il by

, [Ma)(z—a)t | @) (z—a)®
+ -

fley = flay + fley(z—a) + 21 3]

= V2L VR - VP - VR g g
2 2 2+ 21! 23!
f) _ 2 — 3

- _2‘/:{1 +@—rt) — & 2”!/4) ~ ey }

Another method.
Let u=2—35/4 or z=u+ /4. Then we have,
sinz = sin(u+7/4) = sinucos(r/4) + cosu sin(z/4)

V2

2 (sin u + cos u)

- g{(u_u_uu_j_...) +<1_;_j+:_:_...)}

=:@§+u_ﬁ__+_+ }

2 2t 3! 4]

_ V2 (s—w/d)? _ (z—z/4P |
= 3 1+ (z—=/d4) — 27' 31

(b) Since the singularity of sin z nearest to »/4 is at infinity, the series converges for all finite values
of 2, i.e. |2| < », This can also be established by the ratio test.

LAURENT'S THEOREM

25. Prove Laurent’s theorem: If f(z) is analytic inside and on the boundary of the ring-
shaped region R bounded by two concentric circles Ci and C: with centre at a and
respective radii 71 and rs(r1 >12), then for all 2 in R,

0 = Foue-or + Tl

n=1
where 1
an = ﬁi w a)”+l w n=0,1,2,a-n
= 1l £ fw _
- = 55 i oL e v n=1,23,...
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By Cauchy’s mtegral formula [see Problem 23, Page 131]

we have
. f(w) - § f(w)
f& = 34 o 0= PR
Consider the first integral in (Z). As in Problem 22, equa-
tion (2), we have
1 — 1
w—z (w—a){1 — (z— a)/(w — a)}
= 1 z-a_ + (z—a)r—! + (z2—a\ 1
T w-a + (w —a)? w — )" &w—a} w—2z (2)
1 £ fw) _ f(w) z—a £ f(w)
so that ot A w_zdw = 2,—1§ dw + 5rt i w—a) dw
(z—a*~1 ¢ flw)
+ 3t A w—a)" dw + U
= ag + ai{z—a) + + @y tz—ajr! + U, [£3)
where
o1 L ofw 1 flw) oo _1 & _fw
0T 244 yclw—a dw, @ = 2ni Jél (w—a)2 “* v I T e I, (w—ar Y
d v = L & (z=a\" fw) duw
an L ’iyc, \w—a/ w—z
Let us now consider the second integral in (7). We have on interchanging w and z in (2),
1 _ 1
w2z (z—a){1 — (w—a)}(z—a)}
— 1 w—a (w—a)n—1t w—a\"_1
i—a T (z—a)? + + (z—a) + (z—a) z—w
_1 £ flw) = 1 £ fw), 1 f w—a
8o that 21 c w—zdw T 27 z—-a t 271 (z—a)zf(w) dw
] Cs C,
+ + 2 Z—ar fw)dw + V,
Cy
- a—l a—2 LAY —————a_
T i=a T @ * e TV “
where
1
ay = %ﬂf fwydw, a_y = ﬁf(w—-a),f(w) dw, ..., a_, = Ei—_;f(w-—a)"—lf(w)dw
Cy Cy (o]
n
and V, = 1 § (.’i’.:ﬁ) S0 a0
271 Cs z—a z—w
From (1),(#) and (4) we have
flay = {ap+az~a)+ -+ +a,_;(z—a)"1}
St 22 - U, + Va (5
+i—c+ T A a)n + U, + )

The required result follows if we can show that (a) lim U, = 0 and (b) lim V, = 0. The
N 0

n=s 0

proof of (a) follows from Problem 22. To prove (b) we first note that since w is on C,,

w—al
z—a

= x < 1

where « is a constant. Also we have |f(w)| < M where M is a constant and

lz=w| = |@G—a)=(w—0a)| = |z2—a| — 1,
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Hence from Property 5, Page 93, we have

1 § (u)" 109) gun
27 ¢ z—a/) z—w
1 M K"M’rz

Zlz—a —r T e —r

Then lim V, = 0 and the proof is complete.

7=

Vol =

1A

157

26. Find Laurent series about the indicated singularity for each of the following functions.
Name the singularity in each case and give the region of convergence of each series.

2
(@) I.e_:\s; z=1 Let 2—1 = u. Then z = 1+u and
\Z— Ay
i - e el o - & (2u)’ (2u)d | (2u)t }
=1 - w e = u-—a{1+2 PRt et

= e? 2e2 2e2 4e? G
a-p TGt T3 T3 -+

2=1 is a pole of order 8, or triple pole.

The series converges for all values of z %

b
H

%) (z—3)smqlo. z= -2, Let 2+2 = u or 2 = u—2., Then
in—— = (w—Fsnl = 1_ 1
(z 3)smz_'_2 = (u 5)smu = (u-— 5{14 3'u3+5!u5 }
_ _6_ 1 B 1
=1 ] 3!u2+3'u3+51u4
- 1 ] 1 b " 1

T IHE B+ 2E T sG+r2s T ImoErar
z = —2 is an essential gingularity.

The series converges for all values of z » —2,

© z—sinz; z=0.

28
z—sinz 1), _[,_22_ 2 _ 27
2 zS{‘ (’ TR TR )}

I

= 1]8 2. 7 | - 1 _2 _#_
- 23{3! 517 T } R
z=0 is a removable singularity.
The series converges for all values of z.
d —2 __; z=-2 = u.
()(z+1)(z+2) z Let 2+2 = u. Then
@ u—2 2—u 1 ) — 1
= = — — — — — — — d ad 2 a [}
GFDG+D) w—1)u w 1-u Arutwtudt
= 2 1tutrws o = + 14 @+2) + (E+2P + oo

+ z+2
z=—2 is a pole of order 1, or simple pole.
The series converges for all values of z such that 0 < [z+2| < 1.

1 . = —8 = :
(e) prper L z=23. Let 2—38 = u. Then by the binomial theorem,
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1 - _r _ __1

2%z — 3)2 u2(3 + u)? ou2(1 + u/3)2
_ 5%{1 N (_2,(%) v e s><3> N (—2)(;::»)(—4)(3) + }
=$—2—+§1,—,—§i—3u+-~
= 9(z13)2 B 27(z2— 9 T % B 4(z2;33) to

z=8 isa pole of order 2 or double pole.
The series converges for all values of z such that 0 < |z2—-3| <3.
1
(z+1)(z + 3)
(@0 <|z+1] <2, (d)iz<1.

27. Expand f(z) = in a Laurent series valid for (a) 1< |z| <3, (b) |2|>38,

(a) Resolving into partial fractions, (2—4'—51(7:3_) = %(z i 1) %( ) .
If |z| > 1,
1

L. 1 -1 1,1 1,1 L, 1 L,
2(z + 1) 22(1 + i/2) 2z \ z 2 2 / 2z 22 228 22

If |2] <38,

1 1 1/ z =2 2 A 1 2 22 28

—— = _— - - 1 -—— L i — P = -_—— — — —
2(z + 3) 6(1 + 2/3) 6 ( 3 + 9 27 + ) 6 18 + 54 162

Then the required Laurent expansion valid for both |zj > 1 and |z] < 3, ie. 1< (2{ <3, is

2 - 3
1 , 1,1 1 =2 _2.2 .

T2zt 228 0 22 22 6 ' 18 54 @ 162

(b) If |z| > 1, we have as in part (a),

_1 1 1 ., 1 1,
2(z+1) 2z 22 228 224
If |z| > 8,
2(z1+3) = 22(113/:;) = El;<1 "%"‘%_%}'* > = % - §§?+ '29? - % o
Then the required Laurent expansion valid for both |zl > 1 and |z] > 8, ie. |z >3, is by
subtraction 7 1 413 40 N

22 23 P 25

(c) Let z+1 = u. Then

—1.._.._“ - 1 _ _ 1 - 1 1_.'i+3fi_.1i.s+...
(z+ 1)z +3) wu+2) ~ 2u(l+u/2) 2u 2 4 8
1 1 1 1
= -z 4 = 1) — — 2
2a+1) 1 + 8(z-&- ) 16(z+1) +
valid for |u] <2, u#=0 or 0<|z+1] <2
(dy If |2|] <1,
1 1
- = 1—z4+22—284--. = —_ 2 3 4+ ...
D - aa+s | W TEYE S R S e
If |2| < 8, we have by part (a),
T _1_=z 2 £ .
L mrs "¢ ntmE im*t
Then the required Laurent expansion, valid for both |2] <1 and lz| < 8, ie. |2/ <1, is by
subtraction
l — iz + Ezz —_ ﬂzs + PP '
3 9 27 81

This is a T'aylor series.
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LAGRANGE’S EXPANSION
28, Prove Lagrange’s expansion (11) on Page 145.

Let us assume that C is taken so that there is only one simple zero of z = a+¢{ ¢(2) inside C.
Then from Problem 90, Page 187, with g(z) =z and f(z) = 2—a—{ ¢(z), we have

_ 1 — §¢'(w)
== 2ﬂ§ {w—a—§¢(w)}dw
- 2m jc w—a ¢ ¢'(w)} J[1 — ¢ o(w)/(w — a)} w
> ~ = . hY
= et teen & rew/o-—on d
_ ~ P PR Y
_ 1 £ (W)  wenl(w) ¢'(w)
T 2mi Jow— adw + El 27i § i(w a)ntl (w—a) } dw

_g i pgwd [ ew |
o ,‘§12wi c n dw (w—a)"} dw

- < _{" p"(w)
= o+ ,,§12rrin_£(w a)" dw

1I i

= g %— dan—l [¢ (a')]

ANALYTIC CONTINUATION

29. Show that the series (a) Z 2f:1 and (b) i )1.+1 are analytic continuations
of each other. n=0 =

(a) By the ratio test, the series converges for |z| < 2 [shaded in Fig. 6-6]. In this circle the series
[which is a geometric series with first term } and ratio 2/2] can be summed and represents the
172 1
1-2/2 2-32°

function

(b) By the ratio test, the series converges for

=<

ie. |z—1i < VB, [see Fig. 6-6]. In this circle the series

[which is a geometric series with first term 1/(2 — 1) and

ratio (2 —1)/(2 — )] can be summed and represents the
1/(2—1) _ 1

1—z—9/C—-13) 2-z2°

function

Since the power series represent the same function
in the regions common to the interiors of the circles
|z =2 and |z—i] = VB, it follows that they are ana-

lytic continuations of each other. Fig.6-6
30. Prove that the series 1+z+22+2i+2°+ -+ = 1+ 3 2 cannot be continued
analytically beyond 2| = 1. n=0
Let F(z) = 1+z+22+2¢+284---. Then F(2) = 2+ F(22), F(z) = 2+22+F(z%), F(z) =
z+z2t+ 24+ F@E8), 0.

From these it is clear that the values of z given by z=1, 22=1, z¢=1, 28=1, ... are all
singularities of F(z). These singularities all lie on the circle [z = 1. Given any small arc of this
circle, there will be ipfinitely many such singularities. These represent an impassable barrier and
analytic continuation beyond |z| = 1 is therefore impossible. The circle |z| =1 constitutes a natural
boundary.
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MISCELLANEOUS PROBLEMS

31. Let {f«(2)}, £k=1,2,8,... be a sequence of functions analytic in a region R. Sup-
pose that

Fe) = 3 o)
is uniformly convergent in R. Prove that F(z) is analytic in R.
"
Let S,p(2) = 3> f(2). By definition of uniform convergence, given any « > 0 we can find a positive
k=1

integer N depending on ¢ and not on z such that for all z in R,
|F(2) —S,(2)| < e for all n > N (1)
Now suppose that C is any simple closed curve lying entirely in R and denote its length by L.

Then by Problem 16, since fi(z), £k =1,2,3,... are continuous, F(z) is also continuous so that

P

y, F(z) dz exists. Also, using (1) we see that for n> N,
c

| r n | _ | r ]
I.?CF(Z) dz — k§1 ‘%fk(z) dzl = ,9(: {F(z) — S,(2)} dzl

< eL

Because ¢ can can be made as small as we please, we see that

Vsl o ~
9 Fz)dz = 3 j)fk(z)dz
[ k=1 «C
L Cooo
But by Cauchy’s theorem, y fx(z)dz = 0. Hence
(o]
<f Fiz)dz = 0
v

and so by Morera’s theorem (Page 118, Chapter 5) F'(z) must be analytic.

32. Prove that an analytic function cannot be bounded in the neighbourhood of an isolated
singularity.

Let f(z) be analytic inside and on a circle C of radius r, except at the isolated singularity z=a
taken to be the centre of C. Then by Laurent’s theorem f(z) has a Laurent expansion

0

fla) = k_E_wak(z—a)k )
where the coefficients a, are given by equation (7), Page 144. In particular,
_ 1 : _
Gon = 2ri£F%—lmdz n=1238,... ()

Now if |f(z)) < M for a constant M, i.e. if f(z) is bounded, then from (£),
ocad = | § a1 fia) de
-n 2r |l J¢

S Lle-teMe2or = M
2r

Hence since r can be made arbitrarily small, we have ¢.,=0, n=1,2,38,..., le. a_;=a_p,=
a_g ="'+ =0, and the Laurent series reduces to a Taylotr series about z=a. This shows that f(z)
is analytic at 2=a %0 that z=a is not a singularity, contrary to hypothesis. This contradiction
shows that f(z) cannot be bounded in the neighbourhood of an isolated singularity.
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33.

Prove that if 2z » 0, then

ehatz—l/2) — S Jn (a) ™

2%
where Ju(e) = El;j; cos (n6 — « 8in 4) dé n=012...

The point 2 =0 is the only finite singularity of the function e%a(z—1/2) and it follows that the
function must have a Laurent series expansion of the form

)
e%a(l-llt) = 2 J”(a)z (1)
n=—
eerlefole Lalde Lo 1ol N A Dor armtsndine /WA Daoven 144 dhin nn R lowde T I\ cwn ~elecasm e
WIICIL DULUS 10 |[4| ~ V. DYy Cyuarion (7)), L ag 4 %%y U CUCLIVICHIW v g\d) &l iven vy
1 ghhalz—1/2)
Iald) = 5= @ —— dz 2
n( ) 2”1 o z"+1 ( )

where C is any simple closed curve having z =0 inside.

Let us in particular choose C to be a circle of radius 1 having centre at the origin; i.e. the
equation of C is [z] =1 or z =e!%. Then (2) becomes

Jufa) = —, ___ielfds
;}: cos(aging —ne) de + sin (a sin 9 — ns) do
“T o g
1 r
= = r cos (ne8 — asin ¢) de
v

2r .
using the fact that I = f sin(asing — ne)de = 0. This last result follows since on letting
a

§ = 2r—¢, we find /o
2 2r
I = f sin(—asing — 2mn + ng)dgp = —f gsin(asing —ng)dp = -—I
0 [}

so that I=—I and I =0. The required result is thus established.
The function J,(«) is called a Bessel function of the first kind of order =.

For further discussion of Bessel functions, see Chapter 10.

The Legendre polynomials P,(t), n = 0,1,2,8,... are defined by Rodrigues’ formula

1 n
Faiaget -

(¢) Prove that if C is any simple closed curve enclosing the point z= ¢, then

1 1 £ (2=
Pu(t)y = 3= 2 f(z t)u)+l

Calle 8 n masmanssnn nisdandd 14\ PR X! DU I
VOnGeni 8§ represeniay Py \¢), © uue]u 8]0

P.(t) =

(b) Prove that

2r
P.(t) = 2—11“]0‘ (t +VE—1cos6)ds

(a) By Cauchy’s integral formulae, if C encloses point ¢,

e = gmre = 2 S0a
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Then taking f(t) = (t2—1)» so that f(z) = (22—1)", we y
have the required resuit

_1
2np! dt“

1 i (2 =1 dz

2 27 J(z— i1

P,(t) = (t2 1)

(b) Choose C as a circle with centre at ¢t and radius V|t2—1| as
shown in Fig. 6-7. Then an equation for C is |z—¢| =
Vitt—1] or 2z = t+Vit2—16l%, 0=9<2x. Using this in Fig. 6-7
part (a), we have

1 1 1‘2"{(t+\/ 2 — 99\2—1!"\/f2—1@gmdg

Pyty = - ———
28 271 )y (V2 —1ei)n+1
1 1 2T sy 1 0s S0 1 18 1 £42 _ 1\ ,2i0n 2—ind da
- 2, W — 1) T QY — 1L &% T \(t*— 1)€"" € **° ad
2n 2r Jy -1
4 + 2T g0 1y —48 1 o fa 4 1 449 1y 8 Yo
— 1. 1 W — 1je7 " T &ty *— L v {(i“— 1j€*;" ad
on 2r J, (t2 — 1)n/2
4 4 ol LY, 1 L 79 4\ o oaln Ta
— L J WtV — 1 T alt“— 1) Co86;" ad
2n 2r Jp (t2—1)n/2
2T

= El-.’ (t+\/t2—1cosa)"d0
T V0

For further discussion of Legendre polynomials, see Chapter i0.

Supplementary Problems

SEQUENCES AND SERIES OF FUNCTIONS

87.

40.

41.

Using the definition, prove: (a) lim 3"—;& =3, (b) lim _: = 0.

neo Ntz n->= n2+ 22

1t ’Rr‘n u,(z) = U(z) and lim v,(z) = V(z), prove that (a) '}ﬂ {u,(2) = v,{2)} = Ulz) = V(2),
(b) '}im {ual2) vu(2)} = Uz) V(2), (¢) lim u,(2)/v,(z) = U@VV(z) if V(z) = 0.
® an—1

(a) Prove that the series -2— +Z 75 +Z 2% Cpeee = n§1 o

Ans, (a) S,(z) = {1~ (2/2)»}/(2—2) and lim §,(z) exists if |2] <2, (b) 8(z) = 1/(2—2)

converges for |2 < 2 and (b) find its sum.

(@) Determine the set of values of z for which the series i (—1)n (zn+ 2zn+1)  converges and
(%) find its sum. Ans. (a) |2/ <1, (b)1 »=0

o

(2) For what values of z does the series 3 (le_i)_: converge and (b) what is its sum?
n=1

Ans. (a) All z such that |22+1| > 1, (b) 1/22

If lim |u,(z)] = 0, prove that lim u,(z) = 0. Is the converse true? Justify your answer.
n=s 0 N =,

Prove that for all finite 2, lim z"/n! = 0.

N => 0
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44.

45.

v _a f_. % .. __ 9« O 0 T o 8 %At Lo Y% . o o 1%__.%a [ PO £ TR
eV WGy, B — 1,4,05 ... e a Juence 01 poSIuive NUIIDErs naviilyg zZero as a 1UniL DSUppose wviav
|ua(z)] = a, for n =1,2,8,.... Prove that lim u,(z) = 0.

n =

Prove that the convergence or divergence of a series is not affected by adding (or removing) a finite
number of terma.

Let S, =2+2:2+48323+ - +nen, T,=2+22+23+ -+ + 2% (a) Show that S, = (T, —nzr+1)/(1 — 2).
(b) Use (a) to find the sum of the series 3 nz® and determine the set of values for which the series

Phynapt)
n=1

converges. Ans, (b) z/(1—2), |2| <1

t i

Find the sum of the series 2 Ans. 4

ABSOLUTE AND UNIFORM CONVERGENCE

46.

41.

48,

49.

50.

51,

52.

53.

(a) Prove that wu,(z) = 82+ 4z2/n, n = 1,2,3,..., converges uniformly to 3z for all z inside or on the
sirela Ipl =1, lb\ Can the circle of part (a) he e enla crprl" Fvnhun

a) Determine whether the sequence u,,(z) = nz/(n? + 22) [Problem 35(6)] converges uniformly to zero

aida ol — 9 £BY Miana tha nase 14 ~f [l hhald faw all Bnita valuias ~f ~?

Lrew 211 o :—.
4 ll % AIBIUC |ﬁ| bt > 13 \V’ AZVCD WIT LTDOWIV VI W) HIVIU LVE &M LLILWw Yal ues o1 29

m

Prove that the series 1 + az + a%z2 + -+ converges uniformly to 1/(1 —az) inside or on the circle
j¢| = R where E < i/jaj.
Investigate the (a) absolute and (b) uniform convergence of the series
2(3 —2) 2(8 — z)2 z2(8 —2)8
- +
3 + " + 3 3t +

Ans. (a) Converges absolutely if |z—8] < 3 or 2=0. (b) Converges uniformly for |[z—3| = R
where 0 < R < 3; does not converge uniformly in any neighbourhood which includes z = 0.

Investigate the (a) absolute and (b) uniform convergence of the series in Problem 38,
Ans. (a) Converges absolutely if |z|] < 1. (b) Converges uniformly if |z| = R where R <.

Investigate the (a) absolute and (b) uniform convergence of the series in Problem 39.
Ans. (a) Converges absolutely if |22+ 1] > 1. (b) Converges uniformly if |22+ 1| Z B where R > 1.

Let {a,} be a sequence of positive constants having limit zero; and suppose that for all z in a region R},
jus(2)| = @y, n =1,2,8,.... Prove that lim u,(z) = 0 uniformly in R.
n =0

(a) Prove that the sequence u,(z) = nze—"** converges to zero for all finite z such that Re {22} >0,
and represent this region geometrically. (b) Discuss the uniform convergence of the sequence in (a).

Ans. (b) Not uniformly convergent in any region which includes z=0.

o0 ) ' a0
If 3 a, and 20 b, converge absolutely, prove that Eo ¢,, where ¢, = agb,+a b, + -+
n=0 n= n=

a,b,, converges absolutely.

..... anak Al besram ma

Prove that if each of two serie

o dm ak
lutely and uniformly convergent in ‘R

SPECIAL CONVERGENCE TESTS

56.

Test for convergence:

1 5 =  n+3 = = on—1
(e )n§12"+1 ®) u§13"—1' (e) n§13n2—n+2' (@ E Ldn+38’ (¢) § Ve +ntz

Ans. (a) conv., (b) conv., (¢) div., (d) conv., (e) div.
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87.

61.

67.

Investigate the convergence of:

S (=
b ——,
(a) 2'n+|z| (>)n§1n+lzl (0) 2112+|.z| (d)zn2+z
Ans. (a) Diverges for all finite 2. (b) Converges for all z. (c) Converges for all z. (d) Converges for
all z except z2=-n2, 1=1,2,8,..
2 menri/e T
Investigate the convergence of g Pyl Ans. Conv.
i (z+9n 2+ 1) & (=1)nen

Find the region of convergence of (a) ’20 ArDmID’ b) E  E 3»( 1 , {0 ’El al

Ans. (a) lz4+4d =1, B) {(z+D/(z—1)]| =3, (¢) 2] < =

' o —1\n{2 — 2\n
Investigate the region of absol (=1)nz — 9
nvestiga e region of absolute convergence of :;21 St + 1)

Ans. Conv. abs, for [z—1| = 4.

. . & e2minz
Find the region of convergence of 3 % _.

a=0 (n + 1)%/2
Ans. Converges if Im 2z = 0.

Prove that the series i Wn+1-—1n) diverges although the nth term approaches zero.
n=

L
ositi iteger and sup V, |u,] > 1/(nlnn). Prove that 3 u,
diverges. n=1
Establish the validity of the (a) nth root test [Theorem 12], (b) integral test [Theorem 13], on
Page 141.
Find the interval of convergence of 1+ 2z+ 22+ 228+ 24+ 2254 -+, Ans. |2/ <1

Prove Raabe’s test (Theorem 14) on Page 141,

_ 1 1 1 1,14, 1+4:7
Test for convergence: (o) gros +aymstpag T 0 ® F 15 teger @
2:1 2:7-12 ln2 In8 ln4
5-10 5'10'15+ » @ oy 3 "4 +

Ans. (a) conv., (b) conv., (¢) dlv., (d) div.

THEOREMS ON UNIFORM CONVERGENCE AND POWER SERIES

70.

L.

Determine the regions in which each of the following series is uniformly convergent:

- o (z—1)2n 1 Va+1l
@35 o3 o3t o3

n=1n2+ |22’
Ans. (a) |2/ S B where R<8. (b) |2—i=1. (¢) 2= R where R>1. (d) All 2

Prove Theorem 20, Page 142.

State and prove theorems for sequences analogous to Theorems 18, 19 and 20, Page 142, for series.

(a) By differentiating both sides of the identity
1
1—2z
find the sum of the series 3 nz* for |2] < 1. Justify all steps.
n=1

= 14+z+22+28+ - 2] <1

(b) Find the sum of the series 2 n2z® for |z| < 1.
n=1.

Ans. (a) z/(1—z)® [compare Problem 44], (b) (1 +z)/(1 — 2)8
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1

_ ] '
72. Let z be real and such that 0 = z = 1, and let u,(z) = nze~™*, (a) Find lim J u,(2) dz. (b) Find
n—nJg

73.

4.

.

76,

.

1 ,
J; {lim u,.(z)} dz. (¢) Explain why the answers to (a) and (b) are not equal. [See Problem 53.]
L i d
Ans. (a) 1/2, (b) O

Prove Abel’s theorem [Theorem 24, Page 142].

{a) Prove that = 1—22424—204 ... for |2l <1,
L e 1+z, =t
(b) If we choose that branch of f(z) = tan—1z such that f(0) = 0, use (a) to prove that
NE _a x
-1 = oz = - = E_Z
tan—1z Jo 1+a 2 3 + 3 7 +
() Provethat T = 1 =l+l=£+
N 4 8 6 7

Prove Theorem 25, Page 142.

(a) Determine Y(z) = .gn ayz"  such that for all z in 2| S 1, Y’(z) =Y(2), Y(0) =1. State all
theorems used and v;ri'fy that the result obtained is a solution.

(b) Is the result obtained in (a) valid outside of |z| S 1? Justify your answer.

(c) Show that Y(z) = e* satisfies the differential equation and conditions in ().

(d) Can we identify the series in (a) with ¢*? Explain.

-2 23
Ans. (a) Y(z) = A TR TR

{a) Use series methods on the differential equation Y"(z) + Y(2) = 0, Y(0) = o, Y'(0) = 1 to obtain
the series expansion
sinz = z—-z3-+£--i+
8! 5! 1!

(b) How could you obtain a corresponding series for cos z?

TAYLOR'S THEOREM

78.

9.

81,

Expand each of the following functions in a Taylor series about the indicated point and determine
the region of convergence in each case.

@ e %2=0 (b)cosz;z=2/2 (¢) 1/(1+2);2=1 (d) 28—822+42—2;2z=2 (e) ze¥; 2 = —1

If each of the following functions were expanded into a Taylor series about the indicated points, what
would be the region of convergence? Do not perform the expansion.

(@) sinz/(22+4); z=0 (¢) (2+8)/(z—1)(z—4); z=2 (e) e*/z(z—1); z=41
b) z/(e*+1); 2=0 (d) e~**sinh(z+2); 2=0 (H coth2z; 2=0
Ans. (a) o] <2, (B) 2] <w, (¢) |z —2( <1, (d) |d] <=, () |z—4i] < 4, () || <»/2, (9)]|t—1 <1/2

(g) secwrz; 2=1

Verify the expansions 1,2,3 for e, sinz and cos z on Page 148.
2 210 i
ine? = S8 —2.42%2__2 ., ... .
Show that  sin# 2 3!+5! ,”+ , |7 <=
5 7
Prove that tan—!sg = z—g+i——z—+---, 2| < 1.
3 6 7
5
Show that (a) tanz = +§+%+ -y 2] < =/2
= L R
(d) secz = 1+2+24+ s 2] < #/2
1 s T
- - —_ — v <
(¢) csez z+6+360+ ) 0<lzl<=
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84. By replacing z by iz in the expansion of Problem 82, obtain the result in Problem 23(e) on Page 156.
85. How would you obtain series for (a) tanhz, (b) sechz, (¢) cschz from the series in Problem 837

88. Prove the uniqueness of the Taylor series expansion of f(z) about z=a.
[Hint. Assume f(z) = S e(z—a) = 3 d,(z—a)* and show that ¢, =d, n =0,1,2,3,...]
n=0 n=0

87. Prove the binomial Theorem 6 on Page 143.

88. If we choose that branch of 1+ z® having the value 1 for z =0, show that

1 _ 41, 18, 1:3:6,, .. lel < 1
Vitas 2 2+4 2+4+6 .

89. (a) Choosing that branch of sin—!z having the value zero for z =0, show that
128 1328 1+3+5 27
in—1 = —_ — —_— s <
sin—1z z+23+2'45+2'4.67+ |2 <1

(b) Prove that the resuit in {(a) is valid for z=1.

90. (a) Expand f(z) = In(3—1z) in powers of z— 2i, choosing that branch of the logarithm for which
7(0) = In3, and (b) determine the region of convergence.
_Hz—2) (-2  i(z—20® (2 29t
Ans. (a) Inb 5 + 252 + 3.5 154

) [s—2i] < B

LAURENT'S THEOREM

91. Expand f(z) = 1/(z—3) in a Laurent series valid for (a) |z] <38, (b) izi >3
Ans. (a) — ——%z—-% —-8—1z3—--- (0) z=1 + 3272+ 9273 + 2724 + -
92, Expand f(z) = (_z_:—l)z(z_—zj in a Laurent series valid for:
(@ jz) <1, B 1<[zi<2 ()jz[>2 (@ jz—1>1 (g0 < z—2 < 1.
Ans. () —%z -2z —%ﬁ—%#— e (@) e +%+%+ 1+%z+%z2+%z”+ :

v d) —(z—1)"1—2(z—~1)"2—2(z—1)"3 — -+

() 1 —2::—2)"1— (z—2) + (2—22— (z—28 + (z—2)t — -+
93. Expand f(z) = 1/2(z—2) in a Laurent series valid for (a) 0 < |2 <2, (b) |2| > 2.
94. Find an expansion of f(z) = 2/(22+ 1) valid for |z—3| > 2.
| 95. Expand f(z) = 1/(z—2)2 in a Laurent series valid for (a) lzi <2 (b) |2z >2
96. Expand each of the following functions in a Laurent series about z =0, naming the type of singularity

in each case,
(a) (1 — cos z)/z, (b) ez'/z3 (¢) -1 coshz™1, (d) z2¢-#, (e) zsinh Vz.

10 14
2z ... i i 3 __ 84 2 _ET 4 ...,
Ans. (a) — ' + 6' ; removable singularity @ #—f+oy—grt
5 2 ordinary point
(b)—+ +'ﬁ+§+?ﬁ+ﬁ+"'; () zalz+35/2+z1/2+z9/2+”“
pole of order 8 8! 5! " ’
r_ 1 .1 _ . - . branch point
(o) YO + 5 ; essential singularity

97. Show that if tanz is expanded into a Laurent series about z = #/2, (a) the principal part is
~1/(z —#/2), (b) the series converges for 0 < |z—#/2| < =/2, (¢) 2=r/2 is a simple pole.
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98. Determine and classify all the singularities of the functions:
(@) 1/(2sinz—1)2, (b) z/(el/z2—1), (¢) cos{z2+272), (d) tan—!(22+2z+2), (e) z/(et—1).
Ans. (a) #/6 + 2mzr, 2m+ 1)x — /6, m = 0,*1,%2,...; poles of order 2
(b) i/2mwz, m = *1,22,...; simple poles, z = 0; essential singularity, z = «; pole of order 2
(¢) z =0, =; essential singularities (d) z = —1 = {; branch points
(e) z=2mgi, m = =1,%2,...; simple poles, 2z = 0; removable singularity, z = =; essential
singularity ‘
99. (a) Expand f(2) = e#/*—2) jn a Laurent series about 2z=2 and (b) determine the region of con-
vergence of this series. (c¢) Classify the singularities of f(2).
22(z—2)—2 23(z—2)"8
2! ,+ 3!

Ans. (a) el + 2(z—2)-1! + + } (b) |z—2] > 0 (c) z=2; essential

100. Establish the result (?), Page 144, for the coeflicients in a Laurent series.

101, Prove that the only singularities of a rational function are poles.

182, Prove the converse of Problem 101, ie. if the only singularities of a function are poles, the function
must be rational.
9
LAGRAA GE S EXPAL‘S!QL‘

103. Show that the root of the equation z = 14 {27, which is equal to 1 when { =90, is given by
2p ., + (3p)(3p—1), ¢ 4 (4p)(dp — )(dp — 2) ., +

z = 1+4+¢+ E_g T 1_\.,‘.4!,‘. ¢+
104. Calculate the root in Problem 103 i =1/2 and =1, (a) by series and (b) exactly, and compare
the two answers. Ans. 2.62 to wo decimal accuracy

105. By considering the equation 2z = a + 4{(22—1), show that

1 [
Vi—2a+ §

106. Show how Lagrange’s expansion can be used to solve Kepler's problem of determining that root of
z = a+ ¢sinz for which z=a when {=0.

12”” da ﬂ(eﬁ—l)"

107. Prove the Lagrange expansion (12) on Page 145b.

ANALYTIC CONTINUATION

0 ) [
108. (a) Prove that Fy(2) = —1-— p (ﬂy is an analytic continuation of F,(z) = 3 2", showing
1+ n=0\1+1 n=0
graphically the regions of convergence of the series,
() Determine the function represented by all analytic continuations of F(2). Ans. (b) 1/(1—2)
<0 zﬂ+l

109. Let Fy(2) = 3 (¢) Find an analytic continuation of F(z) which converges for z = 3 —4i.
n

- 3n
=0
(b) Determine the value of the analytic continuation in (a) for -z = 8 —4i. Ans. (b) -3 — &

110. Prove that the series
zu + 12! + zal + e
has the natural boundary |z[ = 1.

MISCELLANEOUS PROBLEMS
111. (a) Prove that E — dwerges if the constant p=1.

(b) Prove that 1f p is complex the series in (a) converges if Re {p} > 1.

(¢) Investigate the convergence or divergence of the series in (a) if Re{p} = 1.
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[ L] $n2 ©
112, Test for convergence or divergence: (a) g f%, b g;%f’ll_—:t;, () 3 msin~1(1/n3),

113

117

.

-
b
a0

119.

120

121.

122,

123

.

(d) ﬁ e (e) ilcoth‘ln, ) ilne"".

nsgnlnn’
Ans. (a) div., (b) conv., {¢) conv., (d) conv., (e) div., (f) conv.

Euler presented the following argument to show that X 2" = 0:

-0

LA 2 3 e = S 2 _ 1 = 1.1 er = 3
e 2+ 22+ 23+ ?z”, p =i 1+ 2+ 5+ =
Then adding, ¥ z* = 0. Explain the fallacy.

(=1 (-1, (z—-1)* .

Mlnee bl d Soo la oo 21—~ 4 JURE [ % 9\
RIVW uviiav 19l & 4 ~ 4 % 11l & — & &) T T
e AT 2.3 3.4
L I Y Y ST ¥ J S S S P (8 — 32n—1)z2n-1
Lixpana sil® £ 1l a Maclaurii Series AN8 S e,
n=1 4(2n-—1)!
Given the series 22 + 2 + i + il v
1422 (1+292 (Q+228

(¢) Show that the sum of the first » terms is S,(z) = 1+ 22 — 1/(1 + 221,

(6) Show that the sum of the series is 1 + 22 for 2+ 0, and 0 for z = 0; and hence that z=0 is a point
of discontinuity.
{¢) Show that the series is not uniformly convergent in the region |z| = § where 8 > 0.

_ 32—38 : - _
If F(z) = G—D—2)" find a Laurent series of F(z) about z =1 convergent for § < [z—1| < L
Ang. - — -1 "t + 1z—-1)"3 - (-2 + (z—1)"1—-1—(2—1) — (z—1)2 — ---

For each of the functions zel/?*, (sin2z)/z, 1/2(4 —z) which have singularities at z=0: (a) give a
Laurent expansion about z =0 and determine the region of convergence; (b) state in each case whether
z=0 is a removable sihgularity, essential singularity or a pole; (¢) evaluate the integral of the
function about the circle {z| = 2.

Ans. (@) z+ 271+ 273/20 + 2=5/81 + +-+; lz| >0, 2z — 223/8 + 425/45 — +++; |zl 2 0, 2z71/4 +
1/16 + 2/64 + 22/266 + +-+; 0 < |z] <4
(b) essential singularity, removable singularity, pole {¢) 2xt, 0, xi/2
(a) Investigate the convergence of g ;LTi—U; (b) Does your answer to {a) contradict Problem 8,

Page 1487 Ans. (a) diverges

i in2 ins
(a) Show that the series 1521121 + ;;r:_i + ;;1: + +++, where z = x+1iy, converges absolutely in

the region bounded by sin2x +sinh?2y = 1. (b) Graph the region of (a).

If |2|] > 0, prove that
cosh(z + 1/2) = ¢ + ¢1(z + 1/2) + ey(z2 + 1/2%) + ---
. 27
‘where e = él; f cos n¢ cosh (2 cos ¢} do
‘ 0

If f(z) has simple zeros at 1—4 and 1+ 4, double poles at —1+4i and —1 —¢, but no other finite
singularities, prove that the function must be given by
- 22—2242
fa) = ¢ caTe.vop
where « is an arbitrary constant.
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o0 QS e fa  SAN
124. Prove that for all 2, e*sinz = 3 % sf:'\"’” 2} zm,
n=1 :
125. Show that In2 = 1 -4+ 4 —}+ -+, justifying all steps, [Hint. Use Problem 23.)

126.

. . . z ‘
Investigate the uniform. convergence of the series “§1 A ¥ DAL T ne"

I:Hint. Resolve the nth term into partial fractions and show that the nth partial sum is S,(z) =
! -l

1L .."
P S ] 72 J

Ans. Not uniformly convergent in any region which includes z = 0; uniformly convergent in a region
|2] = 8, where § is any positive number.

127 If 1—-4+4—1%1+ -+ converges to S, prove that the rearranged series 1+4— 4+ 4 +4—
}+3+ A4 -3+ =§S. Explain
[Hint. Take 1/2 of the first series and write it as 0+ 4 +0— 4} + 0+ } + -++; then add term by

8

129,

term to the first series. Note that S = In 2, as shown in Problem 125.]

. Prove that the hypergeometric series
a*b a{fa+1)b(b+1) ala+ (e + 2) bb+ 1)}(b +2)
+ 2 B+
L+ e T TogveesD 2 77 1028 s+ D+ 2
(a) converges absolutely if |z|] <1, (b) diverges for |z| > 1, (c) converges absolutely for z=1 if
Re{a+ b —¢} <0, (d) satisfies the differential equation 2(1—2)Y" + {¢—(a + b+ 1)2}Y’ — adY = 0.

in-12)2 = 22 £,% . .
(sin—12) 22 + 3’3 + 3.5 3:.6-7 4 +

Prove that for |z| <1,
2 2 2+4 28 2:4+6 28
3

©

130. Prove that 21 n_ll_‘ﬁ diverges.
n=
1 1 1 1 _
131. Show that 1-2 2'3+3'4_1'_5+ = 2mn2 -1
132. Locate and name all the singularities of 241 sin( 2 )
' £ G—10 @z +272 " "\z—38/"
133. By using only properties of infinite series, prove that
@  al b2 b2 _ (a + b)2
(a) {1+a+ﬂ+-3—f+'-}{l+b+2—!+-3—!-+ } = {1+(a+b)+T+-
w {1-2ps e Uy @ @ a1 1
® T TERY R YA TR T, =

134.

135.

136.

137.

138.

If f(z) = 3 a,z® converges for |zl <R and 0 =r < R, prove that
=0

m 90
L (" rennds = 3 jarren
or 0 n=0

Use Probleni 134 to prove Cauchy’s inequality (Page 118), namely
M-n!
(n) = — =
Fm@) = —3 n=012...

If a function has six zeros of order 4, and four poles of orders 3,4,7 and 8, but no other singularities
in the finite plane, prove that it has a pole of order 2 at z = =.

State whether each of the following functions are entire, meromorphic or neither:

(a) 22¢—%, (b) cot2z, (c) (1 —cosz)/z, (d) coshz?, (e) zsin(1/z), (f) z+ 1/z, (g) sinVz/Vz, (h) VEinz.

Ans. (a) entire, (b) meromorphic, (c) entire, (d) entire, (e) neither, (f) meromorphic, (g) entire,
(k) neither

If —x < 6.< 7, prove that
In(2cos6/2) = cosd — Jcos20 + Jcos3¢ — }cosde + -
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189,

140.

141.

142,

143

-

[
W
[

145.

Pt
[
(-3

147

148

149,

150,

151.

152,

153.

154,

. Find the sum of the series 1 + coze +

INFINITE SERIES —VTAYLOR’S AND LAURENT'S SERIES [CHAP. 8

(a) Expand 1/In (1 + 2z) in a Laurent series about z=0 and (b) determine the region of convergence.

Ans. (“)'+§_E+24+720+"' B)yo<izi <1

If S(z) = ap+ a;z+ az22 + -+, prove that
S@)
1-2z

giving restrictions if any.

= ay + (@g+ag)z + (ag+a+ag)z2 + .-

Show that the series
1 1 1 1

- + — cen
1+0z  2+0d 8+ 4+l T
(a) is not absolutely convergent but (b) is uniformly convergent for all values of 2.

Prove that 21 converges at all points of |z| S 1 except z=1.
n=

2%

Prove that the solution of z = a4+ {e*, which has the value a when { =0, is given by

o0

2 = a+ En"‘leﬂﬂfﬂ
if m < |e-(¢+1)l_

cos26  cos 30 +
o1 3!

€co38 con (ain ¢)

Let F(z) be analytic in the finite plane and suppose that F(z) has period 27, ie. F(z+2r) = F(2).

Prove that w e

F(@z) = 2 ay, einz where a, = o F(z) e=nz dz
n=-—eo T 0

The series is called the Fourier series for F(z).

. Prove that the series

sing + }sin3¢ + }sinbe + ---
is equal to v/4 if 0< 9 <7, and to —v/4 if —7<8<0,

Prove that |z| = 1 is a natural boundary for the series 3 2-"2z%",
n=0

If f(2) is analytic and not identically zero in the region ¢ < |z2—2,| < R, and if tli":o f(z2) =0,

prove that there exists a positive integer n such that f(z) = (z—zy)»g(z) where g(z) is analytic at
2y and different from zero.

If f(z) isanalyticinadeleted neighbourhood of 2z, and lim |f(z)] = =, prove that 2=z, is a pole
of f(2). =t
Explain why Problem 149 does not hold for f(x) = el’* where x is real.

{a) Show that the function f(z) = e!/¢ can assume any value except zero. (b) Discuss the relationship
of the result of (a) to the Casorati-Weierstrass theorem and Picard’s theorem.

(a) Determine whether the function g(z) = 22— 8z+2 can assume any complex value. (b) Is there
any relationship of the result in (a) to the theorems of Casorati-Weierstrass and Picard? Explain,

Prove the Casorati-Weieratrass theorem stated on Page 145. [Hint. Use the fact that if z=a is an
essential singularity of f(z), then it is also an essentisi singularity of 1/{f(z) —A}.]

(z) Prove that along any ray through 2=0, |z+e%| » =,
(b) Does the result in (a) contradict the Casorati-Weierstrass theorem?
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158.

156.

187,

(e

159.

160,

161.

3
INg

168.

164.

165.

() Prove that an entire function f(z) can assume any value whatsoever, with perhaps one exception.
(b) Illustrate the result of (a) by considering f(z) = ¢* and stating the exception in this case.
() What is the relationship of the result to the Casorati-Weierstrass and Picard theorems?

Prove that every entire function has a singularity at infinity. What type of singularity must this be?
Justify your answer.

In(1+2)

Prove that:  (a) T = z~(14+§22 + Q+3+P2f — -, 2| <1
® Mna+ar = 2-a+PE L argrpZ o <
Find the sum of the following series if |a| <1
{(a) ngl na" sin ne, () “gl n2a™ sin né
Show that esine = 1 + z+£§—%——{—§-+ cee, 2] <

(a) Show that i :“T converges for |z = 1.
n=l
(b) Show that the function F(z), defined as the collection of all possible analytic continuations of the
series in (a), has a singular point at z=1.
(¢) Reconcile the results of (a) and (b).

Let 2 a,z* converge inside a circle -of convergence of radius B. There is a theorem which states

that the function F(z) defined by the collection of all possible continuations of this series, has at least
one singular point on the circle of convergence. (a) Illustrate the theorem by several examples.
(3) Can you prove the theorem?

Show that
_ R2-—r2 Ug) dg
ur o) = —5 f, R — 2rRcos(e—9) + 72
- % S/rY
= —+ 3 {a, cosné + b, sinne}
2 n=1
where 1 ¥ 1 ¢
oy = ;f U@ conngds, by = L[ Uly) sinng ds
0
P’ Byz?  Bga® .
Let o1 = 1+ Bz +—ﬁ- +—§—!— + +--. (a) Show that the numbers B,, called the Bernoulli

numbere, satisfy the recursion formula (B + 1) = B* where B* is formally replaced by B, after
expanding. (b) Using (a) or otherwise, determine By, ..., B,.

Anas. (b) Bl. _‘}1 Bl in BS =0, B4 - _*u BS =0, BG = ﬁ

{a) Prove that pryry 2

2 _ =3 (coth;-— 1) (3) Use Problem 163 and part (a) to show that By 4y =0
it k=1,28,....

Derive the series expansions:

_ 1 2 28 Bln(z’)" .
(@) cothz = ;+§_IE+'”+(Tn)TT see, 2l <=
"v'\ ootz = Lgigi+ e:el=1\§M 4 e |z‘<f‘
v z s 45 A 4 (2"‘)! z » 1#]

2 25 2(2%n — 1)By,(22)3n 1

(6) tanz = 2z + 3 + T3 + oo (=1)n-t @)1 , 2] < #/2

_ 1 l E- -1 2(22’!—1 -_— l)anzh—l
(d) cscz = < + r + 360 + (—=1)» @ + -, 2| < =

[Hint. For (a) use Problem 164; for (b) replace z by iz in (a); for (c) use tanz = cotz — 2 cot 2z;
for (d) use cscz = cotz + tan z/2]



Chapter 7

RESIDUES

Let f(z) be single-valued and analytic inside and on a circle C except at the point
z=a chosen as the centre of C. Then, as we have seen in Chapter 6, f(z) has a Laurent
series about z=a given by

=

fly = 2 awz—a)

n=—w
- a-—-
= G+ afz—a) + afe—a) + - + =L 4 24 .. (1)
) ’ ’ zZ—a (z —aj*
1 f(2) +
= 5= ¢ =0,%1,+£2,... 2
where an 5t S = @) dz n = 0,x1, %2, @)
In the special case n = —1, we have from (2)
7 e )
}mw;zmﬂ - (3)
[
Formally we can obtain () from (7) by integrating term by term and using the results
(Problems 21 and 22, Chapter
£ dz (2:i p=1
$ s = P %)
c (z—a)? 0 p = integer » 1

Because of the fact that (3) involves only the coefficient a-, in (1), we call a_, the residue
of f(z) at z=a.

CALCULATION OF RESIDUES

To obtain the residue of a function f(z) at z=a, it may appear from (1) that the
Laurent expansion of f(z) about z=a must be obtained. However, in the case where z=a
is a pole of order k there is a simple formula for a—, given by

. 1 dx—1
a1 = llm(k—_T)! 371 {2 —a)* f(2)} (%)

If k=1 (simple pole) the result is especially simple and is given by
a-1 = lim(2—a)f(z) (6)

which is a special case of (5) with k=1 if we define 0!=1.

Examplel: If f(z) = m, then z=1 and z=—1 are poles of orders one and two re-
spectively. We have, using (6) and (5) with k=2,
hY I'd N\
> i =1is lim (z—14—2— b =1
N . 2 Residue at z =1 is 11511 (2 1){(z—l)(z+1)2} i
‘)%J' v . 1 d z _ 1
N A Residue at z = —1 is zl.]."—llﬂ a—;{(z+1)2 (m) = -7

" If z=a is an essential singularity, the residue can sometimes be found by using
known series expansions.

172
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Example 2: If f(z) = e~1/%, then z =0 is an essential singularity and from the known expansion
for e* with u = —1/z we find

- _ 1 1 1
et = -t e T ns

from which we see that the residue at z = 0 is the coefficient of 1/z and equals —1.

4+ -

THE RESIDUE THEOREM

Let f(z) be single-valued and analytic inside
and on a simple closed curve C except at the

L4

singularities a,b,¢, ... inside C which have resi-
dues given by a-;, b_,, ¢y, ... [see Fig. 7-1].
Then the residue theorem statas that

a2l Ll VIVOUT Ciiv DuvaRLveR u iy

§f(z)dz = 2nb(@i+bogtomrter) (7)

i.e. the integral of f(z) around C is 2xi times the
sum of the residues of f(z) at the singularities
enclosed by C. Note that (?) is a generalization
of (3). Cauchy’s theorem and inte gral formulae

are special cases of this theorem (see Problem 75). Fig. 7-1

EVALUATION OF DEFINITE INTEGRALS

The evaluation of definite integrals is often achieved by using the residue theorem
together with a suitable function f(z) and a suitable closed path or contour C, the choice
of which may require great ingenuity. The following types are most common in practice.

f F(x)dx, F(x)is a rational function.

Consider § F(z)dz along a contour C consisting of the line along the

z axis from —R to +R and the semicircle T" above the 2 axis having this line as
diameter [Fig. 7-2]. Then let R~ «, If F(x) is an even function this can be

used to evaluate j; F(x)dz. See Problems 7-10.

Fig.7-2 ‘ Fig. 7-3

2r
2. f G(sind, cosf)df, G(sind, cosd) is a rational function of siné and cos 4.
0

2—z7! cosd = z+z7!

20 ' T2

df = dz/iz. The given integral is equivalent to f F(z)dz where C is the unit
C

circle with centre at the origin [Fig. 7-3]. See Problems 11-14.

Let z=¢*. Then sing = and dz = ie*dg or
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3. (' F(z) { ::)s :’n%x} dx, F(x) is a rational function.

Here we consider § F(z)e™=dz where C is the same contour as that in
C
Type 1. See Problems 15-17, and 37.

4. Miscellaneous integrals involving particular contours. See Problems 18-23.

SPECIAL THEOREMS USED IN EVALUATING INTEGRALS
In evaluating integrals such as those of Types 1 and 3 above, it is often necessary

to show that f F(z)dz and fr emz F(z)dz approach zero as R~ », The following
r

Theorem 1. If |F(z)| = ng for z = Re®, where k>1 and M are constants, then

if T is the semicircle of Fig. 7-2,

Hm J" F)dz = 0
See Problem 7. Rove=or

1"1

Theorem 2. If |[F(z)| = for z = Re®, where k>0 and M are constants, then

if T is the semicircle of Fig. 7- 2

lim § eém™F(z)dz = 0
r

4 R=+ e
J.

THE CAUCHY PRINCIPAL VALUE OF INTEGRALS
If F(x) is continuous in @ =z = b except at a point 2o such that a <o < b, then if

¢, and ¢, are positive we define

_j: Fla)de = hm{ f " Fayds + F(x)dx}

€ —0 Zgte€
€eg =0 0Tt

In some cases the above limit does not exist for ¢ ¢, but does exist if we take ¢, =¢ =

In such case we call
b

b Tg—€
f Fz)dz = lim { f F(z)de + F(z) dx}
a €= a xpte
the Cauchy principal value of the integral on the left.

) ldg _ .. “4 dg f‘dx _ 1 _ 1
Example: f_ o elxllno{f_l o + .7 = elll_rfxo 3 ‘2 23

G’-'
does not exist. However, the Cauchy principal value with ¢; = ¢; = ¢ does exist and
equals zero.

DIFFERENTIATION UNDER THE INTEGRAL SIGN. LEIBNITZ'S RULE

A useful method for evaluating integrals employs Leibnitz’s rule for differentiation
under the integral sign. This rule states that

'%jlbp(x,a)dx - fbiﬁdx
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The rule is valid if a and b are constants, « is a real parameter such that o =aSq,
where «, and «, are constants, and F(z,«) is continuous and has a continuous partial
derivative with respect to a for a S 2 =b, o, S« =S¢, It can be extended to cases where
the limits a and b are infinite or dependent on «.

SUMMATION OF SERIES

The residue theorem can often be used to sum various types of series. The following
results are valid under very mild restrictions on f(z) which are generally satisfied when-
ever the series converge. See Problems 24-32, and 38.

1. 3 fw) = —{sum of residues of = cotnz f(z) at all the poles of f(z)}

2. (1) f(n) = —{sum of residues of = csc=z f(z) at all the poles of f(2)}

{sum of residues of rtan=z f(2) at all the poles of f(z)}
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1. Suppose that the only singularities of f(z ) in the finite 2 plane are the simple poles
a1, as,as, . . . -arranged in rder of increasing absolute value.

2. Let the residues of f(z) a1,02,0Qs, ... be by, babs, ...
3, Let Cy be circles of radius Ry which do not pass through

' Advv WN AN VAL R Asviaimie Ay i 14 2100V O“

|f(z)] < M, where M is independent of N and RN 2o as N-

aa » a s YV aaalsaa

Then Mittag-Leffler’s expansion theorem states that
_ < 1 1
fz) = f(0) + ,.21 b”{z-a,, + a_,,}

SOME SPECIAL EXPANSIONS

1. cscz = % ~ 22 <z2iw5 - z2—141r2 + zz_lng - > — T

2osecr = r(pm- e =) ——

3. tanz = 2 ((1r /2)12_z2 + (37#2%2_# + (5w/2§2—z2 + ) _

4. cotz = % + 22 (zz_l_ﬂz + z2—141r’ + zz_lng + .- ) e~ {j\d

5. c¢schz = % - 2z<z’iw’— 22:4#4_22:9”2 - > S— \‘!\Ot{g\é}
e

6. sechz = = ((77/2)12+,~.2 - (31r/23)’+ 2t (51r/25)2+z2 N ) - \‘j{;q\ﬁ”

7. tanhz = (z"+tr/2)2 * z2+(}3w/2)= +z2+(15,r/2)2 * ) -

8. cothz = % + 21'.(22-}_”3,'+z2+14w2 + 22:972 + ) B
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Solved Problems

RESIDUES AND THE RESIDUE THEOREM
1. Let f(2) be analytic inside and on a simple closed curve C except at point a inside C.
(a) Prove that .
fz) = i an(z —a)* where an =—1—£—-—f(Ldz, n=20z=x1=x2,...

8
0o
3
o,

(b) Prove that

(a) This follows from Problem 26 of Chapter 6.
(b) If we let n = —1 in the result of (a), we find

oy = -1 € fa)de, ie. & fydz = 2ria_,
2#1 JC Jc

We call a_; the residue of f(z) at z=ua.

2. Prove the residue theorem. If f(z) is analytic
inside and on a simple closed curve C except at

a finite number of points a,b,c, ... inside C at
which the residues are a-,,b-1,¢-1, ... respec-
L8___ 1

_£ fl2)dz = 2ri(a—1+b-1+c-r+ )

i.e. 21 times the sum of the residues at all singu-
larities enclosed by C.

With centres at a, b, ¢, ... respectively construct cir-
cles C,,Cy, C3, ... which lie entirely inside C as shown
in Fig. 7-4. This can be done since a, b, ¢, ... are interior Fig. 7-4
points. By Theorem 5, Page 97, we have

dz = d dz + dz + --- 1
_if(z) z il f(z)dz + §C’f(z) z §C’ f(z)dz | ()
But by Problem 1,

Jz2)dz = 2ria_q § f(z)dz = 2xib_,, § f2)dz = 2ric_,, ves (2)
€y Cy Cs
Then from (f) and (2) we have, as required,
ff(z) dz = 2ri(a_;+b_y+e_;+ ) = 2xi(sum of residues)
(o4
The proof given here establishes the residue theorem for simply-connected regions containing a

finite number of singularities of f(z). It can be extended to regions with infinitely many isclated
singularities and to multiply-connected regions (see Problems 96 and 97).

3. Let f(2) be analytic inside and on a simple closed curve C except at a pole a of order m
inside C. Prove that the residue of f(z) at a is given by

. 1 dam-!
4 = M e g (G- fE)
Method 1. If f(z) has a pole a of order m, then the Laurent series of f(z) is
fly = Zom oy Fomilog o4 %0l g+ oaz—a) +oaglz—a) + o0 (D)

(z—a)y®  (z—aym-1 z—a

'
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Then muitiplying both sides by (z — a)*, we have

(z=a)"f(a) = G_m+ a_ms1(a8—a)+ * +a ;=) + gylz—a)™ + - @
This represents the Taylor series about z=a of the analytic function on the left. Differentiating
both sides m — 1 times with respect to z, we have

dzm- B AG—am @) = (m—1la_, + mm—1)---20q(z—0a) + -

Thus on letting 2z - a, _—
‘lﬂ#ﬁ' {z—amfz)} = (m—1)la_,
from which the required result follows.

Method 2. The required result also follows directly from Taylor’s theorem on noting that the
coefficient of (z — a)™~1! in the expansion (2) is

o1 = ey gt (G am R
Meithod 5. See Probiem 28, Chapter 5, Page 132.
. . — 2t — 22 — p% 2 i
Fmd..t}}:i f.slgl.l:s, of (a) f(z) = CrE+d) and (b) f(2) = e*csc?z at all its poles

+h
411 Vii© LIV pPIGLIG.

(@) f(z) has a double pole at z = —1 and simple poles at z = £2i,

Method 1.
Residue at 2 = -1 is
« af o a_ 3 1.8 4 ANIO~ __ O\ 1.9 _ ONION\ ‘4
dia . 3, Z-— 4z = . BrTaes—o) — & —azas) _ 14
R T i( MR A PR T Y= ey Lim @+ 02 35
Residueat z2=2i is
lim 4 (z—20) * 22 —22 - -4 —4i T+
=2 (z+ 1)2(z — 20)(z + 29) 2t+1)2(4) ~ 25

Residue at z = —21{ is

. 8—92 _ ~4 +4i = T=3

Method 3.
Residue at z = 2¢ is

. (z — 2i)(22 — 22) _ 22— 2z . z2—2i
e = {m i) {m )

- Aoa 1 44 1 T4
T Ri+1p s-m2s @i+ & 25

using L'Hospital’s rule. In a similar manner, or by replacing ¢ by —i in the result, we can obtain
the residue at z = —2i.

() flz) = e*esclz = ;;;—z has double poles at z = 0,%r,%2r,..., ie. z=msr where m =0,
+1,%2,....
Method 1.

Residue at z =mr is

1d [
l-l-iot:t Tide {(z = ma)? sin? z}
e*((z—mr)3sins + 2(s —mx) sins — 2(s — mr)3con s]
T aeemy sindz
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Find the residue of F(z) =

1
Evaluate o7 §C PP
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Letting z2—mz = u or z = u+ mw, this limit can be written

{uz sinu + 2usinu — 2u2 cos u}

lim estmw -
sindu

u=~0

= em7d lim u?sinu + 2usinu — 2u?cosu
u=0 sindu

The limit in braces can be obtained using L’Hospital’s rule. However, it is easier to first note

b
3
Z— = lim (“—> 1 and thus write the limit as
u~08IN° U u=0\SInu

that lim

, u ginu + 2usinu — 2ucosu Ul
e™T lim 3 =
w0 U sind u
—  mm ulsinu + 2usinu — 2ufcosw _ _px
™™ lim = e
u=0 'M,a
using L’Hospital’s rule several times. In evaluating this limit we can instead use the series
expansions sinu = uw-—u8/83!'+ -+, cosu = 1—u2/2!14 ---

Method 2 (using Laurent’s series),

In this method we expand f(z) = e*csc2z in a Laurent series about 2 =mz and obtain the
coefficient of 1/{z — mz) as the required residue. To make the calculation easier let z = u+ mx.
Then the function to be expanded in a Laurent series about u=0 is em7+% csc?(mr+u) =

emmeu csc2u. Using the Maclaurin expansicns for e¥ and sinu, we find using long division

emz/1+ﬁ+£ £+\ emﬂ/»1+u+l_2.+“e\
eM‘ll‘eﬂcszu T \ 2 3 / — \ 2 /
C = w . ub 2 - w2 ut 2
(v-8+% w(1-L4 2.

31" Bl 8 120
\ \ /

)
emm |1+ u ‘ )

! /1.1.,5 \

-_— = MT | — -_— — — ten
= - . u2+2u4+ e Ku2+ +tgt3zt

“( 3 45 )

and so the residue is em7,

TN

cotz cothz
2 a
We have as in Method 2 of Problem 4(b),

2
G—%+i—~)0+%+ﬁ+ )
Flz) = cos z cosh z — 21 4! 2! 4!
23 gin z sinh z 2 8 25 23 25 +
G_ﬁ+ﬁ_')e+ﬁ+ﬁ ->

and so the residue (coefficient of 1/z) is —7/45.

Another method. The result can also be obtained by finding

1 d* | 5 coszcoshz
3!-?}) 41deA {z 23 gin z sinh z}

but this method is much more laborious than that given above.

e*t

F@ 1279 dz around the circle C with equation [z| =

el‘

i T BN Y = s = =14
The integrand ZE 2279 has a double pole at z=0 and two simple poles at z 14

[roots of z2+2z+2 = 0]. All these poles are inside C.
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Residue at 2 =10 is
limL Gl e | _ . (224 2)(te) — ()2 +2) _ t—1
z=0l! dz 2222+ 22+ 2) T 2= (22 + 22+ 2)% = 2
Residue at 2 = —1+41¢ is
. o et _ . [id . z+1—14
z-“-“zﬂ{[‘ 149 z———2<z2+2z+z>} = 0 { } ,J*_":H{zz ¥ ¥ z}
-1+t 1 e(—1+ it
T F1+ et T T 4
Residuve at z = —1—1 is ’
( " 3 1
. Iz — (_1 _ 1:) et - et —1—%i
2 _.llT_.‘ [ ) 2222 + 2z + 2) 4
Then by the residue theorem
§ ezt _ . .
Y iz dz = 271 (sum of residues)

t=1 e+t gl—1-it
= 21rl{ 2 + n + 2 }

= 2 {-t-‘—z'—l +%e tcost}

, Lf ezt _ t—1 .1 _,
hen triJ, P T2t B T g T g feost

DEFINITE INTEGRALS OF THE TYPE Jf F(z)dx
7. If |F(z)) = M/R* for z= Re" where k>1 and M are con-

r
stants, prove that lim J F(z)dz = 0 where I is the semi-
r

R~

circular arc of radius R shown in Fig. 7-5.

By Property 5, Page 93, we have

M M
f Frea| = FLewr = F Fig.75

since the length of arc L = #R. Then

=

Jim | f Fl2) dzl =0  wmdswo Jm [Fe& = o
8. Show that for z = Rev |f(z)| =¥ k1 i) = L v
’ R¥’ 22+1°
| 11 2

It z=Re¥, |f(z) = Rﬁe"“’ T1
R > 2, for example) so that M =2, k=8.
Note that we have made use of the inequality |z, +z,| = |2

oot —1 — RO—1 = Re if B is large enough (say

dz

9. Evaluate f P

Consider § ;‘i-:—l" where C is the closed contour of Fig. 7-5 consisting of the line from —R
c
to R and the semicircle I, traversed in the positive (counterclockwise) sense.
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since zﬂ+ 1 =0 when z2= eﬂ/ﬂ caﬁ/o 351:1/0 e"ﬂ/. emlo' cllﬂ"/"

these are simple poles of
1/(z® + 1). Oniy the poles ¢7/8, ¢37/6 and ¢57i/6 lie within C.

Then using L’Hospital’s rule,

1 1 1
ﬂ" 1 3 — ﬂ/s - 3 — - — —5#!/0
Residue at &m0 ,ll,l:‘-t s {(z b~ 1} ,_P::rlt/c 828 8°
Residue at /¢ = lim d@—ewg) -1l — L - Ll s
s+ o371/8 #+1 £os ¢3T1/8 625 6
1 _ 1o oseue
Residue at eSvi/6 = lim (z — eb7V/6) — = lim ——= = Ze—2%/
PR LU 24 ¢5T/6 OZ° v
Thus .‘7‘;:‘?1 = 2ri{je=iri8 4 je-twiz 4 je-tswie) = 2_;’
C? ds . _ 27 Lo
ta _ox % - =7
o Jp@+1 T ) F 3 )
Taking the limit of both sides of (1) as R+ = and using Problems 7 and 8, we have
R © ’
. dz _ dz _ 2
a’l’.’: R J:... S+1 T 3 @

Since f
— x

z" +1, the required integral has the value =/8,

d xxdx 717
10. Show that e PFIP@+22+2) 50

22 .
The poles of FET @ T enclosed by the contour C of Fig. 7-5 are z =i of order 2

and 2 = =141 of order 1.

—_— 22 — 9i—12
Residue at z =1 is lx_.nx I {(z 1)2 ET G-V ETLTY = 10
‘ _ . 23 . 8—4i
Residue at z = —1+1 is hm (z+1 i)(z3+1)’(z+l et 1+D = o5
2% da _ o ]9i—12  8—4i| _ T
Then c B+ 1)E(2+22+2) - 2’"{ 100 + 26 } -~ b0
or J'R 22 dw + f 22 dz - Iz
(x2+1)2 (22 + 22 + 2) r(22+1)2 (22 4+ 22+ 2) 50

Taking the limit as R~ » and noting that the second integral approaches zero by Problem 7, we
obtain the required result.

DEFINITE INTEGRALS OF THE TYPE f G(sin 4, cos 8) do
11. Evaluate _f dé

let z=¢€*% Then sing = °w_,°-“ = z_.’_l, cosd = e ol e = z+r1' dz = izde so that
2i 2i 2 2
J‘" de _ f dafiz - f 2ds
8 —2cos6 + sine 8 —2(z+2-1)/2 + (z—2"1)/2{ (1—2022 + 6iz — 1 — 2i
0 e c

where C is the circle of unit radius with centre at the origin (Fig. 7-6).

J
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2 .
The poles of A TZ T ei—1—% are the simple poles

—6i * V(69)2 — 4(1 — 28)(—1 — 2i)

2= . 2(1 — 2i)
—6i * 44 .
0T h = 2 @2-
21— 29) b @—9/6
Only (2 — 9)/6 lies inside C. Fig.7-6
. Y . o ] 2
Residue at @—4/6 = _lim  {e—2~0/6) {(1 20 F 6z — 1= 2;}
= dm 2 _ L by L'Hospital’s rule
e hoss - 20r T 6~ & U riospitals rule
Th 6 2 de owi (L) th ired val
p— 1| = —_— o
en 9;: T-mat6a—1—% T K2z} 7, e required value
27
12. Show that —_——— = if a> |b|
a + b gin g a— b2
e —g—18 z— g1
Let z = ¢!, Then sing = % = dz = 1e!%de = izde so that
“ de - § dz/iz - 2dz
o a+bsine ca+ blz—2z"1)/2i c b22 + 2aiz — b
where C is the circle of unit radius with centre at the origin, as shown in Fig. 7-6.
The poles of —2-——- are obtained by solving b2242aiz—b = 0 and are given by
bz2 4+ 2aiz— b
s = —2ai % V—4a2 +4b2 _  ~ai = Va2—b2i
- 2b . b
- {—a + \/baz"_ bi} Q {—a - \/ba2 s } ;
Only —¢+ Va?—?? \;‘""b’i lies inside C, since
~a+ Va2 — b3 \/az—ba—a Va2—b2+a b .
—_— —_— <1 if a> b
b Va-ti+a (Va2 =12 + a)
. _—a+Va2-—32, _ . _ 2
Residue at z; = R 1 P-?lz, (z—2y) P T 2ai =
T N U
z-z, 2bz + 2ai bz, + ai Va2 =b3i

by L'Hospital’s rule.

2dz _ , 1 _ 29 .
Then A T 2atr =B 271( \/m-i) = m, the required value.
13. Show that | o988 _g4p — T
ow tha J b — 4cosé 12°

-1 16 4 o— 310 -3
1z y cos30=e”+2ca ___z3+2z , dz = izde so that

It z=¢€" then cosé = -

2
¥ _cos3e = @B+z=3)/2 dz _ _1 2 +1
r 5-—4cosod' £5—4(z+z'1)/2iz 21'_{,:3(2:—1)(':—2)“

where C is the contour of Fig. 7-6.
The integrand has a pole of order 3 at 2=0 and a simple pole 2=} inside C.
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182
1 @ { L 2+1 ‘r _ 21
Residue at 2 =0 is ;E;?Z} Lz’ 5(2;—1)(2-% = 3
1 2 +1 65
= 1 —_ = ——=,
Residue at z =4 is z-??/z{(z 2> =1 = 2)} on
1 2241 65 T .
—_ =  _dz = -— —_—— —— = e .
Then ) @G- DE=D) (2 1) { 3 4} T required
14, Show tha | -3/ o
ow tha = o,
o (b — 8sing)? 2
Letting z = ¢'% we have sine = (s —2~1)/2{, dz = {c¥ds
2 de _ § dzliz _ f '
o (6 —8sing)? c {6 — 8(z—z—1)/2i)2 (822 — 104z — 3)% 10« 3)8
where C is the contour of Fig. 7-6.
The integrand has poles of order 2 at 2z = 10 + v—100 + 36 = 10i > 8 = 8i, /3. Only the
pole /8 lies inside C. 6 8
. — — v E ) e 2z
Residue at 2 =4/8 = zl-.':}s e Ilz 1/8) @A =10a=89
= tim L. —2 1 - _8
e (Uz—‘l‘\z—iﬂ‘J p4i1]
Then _Ag w4, /B) _ br
1 Jo (324 — 101z — 3)* 1 \ 206 / 3z
Another method. )
From Problem 12, we have for a > |b|,
27 dd _ 2,
ad h ain a - a 10
L baina N

Then by differentiating both sides with respect to a (considering b as constant) using Leibnitz’

d 2n de _ f21r i < 1 d = - fz'lr de
o 9da\a+ bsine o (a+ b sineg)?

daJ, a+bgsine
d 2z — —2ra
T (@@=

rule, we have

% \Va—u
Le. - " _do  _ 2ra
’ o (a + b sin 4)2 (a®— b7

Letting a =56 and b = —8, we have
br

f’"_do__ - _2(6)  _ 5r
o (B—-38sing)2 ~— (52-—82%2 ~ 83

DEFINITE INTEGRALS OF THE TYPE f F(z) {::’: ::} d

- e [~ TPRY] - M r ) - A - - ~ - - - s 2 1. Iy
19. 11 |[F(Z)] = EE Ior z = Ke* where K>0 and M are constants, prove that

lim | e F(z)dz = 0

Rwewo/T
where T is the semicircular arc of Fig. 7-5 and m is a positive constant.

T
If 2= Re", f eme F(z) dz = f emRe'® P(Ret9) iRe!® dg. Then
r 0
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Pald ia
) 1emRe® P(Re®) iRt | ds

T
I etmRe™® F(Reit) iReid doI
0 0
"
f | egimR cos® — mR siné F(Rew) ,Rewl de
o

T
f e~mRsinG |F(Re®)| R do
0

L
e—mMRsiné dyp

M

= g1 )
bl '3
= be seen .
/2, a8 can Y sin 8 .
R | /sine A~
//
e
-~
L7 2/n \ 8
+ T
T

Now siné = 20/ for 029 = #/2
geometrically from Fig. 7-7 or analytically from Prob. 99

Then the last integral is less than or equal to
/2
?2.@? f e—2mRO/T dg = M (1 — g—mR) y
F-1 ), mRk " l /2
As R — « this approaches zero, since m and k are positive, .
and the required result is proved Fig. 7-1
16. Show that J(; OME gy = Fem m>0.
Consider £ elms dz where C is the contour of Fig. 7-5. The integrand has simple poles at
J. 2241
2= =1, but only z=1 lies inside C
Residue at z =1 is Iim r(z—i) eme ] _ eom Th
=t m Go0GTa| = nen
eims az = 271 /e—.rn\ = ze™m
Jea2+1 \ 2/
__ (" emz ( em= ,
or J_sz_*_law I-zz+1a = reé
ie J'R cosmz ;o J'R sinmz +f emz —m
€., —_— 1 _ =
22+ 1 B Rt r2+1 T
imz
and so 2f co8 mm f e_ d — -m
2+ 1 P e
Taking the limit as R~ = and using Problem 15 to show that the integral around T' approaches
zero, we obtain the required result.
®  zsinrx
17. Evaluate f e da. ‘
—w £24+22+5
t
Consider § 2¢™ __ d; where C is the contour of Fig. 7-6. The integrand has simple poles
c#+22+5
at z=—1=%*2{ butonly z = —1+2{ lies inside C
. _ . zein? - e ir—2rm
z-»lll?+2s{(z+1 21) z”+2z+5} = (—=1+29) . Then
m) = -g—(l — 20)e—27

Residue at z = —1+4+ 21 is

dz = 27i(— 1+21')< ¥

f zc""
2242245
fﬂ ginz + f zeiTz dz 1(1 _ 21:)0_2”
-p¥*+2z+5 r22+2z+5 2
i i
remaz®  gr + 7 _:62::_ g dz %(1 —2{)e— 27

or

.

a¥+2x+5b

R x CO8 vX de + 4

R
fn 224+ 2x+5
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Taking the limit as R — « and using Problém 15 to show that the integral around I' approaches zero,
this becomes

00 -] .
2z COS T x sin 7z T o_ .
—-——-—da:+1f —_———d = —e7m — -7
f_.,zz+2x+5 o+ 2245 2° e
Equating real and imaginary parts,

“ % coswx T _ ®  xsinrz

—_— d —-=  —- 21!" f — TR d et . -2

J‘_,x2+2x+5 ? ¢ 2r2s+b me

Thus we have obtained the value of another integral in addition to the required one.

MISCELLANEOUS DEFINITE INTEGRALS Y
18. Show that  “2&gp = 7
0 & A

The method of Problem 16 leads us to consider

tha intacral of al!lu around the contour of Fig. 7-5.

IS VWK a: Ui Fe QAVRIIU VT LULLWUL Ui L ig. ¢~

However, since z =0 lies on this path of integration

and since we cannot integrate through a singularity,
wa madifuv that santanr hv indantine tha nath at »— 0

we modify that contour by indenting the path at z=0,
as shown in Fig. 7-8, which we call contour C’ or
ABDEFGHJA.

Since z =0 is outside C’, we have Fig.7-8
¢ Ca: = o
Jor #
iz i
. ([t (Fas (S [ fa -
- mmm

Replacing # by —z in the first mbegral and combining with the third integral, we find

- iz
f ﬁlf_;.’;__ifdx + f—-dz + f %—dz = 0
¢ HJA BDEFG

F4

R i iz
s €'z €
or f My = - (Ca- [ Ca
e ¥ z
HJA BDEFG

Let e~ 0 and R+ ». By Problem 15, the second integral on the right approaches zero. Letting
2z = ee!® in the first integral on the right, we see that it approaches

0
i . . . .
9“' iee®ds = —lim ieiee® gg = 4§

—lim o

€0 et

gince the limit can be taken under the integral sign.

Then we have

R , © .,
. . sinx . sin z .
lim sz —de = #t =~ or f —_—dr = =
Rew " x 0 x 2
€=0

19. Prove that

(" o 2 " 2 1 [
Jo sinz?dr = Jo cosxtdx = 'é\/'?_',

Let C be the contour indicated in Fig. 7-9, where 4B is
the arc of a circle with centre at O and radius E. By
Cauchy’s theorem,
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or
fe"” dz + fei” dz + J‘eiz’ de = 0 (§))
04 AB EO

Now on OA, z=2x (from =0 to x=RE); on AB, z = Re'® (from ¢ =0 to ¢ = »/4); on BO,
z = re™/4 (from r=R to »=0). Hence from (1),

R /4 0
‘RZ20
f e dy + f ¢’ iRei0 dg + f erte™ P oniia gp = @ 9
(i} (i} R
i.e.,
R R 7/4 . 2
f (cos22 + isina?)dx = emi/4 f e~rdr — f giR" c0s26 — R7sin26 {Relé dg €))
. \'3 Y 6 0

We consider the limit of (3) as R—> ». The first integral on the right becomes [see Problem 14,

Chapter 10]
T = VTomn = Y.z i fz
en J; e~dr = 5 " 2& + 2& (4?

The absolute value of the second integral on the right of (8) is

P O™ e el I
IJ @iR" co826 — R"sin26 ;g His dol = J e¢— R sin20 B dg
0

= ‘n(l—e_R’)
L Y14

where we have used the transformation 20 =¢ and the inequality sing = 2¢/7, 0 =

= ¢ = r/2 (see
Problem 15). This shows that as R = the second integral on the right of (8) approaches zero.

Then (2) becomes
° .. 1 ’ T i ’ T
2 2 - = -4 - -
L (Cosx -+ lslnx)dﬁ 2 2 3 D)

and 30 equating real and imaginary parts we have, as required,
1. |z
2\2

o0 o
f coszde = f sin 22 dx
0 0

i

{-.] xP"l _ -
20. Show that j‘: mdx = Smpr’ 0<p<l,

Consider f 2271 4, Since 2=0 is a branch
c1+z

point, choose C as the contour of Fig. 7-10 where the
positive real axis is the branch line and where AB
and GH are actually coincident with the z axig but
are shown separated for visual purposes.

The integrand has the simple pole z = —1 inside C.

Residue at z = —1 = ¢™ is

-1
li 1) 22 = (empP—-1 = glp—1Im
Jm et D = e ¢

-1
Then § ;:_zdz = 2zieP—Dm  gr omitting
c

the integrand,

Fig. 7-10
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r+ r + r+ f = 2rielr— 1T

AB BDEFG
We thus have

J‘R #Pl e o J""" (Re'®)>—1iReto dy J‘ (metmyp=t
e 1+x 0 1 + Re'® 1+.'v:ez'ri

10)p~ 1 J4¢i0 .
+ f (e€ )1+ 1;; d8  _ g igtp—imi
27 €

where we have used 2z = xe27 for the integral along GH, since the argument of z is increased by
27 in going around the circle BDEFG.

Taking the limit as e»> 0 and R—> » and noting that the second and fourth integrals approach

4LV, wWe uuu

s
JiEna T = g
o 1+2z T 14z
or
xp 1 . —-
(1_e21n(P l)) = 2rielp—1imi
so that
) xp—]. dx - 27,.1'0(9“1)1"‘ — 211-1‘, - T
Jo 1+= i — e2mitp—1) P = g—Ppmi sin pr
® coshax
Prove that r ——dr = ——2 _  where |a|<1.
Jy cosnx 2 cos (ra/2) s
Consider & dz where C is a rec-

J, coshz
tangle having vertices at —R, R, R+ #i, —R + =t
(see Fig. 7-11).

The poles of e%*/cosh z are simple and occur
where coshz =0, ie z=(n+ =i, n=0,=%1,

*2,.... The only pole enclosed by C is #i/2.
9% .
Residue of at z = 7i/2 is
cosh z
az ami/2 ami/2
i — 7i/2) £ = e = e = —jeami/2
Jim & = i) ek sinh (71/2) Tsin (7/2)
Then by the residue theorem,
f ¢ dz = 2ui(—iesmi?) = Qgeomi/2
c cosh z

This can be written

P T a(R+iw) J“R ealz+m)
R i d et
f_ﬂ,,coshacd’c +J; oh G Y T ) shEro dz

0
eﬂ( R+1iy) .
e Y id = Ogeami/2 1
+ J; cosh (—FR + ) v e )

As R = the second and fourth integrals on the left approach zero. To show this let us consider
the second integral. Since

lcosh (R+14y)| = eR+1y +2¢-n—w =z }{|eR+| — [e=R=#|} = J(eR—e~R) = e
we have . -
¢% (R +iy) . eaR _
_—  id = —=dy = dgela—1R
J:, cosh (R + iy) yl o 1e® v T

and the result follows on noting that the right side approaches zero as R— = since |a| <1. In a similar
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manner we can show that the fourth integral on the left of (1) approaches zero as R~ «». Hence (1)

becomes
R R
ax
lim f 2 dx + e‘""f and dx = 2geami/2
R-+o |J_p coshz _gcosha
since cosh (x 4+ #zi) = —coshz. Thus
lim fR g ) L2 gy = 2mem2 id = T
R=wd_p coshz ~w coshz | 1+ eamt = g0m/2 4 g~am/2 T cog(7a/2)
0 ©
ax axT
Now f ek dz + r el.. dx = —/Lﬁ
Ve COSHO T vo <OSa & CO8 (/%)

Then replacing = by —z in the first integral, we have

0 -
¥ g—ax P _ cosh ax _ x
dx + dx = 2 —dr = —I
o coshz o coshz o coshz cos (ra/2)
from which the required result follows.

v

Prove that r wdx = #ln2.
Jo x22+1

Consider ln~9(z+-+-1i) dz around the contour C con-
v

sisting of the real axis from —R to R and the semicircle
T of radius R (see Fig. 7-12).

The only pole of In(z+1)/(22+ 1) inside C is the
simple pole z =1, and the residue is

. o In(z+19 _ @)
hm G- a9 24 Fig.7-12

Hence by the residue theorem,

In(z+1) " . | In (29) _ _ .

. =I1 d: = 21’3{—2—1'—- = vIn(2) = 7zIn2 + 2% 1)
on writing In(2i) = In2 + Ini = In2 + Ine™2 = In2 + #i/2 using principal values of the
logarithm. The result can be written

In(x+49) f In(z+19) _ ,
ji oDy + | BEED G = rimz 4 gen

or

In (x4 1) In(z+1) In(z +1) dz = n2 + Ao
J—‘-n dx +f dz +f 2 »In2 + }

221 XS 21

Replacing # by —=z in the first integral, this can be written

fin(i-a) +f InG+a) +f nEtD g, = 22+ ot

o e 2 +1 AF1
or, since In(i—2) + In{i+) = In(@—2«%) = In(@2+1) + =i,
In(z2+1) f f n(z + 1) _ ,
j; O 4 [ moae 4 | BER g = pmg g 9

As R— » we can show that the integral around I' approaches zero (see Problem 101). Hence on
taking real parts we find, as required,

. In(22+1) _ f In(x2+1) _
}’.’.".f THFL ¥ T ), Taayr @@ T rind
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w/2

/2
23. Prove that ,,r Insinxde = Jf Incoszdr = —34xIn2
L]

0
Letting « = tané in the result of Problem 22, we find

/2 /2
2
f l1(3’—'1‘-L1)sec2adﬂ = —2f Incoseds = =1In2
0 tanZs + 1 o
from which /2
M f Incosgds = —4rin2 (1)
0 N
wmrla 2ol Al LTSl ek o ALl ool T L 14 T omdd e a — 1o _ . LV B A N e . . |
WILICI1 ©3LalIsSIICS pu v UL vl requxreu resuiv. Lewvwing v — 7/4 ? a1 \1), we ulu
/2
f Insingdp = —4z1ln2

Jo

SUMMATION OF SERIES
24. Let Cy be a square with vertices at
N+ +19), N+§)(-1+19),
(N+3)(-1-19), N+§H1-19)
as shown in Fig. 7-13. Prove that on Cy,

|cotzz| < A where A is a constant.

We consider the parts of Cy which lie in the
regions y > 4, —} Sy =} and y < —§.

Case 1: y > ). In this case if z = z+ 1y,

ez 4 ¢—miz

leotwz| = |—mm—rp (N + §}-1~3) N+ -

boamte e s o dae L aear |

e — Ty -1- e=uu‘r'uy
|em-w — g~mz+Ty

- Ieﬂi:l:—wl + ]e—w{x-l-im‘ Fig.7-13
- |e—1riz+1w| — Iewu—w‘
_ e ™+ em 14 e—2mv 1+e™ ™ _
= = =< = A1
ey — g~y l—e2mv = 1 —¢°7

Case 2: y< —4. Here as in Case 1,

lemiz—7v| 4 [e=miztmy| g my { gmv ] 4 e2m I
lemiz—my| — |e=wiedTY| T = — g T 1 — e = | — e 7

IA
|
B

| cot =z |

Case 3:. —-% =sy= «} Consider 2 = N+ * +iy. Then

|eotzz| = Jeotz(N+L+iy)| = |cot(w/2+miy)| = |tanhzy| = tanh(=/2) = A,
If z= —N-§+iy, we have similarly
leotwz| = |cotw(—N—4+iy)| = |tanhzy| = tanh(z/2) = A,

Thus if we choose A as a number greater than the larger of A, and A,, we have [cotmz| < 4
on Cy where A is independent of N. It is of interest to note that we actually have |cotwrz| = Ay =
coth (7/2) since A, < A,.

25. Let f(2) be such that along the path Cv of Fig. 7-13, |f(2)] = Mk where k>1 and M
are constants independent of N. Prove that l2l
> f(n) = — {sum of residues of = cot=z f(z) at the poles of f(z)}

Case 1: f(z) has a finite number of poles.

In this case we can choose N so large that the path Cy of Fig. 7-13 encloses all poles of f(z).
The poles of cot zz are simple and occur at z=10,%1,*2,....
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Residue of wcotzz f(z) at 2=mn, » = 0,%1,%2,..., is
lim (z—n)z cotwz flz) = limw ( 2= ") coswz f(z) = fn)
2=n z=—n sin 72

using L’Hospital’s rule. We have assumed here that f(z) has no poles at z=n, since otherwise the
given series diverges.
By the residue theorem,
f cot 7z Flz) dz _ %
y T CovTZ JlZ) @ = -~
CN =

f) + S @
where S is the sum of the residues of = cotzz f(z) at the poles of f(z). By Problem 24 and our
assumption on f(z), we have

!-56.: » cot 7z f(2) dz! = 2l en+q)
N

since the length of path Cy is 8N + 4. Then taking the limit as N = «» we see that

lim reotzz f(z)dz = 0 (2
Ne Cy
Thus from (1) we have as required,
S fm) = =8 (2)
-0
Case 2: f(z) has infinitely many poles.
If f(z) has an infinite number of poles, we can obtain the required result by an appropriate
limltmg procedure. See Problem 103.
26. Prove that i 1 = Zcothra where a > 0.
= w N2 + a
Let f(z) = % which has simple poles at z = =*ai,
w cot 72
Residue of = e 3 at z2=ai is
. x cot vz = cot rai s
—gi) — T T2 . IR FTPE = ——coth
zllnl}l (z—ai) (z — ai)(z + ar) 2ai 2a coth ra

Similarly the residue at z = —ai is '2_—” coth za, and the sum of the residues is —2= coth ra. Then
o )
by Problem 25,

s _1 - : _ T
a m = (Sum of resldues) = a cothra
c_ 1  _ 1
27, Prove that !;;:1 s s Sl coth =a 2g7 Where a>0.

The result of Problem 26 can be written in the form

1,1 1 _x
"az_“nﬂq.a) + a? + ”§1 nta acothra.
=z
o 2"21 n2 + Pr) + 5 = 2 coth ra

which gives the required result,



190 THE RESIDUE THEOREM. EVALUATION OF INTEGRALS AND SERIES [CHAP.17

28, Provethat ~+ L+ +4 .o = %,
f & 9 O
(l_z’_z’_+r‘_t‘_...)
= weotyz _  wcoswz _ 2! 4!
We have F(z) 3 = Fanes = e
#(1-Gr+%r— )

= 1/ _xa fac.in = i/, s

/ = ‘,(1 =+ )(1+3!+ )_‘,(1 < )
20 that the residue at z = 0 is —»%/3.
Then as in Problems 26 and 27,

‘:rcotrt‘;, = _vll_%%l._'_’
A e 8
& 1 o
= 23 5 - 7
am] T o

S 1 »® i1 _ =
155-5 -0 o« 3k -3
Another method. Take the limit as a— 0 in the result of Problem 27. Then using L'Hospital’s rule,
& 1 _ w1l _ sacothwa — 1 _ =
al-.imo.g; nt+a? T ,,§, n P—'.'«‘a 2at -8
29. If f(z) satisfies the same conditions given in Problem 25, prove that
3 (-1)*f(n) = — {sum of residues of  csc=z f(z) at the poles of f(2)}
We proceed in a manner similar to that in Problem 25. The poles of csc »z are simple and occur at
t=0,%1,%2,....
Residue of wcsc vz f(2z) at 2=n, n = 0,*1,*2,.,,,, is
'11_!'!}' (z—m)rceacrz f(z) = }i_{!}.' (‘m z) fe) = (1)~ f(w)

By the residue theorem,

}; vesers flz)dz = =§_N(—1)"f(n) + S8 )

N
where S is the sum of the residues of = csczz f(z) at the poles of f(z).
Letting N -+ «, the integral on the left of (I) approaches zero (Problem 106) so that, as required,
(1) becomes -
_E” (-1)*fn) = -S )

30. Prove that ‘g‘ ((:_13:), ":i:‘:sﬂ’;a where a is real and different from 0, 1,2, ....

Let f(s) = —-—)5 which has a double pole at z = —a.

Residue of :c_:c')': at 2= —a is

d T CacwE _
'Lilg‘; {(x+¢)"—-—(‘+¢),} = —xtcscracotra
Then by Problem 29,

3 _(_)_)‘-l' = = = -~ wicosra
.i.(“+¢ = (sum of residues) = sScscracotwa = oo
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31. Prove that if a »« 0,x1,%x2,..., then
a+1 a2+4 " a@+9 _ . _ 1  z’cosra
(a2 —1)? (a2 —4)? (a2 —9)* 2a? 2 sin*ra
The result of Problem 30 can be written in the form
1 _ 1 1 1 1 ... — mcoswa
a? {(a+1)2 * (a—nz} Tl t (a,-z)z} + = Snra
or 1 _ 2a+1) 2(a%+4) 2(a2+9) 4 ... = Ficoswa
a2 (a2 —1)2 (a2 — 4)2 (a2 — 9)2 sin2 ra

from which the required result follows. Note that the grouping of terma in the infinite series is

permissible since the series is absolutely convergent.

1 1 1 1 _
32. Prove that r 3te wt = 32"
- TW8ECTZ L3 _ T
We have F@z) = = T Beosrz | BAL-22 T+ )
2 \ - 3
&1.;. 2..}....) = ;’%.’.F_.*....

80 that the residue at z = 0 is #3/2.

The residue of F(z) at 2 = n+ 3}, n = 0,%1,%2,.., [which are the simple poles of sec=z], t

N ol o R
lxm {z—(n+ )} ‘—'zs cos7z  (n+ 3P sentyy  COB7Z T e

It Cy is a square with vertices at N(1 +1), N(1—1), N(—~1+1), N(—1—¢), then

1753 Lileld

N
7 8ec 7z - {(=1)» 7 —1)» 73
f s % = A mrpTE < Sn_E_N(an)s * 3
and since the integral on the left approaches zero as N —» =, we have
g (U _ 1 1.1 U _ =2
2 ntip - 2{18 3t } = 16

from which the required result follows.

MITTAG-LEFFLER’'S EXPANSION THEOREM

33. Prove Mittag-Leffler’s expansion theorem (see Page 175).
Let f(z) have poles at 2 =a,, n = 1,2,,
the function z

.., and suppose that z=1{ is not a pole of f(z). Then
_z); has poles at z=a,, n=1,2,8,... and ¢.

f(z) — _ . . _ \f& _ b,
Residue of =3 at z2=a, n =1,2,8,..., is }3.12. (z a,.)z_g = a7
Residue of f (z) at 2=1¢ is limc(z )zf (_z)! = ).

Then by the residue theorem,

L6 18,

21" CNZ_K

(1)

where the last summation is taken over all poles inside circle Cy
of radius Ry (Fig. 7-14).

Suppose that f(z) is analytic at 2 =0. Then putting =0
in (1), we have

b, -
g e = 032 ®

Fig.7-14
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Subtraction of (2) from (1) yields

1
-+ 3l d) = g (g
- 3% _f(z)
- 2zinz(z—§)d2 @)

Now since |z—¢{| 2 2| — |¢| = Ry — |¢t] for z on Cy, we have, if |f(z)] = M,

|§ L@ _g,| s M 2By _
Ve, =9 | Ry(Ry — D
As N —+ « and therefore Ry—+ =, it follows that the integral on the left approaches zero, ie.,

f(z) =
p}l-l»n»i z(z — dz = 0

), leiting N — %, we have as required

0 = 10+ 3n(Eo+ )

{—a, a,,

the result on Page 175 being obtained on replacing ¢ by z.

1 1 1
34. Prove that cotz = - + Y ( i —) where the summation extends over
z o \z—nxr ' n
n==1,=x2 ... .,
. an ‘. as PYIEN . 1 zconz — gin 2 — PO . R < )
Consider the function jf{zg) = cotz — 2 = ——=——— Then f(z) has simple poles at
zsinz
z=mnr, n=*],%2,+3, ..., and the residue at these poles is
'2co8z — sinz’ R zZ—nr . zcosz — sinz
lim (z—n7) | ————— = lim - lim (| ——— = 1
AT 28Nz Ze T a1n 2 Py z
At z =0, f{z) has a removable singularity since
. 1 zcosz — ginz
lim{ecotz — = = lim|——— = 0
z=+0 2 z=0 zs8inz

by L’Hospital’s rule. Hence we can define f(0) = 0.

By Problem 110 it follows that f(z) is bounded on circles Cy having centre at the origin and
radius Ry = (N+})z. Hence by Problem 33,

cotz—z1 = E( 1 +L)

" \Z—nr nr¢

from which the required result follows.

_ 1 1 1
35. Prove that cotz = i 22{22—1r2+z2—4,,2+ }

We can write the result of Problem 34 in the form

_ 1 . < 1 1 ' ( 1 1
cots = -+ 131.?1.,{,,.2_" (z—mr+nu> + ,.21 z_—71;+;)
. r s N 2 N -~
_ 1. 1 1 1 1 1 1
=37 Nli_’n:, (Z+r+z—r) + (z+21r+z—21r> + * (z+Nr+z—Nr)}
-~ 1 . 2z 2z 2z
=7 131-1.11..{:2—12+ At + ,n_m,z}

N |t

1 1
+ 2‘{:’—-12-" At T }
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37

ISCELLANEOUS PROBLEMS
I a+1iw ezc .
Evaluate -—— dz where a and ¢ are any positive constants.
21"' a—{w z + 1

The integrand has a branch point at z = —1. Y
We shall take as branch line that part of the real '
axis to the left of z = —1. Since we cannot cross
this branch line, let us consider

where C is the contour ABDEFGHJKA shown in
Fig. 7-15. In this figure EF and HJ actually lie on
or visual

o o s s alwala Af wadiss

the real axis but have been shown separated fo
purposes. nusu FGH is a circle of radius

+shila
€ wiliic

BDE and JKA represent arcs of a circle of radius R.

Since e*t/\Vz+ 1 is analytic inside and on C, we
have by Cauchy's theorem
ezf

——dz = 0 (1)
Jevarl Fig. 7-15
Omitting the integrand, this can be written

Sodr e .

BDE FGH HI JKA
Now on BDE and JKA, z = Re®® where ¢ goes from 6, to » and = to 2r — 6, respectively.
On EF, z+4+1 = ue™, Vz+1 = Yue™2 = iVu; whereas on HJ, z+1 = ue~7, 241 =
Yue T2 = —4.",,/;. In both cagses 2 = —u — 1, dz = —du, where u varies from R 1 to ¢ along

EF and ¢ to R — 1 along HJ.
On FGH, z+ 1 = ¢ where ¢ goes from —= to r.
Thus (2) can be written

a+iR ¢ L) Re 0t € —Cu+ 1)t (—
f C—dz + | ————=iRe®ds + e
Vz+1 o, VRe?+1 R—1 Wu

’ —7 gleeld—1)t R—1 g—(u+ 1)t (—g
+ f g ——————ieei® d¢ + f et (ody)

Veel®+1 —ivu
21 — 8 eRe“t
+ f iRe®ds = 0 )

VRel? 41

Let us now take the limit as R— « and ¢e=» 0. We can show (see Problem 111) that the second, fourth
and sixth integrals approach zero. Hence we have

atin gzt d R—1 g—(u+1)t e—(ut1lt
z = lim 2‘if ——du = 2i — du
a—ie Vz+1 é:& € Vu () Vu

or letting u = v?,

L @ + o0 ot ” _ 1 f‘b e—(ut1)t du = 2e-tfeo g-tt gy = e—t
0

2 Jicie Yaii =

2

(nw)p? . _ =
Prove that f 2_’_ld'u— 5"

Let C be the closed curve of Fig. 7-16 below where I'; and’' T, are semicircles of radii « and R
respectively and cenire at the origin. Consider

§ e
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Since the integrand has a simple pole 2 = i inside C |y
and gince the residue at this pole is
' In §)2
1i — —(]n z)? = (——-—
pay] (==1) (z—0(z+19) 2i
- (wi/2)2
2i
= —m
8¢

we have by the residue theorem

(In 2)2 -
.£- 241 d= =

Now
R
(In 2)2 _ ¢ (In 2)2 (In z)2 (In 2)2 (In 2)2 d (2)
.‘,£ A+l % = J‘:—R 22+1 dz + J‘r" 2r1 %t J‘: 2Z2+1 dz + J‘;, #4110 2
Let z = —u in the first integral on the right so that Inz = In (—4) = lnu+In(-1) = lnu+ ¢
and dz = —du. Also let z=u (so that dz=du and Inz=1In u) in the third integral on the right.
Then using (1), we have
(Fnutw?, . C@ne?, . (Fnw, , ( (ne?, _ -
‘)‘ u2+1 Www o Jrlzz_i_luﬁ'r.)‘ u2+1uuTJr'22+1az 4
Now let ¢~ 0 and BR— «. Since the integrals around T, and I'y, approach zero, we have
“(nu+trip “fnw? g _ =t
o w@¥1 T ) wri® 4
Pl I \2 e oo —s
or 2 ) L%l gy oo % gy — o f _du - 7
o wEFI Y ’"Jo R "Jo 2+ 1 1
Using the £ tthf:j'Q du ~1y] =T
g ac a Ny e tan—1u , P
a0
In w) Inu 73
2 f { du + 2 f = —
AR N N e e 4
Equating real and imaginary parts, we find
(nw?, _ = f' Inu_ g _
b wF1 8’ h mri ™ =0
the second integral being a by;product of the evaluation.
38. Prove that v
N+ iK-1+ N +1)i N+ P+
coth=  coth 2« ycothdr T Al B DAL
13 28 33 180 7
Consider $Cn
§ r cot vz coth rz dz
Cn 28 z
taken around the square Cy shown in Fig. 7-17. : N+1
The poles of the integrand are located at: 2 =0
(pole of order 5); 2z = =1, 2, ... (simple poles);
z = X4, %21, .., (simple poles). ’
By Problem 5 (replacing z by rz) we see that: N+ =1-9 ‘ —N+1§8 N+ Pa—i
. —Te3
Residue at 2 =0 i .
idue a is T3

Residue at 2 =2 (n = =1,%2,...) is Fig. 7-17
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lim r(z n) , rcoszzcothez] _  cothnr
zn | 8in 72 P J\ nd
Residue at z=ni (n = *£1,%2,...) is
(z—ni) , 7 cotwz coshnz — coth nz
z-nu sinh 7z 23 nd
Hence by the residue theorem,

£ 7 cotzz cothrz dx = —T73 + 4 % coth nr
ycN 28 45 e

Taking the limit as N «, we find as in Problem 26 that the integral on the left approaches zero

and tha rnnnl ad vnn“"l' ’n“n:xn

GRIU WIC JATYUIITU JTOoOWIY AUV WD,

Supplementary Problems

RESIDUES AND THE RESIDUE THEOREM

39.

40.

41.

42.

4.

46.

4.

For each of the following functions determine the poles and the residues at the poles:
@ =211 <'+1> , (@ =Z, (d) sechz, (e) cota.
22—2z—2 22

Ans. (@) z = —1,2; 1/8,6/3

b) 2=1;4 (d) z = 42k + 1)zd; (=1)k*14 where k = 0,*1,=2,...

&y 2=20;1 {e) z = ksi; 1. where k = 0, 1,22, ..
Prove that 6‘ Eo—’;—zdz = gzt if C is the square with vertices at =+ 2=+ 2i.
Show that the residue of {(escz cschz)/2% at 2 =0 is —1/60.
Evaluate f et dz around the circle C defined by |z| = 5. Ans. 8ri

c cosh z

2244
23+ 222 + 22
Ans. Zeros: z==*2{ Res;atz=0is2 Res;at z=-1+1i is —3(1 — 39 Res;at z = —1—14

Find the zeros and poles of f(z) = and determine the residues at the poles.

is —}1+30)

Evaluate f e~1/# sin (1/z) dz where C is the circle |z| = 1. Ans. 2x1
c
- - sinh 3z
Let C be a square bounded by x = =2, y = =2. Evaluate f m dz. Ans, —97V2/2
e (z—
222+ 6 . o . .

Evaluate where C is (a) |z—2{] = 6, (b) the square with vertices at

c (z+2)3 (z’+4)z3
1+4, 244, 2421, 14 2i.

Evaluate f 2—:(’3—’1‘;‘-,3 dz where C is a square having vertices at 3+ 3i, 3 — 3i, —3 + 3i, —3 — 8i.
c —
Ans. —6xi
1 ext . . . . . ,
Evaluate 2 f ;(§+—1) dz, t >0 around the square with vertices at 1+4¢ —1+4¢ ~1—4, 1—4.

Ang. 1 —cost
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DEFINITE INTEGRALS

La

49. Prove that f e +1 ﬁ

® dz
50. Evaluate J; m Anas. 57/288
2% in 36
51. Evaluate f S0 __ ds. Ans. 0
0 b — Scoss
52. Evaluate fﬁw cosds__ g4 53. Prove that fﬁ cos?30 _ 4, _ 3r
. uvalua o B + 4coss 8 - Trove tha o b — 4cos26 - 8
. = cos ma — me~m(1+m)
54. Prove that if m > 0, J(; @1 dx —
55. (a) Find the residue of (zz%)_s at z=1. (b) Evaluate Jo (zgoig;)u
Vo o - -
56, If a2 > b2+ ¢2 that ae = L .
ta ¢’ prove tha Jo a + bcogs + csineg Va2 — b2 — ¢2
il 135«
51. P thtf_cﬁ’_d«;: .
rove et ), B =3cosont 16,384
58. Evaluate f m  Ans. =V/3/6
® dz
59. Evaluate J:” m. Ans. #/2

a0 . 2
60. Prove that f s______mz Tir = Z.
(] & 2

61. Discuss the validity of the following solution to Problem 19, Let u = (1+49z/V/2 in the
L] 0 L)

result f e— P du = &\/; to obtain f e~ dy = &(l—i)\/fr/2 from which f cosx2dx =
0 0 0

f sinx?2 dx = }\/ #/2 on equating real and imaginary parts.
0

* _cos 2r% —w/VE,
62. Show that , Ara2+l dx 2\/_ ™

SUMMATION OF SERIES

63. Prove that nélﬁ;; = %COthﬂ' + 1—2csch2a- - %
64. Prove that (a) n§1$ = g—;, . (B) 'EIZIG = 31%'

‘65, Prove that ":1 = %—:;;3:%, -7 <0<
66. Prove that 11—2—%+;—2—112-'+'~ =g.

< 1 — _7_)sinh 2ra + 8in 27a
67. Prove that ,.=2_,° nt+4at = 4ad {cosh 27a — cos 21ra}'

) L 1

s v— #2
68. Frove that . =E_n 2 ATAATE — ab coth 7a coth zb.
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MITTAG-LEFFLER'S EXPANSION THEOREM

1 1 1 1
69. Prove that cscz = P 2z (zz—u-z s gy + ey ) .
- 1 _ 3 3 —_
70. Prove that sechz = = < G T R GlRET R + B2+ ) .
71' (a) PTOVB tha't tanz = 2z (/ ln\}) ) + {0 ln}q ) + T3 ln}o ) + v ') .
\\T/ &)= — &= \oOT/ &)* — &° \om/&a)® — z* /
- 1,11, 1, _
(b) Use the result in (a) to show that 12 + 32 + 5 + 7 + =3

72. Prove the expansions (a) 2, (b) 4, (¢) 5, (d) 7, (¢) 8 on Page 176.

78. Prove that 3 . S {.1._1+__1_}

o= 22 F 4k272 2212 7z e—1{"
1 1 1 1 R
74. Prove that 14+34+§+ 74+ = %"

MISCELLANEOUS PROBLEMS

197

75. Prove that Cauchy’s theorem and integral formulae can be obtained as special cases of the residue

theorem.

76. Prove that the sum of the residues of the function 228—482+5 at all the poles is 2/3.

328 —-82+10
e 27
77. If n is a positive integer, prove that J €080 cog (ng — sing)ds = T
0 .
78. Evaluate § 23¢l/2dz  arcound the circle € with equation |2 —1] = 4 Ans. 1/24
c

79. Prove that under suitably stated conditions on the function:

(@) _‘;wf(ew)do = 2¢f(0), (b) j:”f(e“’) coss d¢ = —r f(0).

21

80. Show that (a) cos (cos 8) cosh (sing) ds = 2r

o~

2n
() f ecos8 cog (sing) cos o do = 7.
0
® sinaz 1 a 1
81. Prove that J; -;;"——-_ldaa = Zcothg ~ 2

[Hint. Integrate eoi*/(¢2"*—1) around a rectangle with vertices at 0, R, R+14, i and let R~ =]

® sin aw _ 1 T
82. Prove that J; o+ 1 dx = 2 Tsmhra’
. IS et _ sinpt
83. Ifa,p and ¢ are po’sxtive constants, prove that J;_‘” }T-_I-_p_i dz = =
" Ingz _ =in2
84. Prove that j; isde = T2,

L] . i
_ i\z sinh az = _L .
8. If —r <a <, prove that f ity = PRt
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R
86. Prove that r

“lnez , _ —=/2 f“ (nzp , _ 33V2
87. Prove that (a)j; z4+1dx_ T3 ) X xﬂ_ldz— 8a "

2
[Hint, Congider f g:sz)ldz around a semicircle properly indented at z=0.]
c

L -]
In 2
88. Evaluate j; mdz. Ans. }rIn2

. ® sinh az - 7 sin ar
89. Prove that if |a| <1 and b > 0, J; smhz be de = 3 (cos o + cosh brr) .

L]

. P that if -1<p<1, fﬁM = T ____.
%0. Prove that i P o cosh a:dx 2 cosh (pz/2)
“In(l+%) , _ =ln2

91. Prove that J; 1122 de = PEG

92. If «a>0 and —=/2 < 8 < #/2, prove that

PN {.” syl ano A rs 2 P ] — « 7 2~ tean
@) J e ocorfcosfan®sinfldz = fVw/a cos(f/2).
0
o0
(b) Jr e—oxtcosB gin (ax? sin B)dx = §Vw/a sin (8/2).
()
< 1
93. Prove that csc?z = 3

. (z2—nx)2’
% \ 7

n=-

94. If a and p are real and such that 0 < |p| <1 and 0 < [a] < =, prove that

fﬁ z~Pdx _ ( r > (sin pa)
o %2 + 2xcosa + 1 sin pr sin a
dx 2

Va-a V3

tour of Fig. 7-18.]

1
95. Prove that f [Hint. Consider the con-
]

96. Prove the residue theorem for multiply-connected regions.

97. Find sufficient conditions under which the residue theorem
(Prcblem 2) is valid if C encloses infinitely many isolated
singularities.

98. Let C be a circle with equation |z| =4. Determine the

value of the integral
§ 22 ese L dz
C z

99. Give an analytical proof that sine = 2¢/r for 0 =46 = /2.
[Hint. Consider the derivative of (sin 6)/¢, showing that it is a decreasing function.]

if it exists, Fig. 7-18

. L ] x
100. Prove that f — dx =
Jo sinhrz

T

101. Verify that the integral around T’ in equation (2) of Problem 22 goes to zero as R— =,

0 if |rls1
zlnr? it |rZ1°
/2

(b) Use the result in (a) to evaluate j; Insing do¢ (see Problem 23).

™
102. (a) If r is real, prove that f In(l1 — 2rcose + r2)ds = {
0
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103. Complete the proof of Case 2 in Problem 26.

It 4
z—1

= 1 7V/3 (”‘/§>
0 = h
105. Show that . =2_.= Mrne+1 3 i\

[}
14. If 0 < p <1, prove that f dx = xzcotpr in the Cauchy principal value sense.
0

106. Verify that as N =+ « the integral on the left of (Z) in Problem 29 goes to zero.

b

55

1 1 1 1
107. Prove that -1-3—§E+E;—7§+... - TR

Zn+1

2 +1) ang ) 3 —onf( .

2

h—

108. Prove the results given on Page 176 for (a) & f

[y
S

. & (=1)" gin ne ofr — 8o 4 8)
109. If —» =9 = #, prove that 2 ~—— = 2 - - 7/
n=1 n 12
110. Prove that the function cotz — 1/z of Problem 34 is bounded on the circles Cy.

111. Show that the second, fourth and sixth integrals in equation () of Problem 86 approach zero as e~ 0

and R- »,
iiZ. Prove that 1 - 1 -+ 1 = I,
cosh (7/2) 3 cosh (37/2) b cosh (b=/2) 8
113. Prove that l j!eﬂg o—z-i-dz = 1 where a and t are any positive constants.
27 J,y i vz \/ﬁ

ﬁ cothnr _ 1947

114, Prove that T ~ 56,700

® dx _ 4-r

115. Prove that ‘j; (—M———m = 2 -
1 1 1 — . = T
116. Prove that Tsmhs ~ Psnhzy T ¥ snhas 360"

117. Prove that if « and ¢ are any positive constants,
+ i .
1 fﬂ eteot~12zdz = sin ¢
a t

21t Jg—iw



Chapter 8

TRANSFORMATIONS OR MAPPINGS
The set of equations
w = ux,y) } 1)

v = ()

defines, in general, a transformation or mapping which establishes a correspondence between
points in the uv and zy planes. The equations (1) are called transformation equations.

If to each noint of the 12 nlane thare corresnonds one and onlv one noint of the 1 nlane

VWV Uil pUILV VA v PARLIIT VIITA© VUL ATOMUVLLMD Vil Qi Vil WVaie pwvaiav VAT W g pesmaalyy

and conversely, we speak of a one to one transformation or mapping. In such case a set
of points in the xy plane [such as a curve or region| is mapped into a set of points in the
uv plane [curve or region] and conversely. The corresponding sets of points in the two
planes are often called images of each other.

JACOBIAN OF A TRANSFORMATION

Under the transformation (I) a closed region } of the zy plane is in general mapped
into a closed region R’ of the uv plane. Then if AAs and AA,, denote respectively the areas
of these regions, we can show that if » and » are continuously differentiable,

i ﬁ = a(“! v)
lim 2 = |3 @
where lim denotes the limit as AA., (or AA..) approaches zero and where the determinant
o du|
o) _ % | _ oww udv )
3(x, ) v oy|  oxdy oyox
oz oy

is called the Jacobian of the transformation (1).

If we solve (1) for « and y in terms of 4 and v, we obtain the transformation
x = z(u,v), ¥y = yu,v), often called the inverse transformation corresponding to (1).
If x and y are single-valued and continuously differentiable, the Jacobian of this trans-

=z, y) ’ ) a(u, v)

3(u, ) and can be shown equal to the reciprocal of 3z, 9) [see Problem 7].

Thus if one Jacobian is different from zero in a region, so also is the other.

formation is

Conversely we can show that if 4 and v are 'continuously differentiable in a region ®
(%, v)

oz, y)

and if the Jacobian

does not vanish in R, then the transformation (1) is one to one.

COMPLEX MAPPING FUNCTIONS

A case of special interest occurs when u and v are real and imaginary parts of an
analytic function of a complex variable z = z+iy, ie. w = u+iv = f(2) = f(x +1y).

200
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In such case the Jacobian of the transformation is given by

a(u, v

= e 0
(see Problem 5). It follows that the transformation is one to one in regions where
f'(2) = 0. Points where f’(z) =0 are called critical points.

ONFORMAL MAPPING

Suppose that under transformation (Z) point (zo,%0) of the xy plane is mapped into
point (4o, vo) of the uv plane [Figs. 8-1 and 8-2] while curves C; and C: [intersecting at
(%o, ¥0)] are mapped respectively into curves Cl' and Cz’ [intersecting at (uo,v0)]. Then if
the transformation is such that the angle at (2o, %:) between C; and C; is equal to the
angle at (uo, vo) between C, and C, both in magnitude and sense, the transformation or
mapping is said to be conformal at (xo, ). A mapping which preserves the magnitudes
of angles but not necessarily the sense is called isogonal.

(o]

Fig. 8-1 Fig. 8-2

The following theorem is fundamental.

Theorem. If f(z) is analytic and f’(z) = 0 in a region ‘R,'then the mapping w = f(2)
is conformal at all points of .

For conformal mappings or transformations small figures in the neighbourhood of a
point 2o in the z plane map into similar small figures in the w plane and are magnified
[or reduced] by an amount given approximately by |f’(z0)?, called the area magnification
factor or simply magnification factor. Short distances in the z plane in the neighbourhood
of 2z, are magnified [or reduced] in the w plane by an amount given approximately by
|f(z0)], called the linear magnification factor. Large figures in the z plane usually map
into figures in the w plane which are far from similar. :

RIEMANN’S MAPPING THEOREM

Let C [Fig. 8-3] be a simple closed curve in the z plane forming the boundary of a
region R. Let C’ [Fig. 8-4] be a circle of radius one and centre at the origin [the unit circle]
forming the boundary of region ®’ in the w plane. The region R’ is sometimes called
the unit disk. Then Riemann's mapping theorem states that there exists a function
w = f(2), analytic in R, which maps each point of ® into a corresponding point of ®’ and
each point of C into a corresponding point of C’, the correspondence being one to one.
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z plane w plane

Fig.8-3 ‘ Fig. 8-4

This function f(z) contains three arbitrary real constants which can be determined
by making the centre of C” correspond to some given point in R, while some point on C’
corresponds to a given point on C. It should be noted that while Riemann’s mapping
theorem demonstrates the eristence of a mapnin g function, it does not actually produce

413 29 ) = Lo LR o WMAALRVAVIALy AV WV da LV Suv Mavaave

this function.

It is possible to extend Riemann’s mapping theorem to the case where a region
bounded by two simple closed curves, one inside the other, is mapped into a region
bounded by two concentric circles.

FIXED OR INVARIANT POINTS OF A TRANSFORMATION

Suppose that we superimpose the w plane on the z plane so that the coordinate axes
coincide and there is essentially only one plane. Then we can think of the transformation
w = f(z) as taking certain points of the plane into other points. Points for which z = f(2)
will however remain fixed, and for this reason we call them the fixed or invariant points
of the transformation.

Example: The fixed or invariant points of the transformation w = 22 are solutions of 22 = z,
ie. 2=0, 1.

SOME GENERAL TRANSFORMATIONS
In the following «, 8 are given complex constants while a, 6, are real constants.

1. Translation., w=2z2+R

By this transformation, figures in the z plane are displaced or translated in
the direction of vector B.

2. Rotation. w = ez
By this transformation, figures in the z plane are rotated through an angle 4,
If 8, > 0 the rotation is counterclockwise, while if 8, < 0 the rotation is clockwise

3. Stretching. w = 'az

By this transformation, figures in the z plane are stretched (or contracted)
in the direction z if e >1 (or 0 <a <1). We consider contraction as a special
case of stretching.

4. Inversion. w = 1/z
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SUCCESSIVE TRANSFORMATIONS

If w=fi({) maps region R; of the ¢ plane into region R, of the w plane while
{ = fa(z) maps region R, of the z plane into region ®;, then w = f1[f2(z)] maps KR.into Re.
The functions f1 and f: define successive transformations from one plane to another which
are equivalent to a single transformation. These ideas are easily generalized.

THE LINEAR TRANSFORMATION

The transformation

o w = a2+ (5)
where « and g are given complex constants, is called a linear transformation. Since we
can write (5) in terms of the successive transformations w = ¢+ 8, ¢ = ei%;, + = az where
a = ge', we see that a general linear transformation is a combination of the iransforma-

. .
4o dq A 4 +ats
tions of translation, rotation and stretching.

THE BILINEAR OR FRACTIONAL TRANSFORMATION

The transformation-

Z +
%ZT?’ o8 — fy # 0 (6)

is called a biltnear or fractional transformation. This transformation can be considered
as combinations of the transformations of translation, rotation, stretching and inversion.

The transformation (6) has the property that circles in the z plane are mapped into
circles in the w plane, where by circles we include circles of infinite radius which are
straight lines. See Problems 14 and 15.

The transformation maps any three distinct points of the z plane into three distinct
points of the w plane, one of which may be at infinity.

If 21,22, 25,24 are distinct, then the quantity
(24— 21)(22 — 29) :
(=) (e —29) @)

is called the cross ratio of z,zs,2;,2s. This ratio is invariant under the bilinear transfor-
mation, and this property can be used in obtaining specific bilinear transformations map-
ping three points into three other points.

MAPPING OF A HALF PLANE ON TO A CIRCLE

z plane

Fig.8-5 Fig. 8-6
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Let 20 be any point P in the upper half of the z plane denoted by R in Fig. 8-5 above.
Then the transformation ‘

w = ei% (ﬁi‘!) ‘ (8)

ZzZ— 20
maps this upper half plane in a one to one manner on to the interior R’ of the unit circle
lw| =1, and conversely. Each point of the x axis is mapped on to the boundary of the
circle. The constant 6, can be determined by making one particular point of the x axis
correspond to a given point on the circle.

In the above figures we have used the convention that unprimed points such as
A,B,C, etc., in the z plane correspond to primed points A’, B’,C’,etc., in the w plane.
Also, in the case where points are at infinity e indicate this by an arrow such as at
A and F in Fig. 8-5 which correspond respectively to A’ and F’ (the same point) in
Fig. 8-6 above. As point z moves on the boundary of ® [i.e. the real axis] from —
(point A) to +» (point F), w moves counterclockwise along the unit circle from A’ back
to A7,

THE SCHWARZ-CHRISTOFFEL TRANSFORMATION
Consider a polygon [Fig. 8-7] in the w plane having vertices at wi, wy, ..., w. with

corresponding interior angles a,a, ...,a, respectively. Let the points wi,ws, ..., wn
map respectively into points i, s, ...,%. on the real axis of the z plane [Fig. 8-8].
v w plane z plane

Y|

Fig.8-7 Fig.8-8

A transformation which maps the interior R of the polygon of the w plane on to the
upper half ®’ of the z plane and the boundary of the polygon on to the real axis is given by

dw

Td—; — A (Z —_ xl)alhr—x (Z — xz)a,/‘rr—! . e (z —_ xn)a,,/n‘—l (9)

or
w = Af (z—z1)2/"" (2 —xo)/ ™t - o (2 —xn)™""'dz + B (10)
where A and B are complex constants. |
The following facts should be noted:
1. Any three of the points zi, s, ...,Z. can be chosen at will.

2. The constants A and B determine the size, orientation and position of the polygon.

8. It is convenient to choose one boint, say z., at infinity in which case the last
factor of (9) and (10) involving z. is not present.

4. Infinite open polygons can be considered as limiting cases of closed polygons.
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TRANSFORMATIONS OF BOUNDARIES IN PARAMETRIC FORM

Suppose that in the z plane a curve C [Fig. 8-9], which may or may not be closed,
has parametric equations given by

z = F(t), y=G() (11)
where we assume that ¥ and G are continuously differentiable. Then the transformation
2 = F(w) + i1G(w) (12)
maps curve C on to the real axis C’ of the w plane [Fig. 8-10].
- z plane w plane
¥ v
/\C
Fig.8-9 Fig.8-10

SOME SPECIAL MAPPINGS

For reference purposes we list here some special mappings which are useful in
practice. For convenience we have listed separately the mapping functions which map
the given region R of the w or z plane on to the upper half of the z or w plane or the unit

senla $em - avsma Adaen e Tk o ol PO N Ry N

circle in the z or w plane, depending on which mapping function is simpler. As we have
already seen there exists a transformation [equation (8)] which maps the upper half plane
on to the unit circle.

A-1| Infinite sector of angle »/m

Fig. 8-11| z plane Fig. 8-12] w plane

w=2zm mz1/2

v 5

A-2 | Infinite strip of width a w = emr/a

Fig. 8-18[ z plane Fig. 8-14[ w plane
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A3

Semi-Infinite strip of width a

(a)

z plane

Fig. 8-15|

‘ Fig. 8-16|

z plane

Fig. 8-18 I

{e)
w7

r
w = cosh —
a

z plane

Fig.8-19 I

Fig.8-20

w plane

A-4

Half plane with semicircle removed
Fig, 8-21[ z plane
¥
C
s
A B
-1 1
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74 3 \2
A-S| Semicircle w= (" T2
l—2
Fig.
14 2m\2
A-6| Sector of a circle W= \{=m /> 24
Fi 25 I z plane w plane
A-7 | Lens-shaped region of angle /m —  amicot-tp [2H1N\" -0
[ABC and CDA are circular arcs.] w o= e \ -1 } » M2
Fig. 8-27 | z plane w plane
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A9 Exterior of parabola 32 = 4p(p — x) w = iVz—Vp)
Fig. 8-31 % plane Fig. 8-32l w plane

A-10 | Interior of the parabola 32 = 4p(p — x) w = emVelp
Fig. 8-33 z plane w plane

A-11| Plane with two semi-infinite parallel cuts w = —71+ 2Ilnz — 22
Fig. 8- [ w plane 2z plane

A=12| Channel with right angle bend w = f{to.nh‘1 pVz — ptan—1vz)

Fig. 8-37 , w plane

Fig. 8-38 |

z plane

~1/p
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A-13! Interior of triangle w = Jo ta/m—1(1 — )8/7—1 d¢
Fig. 8-39 | w plane Fig. 8-40 | % plane

A~14| Interior of rectangle

= f’ dt‘ 0<k<1
v = J Vi-oa-iee’ ’

Fig. 8-41]

B-1 Exterior of unit circle

w plane

Fig. 8-42| z plane

w = 1/z

Fig.8-43 |

w plane

B-2 Exterior of ellipse

w = }(ze=2+371e%

Fig. 8-45 l

w plane

‘ Fig.8-46 | z plane

v

ns
L4
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B-3 | Exterior of parabola y2 = 4p(p — 2) 2‘\@ -1
Fig. 8-47 Fig. 8- | w plane
B-4 | Interior of parabola 2 = 4p(p — )

Fig. 8-4&[ z plane

Fig.8-50 |
T R——

C-1| Semi-infinite strip of width a on to = ain ™
quarter plane ' - 2a
Fig. 8-51 z plane Fig. 8-52[ w plane
x
C—2 | Interior of cardioid on to circle w = 22

Fig. 8-538 w plane

p = 2a%(1+cos¢)

Fig. 8-54|
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C-3| Annulus on to rectangle w = Inz
Fig. 8-55| z plane Fig. 8-56 l w plane

DII v

B
C—4 | Semi-infinite strip on to infinite strip w = In coth (2/2)
Fig. 8-57 | z plane Fig. 8-58 w plane

¥

C=3| Plane with two semi-infinite cuts on to infinite strip w = z+e*

Fig. 8-59[ w plane Fig. 8-60 l z plane

Solved Problems

TRANSFORMATIONS

1. Let the rectangular region R [Fig. 8-61 below] in the z plane be bounded by =0, ¥y =0,
=2, y=1. Determine the region R’ of the w plane into which ® is mapped under
the transformations:

@w=z+(1-20), () w=12e™z, (c) w=\2eVz+(1—2i).

(a.) It w=2+(1—2i), then u+iv=z+iy+1-2i=(e+1)+ily—2) and u=2+1, v =y—2,
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Line =0 is mapped into u=1; y=0 into v=-2; 2=2 into u=3; y=1 into v=-1
[Fig. 8-62). Similarly, we can show that each point of ® is mapped into one and only one point
of R’ and conversely.

z plane w plane

Fig. 8-61 Fig. 8-62

The transformation or mapping accomplishes a {ranslation of the rectangle. In general,
w = z+ £ accomplishes a translation of any region.

() If w=12em4z, then u+iv = (1+idxz+iy) =

z—y+izx+y) and u=2z—y, v = z+y.
Line =0 is mapped into wu=—y, v=y% or u=~v; y=0 into u=g, v=2 or u=v;
=2 into u=2—y, v=2+y or ut+v=4; y=1 into u=2—1, v=2+1 or v—u=2
[Fig. 8-64]. '
z plane . w plane

Fig. 8-63 Fig. 8-64

The mapping accomplishes a rotation of ® (through angle #/4 or 45°) and a strefching of
lengths (of magnitude V2). In general the transformation w=az accomplishes a rotation and
stretching of a region.

(¢) If w=1v2em4z+(1—2{), then u+iv=(1+é)e+éy)+1—2{ and u=z—y+1l,v=z+y—2
The lines =0, y=0, =2, y=1 are mapped respectively into u+4+v=-1, u—v=3,
u+v=3, u—v=1 [Fig. 8-66].

z plane w plane

Fig. 8-65 Fig. 8-68

The mapping accomplishes a rotation and stretching as in (b) and a subsequent translation. In
general the transformation w = az+ 8 accomplishes a rotation, stretching and translation. This
can be considered as two successive mappings w = az; (rotation and stretching) and 2z, = 2+ S/a
(translation).
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2. Determine the region of the w plane into which each of the following is mapped by
the transformation w = 22

(a) First quadrant of the z plane.

Let z = re', w = peid, Then if w =22, pel® = 122¢ and p =12 ¢ =2¢. Thus points in
the z plane at (r, 6) are rotated through angle 26. Since all points in the first quadrant [Fig. 8-67]
of the z plane occupy the region 0 =6 = /2, they map into 0 =¢ =7 or the upper half of the
w plane [Fig. 8-68].

z plane w plane

Fig. 8-67 Fig. 8-68

(b) Region bounded by z =1, y =1 and 2+y = L.

Since w =22 is equivalent to u-+iv = (x+iy)2 = 22 —y2+ 2izy, we see that u = 22 — y2,
22y. Then line =1 maps into » = 1—%2% v=2y or u = 1—v%4; line y=1 into
u=a2—1,v=2r or u=v24—1; line a+y=1or y=1—2 into u=x?—(1 -2 =221

”2 v=22(1—2) = 2¢—222 or v = §(1—u?) on eliminating =.

., The regions appear shaded in Figures 8-69 and 8-70 below where points A, B, C map into
“A’, B’,C’. Note that the angles of triangle ABC are equal respectively to the angles of curvilinear
triangle A’B’C’. This is a consequence of the fact that the mapping is conformal.

v

nni

Fig. 8-69 Fig. 8-70

CONFORMAL TRANSFORMATIONS

3. Consider the transformation w = f(z) where f(2) is analytic at 20 and f’(2z0) = 0. Prove
that under this transformation the tangent at z, to any curve C in the z plane passing
through 2o [Fig. 8-71] is rotated through the angle arg f'(zo).

z plane w plane
Y v
2o+ Az wo + Aw
~ /

c/ - ol

/-
2z _Xao____ v 8+ a
0 wyle — - — —

x u

Fig. 8-71 Fig. 8-72
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As a point moves from z; to z, + Az along C, the image point moves along C’ in the w plane from
wy to wy+ Aw. If the parameter used to describe the curve is ¢, then corresponding to the path
2=12(t) [or 2 =2(t), y =y(t)] in the z plane, we have the path w=1w(t) for u= u(t), v=2(t)] in the
w plane.

The derivatives dz/dt and dw/dt represent tangent vectors to corresponding points on C and C'.

Now %’- = ‘Z‘: :: f (z)% and, in particular at 2z, and wy,

dw ,, . 4z
Flocw, = @G|, (1)
provided f(z) is analytic at z =2, Writing I = poei®, f'(z) = Relo, dz = roeth, we
have from (1) @t |w=w, dat |z=2
Po giby = Rro ef(8g+a) (2)
so that, as required,
$0 = 6+ a = 05+ arg f'(zo) (%)

Note that if f'(z) = 0, then « is indeterminate. Points where f’(z) = 0 are called eritical points.

4. Prove that the angle between two curves C; and C: passing through the point 2z, in
the z plane [see Figures 8- 1 and 8-2, Page 201] is preserved [in magnitude and sense]
under the transformation w = f(z), i.e. the mapping is conformal, if f(z) is analytic

at 2o and f'(z0) = 0.

By Problem 3 each curve is rotated through the angle arg f'(z;). Hence the angle between the
curves must be preserved, both in magnitude and sense, in the mapping.

JACOBIAN OF A TRANSFORMATION
5. If w = f(z) = u+1v is analytic in a region K, prove that

a(u, v)
AT - f’ 2)|2
oy -~
If f(2) is analytic in R, then the Cauchy-Riemann equations
u _ dv dv _ _ du
ox oy oz oy
are satisfied in R. Hence
du du du  du
Au,v) _ |92 dy| ax oyl _ [ou)? +(_a_@)’
9(x, y) w w| ou ou|  \% 3
dx oy | ey W= .
= 8% 4L %% o e
= |G tig| = Ifel

using Problem 5, Chapter 3, Page 72,

6. Find the Jacobian of the transformation in (@) Problem 1(¢), (b) Problem 2 and
interpret geometrically.
(@) ¥ w = f(z) = V2eri/4z + (1 —2i), then by Problem 5 the Jacobian is
et = @p = |VEenp =

Geometrically this shows that any region in the z plane [in particular rectangular region X
of Fig. 8-65, Page 212] is mapped into a region of twice the area. The factor |f'(z)[3 =2 is called
the magnification factor.
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Another method. The transformation is equivalent to u = z—y, v = z+y and so

du dul -
duv) _ 0= dy _ |1 -1 _
3= 9) v v 1 1
dz dy
() If w=f(z) =22 then
au, '
ag—:{-;- = [fe = 222 = [2z+2pF = 4(=2+42)

Geometrically, a small region in the z plane having area A and at approximate distance r
from the origin would be mapped into a region of the w plane having area 4r2A. Thus regions far
from the origin would be mapped into regions of greater area than similar regions near the origin.

Note that at the critical point z =0 the Jacobian is zero. At this point the transformation
is not eonformal,

ou,v) z,y) _
7. Prove that Wzy) ) - 1.

u, v

Corresponding to the transformation (1) u = u{w,¥y), v = v(x,y), with Jacobian 3.y we have
the inverse transformation (2} = = z(u,v), ¥ = y(u,v), with Jacobian %
R Y IR '
From (1), du = 3% dr + 37 dy, dv = % dx + 3y dy.
_ w0z - W W
From (2), dx = i du + o dv, dy = u du + e dv.
Hence, du = du {aud + —d } + — {ayd + aydv}
du dx , dudy ou dx | oudy
{ax ou Y au} du + {az v * 3 oy av} dv
: ou 9% dué dudxr , dud
hich _—— % = udy = 0
from whie oz du oy du 1 oz dv ' dy v )
- dv Iz dv a v oz v a
Similarl find a= %W = vy _
imtlarly we fin a0 T ayov L szeu oy au 0 “)

Using (3) and (4) and the rule for products of determinants (see Problem 94), we have
ou dul| |dx o=

ou,v) dx,y) _ |9z du v

oz,y) o(u,v) ' W oy

oz dy ou ov

dudz  dudy duds  dudy

dxou ' dydu oxdv ' dydv _ l1 ol = 1

Wow vy dvie  dviy 0 1
ox du dyou oxdv oy v

8. Discuss Problem 7 if % and v are raal and imaginary parts of an analytic function f(z).

In this case L)

3(z.3) [f'(£)]* by Problem 5. If the inverse to w = f(z) is 2z = g(w) assumed single-

valued and analytic, then %%:—’L = |g’(w)|2. The result of Problem 7 is a consequence of the fact that
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2 2
@ lge = |22f. ]2 =
since dw/dz = 1/(dz/dw).

BILINEAR OR FRACTIONAL TRANSFORMATIONS

9. Find a bilinear transformation which maps points z;, 25,23 of the z plane into points
w1, w2, ws of the w plane respectively.

If w, corresponds to z,, k = 1,2,8, we have

w— 1w = @tB _omtB _ {ad—BY)z—2)
k yz+ 38 Y2+ 8 (yz + 3)(yz. + 8)
(a8 — BY)z —21) (a8 — BY)(2— 29)
Then W— Wy = st 7 TU w—w, = FTFYNET %) 1
I ' T G F 05T @
Replacing w by w,, and z by z,,
3~ - 85— -
wy—w, = ST ENEE) o, o ) @
(Y% T 0){YZy T 0) (Yeg T O)\Y%3 T 0)
By division of (1) and (2), assuming a8 — 8y % 0,
(w—w)wp—wg) _ (22— 2)(23—2) @
(w — wg)(wg — wy) (z— 23)(29 ~ 2y)
Solving for w in terms of z gives the required transformation. The right-hand side of (3) is called

the cross ratio of 2,2, 25 and z.

10; Find a bilinear transformation which maps points 2=0,—¢,—-1 into w=1¢1,0

respectively.
Method 1. Since w = azt B , we have
yz+ 8
_ a(0}+8 _af-9)+8 _ a=1)+38
W i=smrs @ 1=mws @0 =T
From (8), 8 =a From (1), 8 = 8/i=—ia. From (2), y =1a. Then
w = 22te 1/2+1\ _ _.fz+1
= dm—ta  i\z—1/ T T"\z-1
Method 2. TUse Problem 9. Then
w—H1—0) _ (z—0)(=i+1) . _ _(z_-l_-_l)
(—_w—O)(l—i) = FEDEi=0) Solvmg_, w 1 —1/°
11. If 2o is in the upper half of the z plane, show that ]
the bilinear transformation w = e (: _?) '
— &0

maps the upper half of the z plane into the
interior of the unit circle in the w plane, i.e.

jw] = 1.
z2— %
o (’ = ’o)

Wa have
From Fig. 8-78 if z is in the upper half plane, |z —zy| =
|# — %|, the equality holding if and only if z is on the
« axis., Hence |w| = 1, as required.

The transformation can also be derived directly
(see Problem 61). _ Fig. 8-78

22— 2y
z—!o

lw| =
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12.

13.

14.

15.

Find a bilinear transformation which maps the upper half of the z plane into the
unit circle in the w plane in such a way that z =1 is mapped into w =0 while the point
at infinity is mapped into w = —1.

We have w = 0 corresponding to z =1, and w = —1 corresponding to z = «, Then from
z2— 2 At .
w = et po—- we have 0 = e¢ifb p— so that 2z, =1, Correspondﬂxg to 2= = we have
0 0
w = ¢i% = —1, Hence the required transformation is

[ 2d _ 1—z
wo= (1)<z+i> = Ttz

< o

The situation is described graphically in Figures 8-74 and 8-75.

Fig.8-74
. . . . . 2z2—-5
Find the fixed or invariant points of the transformation w = o
The fixed points are solutions to z = 2:_: 45 or 2+22+5 =0, ie. 2z =—1=%x2i

Prove that the bilinear transformation can be considered as a combmatmn of the
transformations of translation, rotation, stretching and inversion.
_azt+ B _a, By—ad _ § _ _ _ 2
By division, w = _———yz+8 = y+ Y—(YZ+3) = x+ o where X =afy, g = (8y —a8)/y2 and

» = 8/y are constants. The transformation is equivalent to { = 2+», 7 = 1/{ and w = A+pur
which are combinations of the transformations of translation, rotation, stretching and inversion.

Prove that the bilinear transformation transforms circles of the z plane into circles
of the w plane, where by circles we include circles of infinite radius which are straight
lines.

The general equation of a circle in the z plane is by Problem 44, Chapter 1, A2z + Bz+ Bz +C =0,
where A >0, C>0 and B is complex. If A =0 the circle reduces to a straight line.

Under the transformation of inversion, w = 1/z or z = 1/w, this equation becomes Cwi + Bw +
Bw+ A = 0, a circle in the w plane.

Under the tr_ansformation of rotation and stretching, w =az or z=w/a, this equation becomes
Aww + (Ba)w + (Ba)i + Cad = 0, also a circle.

Similarly we can show either analytically or geometncally that under the transformation of
translation, circles are transformed into circles.

Since by Problem 14 a bilinear transformation can be considered as a combination of translation,
rotation, stretching and inversion, the required result follows.
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SPECIAL MAPPING FUNCTIONS

16.

Verify the entries (a) A-2, Page 205 (b) A-4, Page 206 (c) B-1, Page 209.
(a) Refer to Figures 8-13 and 8-14, Page 205.
If z = x4+ 1y, then
w = u-+t+iv = /o = TatiW/e = mt/a (cogry/a + { sin7y/a)
or u = e"™/acos ryla, v = e"%/4 gin zy/a.
The line y =0 [the real axis in the z plane; DEF in Fig. 8-13] maps into u = e™/q, y =0
[the positive real axis in the w plane; D'E'F’ in Fig. 8-14]. The origin E [z=0] maps into
E' [w=1] while D [t=—w», y=0] and F [x=+», y=0] map into D' [w=0] and F' [w =]
respectively.
The line y =a [ABC in Fig. 8-13] maps into u = —e"®/a, » = 0 [the negative real axis in
the w plane; A’B’C’ in Fig. 8-14]. The points A [x=+=, y=ga] and C [x=—», y=a] map into
A’ [w=-—w] and C’ [w = 0] respectively.
Any point for which 0<y<a, —=» <x<» maps uniquely into one point in
for which v»> 0.
(b) Refer to Figures 8-21 and 8-22, Page 206.

If z = re'®, then
w = u+iv = Efz42) = 2 wilo-0) = &(p4+1 +i_“. 1 ine
= u =3\Ftz) T\ tyY) = 3 ;) o880 + o {7 — 2 )si

and u=g(r+%>cosa, =g<r—§_>sin0.

5
Insd
=
o
2
g
3,
A3
=1
D

2 2

Semicircle BCD [r=1, 0 = 6 = 7] maps into line segment B'C'D’ [u = acoss, v=0,0=8=r
ie. ~a=u=4q].

The line DE [6=0, »r>1] maps into line D'E’ %( i % , v:(‘)]; iine AB
[6 =7, ¥ > 1] maps into line A’B’ I:u = —%(r-i—%), 'v—O—j.

Any point of the z plane for which »=1 and 0 <¢ <r maps uniquely into one point of the
uv plane for which v=0.

(c) Refer to Figures 8-43 and 8-44, Page 209, 1 1
If 2=1re® and w = pe'®, then w = 1/z becomes pei¢ = o e ;e“‘ from which o =1/r,
¢ = —0.
The circle ABCD [p =1] in the w plane maps into the circle A’B’C’'D’ [r =1] of the z plane.
Note that if ABCD is described counterclockwise, A’B’C'D’ is described clockwise.

Any point exterior to the circle ABCD [p> 1] is mapped uniquely into a point interior to
the circle A’B’'C’'D’ [r <1].

THE SCHWARZ-CHRISTOFFEL TRANSFORMATION

17.

Establish the validity of the Schwarz-Christoffel transformation.
We must show that the mapping function obtained from
dw
dz
maps a given polygon of the w plane [Fig. 8-76 below] into the real axis of the z plane [Fig. 8-77
below].
To show this observe that from (I) we have

= Afz— xl)al(w—l (z— xz)a,/v—l s (2= xn)d,,/‘lr—l (1)

argdw = argdz + arg A +<——— 1) arg(z—=x;) + <———1) arg (z — x,)

@
Foeee + (——— 1) arg (z — x,)

As z moves along the real axis from the left toward z;, let us assume that w moves along a side
of the polygon toward w,;. When z crosses from the left of »; to the right of x;, ¢; = arg(z—=x,)
changes from z to 0 while all other terms in (¢) stay constant. Hence argdw decreases by
(a1/1r--1) arg (z—xl) = (ay/r~1)r = ay—= or, what is the same thing, increases by r —«a; [an
increase being in the counterclockwise direction].
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w plane z plane

Fig. 8-76 Fig. 8-77

.
It follows from this that the

moves along the side wyw, of t

When z moves through z,, 8, = arg(z—=;) and 6, = arg(z—«,) change from r to 0 while
all other terms stay constant. Hence another turn through angle » — a, in the w plane is made. By
continuing the process we see that as z traverses the x axis, w traverses the polygon, and conversely.

We can actually prove that the interior of the polygon (if it is cloged) iz mapped on to the u

219 Lile a2 L& QL W U

half plane by (1) [see Problem 26}.

18. Prove that for closed polygons.the sum of the exponents ﬂ -1, % - i, vy ——1
T

S Y. ) 7.8 FPY. 2

in the Schwarz-Christoffel transformation (9) or (10), Page 204, is equal to —2.
The sum of the exterior angles of any closed polygon is 27. Then »
(r—ea) +(r—ag) + -+ + (r—a,) = Zr
and dividing by —r, we obtain as required,

/oy \ [ay \ / an \
GGy (Y
w ko T

19. If in the Schwarz-Christoffel transformation (9) or (10), Page 204, one point, say .,
i8 chosen at infinity, show that the last factor is not present.

In (9), Page 204, let A = K/(—2,)*2/7~1 where K is a constant. Then the right side of (9) can
be written

2, — 2\W/T—
K (z— 2)0/T=1(z — 2)0/T=1 e+ (g — gz, Joa—1/7—1 (n_> n
xﬂ

As z,— «, this last factor approaches 1; this is equivalent to removal of the factor.

20. Determine a function which maps each of the indicated regions in the w plane on to
the upper half of the z plane.

(a)

w plane 2 plane

Fig.8-78 Fig. 8-79
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Let points P,Q,S and T [Fig. 8-78 above] map respectively into P’,Q’,S" and I [Fig. 8-7% above].
We can consider PQST as a limiting case of a polygon (a triangle) with two vertices at @ and S and
the third vertex P or T at infinity.
By the Schwarz-Christoffel transformation, since the angles at Q and § are equal to »/2, we have
; L/ T2,y : K
W A+ -1 T .

dz V-1 V1-—2?

dz .
Integrating, w = Kf— + B = Ksin“!'z+ B
v1-—22
When z=1, w=">. Hence (1) b = Ksin~!(1) + B = Kg/2 + B.
When z = —1, w = —b. Hence, (2) —=b = Ksin—!'{—1) + B = —KRr/2+ B.

Solving (1) and (2) simultaneously, we find B = 0, K = 2b/r. Then

2b
T

i adem =1
w = 1

sin~!z or z = sino
2b

The result is equivalent to entry A-3(a) in the table on Page 206 if we interchange w and z, and let

A — /2
¢ = G/a.

(%)

w plane z plane

Fig. 8-80 Fig. 8-81

Let points P,0,Q [w=bi] and S map into P’,0,Q’ [z=1] and S’ respectively, Note that
P,S,P',S' are at infinity (as indicated by the arrows) while O and O’ are the origins [w =0 and z = 0]
of the w and z planes. Since the interior angles at O and Q are »/2 and 37/2 respectively, we have
by the Schwarz-Christoffel transformation,

dw

_ LI e, _ 1,z—l _ '1/1_2
T - AE-0T (-1 = A\=—/F) = K z
Then w = KJVl:zdz

To integrate this, let z = sin?4 and obtain

w = 2KJ cos2eds = KJ(1+cos2o)da = K(o + §sin26) + B
= K( + singcose) + B = K(sin‘l\/;+\/z(1—z))+3

When 2=0, w=0 so that B=0. When z=1, w=bi so that bi = K»/2 or K = 2bi/». Then

the required transformation is .
w = Z—bt(sin‘1 \/; + \/z(l—z))

T

21. Find a transformation which maps a polygon in the w plane on to the unit circle in
the { plane.

A polygon in the w plane can be mapped on to the x axis of the z plane by the Schwarz-Christoffel
transformation

w = A f (z—xl)ﬂllﬂ’—l(z_xz)d'/l'“l ves (z—xn)ﬂ‘/ﬂ'—ldz + B (1)



CHAP. 8] CONFORMAL MAPPING 221

A transformation which maps the upper half of the z plane into the unit circle in the ¢ plane is

_i—z _ . f1—¢
$ =01 or "‘<1+;> )

on replacing w by { and taking ¢ ==, z,=1 in equation (8), Page 204,

If we let x),%,, ...,%, map into {,, ¢, ..., , respectively on the unit circle, then we have for
k=12,...,n, .
e —m o= i(228) - g(loh) o 26—t
\1T§/ N4 8k / (1 -+ L+ &)

Also, dz = —2i{dt/(1+¢)2 Substituting into (Z) and simplifying using the fact that the sum of the

@ & & 3 2 P
exponents —1—1,=2—1 . . f2_1 is —2 we find the required transformation
T T T
w = A’ f (t— g-l)all-rr—-l (t — fz)“z/"'_l cee (b= fﬂ)a"/"_l d¢ + B
[4

where A’ is a new arbitrary constant.

TRANSFORMATIONS OF BOUNDARIES IN PARAMETRIC FORM

22. Let C be a curve in the z plane with parametric equations x=F(t), y=G(t). Show
that the transformation
z = Fw) + iG(w)
maps curve C on to the real axis of the w plane.
If z= 244, w = u+iv, the transformation can be written
x+ iy = Fut+iv) + iGu+iv)

Then v =0 [the real axis of the w plane] corresponds to « + iy = F(u) + i G(w), ie. x = F(u), y = G(u),
which represents the curve C.

2 2
23. Find a transformation which maps the ellipse 'Z—g +%§ = 1 in the z plane on to the
real axis of the w plane.

A set of parametric equations for the ellipse is given by =«
a>0,5>0. Then by Problem 22 the required transformation is 2z

= acost, y = bsint where
= a cosw -+ tb sin w.

MISCELLANEOUS PROBLEMS

24. Find a function which maps the interior of a triangle in the w plane [Fig. 8-82] on to
the upper half of the z plane.

Let vertices P [w = 0] and Q [w =1] of the triangle map into points P’ [z =0] and Q' [¢=1] on the
z plane while the third vertex R maps into R’ [z = =].

w plane z plane

Fig.8-82
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By the Schwarz-Christoffel tranaformation,
dw -1 1r—1 /e -
& = A za/v—1(z - 1)B/7 = Kza/v—1(1 —z)8/7v—1
Then by integration,
w = Kf fa/m—1(1 —¢)B/e-1dr 4+ B
0

Since w =0 when 2 =0, we have B=0. Also since w =1 when z=1, we have

/ sre-1dy = I(a/z) ['(B/7)
0 r (a +8
-3

using properties of the beta and gamma functions [Chapter 10]. Hence

r ( at B)
K — N bl /
T'(a/z) D(8/x)
and the required transformation is ‘
o (2tB)
T

w = fe/T—1(1 —¢)B/m—Lldy

r4
I'a/z) T(8/x) J;
Note that this agrees with entry A-13 on Page 209, since the length of side AB in Fig. 8-39 is

fl tarr-1(1 = pBre-1dr = I'(a/7) T(B/x)
“o ‘a+ 8"
r (——r )

25. (a) Find a function which maps the shaded region in the w plane of Fig. 8-84 on to
the upper half of the z plane of Fig. 8-85.

(b) Discuss the case where b - 0.

10 plane
plane

Fig. 8-84 Fig. 8-85

(a) The interior angles at Q@ and T are each z —«, while the angle at S is 27— (zr ~2a) = 7+ 2a.
Then by the Schwarz-Christoffel transformation we have

¢(ii_w A(z+ 1)m—a)m =1 (r+200/m—1 (5 — 1)T—ad/m—1
2
A 22a/7 _ K z2a/w
(z2 — 1)a/= T (@ —zaiT
Hence by integration
_ K o g-za/r d B
wo= o (1—2)alw ¢+
When z=0, w=ai; then B=ai and
2z
_ Iz«/r .

The value of K can be expressed in terms of the gamma function using the fact that w =b when z=1
[Problem 102]. We find

K = (b—0d V7 @

r ($+%>r<1—§>



CHAP. 8 CONFORMAL MAPPING 293

(®) As b0, a~ 7/2 and the result in (a) reduces to
z
. . ¢ d¢ .
w = at — ai = aiyl—22
o V1i—-¢2
= ayz2—1

In this case Fig. 8-84 reduces to Fig. 8-86. The
result for this case can be found directly from
the Schwarz-Christoffel transformation by con-
sidering PQSTU as a polygon with interior an-
gles at @, S and T equal to #/2, 2r, and =/2
respectively. ' Fig. 8-86

26. Prove that the Schwarz-Christoffel transformation of Problem 17 maps the interior
of the polygon on to the upper half plane.
It suffices to prove that the transformation maps the interior on to the unit circle, since we
already know [Problem 11] that the unit circle can be mapped on to the upper half plane.

Suppose that the function mapping polygon P in the w plane on to the unit circle C in the
z plane is given by w = f(z) where f(z) is analytic ingide C.

We must now show that to each point a inside P there corresponds one and only one point, say
2q, such that f(zo) = a.

Now by Cauchy’s integral formuls, since a is inside P,
1 § dw  _ 1
271 > W—a
Then since w—a = f(z) — a,
1 "z
- ——f( ) dz = 1

m Problem 17, Chapter 5, we have shown that there is
i.e. f(z;) = a, as required.

s =G/

But f(z) — a is analytic ingide C. Hence
ay z..\ of f(z) — a inside

L é
iJ, fin—a
fro

C,

[=]
=
[
<
©
=
®
N
[
i~
(=]
——
lﬂ

27. Let C be a circle in the z plane having its centre on the real axis, and suppose further
that it passes through z=1 and has z=—1 as an interior point. Determine the image
of C in the w plane under the transformation w = f(2) = 4(z + 1/2). ;

We have dw/dz = }(1—1/22?). Since dw/dz =0 at z=1, it follows that z=1 is a critical
point. From the Taylor series of f(z) = }(z+ 1/z) about z=1, we have
w—1 = }z—-12—(z—1P¥+(z—-1)4— -]

By Problem 100 we see that angles with vertices at z=1 are doubled under the transformation. In

particular, since the angle at z =1 exterior to C is », the angle at w =1 exterior to the image C’ is 2.
Hence C’ has a sharp tail at w =1 (see Fig. 8-88). Other points of C’ can be found directly.

z plane w plane

Fig. 8-87 Fig. 8-88

It is of interest to note that in this case C encloses the circle |2 =1 which under the transforma-
tion is mapped into the slit from w=—1 to w=1. Thus as C approaches |z] =1, C’ approaches the
straight line joining w=-~1 to w=1.
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28. Suppose the circle C of Problem
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a 0y
I

s moved so that its centre is in the upper half
plane but that it still passes through z= 1 and encloses z=—1. Determine the image
of C under the transformation w = ¥(z + 1/2).

As in Problem 27, since 2= 1 is a critical point, we will obtain the sharp tail at w =1 [Fig. 8-90}.
If C does not entirely enclose the circle |zl =1 [as shown in Fig. 8-89], the image C' will not entirely
enclose the image of |z] =1 [which is the slit from w=—1to w= 1]. Instead, C’ will only enclose that
portion of the glit which corresponds to the part of |z} =1 ingide C. The appearance of C' is therefore
as shown in Fig. 8.90. By changing C appropriately, other shapes similar to C' can be obtained.

[y

w plane
v

|

Fig. 8-89 Fig. 8-90

The fact that C’ resembles the cross-section of the wing of an airplane, sometimes called an airfoil,
is important in aerodynamic theory (see Chapter 10) and was first used by Joukowski. For this reason
ghapes such as C' are called Joukowski airfoils or profiles and w = §(z+ 1/z) is called a Joukowskt

transformation.

Supplementary Problems

TRANSFORMATIONS

29,

30.

3.

32.

34.

Given triangle T in the z plane with vertices at 7, 1 — i, 1+ i. Determine the triangle T’ into which T i
mapped under the transformations (@) w = 32+ 4—21, () w = z4+2—1, (e) w= Beri/3z—2+4
What is the relationship between T and T' in each case?

Sketch the region of the w plane into which the interior of triangle T of Problem 29 is mapped unde
the transformations (a) w = 2, byw= 22+ @2—9z @OQw= z+1/z.

(a) Show that by means of the transformation w = 1/z the circle C given by |z—38| = b is mapp
into the circle |w T+ 8/16 | = b/16. (b) Into what region is the interior of C mapped?

(a) Prove that under the transformation w = (z—dliz—1) the region Im{z} =0 is mapped in
the region |w| =1. (b) Into what region is Im {z} =0 mapped under the transformation?

(a) Show that the transformation w = I}(ze‘“+ z-1¢%) where a is real, maps the interior of 1
circle |z =1 on to the exterior of an ellipse {see entry B-2 in the table on Page 209].

(b) Find the lengths of the major and minor axes of the ellipse in (a) and construct the ellif

Ans. (b) 2cosha and 2sinha respectively.

Determine the equation of the curve in the w plane into which the straight line z+y = 1 is map
under the transformations (a) w=2% (b) w=1/z

Ans. (@) w2+2v =1, (b) u?+2uv+ 202 = utwv
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35. Show that w = (']:

36. (a) Show that the transformation w = 2:—3iz+65—4i is equivalent to u = 2x+ 3y+5,
v = 2y —8x—4.

(b) Determine the triangle in the uv plane into which triangle T of Problem 29 is mapped under
the transformation in (a). Are the triangles similar?

Express the transformations (a) u = 422—8y, v = 82 —4y2 and (b) u = 8 — 8xy2, v = 8xly —y3
in the form w = F(z,32). Ans. (@) w = (1+i) (224 22) + (2— 20)22 + 8iz, (b) w = 28

[
-

CONFORMAL TRANSFORMATIONS

38. The straight lines y = 2x, £+y = 6 in the xy plane are mapped on to the w plane by means of the
transformation w =22, (a) Show graphicaily the images of the straight lines in the w plane. (b) Show
analytically that the angle of intersection of the straight lines is the same as the angle of intersection
of their images and explain why this is so.

-1

39. Work Problem 38 if the transformation is (a) w = %, b)) w = :+—1

40. The interior of the square of with vertices at 1, 2, 1+4, 2+ is mapped into a region o’ by
means of the transformations (a) w = 2:4+5—33, (b)) w = "z", (¢) w = sinzz. In each case sketch
bt

td
the regions and verify directly that the interior angles of " are right angles.

4L QIls RIINCA eIl ka2

41. (e) Sketch the images of the circle (zx—3)2+ 42 = 2 and the line 2x+ 3y = 7 under the transforma-
tion w=1/z. (b) Determine whether the images of the circle and line of (a) intersect at the same
angles as the circle and line. Explain.

42. Work Problem 41 for the case of the circle (x—8)2+ 42 =5 and the line 2z + 8y = 14.

43. (a) Work Problem 38 if the transformation is w = 3z — 2iz.
(b) Is your answer to part (b) the same? Explain.

44. Prove that a necessary and sufficient condition for the transformation w = F(z,z) to be conformal
in a region R is that 0F/32 =0 and 9F/éz » 0 in R and explain the significance of this,

JACOBIANS

45. (a) For each part of Problem 29, determine the ratio of the areas T and T, (b) Compare your
findings in part (a) with the magnification factor |dw/dz|2 and explain the significance.

16. Find the Jacobian of the transformations (@) w =222 ~iz+8—4, (BD)u=a2—ay+y2, v =22+ xy + y2,
Ans. (a) |42 —12, (b) 4(x2 + 42)

47. Prove that a polygon in the z plane is mapped into a similar polygon in the w plane by means of the
transformation w = F(2) if and only if F'(z) is a constant different from zero.

48. The analytic function F(z) maps the interior ® of a circle C defined by |z|=1 into a region R’
r°
bounded by a simple closed curve C'. Prove that (a) the leagth of C’ is } |F'(z)| |d2}, (b) the area
c .

of R is ff |F*(2)|3 dx dy.
xR
49. Prove the result (2) on Page 200.

50. Find the ratio of areas of the triangles in Problem 86(b) and compare with the magnification factor
as obtained from the Jacobian.
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51. Let u = u(x,9), v = v(z,y) and z = z(¢,n), ¥ = ¥(§ )
w,v) _ a(wv), ¥x,y)

a(fy 7’) 6(::, Il) 0(8, '7) )

(b) Interpret the result of (a) geometrically.

(a) Prove that

(¢) Generalize the result in (a).

52, Show that if w = u+iv = F(z), z = x4+ = G(}) and { = ¢+ 1y, the result in Problem 51(a)
is equivalent to the relation |

BILINEAR OR FRACTIONAL TRANSFORMATIONS

53. Find a bilinear transformation which maps the points 7, —{,1 of the z plane into 0,1, « of the w plane
respectively. Ans. w = (1 —i)z—1)/2(z—1)

L. PR, = s = Aol

(e) Find a bilinear transformation which maps the vertices 1+14i, —i, 2—~1 of a triangle
z plane into the points 0, 1,1 of the w plane.

(b) Sketch the region into which the interior of triangle T is mapped under the transformation
obtained in (a).

Ans. (a) w = 2z2—2—20)/{(i—- 1)z —3 -~ bt}

P P A T
1 01 e

W
:Is

55. Prove that the result of (a) two successive bilinear transformations, (b) any number of successive
bilinear transformations is also a bilinear transformation.

56, If a# b are the two fixed points of the bilinear transformation, show that it can be written in the form

w—a z—a
w—>b kK (z - b)
where K is a constant.
57. If a=b in Problem 56, show that the transformation can be written in the form
1 1 o
= + k
w—a z—a

where k is a constant.

Prove that the most general bilinear transformation which maps |z} =1 on to jw|=1 is

/
= oo 2T”P
w e ﬁz_l)

oAl
gb

where p is a constant,

59. Show that the transformation of Problem 58 maps |z| <1 on to (a) jw| <1 if [p|<1 and (b) w|>1
if |p| > 1.

60. Discuss Problem 58 if |p| = 1.
61. Work Problem 11 directly.

62, (a) If z;,2,,23 2, are any four different points of a circle, prove that the cross ratio is real.
(b) Is the converse of part (a) true? Ans. (b) Yes

THE SCHWARZ-CHRISTOFFEL TRANSFORMATION
63. Use the Schwarz-Christoffel transformation to determine a function which maps each of the indicated
regions in the w plane on to the upper half of the z plane.

(@)

z plane w plane

Fig. 8-91 Fig. 8-92
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® £ plane

Fig.8-93

(e) 2 plane

Fig. 8-97 Fig.8-98

Ans. (@) w =28, (b) w = cosh (z2/2), (¢) w = %, (d) w = 24/5
64. Verify entry A-14 in the table on Page 209 by using the Schwarz-Christoffel transformation.

65. Find a function which maps the infinite shaded region of Fig. 8-99 on to the upper half of the 2z plane

[Fig. 8-100) so that P,Q,R map into P’,Q’',R’ respectively [where P,R,P',R’ are at infinity as
indicated by the arrows]. Ans. z = (w+ 7 —7i)?

1 plane z plane

Fig. 8-99

Fig. 8-100

66. Verify entry A-12 in the table on Page 208 by using the Schwarz-Christoffel transformation.
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67. Find a function which maps each of the indicated shaded regions in the w plane on to the upper
half of the z plane.

(a)

# plane 2 plane

‘ 1
Fig. 8-101 Fig. 8-102
(d)
w plane ©  zplane

Fig. 8-108 Fig. 8-104

ano 1

ay Verify entry A-11 of the table on Page 208 by using the Schwarz-Christoffel transformation.
() Use the result of (a) together with entry A-2 of the table on Page 205 to arrive at the entry C-5
in the table on Page 211.

a0
QO

—

TRANSFORMATIONS OF BOUNDARIES IN PARAMETRIC FORM

69. (a) Find a transformation which maps the parabola 32 = 4p(p—z) into a straight line.
(b) Discuss the relationship of your answer to entry A-9 in the table on Page 208.
p—pw?+2piw = p(l+iw)?2 obtained by using the parametric
2pt.

Ans. (a) One possibility is =z
equations = = p(1—1¢2), y

70. Find a transformation which maps the hyperbola z = acosht, ¥y = asinht into a straight line.

Ans. 2 = a{coshw + 1 sinhw)

71. Find a transformation which maps the cycloid x = a(t — sint), y = a(l — cost) into a straight line.

Ans. z = a(w +1i—ie—tw)

72, (a) Find a transformation which maps the hypocycloid «2/3 4+ »2/3 = @2/3 into a straight line.

(3) Into what region is the interior of the hypocyecloid mapped under the transformation? Justify
your answer.

[Hint. Parametric equations for the hypocycloid are « = a cos®t, y = a sind¢, 0S¢ < 2r.]

Ang. (a) z = a(cos3w + 1 sindw)

73. Two sets of parametric equations for the parabola y =x2 are (@) x=¢, y =2 and- (b) x = *et, y = e2t.
Use these parametric equations to arrive at two possible transformations mapping the parabola into
a straight line and determine whether there is any advantage in using one rather than the other.



CHAP. 8] CONFORMAL MAPPING 229

MISCELLANEOUS PROBLEMS

4.

-]

o

.

8.

=)
«w

80.

81.

82,

(a) Show that the transformation w = 1/z maps the circle |z—a| = a, where a >0, into a straight
line. Illustrate graphically showing the region into which the interior of the circle is mapped,
as well as various points of the circle.

(b) Show how the result in (a) can be used to derive the transformation for the upper half plane into
the unit circle,

Provae
£ 10Ve

unit ecirele.

-
5
-y

or

o

()
v
3

Prove that the function w = 22 maps the circle |[z—a] = ¢, a >0, on to the cardioid p = 2a%(
[see entry C-2 in the table on Page 210].

'—il
ﬂ
(=]
w
h:3
-

Show that the Joukowsky transformation w = z+ k2/z can be written as

w=2k _ ( z—k\?
w + 2k 2+ k,
(a) Let w=F(z) be a bilinear transformation. Show that the most general linear transformation
far whirh ESIE{(\1 — o rivrom haer
O Wallal &1\ \%)5 = 2 is EiVenl Oy
wWop _ 2P
w—q t—q

where kZ =
(b) What is the result in (a) if F{F[F(z)]} = 2?
(¢) Generalize the results in (a) and (b).
Ans. (b) Same as (a) with k=1,

(a) Determine a transformation which rotates the ellipse 22+ ay+ 42 = 5 so that the major and
minor axes are parallel to the coordinate axes. (b) What are the léngths of the major and minor axes?

Find a bilinear transformation which maps the circle |z—1] = 2 on to the line x+y = 1.
Verify the transformations (@) A-6, (b) A-7, (c) A-8, in the table on Page 207.

Consider the stereographic projection of the complex plane on to a unit sphere tangent to it [see
Page 6]. Let an XYZ rectangular coordinate system be constructed so that the Z axis coincides with
NS while the X and Y axes coincide with the x and y axes of Fig. 1-6, Page 6. Prove that the point
(X,Y,Z) of the sphere corresponding to (x,y) on the plane is such that

= _ % Yy = _ ¥ z = =ty
22+y2+1 w2 +y2+1’ w?+y2+1

Prove that a mapping by means of stereographic projection is conformal.

(a) Prove that by means of a stereographic projection, arc lengths of the sphere are magnified in
the ratio (x2+42+1):1,

(b) Discuss what happens to regions in the vicinity of the north pole. What effect does this produce
on navigational charts?

N T _'l-_-
the wv plan

reserve angles, it is necessary and sufficient that

r n p
& - @ meas -
oz % dy oy/ ’ dx oy ' dx dy
(b) Deduce from (a) that we must have either
podw v du_ s iy B W
W 5= oy’ dy oz or () 5 3y’ oy oz

Thus conclude that %+ iv must be an analytic function of x + diy.
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86.

81.

9.

92.

9.

94.

95.

96.

Find the area of the ellipse ax2+bazy+cy? = 1 where a >0, ¢>0 and b2 < 4ac.

Ans. 2v/vVdac— b2

A transformation w = f(z) of points in a plane is called involutory if z= f(w). In this case a single
repetition of the transformation restores each point to its original position. Find conditions on NN
in order that the bilinear transformation w = (ez+ 8)/(yz+ 8) be involutory. Ans. 83=—a

Show that the transformations (a) w = (z+1)/(z—1), (b) w = In coth (é/2) are involutory.

Find a bilinear transformation which maps |2/ =1 on to |w—1| = 1 so that the points 1, —i
correspond to 2, 0 respectively.

Discuss the significance of the vanishing of the Jacobian for a bilinear iransformation.

Prove that the bilinear transformation w = (az+ 8)/(yz+38) has one fixed point if and only if

(8+a)? = 4(a8 — By) » 0.

(a) Show that the transformation w = (az+9)/(yz2+a) where ja/s—|y|? = 1 transforms the unit
circle and its interior into itself. '

(b) Show that if |y|2—|2|2 = 1 the interior is mapped ints the exterior.

Suppose under the transformation w = F(z,7) any intersecting curves C; and C; in the z plane map
respectively into corresponding intersecting curves C;{ and C{ in the w plane. Prove that if the trans-
formation is conformal then (a) F(z,%) is a function of z alone, say f(z), and (b) f(2) is analytic.

" (a) Prove the multiplication rule for determinants [see Problem 7]:

lay by||as B, |18s + bieg  a1by + bydy)
e dif|es &y €103 + c16p  ¢1bg + dydy

(b) Show how to generalize the result in (a) to third order and higher order determinants.

Find a function which maps on to each other the shaded regions of Figures 8-105 and 8-108, where
QS has length b.

w plane z plane

-1 1] 1
Fig. 8-105 Fig. 8-106
r4
(a) Show that the function w = f (1—-_-_'%!—,-5 maps a regular hexagon into the unit circle,
A .

(b) What is the length of a side of the hexagon in (a)?
3
Ans. (b) 3VZr(})
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97. Show that the transformation w = (422 + Bz+ C)/(D22+ Ez+ F) can be considered as a combination
of two bilinear transformations separated by a transformation of_ the type r =12

98. Find a function which maps a regular polygon of n sides into the unit circle.

99. Verify the entries: (a) A-9, Page 208; (b) A-10, Page 208; (c¢) B-3, Page 210; (d) B-4, Page 210;
(e) C-8, Page 211; (f) C-4, Page 211. . ,

100. Suppose the mapping function w = f(z) has the Taylor series expansion
w o= f@) = fla)+ fla)e—a) + - + a4

Show that if f®(a) =0 for k=0,1,...,2—1 while f™(a) # 0, then angles in the z plane with
vertices at z = a are multiplied by »n in the w plane.

101. Determine a function which maps the infinite strip —#/4 = 2 = #/4 on to the interior of the unit
circle |w| = 1 so that z =0 corresponds to w=0. Ans. w = tanz

102. Verify the value of K obtained in equation (2) of Problem 25.

108. Find a function which maps the upper half plane on to the interior of a triangle with vertices at
w = 0,1,i corresponding to z = 0,1, respectively.

r'(8/4) S _
Ans. = 22| 121 —)e4de
e v V7 T(1/4) J, a-9
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BOUNDARY VALUE PROBLEMS
Many problems of science and engineering when formulated mathematically lead to

problem of determining solutions to a partial differential equation which satisfy the
boundary conditions is called a boundary-value problem.

+h I 34 1
It is of fundamental importance, from a mathematical as well as p

that one should not only be able t ﬁnd such solutions (i.e. that solutions exist)
for any given problem there should be only one solution (i.e. the solution is unique).

HARMONIC AND CONJUGATE FUNCTIONS
A function satisfying Laplace’s equation
. e |
Ve = 32z + 51? = 0 (1)

in a region R is called karmonic in R. As we have already seen, if f(z) = u(z,y)+iv(z,y)
is analytic in R, then » and v are harmonic in R,

Example: If f(z) = 422 —3iz = 4(x+ )2 — 8i(x +iy) = 422 — 42 + 3y + i(8xy — 3x), then
u = 422 - 4y2+ 3y, v = Bxy — 8z. Since u and v satisfy Laplace’s equation, they
are harmoniec.
The functions « and v are called conjugate functions, and given one, the other can
be determined within an arbitrary additive constant [see Chapter 3].

DIRICHLET AND NEUMANN PROBLEMS

Let R [Fig. 9-1] be a simply-connected region bounded by a simple closed curve C.
Two types of boundary-value problems are of great importance.

1. Dirichlet’s problem seeks the determina- y
tion of a function ® which satisfies La-
place’s equation (1) [i.e. is harmonic] in R
and takes prescribed values on the bound-
ary C.

2. Neumann’s problem seeks the determina-
tion of a function & which satisfies La-
place’s equation (I) in R and whose
normal derivative 9&/on takes prescribed
values on the boundary C. z

The region R may be unbounded. For exam-
ple R can be the upper half plane with the z axis
as the boundary C. Fig.9-1

232
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It can be shown that solutions to both the Dirichlet and Neumann problems exist
and are unique [the Neumann problem within an arbitrary additive constant] under very
mild restrictions on the boundary conditions [see Problems 29 and 80].

It is of interest that a Neumann problem can be stated in terms of an appropriately
stated Dirichlet problem (see Problem 79). Hence if we can solve the Dirichlet problem
we can (at least theoretically) solve a corresponding Neumann problem.

THE DIRICHLET PROBLEM FOR THE UNIT CIRCLE. POISSON’S FORMULA

Let C be the unit circle |z =1 and R be its interior. A function which satisfies
Laplace’s equation [i.e. is harmonic] at each point (r,4) in R and takes on the prescribed

value F(8) on C [ie. ¥(1,8) = F(9)), is given by
1 r 1-7)F
o6 = (=) Fg) de (2)
2r 1—4'rcosw—¢)+7“

This is called Poisson’s formula for a circle [see Chapter 5, Page 119].

-3
=
=
=)
o]
-
o
@)
o2
ol
=
-3
g
=
o
o]
)
=
=
!
=
oo}
=
fosi
>
-
ey
)
-
>
2,
o]

on the prescribed value G(z) on the x axis [i.e. &(x,0) = G(x), —» <z < =], is given by

s(z,y) = f _YGlg) dn (%)

112 + {fr—m\2

This is scmetimes called Poisson’s formula for the half plane [see Chapter 5, Page 120].

SOLUTIONS TO DIRICHLET AND NEUMANN PROBLEMS
BY CONFORMAL MAPPING

The Dirichlet and Neumann problems can be solved for any simply-connected region ®
which can be mapped conformally by an analytic function on to the interior of a unit
circle or half plane. [By Riemann’s mapping theorem this can always be accomplished,
at least in theory.] The basic ideas involved are as follows.

(a) Use the mapping function to transform the boundary-value problem for the
region R into a corresponding one for the unit circle or half plane.

(b) Solve the problem for the unit circle or half plane.

(¢) Use the solution in (b) to solve the given problem by employing the inverse
mapping function.

Important theorems used in this connection are as follows.

Theorem 1. Let w = f(2) be analytic in a region R of the z plane. Then there
exists a unique inverse z =g(w) in R, provided f/(2) 0 in R [thus insuring that the
mapping is conformal at each point of R].

Theorem 2. Let ®(z,y) be harmonic in R and suppose that ® is mapped into R’ of
the w plane by the mapping function w = f(z) where f(2) is analytic and f/(2) = 0 so that
* = z(u,v), ¥y = yu,v). Then &(x,y) = o[x(u,v), y(u,v)] = ¥(w,v) is harmonic in R’
In words, a harmonic function is transformed into a harmonic function under a trans-
formation w = f(z) which is analytic [see Problem 4].
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Theorem 3. If ®=a [a constant] on the boundary or part of the boundary C of a
region in the z plane, then ¥ =a on its image C’ in the w plane. Similarly if the normal
derivative of ¢ is zero, i.e. 4®/an =0 on C, then the normal derivative of ¥ is zero on C’.

Applications to Fluid Flow

BASIC ASSUMPTIONS

The solution of many important problems in fluid flow, also referred to as fluid
dynamics, hydrodynamics or aerodynamics, is often achieved by complex variable methods
under the following assumptions.

1

Py P U 8

The fluid flow is two-dimensional, i.e. the basic flow pattern and characteristics
of the fluid motion in any plane are essentially the same as in any parallel plane.
This permits us to confine our attention to just a single plane which we take to
be the z plane. Figures constructed in this plane are interpreted as cross-sections
of corresponding infinite cylinders perpendicular to the plane. For example, in
Fig. 9-7, Page 237, the circle represents an infinite cylindrical obstacle around
which the fluid flows. Naturally, an infinite cylinder is nothing more than a

mathematical model of a physical cylinder which is so long that end effects can

be reasonably neglected.

2. The flow is stationary or steady,'i.e. the velocity of the fluid at any point depends

3.

4.

only on the position (x,y) and not on time.

The velocity components are derivable from a potential, i.e. if V. and V, denote the
components of velocity of the fluid at («,y) in the positive x and y directions
respectively, there exists a function &, called the velocity potential, such that
.. b b
Vt = %: V!I = ’3_;; (“‘)
An equivalent assumption is that if C is any simple closed curve in the 2z plane
and V, is the tangential component of velocity on C, then

f Vids = f Vede + Vidy = 0 (5)
See Problem 48. ¢ ¢
Either of the integrals in (5) is called the circulation of the fluid along C.
When the circulation is zero the flow is called irrotational or circulation free.

The fluid is incompressible, i.e. the density, or mass per unit volume of the fluid,
is constant. If V, is the normal component of velocity on C this leads to the
conclusion (see Problem 48) that

§ Veds = f Vedy — Vyde = 0 (6)
V. oV, _
or 7y + Ty 0 )

which expresses the condition that the quantity of fluid contained inside C is a
constant, i.e. the quantity entering C is equal to the quantity leaving C. For
this reason equation (6), or the equivalent (7), is called the equation of continuity.

5. The fluid is non-viscous, i.e. has no viscosity or internal friction. A moving

viscous fluid tends to adhere to the surface of an obstacle placed in its path. If
there is no viscosity, the pressure forces on the surface are perpendicular to the
surface. A fluid which is non-viscous and incompressible is often called an ¢deal
fiuid. It must of course be realized that such a fluid is only a mathematical model
of a real fluid in which such effects can be safely assumed negligible.
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THE COMPLEX POTENTIAL

From (4) and (?) it is seen that the velocity potential & is harmonic, i.e. satisfies

, .
Laplace’s equation o | o
dx? ay?

It follows that there must exist a conjugate harmonic function, say ¥(z,y), such that

0 (8)

ofz) = &(z,9) + i¥(z,y) (9)
is analytic. By differentiation we have, using (4),

da _ , _ od .3‘1’_3@_.3(1)_ o
gz Q(z) = a—x'l'l*é; = % ’i@ = Ve— iV, (10)

Thus the velocity [sometimes called the complex velocity] is given by

UV = V41V, = do/dz = @'(2) (11)
and has magnitude _
V = | = VVi+V: = |@)] = [0(@) (12)
Points at which the velocity is zero, i.e. Q{(2) =0, are called stagnation points
The’functlon Q(?), of fundamental importance in characterizing a flow, is called the
complex polential.

EQUIPOTENTIAL LINES AND STREAMLINES
The one parameter families of curves
(2, ¥) = a, ¥(x,y) = B (13)

where « and § are constants, are orthogonal families called respectively the equipotential
lines and streamlines of the flow [although the more appropriate terms equipotential curves
and stream curves are sometimes used]. In steady motion, streamlines represent the
actual paths of fluid particles in the flow pattern.

The function ¥ is called the stream function while, as already seen, the function @ is
called the wvelocity potential function or briefly the velocity potential.

SOURCES AND SINKS

In the above development of theory we assumed that there were no points in the
z plane [i.e. lines in the fluid] at which fluid appears or disappears. Such points are
called sources and sinks respectively [also called line sources and line sinks]. At such
points, which are singular points, the equation of continuity (?), and hence (8), fail to
hold. In particular the circulation integral in (5) may not be zero around closed curves C

which include such points.

No difficulty arises in using the above theory, however, provided we introduce the
proper singularities into the complex potential 0(z) and note that equations such as (?)
and (8) then hold in any region which excludes these singular points.
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SOME SPECIAL FLOWS

Theoretically, any complex potential 2(z) can be associated with, or interpreted as,
a particular two-dimensional fluid low. The following are some simple cases arising in

practice.

[Note that a constant can be added to all complex potentials without affecting

the flow pattern.]
1. Uniform Flow. The complex potential corresponding to the flow of a fluid at

2.

3.

4.

constant speed V, in a direction making an angle § with the positive 2 direction
is (Fig. 9-2 below)

Q2) = Voe ¥z (14)
e NS
,/4/8//'.:‘ x l{ :/ :/ XA \!:\,
=
’/// g A X z
Fig.9-2 Fig. 9-3

Source at z=a. If fluid is emerging at constant rate from a line source at z=a
(Fig. 9-3 above), the complex potential is

22 = kln(z—a) (15)

where k> 0 is called the strength of the source. The streamlines are shown heavy
while the equipotential lines are dashed.

Sink at z2=a. In this case the fluid is disappearing at z=a (Fig. 9-4 below)
and the complex potential is obtained from that of the source by replacing k by
-k, giving

Q%) = —kln(z—a) ' (16)

Fig.9-5

Flow with Circulation. The flow corresponding to the complex potential
22) = —ikn(z—a) (17)

is as indicated in Fig. 9-5 above. The magnitude of the velocity of fluid at any
point is in this case inversely proportional to the distance from a.
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The point z=a is called a vortex and k is called its strength. The circulation
[see equation (5)] about any simple closed curve C enclosing z=a is equal in
magnitude to 2-k. Note that by changing k to —k in (2?7) the complex potential
corresponding to a ‘“‘clockwise” vortex is obtained.

5. Superposition of Flows. By addition of complex potentials, more complicated
flow patterns can be described. An important example is obtained by considering
the flow due to a source at z=-—a and a sink of equal strength at z=a. Then
the complex potential is

z+a
0@ = kln(z+a) — kln(z—a) = kln(z_a> (18)
By letting a >0 and k- = in such a way that 2ka = u is finite we obtain the
complex potential
) = £ (19)

This is the complex potential due to a doublet or dipoie, i.e. the combination of a
source and sink of equal strengths separated by a very small distance. The
quantity u is called the dipole moment.

FLOW AROUND OBSTACLES

An important problem in fluid flow is that of determining the flow pattern of a fluid
initially moving with uniform velocity V, in which an obstacle has been placed.

w plane z plane { plane

14
- /_\
- ://\

%

v

F

Fig.9-6 Fig.9-7 Fig.9-8

A general principle involved in this type of problem is to design a complex potential having
the form a(z) = Voz+ G(2) | (20)
(if the flow is in the z plane) where G(2) is such that hm G’(z) = 0, which means physi-

cally that far from the obstacle the velocity has constant magnitude (in this case V).
Furthermore, the complex potential must be chosen so that one of the streamlines repre-
sents the boundary of the obstacle.

A knowledge of conformal mapping functions is often useful in obtaining complex
potentials. For example, the complex potential corresponding to the uniform flow in the
w plane of Fig. 9-6 is given by Vow. By use of the mapping function w = z+ a%/z [see
entry A-4, Page 206] the upper half w plane of Fig. 9-6 is transformed into the upper
half z plane exterior to circle C, and the complex potential for the flow of Fig. 9-7 is

given by 2
Qiz) = Vo <z + %) (21)
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Similarly if z = F(¢) maps C and its exterior on to C’ and its exterior [see Fig. 9-8|, then
the complex potential for the flow of Fig. 9-8 is obtained by replacing z by F({) in (21).
The complex potential can also be obtained on going directly from the w to the { plane
by means of a suitable mapping function.

Using the above and introducing other physical phenomena such as circulation, we
can describe the flow pattern about variously shaped airfoils and thus describe the motion
of an airplane in flight.

BERNOULLI'S THEOREM

If P denotes the pressure in a fluid and V is the speed of the fluid, then Bernoulli’s
theorem states that P+iV? = K ) (22)

where ¢ is the fluid aensrcy and K is a constant along any strean miine.

HEOREMS OF BLASIUS

Let X and Y be the net forces, in the positive z and y directions respectively, due to
fluid pressure on the surface of an obstacle bounded by a simple closed curve C. Then
if q is the complex potential for the flow,

do\?
X —-iY = %w§ /-—\ dz (23)
c \dz /
2. If M is the moment about the origin of the pressure forces on the obstacle, then
do\?
M = Re\f-—éufz(r\ dz (24)
L Jo \az;

where “Re” denotes as usual “real part of”.

Applications to Electrostatics

COULOMPB’S LAW
Let r be the distance between two point electric charges ¢: and ¢:. Then the force
between them is given in magnitude by Coulomb’s law which states that

— 1%
F = 23 (25)

and is one of repulsion or attraction according as the charges are like (both positive or
both negative) or unlike (one positive and the other negative). The constant « in (25),
which is called the dielectric constant, depends on the medium; in a vacuum «=1, in other
cases x> 1. In the following we assume « =1 unless otherwise specified.

ELECTRIC FIELD INTENSITY. ELECTROSTATIC POTENTIAL

Sunnose we are riven a charece distribution which may be continuous, discrete. or a

AWM VIO T SRAC HAVOAL T4 Viiha & MiTva answvaVaa Asavan aadtwy LIRS, LA3AESE 2

combination. This charge distribution sets up an electric field. If a unit positive charge
(small enough so as not to affect the field appreciably) is placed at any point A not already
occupied by charge, the force acting on this charge is called the eleciric field intensity
at A and is denoted by £ This force is derivable from a potential & which is sometimes
called the electrostatic potential. In symbols,

€ = —grad® = -Vo (26)
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If the charge distribution is two-dimensional, which is our main concern here, then

0P , 0 ad 0P

éE = E::+iEy = ——zgy— where Ezz—s'i: Eﬂ=_-é? (27)

T %
In such case if E: denotes the component of the electric field intensity tangential to any
simple closed curve C in the z plane,

§ Bds = § Ende +Eydy = 0 (28)
v vC

JAUS

NRaaws

THEOREM

g’
Let us confine ourselves to charge distributions which can be considered two-dimen-
sional. If C is any simple closed curve in the z plane having a net charge ¢ in its interior
(actually an infinite cylinder enclosing a net charge q) and E. is the normal component of
the electric field intensity, then Gauss’ theorem states that

If C does not enclose any net charge, this reduces to
§E.d = € E.dy—FE,dz = 0 (30)
Jc Je
It follows that in any region not occupied by charge,
oE. | oE, _
3z + —@— = 0 | (31)
From (27) and (31), we have
do P2 _ e
ox2 ay2 - ( )

i.e. ® is harmonic at all points not occupied by charge.

THE COMPLEX ELECTROSTATIC POTENTIAL
From the above it is evident that there must exist a harmonic function ¥ conjugate

to @ such that Q(Z) — @(x, y) + iq,(x’y) (83)

is analytic in any region not occupied by charge. We call Q(z) the complex electrostatic
potential or, briefly, complex potential. In terms of this, (27) becomes

@ .0 _ %@ o¢ _ _do _
& ey = —5?+z@ = Z - Q'(z) (84)
and the magnitude of € is given by E = |&] = |-0'(2)] = |2'(2)].

The curves (cylindrical surfaces in three dimensions)
d’(x’y) = a ‘I’(ﬂ?,y) = B (85)
are called equipotential lines and flux lines respectively.

LINE CHARGES

The analogy of the above with fluid flow is quite apparent. The electric field in
electrostatic problems corresponds to the velocity field in fluid flow problems, the only
difference being a change of sign in the corresponding complex potentials.
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The ideas of sources and sinks of fluid flow have corresponding analogues for electro-
statics. Thus the complex (electrostatic) potential due to a line charge ¢ per unit length
at 2o (in a vacuum) is given by

2z = —2qIn(z—=z0) (86)

and represents a source or sink according as ¢q<0 or ¢>0. Similarly we talk about
doublets or dipoles, etc. If the medium is not a vacuum, we replace ¢ in (36) by q/«x.

CONDUCTORS

If a solid is perfectly conducting, i.e. is a perfect conductor, all ché.rge_ is located on
its surface. Thus if we consider the surface represented by the simple closed curve C in
the z plane, the charges are in equilibrium on C and hence C is an equipotential line.

An important probiem is the caiculation of potential due to a set of charged cylinders.
This can be accomplished by use of conformal mapping.

CAPACITANCE

Two conductors having charges of equal magnitude ¢ but of opposite sign, have a
difference of potential, say V. The quantity C defined by

=cv (87)

depends only on the geometry of the conductors and is called the capacitance. The con-
ductors themselves form what is called a condenser or capacitor.

Applications to Heat Flow
HEAT FLUX

Consider a solid having a temperature distribution which may be varying. We are
often interested in the quantity of heat conducted per unit area per unit time across a
surface located in the solid. This quantity, sometimes called the heat fluz across the

surface, is given by Q = —Kgrado (88)

where & is the temperature and K, assumed to be a constant, is called the thermal con-
ductivity and depends on the material of which the solid is made.

THE COMPLEX TEMPERATURE
If we restrict ourselves to problems of two-dimensional type, then

_ 92 _ . I RN
Q = K( y) = Q:+ 1Qy where Q. = Kax’Q”_ Kay (89)

Let C be any simple closed curve in the z plane (representing the cross-section of a
cylinder). If Q. and Q. are the tangential and normal components of the heat flux and
if steady state conditions prevall so that there is no net accumulation of heat inside C,
then we have

};Qnds = £dey—0ydx = 0, £chs = iQ;dm+dezf =0  (40)
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assuming no sources or sinks inside C. The first equation of (40) yields

Ber o= o (41)
which becomes on using (39),
i.e. ¢ is harmonic. Introducing the harmonic conjugate function ¥, we see that
Q) = oz,¥) + i¥(z,¥) (42)
is analytic. The families of curves
o(x,Y) = o, ¥(x,y) =B (43)

are called isothermal lines and flux lines respectively, while Q(z) is called the complex
temperature._

The analogies with fluid flow and electrostatics are evident and procedures used in
these fields can be similarly employed in solving various temperature problems.

HARMONIC FUNCTIONS

1. Show that the functions (a) #2—»*+2y and (b) sinz coshy are harmonic in any
finite region R of the z plane.

82¢ % i)

= 22 — 32 = = = - .. = . ..

() If & = 22— 42+ 2y, we have 322 2, F 2. Then 3z + ay2 0 and ¢ is harmonic in K.
. 2 _ . 2 32

() If & = sinx coshy, we have 72 = “sinz cosh y, —ay2 = sinx coshy. Then x2 + ay’ =0

and ¢ is harmonic in R.

2. Show that the functions of Problem 1 are harmonic in the w plane under the trans-
formation z = w3,

If z=w8, then 2z+iy = (u+iv)3 = w8 —3uv2 +iBu2v—v%) and 2 = u3 —3Juv?, y = Suv — 3,

(@) @ = 22— y2+ 2y = (ud—3uv?)? — (Buv — 13)2 + 2(Bu2v — +9)
—_ a8 1E..4.9 | 1E..0.4 __ .8 1 0.0 __ 0.2
i LU VT T L1UU~v vY T ouT*v Y 1 ad
2
Then 2% = 80ut — 180utot + 3004 + 120, i’a% = —80ut + 180u%? — 80v% — 12v
2¢ 92¢ .
and ™ + — el 0 as required.
(b) We must show that & = sin (u3 — 8uv?) cosh (Suv — v3) satisfies g?‘: + — av2 = 0. This can

readily be established by straightforward but tedious differentiation.

This problem illustrates a general result proved in Problem 4.
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o . L o) e : ,
3. Prove that Fry + e e = |f(z )I o 3—_1-;_,-/ where w =f(2) is analytic and f’(z)+0.

The function ®(x,y) is transformed into a function ®[z(u,v), y{u,v)] by the transformation. By
differentiation we have

3 _ bouw k0w b _ b dbdy
dx ~  Bdudx v éx’ y  oudy vy
Lo - 2w ui ) sy (e
#x2 T du 9x2 ox dx \ du v dx? 3z

_ ag@+a_u[1 20 ou | 3 (90)dv
T du dx2 oz [du \du/ ox au

9% v | 3 fod\ du 9 [ad\ dv
+£a?+5;[£<sa)a+av(av>ax]

- o a_u(ﬁeg 2o gu] | 9o | du[ 0% u . 9
T Ou ox2 dx| du? 3z  dv du dx | Ay dx2 dx| dudv dxz ' 9v2 Az |
Similarly,
924 30 0% | duloau . 3% | , 8% | av[ &% du , 8% ov)
W = Guol T oyolsy Toveudy| v waE taylouseay T iy
Adding,
20 2 _ b /3% %u ab (9% | 9w 3 [/ou\? | /ou\
oat T 2 du <6x2 + ay2> t o <6x2 + ayz) + W[(ﬁ) oy

@)

26 [auov . dudv e /av\? | /ov\?
vl an] w3 (%)

2 2 2
3 +6_u = 0, 6‘_1}+8_'v = 0. Also, by the Cauchy-Riemann

Since # and v are harmonie, 3 o 22 T o
. du _d0v dv _ _du
equations, = oy’ o oy Then
ou\2 ou\? av\? w2 ou : v ? au .9 ,
o o Y Fy o - = 2
(32:) + (31[) (3&:) + oy ax) + (a::) + 32, If'(2)]

ou v du dv

Jx dx dy oy 0
2¢ . 52 a% 0%
e, 0 2
Hence (1) becomes 5z o2 17()! < avz)

4. Prove that a harmonic function ®(z,y) remains harmonic under the transformation
w = f(2) where f(2) is analytic and f’(z) <0.

. : . ., 0% 3% 2
This follows at once from Problem 3, since if ) + 5 = = 0 and f'(z) # 0, then uz + el = 0.

5. If a is real, show that the real and imaginary parts of w = In(z—a) are harmonic
functions in any region ® not containing z=a

Method 1.
If R does not contain a, then w = In(z—a) is analytic in ®. Hence the real and imaginary

parts are harmonic in XK.
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Method 2.
Let z—a = 7re®. Then if principal values are used for ¢, w = u+iv = In{z—a) = Inr+ 1

so that w = Inr, v = 4.

324> 1 8d> +4 1 829

31'2 T or 12 38

substitution we find that # = Inr and v =6 are solutions if R does not contain » =20, i.e. 2 =a.

In the polar coordinates (r,¢), Laplace’s equation is = 0 and by direct

Method 3.
o — i than o — 2 nra 8 4 — i g and o o— S — N2 4 0 — g —
If z—a= 're'e, then * —a = r cos g, ¥ = 7T S8INF and 7 = (E )- T ¥, § = lan ! {y/(x =a)}
Then w = u+iv = }ln{(zx—a)?+y? +ztan"1{y/(x—a)} and u» = 1In{(xz—a)2+y?}
2 2
v = tan—1{y/(x —a)}. Substituting these into Laplace’s equation 3:; +‘;—yc: = 0, we find after

straightforward differentiation that u and v are solutions if z# a.

DIRICHLET AND NEUMANN PROBLEMS
6. Find a function harmonic in the upper half of the z plane, Im {2} > 0, which takes the

prescribed values on the x axis given by G(x) = 1 2>0 .
0 z2z<0
We must solve for ®(x,y) the boundary-value problem
e 324 1 >0
Wi =% >0 Jim @(z,y) = Glz) = {0 . <o

This is a Dirichlet problem for the upper half plane [see Fig. 9-9].

The function A¢ + B, where A and B are real
constants, is harmonic since it is the imaginary part of

Alnz + B.
To determine A and B note that the boundary
conditions are # =1 for x>0, i.e. 4 =0 and $ =0 for

2<0, i.e. 6 =7. Thus
(1) 1 = A(0)+ B, (2) 0 =A(»)+B
from which A = -1/, B =1,

Then the required solution is

® = As+B =1-2 = 1—1tan—l<l>
T T x

Fig.9-9
Another method, using Poisson’s formula for the half plane.
a0 0 %
1 G(n) d 0] d 1] d
#(zy) = 1 Y (11)_.172 _ 1 y[0] dy +1f y[1] dn
7 J_, ¥+ (x—n) T eyt (-2 7 Jy y2+ (x—q)2

*®

i

+ ltarl(?-) = 1 - lt;an—1<1>
T Y ' 4 x

!
[N

1 ian-1 <” — x)
r Y

7. Solve the boundary-value problem

0

%o 22
ok + W 0, y>0;
[To ¢ < -1
V2aan T d a2\ . FAY PR _ lsad 1 a1
mm &x,y) = Ulx) = 11 —1l<r<1i
yo¥ 1 T, t>1

where To, T1, T2 are constants.

This is a Dirichlet problem for the upper half
plane [see Fig. 9-10].
The function Aé, + Bs, + C where A,B and C

are real constants, is harmonic since it is the imagi-
nary part of AIln(z+1) + Bln(z—1) + C. Fig.9-10
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To determine A,B,C note that the boundary conditions are: ¢ =T, for x> 1, ie. 4, =8,=0;
=T, for ~-1<z<1, ie. 6,=0, 6g=m; & =T, for £<—1, ie. ;=m, 6=7. Thus

(1) Ty, = A(0)+ B(O)+C @ Ty = A0)+ B +C & Ty = Ax)+ B(r)+C
from which C=T,, B = (T)—Ty)/r, A = (Ty— T))/x.
Then the required solution is '

— _ Tp—-T, - ) ' T,—T, -1 v
¢ = A01+Bﬂg+c = ——-;—-——-tanl(x_'_l + - tan z—1 +T2
Another method, using Poisson’s formula for the half plane.
- 1 G(n) d
& z, - - _.L..’L_"__
wn = ) Fre-w
_ 1 (7" yTedn 4+ 1 T yTidy +1f"’ Yy Tpdy
TV wyit(x—n)? w2+ (-9 r ¥+ (x—n)?
= ﬂtan"l (.’L:_‘E) 4 Etan—'l ('.LTJ’.) ' + ﬂtan“ (Eﬁ)w
T Yy — 0 L v -1 T v 1

_ TO_TI -1 y TI_T2 -1 4
= T—tan z+1/) T - tan 71 + T,

8. Find a function harmonic inside the unit circle |2| =1 and taking the prescribed values
0<f§<~x
10 r<§<2r

This is a Dirichlet problem for the unit circle [Fig. 9- -11] in which we seek a function satisfying
Laplace’s equation inside |z} =1 and taking the values 0 on arc ABC and 1 on arc CDE.

given by F(4) on its circumference.

z plane w plane
] : .

Fig. 9-11 Fig.9-12
Method 1, using conformal mapping.

We map the interior of the circle |z} =1 on to the upper half of the w plane [Fig. 9-12] by using

i—w 1—-2

the mapping function 2z = o Y= 1 1+z> [see Problem 12, Chapter 8, Page 217, and

interchange z and w].

Under this transformation, arcs ABC and CDE are mapped on to the negative and positive real
axis A’B'C’ and C'D'E’ respectively of the w plane. Then by Problem 81, the boundary conditions
¢ =0 on arc ABC and ¢ =1 on arc CDE become respectively ¢ =0 on A’B'C" and =1 on C'D'E’.

Thus we have reduced the problem to finding a function ¢ harmonic in the upper half w plane
and taking the values 0 for ¥ <0 and 1 for «>0. But this problem has already been solved in
Problem 6 and the solution (replacing z by « and y by v) is given by

¢ = 1 — Lleant (E> (1)
T u
. f1—2) 2y 12+ s
Now from w =4 Km ), we find » = (1—.{.;)2—.,.;,?, VE AT+t Then substituting

these in (1), we find the required solution

- 1. 2y
= 1 —;_-tan l(m) (2)

or in polar coordinates (r,4), where = = rcoss, y = r sing,

_1 —1{2rsing¢
1 - tan <W> (’)

%
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APPLICATIONS TO FLUID FLOW

9.

Method 2, using Poisson’s formula.

1.8
_ 1 Fl(p) dg
*(r,0) = 2r Jy 1 — 2rcos(6—¢) + r2
_ 1 (" ds = 1 - Ly -1(2rsine
27 Jy 1 — 2r cos (6 — @) + 2 T 1—92

by direct integration [see Problem 69(b), Chapter 5, Page 136].

(a) Find the complex potential for a fluid

(b

moving with constant speed V, in a direc-
tion making an angle § with the positive
z axis [see Fig. 9-13].
Determine the velocity potential and
stream function.

Datarmina the aanation
ne atior

AN UL 2a2aAa viie Ty w H

lines and equipotential

O

ines.

The # and y components of velocity are
Vy = Vycoss, V, = Vysins Fig.9-13
The complex velocity is
UV = Vo +iV, = Vgcoss +iVysins = Ve

The complex potential 2(z) is given by

‘i‘i:' = @- - Vo 6—16
Then integrating, QUz) = Vyemidz

omitting the constant of integration.

The velocity potential ¢ and stream function ¥ are the real and imaginary parts of the complex
potential. Thus

Q32 = d+i¥ = Vye 8z = Vy(xcosd + ysing) + iV, (ycoss — xsin §)

and b = Vy(xcosd + ysind), ¥ = Vy(ycosd — xsin é)
Another method.
P _ _ o _ _ .
(1) = V. = Vgcoss (2) W Vy, = Vysiné

Solving for ¢ in (1), & = (V, cos 8)x + G(y). Substituting in (2), G'(y) = Vysins and G(y) =
(V, 8in 8)y, omitting the corstant of integration. Then

¢ = (Vocosd)x + (V, sin 8)y

From the Cauchy-Riemann equations,
o _ od v g

(8) 3 - o =V, = Vjycoss (4) W - -V, = —Vysins
Solving for ¥ in (3), ¥ = (Vycos8)y + H(x). Substituting in (4), H'(x) = —V,siné and
H{z) = —(V,sin §)x, omitting the constant of integration. Then

¥ = (Vycos8ly — (Vg sin 8)x

(¢) The streamlines are givenby ¥ = Vi(y cos 8 — x sin8) = g8 for different values of 3. Physically,

under steady-state conditions, a streamline represents the path actually taken by a fluid particle,
in this case a straight line path.

The equipotential lines are given by ¢ = Vy(xcoss + ysins) = a« for different values
of . Geometrically they are lines perpendicular to the streamlines; all points on an equipotential
line are at equal potential.
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10. The complex potential of a fluid flow is given by () = V) ( 2 +9;> where V, and a

are positive constants. (a) Obtain equations for the streamlines and equipotential lines,
represent them graphically and interpret physically. (b) Show that we can interpret
the flow as that around a circular obstacle of radius a. (¢) Find the velocity at any
point and determine its value far from the obstacle. (d) Find the stagnation points.
(a) Let z = rei®, Then

2 2
Q2 = ¢ +1i¥ = V0<'ra“’ +a'7e“9) = Vo(r+a7> coso+iVo(r—$)sina

: _ a? _ a?\ .
from which ® =V, r+7 cos @, ¥ =V, r—<;)sing

The streamlines are given by ¥ = constant = 8, i.e,,
Vo(r—;';y sine = g8
\ T/

These are indicated by the heavy curves of Fig. 9-14 and show the actual paths taken by fluid
particles. Note that ¥ =0 corresponds to r=a and 6 =0 or =.

The equipotential lines are given by & = constant = «, i.e.,

Vo<r+$>cosa = a
These are indicated by the dashed curves of Fig. 9-14 and are orthogonal to the family of

streamlines.

Vo

Fig.9-14

(b) The circle » =a represents a streamline; and since there cannot be any flow across a streamline,
it can be considered as a circular obstacle of radius a placed in the path of the fluid.

(c) We have V. a2
’ = - = V 1—5‘i —% ) = VY 1—9-2- 0820 ) + i o2 in 29
ﬂ(z) Vo 1 > 0 726 o r’ [ ) 8

Then the complex velocity is

fu—s?(—z)—V1—“—22—'V°“2'2 (0
= = V, 72 o8 26 i~z 8in2¢

and its magnitude is

vV = [ = \[ {V0<1 ~ 2 cos 20)}2 + {V:,“' sin za}’

2 4
. = VO‘[I _ 2a% cos 2¢ _{_a-I (®

2
¥

Far from the obstacle, we see from (1) that U =V, approximately, i.e. the fluid is travelling
in the direction of the positive z axis with constant speed V,.

(d) The stagnation points, i.e. points at which the velocity is zero, are given by
: 2
(z) =0, e Vo(l—g-.‘:):() or 2=a and z=—a

The stagnation points are therefore at A and D in Fig. 9-14.
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11.

12.

2

Show that under the transformation w = 2 +‘£‘ the fluid flow in the z plane con-

gidered in Problem 10 is mapped into a uniform flow with constant velocity V, in
the w plane.

The complex potential for the flow in the w plane is given by

2
Vo(z +-‘§—) = Vow

which represents uniform flow with constant velocity V, in the w plane [compare entry A-4 in the
table on Page 206].

In general the transformation w :Q(g\ maps the Aluid Aow in the 2z plane with complex potential

2l g€ 2y waaT LIRIINICO LIS 1A lle 2.4 ex DoLelliial

2(z) into a uniform flow in the w plane. This is very useful in determining complex potentials of
complicated fluid patterns through a knowledge of mapping functions.

Fluid emanates at a constant rate from an infinite line source perpendicular to the
2z plane at z=0 [Fig. 9-15]. (az) Show that the speed of the fluid at a distance r from

Pt - . s
the source is V = k/r where ¥ is a constant. (b) Show that the complex potential is

Q) = kilnz. (¢) What modification should be made in (b) if the line source is at
z=a? (d) What modification is made in (b) if the source is replaced by a sink in which
fluid is disappearing at a constant rate?
(@) Consider a portion of the line source of unit length [Fig. 9-16]. If V, is the radial velocity of
the fluid at distance r from the source and o is the density of the fluid (assumed incompressible
80 that o is constant), then:
Mass of fluid per unit time emanating from line source of unit length
Mass of fluid crossing surface of cylinder of radius » and height 1
= (Surface area){(Radial velocity)(Fluid density)
= @rr1)}{(V)o) = 2mrV,o
If this is to be a constant «, then

_ X
Ve = 2ror

where k = x/27¢ is called the gtrength of the source.

k
-

Fig.9-15 Fig. 9-16

(b) Since V, = 3;: = %, we have on integrating and omitting the constant of integration, & = kln»r.

But this is the real part of Q(z) = kInz which is therefore the required complex potential.

(¢) If the line source is at z =a instead of 2 =0, replace z by z—a to obtain the complex potential
Q02 = kIn(z—a).

(d) If the source is replaced by a sink, the complex potential is Q(z) = —k In 2z, the minus sign arising
from the fact that the velocity is directed toward z=20.

Similarly, 9(z) = —k In(z —a) is the complex potential for a sink at z=a.
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13. (@) Find the complex potential due to a source at z=—a and a sink at z=a of equal
strengths k.

(b) Determine the equipotential lines and streamlines and represent
graphically. (¢) Find the speed of the fluid at any point.
(a) Complex potential due to source at z=—a of strength k is k In (z+ a).

Complex potential due to sink at z=a of strength k is —k In (z — a).
Then by superposition:

Complex potential due to source at z=—a and sink at z = of strengths k is

92) = kln(@z+a) — kln(z—a) = kln(;jz>
(b) Let z2+a = riei®, 2—a = rye%.  Then
7,6t r
Qz) = & + ¥ = kln(_lnm_) = kln(:‘-\ + k{0, — 65)
\ 72872/ \T2/
so that ® = k In (ry/r;), ¥ = k(¢; — ;). ‘The equipotential lines and streamlines are thus given by
¢ = kln{r/ry) = q ¥ = kig,—6y) = 8
Using r = Viz+a2+92 r, = Vz—a)? + 42 o, = tan'l(ﬁ__’f_ﬂ), 0 = tan-:(.__:_ﬁ_
the equipotential lines are given by TR A
———_Ww gd/k

7 s : =
Vizg—a) + y<
This can be written in the form

[ — acoth(a/k)]2 + y2

2 esch? (a/k)
which for different values of « are circles having centres at a coth(e/k) and radii equal to
a |cach (a/k)|.

These circles are shown by the dashed curves of Fig. 9-17.
The streamlines are given by

- - - ¥ —
tan 1<gp—h> tan l(x—a) = B/k

or taking the tangent of both sides and simplifying,

22 + [y + acot(B/k)j2 = a2 cse? (B/k)

which for different values of 8 are circles having centres at — & cot (8/k) and radii a|csc (8/k)|.
These circles, which pass through (—a, 0) and (a, 0), are shown heavy in Fig. 9-17.

Fig.5-17
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) 1. 1

= o = |f-E | = _2ke
() Speed = |2'(2)| |z+a z—al |22 — a2|
_ 2’6@ _ Zka
|a2 — r2¢2i6| Vat — 2a2r? cos 20 +

lenn  nam A e . Tan T o P Tem oo
ne vl Y — ne, ¥ — HKRIIT.

14. Discuss the motion of a fluid having complex potential Q(z) = ikInz where k> 0.

— sepi LT, RN B L AL e AlefVs s 1 Aoy — e Tom oo
— TE€, Nnen &w\g) — YT iY — wlilnr T w) — wiinrTr

n

TS
11

¥ = constant or r = constant \ /
which are circles having common centre at 2 =0 [shown \ /
heavy in Fig. 9-18]. _\,/‘ -\~

\ ! el
The equipotential lines, given by 6 = constant, are / f\ {('74( /\ \
shown dashed in Fig. 9-18. N/ - x

.\ ! ] 1
. . . . \'
. o — Wk _ ik . ksing ikcoss ~
Since Q'(z) = Z mre' = p + raa - \ ~
the complex velocity is given by - P 1
ing _ i el
V= F@) = ksing _ikcose \
r r
and shows that the direction of fluid flow is clock-
wise as indicated in the figure. The speed is given by Fig.9-18

= |V = k/r.

Thus the complex potential describes the flow of a fluid which is rotating around z=0. The flow
is sometimes referred to as a vortex flow and z =20 is called a vortex.

15. Show that the circulation about the vortex in Problem 14 is given by y=2xk.
If curve C encloses z =0, the circulation integral is given by ,
¢ b
Yy = §Vds = §V de + V,dy = §-——dx——dy = §—d¢
e ¢ c © Y c 9% oy c
2m
= kde = 2rk

0 .
In terms of the circulation the complex potential can be written 2(z) = %ln .

16. Discuss the motion of a fluid having complex potential
. a?
Qz) = Vo<z+?) + 2—1rlnz
This complex potential has the effect of superimposing a circulation on the flow of Problem 10.
If z =re¥,
Q) = e+ = V, <r+‘—‘;> coso — L% + i{Vo<r - %f)sina + 2—:1”}

Then the equipotential lines and streamlines are given by

a? ve _ a?\ Y _
Vo<r+r>coso 5 = @ Vo('r r)smo+2u_ln'r = B
There are in general two stagnation points occurring where 2'(z) =0, i.e.

72
1672V%

_e\ & _ = = .
Vo (1 ) + . 0 or z &V, +

In case y = 47aV,, there is only one stagnation point.
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Since r =a is a streamline corresponding to g = ;:é Ina, the flow can be considered as one

about a circular obstacle as in Problem 10. Far from this obstacle the fluid has velocity V, sinee
lim Q'(2) = V,
|z} = o

The flow pattern changes, depending on the magnitude of y. In Figures 9-19 and 9-20 we have
shown two of the many possible ones. Fig. 9-19 corresponds to y < 4raV, the stagnation points
are situated at A and B. Fig. 9-20 corresponds to y > 4raV, and there is only one stagnation point
in the fluid at C.

Fig. 9-19 Fig. 9-20

THEOREMS OF BLASIUS

17. Let () be the complex potential describing the flow about a cylindrical obstacle of
unit length whose boundary in the z plane is a simple closed curve C. Prove that the
net fluid force on the obstacle is given by

F = x—iy = &iaﬁ(%g)zdz

where X and Y are the components of force in the positive x and y directions respec-
tively and o is the fluid density. ,

The force acting on the element of area ds in L4
Fig. 9-21 is normal to ds and given in magnitude by
P ds where P is the pressure. On resolving this force
into components parallel to the x and ¥y axes, we see
that it is given by

dF = dX + idY
—Pdsging + iPdscosé
iP ds(cosé + isine)
iP ds et®
Pdz /
using the fact that 4 /\'
= dz + idy
ds coso + tds sineg Fig. 9-21
= dgeif

Since C represents a streamline, we have by Bernoulli’s theorem, P + g-chzn =K or P =K~ }dV?,

where V is the fluid speed on the streamline. Also by Problem 49 we have, i Ve—te,

/

/

il

&
|

Then, integrating over C, we find
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F = X+i¥ = jnsz 9(K—1}0V2)dz
c

—14 Ved: = —ii V2eit d
-}wf z %wi ¢if ds
= —Lioc ® (V2elib)(e—10ds)

)

I
or F = X-4iy = -}iay (V2 e—2i0)(¢i® ds)
c

<. L /da\?
= iwy&-a;) az

a

18. Let M denote the total moment about the origin of the pressure forces on the obstacle
in Problem 17. Prove that

M = Re{—ia‘f )dzl,

\um/

We consider counterclockwise moments as positive. The moment about the origin of the force
acting on element de of Fig. 9-21 is

dM = (Pdssine)y + (Pdscosg)z = Plydy+ zdx)

scos® = dx. Then on using Bernoulli’s equation, the total moment is

AT VL VSills €1ITI0OUlll 3 equatioll, Uilv

S
[

§ Plydy + zdx) = § (K — 4oV2)(y dy + « dx)

(ydy + xdx) — %a§V2(ydy + xdx)

"
Q‘Gﬁ

= 0 - §0§V2(:ccoso+ysino)ds
c

where we have used the fact that § (ydy + xdx) = 0 since ydy + xdz is an exact differential.
Hence c .

M = —;«§V2(xcoso+ysina)ds
c
= Re {—«}of V2 (x + iy)(cos 6 ~ i8in 4) ds}
c
— Red—ic & V2 -“’ds} = R {_ (V2 —m(wds}
{ ¥ i 20 e «}af;:z ¢ 2i8) (et ds)
= Re{—-z}a§ (dﬂ> dz}

Sometimes we write this result in the form M +iN = —}o § (%—) dz where N has no
simple physical significance.

19. Find the net force acting on the cylindrical obstacle of Problem 16.
The complex potential for the flow in Problem 16 is

g = Vo(z+£>+ﬂ-lnz

where V, is the speed of the fluid at distances far from the obstacle and y is the circulation. By
Problem 17 the net force acting on the cylindrical obstacle is given by F, where
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. : dnz ’
F = x -4y = %”-(Igc(E) @ = £IV"/1—— "'"J “

2 .
. 2 a? 2iVyy a2 y2
- g a(-g) <1—;>—4,zzz}dz T

Then X =0,Y =0oVyy and it follows that there is a net force in the positive y direction of magnitude
oVyy. In the case where the cylinder is horizontal and the flow takes place in a vertical plane this
force is called the lift on the cylinder.

APPLICATIONS TO ELECTROSTATICS

20. ()

(b)
()

W l)(a)

()
(a)

(®)

Find the complex potential due to a line of charge q per unit length perpendicular
to the z plane at z=0.

What modification should be made in (a) if the line is at z=a?

Discuss the similarity with the complex potential for a line source or sink in fluid
flow.

The electric field due to a line charge g per unit
length is radial and the normal component of the e ~£ E,=E,
electric vector is constant and equal to E, while i
the tangential component is zero (see Pm 9-22), // e ~ \\
If C is any cylinder of radius » with axis at z2=0, / / = \
then by Gauss’ theorem, i [ \ \

r r t ' 1 4 T

§ Ends = E, $ds = B, 20r = dng \ I

C c \ h
and E, = 2 \\ . /

r p >\

Since E, = -—%‘:—’ we have & = — 2q Inr, omitting \—"’ -
the constant of integration. This is the real part of
2z) = --2¢Inz which is the required complex Fig. 9-22
potential.
If the line of charge is at z=a, the complex potential is Q(z) = —2¢ In{(z—a).
The complex potential has the same form as that for a line source of fluid 1f k=—2q [see

Problem 12]. If ¢ is a positive charge, this corresponds to a line sink.

Find the potential at any point of the region v
shown in Fig. 9-28 if the potentials on the
x axis are given by V, for >0 and —V, for
z <0,

Determine the equipotential and flux lines.

(x,¥)

We must find a function, harmonic in the plane, 9
which takes on the values V, for >0, i.e. =0, z
and =V, for <0, i.e. 6=#. As in Problem 8, -V - Ve
if A and B are real constants A9 + B is harmonic.
Then A4(0)+B =V, A(z)+ B = —V, from which
A =—-2Vy/r, B=V, so that the required poten-
tial is \ ( \

-2 = N —— ') Fig. 9-23

Vo(]. ro/ Vg \1 rtan ) ’

in the upper half plane y >0. The potential in the lower half plane is obtrined by symmetry.

The equipotential lines are given by Vo<1 —%tan‘l%) = a, ie. y=mzx where m is a con-

stant. These are straight lines passing through the origin.

The flux lines are the orthogonal trajectories of the lines y = mx and are given by
#2+y2 = B. They are circles with centre at the origin.
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[>2 ¢4
oV o

Another method. A function conjugate to V, (1 —-Etan‘l% is - Inr. Then the flux lines

are given by r = V2 +y2 = constant, which are circles with centre at the origin.

22. (a) Find the potential due to a line charge ¢ per unit length at z =2, and a line charge
—q per unit length at z = 2,.
(b) Show that the potential due to an infinite plane [ABC in Fig. 9-25] kept at zero
potential (ground potential) and a line charge ¢ per unit length paraliel to this
plane can be found from the result in (a).

(a) The complex potential due to the two line charges [Fig. 9-24] is
_ z—%
z) = —2¢ln(z—2) + 2¢qIn(z—2) = 2¢In popmags
o,
Then the required potential is the real part of this, i.e.,
[, [2—%\]
P — O T_ 1T PPN
¥ = g nelm\z_%/j 1)
v Yy
qi"o : Q'\.zo
. A B c ®
Potential =0

Fig.9-24 Fig. 9-25

(b) To prove this we must show that the potential () reduces to # =0 on the z axis, i.e. ABC in
Fig. 8-25 is at potential zero. This follows at once from the fact that on the 2 axis, z=2 so that

x—Z = x—2g
Q = 2¢ln ) and Q@ = 2¢qln = -0

®—2 x=—2Z
i.e. ® = Re {2} = 0 on the x axis.

Thus we can replace the charge —g at %, [Fig. 9-24] by a plane ABC at potential zero
[Fig. 9-25] and conversely.

23. Two infinite parallel planes, separated by a distance @, are grounded (i.e. are at poten-
tial zero). A line charge ¢ per unit length is located between the planes at a distance b
from one plane. Determine the potential at any point between the planes.

Let ABC and DEF in Fig. 9-26 represent the two planes perpendicular to the z plane, and suppose
the line charge passes through the imaginary axis at the point 2z = bi.

z plane w plane
|¥ =

Potenaul =0

Potentlial =0

Potentlial =0

Fig. 9-26 ' Fig.9-27
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From entry A-2 in the table on Page 205 we see that the transformation w = e"2/¢ maps the
shaded region of Fig. 9-26 on. to the upper half w plane of Fig. 9-27. The line charge ¢ at z=bi in
Fig. 9-26 is mapped into the line charge ¢ at w = ¢"bi/e, The boundary ABCDEF of Fig. 9-26 (at
potential zero) is mapped into the x axis A’B'C'D'E’'F’ (at potential zero) where C’ and D’ are
coincident at w =0.

By Problem 22 the potential at any point of the shaded region in Fig, 9-27 above is

_ w — e—T7bi/a
® = 2q Re{w_—em;}

L: ]
l
™
-y
w
®
f'—k'-\
%
™N
&
e
|
]
|
g
o
by
&
——

APPLICATIONS TO HEAT FLOW

24. A semi-infinite slab (shaded in Fig. 9-28) has its boundaries maintained at the indicated
temperatures where T is constant., Find the steady-state temperature.

z plane w plane

]

—af/2 ¢ =’0 a/2

Fig.9-28 Fig. 9-29

= 2 - P B SUR R My

The shaded region of the z plane is mapped into the upper half of
by the mapping function w = sin(rz/a) which is equivalent to u = sin (zx/a) cosh (ry/a),
v = cos (rx/a) sinh (ry/a) [see entry A-3(a) in the table on Page 206].

We must now solve the equivalent problem in the w plane. We use the method of Problem 7 to
find that the solution in the w plane is

T v 2T v
p— —_— -1 [re— -— —— -1
¢ ﬂ_tan <u+1) - tan (u—l) + 2T
and the required solution to the problem in the z plane is therefore
r.__ cos (z&¢/a) sinh (zy/a) 2T cos (rx/a) sinh (ry/a)
¢ = =t 1 — ~—tan—! + 2T
—_—— {sin (zz/a) cosh (ry/a) + 1 T an sin (rx/a) cosh (ry/a) — 1

25. Find the steady-state temperature at any point of the region shown shaded in Fig. 9-30
if the temperatures are maintained as indicated.

z plane w plane

Fig. 9-30 Fig. 931
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The shaded region of the #z plane is mapped on to the upper half of the w plane by means of the
mapping function w = 2z +% [entry A-4 in the table on Page 206] which is equivalent to

ut+iv = x+ 1y +

1 M ¥ . _ % _ v
x+iy—x+x'~’+ 2+1<y :c2+y2)’ ie. u—x+x2+y2,v—y pe g

The solution to the problem in the w plane is, using the method of Problem 7,

@tan“l(———v ) - @tan—l( v )
- u—2 r u+2
AY / N\ N 4 )
Then substituting the values of u and v, the solution to the required problem in the z plane is
80 yan-1 ye+yr=-1) |\ _ 80 [ ye+yr-1) ]
(@24 y2 + 1)x — 2(x% + y?) ™ (@2 +y2 + D + 2(x2 + y?)

or, in polar coordinates,

60 _ (r2—1) sing¢ 60 (r2—1) sin ¢

90 ¢an-1 — % ian-t

7 an {(r2+ 1) cos g — 21} T an- (r24+1) cose + 2r

26. A region is bounded by two infinitely long concentric cylindrical conductors of radii

1 and 7z (12> 1) which are ¢ h arged to potentials @, and @, respectively lsee Fig. "3“1

Find the (a) potential and (b) electric field vector everywhere in the region.

(a) Consider the function £ = AInz + B where A and B are
real constants, If z = re®, then

= &+ = Alnr + Aie + B
or & = Alnr + B, v = Ag

everywhere in the region 7, <7 <r; and reduces to &=,
and # =&, on r =7, and r =7, provided A and B are chosen

Now & satisfies Laplace’s equation, i.e. is harmonie,

30 that
P, = Aln (41 + B, 4’2 = A ln1'2 + B
. Py — Py P4 ln‘r2 — Py lnrl
.. 4 = ——, B = .
L8 In (ry/7y) In (ry/ry) Fig.9-32

Then the required potential is

(q’z - q’]) ‘bl ln Yo — ‘bg In T
d = ——1
In (ryf/ry) ot In (ry/7y)
(b) Electric field vector = & = —grad® = — 9%

ar
¢y~ P 1

In(rg/ry) 7

Note that the lines of force, or flux lines, are orthogonal
to the equipotential lines, and some of these are indicated
by the dashed lines of Fig. 9-33. Fig. 9-33

27. Find the capacitance of the condenser formed by the two cylindrical conductors in
Problem 26.

If T is any simple closed curve containing the inner cylinder and ¢ is the charge on this cylinder,
then by Gauss’ theorem and the results of Problem 26 we have

2T (P, - 27(®, — dg)
E d = _u - = ........——l—2- = 411-
‘f‘ "% Jc;=o {ln (rofry) "} @ In (ry/ry) ?
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¢ — ¢
Then q = 01-1- — If\ and so
& 1T \Fo/ ¥
. charge _ q = 1
Capacitance C difference in potential ~ ®; — &, 2 1n (ry/ry)

which depends only on the geometry of the condensers, as it should.

The above result holds if there is a vacuum between the conductors. If there is a medium of
dielectric constant &« between the conductors, we must replace ¢ by ¢/« and in this case the
capacitance is 1/[2x In (ry/ry)].

28. Two circular cylindrical conductors of equal radius R and centres at distance D from
each other [Fig. 9-34] are charged to potentials V, and —V, respectively. (@) Determine
the charge per unit length needed to accomplish this. (b) Find an expression for the
capacitance.

(a) We use the results of Problem 18, since we can v
replace any of the equipotential curves (surfaces)
by circular conductors at the specified potentials.
Placing « = =V, and a =V, and noting that
k =2q, we find that the centres of the circles are at

z = —a coth (Vy/29) and 2z = a coth (Vy/2¢)

so that {1) D =

D = 2a coth(V/2¢)

The radius R of the circles is
(2 R = acsch(Vy/2q)

Division of (1) by (2) yields 2 cosh (V,/2q) = D/R

so that the required charge is
Vo

q = ——————— F i'. 9-34
2 cosh~1 (D/2R)
. _ charge _ q _ 1
) Capacitance ¢ = difference in potential ~ 2V, ~ 4 cosh—!(D/2R)

The result holds for a vacuum. 1If there is a medium of dielectric constant x, we must divide
the result by «.

Note that the capacitance depends as usual only on the geometry. The result is fundamental
in the theory of transmission line cables.

29. Prove the uniqueness of the solution to Dirichlet’s problem.
Dirichlet’s problem is the problem of determining a function & which satisfies g%+-g?,¥ =40
in a simply-connected region R and which takes on a prescribed value 4 = f(x, y) on the boundary C
of R. To prove the uniqueness, we must show that if such a solution exists it is the only one. To do
this suppose that there are two different solutions, say ¢, and #,. Then

624’1 az'l’l - : -—
e + W 0 in R and &, = flz,¥) on C 1)
024, 32,y _ . —
W + -317{ = 0 in q{ and (1’2 = f(:c, 1/) on C (z)

Subtracting and letting G = &, — ¢,, we have

26 26
ax2 ~ Jy2
_To show that ¢; = ¢; identically, we must show that G =0 identically in R.

=0 in } and G=0 on C €))
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30.

dx2 T R

Let F = G in Problem 31, Chapter 4, Page 112 to obtain

2
G e — E 26 | 3G G 3G
oo -Su) = ~ff[o(%30)+ (5) () ]ew o
Suppose that G is not identically equal to a constant in ®. From the fact that G=0 on C, and

2 2
#2G | 926G _ = 0 identically in R, (4) becomes

(10 + () Jer -

But this contradicts the assumptlon that G is not identically equal to a constant in K, since in

such case Jf[( ) (3(;)1,1”,, > 0

it follows that G must be constant in R, and by continuity we must have G =0. Thus &, = ¢, and
there is only one solution.

An infinite wedge shaped region ABDE of angle »/4 [shaded in Fig. 9-35] has one of
its sides (AB) maintained at constant temperature T;. The other side BDE has part BD

fof unit lencthl ingulated while the rnmmrnno- nart DE ig maintained at constant tem-

[VE WMilav dTIEB VI ALDWMISALIA WIILIT LUT IRaliGaillll Fasz g AILRALILRAAITUN ALV LRLISVAILlY WAL

perature T.. Fmd the temperature everywhere in the region.

zplane ¢t plane

Insulated 1 T, Insulated 1 T,
Fig. 9-35 Fig. 9-36
w plane w plane
v : S
. u u
Insulated 1
Fig. 9-37 Fig. 9-38

By the transformation { =22, the shaded region of the z plane [Fig. 9-35] is mapped into the
region shaded in Fig. 9-36 with the indicated boundary conditions [see entry A-1 in the table on
Page 205].

By the transformation { = sin (rw/2), the shaded region of the { plane [Fig. 9-36] is mapped
into the region shaded in Fig. 9-37 with the indicated boundary conditions [see entry C-1 in the table
on Page 210]. '
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Now the temperature problem represented by Fig. 9-37 with B”D" insulated is equivalent to the
temperature problem represented by Fig. 9-38 since, by symmetry, no heat transfer can take place
across B”D"”. But this is the problem of determining the temperature between two parallel planes
kept at constant temperatures T; and T, respectively. In this case the temperature variation is linear
and so must be given by Ty + (T, — T)u.

From { =22 and { = sin (»w/2) we have on eliminating ¢, =2 sin—122 or u = 2 Re {sin—1 22},
Then the required temperature is T i
2T, - T
T, + —(-—2——-—‘-2 Re {sin—122}

T
In polar coordinates (r, 6) this can be written as [see Problem 95],
&T,—Ty
w

T, + sin—1 {Vrt + 2riconds + 1 — FVrt — 2r2cos2s + 1}

Supplementary Problems

HARMONIC FUNCTIONS

sl

52.

36.

Show that the functions (a) 2xy + y3 — 822y, (b) e—*siny are harmonic.

Show that the functions of Problem 31 remain harmonic under the transformations (a) z = w2,
(b) z = sinw.

If &(x,y) is harmonic, prove that &(x + a, y + b), where a and b are any constants, is also harmonic.

If &%, ...,4, are harmonic in a region ® and ¢,¢y ...,6, are any constants, prove that
cydy + egbg + -+ + ¢, b, is harmonic in R.

Prove that all the harmonic functions which depend only on the distance r from a fixed point must
have the form A Inr + B where A and B are any constants.

If F'(z) is analytic and different from zero in a region ®, prove that the real and imaginary parts of
In F(z) are harmonic in R.

DIRICHLET AND NEUMANN PROBLEMS

31,

39.

Find a function harmonic in the upper half z plane Im {2} > 0 which takes the prescribed values on

the x axis given by Gx) = 1 z>0 . Ans. 1 — (2/7) tan—1(y/x)
-1 <0
1 < -1
Work Problem 37 if G(z) = 0 -1<x<1.
-1 z>1
1. (v \_1. _f(_¥
Ans. 1 rta.n (z—l) 1r1:8.1'1 z+1
( m N A a -
Find a function harmonic inside the circle [z] =1 and taking the values F(¢) = R
T »<86<2r

on its circumference. Ans. T{1 —:—2-tan“1 2r sin g
L 1—192
T 0<0<z/2
Work Problem 39 if F(s) = 0 =z/2<6<8z/2:
—~T 82/2<0<2r
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41.

42

.
»

4.

45.

ging 0<o<r

Work Problem 39 if F(s) = .
0 r<0<2r

Find a function harmonic inside the circle |z| =2 and taking the values F(¢) = {100 0 Z : : ; '
' T T -
Ans. 10 {1 -1 tan—l<4"' sin o)}
T 4-—r2

Qhawr hy divant anhatitutinn that thoa anawarae ahtainad in {a) rahlam 8 {hY Prahlam 7 {aY Prohlam £
Show by direct substitution that the answers obtained in (a) Problem 6, (b) Problem 7, (¢) Problem 8
are actually solutions to the corresponding boundary-value problems.

Find a funection &(z,y) harmonic in the first quadrant x>0, y >0 which takes on the values

V(z,0) = —1, V(0,y) = 2. Ans. itan—t( 2zy ) -1

T ‘,;2..1,2,

Find a function ®(x,y) which is harmonic in the first quadrant = >0, y >0 and which satisfies the
boundary conditions @&(x,0) = e~%, dd/ox|,_q = 0.

APPLICATIONS TO FLUID FLOW

46.

47.

48.

49,

50.

51.

52.

53.

54.

56.

57.

Sketch the streamlines and equipotential lines for fluid motion in which the complex potential is given

Discuss the fluid flow corresponding to the complex potential 2(z) = Vy(z + 1/22).
Verify the statements made before equations (5) and (6) on Page 234.
Derive the relation dQ/dz = Ve—1, where V and & are defined as in Problem 17.

Referring to Problem 10, (a) show that the speed of the fluid at any point E [Fig. 9-14] is given by
2V, lsin 8| and (b) determine at what points on the cylinder the speed is greatest.

(e) If P is the pressure at point E of the obstacle in Fig. 9-14 of Problem 10 and P is the pressure

far from the obstacle, show that
P — P, = }Vi(l—4sin2g)

(b) Show that a vacuum is created at points B and F if the speed of the fluid is equal to or greater
than Vy = V2P _/30. This is often called cavitation.

Derive equation (19), Page 237, by a limiting procedure applied to equation (18).
Discuss the fluid flow due to three sources of equal strength k located at z = —a, 0, a.

Discuss the fluid flow due to two sources at z = *a and a sink at z =0 if the strengths all have equal
magnitude.

Prove that under the transformation w = F(z) where F(z) is analytic, a source (or sink) in the z plane
at z =z, ia mapped into a source (or sink) of equal strength in the w plane at w = wy, = F(z).

Show that the total moment on the cylindrical obstacle of Problem 10 is zero and explain physically,

If ¥(x,y) is the stream function, prove that the mass rate of flow of fluid across an are C joining
points (z,,¥;) and (%, ¥3) is o{¥ (22, yg) — ¥(x1, Y1)}

{a) Show that the complex potential due to a source of strength kx>0 in a fluid moving with speed
Vois @ = Voz+ klnz and (b) discuss the motion.
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59. A source and sink of equal strengths m are located at z = =1 between the parallel lines y = +1. Show
that the complex potential for the fluid motion is

- eﬂ'(#“‘l) — 1
@ = min {ew(z—l) — ]}

60. Given-a source of fluid at z=2;, and a wall x =0. Prove that the resulting flow is equivalent to
removing the wall and introducing another source of equal strength at z=—z,.

61. F]uid_ flows between the two branches of the hyperbola az2—by? = 1, a>0, b>0. Prove that the
complex potential for the flow is given by K cosh—laz where K is a positive constant and

a = Vab/(a + b).

\JAPPLICATIONS TO ELECTROSTATICS

62. Two semi-infinite plane conductors, as indicated in Fig. 9-39 below, are charged to constant potentials

$; and ¢, respectively. Find the (a) potential & and (b) electric fieild & everywhere in the shaded

Py~ P,
region between them. Ans. (a) & = ¢2+< la 2)0 (0) &€ = (Pg—9y)/ar

A

) Vo
®
> ]
Potential &, c I Vo
i

Fig. 9-39 Fig.9-40

63. Find the (a) potential and (b) electric field everywhere in the shaded region of Fig. 9-40 above if
the potentials on the positive # and y axes are constant and equal to Vy and —V, respectively.

2 _ 2xy
Ans, Vo{l - ;tan 1 <x2—y2>}

64. An infinite region has in it 3 wires located at z = —1,0,1 and maintained at constant potentials
~Vo 2V, —V respectively. Find the (a) potential and (b) electric field everywhere.

Ang. (a) Vi ln {2(z2—1)}

65. Prove that the capacity of a capacitor is invariant under a conformal transformation.

66. The semi-infinite plane conductors AB and BC which
intersect at angle « are grounded [Fig.9-41]. A line
charge g per unit length is located at point z, in the
shaded region at equal distances ¢ from AB and BC.

Zm/e — m/a
Find the potential, Ans. Im {-—2qi In (-—— 1 )}

Z7/ 0 j!lrla

distance a from AB and

87. Work Problem 66 if g is at a

QI eail 1 &tk a

b from BC.

68. Work Problem 23 if there are two line charges, ¢ per
unit length and —q per unit length, located at z = bi and
2= ¢i respectively, where 0 < b<a, 0<c<a and b+*ec. Fig.9-41

69. At infinitely long circular cylinder has half of its surface charged to constant potential V, while the
other half is grounded, the two halves being insulated from each other. Find the potential everywhere.
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APPLICATIONS TO HEAT FLOW

70. (a) Find the steady-state temperature at any point of the region shown shaded in Fig. 9-42 below and
(b) determine the isothermal and flux lines. Ans. (a) 60— (120/7) tan—1 (y/x)

71. Find the steady-state temperature at the point (2,1) of the region shown shaded in Fig. 9-43 below.

00°C

Insulated

*50°C (4,0
I I
Fig.9-42 Fig. 9-43 Fig. 9-44
72. The convex portions ABC and ADC of a unit cylinder [Fig. 9-44 above] are maintained at tempera-

tures 40°C and 80° C respectively. (a) Find the steady-state temperature at any point inside.
{b) Determine the isothermal and flux lines.

73. Pind the steady-state temperature at the point (5,2) in the shaded region of Fig. 9-456 below if the
temperatures are maintained as shown. Ans. 45.9°C

100°C ; P

Fig.9-45 Fig. 9-46

74. An infinite conducting plate has in it a circular hole ABCD of unit radius [Fig. 9-46 above]. Tem-
peratures of 20° C and 80° C are applied to arcs ABC and ADC and mamtamed indefinitely. Find
the steady-state temperature at any point of the plate.

MISCELLANEOUS PROBLEMS
75. If ®(z,y) is harmonic, prove that &(x/r2, y/r2) where r = Va2 +y2 is also harmonic.

76. Prove that if U and V are continuously differentiable, then

ar7 ary .. ATT 2. 217 3V i ATy 3.
a I¥ — OV ax gy uy oYy . _ v ay _0_! E
@ = %am T wds ® Sds T 3y ds

where n and & denote the outward drawn normal and arc length parameter respectively to a simple
closed curve C.

77. I£ U and V are conjugate harmonic functions, prove that (a) a—q = %, (b) %’- = - %;i

1 — o2

78. Prove that the functi .
ve e tunction 1—2rcoss + 2

point r=1, ¢=0.

is harmonic in every region which does not include the
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79. Let it be required to solve the Neumann problem, i.e. to find a function V harmonic in a region X
such that on the boundary C of R, aV/on = G(s) where g is the arc length parameter. Let

H(s) = f G(s)ds where a is any point of C, and suppose that f G(s)ds = 0. Show that to
c

a
find V we must find the conjugate harmonic function U which satisfies the condition U = — H(s)
on C. This is an equivalent Dirichlet problem. [Hint. Use Problem 77.]

80. Prove that, apart from an arbitrary additive constant, the solution to the Neumann problem is unique.
81. Prove Theorem 3, Page 234.

82. How must Theorem 3, Page 234, be modified if the boundary condition & = a on C is replaced by
& = f(z,y) on C?

83. How must Theorem 3, Page 234, be modified if the boundary condition d4/6n = 0 on C is replaced by
od/én = g(z,y) on C?

84. If a fluid motion is due to some distribution of sources, sinks and doublets and if C is some curve
such that no flow takes place across it, then the distribution of sources, sinks and doublets to one side
of C is called the image of the dlstnbutlon of sources, sinks and doublets on the other side of C.

Prove that the image of a source inside a cirele C is a source of equal strength at the inverse point
together with a sink of equal strength at the centre of C. menf P ia called the inverse of point Q

Pl & =X =Ll E 110 Lits S L&RIISL LT Yerae 1ILL

with respect to a circle C with centre at O if OPQ is a stralght line and OP+0Q = a® where
a is the radius of C.]

85. A source of strength k>0 is located at point z, in a fluid which is contained in the first quadrant
where the x and y axes are considered as rigid barriers. Prove that the speed of the fluid at any
point is given by

kl(z—2))" 2+ (2—2) "1+ (2429~ + (2 + Z) |

86. Two infinitely long cylindrical conductors having cross-
sections which are confocal ellipses with foci at (~e¢, 0)
and (c,0) [see Fig. 9-47] are charged to constant poten-
tials ®; and ¥, respectively. Show that the capacitance
per unit length is equal to

‘ 2
cosh™1(Ry/c) — cosh~1(Ry/c)

[Hint. Use the transformation z = ¢ cosh w.)

87. In Problem 86 suppose that ¢; and ¢, represent constant
temperatures applied to the elliptic cylinders. Find the
steady-state temperature at any point in the conducting
region between the cylinders.

88, A circular cylinder obstacle of radius @ rests at the bot- Fig. 9-47
tom of a channel of fluid which at distances far from the i
obstacle flows with velocity V, [see Fig. 9-48).

(a) Prove that the complex potential is given by
2(z) = raV, coth (ra/z)

(b) Show that the speed at the top of the cylinder is
472V, and compare with that for a circular obstacle
in the middle of a fluid.

(¢) Show that the difference in pressure between top
and bottom points of the cylinder is cw‘V§/32.
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89.

90.

91.

92.

93.

9.

95.

96.

9.

(a) Show that the complex potential for fluid flow past
the elliptic cylinder of Fig. 9-49 is given by

) = Vo{f'*'(a:;b)z}

where § = $(z + Vz2—¢?) and ¢? = a2 — b2,

(b) Prove that the fluid speed at the top and bottom of the
cylinder is V(1 + b/a). Discussthe case a = b. [Hint.

Express the complex potential in terms of elliptic Fig. 9-49
coordinates (¢,7) where z = x + iy = ¢ cosh (: +in) =
¢ cosh {.]

Show that if the flow in Problem 89 is in a direction making an angle 8 with the positive = axis, the
complex potential is given by the result in (a) with { = §{z + V22— ¢2)e®.

In the theory of elasticity, the equation
adE Ly re
Vie = VVH) = — 2_2~* L= =9
(Vi) i 922 gy2 + ayt
called the biharmonic equation, is of fundamental importance. Solutions to this equation are called
bikarmonic. Prove that if F(z) and G(z) are analytic in a region &, then the real part of Z2F(z) + G(2)
is biharmonic in R.

Show that biharmonic functions (see Problem 91) do not, in general, remain biharmonic under a
conformal transformation.

(a) Show that Q(z) = K In sinh(rz/a), >0, a >0 represents the complex potential due to a row
of fluid sources at 2z = 0, *ai, *2a4, ..
(b) Show that, apart from additive constants, the potential and stream functions are given by
¢ = K In {cosh (2rz/a) — cos (2ry/a)}, ¥ = Ktan—! {M
Ltarlh (7r2/ a)}
(¢) Graph some of the streamlines for the flow.

Prove that the complex potential of Problem 93 is the same as that due to a source located halfway
between the parallel lines y = % 8a/2.

Verify the statement made at the end of Problem 30 [compare Problem 137, Chapter 2, Page 62).

A condenser is formed from an elliptic cylinder, with major and minor axes of lengths 2a¢ and 2b
respectively, together with a flat plate AB of length 2k [see Fig. 9-50 below]. Show that the capacitance
. 2r :

is equal to cosh=T (@)
A fluid flows with uniform velocity V, through a semi-infinite channel of width D and emerges
through the opening AB [Fig. 9-51 below]. (¢) Find the complex potential for the flow. (b) Determine
the streamlines and equipotential lines and obtain graphs of some of these.

[Hint. Use entry C-b in the table on Page 211.]

| 2a

|_ 4

2b

Fig. 9;50 Fig. 9-51
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98, Give a potential theory interpretation to Problem 30.

99. (a) Show that in & vacuum the capacitance of the parallel cylindrical conductors in Fig. 9-62 is
1
D2—R}- R}
2R\R, >

(b) Examine the case R, = R, = R and compare with Problem 28.

2 cosh-1 (

100. Show that in a vacuum the capacitance of the

Fig.9-52 Fig.9-53 Fig. 9-54

—7\\ . B
‘_101. 'Find the potential at any point of the unit cylinder of Fig. 9-54 if AB, BC, CD and DA are kept at
potentials V,,0,—V, and 0 respectively.

Vo 2r sin ¢ 2r cos 9
—_ g P LLLE A -1 &L o0
Ans. - (tan 1 T + tan 1_"_2>

102. The shaded region of Fig. 9-556 represents an infinite
conducting half plane in which lines AD,DE and DB
are maintained at temperatures 0,7 and 27T respec- a4 B
tively, where T is a constant. (a) Find the tempera-
ture everywhere. (b) Give an interpretation involving Fig. 9-55
potential theory. *

103. Work the preceding problem if (a) DE is insulated, (b) AB is insulated.

104. In Fig. 9-656 suppose that DE represents an obstacle perpendicular to the base of an infinite channel
in which a fluid is flowing from left to right so that far from the obsatacle the speed of the fluid is V.
Find (a) the speed and (b) the pressure at any point of the fluid.

105. Find the steady-state temperature at the point (3,2) in the shaded region of Fig. 8-56.

QIO/& An infinite wedge shaped region ABCD of angle z/4 [shaded in Fig. 9-57] has one of its sides (CD)
~  maintained at 50° C; the other side ABC has the part AB at temperature 25° C while part BC, of unit
length, is insulated. Find the steady-state temperature at any point.

Fig. 9-87




Chapter 10

ANALYTIC CONTINUATION

Let F:(2) be a function of z which is analytic in a region R, [Fig. 10-1]. Suppose that
we can find a function F:(z) which is analytic in a region ®, and which is such that
Fi(z) = F2(2) in the region common to R, and R,. Then we say that F2(z) is an analytic
continuation of Fi(z). This means that there is a function F(z) analytic in the combined
regions R, and R, such that F(z) = F1(z) in R, and F(2) = F2(2) in R,. Actually it
suffices for R, and ‘Rz to have only a small arc in common, such as LMN in Fig. 10-2.

Fig.10-1 Fig. 10-2

By analytic continuation to regions ®,, R,, etc., we can extend the original region of
definition to other parts of the complex plane. The functions F.(2), Fa(2), Fs(?), ...,
defined in R,, R, R,, ... respectively, are sometimes called function elements or briefly
elements. It is sometimes impossible to extend a function analytically beyond the boundary
of a region. We then call the boundary a natural boundary.

If a function Fy(z) defined in R, is continued
analytically to region R along two different paths
[Fig. 10-3], then the two analytic continuations
will be identical if there is no singularity between
the paths. This is the uniqueness theorem for
analytic continuation.

If we do get different results, we can show
that there is a singularity (specifically a branch
point) between the paths. It is in this manner
that we arrive at the various branches of multiple-
valued functions. In this connection the concept

of Riemann surfaces [Chapter 2] proves valuable.

We have already seen how functions represented by power series may be continued
analytically (Chapter 6). In this chapter we consider how functions with other represen-
tations (such as integrals) may be continued analytically.

Fig.10-3

265
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SCHWARZ’S REFLECTION PRINCIPLE

Suppose that F(2) is analytic in the region
R, [Fig. 10-4] and that F:(z) assumes real values
on the part LMN of the real axis.

Then Schwarz’s -reflection principle states
that the analytic continuation of F'1 (2) into region
‘R2 (considered as a mirror image or reflection

of R, with LMN as the mirror) is given by
Fiz) = Fi(®) ()

The result can be extended to cases where
LMN is a curve instead of a straight line segment. Fig. 10-4

INFINITE PRODUCTS

Let Po=(1+w){(l+ws):--(1 1 {1 +wi) where w

S
—
+
S
=2
S
4]
o
L=
]
=
(=]
w
4]
<
o
4

n—+w0

for all k, w. = —1. If there exists a value P+#0 such that lim P, = P, we say that the
+

-]

infinite product (1+w)(1+ws): -+ = kH (1 +wx), or briefly II(1+wi), converges to P;
=1

otherwise it diverges. The quantities wx may be constants or functions of z.

= —1 while the rest of the infinite

’
Tdm

e deen 3 narnsnasmn 4 sosen
prouu v 15 Bsalu W CUTLveIrye v Leiu.

ABSOLUTE, CONDITIONAL AND UNIFORM CONVERGENCE
OF INFINITE PRODUCTS

If the infinite product II(1 + |wk|) converges, we say that II(1+ w:) is absolutely
convergent.

If (1 + we) converges but II(1 + |wk]) diverges, we say that II(1 + wi) is condi-
ttonally convergent.

An important theorem, analogous to one for infinite series, states that an absolutely
-convergent infinite product is convergent, ie. if II(1 + |wi]) converges then II(1 + wx)
converges (see Problem 65).

The concept of uniform convergence of infinite products is easily defined by analogy
with infinite series or sequences in general. Thus if 1_[1 {1+ wi(2)} = Pnfz) and
0 k=
k]jl{l + wi(2)} = P(2), we say that P.(z) converges uniformly to P(2) in a region R if,

given any ¢> 0, we can find a number N, depending only on ¢ and not on the particular
value of z in R, such that |P.(2) — P(z)| < ¢ for all n>N.

As in the case of infinite series, certain things can be done with absolutely or
uniformly convergent infinite products that cannot necessarily be done for infinite products
in general. Thus, for example, we can rearrange factors in an absolutely convergent
infinite product without changing the value.
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SOME IMPORTANT THEOREMS ON INFINITE PRODUCTS
1. A necessary condition that II(1 + wx) converge is that lim w, = 0. However, the

7t => 00

condition is not sufficient, i.e. even if lim w, = 0 the infinite product may diverge.

n=-rw0

- 2. If 3|w| converges [i.e. if Zw. converges absolutely], then 1I(1 + |wi), and thus
(1 + ws), converges [i.e. TI(1 + wi) converges absolutely]. The converse theorem
also holds. '

3. If an infinite product is absolutely convergent, its factors can be altered without
affecting the value of the product.

4. If in a region R, |w(z)] < My, k=1,2,8,..., where M, are constants such that ZM;
converges, then II{1 + wk(2)} is uniformly (and absolutely) convergent. This is the
analogue of the Weierstrass M test for series.

6. If ww(z), k=1,2,8,..., are analytic in a region R and Zw(z) is uniformly con-
vergent in R, then II{1 + w«(2)} converges to an analytic function in R.

- WEIERSTRASS’ THEOREM FOR INFINITE PRODUCTS

Let f(2) be analytic for all z [i.e. f(2) is an entire function] and suppose that it has
simple zeros at ai,as,as, ... where 0 <|ai <|az| <l|as| < :-- and lim [@.| = «. Then
f(2) can be expressed as an infinite product of the form N

fl2) = f(0)e of (02/1€0) :‘1{(1 _a_k> ezlax} (2)
A generalization of this states that if f(z) has zeros at ax+0, k=1,2,3,..., of

respective multiplicities or orders u,, and if for some integer N, 2 1/a¥ is absolutely
convergent, then

f@) = f(0)es® g{(l_gz"_) eﬁ+ gfi+ +§—i—1:;_:}uu ®

where G(z) is an entire function. The result is also true if some of the a:’s are poles, in
which case their multiplicities are negative.

The results (2) and (8) are sometimes called Weierstrass’ factor theorems.

SOME SPECIAL INFINITE PRODUCTS

1. sinz = z{l-—:—:}{l—(—z%g}--- = zZ(l-—ﬁ%)

@ o = {ogfeatn - G- wt)
8. sinhz = {1+ }{1+(—2%—2} = :<1+k§:2)
4 coshz = {“'(;5;)2} {1 +(37?;2)2} = [(1 +(2?‘;)%2/

THE GAMMA FUNCTION
For Re({z} > 0, we define the gamma function by

r@ = J;m tte~tdi (4)
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Then (see Problem 11) we have the recursion formula

T(z+1) = zI(z) where I'(1) =1 ' (5)
If z is a positive integer n, we see from (5) that
Mn+1l) = nr—1)---(1) = n! (6)

8o that the gamma function is a generalization of the factorial. For this reason the
gamma function is also called the factorial function and is written as 2! rather than
T'(z+1), in which case we define 0!=1.

From (5) we also see that if z is real and positive, then I'(2) can be determined by
knowing the values of T'(2) for 0 <z<1. If z=4, we have [Problem 14]

I(}) = V7 ™
For Re {z} =0, the definition (4) breaks down since the integral diverges By

analodia anntinitiadian hassrnacraze  wra Ao P P Y PV W L a 1.4 L . T am o Teanndlalle.

ancuyut.. uuuuuuuuuu, llUWUVt:l., we Call daeéline L{= ) 111 e 1C1Lv™I1 nu pwuu: mubeuuauy
this amounts to use of (5) [see Problem 15]. At z2=0,-1, 2 ., I'(2) has simple poles
[see Problem 16].

PROPERTIES OF THE GAMMA FUNCTION

The following list shows some important properties of the gamma function. The
first two can be taken as definitions from which all other properties can be deduced.

_ 1:2-3---k _
1. Petl) = lmegro Tyt = lm e,

where (2, k) is sometimes called Gauss’ II function. '
2 LSS § O L T4 o
2 @) 2" | 111-1-’0]6

where y = lim[1 + 1»4.— 1 + +1 o p1 = 5772157 is called Euler’s

P | 2 '3 4 !
constant
_ ™
3. INz)r(l—2) = Ty
In particular if z=14, TI'(})= V=

4. 2=-1r(2)T(z+3) = V7 I(22)

This is sometimes called the duplication formule for the gamma function.

6. If m=1,2,3,...,

I'(2) I‘(z + n%) I‘(z + %) .. I‘(z + mT-l) = mhTmE(2r)im-D/2 r(mz)
Property 4 is a special case of this with m =2.
oM (Do) e e o) e
7. Ml = J: Te-tintdi = —y . tplane
8. I(z) = ngl_—l 5; t*"le tdt D \B « 4 .

"y

where C is the contour in Fig. 10-5. This is \ _/E —
an analytic continuation to the left-hand half
plane of the gamma function defined in (4). Fig.10-5
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9. Another contour integral using contour C [Kig. 10-5] is given by

riz) = i §(—t)*“e“dt = ——Z%f'(—t)"e"tdt

2 sin#z

THE BETA FUNCTION ,
For Re{m} >0, Re{n} >0, we define the beta function by

~l ’ ’
Bimn) = | trt(1-tptde (8)
0
As seen in Problem 18, this is related to the gamma function according to
T'(m) T(n)
B =
(m, n) NCET) (9)

Various integrals can be expressed in terms of the beta function and thus in terms
of the gamma function. Two interesting results are

/2
inem—1 2n—1 — T(m) T(n)
{ sin 6 cos®~ 14 do 4 B(m, n) 2T(m + n) (20)
P4 = Bw1-p) = r(1 = 7 11
) THi = B(p,1-p) = T(p)r(l-p) = sinpr (1)

the first holding for Re {m} > 0 and Re {n} > 0, and the second holding for 0 < Re {p} < 1.

For Re{m}=0 and Re{n} =0, the definition (8) can be extended by use of
analytic continuation.

inear differential equation
Y + p(2)Y + o) Y = 0 (12)
If p(2) and q(z) are analytic at a point @, then a is called an ordinary point of the differential

equation. Points at which p(2) or ¢(2) or both are not analytic are called singular points
of the differential equation.

w2
<
=]
ke
S
w
o
3
@
~
©
B,
< .
@
=
(2
=
o

Example 1: For Y +2z2Y'+ (22—4)Y = 0, every point is an ordinary peint.

Example 2: For (1—2Y" —22Y'+6Y = 0 or Y’ ~ -li—zzzY’ + 1_6z2
singular points; all other points are ordinary points.

Y =0, 2==*1 aré

If 2=a is a singular point but (z—a)p(2) and (z—a)?q(z) are analytic at z=a,
then z=aq is called a regular singular point. If z=a is neither an ordinary point or a
regular singular point, it is called an irregular singular point.

Example 3: In Example 2, 2=1 is a regular singular point since (z—1) (— ].E—zz“;) = ﬁ% and

(z— 1)2(1 _622) = 6z:_61z are analytic at z=1. Similarly, 2= -1 is a regular singu-
lar point.

Example 4: 28Y” 4+ (1—2)¥Y' —2Y = 0 has 2=0 as a singular point. Alse, 2 <1;z> = l;z
and 22 (- —25) = —% are not analytic at z =0, so that z =0 is an irregular singular
point.

If Y1(z) and Y:(z) are two solutions of (12) which are not constant multiples of each
other, we call the solutions linearly independent. In such case, if A and B are any con-
stants the general solution of (12) is

Y = AY, + BY, (19)
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The following theorems are fundamental.

Theorem 1. If z=g¢ is an ordinary point of (12), then there exist two linearly inde-
pendent solutions of (12) having the form

3 az—a)t )

where the constants a. are determined by substitution in (12). In doing this it may br
necessary to expand p(z) and ¢(2) in powers of (z—a). In practice it is desirable tc
replace (2 —a) by a new variable.

The solutions (14) converge in a circle with centre at ¢ which extends up to the
nearest singularity of the differential equation.

Example 5: The equation (1—22)Y” —2:Y’' +6Y = 0 [see Example 2] has a solution of the
form 2a;z¢ which converges inside the circle |z| = 1.

Theorem 2. If z=a is a regular singular point, then there exists at least one solu-
tion having the form

(z—a) ,go ax(z — a)* (15)

where c is a constant. By substituting into (12) and equating the lowest power of (z—a)
to zero, a quadratic equation for ¢ (called the indicial equation) is obtained. If we call the
solutions of this quadratic equation ¢; and ¢;, the following situations arise.

1. ¢i—ez # an integer. In this case there are two linearly independent solutions
having the form (15).

2. ¢: = ca2. Here one solution has the form (15) while the other linearly independent
solution has the form -
in(z~a) Eo bx(z — a)tte (16)
k=

8. c¢1—c2 = an integer »* 0. In this case there is either one solution of the form
(15) or two linearly independent solutions having this form. If only one solution
of the form (15) can be found, the other linearly independent solution has the
form (16).

All solutions obtained converge in a circle with centre at ¢ which extends up to the
nearest singularity of the differential equation.

SOLUTION OF DIFFERENTIAL EQUATIONS‘ BY CONTOUR INTEGRALS
It is often desirable to seek a solution of a linear differential equation in the form

Ye) = § K@t G at 17)
[of
where K(z, t) is called the kernel. One useful possibility occurs if K(z,t) = e, in which case
Y() = § e* G(t) dt (18)
C

Such solutions may occur where the coefficients in the differential equation are rational
functions (see Probiems 25 and 26).

BESSEL FUNCTIONS
Bessel's differential equation of order n is given by
2Y” + 2Y + (B2-nd)Y = 0 (29)
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A solution of this equation if n = 0 is

= - [y _ 2 2t .
) = HmEmED { 1 = 3Gn+9 T TaEm I } (20)
and is called Bessel's function of the first kind of order n.

If n is not an integer, the general solution of (18) is
Y = AJa(z) + BJ-n(2) ' (21)

where A and B are arbitrary constants. However, if n is an integer then J-.(2) = (—1)"Ja(2)
and (20) fails to yield the general solution. The general solution in this case can be found

as in Problems 182 and 1883.

Bessel functions have many interesting and important properties, among them being
the following. _

1' ez(t—l/t)/2 — i Ju(Z) tn

n=—w

The left side is often called the generating function for the Bessel functions

Lol LA ERE

of the first kind for integer values of n.
2. z-]‘n—l(Z) - 2n J (Z‘ + ZJ...L!(Z‘ = 0

This is called the recursion formula for Bessel functions [see Problem 27].

3. d—‘i{z»J,.(z)} = M Juoi(2), ad—z{z"‘.f,.(z)} = 2" Jpi(2)
4, Ja®) = iJ cos(ng — zsing) dé, n = integer
0
= 1 (" —_ i — sinnz (7 —n¢ — zsinh ¢
b. Ja(2) wJo cos (n¢ — zsin ¢) do - Jo e d¢o
6. Jo’ £ Jn(at) I (bt) dt z{a.ln(bz).!'n(az)2 :af.l,.(az).luwz)} 4% b
7. I tha)aydr = a0l - bela@) (s g4y,
2z 2
8, [ty ar = 2 [(Tn(02))* = Ja1(a2) Tas1(a2)]
0
9. Ja(z) = Z%ift"'“em“‘"” dt, n=0=1=2 ...
C
where C is any simple closed curve enclosing ¢t = 0.
-— 2" ' iz — f2\n—-1/2
10. Ia(a) = 1_3_5'_.(2n_1)wf_1 gt (1 — {212 it

= 1-8°5 z (Zn—l)w.g cos (% cos ¢) sin* ¢ d¢

A second solution to Bessel’s differential equation if n is a positive integer, is called

Bessel’'s function of the second kind of order n or Neumann’s function and is given by
n ! 2k—n
Ya(?) = Ju(®)lnz — 1 zi’-‘-—l‘—”( )
(22)
- 33 e (2) (66 + Gt
25 (kDn+kK)1\2

where G(k) = 1+%+%+---+-}; and G(0) =
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If n=20, we have
22 zt 28
Yo(zy = Jo(z2)Inz + 5~ 2242(1+§) + 274-%-2-(1+1}+§) —_ . (28)
In terms of these the general solution of (19) if » is a positive integer can be written
Y = AJ.(2) + BY.(2) (24)

LEGENDRE FUNCTIONS
Legendre’s differential equation of order n is given by

1-2Y" — 22Y' + n(n+1)Y = 0 (25)
The general solution of this equation is
v _ af+_ n(n+1) . nn— 2)(n+1)(n+3) _ A
AT 2t © 7 4! J (26)
— (n—1)(n+2) 2 (m—1)}n— 3)(n+2)(n+4) 1
+ Biz gy P+ =1 - .

If n is not an integer, these series solutions converge for |¢| <1. If n is zero or a positive
integer, polynomial solutions of degree n are obtained. We call these polynomial solu-

tions Legendre polynomzals and denote them by P.(2), n = 0,1,2,8,.... By choosing
these so that P.(1) =1, we find that they can be expressed by Rods ‘g“es’ formula
1 a»
Po(2) = oiojgm@—1)" (27)

from which Py (2) =1, Pi(2) =2, P:(z) = %(322 1), Ps(z) = 4(52° — 32), ete.
The following are some properties of Legendre polynomlals.

1

1. _— = ¥
Vi-zstte |

This is called the generating function for Legendre polynomials.

D

Pu(z) t

dn

_ (2n)! nn—-1) ., nn—1)(n—-2)n—-8) .., .
2. Pd = py {z 2en—1)" T 2-d@n-D@n—3) ° }
3. Puz) = - § L= 4

2-”1: c 2’! (t -— z)ﬂ+1
where C is any simple closed curve enclosing the pole ¢ = z.

0 if m»n

1
" J P@P@d = 3 g
-1 ] if m=n
[See Problems 30 and 31.]
1 T

5. Po(2) = - j; [2 + V22 —1cos ¢]" do

[See Problem 34, Chapter 6.]
6. (n+1) Pais(2) — @n+1)2Pa(2) + nPacy(z) = 0

This is called the recursion formula for Legendre polynomials [see Prob. 32].

1. @n+1) Pu(zd) = Pui1(2) — Pu-1(2)
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If » is a positive integer or zero, the general solution of Legendre’s equation can
be written as :

where Q.(2) is an infinite series convergent for |2| <1 obtained from (26). If n is not a
positive integer, there are two infinite series solutions obtained from (26) which are
convergent for |2| <1. These solutions to Legendre’s equation are called Legendre functions.
They have properties analogous to those of the Legendre polynomials.

THE HYPERGEOMETRIC FUNCTION
The function defined by

E‘

a(@+1bb+1) , | y
1:2-¢(c+1) '

is called the hypergeometric function and is a solution to Gauss’ differential equation or
the hypergeometric equation

2(1-2)Y” + {c—(a+b+1)2}Y — abY = 0 (30)

The series (29) is absolutely convergent for |2|<1 and dlvergent for |2|>1. For |2|=1
it converges absolutely if Re{c—a—b} > 0.

If |2/ <1 and Re{c} > Re{b} > 0, we have

he n. —
v,

u,Z) = 1+

(@ 29

b | \
Toe” )

Tf o) Mo o . .
. gue — 4 \v) b—1 —_ c—b—1 —_ —a
F(a,b;c;2) = _F(b) e —B) Jo t""1(1—-1¢) (1—tz)~dt (31)

For |z| > 1 the function can be defined by analytic continuation.

THE ZETA FUNCTION

The zeta function, studied extensively by Riemann in connection with the theory of
numbers, is defined for Re{z} > 1 by
1.1 1 &l
L) = T;+-27+-5T‘+ cee = kaF
It can be extended by analytic continuation to other values of z
of {(z) has the interesting property that
{l—-2) = 2'"%2x27*T(2) cos (n2/2) {(7) (3%

Other interesting properties are as follows.

(32)
This extended definition

1 @  raamt S
1. C(Z) = Tz) , mdt Re{Z} >0

2. The only singularity of {(z) is a simple pole at z=1 having residue 1.

3. If By, k=1,2,3,..., is the coefficient of 2%* in the expansion
jreot(de) = 1 - 3 B
cot(d2) = & 2k
22k—1 _n,2k Bk _
then L(2k) _—(fk)'_- k=1,23,
We have, for example, B:1=1/6, B,=1/30, ..., from which ¢(2)=+%6, {(4)=
74/90, .... The numbers B are called Bernoulli numbers. For another definition

of the Bernoulli numbers see Problem 163, Page 171.
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¢ e BB - (-

where the product is taken over all positive primes p.

Riemann conjectured that all zeros of Z(z) are situated on the line Re {2} = 4, but
as yet this has neither been proved nor disproved. It has, however, been shown by Hardy
that there are infinitely many zeros which do lie on this line.

ASYMPTOTIC SERIES

A series ao+9~l-+a—:+--- = iﬁ,? - (34)
4 K4 n=0 &
is called an asymptotic series for a function F(z) if for any specified positive integer' M,
M
ime{Fe) - $1 = (35)
In such case we write g
F&) ~ T (56)

Asymptotic series, and formulae involving them, are very useful in evaluation of
functions for large values of the variable, which might otherwise be difficult. In practice,
an asymptotic series may diverge. However, by taking the sum of successive terms of
the series, stopping just before the terms begin to increase, we may obtain a good
approximation for F(z).

M 3 1 i 3 iaaihla PR DY W N
Various operations with asymptotic series are permissible. For example, asymptotic

series may be added, multiplied or integrated term by term to yield another asymptotic
series. However, differentiation is not always possible. For a given range of values of 2
an asymptotic series, if it exists, is unique.

THE METHOD OF STEEPEST DESCENTS
Let I(z) be expressible in the form

Iz) = f eF® gt (87)

where C is some path in the ¢ plane. Since F(t) is complex, we can consider z to be real.

The method of steepest descents is a method for finding an asymptotic formula for
(87) valid for large z. Where applicable, it consists of the following steps.

1. Determine the points at which F’(f)=0. Such points are called saddle points,
and _for this reason the method is also called the saddle point method.

We shall assume that there is only one saddle point, say Z. The method can
be extended if there is more than one.

2. Assuming F(t) analytic in a neighbourhood of t,, obtain the ‘Taylor series expansion
F(t) = F(to) + Fr to)z(t'—to)2 + ... — F(to) — 2 (38)

Now deform contour C so that it passes through the saddle point to, and is such
that Re {F(t)} is largest at to, while Im {#'()} can be considered equal to the constant
Im {F(t,)} in the neighbourhood of #,. With these assumptions, the variable u
defined by (88) is real and we obtain to a high degree of approximation '

= = F(ty) ® —zus ﬂ
1(z) ¢ j_' K ( du) du (89)
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where from (38), we can find constants bo, by, ... such that
g—; = bo+b1‘u+b2u2+"' (40)

3. Substitute (40) into (39) and perform the integrations to obtain the required
asymptotic expansion

1b; 1:8bsy 1-3:5b
1) ~ % e”""’»fb°+§z+m:3+2.2.zz§+--'} (41)
For many practical purposes the first term provides enough accuracy and we find
—
—27
10 ~ \irg e (42)

Methods similar to the above are also known as Laplace’s method and the method of
stationary phase.

SPECIAL ASYMPTOTIC EXPANSIONS
i. The Gamma Funciion 5
* e 1 1 139
Nz+1) ~ V2rzz {1 + = o5 + 5882 ~ 518407 + } (43)

This is sometimes called Stirling’s asymptotic formula for the gamma function. It
holds for large values of |2 such that —r<argz <.

If n is real and large, we have

Pn+1) = 2xmnre neitn where 0<8<1 (44)

In particular, if n is a large positive integer we have
m ! ~ 2 /D mn o—n {1 1EY
e V &miv v © \4J)

called Stirling’s asymptotic formula for nl.

2. Bessel Functions

Ja(z) ~ \/% {P(2) cos (z — §nr — }n) + Q(2) sin (z — §nx — 3} (46)

where
_ & (1) [4n2—12) [4n? — 3% - - - [4n? — (4k — 1)?)]
p (z) = 1 kzl | (2 k) 1 28k 42k (47)
Q9 = i (—1)* [4n?—1%] [4n®* — 37 - - - [4n® — (4 — 3)?]
& (2 — 1) 128k=3 g%~ 1
This holds for large values of |2| such that —= < argz <.
3. The Error Function
2 z = T(k —
erf(z) = 7 _'g edt ~ 1+ iergl (-1)"(7,}-)- (48)

This result holds for large values of |2| such that —=/2 <argz-<‘1r/2. For
7/2 < arg z < 3x/2 the result holds if we replace z by —z on the right.

4. The Exponential Integral
. et °° ket
Ei(z) = f Tit ~ 3 Cie (49)
This result holds for large values of |z| such that —» <argz <.
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ELLIPTIC FUNCTIONS
The integral

v dt

= k| < 1 (50)
o V(1-)(1-k8) |

is called an elliptic integral of the first kind. The integral exists if w is real and such

that |w| <1. By analytic continuation we can extend it to other values of w. If £=sin¢

and w = sing, the integral (50) assumes an equivalent form

* do

z =
Jo V1 — k?sin26

where we often write ¢ = am z.

If k=0, (50) becomes z =sin~1w or,,equivaiently, w = 8inz, By analogy, we denote
the integral in (50) when k0 by sn~!(w; k) or briefly sn~'w when k does not change
during a given discussion. Thus

bt dt
2 = snlw = : 52
f V(-1 - k2t?) (52)

This leads to the function w =snz which is called an elliptic function or sometimes a
Jacobian elliptic function.

By analogy with the trigonometric functions, it is convenient to define other elliptic
functi
unetions enz = V1 — sn?z, dnz = /1 — K?sn’z (59)

Another function which is sometimes used is tn z = (sn 2)/(cn 2).

(51)

The following list shows various properties of these functions.
1. sn(0) =0, en(0) =1, dn(0) =1, sn(—2) = —snz, cn(—z) = cnz, dn(—2z) = dnz
] L] -
d d d
. 5-8nz = 2, =—cnz = —gnzdnz, -—dnz = —kK2 z
2 7z S0 cnzdnz, T2 cn snzdnz, P dn k*snzen
8. snz = sin{am=z), cnz = cos(am z)
zienz z 218Nz
4. sn(z+z) = snzicnz;dnz; + enz;dnz; snz; (54)

1 — k%*sn?z;8n%2,

' _ etnzcnz; — snzisnz:dnz;dn 2,
en(u+tam) = 1 — k%sn%z,sn?z; (5%)

_ dnzidnz: — k®snzisnz;cnz,enzs
dn(z+z) = l 1 — k%an%z,sn?z, (56)

These are called addition formulae for the elliptic functions.

5. The elliptic functions have two periods, and for this reason they are often called
doubly-periodic functions. Let us write

1 dt /2 de
K = = 5
jo‘ V(L — )1 - k) Jo‘ V1 — k?gin2¢ (67)
1 dt de
K = = 58
f V(1 —-#8)(1- k") f V1 — ksin§ (69)
where k and k’, called the modulus and complementary modulus respectively, are

such that k¥’ = /1 k% Then the periods of snz are 4K and 2iK’, the periods of
cnz are 4K and 2K +2{K’, and the periods of dnz are 2K and 4iK’. It follows

,  that there exists a periodic set of parallelograms [often called period parallelograms]
in the complex plane in which the values of an elliptic function repeat. The
smallest of these is often referred to as a unit cell or briefly a cell.
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The above ideas can be extended to other elliptic functions. Thus there exist elliptic

integrals of the second and third kinds defined respectively by

w (]
: = f 1-F 4 = f VI snd dé
0 1-1¢ 0

Solved Problems

ANALYTIC CONTINUATION v

1. Let F(z) be analytic in a region R and suppose
that F'(z) = 0 at all points on an arc PQ inside R
[Fm'. 10-6]. Prove that F(z) = 0 throughout ®.

15 & B Lilet VA2V pailT AN

Choose any point, say zg, on arc PQ. Then in some
circle of convergence C with centre at 2z, [this circle ex-
tending at least to the boundary of ® where a singularity
may exist], F(z) has a Taylor series expansion
F(z) = F(z) + F'zo)(z—20) + AF"(2p)z—20)2 + -+

(59)

(60)

But by hypothesis F(zo) = F'(zg) = F'(zg) = -+ = 0,
Hence F(z) = 0 inside C.
By choosing another arc inside C, we can continue

the process. In this manner we can show that Fi{z) =0 Fig. 10-6
throughout .

2. Given that the identity sin?z + cos?z = 1 holds for real values of z, prove that it

also holds for all complex values of z.

Let F(z) = sin?z+cos?22—1 and let R be a region of the z plane containing a portion of the

x axis [Fig. 10-7).

Since sin z and cos z afe analytic in R, it follows that F'(2) is analytic in R. Also F(2) = 0 on the

z axis. Hence by Problem 1, F(z) = 0 identically in ®, which shows that sin2z+ cos?z

all 2 in R. Since R is arbitrary, we obtain the required result,

=1 for

This method is useful in proving for complex values many of the results true for real values.

v

Fig.10-7 Fig. 10-8

8. Let Fi(z) and F;(z) be analytic in a region R [Fig. 10-8] and suppose that on an arc PQ

in R, F1(z) = Fe(2). Prove that Fi(z) = F:(2) in R.
This follows from Problem 1 by choosing F(z) = Fy(z) — Fy(2).
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FUSt Uil

we can find a function F; () analytic in region R, and on the boundary JKLM such that
Fy(z) = F2(z) on JKLM. Prove that the function

{FI (2) for z in R,
Fq(2) for z in R,

is analytic in the region R which is composed of R, and R, [sometimes written
R =R, +R,].

4. Let F(2) be analytic in region R, [Fig. 10-9] and on the boundary JKLM. Suppose that

F(z)

Fig. 10-9

Method 1.

This follows from Problem 3, since there can be only one function F3(z) in Ry satistying the
required properties.
M einod 2, using Cauchy’s integrai formuiae.

Construct the simple closed curve SLTKS (dashed in Fig. 10-8) and let a be any point inside.

From Cauchy’s integral formula, we have (since F,(z) is analytic inside and on LTKL and since
Fg(2) = F(z) on LTK) ‘

1 F 1 F 1 F
Fy@) = o~ ,2_(1,1 & = oo T84, L (T Y)ad’
. IS % s A % S TR
Also we have by Cauchy’s theorem (since F, (2)/(z—a) is analytic inside and on KSLK and since
Fy(z) = F(z) on KSL)
0 = = $HB, - 1 Fo) g 4 L Eey,
2wt z—a i) z—a 2vi) z—a
KSLK KSL LK

Adding, using the fact that F(z) = F,(z) = F3(z) on LK so that the integrals along KL and LK
cancel, we have since F(a) = F,(a)

I | F(z)
F@ = 3 § s-a®
LTKSL
In a similar manner we find .
) = nl f _F@
F(n)(q) Ori (z— a)n+1 de
LTKSL

8o that F'(z) is analytic at a. But since we can choose a to be any point in the region ® by suitably
modifying the dashed contour of Fig. 10-9, it follows that F(z) is analytic in R.

Method 3, using Morera’s theorem.
Referring to Fig. 10-9, we have

§ Foa = [ Foa + froa + [Fou + [ Fodw
KSLTK KSL LK KL LTK
= § reée+ § REoe = o

- KSLK KLTK

by Cauchy’s theorem. Thus the integral around any simple closed path in ® is zero, and so by
Morera’s theorem F(z) must be analytic.

The function Fy(2) is called an analytic continuation of F, (z).



CHAP. 10] SPECIAL TOPICS 279

5.

6.

(@) Prove that the function defined by Fi(2) = z2—22+23—2*+ --- is analytic in the
region [2| <1l. (b) Find a function which represents all possible analytic continua-
tions of F (z).

(a) By the ratio test, the series converges for |z] < 1. Then the series represents an analytic function
in this region.

(b) For |z| <1, the sum of the series is F;(z) = z/(1+z). But this function is analytic at all points
except z = —1. Since Fy(z) = F;(z) inside |z| =1, it is the required function.

(a) Prove that the function defined by Fi(2) = f t3e~*dl is analytic at all points

z for which Re{z} > 0. (b) Find a function which is the analytic continuation of
F1(z) into the left-hand plane Re {2} <O0.

(a) On integrating by parts, we have

M
J(: tde—ztdt = IJ:\: J‘o t3e—rt dt
M
e—2t —z2t —at —zt
- i {0() - on(i) () - o)
. J8  M3eMz  3M2e~Mz  EMe~Mz  fe—Mi]|
- ﬁ‘.f.';lﬂ z 22 23 24 f
= 2 if Re{s) >0

(b) For Re{z} > 0, the integral has the value F,(z) = 6/2¢. But this function is analytic at all
points except z=0. Since Fy(z) = Fy(2) for Re{z} > 0, we see that F,(z) = 6/z¢ must be
the required analytic continuation.

SCHWARZ’'S REFLECTION PRINCIPLE

7.

Prove Schwarz’s reflection principle (see Page 266).
Refer to Fig. 10-4, Page 266, On the real axis [y =0] we have F;(2) = F,(x) = F;(x) = F,(2).
Then by Problem 3 we have only to prove that F (z) = Fy(2) is analytic in R,.
Let F,(z} = U,(x,9) + i V,(x,y). Since this is analytic in R, [i.e. ¥ > 0], we have by the
Cauchy-Riemann equations,
U, _ v, oV, 3l
T FrE v (1)
where these partial derivatives are continuous.

Now F,(3) = Fi(x—iy) = Uy(x,—y) + iV (2z,~y), and so F\(z) = U (z,—y) — iV (z,—y).
If this is to be analytic in R, we must have, for y >0,

BU, _ 6(—V1) - 6(—V1) _ aUI
oz a(—y) ’ ax -y ®)
. -V vV, o(—Vy v, aU, al,
But these are equivalent to (1), since FI=ni = oy oz = =3z and ) = it Hence

the required result follows.

INFINITE PRODUCTS

8.

Prove that a necessary and sufﬁcrent condition for ﬂ (1 + |wx]) to converge is that
2 |wi| converges.

Sufficiency. If x>0, then 1+2 = ¢* so that
n
p, = kn A+|we) = L+ |wDA+ g A+ wy)) = e elo.. gl = ghoul +loal®eeet ol
=1
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o
It ‘2‘ |wi| converges, it follows that P, is a bounded monotonic increasing sequence and so has

K=1

L
a limit, ie. ] (1 + |wy|), converges.
k=1

”n
Necessity,. It S, = kgl lwi|, we have

P, = (+|w)d@+wgl)---(A+lwa) = 1+ fwy| + Jwgl + -+ + Jwy| = 1+ 8, =1

If lim P, exists, ie, the infinite product converges, it follows that S, is a bounded monotonic
n=>x

increasing sequence and so has a limit, i

© 2
9. Prove that g( - -Z—,) converges.

22

lz]2
Let w, = -4 Then |w,| = I—ZL— and Z|w] = |22 3 Tcl—f converges. Hence by Problem 8,

the infinite product is absolutely convergent and thus convergent.

10. Prove that

sinz - = z<1—§2)(’1——‘w—,)<1—;—w2)--- = zg(l——]z’i—?)

From Problem 35, Chapter 7, Page 192, we have

Then sinz =

zkI-=Il<1 —w>.

THE GAMMA FUNCTION

11. Prove that T1(2+1) = 2T(2) using definition (4), Page 267.
Integrating by parts, we have if Re {z} > 0,

M
lim t*e~tdt

z+1) = j:otze"dt = Lim_
0
M j.M ]
= 4 N e gL — 2= 1}(— g—t
a}13‘1%{(1‘,)( e ),o ) (ztr—1)(— e )dtf
= t2-lg—tdt = T
zj; e z T(z)

12. Prove that r(m) = 2f Zim-le~2*dx, m >0,
0

If ¢t =2x2, we have

I‘(m) = Lw tm—1 e—tdt = _Io‘w (xZ)m—[ e— 3 2$ dm

The result also holds if Re {m} > 0.

= 2f° am—1 =2 g
0
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13. Prove that T(?)T(1—2) =

sinnxz’
We first prove it for real values of z such that 0 < 2 < 1. By analytic continuation we can
then extend it to other values of z.

From Problem 12, we have for 0 <m <1,

r(m)T(1-—m) = {21'” g2m—1 g—z? dz} {2 f” yl—z,ne_y! dy}
0 (i}

Pal 00
= 4J J 22m—1y1-2m g—(2+¥1) dy dy
¢ Yo v

In terms of polar coordinates (r,8) with x = cos®, y = r sing this becomes

w2 e 1t/2 ) ,
4 f (tanl—2m g)(re—+')drds = 2 f tanl-2mg de = -
9=0 Vr=0 0 sin mr

using Problem 20, Page 185, with # = tan2¢ and p = 1 —m.

4. Prove that T(}) = 2 edu = Vi
0
From Problem 12, letting m = 4, we have
) = 2 f e~ dy
) Jo

From Problem 13, letting z = §, we have

since I'(§) > 0. Thus the required result follows.

Another method. As in Problem 13,

g = {2 (Tearb{o (Tevayl
L o J J

L Ye

@ 3 w/2 0
= 4f f e~ @@+ dp dy = 4f f e~"rdrds = =
e Yo 6=0 Yr=o

from which I'(}) = V7. ’

15. By use of analytic continuation, show that T(—4) = —2/.

If Re{z} > 0, I(z) is defined by (4), Page 267, but this definition cannot be used for Re {z} = 0.
However, we can use the recursion formula I'(z+ 1) = 2r(z), which holds for Re{z} > 0, to extend
the definition for Re {z} = 0, i.e. it provides an analytic continuation into ,the left-hand plane.

Substituting 2=—4 in I'(z+1) = 2TI'(2), we find I'(§) = —§T(—4) or I'(—}) = —2Vr using
Problem 14.

_ Tz+n+1)
6. = .
16. (a¢) Prove that TI(z) IO G ‘
(b) Use (a) to show that I'(2) is an analytic function except for simple poles in the left-
hand plane at z = 0,—-1,-2,-3, ....

(@) We have T'(2+1) = 2T(2), T(2+2) = (z+ 1)z +1) = (z+1)2T(2), I'(z2+3) = (z+2)T(z+2) =
(z+2)(z+1)zT(z) and, in general, T(z+n+1) = (z+n)(z+n—1)---(z+2)(z+ 1)2T(z) from
which the required result follows. ‘

(b) We know that I'(2) is analytic for Re{z} > 0, from definition (4), Page 267. Also, it is clear
from the result in (a) that I'(z) is defined and analytic for Re{z} = —n except for the simple

poles at z = 0,—1,—2,...,—n. Since this is the case for any positive integer n, the required
result follows.
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17. Use Weierstrass’ factor theorem for infinite products [equation (2), Page 267] to obtain
the infinite product for the gamma function [Property 2, Page 268].

Let f(z) = 1/T(2 +1). Then f(2) is analytic everywhere and has simple zeros at z = —1, -2, -8, - - -,
By Weierstrass’ factor theorem, we find ,

1  _ o Z) -2k
e+p - ¢ (1+g)e
To determine J(0),let z=1. Then since I'(2) = 1, we have
1 - _§'(0) ﬁ /1 +_1_\ e_llk
k=1 \ k)
M
= e!'(O) lim H (1 .‘.7]"-) g“l/k
M=o k=1
Taking logarithms, we see that
, (1 1 1 1 r/ 1N/ 1\ /. 1\
ro = J’I“.oii T LT lnL(1+I)(1+§)---(1+M)_”
N PR S 1 1
= gm 1+§+§+---+-M~—lnMJ\ = v

where y is Euler’s constant. Then the required result follows on noting that I'(z+1) = zI'(2).

THE BETA FUNCTION
18. Prove that B(m,n) = B(n,m).
Letting ¢t = 1—u,

1 1
B(m,n) = f tm-l(1—gyn—1dt = f (l—um—lyr—1tdu = B(n,m)
(] ()

w/2 /2 ’
19. Prove that B(m,n) = 2f sin?™~1¢ cos~19d¢ = 2 f cos?™ =19 gin? 14 d¢.
Let t = sin24. Then ¢ ¢

1 n/2
B(m,n) = f m—1(1—¢gn—1dt = f (sin2 #)m—1 (cos2 9)*—! 2 sin 4 cos ¢ dé
0 0

/2 /2
= 2 f sin?m—1g costr—1lgds = 2 f cos?™—1g gin2n—1¢ dy
by Problem 18. o 0

1
20. Prove that B(m,n) = f tm-i(1—t)r1dt = II“((mm)-*I_‘%)
0

From Problem 12, we have on transforming to polar coordinates,

r(m) °(n) = {2 f zIm—1g—x3 dx} {2 f ym—le-w dy}
0 0
= 4 J«' J*" z2m—1 yzn"_l o=@+ dg dy
o Yo

/2 20
= 4 f (cog?m—1g gin2n—1g)(r2m+2n—1¢—m) dr dg
Y a=0 Yex=p

/23 o0
= {2 f cos?m—1g gin2n—14 dc} {f r(mtn)—1g-r dr}
0 0

= B(m,n)I(m+n)

where we have used Problem 19 and Problem 12 with r replacing ¢t and m+=n replacing m. From
this the required result follows.
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21. Evaluate (a) f Vz(2-1x)dz, (b) Jﬂm’\/tane ds.

(a) Letting = = 2¢, the integral becomes

1 1
f Vit(l—t)2dt = 4 f t/2(1 —-glizdt = 4B(3/2,3/2)
] 0

= 41‘(3/2) r@/2) _  43V7) FVe) T
T(8) 2 2
/2 /2
(d) f Vtansade = f sin'/2¢ cos~29ds = }B(},})
0 0
= 1T = jEEm - #;/—2-
using Problems 13, 19 and 20.
¢ 64 |2
22. Show that f 16— 1)dy = 5 \/;{r(})}ﬂ.
(]
Let y2 =16¢, ie. ¥ = 412, dy = 2¢~1/2dt. Then the integral becomes
1 1
r {Be3/4}{4(1 — 1)1/2}{2¢t-1/2d¢t} = 64_}( /4 (1 1)i/2d¢
0 0
_ eBal - HMIOT® _ s rd @ry
o I I'ird
128 7 {I(
o 1Verd) 1oV (Mr e 2000
21 T($) 21 tH1Y 21 y» o F

using the fact that I'(}) I'(}) = r/[sin (z/4)] = #VZ [Problem 18].

DIFFERENTIAL EQUATIONS
23. Determine the singular points of each of the following differential equations and
specify whether they are regular or irregular.

2 __ 2
(@) 22Y"+2Y' 4+ (22—n2)Y = 0 or Y"+—}Y’+(z 22n> Y = 0.

2. 2
2=0 is a singular point. Since 2(1/z) = 1 and =z2 <z zzn) = 22--n2 are analytic at
z=0, it is a regular singular point.

2 1
— 14V - 1)3Y" = " 4 =
) z—14Y" +2:z—1B3Y'"+Y =0 or Y +z__1Y +(z__1),Y 0.

_ ol 2N _ ., . .11
At the singular point z2=1, (z 1)( ) = 2. is analytic but (z—1) G—1p - Go1p

z—1
is not analytic. Then z=1 is an irregular singular point.
1 ’ 1 Y = o

(&) 21-2)Y"+Y -Y =0 or ¥F' 4+ ——Y — — -
72(1 —2) 2(1—2)

- 1 - 1 2 —1 "
At the singular point z=0, =z {12(1 —z)} = i=2 and z {z2(1 —z)} ==, e not
both analytic. Hence z=0 is an irregular singular point.

: — T 1 _ -1 _ -1 _z2-1
At the singular point z2=1, (z-—1) {z_—z(l—z)} == and (z—1)2 {zz(l—z)} =
are both analytic. Hence 2=1 is a regular singular point.
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Find the general solution of Bessel’s differential equation
2Y” + 2Y + (*-n)Y = 0 where n »+ 0, 1,2, ...
The point 2=0 is a regular singular point. Hence there is a series solution of the form
Y = i ay zk+c  where @, =0 for k = —1,-2,-3,.... By differentiation, omitting the sum-

k=—w

mation limits, we have
Y' = 3(k+clazkte—, Y" = S+ e)(k+ec—1)agzk+ec-2

Then 2Y" = Z{k+ejik+e—1)agz~te
2Y' = Z(k+c)agkte
(zz—nz)Y = Sakzk+c+2 — Enzakzk"'c
= Eak_zzk"'c — Enzakzk‘i’c
Adding, 22Y" + 2Y’ + (2—-m2)Y = ZE{((k+¢c)2- nl o + ap_pyzkte = 0

from which we obtain

[(k+c) — n?ax + gy = 0 (1)

If k=0, (c2—n%ay =0; and if ay 0, we obtain the indicial equation ¢2—n? = 0 with roots ¢ = *n,

Case 1: c=n.
From (1), [(k+n2—n2a +aey = ¢ or k2n+ha,+aey = 0
If k=1, a,=0. If k=2, a = ——% . If k=3, az=0. If k=4 ay = —— 2 -
‘-— ’ al— . -—ay ar2 —_— 2(21{,4—2). i 19 as— . =4, 0,4 = 4(2n+4) =
o , etc. Then
2+4(2n + 2)(2n + 4)
f 22 z‘ hY
Y frad 2 k+c — n 1 — —— —_— e 2
O 2 %o? i BEn+2) | 2 A@n I @ Td) } @)
Case 2: ¢=—n.

The result obtained is

22 P
Y = -n —_— E———— _— e
Bo? {1 22—2m) | T AGatHEATD } @
which can be obtained formally from Case 1 on replacing n by —n.

The general solution if n » 0,=1,%2, ... is given by
Y = Az4{1 — z z — e
: { 2ent2) T TACRTOERT D }
22 24
-n — ——— —-— Py
+ Bz {1 2@ —2n) © 7A@~ Zm)d—2n) } @
If n =0,%£1,%2,... only one solution is obtained. To find the general solution in this case we

must procead as in Problems 1756 and 176.

Since the singularity nearest to z =0 is at infinity, the solutions should converge for all z. This
is easily shown by the ratio test.

SOLUTION OF DIFFERENTIAL EQUATIONS BY CONTOUR INTEGRALS

25.

(2) Obtain a solution of the equation 2¥” + (2n+1)Y" +2Y = 0 having the form

Y = § e*G(t)dt. (b) By letting Y = 2'U and choosing the constant r appropriately,
c

obtain a contour integral solution of 22U” + zU’ + (22 —n2)U = 0.

(@) If ¥ = § et G(t)dt, we find Y’ = f tet G(t)dt, Y = § t2 et G(t) dt.
c c c
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Then integrating by parts, assuming that C is chosen so that the functional values at the
initial and final points P are equal [and the integrated part is zero], we have

Y = ffze”G(t)dt = e"G(t)P - §e=‘G’(t)dt = —§ et G'(t) dt
P c o

c

2n +1)Y’

§ (2n + 1)t e2t G(t) dt
C

Y — i zt2 ezt G(t)dt = \i (ze"){t2 G(t)} dt

= e*'{ﬂG(t)}r - § ezt {12 G()Y dt
P

c

= —‘9[; e% {12 G(t)}’ dt

c
Thus
Y + n+ 1Y + Y = ¢ = § e [—G'(t) + (2n+ 1)t G(¥) — {2 G(¥)}'] d¢
c
This is satisfied if we choose G(t) so that the integrand is zero, i.e.
~Gt) + @+ 1EGE) — {RCEHY =0 or Gt = %—iﬁ(;(t)

Solving, G(t) = A(12+1)"~% where A is any constant. Hence a solution is

Y = A§ et (24 1)n—1/2 gt
(&

(b) If Y=2U, then Y’ = 27U’ + 72"~ and Y” = 2U" 4+ 2rz"~ 10U’ + r{r — 1)2r—2U. Hence

2Y' + @n+1)Y + 2Y = 207 + 2rzU 4+ rr—1)z7-1U
+ @+ 1z7U’ + @n+1rzr—tU + 241U

21U+ [2rz 4 (2n+ 1)27|U’
+ [r(r—1)2"1 + @n+ 1)rer—1 + 2r+1jU
The given differential equation is thus equivalent to

2U" + @r+2n+1)2U + [22472+20r]U = 0

Letting r = —n, this becomes 22U" + 2U’ + (22—n2)U = 0.

Hence a contour integral solution is

U = 22Y = Az"fe“(t2+1)”—”2dt
c

26. Obtain the general solution of Y””—8Y’+2Y = 0 by the method of contour integrals.

Let ¥ = § et G dt, Y = § tet G(t)dt, Y" = § t2 et G(t) dt. Then
C C C

Y" -3V +2Y = § et (2—3t+2)G(t)dt = 0
c
is satisfied if we choose G{t) = 1/(t2 — 3t +2). Hence
' t
Y = § —__ez dt

If we choose C so that the simple pole £ =1 lies inside C while ¢ =2 lies outside C, the integral has
the value 2ziez. If t=2 lies inside C while ¢t =1 lies outside C, the integral has the value 2zie2

The general solution is given by ¥ = Ae* + Be2s,
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BESSEL FUNCTIONS

27.

29.

Prove that 2zJa-1(2) — 20Ja(2) + 2Jn+1(2) = O.
Differentiating with respect to ¢ both sides of the identity

eYaz(t—1/t) = i J"(Z) tn
yields | =-
e'ﬁ'“"l“’{z(l+1)}» = n§n§<l+%f)J“(’)t" = 3 an@e
ie., S e + 3 a@et = 3 ams@e

n= —o n=—aw n= -
Equating coefficients of t* on both sides, we have
ZJ,,(Z) + zJﬂ+2(z) = 2(1!+1)J,.+1(Z)
and the required result follows on replacing n by n — 1.

Since we have used the generating function, the above result is established only for integral
values of n. The result also holds for non-integral values of n [see Problem 114].

b Y AN 1 A(‘ 2 - 1 VL ad s __%2ay ¥ -
Prove al%) = i J’ 17" e TV ag, here ( 18 a simple closed curve enclosing
t=0. ¢
Wa have ghaz(t—1/t)  — i Joiz)tm
m=—ew
[
so that t—n—1 glaz(t—1/t) = S tm-n-1 I (2)
m=-—uw
0
and § t—n =1 gtaz(t—l/t) g = S Ja2 § tm—n—ldt 03]
Jo m=—e o

Now by Problems 21 and 22, Chapter 4, Page 108, we have

(25-1 if m=n

i 0 if m»n
Thus the series on the right of (1) reduces to 2riJ,(z), from which the required result follows.

it’ﬂ""—i at = @)

Prove that if a + b,

fzt.l,.(a.t) Ju(bt) dt = z{aJn(bz)Ji(aZ) — bJn(az) Ja(b2)}
0 2 _ a2

Y, =J,(at) and Y, = J,(bt) satisfy the respective differential equations
(1) 8Y] +tY; + (@2—-n)Y, = 0

(8) 8Yy +tY; + (b2 —n2)Y, = 0
Multiplying (1) by Y,, (2) by Y; and subtracting, we find
(Y, Yy — Y, Y)) + (Y,¥, - Y,Yy) = (b2—ad)2Y,Y,
This can be written P
tZ(Yo¥] — YY) + (Y, ¥ - ¥, ¥y = (b2—ad)tY,¥,
d 174 v/n /39 NV vV
or d_ Vi—-Y Yy = {(B-a)t¥, Y,
Integrating with respect to ¢t from 0 to z yields
(bZ—az)f tY,Y,dt = HY,Y|— ¥,¥) :
or since a % b 0 , ,
% ' _ z{aJ,(b2) J,(az) — bJ,(az) J,(b2)}
J; tJ,(at) J(bt) dt = L
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1
30. Prove that f Pn(2) Pr(z)dz = 0 if m»=n.
-1

We have (1) (1—=P, — 2zP,, + m(m+1)P,, = 0
(® (1—2)P! — 2P, + nn+1)P, = 0
Multiplying (1) by P,, (2) by P,,, and subtracting, we obtain
(1—2{P, P, — PPy} — 2¢{P,P,, — P,P,} = ({n(n+1)— mm+1)}P,P,
which can be written '
(=28 - {PuPp — PuPy} — 28(PaPp—PuPi} = (n(n+1) — mim+1)} Py P,
] ‘ A .
or -t-i'-'; {(Q1—22(P, P, — PPy} = f{nn+1l) —mm+1)}P,P,
Integrating from —1 to 1, we have
1 1
(a4 1) = mim+1) | Pu@ Paddz = (1= Py P — Py Py)
-1 -1

from which the required resuit follows, since m = n.

287

The result is often called the orthogonality principle for Legendre polynomials and we say that

the Legendre polynomials form an orthogonal set.

1

2
31. Prove that f Po(2) Po(2Ydz = /—— if m=n.
-1 (2) Pa(2) 2n +1

Squaring both sides of the identity,

1 0
—_— — K D 1.\ 4n
1— 2zt + 2 nmo M
: 1 _ T ¥ m+
we btain e B LI

Integrating from —1 to 1 and using Problem 30, we find

1 d &= L 1
f i-— 2:t+ 12 - m2=o ngo {f Pm(z) Pu(z) dz} tm+

1
{ f (P, (2))2 dz} 2n
n=0 -1

1 _ 1 1+t _ ow 2
I tln<1—t> ,§0{2n+1

I
s

But the left side is equal to

—-2%ln(1—22t+t2)

n

} t2n

-(®

using Problem 23(c), Chapter 6, Page 156. Equating coeficients of £2* in the series (7) and (2) yields

the required result.

32. Prove that (n+1) Pa+1(2) — (2n+1)2 Pa(2) + nPa-1(2) = 0.
Differentiating with respect to ¢ both sides of the identity

l 0
—_— P, (z) t»
Vi—2zt+ 8 ,2, we)
—¢ &
we have P2t ___ = I aP,(z)tr?

(1 — 22t + 12)8/2 ne=0
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Then multiplying by 1— 22¢ + {2, we have

(z—1t) io Pyz)tr = (1—2zt+¢2) ﬁonp,,(z) tn—1
n= n=
or S zP,(z)tr — i P,(z) tnt1 = i n P,(z) tn—1 — i 2nz P, (2) t»
n=0 n=0 n=0 n=0

[
+ 3 nP,(z) tr+!
n=0
Equating coefficients of ¢* on each side, we obtain

2Pu(z) — Ppy(2) = (n+1)Ppyy(z) — 2nz2Pu(2) + (n—1)Py_y(2)

which yields the required result on simplifying.

4
. _ * b +1)b(0+1)
b: ¢ = a9 ela+1)bd+1) 0 , ..,

Since F(a,b; c; 2) 1+ T 0% + T8+ 6(e+ 1) 2 + we have

- (1/2)(1/2) (1/2)(8/2)(1/2)(8/2)
. 8/9.,2) = LIaN/4) o
F(1/2,1/2; 3/2; 22) L+ Tomm ® + Tevamam.® -
o (1/2)(3/205/201/2)3/2)(5/2) 6
1-2+3+(8/2)(6/2)(7/2)

- ¢o 122  1-34  1.3.58 , = _ sin"lz
- " 728 T 2.4 " 2:4-67 T - z

using Problem 89, Chapter 6, Page 166.

THE ZETA FUNCTION

34. Prove that the zeta function ¢(z) = kz % is analytic in the region of the z plane
=1

for which Re{z} = 1+8 where § is any fixed positive number.
Each term 1/k* of the series is an analytic function. Also, if =z Re{z} =2 1+ & then,

1 1 1 _ 1 1
k= ezlnk eTink — =z = fAEX ]

@0
Since 21/k'+8 converges, we see by the Weierstrass M test that kEJ}; converges uniformly for
Re{z} = 1+3. Hence by Theorem 21, Page 142, {(z) is analytic in this region.

ASYMPTOTIC EXPANSIONS AND THE METHOD OF STEEPEST DESCENTS
35. (a) If p > 0, prove that

F(z) = ”%;dt = e"{;l-;,— P pE+1) ---(—1)np(1’+1)"-(1’+n—1)}

A zp+l zp+2 zp+,.

n Y et
+ (-1) +1p(p+1)---('p+n)J(: Wdt

(b) Use (a) to prove that
Tt 1 +1 -
F(Z) = I gtTdt ~ e"‘{z—,— z£1‘+ p(p ) _— -..} = S(z)

z?"'z

i.e. the series on the right is an asymptotic expansion of the function on the left.
(a) Integrating by parts, we have
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fM (—e=t)(—pt- v~1)dt}

. e~? e~ et
= A}]-Tw{zﬂ - M" - pf F’—ﬁdt}

Similarly, Ip+, :p+1 (p+1)1,,; so0 that

_ e—z e—z2 ‘ _ e—% p
I" - 2P - p{zp+l P+2} - pr - ZP+1 + plp+ 1)

By continuing in this manner, the result follows.

i r‘_l_ n nin 4 1) olp 4+ 1) ,l,..L,..EI\\
®) Let Sxa) = 5 -~ ont e (CrEEEICEERSS . Then
R = F@) = S = ()ippr im0t a
z
Now for real z > 0,
e ) ) -t
|Ba(2)] = pp+1)- (P'l“n)J Wdt = pp+1):-- (P+”)J p+n+1 dt
< plpt+1)--(p+tmn)
- zF+ﬁ+1
40 -
since f e~tdt = f e"tdt = 1
z 0
1)
Thus lim |#Ryz)| = lim P2 ’z, tn _
Z=> 0 ]
and it follows that lim 2" R, (2) = 0. Hence the required result is proved for real z>0,
Z =0
The result can also be extended to complex values of z.
. Un+1 (p+1) --(p+n)/eptntl ptn ;
N " p(p = , wh
ote that since l 20 +1) (0 F = D)/ *" ™ where u, is the nth
u,
term of the series, we have for all fixed 2, lim ;H = = and the series diverges for all 2
by the ratio test. n—tc "

zp—2 _1__ 1 —_ 139 v
36. Show that  I(z+1) ~ V2rzz'e {1 T 12z T 2882 T 518407 }

L
We have T'(z+1) = f 72 ¢e—7dr. By letting r = z¢, this becomes
0

L] 0
riz+1 = zz+1f tze-ztdt = zz+1f ex(int —t) J¢ (¢))
0 (]
which has the form (87), Page 274, where F(t) = Int — t.

F’(t)\=0 when t=1. Letting ¢t = 14+ w we find, using Problem 23, Page 154, or otherwise, the
Taylor series

2 3 4
Fit) = Int—t = In(l+w) —(1+w) = [w-—L X _¥ .. \—1-w
\ 2 38 4
g wt o wd wt (=1 (a—1)s_(e—1)4
- 1 2 3 4 - 1 7 T 3 st
b 3 4
Hence from (1), TI(z+1) = z'“eﬂf e—z(t—1)¥2 g2t /3 —2—D/d+ o gy
[}

&

0
zl‘l‘l’—zf e~ 2wt/2 ezw'/s—m4/4+ - dw
-1
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Letting w = V2/zv, this becomes

I‘(z+1) = .ﬂzl'fl/z ez J‘” e—V' e$2/3) \/Ez‘ll'v’—z‘lv4+ o dv (3)
[T
For large values of z the lower limit can be replaced by —«», and on expanding the exponential we have
re+1) ~ \/Ezzwze—zf" e~ {1 + (FVE2-VEod — 2-1p8) + +. ) do 4
or rz+1) ~ szz'e"{l + = 1 + 12— =1I;:3‘£1J+ 1 %)
12z 89z2 Vv i,02VZ" J
Although have proceeded above in a formal manner, the analysis can be justified rigorously
Another method,
—1)2 —1)8 — 14
i Py = -1-UI° L D8 @Vt e then
2 3 4
—1)2 —1)3
u? (t—12 (t—1) 4 .

2 3

and by reversion of series or by using the fact that /(i) = int— ¢, we find

an by + biu + bou? + = V2 + ri + 216 % +
Then from (41), Page 275, we find
T{z+1) ~ _AEzZ'#-lez(lnl—l) L/: +~l/ﬁ\i 1-3 /£\l + 1
v \' VY 2\6/z " 2-2\216/ 22 -
> ~ Ow » n—,f ; 1 £ .==]
Or I‘("’ + 1) \ 2 27'” ~2 o z 11 + 12: + 28822 T j

Note that since F"’(1) = —1, we find on using (42), Page 275,
‘ I'(z4+1) ~ V2rzzze =

which is the first term. For many purposes this first term provides sufficient accuracy.

ELLIPTIC FUNCTIONS

37. Prove (a) 7z 8n2 = cnzdnz, (b) icnz = —snzdnz.

By definition, if z = f then w = snz. Hence
0 \/(1 - t’)(l - k%ﬂ

(a) % (snz) = %‘:— = 1(defdw) = V(I—-wd(1—k*w?) = cnzdnz
4 = 4= 2 = - ~12 8
(b) I (cn 2) % (1 — sn22)! 11 — sn22)~172 - (—sn%z2)
= §(1 —sn2z)~V2(—2snz2)cnzdnz) = —snzdnz
38. Prove (a) sn(—2z) = —snz, (b) en(—2) =cnz, (¢) dn(—2z) = dnz.
(a) If z = rw = ndt , then w = snz. Let t = —r; then
Yo V(1—%)(1— k%)

_ J'-w dr o dr
o Vai-oi-km °F "'J; V=) -k’

ie. sn(—2) = —w = —snz
@) en(-2) = V1 — sn? (-2) = V1—s8n?z = enz
(¢) dn(—2z) Vi—kemi(-2) = V1 — k®sn®z = dnsz

i
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39. Prove that (a) sn(z+2K) = —snz, (b) en(2+2K) = —cnuz.
We have z = f N sothat ¢ = amz and sing = snz, cos¢ = cnz. Now
o V1 — k2sinZe .
J"’” ds _ f” de + f"*” de
() V1 — k2 sin2¢ o V1 — k2 sinZ¢ - v1 — k2 sin2¢
/2 de ] d
= 2 r y— r ——-—L——,_______.___
Jo V1 — k2gin2e Jo V1 — k2sgin2y
using the transformation ¢ = r+y. Hence ¢ + 7 = am(z + 2K).
‘Thus we have
(a) sn(z+2K) = gin{am(z+2K)} = sin(¢+#) = —sing = —snz
B en(z2+2K) = coe{am(z+2K)} = coslp+7z) = —coggp = —cnz
40. Prove that (a) sn(z+4K) = snz, (b) en(z+4K) = cnz, (¢) dn(z+2K) = dnz.
From Problem 39,
(a) sn(z+4K) = —sn(z+2K) = snz
(0) ecn{(z+4K) = —cn(z+2K) = enz

(¢) dn(z+2K)

V1 — k2 sn2 (z + 2K)

1

V1—4k2sn2z = dnz

Another method. The integrand

has branch points at ¢t = *1 and ¢ = *1/k in the
V- ) - ko) P ’

t plane [Fig. 10-10]. Consider the integral from 0 to w along two paths C; and C,;. We can deform
C, into the path ABDEFGHJA + C;, where BDE and GHJ are circles of radius ¢ while JAB and
EFG, drawn separately for visual purposes, are actually coincident with the 2 axis.
t plane t plane
vy U}
/__——710 /w
Cl Cl
D .. o ML BTN
-1k \ -1 /} 1k —Uk NS TSR L Wk
C.
Fig. 10-10 Fig. 10-11
We then have
f“’ dt . 1= dx + J‘ dt
&0 V(1 — 31 — k2¢2) o VA =21 — k2?) BDE V(1 — £2)(1 — k2¢2)
0 —-1+¢
d
+ f z + J‘ dz
1—e—V(1 —2?)(1— kzxz) 0 V(1 — 221 — k22?)
* f \r——— “f =
GHs (1 — (1 — k22 1+¢ V(1= 22)(1 ~ k2z2)

1-
4f
0

+
sbe VI — B)1 - k222)

dt

V’l - tﬂ)(l k2t2)

¢ dz w dt
Vi cf" Vi — 21 - k)
dt ' dt

+
iny —VA =81 = k2e2)

where we have used the fact that in encirciing a branch point the sign of the radical is changed
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On BDE and GHJ we have ¢t = 1 —ecei® and t = —1 + e6®® respectively. Then the corresponding
integrals equal

f i —ieei® do o, J‘" /3 dg
= —iye
0 V(2 — ee'¥)(ee?®) {1 — k2(1 — ¢6')2) 0 V(2 — eel®){1 — k3(1 — ee¥®)3)

fz " _deet? de - f"" 6’2 dg
¢ V(ee?)(2 — ee!®){1 — k2(—1 + €c)2} 0 V(2= ee®){1 — k3(—1 + 6'¥)2}
As ¢~ 0, these integrals approach zero and we obtain
l dt rl de v ¢

L - 4 —_— +
Ezo V(1 — (1 — k22) Jo V(1 — a2)(1 — k323) 51’0 V(1 — t3)(1 — k3t3)

W -
Now if we write z = J o ’ ie. w=snz
é° Vi -1 - k2t2)
then 24+ 4K = ie. w = sn(z+4K)

J"” dt
a0 V- -k’

s A ~ — _ 3 L an r ¥ a T
and since the value of ‘w is the same in both cases, sn(z+ 4K) = snz.

Similarly we can establish the other results.

Prove that (a) sn (K +iK’) = 1/k, (b) cn(K +iK’) = —ik’/k, (¢) dn(K +iK’) = 0.
dt
VA -1 —k2e) '

Let v =1/V1—-k?22, When t=0, u=1; when t=1, u=1/k. Thus as ¢t varies from 0 to 1,
u varies from 1 to 1/k. By Problem 43, Page 56, with p = 1/k, it follows that V1—¢ =
—ik'u/yV1—k%uf. Thus we have by substitution

1/k
. du
K = —1f
- In Y 10 o\

1 17k 1/k
K+ ik = J‘ du + J‘ du - f du
o V(1 —u?)(1— k2u?) 1 V(1 —ud)(1 —k3u?) o V(1—ud)(1-k%?)
fe. sn(K+iK") = 1/k.

where k' = {1 —k2.

1
(a) We have K' = f
o

from which

(3) From Part (a),
en(K+iK) = Vi -smd(K+iK) = Vi—-1k = -ifi-k/k = —ik'/k

(¢) dn(K+iK') = Y1 —ik2san2(K+iK') = 0 by Part (a).

Prove that (a) sn(2K+2iK’) = 0, (b) cn (2K+2iK") = 1, (¢) dn>(2K+2iK') = -1
From the addition formulae with z; = z; = K+ iK', we have

(® en(2K+2ik) = MK+K) — s?(K+iK') dn? (K +iK')
1 — k%sni (K +iK")

gen — dn2(K+iK") — k2 an? (K + iK") en? (K + iK')
2 =
() dn (2K + 2iK’) T — & ent (K + iK')

o

=1

-1

Prove that (a) sn(z+2iK’) = snz, (b) cn(z+2K +2iK’) = cnz, (¢) dn(z+ 4iK’) = dnz.
Using Problems 39, 42, 170 and the addition formulae, we have
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(a) an(z+ 2¢K’) sn (z — 2K + 2K + 2iK’)
sn (z — 2K) cn (2K + 2iK') dn (2K + 2iK’) + sn (2K + 2iK’) en (z — 2K) dn (z — 2K)

1 — K2 sn?(z — 2K) sn? (2K + 2iK")

= 8nz

cnzen(2K+2iK') — snzsn(2K+ 2iK') dn = dn (2K + 2iK’)

(b) en(z+2K +2iK') 1 — kZsnZz sn? (2K + 2iK)

= ¢nhz

(¢) dn(z+4iK") dn (2 — 4K + 4K + 4iK")

dn (z—4K) dn (4K +4iK') —~ k2 sn (z—4K) sn (4K +41K’) cn (z—4K) en (4K + 4iK')
i — Ksn 2(z 4K) sn? (4K + 4iK")
= dnz
44. Construct period parallelograms or cells for the functions (a) snz, (b) enz, (c¢) dnz,

| | N
T
|| !
L Ll
| o
[ i
- L
[ b
Period Parallelograms Period Parallelograms Period Parallelograms
for sn z for cn z for dn 2z
Fig. 10-12 Fig. 10-13 Fig. 10-14

MISCELLANEOUS PROBLEMS
45. Prove that P.(z) = F(-—n,n+1; 1;1—'5'—"), n=101283,.

The Legendre polynomials P,(z) are of degree n and have the value 1 for 2 =1, Similarly from
(29), Page 273, it is seen that

F(—n,'n+1; 1; 1'-%£> = 1 - ’_‘ﬁl";_l)(l...z) + ”("‘1)(nl;'1)(n+2)(1_z)2 4 e

is a polynomial of degree » having the value 1 for z=1.

The required result follows if we show that P, and F satisfy the same differential equation. To
1 —_
do this, let

2= u, l.e. z=1-—2u, in Legendre’s equation (25), Page 272, to obtain

2
d
u(lﬁu)%—?;- + (1—2u)§1-‘IC + nn+Y = 0
But this is the hypergeometric equation (30), Page 273, with a = —=n, b = 2a+1, ¢ = 1 and

u = (1 —2)/2. Hence the result is proved,

46. Prove that for m = 1,2,8, ...,
1 2 3 o m—1 _ (277)(1'!—1)/2
() ()T <’ﬁ) r(% ) Tym

We have
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Then multiplying these products term by term and using Problem 18 and Problem 52, Page 25,
we find
- 1 1 2 —2\{... D\ /1 :
. ko= {1‘ (—)l‘(l —;)}{r (m> r (1 m)} {r (1 m) r (m)}
- LA . x v -—'—-
sin (z/m)  sin (2z/m) sin (m — 1)z/m
_ am—1 _ gm—1 _ (2,)1!!—1
" sin(z/m) sin (2z/m) - - - sin (m — D)z/m  m/om-1 m
or P = (24)m~1/3/\/m, as required.
47. Show that for large positive vaiues of z,
2 Nr L
Ja(z) ~ —co8(2——F5 —
n( ) ‘v L7 \ 1 4)
By Problem 33, Chapter 6, we have
1 o7 1 ¢ b
Julz) = = J cos(nt — zsint)dt = Re i— e~ int glzsint dt}
T Jy T J
=0 where t=2/2. If we let. ¢t = /24 v, the integral

Let F(t) =isint. Then F'(t) = icost

in braces becomes

/2
= e—in(m/2+v) gizsin (¥/2+v) dv -
w "—1r/2 T J—‘ll'/z
_ /2
— e_inm2 e—iny glz(1—v¥/2 4 0424 — .. ) g
T v —r/2
- /2
gitemn/2) f e— N0 g—isvd/2 +ivd/2: — - gy
L v w2 <
Then the integral can be ap-

Let 2 = —2iu?/z or v = (1—du/Vz, ie u = J1+)Vzv.

proximated by
1-1 i__’_‘___"m f e~ (1+Dnu/VE g—ut— ut/6z — ... dy
Vz e
or for large positive values of z,
- {(z—nr/2) . — f(z—nn/2)
(1—19) e\/; J"ﬂ ot gy = (1 ‘l!\;_z
T — .
and the real part is B
s (o= 4 i (o= 1{1 (,_"_r_z
iy 08 2 sin 3 = el 2 1

Higher order terms can also be obtained [see Problem 162].

48. If C is the contour of Fig. 10-15, prove that for all values of z
— 1 § z—l. ~-t
() = P g t:"le-tdt
Referring to Fig. 10-15 below, we see that along AB, t =z along BDE, t = ¢¢%; and along EF,

t = xe2", Then
t:=le-tdt = J'! x*"le~Tdy + f“ (ee¥)z—1 g—ce? i gi0 do
R °

ABDEF n
+ f zz—1g2mitz—1) 3=z o
€

R 7 ”
= (e?wiz — l)f gr-le~=dx + if o ¢idz g e dy
€ 0
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t plane

Now if Re{z} > 0, we have on taking the limit ag e > 0
and R -+ =,

f tr—le—tdt = (e2™z — l)f 22 le~z dg
c 0

= (e?7z — 1) I'(2)

)
] e
8

But the functions on both sides are analytic for all z.
Hence for all z,

F(Z) = ZEEI_—I'i tx—1e—tdt

Fig.10-15
49, Prove that sn(zi+2) = snzicnz:dnzz + cnzisnzzdnz
: 1 — k?sn?z sn?z, '
Let z,+2;, = a, & constant. Then dzfdz; = —1. Let us define U = sngz;, V = snz,. It
follows that
aw _ g ] w _ o _avdm
d_z; = = Cnz,dngz,, d.li = ng dz, = cn 2z, dn 2y
where dots denote differentiation with respect to z;. Then
U2 = (1-UB(1— KUY  and V2 = (1- V(- KV
Differentiating and simplifying, we find
) U = 2kU% - (1+k)U, @ V = 2%V8 — (1+ )V
Multiplying (1) by V, (2) by U, and subtracting, we have
UV — UV = 2kUVU?2 - V?) @)
It is easy to verify that w2 — U2v: = (1 — KRRURVE(V2 — U2) )
L] L] — 2 2 — 2
or Ov -y = Q- kUWVEVE - U (5)
Uuv + UV
Dividing equations (8) and (5), we have
Uv-UV _ —2uv@y + Uv) ®)
v — uv 1 - K2UV2
Bit OV-UV = Z@OV-UV) and -20UVOV+UY) = 21— KUV, so that (6)
zl dzl
becomes . .
dUV —-UV) g1 - x2U2ve)
ov—uv . 1-kUWT
. L Uv—uv _ .
An integration yields T—TaevE ¢ (a constant), i.e.,
snzycnzydnz; + enzysnzygdnz c
1 — k2sn®z; sntz,
iz a solution of the differential equation. It is also clear that 2;+2z; = o is a solution. The two
solutions must be related as follows:
d +
snz; cnz; dn z, €n 2z, 8n 2, dn 2, = Fe+2)

1 — k?sn?z,sn?z,

Putting 23 = 0, we see that F(2;) =snz;. Then F(z;+2z;) = sn(z; +2z;) and the required result
follows. .
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Supplementary Problems
ANALYTIC CONTINUATION
(a) Show that Fy(z) = z+ 422+ 423+ 424+ ... converges for |2/ <1.
. A\ 2 _ 3
(b) Show that Fy(2) = }«i — }In2 + (E) + % G’:—:> + %(;_:) + +-+ converges for

51,

52.

53.

54.

56.

517.

lz—i] < V2.
(¢) Show that F((z) and F,(z) are analytic continuations of each other.
(d) Can you find a function which represents all possible analytic continuations of F,(2)? Justify
your answer,
Ans. (d) —In(1—2)

A function F(z) is represented in |2—1| < 2 by the series
' S (=Dt (z— 1)
n§0 22n+1

Prove that the value of the function at z =156 is 1/18.

() Show that F(z) = f (1+t)e—2tdt converges only if Re{z} > 0.
Yo
(b) Find a function which is the analytic continuation of F(z) into the left-hand plane.

Ans. (b) (z+1)/22

(a) Find the region of convergence of F,(z) = f e— G+ dt and graph this region.
0

(0) Find the value of the analytic continuation of 'F,(z) corresponding to z = 2-— 41
Ans. (@) Re{z+1}2 > 0, (b) (—7+ 24i)/626

z 22 2t 2/(1—2) it |2| <1
a) Prove that + + F+ .o =
(@) 1-22 1—2¢ 1-2% {ll(l—z) if |2/ >1

(b) Discuss these results from the point of view of analytic continuation.

Show that the series 3 2% cannot be continued analytically beyond the circle l2] = 1.
n=0

If 3 a,2f» has |2/ =1 as a natural barrier, would you expect 3 (~1)"a,z% to have |z]=1 as
n=1 n=1

natural barrier also? Justify your conclusion,

Let {z,}, n=1,2,8,... be a sequence such that lim z, = a, and suppose that for all =, z,,#d.

n=+oe

Let F(z) and G(z) be analytic at a and such that F(z,) = G(z,), » = 1,2,8,....
(a) Prove that F(z) = G(z). (b) Explain the relationship of the result in (a) with analytic continuation,
[Hint. Consider the expansion of F(z) — G(z) in a Taylor series about z =a.

SCHWARZ’S REFLECTION PRINCIPLE

58.

59.

60.

61.

Work Problem 2 using Schwarz's reflection principle.

(a) Given that sin2z = 2sinzcosz holds for all real values of z prove that it also holds for all

snmnlawy waluan of
COmMPpaeX Vaiues o1 2.

(b) Can you use the Schwarz reflection principle to prové that tan2z = (2 tanz)/(1 - tan2z)?
Justify your conclusion.

Does the Schwarz reflection principle apply if refiection takes place in the imaginary rather than
the real axis? Prove your statements.

Can you extend the Schwarz reflection principle to apply to reflection in a curve C?
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INFINITE PRODUCTS

62. Investigate the convergence of the infinite products

A 1 - 1 o cos kx
(@) kI=Il (1 + “,;5). (b) kI;I1 (1 - \/m), (¢) kl;Il <1 +7§:T+-—1>

Ans. (a) conv., (b) div., (¢) conv.

o0
63. Prove that a necessary condition for kH (1+w,) to converge is that lim w, = 0.
=1 n—a
64. Investigate the convergence of (a) ﬁ 1 +l , (B) ﬁ 1+ k , (e} ﬁ (1 + cot—1 k?),
k=1 k k=1 B +1 k=1 :

~—
f< %)
=n

a Ia < {
w8, {a) div,, (b

65. If an infinite product is absolutely convergent, prove that it is convergent.

- 422
66. Prove that cosz = kI=I1<1 m)

ko —kz
67. Show that kl_'_Il (1_ + e_kT> (a) converges absolutely and uniformly in the right half plane Re {z} = 0

and (b) represents an analytic function of z for Re {z} = 0.

O -

68. Prove that (1—%\(1—1\(1—715\--- =
\ et/ \ 4/

\ 3

69. Prove that

——
Jumadk
|
DO =
N
VN
-
+
COf s
N’
—_—
b
|
] -t
N—
i
[T

70. Provethat (a) sinhz = ]I

- 422
(b) coshz = kH 1+i2k_—-]-.-),2?)'

\ /

71. Use infinite products to show that sin2z = 2 sinzcosz. Justify all steps.

72. Prove that kHl (1 + % sin %> (a) converges absolutely and uniformly for all z and (b) represents
an analytic function.
- z
73. Prove that kH (1 + l?) e—%/k  converges.
=1

THE GAMMA FUNCTION
74. Evaluate each of the following by use of the gamma function.

(@) f yde~ dy () f yle~2' dy
0 ’ 0

1 @ [ werynay

» 0

(b) f u3/2¢—3u dy (d) J; {In (1/)}—1/2 d¢t
0 .

Ans. (a) 3/8, (b) V37/36, (c) V2a/16, (d) V=, (e) "(6/8)/V/2

(!l
75. Prove that 1I'(z) = J {In(1/t)}*~1 dt - for Re{z} > 0.
[

76. Show that f (i-;-z-mdx = Tl+p)T(l—-p), —-1<p<1l.
1

77. If m, n and a are positive constants, show that

J‘w am e'-a.‘l'- dx - la—(m+l)/ﬂ I‘ <2‘i.1)
0 n n
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® e“z' T .
78. Show that dt = \I— if Re{z} > 0.
¢ Vit V z

Vi
1
79. Evaluate j' @lnz)dde.  Ans. 24/3125
0
80. Evaluate (a) I(=7/2), (3) [(~1/3).  Ams. (2) 16V/106, (b) — 8 T{(2/3)

81. Show that TI(~}—m) = l(j;)_";ff}{z;:’:_*l’), m=012,....

82. Prove that the residue of I'(2) at z = —m, m = 0,1,2,8,..., is (—1)"/m! where 0!=1 by
definition.

83. Use the infinite product representation of the gamma function to prove that

{a) rizyr(l—zy = m’.rﬁ
(b) 222-1T(z) T(z+4) = VwI(22)

. . _ T
84. Prove that if ¥ >0, IrG@y)| = 1/-———1/ sinhey

85. Discuss Problem 84 if y <0.
86. Prove (a) Property 6, (b) Property 7, (c¢) Property 9 on Pages 268 and 269.

87. Prove that I(})T(3) = 4z2/V/6.

88. (a) By using the infinite product representation of the gamma function, prove that for any positive

integer m, mmE I(2) T(z + 1/m) T(z +2/m) - - - T(z + [m — 1)/m)
T'(mz)

is a constant independent of 2.

(b) By letting z - 0 in the result of (), evaluate the constant and thus establish Property 5, Page 268.

THE BETA FUNCTION
89. Evaluate (a) B(3,5/2), (b) B(1/8,2/83). Ans. (a) 16/815, (b) 24/V38

90. Evaluate each of the following using the beta function.
1 1
(a) f t=1/3(1—t)2/34dt, (b) f w1 —ut)~12du, (c) f‘ (9 — £2)3/2 d¢,
0 0 0
Ans. (a) 42/3V3, (b) #/4, (c) 243+/16, (d) =

o 7
(d)J; Vii—8

91. Prove that Bm+1,m) _ m,
Bm,n+1) n

dy _ _ {r/a)

Vat —yt 4a\/2r .

a
92. If a >0, prove that f
0

93. Prove that = stating any restrictions on p.

. n/2
94. Evaluate (a) & sin® o cost o ds, (b) f Vtan ¢ do. Ans. (a) 82/512, (b) =/V2
0 (]
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1 1 an—1

r n—1 1 .
J £(1+:)mﬁ+n dz where Re{m} > 0 and Re{n} > 0.
0

o

95. Prove that B(m,n) =

[Hint. Let y = z/(1 + x).]

96. Prove that il d“e = T_.
o 1+ 3\/§

97. (a) Show that if either m or n (but not both) is a negative integer and if m+a < 0, then B(m,n)
ig infinite. (b) Investigate B(m,n) when both m and n are negative integers.

DIFFERENTIAL EQUATIONS

98. Determine the singular points of each of the following differentiai equations and state whether they
are regular or irregular,

(@) (1—22)Y" —2Y' +6Y = 0
() 22t —2B)Y" + 2Y' + (22+1)Y = 0

Ans. (¢) z= =1, regular. (b) z =2, regular; z=0, irregular. (¢} 2 =0,1, irregular.

{e) 22(1 —22Y" + (2—2)Y’' + 422Y = 0.

99, Solve each of the following differential equations using power series and find the region of convergence.
If possible, sum the series and show that the sum satisfies the differential equation.

(@) Y"+2Y'+Y =0, () Y'+2Y =0, (¢) 2Y"+2Y'+2Y = 0.
Ans. (@) Y = Ae %4 Bze~*

. L] 4 . - L ]
b Y = A(l—3'+1 4zo_uze+...) + B<z_2_z_“+2 5z7—213 8210+...>

6! 9! 4! 7!
() Yy = Asinz + Beosz
z
100. (a) If you solved (1—23)Y” +2Y = ¢ by substituting the assumed solution Y = Za,z", what

region of convergence would you expect? Explain.

(b) Determine whether your expectations in (a) are correct by actually finding the series solution.

Ans. () ¥ = AQ-s)+ Bz -2 -2 _ & ...
) 13 3:5 5-7
101. (a) Solve Y’ + 22Y = 0 subject to Y(0)=1, Y’(0)=—1 and (b) determine the region of convergence.
24 25 ZB z9 N
Ans. (a) ¥ = 1 —2— + + - — e (b) f2] < =

3*4 46 34478 4+5+8-9
102. If Y = Y, (2) is a solution of Y + p(z} Y’ + q(z) Y = 0, show that the general solution is

e—'p(2)dz

Y = A Yl (z) + B Y] (Z) f {Y (Z)}2 dz

103. (a) Solve 2Y"+ (1—-2)Y' ' —-Y = 0 and (b) determine the region of convergence.

Ans. (@) Y = (A+Blnz)e’—B{ (1+§)+ (1+%+§)+ } (b) |t >0

1i)4. () Use Problem 102 to show that the solution to the differential equation of Problem 103 can be
written as

. :
(b) Reconcile the result of (e) with

105. (a) Solve 2Y" +Y' —Y = 0 and (b) determine the region of convergence.

22 23
Ans. (@) Y = (A+Blnz){(1|)2+(2!)2+(3!)24....}

- 28{(1,)2 (2')2(1+‘})+ 3,)2(1+%+§)+ }
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106. Prove that Y = Ve~#?¥% gransforms the differential equation Y + p(z) Y’ + q(z)Y = 0 into
V" + {q(2) — 42'(z) — }[p@)2}V = o0

187. Use the method of Problem 106 to find the general solution of z¥Y"' + 2Y’ +2zY = 0 [see Prob. 99(c)].

SOLUTION OF DIFFERENTIAL EQUATIONS BY CONTOUR INTEGRALS
108. Use the method of contour integrals to solve each of the following.
(@) Y'—-Y' —2Y =0, (b) Y'+4Y' +4Y =0, (¢) Y" +2Y"' +2Y = 0.
Ans. (@) Y = Ae2+Be~%, (b) Y = Ae2:+ Bze2%, (c) Y = e—*(A sinz + B cosz).

"+{@a—2)Y' —bY = 0, where Re{a} >0, Re{b} >0, is given by
1
Y = f est b1 (1 — t)ja—b—1 d¢

o

BESSEL FUNCTIONS
110. Prove that J_,(2) = (-1)»J,(2) for n = 0,1,2,83, ....

1L Prove (@) (1@} = 2 Ju (@), ) & (=0 1)) = —2=" Jpuy ()
112. Show that (a) J(;(z) = —=J;y(z), (b) f BIy(z)dz = 28J5)+ ¢, (o) fz’Jo (2dz = 23J,(2) —
222J,(z) + ¢ "

113. Show that (a) Jya(z) = V2/rzsinz, (b) J_y;3(2) = V2/rzcosz.
114. Prove the result of Problem 27 for non-integral values of n.

115. Show that J3,5(2) sinz — J_5pcos2 = V2/z28.
116. Prove that J,(2) = ${J.—1(2) — Jp+1(2)}.

117. Prove that {(a) J,'(z) = 3{Jn—2(2) — 2 Jo(2) + Jpi2(2)}
(®) 1@ = ${Un-3() — 8Jn_1(2) + 3Unsy(2) = Jpis (@)},

118. Generalize the results in Problems 116 and 117.

T
119. By direct substitution prove that J,(z) = % f cos (z 8in 6) dé¢ satisfies the equation
0

Y+ Y +2Y = 0

« 1
120. If Re{z} > 0, prove that f e~st Jo(ydt = .
0 0 va22+1
121. Prove that: (a) cos(acoss) = Jo(a) — 2 Jy(a) co820 + 2 Jy(a) cosde + ---
(b) sin(acoss) = 2Jy(a)cose — 2J4(a) cos30 + 2 Jy(a) cosbe — .-

122. If p is an integer, prove that ©
Jrlzt+y) = > wln(x) Jo—n(¥)

n=-

[Hint. Use the generating function.]

123. Establish Property 8, Page 271,
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124, If Re{z} > 0, prove that J,(z) = % eh(t—2r/t) t—a—1d¢ where C is the contour of Fig. 10-5,
Page 268. c

125. If Re {z} > 0, prove that

128.

128,

131.

;

T . ©
Ja(2) = %f cos(ng — zsing) dp — % f ¢—n6 —zsinh ¢ gy
0 : 0

zero. (b) Verify that Y, (z) give by equatxsn (22) on P 271 is a solution to Bessel’s equation of
order n
. Show that: (a} 2Y,_;(&) — 20 Y, () + 2Y,+, (&) = O
d d
(b) s MY, (2)} = 22 Y, (2 (¢) a——z-{z‘" Y, (2} = —~z"nY, 4, (2).
Prove that the general solution of
SO PR V. ) R
A L
is V = vz{aJ,(z) + BY,(2)}.
. Prove that J,.,(2) Y,(2) — J,(2) Y,41(2) = 1/z

. Show that the general solution of V” + zm-2V = 0 is

{4 () + 87 (2ewn)}
[ N\ /

7

(e) Show that the general solution to Bessel’'s equation 22¥" + 2Y' + (22— n2)¥ = 0 s

Y = AJ ) + BJ(z)J 12(2)

(b) Reconcile this result with that of equation (24), Page 272.

LEGENDRE FUNCTIONS

132.

133.

134.

135.

136.

1317.

138.

139.

140.

Obtain the Legendre polynomials (a) Py (2), (b) P,(z), (¢) Ps(2).
Ans. (a) §(62° — 32), (b) 3(862% — 3022 + 3), (c) 3(6325 — 7023 + 162)

Prove (a) Poiy(2) ~ Proy(2) = @u+1)P,(2), (b)) (n+1)P,(2) = Py (2) — 2 Py (2).
Prove that P, (2) — (2n+ 1)2P)(z) + (n+1)P)_,(z) = O.
Prove that (a) P, (—1) = (=1)*, (b) Pg,., (0) = 0.

Prove that P,,(0) = t%(%)(g_)(g) e (211,2— 1) = (- 1)n1 3 45 (2‘?2;)1) .

Verify Property 2, Page 272,

If [n/2] denotes the greatest integer = /2, show that
/2l (—1)k (2n — 2k)! ~
K= 2k (n—Fk)! (n— 2k)1 ©

P,y =

Prove that the general solution of Legendre’s equation (1—2z2)Y” — 2zY' + nn+1)Y =
n=201238,... is

Y = AP,(2) + BQ,(2) where Quz) = P (’)f (tz-l){P o)

Use Problem 139 to find the general solution of the differential equation (1 —22)Y” — 22Y’ + 2Y =

Ans. ¥ = Az+B{ +§zln< +})}

is a solution to Bessel’s equation of order

AP

for

0.
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THE ZETA FUNCTION
141. If Re{z} > 0, prove that

- 1+, 1 1 . _ Lfnt"ldt
) = ettt = T@J, F-1
1 1 1 1 _ =z .
142. Prove that — 3 1—3—5 1—55 l—,—ﬁ =7 where 2,8,5,7, ... are the series of
prime numbers.
143. Prove that the only singularity of {(z) is a simple pole at z=1 whose residue is equal to 1.
144, Use the analytic continuation of [{z) given by equation (29), Page 273, to show that (&) {1} = —1/12,

146. Prove that: (a) In(l1+2) = zF(Q1,1;2;—2)

(b) L2 F(1/2,1; 8/2; —22).

147. Prove that co8 2az = Fl(a, —a; 1/2; sin?z2).
d ab
148. Prove that Z Fla,b;e;2) = - F(a+1,b+1; ¢+1; 2).

149. If Re{c—a—b} > 0 and ¢ »* 0,—1,-2,..., prove that
Fla,b;e;1) = L@Te—a—b)

Te—a) (e— B
LN TSy AN ~I

150. Prove the result (31), Page 278.

151, Prove that: (a) F(a,b;¢;2) = (1—2)—9"b F(c—a,c—b;c;2)
b)) Fla,bje;2) = (1—2z)—2 F(a,c—b;¢; 2/[2—1]).

152. Show that for [z—1| < 1, the equation 2(1—2)Y”"+{¢—(a+b+1)z}¥Y' —adbY = 0 has the
solution F(a,b;a+b—c+1;1—2).

ASYMPTOTIC EXPANSIONS AND THE METHOD OF STEEPEST DESCENTS
153. Prove that

" - - 1 1-3 1:8:5-+-@n—1)
gt = e 1 — — —— =~ .. (=1)n
j,; ¢ 2pz 2p%z + (2p%2)3 1) (2p22)"
1°35---(2n+1) (" e—=t
+(—1)n+1 RS | @ dt

and thus obtain an asymptotic expansion for the integral on the left.

154, Use Problem 153 to verify the result ({8) on Page 275.

155. Evaluate 50!. Ans. 3.04 X 10%4

1:3:6--2n—1) _ 1
2.406.-.(2n) V;—,n'

156. Show that for large values of n,
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157. Obtain the asymptotic expansions:

® e—ﬂ’ 1 1 3 1-.8+5 .
@ ) tva¥ 7 2 \/—{ ter T et }

e_zt

1, 28
—— +
o 1+¢

1 3
®) it ~ - 2tm A

158. Verify the asymptotic expansion (49) on Page 2756.
© gt
159. Use asymptotic series to evaluate f -ert. Ans. 915, approx.

160. Under suitable conditions on F(t), prove that
F(0) + F’(ﬂO) + F (0)
z P2 z3

fm e~%t F(t) dt
J, ()

161. Perform the steps needed in order to go from (4) to (5) of Problem 36.

162. Prove the asymptotic expansion (46), Page 275, for the Bessel function.

a0 I8

163. It F(2) ~ i In and G(z) ~ i 0—", prove that:
n=0 2 a=0 2"
S apth
(@ F@)+Gkr ~ I —=
=0 2"
o mass e S Cn X I
() F(zG(z) ~ 2 — where ¢, = 2 by,
- n=0 2 k=0
..... Ay o {‘Q } ~ 7R % aﬂ
i ~ -, ~
04, II [I(2) é prove inat Jz riz) a nﬁz 1) -
165. Show that for large values of z,
-
dt ol 1 . 8 25
o (L+ 9% 2 {21/2 + 823/2 + 128252 +

ELLIPTIC FUNCTIONS
166. If 0 < k < 1, prove that

T/2 de . 1 1-3
p———— = o = 2 4 e
= j; VI= R sinte 2{1"'(2)" +<2 4)" + }

_ 2snzenzdnz 1 —2sn2z+ k2sntz
167. P : === " °, = .
6 rove: {(a) sn 2z T — M antz (b) en 2z T — etz

168. If & = V/3/2, show that (a) sn (K/2) = VZ/3, (b) en (K/2) = V1/3, (c) dn (K/2) = V1/2.

snAd + snB _ -
168. Prove that m = tn *(A + B) dn ‘}(A B).

170. Prove that (a) sn (4K +4iK') = 0, (b) en (4K + 4¢K') = 1, (¢) dn (4K +4iK') = 1.

171, Prove: (o) snz = z — J(1+AkDe® + el + 14k + k925 +
() enz = 1 — }22 + L(1+4kHt + .-
(© dnz = 1 — Jk%? + LK+ o)A + -
© dt 1 1
172. Prove that f = 1x (—)
1 t—1 \/E \/é

173. Use contour integration to prove the results of Problem 40 (b) and (e).
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de (...
174, (@) Show that [, /m = 1+k f vrﬁ- where k; = 2Vk/(1 + k) by using

Landen’s transformation, tan ¢ = (sin 2¢0)/(k + cos 2¢,).
() If 0<k<1, prove that k< k, < 1.

(¢) Show that by successive applications of Landen'’s transformation a sequence of moduli k,,
n=123,... isobtained such that lim k, = 1. Hence show that if ¢ = lim s

L n = o

¢ d¢ Ky ko kg <, @)
= 273 Intan (T +
j; VI— KEsint V PR VI

(d) Explain how the resuit in (¢) can be used in the evaluation of elliptic integrals.
178. Is tnz = (sn2)/(en2) a doubly periodic function? Explain.

176. Derive the addition formulae for (a) en (21 +29), (b) dn(zy+25) given on Page 276.

MISCELLANEOUS PROBLEMS

/2
177, If |p| <1, show that J tan?9de = 1r sec(pr/2).
0
178. I 0 < % < 2, show that (" sin tar = mesc(na/2) .
’ J, & 2 I'(n)
szn 2 A o cos t . PP
179. If 0 <m <1, show that J Star = 7sec (na/2)
0 tn 2 I‘(n)

180. Prove that the general solution of (1—=2)Y" — 42Y' + 10Y = 0 is given by
Y = AF(5/2,-1;1/2;22) + Bz F@3,-1/2;3/2; 22)
181. Show that: (a) f sint3dt = }r(1/8)
0

V3

o T(1/3).

(b) J:o cos t3 dt

182. (@) Find a solution of zY” 4+ Y’ +z2Y = ¢ having the form (In 2) ( 3 akz") , and thus verify
the result (23) given on Page 272. (b) What is the general solution? k=0

183. Use the method of Problem 182 to find the general solution of 22Y" + zY' + (22—n?2)Y = 0. [See
equation (£2), Page 271.]

184, Show that the general solution of zU"” + @m+ 1)U’ + 22U = 0 is
U = 2m{AJ,() + BY, (2)}

185. (a) Prove that 21/2 J,(2i2}/?) ig a solution of zU” — U = 0. (b) What is the general solution?
Ans. (b) Y = 212{AJ, (2i21/2) + BY, (2iz1/2)}

186. Prove that  (Jo(2)}2 + 2{/,(2)}? + 2{Jp(2)}2 + --- = 1.
187. Prove that ezc0ta J o (z gina) = g P, (:C:S a) .

188. Prove that I'(}) = —\V/7(y + 2In2).

* gt - _ 22 2
189. (a) Show that _£ Fdt = -y —mna4 o - By B .
(b) Is the result in (a) suitable for finding the value of eT_tdt? Explain. [Compare with

Problem 159.] 10
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190. If m is a positive integer, show that F(4,—m;4—m;1) =

191. Prove that (1+z)<1—-2‘i)(1 +§)<1—{-> = —.
r(5)r (5

de

w/2
_— & < 1: k2).
192. Prove that L m; D) F(‘&’t *; 1, k )

193. The associated Legendre functions are defined by
PM@) = (- Sop, ()
(a) Determine P§? (2).

(b) Prove that P{™ (z) satisfies the differential equation

: 2
(1=-22Y" — 2’ + {n(n+1) - 1—?75} Y = 0
o )
(¢) Prove that J PM™ @) P™(z)dz = 0 if n*%l,
-1
This is called the orthogonality property for the associated Legendre functions.

Ans. (a) 15z(1 — 22)

194. Prove that if m, n and r are positive constants,
f‘ Pt ) Lt T B(m, »)
o (ztrymtn ™ (14 r)mtn

[Hint. Let z = (r+ 1)y/(r + ).

195. Prove that if m, n, @ and 6 are positive constants,
J' T2 gin?m=1¢ cos?"—14 do . B(m,n)
o f(asin2é + bcos?g)m*n 2an bm

[Hint. Let « = sin?s in Problem 194 and choose r appropriately.]

196. Prove that: (a) % = Ji(2) + 8J5(2) + 6J5(2) + ---

(b) 383 = 12J,(z) + 22J,(2) + B2Jg(e) + ---

197. If m is a positive integer, prove that:

(a) Py,(z) = %{%F(—m,m+;; L2
() Pomes(e) = SLCmIDL, b mt 8 27

22m (m!)2

198. (a) Prove that 1/(sn z) has a simple pole at 2 =0 and (b) find the residue at this pole. Ans. 1

2 = 46:8-10°12-14-16°18 -- -
199, Prove that {P(i)} SV; 5.5.9.9.13.13.17.17---'

200. If |z] < 1, prove Euler's identity: 1+ 21+ 221+ 28)- - == z:)(l =5

201, If |z| <1, prove that (1—2)(1—2%)(1—-2% - = 1 + 21 (—1)7 {zn(3n—1)/2 4 n(3n+1)/2}),
. o=
202. (a) Prove that Z_ 4+ 2 + L + -+- converges for |2/ < 1 and
o] > 1 142z (Q+2(1+22)  [Q+20+20+29
(b) Show that in each region the series represents an analytic function, say F;(z) and F;(2)
respectively.

(E) Are F,(z) and F,(z) analytic continuations of each other? Is F;(2) = Fj(z) identically?
Justify your answers.
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203. (a) Show that the series 2 = converges at all points of the region [z = 1.
ﬂ—l %
(b) Show that the function represented by all analytic continuations of the series in (¢) has a
singularity at 2 =1 and reconcile this with the result in (a).

204. Let 2 a,z* have a finite circle of convergence C and let F(z) be the function represented by all
analytic continuations of this series. Prove that F(z) has at least one singularity on C.

1 + cn 2z

. Prove that a function

205. Prove that en2z + dn2z _ dn? z.
208

which is n wo periods whose ratio is a real

irrational number.

207. Prove that a function, not identically constant, cannot have three or more independent periods.

208. (a) If a doubly-periodic function is analytic everywhere in a cell [period parallelogram|, prove that
it must be a constant. (b) Deduce that a doubly-periodic function, not identically constant, has at
least one singularity in a cell.

209. Let F(z) be a doubly-periodic function. (a) Prove that if C is the boundary of its period parallelogram,
then § F(z)dz = 0. (b) Prove that the number of poles inside a period parallelogram equals the
zeros, due attention being paid to their muiltiplicities.

210. Prove that the Jacobia
1d th

2

211. Prove that (1 + 11—,><1 + %) 1+ %) = - {ra/s) .

y I‘/1+i\] (l‘ /1_1\1

1RSI R )
e L r o 1 2! 4! 6!
212. Prove that | e~ ztanb gy ~ z At E-
0

ave T el s - . (1488 - @2n—101 [ .o
Z13. Prove that P,icosg) = zi 2'4'6--‘ @n) j icosna + mcos(u 2)¢

1:83:2n(2n—2) —
g i @En—-nEn-3 ot }

[Hint. 1—2tcoss + €2 = (1—tel)(l — te—).]

214. (a) Prove that I'(z) is a meromorphic function and (b) determine the principal part at each of its poles.

215. It Re {n} > —1/2, prove that

J.(z) = eizt (1 — t2)n—1/2 d¢

an !
2z r(n+ }) f_l
mgm J;ﬂ cos (z cos 8) sin2" ¢ ds

2”F<m+n+1>
2

m—n+1
r(5)

w/2
217, Prove that f cosP g cosqs do —
0

216. Prove that f tnJ,(t)ydt =
0

xLp+1)
2+p+gqg 2+p—q
+1
2 p( : )p( : )

28 Provethat (TP} = 4v7 f e
0

V1 — 1}sin20.




Abel’s theorem, 142
Absolute convergence, 140, 147, 148
convergence and, 141, 169
of infinite products, 266, 267
of power series, 152
Absolutely convergent series,
140, 141, 147, 148, 152, 1569
(see also Absolute convergence)
theorems on, 141
Absolute vaiue, of a compiex number,
2,4
of a real number, 2
Acceleration, along a curve, 69, 82, 90
centripetal, 82
Addition, associative law of, 3, 8
commutative law of, 3, 8
identity with respect to, 3
inverse with respect to, 1, 3
of complex numbers, 2, 6
of real numbers, 1
of vectors, 10, 11, 16
Addition formulae for elliptic
functions, 276, 296
Aerodynamic theory, 224, 234 -
Airfoil, 224
flow pattern about, 238
Joukowski, 224
Airplane wing, 224 (see alse Airfoil)

Alochra fundamental theorem of
Algebra, fundamential theorem

(see Fundamental theorem of
algebra)
Algebraic functions, 36
Algebraic numbers, 23
Alternating currents, 91
Alternating series test, 142
Amplitude, 4
Analytic continuation, 146, 1569, 265,
277-279
branch points and, 265

Cauchy’s integral formulae and,

278
Morera’s theorem and, 278
of gamma function, 268, 269, 281
of integrals, 265, 279
of series, 146, 169, 265, 279
of zeta function, 273
singularities and, 146
uniqueness theorem for, 2656
Analytic extension (see Analytic
continuation)
Analytic functions, 63, 66
and conformal mapping (see
Conformal mapping)
and continuity, 63, 71, 72
elements of, 146, 265
harmonic functions and, 131
imaginary part of, 84
in neighbourhood of a singularity,
160
necessary and sufficient conditions
for, 63, 72-74
real part of, 84
Analytic part, of Laurent series, 144
Angle, between vectors, 21
Angles, preservation of, under map-
ping, 201, 213, 214, 229 (see also
uaﬁforma- mapping)
Annular region or annulus, 148, 211
mapping of, 211
Anti-derivatives, 95
Arc, 68 (see also Curves)
Area, bounded by a simple closed
curve, 113, 114
of ellipse, 113, 230
of parallelogram, 6, 21
of region, 113, 114
of triangle, 22
Area magnification factor, 201, 214

INDEX

Argand diagram, 3
Argument, 4, 18
Argument theorem, 119
generalization of, 137
proof of, 127, 128
Arg z (sce Argument)
Associated Legendre functions, 305
Associative law, of addition, 3, 8
of multiplication, 3, 8
Asymptotic expansions, 274, 275,
288-290, 294
of Bessel functions, 275, 294
of error function, 275
of exponential integral, 275
of gamma function, 275, 289, 290
special, 275
Stirling’s, 275
Asymptotic series, 274 (see also
Asymptotic expansions)
Attraction, of electric charges, 238
Axiomatic foundations of complex
number system, 3, 13, 14
Axis, imaginary, 4
real, 4
x and ¥, 38

Base of logarithms, 35
Bernoulli numbers, 171, 273
Bernoulli’s theorem, 238
Bessel functions, 161, 270, 271
asymptotic expansion for, 275, 294
generating function for, 271
of first and second kinds, 271
recursion formula for, 271, 286
Bessel’s differential equation, 270,
27
general solution of, 271, 272, 284
Beta function, 222, 269, 282
relation of, to gamma function,
269, 282
Biharmonie equation, 263
Bilinear transformation, 35, 203, 216,
217
cross ratio of, 203, 216
transformation of circles into
circles using, 217
use of, in mapping circle on to half
plane, 203, 204, 216, 217
Binomial coefficients, 16
Binomial formula or theorem, 16, 143
use of, in obtaining Laurent series,
157, 158
Blasius, theorems of, 238, 250-252
Bolzano-Weierstrass theorem, 8, 23
Borel-Heine theorem, 8
Boundary conditions, 232
Boundary, natural, 146, 159, 265
points, 7, 22, 23
transformation of, on to real axis,
205, 221, 228
Boundary-value problems, 232, 243,
244
Dirichlet and Neumann (see
Dirichlet problem and
Neumann problem)
existence of solutions to, 232
Bounded functions, 39

seguancas 141
SEQUCNCES, 452

sets, 7, 22, 23
Bound, least upper, 62, 93
Branch cut, 37, 44
Branch lines, 37, 44, 48-50
Branch, of a function, 38
Branch points, 37, 44, 48-60, b5, 56,
67, 76, 80, 145
and analytic continuation, 265
integration involving, 185, 186,
193, 194
of logarithmic functions, 46, 76, 80

307

Branch, principal, 33, 44, 46, 48

Cables, transmission line, 256
Capacitance, 240, 255, 256
Capacitor, 240

Cardioid, mapping of, 210, 229
Casorati-Weierstrass theorem, 145
Cauchy-Goursat theorem, 95, 103-106

(see also Cauchy’s theorem)
converse of (see Morera's theorem)

prooE (;'fv };;vci;;éi‘piglygon, 104,
105

proof of, for multiply-connected
wacsiana 108
Fegions, 1vu

proof of, for simple closed curve,
105, 106

proof of, for tnangle, 103, 104

Cauchy principal value of integrals,
174
Cauchy-Riemann equations, 63, 72-74
gradient and, 70
harmonic functions obtained from,
73, 74
polar form of, 83, B4
proof of, 72, 78
Cauchy’s convergence criterion, 141
Cauchy’s inequality, 118, 124, 169
proof of, 124
Cauchy’s integral formulae, 118
120-123
and related theorems, 118-138
for multiply-connected regions, 123
proof of, 120-122
use of, in analytic continuation, 278
Cauchy’s integral theorem (see
Cauchy’s theorem)
Cauchy’s theorem, 95, 103-106 (see
also Cauchy-Goursat theorem)
consequences of, 96, 97, 106-108
converse of (¢ee Morera’s theorem)
proof of, 103
Cavitation, 259
Cell, 276, 293
Centripetal acceleration, 82
Centroid, 114
Chain rule, for differentiation, 65, 77,
84, 85
proof of, 84, 85
Change of variables, in integration,
93
Channel, mapping of, 208, 211
Charge distribution, 239
Charge, electric, 238
line (see Line charge)
potential due to (see Potential)
Christoffel-Schwarz transformation,
204, 218-223
Circle, harmonie functions for, 119,
120
mappings of, 203, 204, 207, 216, 217
of convergence, 140, 143, 150
Poisson’s integral formulae for,
119, 129, 130, 233
unit, 5, 201
Circular obstacle, flow around, 237,
238, 246, 250
Circulation, 234, 249
about a vortex, 249
flow with, 236, 249, 250
cis 4, 4
Closed curves, 68 (see also Simple
closed curve)
interval, 2
regions, 7
sets, 7, 22, 23 (sce also Closure)
Closure, law or property, 1, 3
of a set, 7, 22, 23
Coefficients, binomial, 16
Commutative law, of addition, 3, 8
of multiplication, 3, 8
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Compact set, 7, 22, 23
Comparison test, 141
nroof of 148

Complementary modulus of elliptic
functions, 276
Complement, of a region, 84
of a set, 8, 22, 28
Complex, conjugate, 2, 9
coordinates, 7 (see also Conjugate
coordinates)
differentiation, 638-91 (see also
Differentiation)
integration (see Integration)
line integrals, 82 (see also Line
integrals)
number system, 2 (see aleo Com-
plex numbers)
Complex numbers, 2
absolute value of, 2, 4
addition of, 2, 6
as ordered pairs of real numbers, 8
axiomatic foundations of, 8, 18, 14
conjugate of, 2, 9
division of, 2
equality of, 2, 8
fl_mdnmental operations with,
2,89
graphical representation of, 38, 4,

imaginary nart of, 2

NSRRI v

multiplication ofv é
polar form of, 4, 14,1
product of, 2-4

quotient c!, 2,4

real part of, 2
roots of, 4, 18, 19
spherical representation of, 6
subtraction of, 2
vector interpretation of, 5
Complex plane, 8
entire or extended, 6
Complex potential, due to line charge,
252
in electrostatics, 238, 239, 262-254
in fluid flow, 285, 245-250
Complex temperature, 240, 241
Complex variable, 2, 338
functions of a, 88
Complex velocity, 236
Components, of a vector, 10
Composite functions, 39, 656
Condenser, 240
Conditional convergence, of infinite
products, 266, 267
of infinite series, 140, 141
Conductivity, thermal, 240
Conductors, perfect, 240
Conformal mapping, 200-231
(see aleo Mapping)
conditions for, 201
definition of, 201
Dirichlet and Neumann problems
and, 238, 284 (see also Dirichlet
problem and Neumann prob-
lem)
harmonic functions under, 242
proof of, for analytic functions,
218, 214
solution of boundary-value prob-
lems by, 232-264
Conformal transformation (see Con-
formal mapping)
Conjugate coordinates, 7, 22, 69
and del operator, 69, 82, 88
equation of circle in, 22
Green’s theorem expressed in, 95,
102, 1
Conjugate, functions, 838, 282
of a complex number, 2 9
pairs, 20
Connected regions, 94
sets, 7, 22, 28
simply- (see Simply-connected
regions)
Constant of integration, 95, 96

156

INDEX

Continuation, analytic (see Analytic
continuatlon)

N = [ W
uuuuuuluy, oo, W, DO=04

and analyticity, 63, 71, 72
and uniform convergence, 142, 151
equation of, 234
in a region, 39, 40
theorems on, 39
uniform, 39, 40, 54
Continuous, curve or arc, 68
function (see Continuity)
Contour, 69
Contour integrals, 94
solution of differential equations
by, 270, 284, 285
Convergence, absolute (see Absolute
convergence)
circle of, 140, 143, 160
conditional (se¢ Conditional con-
vergence)
criterion of Cauchy, 141
of infinite products (sece Infinite
products)
of power series, 143
of sequences, 40, 54, 65, 189, 146,
147
of series, 41, B4, b5, 139, 147
radius of, 140, 150
region of, 139, 149, 150
tests for, 141, 142, 148-150
uniform (gee Uniform convergence)
Convergent sequences, 40, 54, 55
Convergent series, 41, 54, 56, 189, 147

Narsmanrv nn.ru“f-nn for 41 EB 120

DCCCICRTY CONQILIel X288, =2, 92y adv,

141
Coordinate curves, 84
Coordinates, conjugate, 7 (see also
Conjugate cosrdinates)
curvilinear, 34, 42
pblar, 4
rectangular, 3, 84

Mot acaa Lo
wOUOINu 8 usw, 600

Countability of a set, 8, 22, 23
Counterclockwise direction or sense,
69, 94
Critical points, 20i, 214
Cross cut, 101
Cross product, 8, 20, 21
and curl, 70
Cross ratio, 203, 216
invariance of, 203
Curl, 70, 82, 83, 86
and cross produet, 70
identities involving, 70
Currents, alternating, 91
Curves, 68, 89
acceleration along, 69, 82, 90
continuous, 68
coordinate, 34
direction or sense of, 69, 94
families of, 68
integrals along, 92 (see also
Line integrals)
Jordan, 94
normal vector to, 70, 83
of infinite length, 111, 112
orthogonal, 68, 81
piecewise smooth, 69
rectifiable, 92
simple closed (see Simple closed
curve)
smooth, 68, 69
stream, 235
tangents to, 69, 83
velocity along, 69, 82
Curvilinear coordinates, 34, 42
Cut, branch, 87, 44
cross, 101
Cycloid, 113
mapping of, 228
Cylindrical obstacles, force on, 251,
252

Definite integrals, 52
evaluation of, by residues, 178, 174,
179-188, 193

Definite integrals (cont.)
special theorems used in evalua
ing, 174, 179, 182, 188
Degree, of polynomial equation, §
of polynomial function, 34
Del, 69, 82, 83
and complex conjugate
coordinates, 69, 82, 838
Deleted neighbourhood 7,22
Delta neighbourhood, 7, 23
De Moivre’s theorem, 4, 15-18
in terms of Euler's formula, 5,16
proof of, 18
Denominator, 1
Density, fluid, 288
Dependent variable, 38
Derivative operators, 65
Derivatives, 83, 71, 72
anti-, 95
geometric interpretation of, 64
higher order, 66
of elementary functions, 85, 88,
74-78
of multiple-valued functions, 65,
66, 76, 77
of power series, 142, 148, 152, 15
Determmant Jacobian (see Jacobian
Determmants multiplication rule

for, 215, 230

Diagonals of paral

Diagram, Argand,
Dielectric constant, 238, 266
Differentiability, 63 (see also

Analytic functions)

continuity and, 68, 71, 72
Differential equation, 91, 269, 270,
283-285
Bessel’s, 270-272, 284
Gauss’, 273
general solution of (see General
solution)
hypergeometrie, Z73
Legendre’s, 272, 273
ordinary points of, 269
partial (see Partial differential
equations)
regular singular points of, 269,
283, 284
smg'ular points of, 269, 283
solution of, by contour integrals,
270, 284 285
Dlﬂ‘erentlal operators, complex, 69
Differentials, 64, 65, 4
principal part in, 64
rules for finding, 65
Differentiation, chain rule for, 85, 77,
84, 85
complex, 63-91
of series, 142, 143, 152, 153
rules for, 65, 74-78
under integral sign, 174, 175, 182
Dipole, 237, 240
moment, 237
Direction, of vector, b
Direction or sense, of curve, 69
convention regarding, 94
Dirichlet problem, 232, 233, 243-245
(see aleo Neumann problem)
for the half plane, 233
for the unit circle, 288
solution of, by conformal mapping,
233, 234

ocn
""‘quenesé of sclution {5, 256, 257

Discontinuities, 89 (see also
Singularities)
removable, 39, 63
Discontinuous functions, 39 (see also
Continuity)
Disjoint sets, 8
Disk, unit, 201
Distance, between two points, 2, 4, 12
in complex plane, 4
Distributive law, 8, 9, 14
for sets, 28
Divergence, identities involving, 70
of functions, 70, 82, 88

lelogram, 1



Divergence (cont.)
of sequences and series, 40, 41, 139
(see also Convergence)
Divergent sequences, 40
series, 41, 139 (see also
Convergence)
Division, of complex numbers, 2
of real numbers, 1
Domain, 7, 22, 23
Dot product, 6, 21
divergence in terms of, 70, 82, 83
Double pole, 158
Doublet, 237, 240
Doubly-periodic functions, 276
Dummy symbol, 87
Dummy variable, 97
Duplication formula for the gamma
function, 268
Dynamics, fluid, 234 (see also Fluid

flow)
iow;

Elasticity, theory of, 263
Electric charges, 238

potential due to (see Potential)
Electric field intensity, 238, 239
Electricity, theory of alternating

currents in, 81
Electrostatic potential, 238, 239,
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252-254
complex, 239, 262-264
sources and sinks in, 240

e annlisatinna to
Vi

Electrostatics, applications to,
238-240
complex potential in, 239, 262-254
Gauss’ theorem in, 239
Eiementary functions, 34-37, 44-48
derivatives of, 65, 66, 74-78
Element, of an analytic function,
146, 265
of a set, 7
Elements, function, 265
Ellipse, area of, 113, 230
mapping of, 209, 224
transformation of, on to real axis,
221
Elliptic functions, 276, 277, 290-293
addition formulae for 276, 295
Jacobian, 276
periods of, 276, 292, 293
Elliptic integral, 276, 277 (see also
Elliptic functions)
of first kind, 276
of second and third kinds, 277
Entire functions, 146
infinite product representation of,
267
Entire or extended complex plane, 6
Equality, of complex numbers, 2, 3
of ordered pairs of real numbers, 3
of vectors, 5
Equation, biharmonic, 263
differential (see Differential
equation)
indicial, 270, 284
Laplace's {s¢ce Laplace’s equation)
of circle in eonjugate coordinates,
22
of continuity, 234
of straight line in parametric,
standard and symmetric
form, 13
polynomial (se¢ Polynomial
equations)
product of roots of, 20
quadratic, 19
roots of, 5, 18, 20
solutions of, 18
sum of roots of, 20
Equations, parametric, 41, 62
transformation, 200
Equipotential lines or curves, 235,
239, 252
Error function, 2756
asymptotic expansion of, 275
Essential singularities, 67, 80, 157

INDEX
Essential singularities (cont.)
behavior of analytic function near,
160

defined from Laurent series, 144
theorems involving, 146
Euler's constant, 268
Euler’s formula, 5
and De Moivre’s theorem, 5, 16
Euler’s identity, 305
Even functions, 45
Existence, of solutions to boundary-
value problems, 232
Expansions, asymptotic
(see Asymptotic series)
geries (see Series)
Exponential functions, 35
relation of, to trigonometric func-
tions, 16, 17, 35
Exponential integral, 275
asymptotic expansion of, 275
Extended complex plane, 6
Extension, analytic (see Analytic
continuation)
Exterior, of a closed curve, 94
Exterior points, 7

Factored form, of polynomial equa-

+3 4
tion, §

Factorial function, 268 (see also
Gamma function)
Factor theorems of Weierstrass,
267, 282
Families of curves, 68
orthogonal, 68, 81
Field, 3
force, 111
intensity, 238, 239
Finite sequence, 40
Fixed or-invariant points of a trans-
formation, 202, 217
Flow pattern, about an airfoil, 238
Flows (see also Fluid flow)
around circular obstacle, 237, 238,
246, 250
around obstacles, 237, 238, 250
due to source or sink, 237
special, 236, 237
stationary, 234
steady, 234
superposition of, 237
uniform, 236, 245
vortex, 249
with circulation, 236, 249, 250
Fluid, density, 238
dynamics, 234 (see also Fluid flow)
ideal, 234
incompressible, 234
pressure in, 238, 251
real, 234
viscous, 234
Fluid flow, applications to, 234-238,
246-250 (2ee also Flows)
complex potential in, 235, 245-260
sources and sinks in, 235-287, 247,
248
Flux, heat, 240
lines, 239, 241
Force field, 111
Force, on a cylindrical obstacle, 251,
252
on an obstacle in a fluid, 238,
250-252
Fourier series, 170
Fractional linear transformation, 35,
203
cross ratio of, 203
Fractions, 1
Function elements, 265
Functions, 33, 41-50
algebraic, 36
analytic (see Analytic functions)
Bessel (see Bessel functions)
Beta (8¢e Beta function)
bounded, 39
branches of, 33
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Functions (cont.)
composite, 39, 656
conjugate, 63, 232
continuous (see Continuity)
divergence of, 70, 82, 83
doubly-periodic, 276
elementary (sce Elementary

functions)

elliptic (see Elliptic functions)
entire, 145, 267
error, 275
even, 46

expansion of, in Laurent series,

143, 144, 155-168

exponential, 36

factorial, 268 (see also Gamma
function)

gamma (see Gamma function)

generating (sce Generating
funection)

harmonic (see Harmonic functions)

hyperbolic (see Hyperbolic
functions)

hypergeometric, 273, 288, 203

inverse, 33

lacunary, 146

Legendre (see Legendre functions)

limits of, 37, 38, 50-53

logarithmic (see Logarithmic
functions)

multiple-valued (see Multiple-
valued functions)

Neumann’s, 271, 272

odd, 45

of a complex variable, 33

of a function, 39

polynomial, 34

rational algebraie, 35

sequences of, 139, 146, 147

series of, 146, 147

smgle-valued 33

stream, 235, 246

transcendental, 36, 37

trigonometric (see Trigonometric

functions)

uniformly continuous, 39, 40

value of, 33

Fundamental theorem of algebra, 5,
119

proof of, using Liouville’s theorem,
126

proof of, using Rouché’s theorem,
128, 129

Gamma function, 222, 267-269,
280-282, 204
analytic continuation of, 268, 269,
281
asymptotic expansion of, 275, 289,
290
duplication formula for, 268
recursion formula for, 268, 280
Gauss’ differential equation, 273
mean value theorem, 119, 126
Il function, 268
test, 142
theorem on electrostatics, 239
General solution, of a differential
equation, 269
of Bessel’s differential equation,
991 979 984

diay &iiy &5S

Generating function, for Bessel
functions, 271
for Legendre polvnomials, 272
Geometric interpretations, of
derivatives, 64
of limits, 50
Geometric series, 148, 149
Geometry, applications to, 69, 81, 82
Goursat-Cauchy theorem
(see Cauchy-Goursat theorem)
Gradient, 69, 70, 82, 23, 85
as a vector normal to a curve, 70,83
Cauchy-Riemann equations and, 70
identities involving, 70
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Graphical representation, of complex
numbers, 3, 4, 10-13
of real numbers, 1
of roots, 18, 19
Greater, 1
Green's first and second identities,
117
Green’s theorem in the plane, 95,
99-102
complex form of, 95, 102, 103
generalization of, 114
in conjugate coordinates, 95, 102,
108
proof of Cauchy’s theorem usging,
108
proof of, for multiply-connected
regions, 101

proof cf, for simply-connected

regions, 99, 100

Half plane, Dirichlet problem for,
233
harmonic functions for, 120
mapping of, on to unit circle, 203,
204, 216, 217
Poisson’s integral formulae for,
120, 180, 233
Hardy, 274

Harmonie funoctions 83 84 70, 78,

28TMeNIC luncliens, o3, °4L,

74, 85, 232, 238, 241-243
and Poisson’s integral formulae,
119, 120

#om a atuala 110 190
A0% & CilCi€, 119, 1oV

for a half plane, 120
obtained from Cauchy-Riemann
equatlons, 73, 74
relation of, to anmﬁlc functions,
181
under conformal mappings or
transformations, 242
Harmonic motion, simpie, 82
Heat fiow, applications to, 240, 241,
264, 266
Heat flux, 240
Heine-Borel theorem, 8
Hexagon, mapping of, 230
Higher order derivatives, 66
Holomorphic, 63 (see alzo Analytic)
Hydrodynamics, 234 (see also Fluid
flow) _
Hyperbola, mapping of, 228
Hyperbolic funétions, 36
inverse, 36, 48
properties of, 86, 46
relation of, to trigonometric
functions, 36
Hypergeometric differential
equation, 273
Hyp;;geometric function, 273, 288,

Hypergeometric series, 169
Hypocycloid, 113, 114
mapping of, 228

Ideal fluid, 234
Identities involving gradient,
divergence and curl, 70
Identity with respect to addition, 3
with respect to multiplication, 3
Image, 83, 34, 200

Imaginary ayis, 4

Imaginary numbers, pure, 2
Imaginary part, of analytic function,
84

of complex number, 2
Imaginary unit, 2
as ordered pair of real numbers, 3
Incompressible fluids, 234
Increment, 64
Indefinite integrals, 95, 107
Independence of psath, 96, 102, 106
necessary and sufficient condition
for, 102
Independent variable, 33

INDEX

Indeterminate forms, 67 (see also
L’Hospital’s rule)
Indicial equation, 270, 284
Induction, mathematical, 16
Infinite length, of curves, 111, 112
Infinite products, 266, 267, 279, 280,
293, 294
absolute, conditional and uniform
convergence of, 266, 267
important theorems on, 267
rearrangement of terms in, 266
special, 267, 280
Infinite sequence, 40 (see also

Qannanasas
sequences)

Infinite series, 40, 41 (see also Series)
Infinitesimal, 74
Infinity, 38
point at, 6, 38, 47, 80, 81
singularities at, 68, 145
Initial point, of vector, b
Inside, of simple closed curve, 94
Integers, 1
Integrable, 92
Integral, along a curve, 92 (see also
Line integrals)
differentiation under, 174, 175, 182
elliptic, 276, 277 (see also Elliptic
functions)
exponential, 276
formulae of Cauchy (see Cauchy’s
integral formulae)
formulae of Poisson (see Poisson’s

integral formulae)

line "9.2.-"(3-6: also Line i integrals)
test, 141
Integrals, analytic continuation of,
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Cauchy principal value of, 174
contour (see Contour integrals)
definite (see Definite mtegrals)

evaiuation OI, U_Y TGSIUUOS, i IJ, i74

179-188, 193
of special functions, 96,109,110
Integration, around a singularity,
i84
branch points and, 185, 186, 193,
194
by parts, 109, 110
change of variables in, 93
complex, 92-117
constant of, 95, 96
contour, 94
of series, 142, 152
Intensity, electric fleld, 238, 239
Interior, of a simple closed curve, 94
Interior points, 7, 22, 23
Intersection of sets, 8, 23
Interval, closed, 2
open, 2
Invariance, of cross ratio, 203
Invariant or fixed points of a trans-
formation, 202, 217
Inverse, with respect to addition, 1, 3
with respect to multiplication, 1, 3
Inverse functions, 33
Inverse hyperbolic functions, 36, 48
relation of, to logarithmic
functions, 36
Inverse transformation, 200
Inverse trigonometric functions, 36,
48
relation of, to logarithmic
functions, 36
Inversion, 202, 217
Involutory transformation, 230
Irraticnal numbers, 1
Irregular singular point, 269, 283,
284
Irrotational, 234
Isogonal mapping, 201
Isolated singularity, 67, 79, 80, 144
behaviour of analytic function near,
160
Isothermal lines, 241

Jacobian elliptic function, 276
{see clso Elliptic functions)
Jacobian, of a transformation, 200,
214-216
of conformal transformation, 201
214-216
Jensen’s theorem, 188
Jordan curve, 94
Jordan curve theorem, 94
Joukowski airfoils or profiles, 224
Joukowski, transformation, 224, 22

Kernel, 270

Lacunary function, 146
Lagrange's expansion, 145, 169
proof of, 169
Landen’s tranaformation, 304
Laplace’s equation, 63, 64, 232, 233
and Dirichlet or Neumann prob-
lems, 282, 233 (see also
Dirichlet problem and
Neumann problem)
in polar form, 84
Laplace's method, 276 (see also
Steepest descents, method of)

LeeDeSL Cefcellls, Mellldd

Laplacian operator, 63, 70, 82, 83
Laurent’s series, 143, 144 (see also
Laurent’s theorem)
analytic part of, 144
classification of singularities from
144, 145, 157, 158
expansion of functions in, 143, 144
155-158
principal part of, 144
residues and, 172
Laurent's theorem, 143, 144, 1566-151
(see aiso Laurent’s series)
proof of, 155-167
Least upper bound, 62, 93
Legendre functions, 272, 273, 287,
288 (see also Legendre
polynomials)
associated, 305
properties of, 272
Legendre polynomials, 161, 162, 272,
293 (see also Legendre functions)
generating function for, 272
orthogonality of, 287
recursion formula for, 272, 287, 288
relation of, to hypergeometric
function, 293
Schlaefli’s formula for, 161, 162

Legendre's differential equation, 272
general solution of, 272, 273

Leibnit2’s rule, 174, 175, 182

Lemniscate, mapping of, 229

Length or magnitude of a vector, §

Lens-shaped region, mapping of, 207

Less, 1

L’Hospital’s rule, 67, 78, 79
proof of, 78
use of, in evaluating residues, 177

Limit poeints, 7, 22, 23

Limits, 37, 38, 50-53
geometric interpretation of, 50
of functions, 37, 38, 60-563
of sequences, 40, 51-563, 55

(see also Sequences)
theorems on, 38, 51-53
uniqueness of, 38, 40, b1, 140
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differential equations, 269, 270

Linear magnification factor, 201

Linear transformation, 84, 203
fractional, 35, 208

Line (see Straight line)

Line, branch, 37, 44, 48-50
equipotential, 285, 239, 252
isothermal, 241
stream, 235

Line charge, 239, 240
complex potential due to, 262

Line integrals, 92, 98, 89
complex, 92, 98
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connectlon between real and
complex, 93
properties of, 93, 99
real, 92, 98
Line sinks, 235 (8ee also Line sources)
Line sources, 235
complex potential due to, 247, 252
Liouville’s theorem, 119, 124, 125, 145
fundamental theorem of algebra
and, 125
proof of, 124, 125
Logarithmic functions, 36, 46
branch points of, 46, 76, 80
principal branch of, 36, 46
relation of, to hyperbolic
functions 36
Logarithm, natural, 35, 36 (see also
Logarithmic functions)

Maclaurin series, 143
Magnification factor, 201, 214
Magnitude or length of a vector, b
Mi'ﬁy valued J‘di‘n‘.uiﬁ‘l, 33 wec also
Multiple-valued functions)
Mapping, 33, 41-43, 200 (see also
Transformations)
conformal (see Conformal
mapping)
isogonal, 201
of annular region, 211
of cardioid, 210, 229
of channel, 208, 211
of cycloid, 228
of ellipse, 209, 221, 224
of half plane on to a circle, 203,
204, 216, 217
of hexagon, 280
of hyperbola, 228
of hypocycloid, 228
of Yemniscate, 229
of lens-shaped region, 207
of parabola, 208, 210, 228
of polygon, 204, 218-221, 223
of rectangle, 209, 211
of sector, 205, 207
of semi-circle, 206, 207
of strip, 205, 208, 210, 211, 219
of triangle, 209, 221, 222
of unit circle, 203, 204, 207, 216,
217
of wedge-shaped regions, 225
one to one, 200
Mapping tunctions, 34, 41, 42, 57
complex, 200, 201
conformal (see Conformal
mapping)
special, 206-211, 218
Mapping theorem of Riemann, 201,
202, 233
Mathematical induction, 16
proof of De Moivre’s theorem by, 16
Mathematical model, 234
Maximum modulus theorem, 119, 126,
126
proof of, 126, 126, 186
Mean value theorem of Gauss, 119,
125
Mechanics, applications to, 69, 81, 82
Member, of a.set, 7
Meromorphic functions, 145
Minimum modulus theorem, 119, 126,
127
Mittag-Leffler’s expansion theorem,
176, 191, 192
proof of, 191, 192
Model, mathematical, 234
Modulus, complementary, 276
Modulus, of complex numbers, 4
of elliptic functions, 276
Modulus theorems (see Maximum or
Minimum modulus theorems)
Mod = (see Modulus of complex
numbers)

INDEX
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Moment, of pressure forces, 238, 251
Monotonic ‘increasing or decreasing
sequences, 141
Morera’s theorem, 95, 110, 111, 118,
160
proof of, 110, 111, 124
use of, in analytic continuation, 278
M test of Weierstrass, 142, 150, 151,
267, 282
Multlple-valued functions, 33, 37, 43,
44, 67, 76
derivatives of, 65, 66, 76, 77
Multiplication, associative law of,
38
commutative law of, 3, 8
identity with respect to, 3
inverse with respect to, 1, 3
of determinants, 215, 230
of real numbers, 1
Multiply-connected regions, 93, 94
Cauchy-Goursat theorem for, 106
Green's theorem for, 10}
Mutually exclusive sets, 8

Natural base of logarithms, 35
Natural boundary, 146, 159, 265

Natural logarithm, 35, 38 (see o

Logarithmic functlons)
Natural numbers, 1
Negative integers, 1
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delta, 7, 23
Nested triangles, 104
Neumann problem, 232, 233, 248-245
(see aiso Dirichiet probiem)
solution of, by conformal mapping,
233, 234
solution of, in terms of Dirichlet
problem, 262
uniqueness of solution to, 262
Neumann’s function, 271, 272
Non-analytic functions, 71
Non-isolated singularity, 67, 80
Normal vector to curves, 70, 83
North pole, 6
nth roots of unity, 5, 21
nth root test, 141
Null set, 8, 23
Numbers, 1
algebraic, 23
Bernoulli, 171, 273
complex (see Complex numbers)
irrational, 1
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natural, 1
prime, 274
real, 1

theory of, 273
transcendental, 23
Numerator, 1

Obstacles, flow around, 237, 238, 250
force on cylindrical, 251, 252
0dd functions, 45
One to one mapping or transforma-
tion, 200
Open interval, 2
Open regions, 7, 22, 23
Open sets, 7, 22, 23
Operators, 17, 82
derivative, 65
Laplacian, 63, 70, 82, 83
Order, of a pole, 67, 144
of a zero, 67
Ordered pairs, of real numbers, 3
graphical representation of, 3, 4
Ordinary point, 67, 269
of a differential equation, 269
Origin, 1
Orthogonal families, 68, 81
set, 287
trajectories, 81
Orthogonality, of associated
Legendre functions, 305
of Legendre polynomials, 287
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Outside, of a simpie closed curve, 94

Parabola, mappings of, 208, 210, 228
Parallelogram, area of, 6, 21
diagonals of, 12
law, 6, 10, 11
period, 276, 293
Parallel vectors, 6
Parametric equations, of a curve,
41, 68
of a line, 13
use of, in mapping, 205, 221, 228
Partial differential equations, 85, 86,
232
Dirichlet and Neumann problem of
(see Dirichlet problem and
Neumann problem)
Partial sums, of infinite series, 40,
139
Path, independence of, 96, 102, 108
Perfect conductors, 240
Period, of exponential function, 45
of simple harmonic motion, 82

Period parallelograms of elliptic

functions, 276, 293
Periods, of elliptic functions, 276,
292, 293

avnan ol wrandass 2
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Picard’s theorem, 145
Piecewise smooth curve, 69
Plane, complex, 3, 6
z, 4
Planets, motion of, 82 :
Point at infinity, 6, 38, 47, 80, 81
Points, boundary, 7, 22, 23
branch (sce Branch points)
critical, 201, 214
distance between, 2, 4, 12
exterior, 7
in complex plane, 3
initial, §
interior, 7, 22, 23
limit, 7, 22, 23
on real axis, 1
ordinary, 67, 269
saddle, 274
singular (see Singular points)
stagnation, 235
terminal, 5
Point sets, 7, 8, 22, 28
Poisson’s integral formulae, for a
circle, 119, 129, 130, 233
for a half plane, 120, 180, 238
Polar coordinates, 4 (see also Polar
form)
Polar form, of Cauchy-Riemann
equations, 83, 84
of complex numbers, 4, 14, 16
of Laplace’s equation, 84
Pole, north and south, 6
Poles, 67, 79, 157, 1568
defined from Laurent series, 144
double, 158
number of, 119
order of, 67, 144
series expansion in terms of, 175,
191, 192
simple, 67, 80
Polygon, mapping of, on to half
plane, 204, 218, 219, 223
mapping of, on to unit circie, 220,
221
Polynomial equations, 5, 19, 20, 23, 36
degree of, b
factored form of, 6
fundamental theorem of algebra
for, 5, 119, 125, 128, 129
Polynomial functions, 84
degree of, 34
Polynomials, Legendre (see Legendre
polynomials)
zeros of, 5, 20
Position vector, 5, 69
Positive integers, 1
Positive sense or direction, 94
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Potential, 238, 252, 258
complex, 235, 245-250
due to charge and plane, 263
due to charge between two parallel
planes, 258, 254
due to two cylinders, 256
electrostatic, 288, 239, 262-254
velocity, 234, 235
Power series, 140
absolute convergence of, 152
analytic continuation of
(see Analytic continuation)
cirele of convergence of, 140, 143
continuity of, 142
differentiation of, 142, 148
integration of, 142, 152 )
radius of convergence of, 140, 150
singularities and, 143, 146

theorems on, 143, 152 153

uniform convergence of, 142, 152,
153

Prguure, in a fluid, 238, 251

- oarra
Prime numbers, 274

Principal branch, 88, 44, 46
of inverse hyperbolic functions, 48
of logarithmie functions, 86
of trigonometric functions, 48
Principal part, in differentials, 64
of Laurent series, 144
Principal range, 4, 44

Principal value, 4, 33
of integrals, 174
of logarithms, 36, 46
Product, cross (see Cross product)
dot (see Dot product)
infinite (see Infinite product)
of complex numbers, 2-4
of natural numbers, 1
of ordered pairs of real numbers, 3
of roots of an equation, 20
scalar, 6 (see also Dot Product}
Profiles, Joukowski, 224
Projection, of vectors, ¢
stereographic, 6, 229
Proper subset, 8
p-series, 148, 149
Pure imaginary numbers, 2

Quadratic equation, 19
Quotient, 1
of complex numbers, 2, 4

Raabe’s test, 141
Radius of convergence, 140, 160
Range, principal, 4, 44
Ratio, cross, 203, 216
test, 141, 149
Rational algebraic functions, 86
Rational numbers, 1
Rational roots of an equation, 20
Rational transformation, 35
Ratio test, 141
proof of, 149
Real axis, 1, 4
points on, 1
Real fluid, 284
Real line integrals, 92 (see also Line
integrals)
Real numbers, 1
absolute value of, 2
addition of, 1
division of, 1
graphical representation of, 1
operations with, 1
ordered pairs of, 8
Real number system, 1
Real part, of analytic function, 84
of complex number, 2
Real variable, 2
Rearrangement of terms, in infinite
series, 141
of infinite produect, 266
Rect;nlgle, mapping of, on to annulus,
1

mapping of, on to half plane, 209
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Rectangular coordinates, 8, 34
Rectifiable curve, 92
Recursion formules, for Bessel
functions, 271, 286
for gamma function, 268, 280
for Legendre polynomisls, 272,
287, 288
Reflection principle, Schwarz's, 266,
79

Region, 7, 22, 23
annular, 148, 211
ares of, 118, 114
closed, 7
complement of, 94
connecled, 94
continuity in, 89, 40
multiply-connected, 98, 84
of convergence, 189, 149, 150
open, 7, 22, 23
simply-connected (see Simply-
connected regions)
Regular, 63 (sce also Analytic)
Regular singular point, 269, 288, 284
Removable discontinuity, 39, 63
Removable singularity, 67, 80, 144,
157
defined from Laurent series, 144
Repulsion, of electric charges, 238
Residues, 172, 178, 176-179
(8e¢ also Residue theorem)
calculation of, 172, 178, 176-179
evaluation of integrals by, 133, 178,
174, 179-188, 193
relation of, to Laurent series, 172
summation of series using, 178,
188-191, 194, 195
use of L'Hospital’s rule in
evaluating, 177
use of series in finding, 178
Residue theorem, 178, 176-179
(8ee also Residues)
proof of, 178
Resultant, of vectors, 10
Riemann-Cauchy equations (see
Cauchy-Riemann equations)
Riemann's conjecture, 274
Riemann sphere, 6
Riemann’s mapping theorem, 201,
202, 233
Riemann surfaces, 37, 48-50
and analytic continuation, 265
sheets of, 37
Riemann’s zeta function, 278, 274, 288
Rodrigue’s formula, 161
Roots, g;aphica] representation of,
number of, 129
of complex numbers, 4, 18, 19
of equations, 5, 18, 20
of unity, 5, 21
product of, 20
rational, 20
sum of, 20
Root test, 141 .
Rotation, of vector, 14, 15, 17
transformation, 202, 212-214, 217
Rouché’s theorem, 119,128
fundamental theorem of algebra
proved by, 128, 129
proof of, 128

Saddle point method, 274

Saddle points, 274

Scalar, 69

Scalar product, 6, 21, 70, 82, 83
(see also Dot product)

Schlaefli's formula for Legendre
polynomials, 161, 162

Schwarz-Christoffel transformation,
204, 218-228

proof of, 218, 219, 223

Schwarz’s inequality, 32

Schwarz’s reflection principle, 266,
279

Schwarz’s theorem, 182
Sectionally smooth curve, 69
Sector, mapping of, 206, 207
Sense or direction of curve, 69
convention regarding, 84
Sequences, 40, 54, 55, 57, 139, 148, 14
bounded, 141
convergence of, 40, 54, 55
divergent, 40
finite, 40
important theorems on, 140-144
limits of, 40, 51-58, 5§
monotonie, 141
of functions, 189, 148, 147
terms of, 40
uniform convergence of, 140, 147
148

Series, 40, 41, 54, 55, 57, 189-171
absolute convergence of (see Abso
lutely convergent series)
alternating, 142

pe 1428 1EO
analytic continuation of, 146, 159,

2685, 278 (see also Analytic
continuation)
asymptotic, 274 (see also
Asymptotic expansions)
conditional convergence of, 140,
141
convergence of, 41, 54, 55, 139, lfl
differentiation of, 142, 148, 152, 168
divergent, 41, 139
(see also Convergence)
Fourier, 170
geometric, 148, 149
hypergeometric, 169 -
important theorems on, 140-144
integration of, 142, 152
Laurent’s (see Laurent’s series)
Maclaurin, 143
Mittag-Leffler, 175, 191, 192
of functions, 146, 147
P-, 148, 149
partial sums of, 40, 139
power (see Power series)
rearrangement of terms in, 141
residues obtained by, 178
special, 148, 175
sum of, 41, 189
summation of, 176, 188-191, 194,
195

Taylor's, 148, 153-155
uniform convergence of, 140, 147,
148
Sets, 1
boundary points of, 7, 22, 28
bounded, 7, 22, 28
closed, 7, 22, 23
closure of, 7, 22, 23
compact, 7, 22, 28
complement of, 8, 22, 28
connected, 7, 22, 28
countability of, 8, 22, 23
disjoint or mutually exclusive, 8
distributive law for, 23
elements or members of, 7
exterior points of, 7
interior points of, 7, 22, 28
intersection of, 8, 28
null, 8, 23
of points in the complex plane, 8, 6
open, 7, 22, 28
orthogonal, 287
point, 7, 8, 22, 28
subset of, 1,2, 8
unbounded, 7
union of, 8, 23
Sheets, of Riemann surface, 87
Simple closed curve, 68, 98
area bounded by, 118, 114
exterior of, 94
interior of, 84
Simple harmonic motion, 82
Simple pole, 67, 80
Simple zero, 87
Simply-connected regions, 98, 94



Simply-connected regions (cont. 3
Cauchy-Goursat theorem for, 105,
106
Cauchy’s theorem for, 103
Green’s theorem for, 95, 99, 100
Single-valued function, 33
Singularities, 67, 68 (see also
Singular points)
and analytic continuation, 146
and convergence of power series,
143, 146
behaviour of analytic functions
near, 160
classification of, by Laurent series,
144, 145, 157, 1568
easential (see Egsential
smgularmes)
integration around, 184
isolated, 67, 79, 80, 144, 160
removahle 67, 80, 144, 157

removadie, By, BY; 225

Singular points, 6'7 68, 79-81
(see also Smgulantles)
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o s d invacular 9680 983 284

l‘eguuu &NaG IITeEUIAT, &0V, 403, 4O

Sinks, 2365, 236, 240 (see also Sourceu)
in electrostatics, 240
in fluid flow, 285, 236
line, 235
Smooth curve or arc, 68, 69
Solar system, motion of planets in, 82
Solutions, linearly independent, 269,
276
of an equation, 18
of differential equations, 269, 270
(see also Differential
equation)
Sources, in electrostatics, 240
in fluid flow, 286-237, 247, 248
line, 236, 247, 252
strength of, 236, 247
South pole, 6
Speed, 82 (sece also Velocity)
Sphere, Riemann, 6
unit, 6
Sperical representation of complex
numbers, 6
Square roots, determination of, 19
Stagnation points, 235
Standard form of equation of line, 13
Stationary flow, 234
Stationary phase, method of, 276
(see also Steepest descents,
method of)
Steady flow, 234
Steady-state temperature, 240, 254,
266, 257, 268
Steepest descents, method of, 274,
276, 288-290
Stereographic projection, 6, 229
Stirling’'s asymptotic formula, 275
Straight line, equation of, 13
mapping of curve into, 205, 221,
228
Stream function, 285, 245
Streamlines or stream curves, 236
Strength, of a source, 236, 247
of a vortex, 237
Stretching, 202, 212, 217
Strip, mapping of, 205, 208, 210, 211,
219
Subset, 1,2, 8
Subtraction, of complex numbers, 2
of real numbers, 1
Successive transformations, 203
Sum, of infinite series, 41, 189
of natural numbers, 1
of ordered pairs of real numbers, 8
of roots of an equation, 20
Sum function, discontinuity of, 148
of series, 139, 148
Summation of series, 175, 188-191,
194, 195
Superposition of flows, 237
Surfaces, Riemann, 87, 48-50, 266

INDEX

rm of equation of line,

Tangent, to a curve, 69, 83

Taylor’s series, 143, 153-155

Taylor's theorem, 143, 163-155
proof of, 153, 164

Temperature, complex, 240, 241
steady-state, 240, 264, 255, 257, 2568

Terminal point, of vector, §

Terms, of a sequence, 40
rearrangement of, in a series, 141
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removal or addition of, toc a series,
141
Tests for convergence, 141, 142,
148-150
alternating series, 142
comparison, 141, 148
Gauss’, 142
integral, 141
nth root, 141
Raabe’s, 141
ratio, 141, 149
Thermal conductivity, 240
Trajectories, orthogonal, 81
Transcendental functions, 36, 37
Transcendental numbers, 23
Transformation equations, 200
Transformation, Joukowski, 224, 229
Tranaformations, 38, 34, 41-43, 200,
211-218 (see also Mapping)
bilinear {(gee Bilinear
transformatlon)
conformal (see Conformal
mapping)

fad H 3
fixea or invarisa

217
fractional linear, 35, 203 (see also
Rilinear transformation)
general, 202
inversion, 202, 217
involutory, 230
Jacobian of, 200, 201, 214-216
Joukowski, 224, 229
Landen’s, 304
linear, 34, 203
of boundaries in parametric form,
205, 221, 228
rational, 35
rotation, 202, 212-214, 217
Schwarz-Christoffel, 204, 218-223
special, 205-211
stretehing, 202, 212, 217
successive, 203
Translation, 202, 212, 217
Transmission line cables, 256
Triangle, mapping of, 209, 221, 222
Triangles, areas of, 22
nested, 104
Trigonometric functions, 36
in terms of exponential functions,
16, 17, 85
principal branch of, 48
properties of, 35, 45
relation of, to hyperbolic functions,
36
zeros of, 45
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o

points of, 202,

Unbounded sets, 7
ITnifarm nnnhrnnhr 29, 40, b4

Uniform convergence, 140, 142, 147,
148, 150-153, 160
and continuity, 142, 151
of infinite products, 266, 267
of power series, 142, 1562, 153
of sequences, 140, 147, 148
of series, 140,147, 148
theorems on, 142, 150-152
Uniform flow, 236, 245
Uniform continuity, 39, 40, 54
Uniformly continuous functions, 39,
40, 54
Uniformly convergent series
(see Uniform convergence)

313

Union of sets, 8, 23
Uniquenesas, of hmits 38, 40, 51, 140
of solution to Dirichlet problem,
266, 257
of solution to Neumann problem, 262
theorem for analytic continuation,
265
Unit cell, 276, 293
Unit cirele, 5, 201
Dirichlet problem for, 233
mappings on to, 203, 204, 207, 216,
217
Poisson’s integral formu
119, 129, 130, 233
Unit disk, 201
Unit sphere, 6
Unity, nth roots of, 5, 21
Upper bound, 62, 93

Value, absolute (see Absolute value)
of a function, 33
principal (see Principal value)
Variables, 2, 33
change of, in integration, 93
complex, 2, 33
dependent, 33
dummy, 97
independent, 33
real, 2
Vectors, 5, 10-13
addition of, 10, 11,15
angle between, 21
components of, 10
equality of, 5
initial point of, 5
interpretation of complex numbers
as, §
length or magnitude of, 6

normal, to a curve, 70, 83
pa rallel. 8

perpendicularity of, 6
projection of, 6
resultant of, 10

rotation of, 14, 15 17

terminal point of, ,5
Velocity, along curve, 69, 82
Velocity, complex, 235
Velocity potential, 234, 245
Viscous fluid, 234
Vortex, 237, 249

circulation about, 249

strength of, 237
Vortex flow, 249

Wedge-shaped region, mapping of,
225 (see also Sector)
Weierstrass-Bolzano theorem, 8, 23
Weierstrass-Casorati theorem, 145
Weierstrass factor theorems, 267, 282
Weierstrass M test, 142, 150, 151

analogue of, for infinite products, 267

proof of, 150
Weierstrass’ theorem for infinite
products, 267, 282
Wing, of airplane, 224
(see also Airfoil)
Work, 111

x axis, 3
¥ axis, 3

Zero, 1
Zeros, number of, 119
olynomials, 5, 20
of trigonometric functions, 45
order of, 67
simple, 67
Zeta function, of Riemann, 273, 274,
288
analytic continuation of, 278
z plane, 4 .
entire, 6



