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Preface

This book contains a collection of general mathematical results, formulas, and integrals that
occur throughout applications of mathematics. Many of the entries are based on the updated
fifth edition of Gradshteyn and Ryzhik’s ”Tables of Integrals, Series, and Products,” though
during the preparation of the book, results were also taken from various other reference works.
The material has been arranged in a straightforward manner, and for the convenience of the
user a quick reference list of the simplest and most frequently used results is to be found in
Chapter 0 at the front of the book. Tab marks have been added to pages to identify the twelve
main subject areas into which the entries have been divided and also to indicate the main
interconnections that exist between them. Keys to the tab marks are to be found inside the
front and back covers.

The Table of Contents at the front of the book is sufficiently detailed to enable rapid location
of the section in which a specific entry is to be found, and this information is supplemented by
a detailed index at the end of the book. In the chapters listing integrals, instead of displaying
them in their canonical form, as is customary in reference works, in order to make the tables
more convenient to use, the integrands are presented in the more general form in which they
are likely to arise. It is hoped that this will save the user the necessity of reducing a result to a
canonical form before consulting the tables. Wherever it might be helpful, material has been
added explaining the idea underlying a section or describing simple techniques that are often
useful in the application of its results.

Standard notations have been used for functions, and a list of these together with their
names and a reference to the section in which they occur or are defined is to be found at the
front of the book. As is customary with tables of indefinite integrals, the additive arbitrary
constant of integration has always been omitted. The result of an integration may take more
than one form, often depending on the method used for its evaluation, so only the most common
forms are listed.

A user requiring more extensive tables, or results involving the less familiar special functions,
is referred to the short classified reference list at the end of the book. The list contains works
the author found to be most useful and which a user is likely to find readily accessible in a
library, but it is in no sense a comprehensive bibliography. Further specialist references are to
be found in the bibliographies contained in these reference works.

Every effort has been made to ensure the accuracy of these tables and, whenever possible,
results have been checked by means of computer symbolic algebra and integration programs,
but the final responsibility for errors must rest with the author.

Xix






Preface to the Fourth Edition

The preparation of the fourth edition of this handbook provided the opportunity to
enlarge the sections on special functions and orthogonal polynomials, as suggested by many
users of the third edition. A number of substantial additions have also been made elsewhere,
like the enhancement of the description of spherical harmonics, but a major change is the
inclusion of a completely new chapter on conformal mapping. Some minor changes that have
been made are correcting of a few typographical errors and rearranging the last four chapters
of the third edition into a more convenient form. A significant development that occurred
during the later stages of preparation of this fourth edition was that my friend and colleague
Dr. Hui-Hui Dai joined me as a co-editor.

Chapter 30 on conformal mapping has been included because of its relevance to the solu-
tion of the Laplace equation in the plane. To demonstrate the connection with the Laplace
equation, the chapter is preceded by a brief introduction that demonstrates the relevance of
conformal mapping to the solution of boundary value problems for real harmonic functions
in the plane. Chapter 30 contains an extensive atlas of useful mappings that display, in the
usual diagrammatic way, how given analytic functions w = f(z) map regions of interest in the
complex z-plane onto corresponding regions in the complex w-plane, and conversely. By form-
ing composite mappings, the basic atlas of mappings can be extended to more complicated
regions than those that have been listed. The development of a typical composite mapping is
illustrated by using mappings from the atlas to construct a mapping with the property that a
region of complicated shape in the z-plane is mapped onto the much simpler region compris-
ing the upper half of the w-plane. By combining this result with the Poisson integral formula,
described in another section of the handbook, a boundary value problem for the original, more
complicated region can be solved in terms of a corresponding boundary value problem in the
simpler region comprising the upper half of the w-plane.

The chapter on ordinary differential equations has been enhanced by the inclusion of mate-
rial describing the construction and use of the Green’s function when solving initial and
boundary value problems for linear second order ordinary differential equations. More has
been added about the properties of the Laplace transform and the Laplace and Fourier con-
volution theorems, and the list of Laplace transform pairs has been enlarged. Furthermore,
because of their use with special techniques in numerical analysis when solving differential
equations, a new section has been included describing the Jacobi orthogonal polynomials. The
section on the Poisson integral formulas has also been enlarged, and its use is illustrated by an
example. A brief description of the Riemann method for the solution of hyperbolic equations
has been included because of the important theoretical role it plays when examining general
properties of wave-type equations, such as their domains of dependence.

For the convenience of users, a new feature of the handbook is a CD-ROM that contains
the classified lists of integrals found in the book. These lists can be searched manually, and
when results of interest have been located, they can be either printed out or used in papers or

XXi
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worksheets as required. This electronic material is introduced by a set of notes (also included in
the following pages) intended to help users of the handbook by drawing attention to different
notations and conventions that are in current use. If these are not properly understood, they
can cause confusion when results from some other sources are combined with results from
this handbook. Typically, confusion can occur when dealing with Laplace’s equation and other
second order linear partial differential equations using spherical polar coordinates because
of the occurrence of differing notations for the angles involved and also when working with
Fourier transforms for which definitions and normalizations differ. Some explanatory notes and
examples have also been provided to interpret the meaning and use of the inversion integrals
for Laplace and Fourier transforms.

Alan Jeffrey

alan.jeffrey@newcastle.ac.uk

Hui-Hui Dai
mahhdai@math. cityu. edu. hk



Notes for Handbook Users

The material contained in the fourth edition of the Handbook of Mathematical Formulas and
Integrals was selected because it covers the main areas of mathematics that find frequent use
in applied mathematics, physics, engineering, and other subjects that use mathematics. The
material contained in the handbook includes, among other topics, algebra, calculus, indefinite
and definite integrals, differential equations, integral transforms, and special functions.

For the convenience of the user, the most frequently consulted chapters of the book are to
be found on the accompanying CD that allows individual results of interest to be printed out,
included in a work sheet, or in a manuscript.

A major part of the handbook concerns integrals, so it is appropriate that mention of these
should be made first. As is customary, when listing indefinite integrals, the arbitrary additive
constant of integration has always been omitted. The results concerning integrals that are
available in the mathematical literature are so numerous that a strict selection process had
to be adopted when compiling this work. The criterion used amounted to choosing those
results that experience suggested were likely to be the most useful in everyday applications of
mathematics. To economize on space, when a simple transformation can convert an integral
containing several parameters into one or more integrals with fewer parameters, only these
simpler integrals have been listed.

For example, instead of listing indefinite integrals like [e®®sin(bxz 4 ¢)dz and [e®”
cos(bx + ¢)dx, each containing the three parameters a, b, and ¢, the simpler indefinite inte-
grals [e®sinbrdzr and [e®” cosbrdr contained in entries 5.1.3.1(1) and 5.1.3.1(4) have
been listed. The results containing the parameter ¢ then follow after using additive prop-
erty of integrals with these tabulated entries, together with the trigonometric identities
sin(bx + ¢) = sin bz cos ¢ + cos bz sin ¢ and cos(bx + ¢) = cos bz cos c—sin bz sin c.

The order in which integrals are listed can be seen from the various section headings.
If a required integral is not found in the appropriate section, it is possible that it can be
transformed into an entry contained in the book by using one of the following elementary
methods:

Representing the integrand in terms of partial fractions.

Completing the square in denominators containing quadratic factors.
Integration using a substitution.

Integration by parts.

CUk =

Integration using a recurrence relation (recursion formula),

xxiii
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or by a combination of these. It must, however, always be remembered that not all integrals can
be evaluated in terms of elementary functions. Consequently, many simple looking integrals
cannot be evaluated analytically, as is the case with

/ sinz de
a + be®

A Comment on the Use of Substitutions

When using substitutions, it is important to ensure the substitution is both continuous and
one-to-one, and to remember to incorporate the substitution into the dx term in the integrand.
When a definite integral is involved the substitution must also be incorporated into the limits
of the integral.

When an integrand involves an expression of the form va?—z2, it is usual to use the
substitution = = |asin6| which is equivalent to 6 = arcsin(z/ |a|), though the substitution
x = |a| cos @ would serve equally well. The occurrence of an expression of the form v/a? + z2 in
an integrand can be treated by making the substitution x = |a| tan 6, when 6 = arctan(x/ |a|)
(see also Section 9.1.1). If an expression of the form va2—a? occurs in an integrand, the
substitution 2 = |a|sec 6 can be used. Notice that whenever the square root occurs the positive
square root is always implied, to ensure that the function is single valued.

If a substitution involving either sin€ or cos@ is used, it is necessary to restrict 6 to a
suitable interval to ensure the substitution remains one-to-one. For example, by restricting 0
to the interval f%n <6< %n, the function sin # becomes one-to-one, whereas by restricting 6
to the interval 0 < 6 < 7, the function cosf becomes one-to-one. Similarly, when the inverse
trigonometric function y = arcsin z is involved, equivalent to x = siny, the function becomes
one-to-one in its principal branch — %n <y< %JT, so arcsin(sinz) = x for —%n’ <z< %n
and sin(arcsinz) =z for —1 <z < 1. Correspondingly, the inverse trigonometric function
y = arccos x, equivalently x = cosy, becomes one-to-one in its principal branch 0 <y <,
so arccos(cosz) = z for 0 < z < 7 and sin(arccosz) =z for —1 <z < 1.

It is important to recognize that a given integral may have more than one representation,
because the form of the result is often determined by the method used to evaluate the integral.
Some representations are more convenient to use than others so, where appropriate, integrals
of this type are listed using their simplest representation. A typical example of this type is

/ de arcsinh(z/a)
VaZ+22 | In ( + Va2 + 22)

where the result involving the logarithmic function is usually the more convenient of the two
forms. In this handbook, both the inverse trigonometric and inverse hyperbolic functions all
carry the prefix “arc.” So, for example, the inverse sine function is written arcsin x and the
inverse hyperbolic sine function is written arcsinh z, with corresponding notational conventions
for the other inverse trigonometric and hyperbolic functions. However, many other works
denote the inverse of these functions by adding the superscript ~* to the name of the function,
in which case arcsin z becomes sin~* z and arcsinh 2 becomes sinh ! z. Elsewhere yet another
notation is in use where, instead of using the prefix “arc” to denote an inverse hyperbolic
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function, the prefix “arg” is used, so that arcsinh x becomes argsinh z, with the corresponding
use of the prefix “arg” to denote the other inverse hyperbolic functions. This notation is
preferred by some authors because they consider that the prefix “arc” implies an angle is
involved, whereas this is not the case with hyperbolic functions. So, instead, they use the
prefix “arg” when working with inverse hyperbolic functions.

Example: Find I = [ Tz da.
Of the two obvious substitutions x = |a|sin 8 and = = |a| cos6 that can be used, we will make
use of the first one, while remembering to restrict 6 to the interval —%n <6< %n to ensure

the transformation is one-to-one. We have dz = |a| cos 8d6, while /a2 —22 = \/a2—a?sin® =
la| v/1—sin® 6 = |a cos 6]. However cosf is positive in the interval —I7 <6< in, so we may
set va?—1x2 = |a| cos§. Substituting these results into the integrand of I gives

|a|® sin® 6 |a| cos 6d6 B

I= aTcosd _a4|a|/sin50d9,
a| Cos

and this trigonometric integral can be found using entry 9.2.2.2, 5. This result can be expressed
in terms of « by using the fact that 6 = arcsin (z/ |a|), so that after some manipulation we find
that

2
I= —ém‘l\/ a?—x2 — 41%\/ a?—x2 (2a2 + mz) )

A Comment on Integration by Parts

Integration by parts can often be used to express an integral in a simpler form, but it also has
another important property because it also leads to the derivation of a reduction formula,
also called a recursion relation. A reduction formula expresses an integral involving one or
more parameters in terms of a simpler integral of the same form, but with the parameters
having smaller values. Let us consider two examples in some detail, the second of which given
a brief mention in Section 1.15.3.

Example:

(a) Find a reduction formula for

I, = /cosm 6de,

and hence find an expression for Is.
(b) Modify the result to find a recurrence relation for

/2
JIm = / cos™ 6db,
0

and use it to find expressions for .J,,, when m is even and when it is odd.
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To derive the result for (a), write

_1.d(sinf
Im - /COSm l@%d@

= cos™ 1 sing — /sin 6(m—1) cos™ 2 6(— sin 0)do
= cos™ 1 0sinf + (m—1) /cosm_2 0(1—cos? 0)do
=cos™ 1 @sinb + (m—1) /cosm*2 0do — (m—1) /cosm 0do.

Combining terms and using the form of I,,, this gives the reduction formula

I - cos™ 1 0sin6 N <m—1> I,
m m

we have I; = [cos6df = sin6. So using the expression for I, setting m =5 and using the
recurrence relation to step up in intervals of 2, we find that

1 2 1 2
I3 = gcoszesine—i— §Il = gcoszé—i— gsin9,

and hence that
1 4
Is = 3 cos* Osin 6 + 313

L cos® 0sind — - sin®0 4 = sinf
= —cos” fsinf — — sin —sin 6.
5 15 5
The derivation of a result for (b) uses the same reasoning as in (a), apart from the fact that
the limits must be applied to both the integral, and also to the uv term in [udv = uv — [vdu,

so the result becomes [Cudv = (uv)b i) ® vdu. When this is done it leads to the result

a a

I = <COSm—1QSin0)n/2+ (m—l) T g (m—l) I,
m =0 m m

When m is even, this recurrence relation links J,, to Jg = On/ 2 1do = %n, and when m is odd,
it links J,,, to J1 = fon/ % cos0do = 1. Using these results sequentially in the recurrence relation,
we find that

1-3-5...(2n—1)1

Jon = 516 2n 3" (m = 2n is even)

and

Jonr1 = (m =2n+11is Odd).
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Example: The following is an example of a recurrence formula that contains two param-
eters. If I,,, ,, = [sin™ @ cos™ 6d6, an argument along the lines of the one used in the previous
example, but writing

Iy = /sinm_1 O cos™ 6d(— cosb),

leads to the result
(m+n) ., =—sin™ 1 0cos" ™0+ (m—1)1,_2,

in which n remains unchanged, but m decreases by 2.
Had integration by parts been used differently with I, ,, written as

Ijpn = /sinmécos”*l 0d(sin 6)

a different reduction formula would have been obtained in which m remains unchanged but n
decreases by 2.

Some Comments on Definite Integrals

Definite integrals evaluated over the semi-infinite interval [0,00) or over the infinite interval
(—00,00) are improper integrals and when they are convergent they can often be evaluated
by means of contour integration. However, when considering these improper integrals, it is
desirable to know in advance if they are convergent, or if they only have a finite value in
the sense of a Cauchy principal value. (see Section 1.15.4). A geometrical interpretation of
a Cauchy principal value for an integral of a function f(z) over the interval (—oo, 00) follows
by regarding an area between the curve y = f(x) and the z-axis as positive if it lies above the
z-axis and negative if it lies below it. Then, when finding a Cauchy principal value, the areas to
the left and right of the y-axis are paired off symmetrically as the limits of integration approach
+oo. If the result is a finite number, this is the Cauchy principal value to be attributed to the
definite integral ffooc f(z)dz, otherwise the integral is divergent. When an improper integral
is convergent, its value and its Cauchy principal value coincide.

There are various tests for the convergence of improper integrals, but the ones due to Abel
and Dirichlet given in Section 1.15.4 are the main ones. Convergent integrals exist that do
not satisfy all of the conditions of the theorems, showing that although these tests represent
sufficient conditions for convergence, they are not necessary ones.

Example: Let us establish the convergence of the improper integral faoo %dm, given that
a,p > 0.

To use the Dirichlet test we set f(z) =sinz and g¢g(zr) =1/2P. Then lim g(z)=0
and [ |g'(x)|dz = 1/aP is finite, so this integral involving g(x) converges. We also have
F(b) = ff sin madx =(cosma — cosmb)/m, from which it follows that |F(b)] <2 for all
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a < x < b < oo. Thus the conditions of the Dirichlet test are satisfied showing that faoo Siz”pm dz
is convergent for a,p > 0.

It is necessary to exercise caution when using the fundamental theorem of calculus to
evaluate an improper integral in case the integrand has a singularity (becomes infinite) inside
the interval of integration. If this occurs the use of the fundamental theorem of calculus is
invalid.

Example: The improper integral ffa i—ﬁ with a > 0 has a singularity at the origin and is, in

fact, divergent. This follows because if €,8 > 0, we have lim f__p 4z 4 lim f; 4z — 0. However,
e—0 ax §—0 z

an incorrect application of the fundamental theorem of calculus gives ffa i—g = (—%)Z:_a =
—%. Although this result is finite, it is obviously incorrect because the integrand is positive
over the interval of integration, so the definite integral must also be positive, but this is not
the case here because a > 0 so —2/a < 0.

Two simple results that often save time concern the integration of even and odd functions
f(x) over an interval —a < z < a that is symmetrical about the origin.

We have the obvious result that when f(z) is odd, that is when f(—z) = — f(x), then

and when f(z) is even, that is when f(—z) = f(z), then

_a flz)dx = 2/: f(z)dx.

These simple results have many uses as, for example, when working with Fourier series and
elsewhere.

Some Comments on Notations, the Choice of Symbols, and Normalization
Unfortunately there is no universal agreement on the choice of symbols used to identify a
point P in cylindrical and spherical polar coordinates. Nor is there universal agreement on
the choice of symbols used to represent some special functions, or on the normalization of
Fourier transforms. Accordingly, before using results derived from other sources with those
given in this handbook, it is necessary to check the notations, symbols, and normalization
used elsewhere prior to combining the results.

Symbols Used with Curvilinear Coordinates
To avoid confusion, the symbols used in this handbook relating to plane polar coordinates,

cylindrical polar coordinates, and spherical polar coordinates are shown in the diagrams in
Section 24.3.
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The plane polar coordinates (r,0) that identify a point P in the (z, y)-plane are shown in
Figure 1(a). The angle 6 is the azimuthal angle measured counterclockwise from the z-axis
in the (z, y)-plane to the radius vector r drawn from the origin to the point P. The connection
between the Cartesian and the plane polar coordinates of P is given by x = rcosf, y = rsin0,
with 0 < 0 < 27.

P(r, 6)

Figure 1(a)

We mention here that a different convention denotes the azimuthal angle in plane polar
coordinates by 6, instead of by ¢.

The cylindrical polar coordinates (r,0, z) that identify a point P in space are shown in
Figure 1(b). The angle 0 is again the azimuthal angle measured as in plane polar coordinates,
r is the radial distance measured from the origin in the (z,y)-plane to the projection of P
onto the (z,y)-plane, and z is the perpendicular distance of P above the (z,y)-plane. The
connection between cartesian and cylindrical polar coordinates used in this handbook is given
by x =rcosf, y =rsinfand z = z, with 0 < 0 < 27.

P(r, 6,2

Figure 1(b)



XXX Notes for Handbook Users

Here also, in a different convention involving cylindrical polar coordinates, the azimuthal
angle is denoted by ¢ instead of by 6.

The spherical polar coordinates (r,6, ¢) that identify a point P in space are shown in Fig-
ure 1(c). Here, differently from plane cylindrical coordinates, the azimuthal angle measured
as in plane cylindrical coordinates is denoted by ¢, the radius r is measured from the origin to
point P, and the polar angle measured from the z-axis to the radius vector OP is denoted
by 6, with 0 < ¢ < 27, and 0 < 6 < . The cartesian and spherical polar coordinates used in
this handbook are connected by & = rsinfcos¢, y = rsinfsin¢, z = r cosb.

P(r, 6, ¢)

Figure 1(c)

In a different convention the roles of 6 and ¢ are interchanged, so the azimuthal angle is denoted
by 6, and the polar angle is denoted by ¢.

Bessel Functions

There is general agreement that the Bessel function of the first kind of order v is denoted
by J,(z), though sometimes the symbol v is reserved for orders that are not integral, in which
case n is used to denote integral orders. However, notations differ about the representation
of the Bessel function of the second kind of order v. In this handbook, a definition of
the Bessel function of the second kind is adopted that is true for all orders v (both integral
and fractional) and it is denoted by Y,(z). However, a widely used alternative notation for
this same Bessel function of the second kind of order v uses the notation N,(x). This choice
of notation, sometimes called the Neumann form of the Bessel function of the second
kind of order v, is used in recognition of the fact that it was defined and introduced by the
German mathematician Carl Neumann. His definition, but with Y,,(x) in place of N, (x), is given
in Section 17.2.2. The reason for the rather strange form of this definition is because when
the second linearly independent solution of Bessel’s equation is derived using the Frobenius
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method, the nature of the solution takes one form when v is an integer and a different one
when v is not an integer. The form of definition of Y, (z) used here overcomes this difficulty
because it is valid for all v.

The recurrence relations for all Bessel functions can be written as

Zus@) + Zua(e) = 2 2(),
Zy-1(w) — Zua(v) = 22,(x),
Z)(@) = Zoa (@) = - ZufaY
Zi(@) = ~Zua (@) + = Z(a),

where Z,(z) can be either J,(z) or Y,(z). Thus any recurrence relation derived from these
results will apply to all Bessel functions. Similar general results exist for the modified Bessel
functions I,(x) and K,(z).

Normalization of Fourier Transforms

The convention adopted in this handbook is to define the Fourier transform of a function
f(z) as the function F'(w) where

F(w) = \/% /jo f(z)edx, (2)

when the inverse Fourier transform becomes

1 > —i0T
fe) = 2= [ Flo)e o )

where the normalization factor multiplying each integral in this Fourier transform pair is
1/+/27. However other conventions for the normalization are in common use, and they follow
from the requirement that the product of the two normalization factors in the Fourier and
inverse Fourier transforms must equal 1/(2).

Thus another convention that is used defines the Fourier transform of f(z) as

Flw) = / f(z)e " dx (4)
and the inverse Fourier transform as
1 [ .
flz) = Py [m F(w)e ""dw. (5)

To complicate matters still further, in some conventions the factor e’® in the integral defining
F(w) is replaced by e ** and to compensate the factor e *** in the integral defining f(z) is
replaced by e***.
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If a Fourier transform is defined in terms of an angular frequency, the ambiguity concerning
the choice of normalization factors disappears because the Fourier transform of f(z) becomes

F(w) :/ f(z)e? s dg (6)
and the inverse Fourier transform becomes
oo .
flz) = / F(w)e 2™ g, (7)
— 00

Nevertheless, the difference between definitions still continues because sometimes the expo-
nential factor in F(s) is replaced by e~2™#5 in which case the corresponding factor in the
inverse Fourier transform becomes 2™, These remarks should suffice to convince a reader
of the necessity to check the convention used before combining a Fourier transform pair from
another source with results from this handbook.

Some Remarks Concerning Elementary Ways of Finding Inverse

Laplace Transforms

The Laplace transform F(s) of a suitably integrable function f(x) is defined by the improper
integral

F(s) = /Ooof(:c)e“dx. (8)

Let a Laplace transform F(s) be the quotient F(s) = P(s)/Q(s) of two polynomials P(s) and
Q(s). Finding the inverse transform £~ 1{F(s)} = f(z) can be accomplished by simplifying
F(s) using partial fractions, and then using the Laplace transform pairs in Table 19.1 together
with the operational properties of the transform given in 19.1.2.1. Notice that the degree of
P(s) must be less than the degree of Q(s) because from the limiting condition in 19.11.2.1(10),
if F(s) is to be a Laplace transform of some function f(x), it is necessary that éll,IEOF(S) =0.

The same approach is valid if exponential terms of the type e~?® occur in the numerator P(s)
because depending on the form of the partial fraction representation of F'(s), such terms will
simply introduce either a Heaviside step function H(z — a), or a Dirac delta function §(z — a)
into the resulting expression for f(x).

On occasions, if a Laplace transform can be expressed as the product of two simpler Laplace
transforms, the convolution theorem can be used to simplify the task of inverting the Laplace
transform. However, when factoring the transform before using the convolution theorem, care
must be taken to ensure that each factor is in fact a Laplace transform of a function of =x.
This is easily accomplished by appeal to the limiting condition in 19.11.2.1(10), because if
F(s) is factored as F(s) = Fi(s)Fz(s), the functions Fi(s) and F»(s) will only be the Laplace
transforms of some functions fi(z) and fo(z) if slggo Fi(s) =0 and Slirgo Fy(s) =0.
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: _ : 34352455 : _ .
Example: (a) Find L£7{F(s)} if F(s)= Mﬁ@%' (b) Find L-YF(s)} if
F(s)

— 82
= GZrad)z
To solve (a) using partial fractions we write F(s) as F(s) = =t + =524 Taking the

s2+4s+13"
inverse Laplace transform of F'(s) and using entry 26 in Table 19.1 gives

1 . 1 s+2
LTHF(s)} =sinz+ L <82+48+13>.

s+2
524:4s+l3 -
we see from the first shift theorem in 19.1.2.1(4) and entry 27 in Table 19.1 that

Completing the square in the denominator of the second term and writing,
+2

£t {(Q-‘—SZ)%} = ¢72% cos 3z. Finally, combining results, we have

L7 F(s)} = sinz + e~2* cos 3z.

To solve (b) by the convolution transform, F'(s) must be expressed as the product of two factors.
The transform F'(s) can be factored in two obvious ways, the first being F(s) = ﬁm
and the second being F'(s) = ooy Gziany -

Of these two expressions, only the second is the product of two Laplace transforms, namely
the product of the Laplace transforms of cos ax. The first result cannot be used because the
factor s2/(s? 4+ a?) fails the limiting condition in 19.11.2.1(10), and so is not the Laplace
transform of a function of z.

The inverse of the convolution theorem asserts that if F'(s) and G(s) are Laplace transforms
of the functions f(z) and g(x), then

LHF(IGE) = [ fgla—oin (9)
0

So setting F'(s) = G(s) = cos axz, it follows that

§2 sinaxr  xcosar

f(z) :El{(sz—i—az)z} :/0 cos tcos(x—T1)dTr = o + 5

When more complicated Laplace transforms occur, it is necessary to find the inverse Laplace
transform by using contour integration to evaluate the inversion integral in 19.1.1.1(5). More
will be said about this, and about the use of the Fourier inversion integral, after a brief review
of some key results from complex analysis.
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Using the Fourier and Laplace Inversion Integrals
As a preliminary to discussing the Fourier and Laplace inversion integrals, it is necessary to
record some key results from complex analysis that will be used.

An analytic function A complex valued function f(z) of the complex variable z = x + iy
is said to be analytic on an open domain G (an area in the z-plane without its boundary
points) if it has a derivative at each point of G. Other names used in place of analytic are
holomorphic and regular. A function f(z) = u(z,y) + v(z,y) will be analytic in a domain G if
at every point of G it satisfies the Cauchy-Riemann equations

Ou Ov Ou Oov

=== d = =-=. 10

dr Oy an dy Ox (10)
These conditions are sufficient to ensure that f(z) had a derivative at every point of G, in

which case

df Ou Ov _Ov Ou
@—%‘F’L%—ay lay. (11)

A pole of f(z) An analytic function f(z) is said to have a pole of order p at z = zg if in
some neighborhood the point zg of a domain G where f(z) is defined,

flz) = 22 (12)

(z—20)P’

where the function g(z) is analytic at zg. When p = 1, the function f(z) is said to have simple
pole at z = zp.

A meromorphic function A function f(z) is said to be meromorphic if it is analytic
everywhere in a domain G except for isolated points where its only singularities are poles.
For example, the function f(z) = 1/(22 + a?) = 1/ [(z — ia)(z + ia)] is a meromorphic function

with simple poles at z = + ia.

The residue of f(z) at a pole If a function has a pole of order p at z = zg, then its
residue at z = zp is given by

1 ar?t
Residue (f(z) : 2 = z9) = lim

2 =) der 1 (z=20)" f(2)|

For example, the residues of f(z) = 1/(22 + a?) at its poles located at z = + ia are

Residue (1/(2% + d?) : z = ia) = —i/(2a)

and

Residue (1/(2? +d?) : z = —ia) = i/(2a).
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The Cauchy residue theorem Let I' be a simple closed curve in the z-plane (a non-
intersecting curve in the form of a simple loop). Denoting by [.. f(z)dz the integral of f(z)
around I in the counter-clockwise (positive) sense, the Cauchy residue theorem asserts
that

/f(z)dz = 27mi x (sum of residues of f(z) inside I'). (13)
r

So, for example, if T" is any simple closed curve that contains only the residue of f(z) =
1/(2% 4 a?) located at z = ia, then

/ /(22 + a?)dz = 2 x (—i/(2a)) = 7/a.

Jordan’s Lemma in Integral Form, and Its Consequences
This lemma take various forms, the most useful of which are as follows:

(i) Let C, be a circular arc of radius R located in the first and/or second quadrants, with
its center at the origin of the z-plane. Then if f(z) — 0 uniformly as R — oo,

lim (2)e"™*dz =0,  where m > 0.
R—o0 C.

(ii) Let C_ be a circular arc of radius R located in the third and/or fourth quadrant with its
center at the origin of the z plane. Then if f(z) — 0 uniformly as R — oo,

lim / f(z)e™"™*dz =0, where m > 0.
C-

R—o0

(iii) In a somewhat different form the lemma takes the form fg/z e ksinbgy < I (1—e7F).

The first two forms of Jordan’s lemma are useful in general contour integration when estab-
lishing that the integral of an analytic function around a circular arc of radius R centered on
the origin vanishes in the limit as R — oo. The third form is often used when estimating the
magnitude of a complex function that is integrated around a quadrant. The form of Jordan’s
lemma to be used depends on the nature of the integrand to which it is to be applied. Later,
result (iii) will be used when determining an inverse Laplace transform by means of the Laplace
inversion integral.

The Fourier Transform and Its Inverse
In this handbook, the Fourier transform F'(w) of a suitably integrable function f(x) is defined as

F(w) = \/LQTT /_oo f(z)e da, (14)
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while the inverse Fourier transform becomes

f(z) w)e T dw, (15)

it being understood that when f(x) is piecewise continuous with a piecewise continuous first
derivative in any finite interval, that this last result is to be interpreted as

fa)+ fey)
> Vo /_oo F

with f(z4) the values of f(x) on either side of a discontinuity in f(x). Notice first that although
f(z) is real, its Fourier transform F'(w) may be complex. Although F'(w) may often be found
by direct integration care is necessary, and it is often simpler to find it by converting the line
integral defining F'(®) into a contour integral. The necessary steps involve (i) integrating f(x)
along the real axis from —R to R, (ii) joining the two ends of this segment of the real axis by a
semicircle of radius R with its center at the origin where the semicircle is either located in the
upper half-plane, or in the lower half-plane, (iii) denoting this contour by I'r, and (iv) using
the limiting form I' of the contour I'p as R — oo as the contour around which integration is
to be performed. The choice of contour in the upper or lower half of the z-plane to be used
will depend on the sign of the transform variable w.

This same procedure is usually necessary when finding the inverse Fourier transform,
because when F'(w) is complex direct integration of the inversion integral is not possible. The
example that follows will illustrate the fact that considerable care is necessary when working
with Fourier transforms. This is because when finding a Fourier transform, the transform vari-
able w often occurs in the form |w|, causing the transform to take one form when w is positive,
and another when it is negative.

w)e “Tdw, (16)

Example: Let us find the Fourier transform of f(x) = 1/(2? 4+ a?) where a > 0, the result
of which is given in entry 1 of Table 20.1.

Replacing by the complex variable z, the function f(z) = e/*/(2? 4 a?), the integrand
in the Fourier transform, is seen to have simple poles at z =ia and z = —ia, where the
residues are, respectively, —ie=®%/(2a) and 7e®*/(2a). For the time being, allowing Cr to be
a semicircle in either the upper or the lower half of the z-plane with its center at the origin,
we have

F =1l d li d
() = lim \/Qn/ wz + a?) TR NGz /cR (2+a2)""

To use the residue theorem we need to show the second integral vanishes in the limit as
R — 00. On Cg we can set z = Re®, so dz = iRe"df, showing that

M)R(COS 6+isin 9)’LR eu’-)

o /CR 22+a2 /o7 /CR R26219+a2)

—wRsin 9d9.
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We now estimate the magnitude of the integral on the right by the result

dZ‘ < 1 R ewaSinGdQ'

Ve |R? —a?| Jo,

1 eiwz
‘ V21 /cR (22 + a?)

The multiplicative factor involving R on the right will vanish as R — oo, so the integral around
Cr will vanish if the integral on the right around Cpr remains finite or vanishes as R — oo.
There are two cases to consider, the first being when w > 0, and the second when o < 0.
If w =0 the integral will certainly vanish as R — oo, because then the integral around Cgr
becomes fCR do = 7.

The case @ > 0. The integral on the right around Cpr will vanish in the limit as
R — oo provided sin€ > 0 because its integrand vanishes. This happens when Cg becomes
the semicircle C'ry located in the upper half of the z-plane.

The case w < 0. The integral around Cpi will vanish in the limit as R — oo, provided
sin @ < 0 because its integrand vanishes. This happens when Cr becomes the semicircle C'r_
located in the lower half of the z-plane.

We may now apply the residue theorem after proceeding to the limit as R — co. When
w >0 we have Cr = Cgy, in which case only the pole at z = ia lies inside the contour at
which the residue is —ie~**/(2a), so

1 /oo 6iwx J . 1 je—wa \/;e—wa ( - O)
T =2 X — |———— | =\/ = s w .
V2o oo (2% + a?) Vor 2a 2 a

Similarly, when @ < 0 we have Cr = Cr_, in which case only the pole at z = —ia lies inside
the contour at which the residue is i€“*/(2a). However, when integrating around Cr_ in the
positive (counterclockwise) sense, the integration along the z-axis occurs in the negative sense,
that is from z = R to x = — R, leading to the result

L /_mem d = 2rti X —— [iewa}——\/;ewa (@< 0)
Vor Joo o (@2 4a?) T Vor [ 2a ] V2a’ ‘

Reversing the order of the limits in the integral, and compensating by reversing its sign, we

arrive at the result
1 o] eiwm T ewa
dr =y =——, < 0).
Vo /_oo (22 + a?) * V2 a (@ <0)

Combining the two results for positive and negative w we have shown the Fourier transform

F(w) of f(x) =1/(2?+ a?) is
e—a|w|
F(w) = \/Z — (a>0).
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The function f(z) can be recovered from its Fourier transform F(w) by means of the
inversion integral, though this case is sufficiently simplest that direct integration can be used.

1 00 —iwx ,—alo| 1 0
flz) = —27[/ \/ze:;da) =% e~ el (cos(wz) — isin(wz)) do.
V —oo —o0

The imaginary part of the integrand is an odd function, so its integral vanishes. The real part
of the integrand is an even function, so the interval of integration can be halved and replaced
by 0 < w < 0o, while the resulting integral is doubled, with the result that

1

flz) = 7/0 e~ cos(wz)dw = !

a x2 4+ a?’

The Inverse Laplace Transform

Given an elementary function f(z) for which the Laplace transform F(s) exists, the determi-
nation of the form of F'(s) is usually a matter of routine integration. However, when finding
f(z) from F(s) cannot be accomplished by use of a table of Laplace transform pairs and the
properties of the transform, it becomes necessary to make use of the Laplace inversion formula

flz) = ! /V - F(s)e**ds. (17)

27'[2 — 00

Here the real number y must be chosen such that all the poles of the integrand lie to the
left of the line s = y in the complex s-plane. This integral is to be interpreted as the limit
as R — oo of a contour integral around the contour shown in Figure 2. This is called the
Bromwich contour after the Cambridge mathematician T.J.I’A. Bromwich who introduced
it at the beginning of the last century.

Example: To illustrate the application of the Laplace inversion integral it will suffice to
consider finding f(x) = £L71{1//s}.

The function 1,/s has a branch point at the origin, so the Bromwich contour must be
modified to make the function single valued inside the contour. We will use the contour shown
in Figure 3, where the branch point is enclosed in a small circle about the origin while the
complex s-plane is cut along the negative real axis to make the function single valued inside
the contour.

Let Cr1 denote the large circular arc and Cpr» denote the small circle around the origin.
Then on Cgy s = y+ Re® for 7<6< 37”, and for subsequent use we now set 6 = 5 + ¢, so
s = y+iRe™ with 0 < ¢ < 7. Consequently, ds = —Re'®d¢, with the result that |ds| = Rd¢.
Thus, when R is sufficiently large |s| = ’y—!— iRew‘ > HRei"’| — |y|‘ =R-—y.

Also for subsequent use, we need the result that

|e**| = |exp [x [(y — Rsing) + iR cos qb]} | = e exp[—Rxsing].
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Im {s}

Re {s}

Figure 2. The Bromwich contour for the inversion of a Laplace transform.

The integral around the modified Bromwich contour is the sum of the integrals along each of

its separate parts, so we now estimate the magnitudes of the respective integrals.
The magnitude of the integral around the large circular arc Cry can be estimated as

/ esrds‘ < / ] |ds| < ﬂ/”exp [— Rz sin ¢]d¢
aBer VS |~ Japer |s|Y? T (R=9)Y2 o .

The symmetry of sin ¢ about ¢ = %Tt’ allows the inequality to be rewritten as

I =

2e"™ R

Ip < ———
b (B

/2
/ exp [— Rz sin ¢]dg,
0

so after use of the Jordan inequality in form (iii), this becomes

mwelr”®

Ip< ————
"= (R—y)2a

(1 — e*Rm), whenx > 0.

This shows that when z > 0, Rlim Ir =0, so that the integral around Cg; vanishes in the
— 00

limit as R — oo.
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Im {s}

¢ 0 Y Re {s}

Figure 3. The modified Bromwich contour with an indentation and a cut.

On the small circle Crp with radius € we have s = ge?, so ds = ice’?df and s1/2 = /2, /¢,
so the integral around C'ro becomes

T 1 .
/ ————— exp [ex (cos O + isin )] iee™db,
N

but this vanishes as ¢ — 0, so in the limit the integral around Cg, also vanishes.

Along the top BC of the branch cut s=re™ = —r, so /s = €™/2\/r = i\/r, so that
ds = —dr. Along the bottom BC of the branch cut the situation is different, because there
s=re ™ = —r, 50 /5 =e "/2/r = —i\/r, where again ds = —dr.

The construction of the Bromwich contour has ensured that no poles lie inside it, so from
the Cauchy residue theorem, in the limit as R — oo and ¢ — 0, the only contributions to the
contour integral come from integration along opposite sides of the branch cut, so we arrive at
the result

1 y+ioco e5T 1 0 je~TT 00 =TT 1 00 =TT
- ds=— 1[4 LAY dr.
2m'/y_m v am‘{ Lmee ] 7 } )
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Finally, the change of variable » = u?, followed by setting v = u\/z, changes this result to

1 y+ioco 5T

2
— —ds = —= U dv.
27 y—100 \/5 ’ ”\/5/0 ‘ b
This last definite integral is a standard integral, and from entry 15.3.1(29) we have
/ eV = V/7/2, so we have shown that
0

£t {\}5} = % for Re{s} > 0.

The inversion integral can generate an infinite series if an infinite number of isolated poles

1
}, where the
scosh s

lie along a line parallel to the imaginary s-axis. This happens with £71 {

poles are actually located on the imaginary axis.
We omit the details, but straightforward reasoning using the standard Bromwich contour
shows that

scoshs 2n+1

flx)y=2c"" { } 142 Z 108 [(2n + V)ma/2]

To understand why this periodic representation of f(z) has occurred, notice that F(s) =
1/[s cosh s] is the Laplace transform of the piecewise continuous function

0, O<z<l
flxy=<2 1<z<3
0, 3<z<A4,

that is periodic with period 4 and defined for x > 0. So f(z) is in fact the Fourier series
representation of this function with period 4 when it is defined for all z. Here the term period
is used in the usual sense that X is the period of f(z) if f(X + z) = f() is true for all  and
X is the smallest value for which this result is true.






Index of Special Functions
and Notations

Section of formula

Notation Name containing its definition

|al Absolute value of the real number a 1.1.2.1

am u Amplitude of an elliptic function 12.2.1.1.2

~ Asymptotic relationship 1.14.2.1

o Modular angle of an elliptic integral 12.1.2

arg z Argument of complex number z 2.1.1.1

A(z) A(z) = 2P(x) — 1; probability function 13.1.1.1.7

A Matrix

A! Multiplicative inverse of a square matrix A 1.5.1.1.9

AT Transpose of matrix A 1.5.1.1.7

|A| Determinant associated with a square matrix A 1.4.1.1

Bn Bernoulli number 1.3.1.1

B} Alternative Bernoulli number 1.3.1.1.6

B, (x) Bernoulli polynomial 1.3.2.1.1

B(z,y) Beta function 11.1.7.1

(Z) Binomial coefficient 1.2.1.1

ny n! ny _
(k)_lc!(n—k)!’ (0)_
(a)n Pochhammer symbol
(a)n=ala+1)(a+2) - (a+n—-1) 0.3

C(z) Fresnel cosine integral 14.1.1.1.1

Cis Cofactor of element a;; in a square matrix A 1.4.2

"Ch or ,Cp, Combination symbol "C,, = (:1) 1.6.2.1

cnu Jacobian elliptic function 12.2.1.14

cnly Inverse Jacobian elliptic function 12.4.1.1.4

curlF =V x F Curl of vector F 23.8.1.1.6

8(x) Dirac delta function 19.1.3

8ij Kronecker delta symbol 1.4.2.11

Dy (x) Dirichlet kernel 1.13.1.10.3

dnu Jacobian elliptic function 12.2.1.1.5

dn~tu Inverse Jacobian elliptic function 12.4.1.1.5

divF=V.F Divergence of vector F 23.8.1.1.4

e Euler formula; ¥ = cos6 + isin 6 2.1.1.2.1

e Euler’s constant 0.3

Ei(z) Exponential integral 5.1.2.2

E(p,k) Incomplete elliptic integral of the second kind 12.1.1.1.5

E(k), E'(k) Complete ellipitic integrals of the second kind 13.1.1.1.8,
13.1.1.1.10

xliii



xliv Index of Special Functions and Notations
Section of formula
Notation Name containing its definition
eA? Matrix exponential 1.5.4.1
erfx Error function 13.2.1.1
erfcx Complementary error function 13.21.14
E, Euler number 1.3.1.1
E; Alternative Euler number 1.3.1.1.6
E,(x) Euler polynomial 1.3.2.3.1
flx) A function of x
() First derivative df /dx 1.15.1.1.6
£ () nth derivative d" f/dz™ 1.12.1.1
£ (20) nth derivative d" f/dz™ at xo 1.12.1.1
F(p, k) Incomplete elliptic integral of the first kind 12.1.1.1.4
||®..]| Norm of &, (z) 18.1.1.1
grad ¢ = Vo Gradient of the scalar function ¢ 23.8.1.6
I(z) Gamma function 11.1.1.1
[(a,z), y(a,z) Incomplete gamma functions 11.1.8.9
y FEuler-Mascheroni constant 1.11.1.1.7
H(z) Heaviside step function 19.1.2.5
H,(z) Hermite polynomial 18.5.3
i Imaginary unit 1.1.1.1
Im{z} Imaginary part of z = z + iy; Im{z} =y 1.1.1.2
I Unit (identity) matrix 1.5.1.1.3
i"erfcx nth repeated integral of erfcx 13.2.7.1.1
I (2) Modified Bessel function of the first kind of order v 17.6.1.1
J f(z)d=x Indefinite integral (antiderivative) of f(z) 1.15.2
fab f(x)dx Definite integral of f(z) fromz =atoxz =10 1.15.2.5
Jn(x) Spherical Bessel function 17.14.1
J+ () Bessel function of the first kind of order v 17.1.1.1
k Modulus of an elliptic integral 12.1.1.1
K Complementary modulus of an elliptic integral; 12.1.1.1
K =+1-k2
K(k), K'(k) Complete elliptic integrals of the first kind 12.1.1.1.7,
12.1.1.1.9
k() Modified Bessel function of the second kind of order v 17.6.1.1
L[f(z); 5] Laplace transform of f(x) 19.1.1
L, (x) Laguerre polynomial 18.4.1
Lgf‘) Generalized Laguerre polynomial 18.4.8.2
log, Logarithm of x to the base a 2.2.1.1
Inz Natural logarithm of z (to the base e) 2.2.1.1
M;; Minor of element a;; in a square matrix A 1.4.2
n! Factorial n;n! =1-2-3---n; ol=1 1.2.1.1
(2n)!! Double factorial; (2n)l! =2-4-6---(2n) 15.2.1
(2n — 1) Double factorial; (2n — 1)1 =1-3-5---(2n — 1) 15.2.1
[g} Integral part of n,/2 18.2.4.1.1
"P. or nPm Permutation symbol; " P, = nl 1.6.1.1.3

(n —m)!
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Section of formula

Notation Name containing its definition
P, (x) Legendre polynomial 18.2.1
P (x) First solution of the associated Legendre equation 18.2.10.1
pLp (z) Jacobi polynomial of degree n 18.6.1
P(z) Normal probability distribution 13.1.1.1.5
H Uk Product symbol; H U = UTUZ * * * Un 1.9.1.1.1
k=1 k=1
PV. [" f(z)dz Cauchy principal value of the integral 1.15.4.1V
g Ratio of the circumference of a circle to its diameter 0.3
I(x) pi function 11.1.1.1
(g, n, k) Incomplete elliptic integral of the third kind 12.1.1.1.6
¥(z) psi (digamma) function 11.1.6.1
Q(x) Probability function; Q(z) = 1 — P(x) 13.1.1.1.6
Q(x) Quadratic form 1.5.2.1
Qn(z) Legendre function of the second kind 18.2.7
Q. () Second solution of the associated Legendre equation 18.2.10.1
r Modulus of z = z + iy; r = (z* + y2)1/2
Re{z} Real part of z = z + iy; Re{z} =z 1.1.1.2
sgn(x) Sign of x
sn u Jacobian elliptic function 12.2.1.1.3
sn” 1y Inverse Jacobian elliptic function 12.4.1.1.3
S(x) Fresnel sine integral 14.1.1.1.2
Si(x), Ci(z) Sine and cosine integrals 14.2.1
n n
Z ak Summation symbol; Z Ak = AQm + AGms1 + -+ an 1.2.3
k=m k=m
and if n < m we define Z ar = 0.
k=m
Z ak(z — :Bo)k Power series expanded about o 1.11.1.1.1
k=m
Tn(zx) Chebyshev polynomial 18.3.1.1
tr A Trace of a square matrix A 15.1.1.10
U, (z) Chebyshev polynomial 18.3.11
z=f"(y) Function inverse to y = f(x) 1.11.1.8
Yy () Bessel function of the second kind of order v 17.1.1.1
Y, (0, ¢) Spherical harmonic 18.2.10.1
yn () Spherical Bessel function 17.14.1
z Complex number z = x + iy 1.1.1.1
|z] Modulus of z = z + iy;r = |z| = (22 + y?)*/? 1.1.1.1
3 Complex conjugate of z = x +iy; Z = x — iy 1.1.1.1
zp{z[n]} bilateral z-transform 26.1
zu{z[n]} unilateral z-transform 26.1






0.1 USEFUL IDENTITIES

Chapter 0 .

Quick Reference List of
Frequently Used Data

0.1.1 Trigonometric ldentities

2

sin®? x + cos? z = 1

sec? x = 1+ tan? x

csc? & = 1+ cot?
sin2x = 2sinx cos x

2 2

cos2r = cos“x —sin“x

= 1-—2sin’x
= 2cos?x —1
2

. 1
sin® x 25(1— cos 2x)

2

cos* ¢ = = (14 cos 2x)

DN | =

sin(x + y) = sin x cos y + cos x sin y
sin (x — y) = sin x cos y — cos x sin y
cos(z + y) = cos x cos y — sin x sin y

cos(z — y) = cos x cos y + sin x sin y

tan x + tan y

tan (z y) =
(@ + ) 1 — tan x tan y
tan ( ) tan r — tan y
an (r — =
4 1 + tan x tan y
cotzcoty —1
cot (z =
(@ +y) cotx + coty
cot x cot 1
Cot(l._y)ziy+

coty —cotx
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0.1.2 Hyperbolic Identities

cosh? z — sinh?z = 1
sech?z = 1 — tanh® z
esch? & = coth? z — 1
sinh 2x = 2 sinh z cosh x

cosh 2x = cosh? z + sinh® x
= 1+ 2sinh®z

= 2cosh®z — 1

1
sinh?® z = 5 (cosh 2z — 1)

1
cosh? z = 3 (cosh 2z + 1)

z + (a? + 22)Y/?

..
arcsinh — = In
a a

{z + (a2 - QZ)W]

T
arccosh — =In
a a

1
arctanh ~ = = In {a + x} [2 < a?]
a 2 a—x

0.2 COMPLEX RELATIONSHIPS

T x

e'" = cosx + i sinx
) el _ p—ix
sinxg = -
21
eix +67iz
cosy = ———
2

(cosz + isinz)™ = cos nx + isin nx
sinnx = Im{(cosz + isinz)"}

cosnx = Re{(cosz +isinz)"}

sinh (z + y) = sinh « cosh y + cosh z sinh y

sinh (z — y) = sinh « cosh y — cosh « sinh y

cosh (z + y) = cosh z cosh y + sinh z sinh y

cosh (z — y) = cosh z cosh y — sinh z sinh y
tanh tanh

tanh(:v n y) _ anh x + tanh y

1 + tanh x tanh y

tanh x — tanh y

tanh (z — y) =
anh (z — y) 1 — tanh z tanh y

cothx cothy + 1

th =
coth (z +y) coth x 4 cothy

1 — cothzcothy
th(zx —y) = ——=
coth (z =) cothx — cothy

} [—o0 < z/a < ]

[x/a > 1]

sinhx =

coshx =

siniz = ¢ sinhx

cosixr = coshx

sinhix = 7 sinx

coshiz = coszx



0.4 Derivatives of Elementary Functions

0.3 CONSTANTS, BINOMIAL COEFFICIENTS AND THE
POCHHAMMER SYMBOL

e = 2.7182 81828 45904
m = 3.1415 92653 58979

logyg € = 0.4342 94481 90325

In 10 = 2.3025 85092 99404

Binomial Coefficients

(2)-

pp—1)...(p—n+1)

v = 0.5772 15664 90153
(2m)~1/2 = 0.3989 42280 40143

1
2) = 71/2 = 1.7724 53850 90551

n!

Pochhammer Symbol

(@), =ala+1)(a+2)...(a+n—-1)=T(a+n)/I'(a)

0.4 DERIVATIVES OF ELEMENTARY FUNCTIONS

/ /
f(z) f'(@) f(x) f'(@)
x” na” L sinh ax acoshax
e” ae®” cosh ax asinh az
Inx 1/x tanh ax a sech? ax
sin ax acosazr csch ax —a cschax coth az
cos ax —asinazr sech az —a sech ax tanh ax
tan ax a sec? ax coth ax —a csch? az
L.
cscax —acscaxrcotar  arcsinh — 1/vV22 + a?
a
sec ax asecar tan ax
x x
, L2 1/v/z? —a? for arccosh E>O’ E>1’
cot ax —a csct ax arccosh — x x
a —1/vx? —a? for arccosh — <0, = > 1.
a a
.
arcsin — 1/vVa? — 22
a
x
arccos — —1/vVa2 — 22
a
z 2, .2 z 2_ .2 2_ 2
arctan —  a/(a®+2°) arctanh —  a/(a® —2z°) [2°<a]
a a
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0.5 RULES OF DIFFERENTIATION AND INTEGRATION

d du dv

1 %(u +o) = =t (sum)
d dv du

2 %(uv) =uo + v (product)
d /ru du dv 2 .

3. %(;> ( Ll udx>/v for v #0 (quotient)

4 Lilgl@)) = o) L

5. /(u +v)d$:/udx+/vd9:
6. /udv:uvf/vdu

d [¥@ d d Y@ g
moe [ rwes = () w0 - (52) swer+ [ S

() da

0.6 STANDARD INTEGRALS

Common standard forms

(function of a function)
(sum)

(integration by parts)

(@) 80[
(differentiation of an integral containing a parameter)

1
1. /”dx— 72 2" [0 #£ 1]
In z, z>0
2. / dex = In |z| = { (—a),2<0
3. /‘“d:c—fe“‘”
a
aCE
4. /afdx: [a#1,a>0]
Ina

5. /lnxdx:mlnxf:r

&

. 1
/Sm ardr = — — cos ax
a

1 .
7. /cos ardr = — sin ax
a

" 1
8. /tan ardr = —— In|cos ax
a
. 1
9. sinh ax dx = — cosh ax
a
1 .
10. /cosh ardxr = — sinh ax
a
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1
11. /tanh ardx = — In |cosh ax|
a

1
12 /\/ﬁ dfl' = a,rCSing [SCZ S CLZ]
1
13. /\/ﬁdx = arccoshg = In|z + V22 —a?| [a® <27
1
14 /mdl' = arCSinh % = h’l|l’+ V a2 +I2|
1 1
15. /7(1&' = — arctan z
22 + a? a a
dzr 1 a + bz 1 bx 2 2 2
/az—bzxz 2ab |4 — bz ab TR [ a

Integrands involving algebraic functions

(a + bx)n+1
17. br)"dx = ——F—— -1
[ @+ bayras = ST )
1 1
wo (a4 b))t fa+ ba a
19. /x(a—i—bm) dx = 72 e e [n # -1, =2

x r  a
20. = - - =1
0 /a+bxdw ) n|a + bzl

x? 11 ) )
21. de = — i(a + bx) — 2a(a + bx) +a“ In |a + bz

a + bx b3

T 1 a
22. ——dr = 1 b
/(a + bx)? TR (a—i—bx +inja+ I|)

23 / LA P S (R C g la + ba
. —_— aAr = — — n
(a + bx)? T e @G T o

b
1 1

24. /7dx =—In
z(a + bx) a

x
a + bx
1 1 b a + bx
9. [ gy = — =y Oyt
/xz(a—i—bx) v e x
1 1 1 T
26. dr = — In |——
/x(aerz)z v a(a + bx) + 2 "o+ ba
Loy |Yatbr - Vel g
1 va  |Va +br + Va
27. ———dzr =
zva+ bz 2 a+br
arctan if a<0

l
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28 /7dx:_7va+bx_7/
' 22v/a + bx ax va + bx
2
2
30. / T - TR (8a® + 3b%x® — 4dabx) Va + bx
a T

a xr 1+n/2
31. /\/(a + bx)rdr = %% [n # —2]

n + 2
va + bz 1
32. ——dr = 2Va+ bx + /7%d
/ . x Va+br + a T x
33. /x\/a + brdr = 152b2 (3bz — 2a)(a + bx)*/?

2
34. /\/ a? + z?dx = %\/ a? + 22 + % arcsinh —
a
4
35. 2%\ a? + x2dx = g(az + 22%)Va? + 22 — % arcsinh —
a
/a2 2 2 2\1/2
36. /ud:c: \/a2+x2—aln[(a ) J”ﬂ

x
/2 /2 2
37. / a —|—x zln[(az—i-xz)l/z—l-x]—aTH
1 2 2\1/2
38. /dxln{(aJrz) +“]
zva? + 2?2 a x
39 /1d$__Va2+ﬂfz
' 22v/a? + 22 N a?x
2
40. /\/az—xzdx:; az—xz—l—%arcsin% [2% < a?]
1 1 (a®> — 22)Y2% + a s 9

42. /\/ﬂdng xz—az—%ln[(:cz—az)l/z—f—m] [a? < 2?]
-

43. /mdx\/xzazaarcsec‘x’ [a? < 2?]
x a

14 / ! d T 2
. ———dz = ——— [a° <z
x2+/12 — g2 alx
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5. /( :

46.

/

@ + 122)? dz

1

: + ! arcta i
= — arctan —
2d2(a? + z2) = 2a3 ey

dr =

(Cl2 _ 332)2

T 1 Tr—a
x4+ a

2_ 2
2a2(a2—x2)_@n } [ < @]

Integrands involving trigonometric functions, powers of x, and exponentials

47.

48.

49.

50.

51.

52.

53.

o4.

55.

56.

o7.

58.

99.

60.

61.

62.

63.

/

P L L

. 1
sin axdr = — — cos ax
a
2 and T  sin 2az
sin arder = — —
2 4a
cos axdr = — sinax
a
2 r  sin2ax
cos“ardr = —
2 4a
) ) sin(f@a — b)x  sin(a + b)x ., 2
5 ¢ sin brdx = — b
sin ax sin bx dx @ =) 3@ ) [a® # b7]
sin(f@ — b)x  sin(a + bz . , 2
cos ax cos bxdr = + a b
2(a — b) 2(a +b) [ # 7]
. cos(a + b cos(a — b
sin az cos brdxr = — 2((Z+ b))x - ;((Z—b))x [a® # b
. sin? az
sin ax cos ax dr =
2a
. sinar xcosar
rsinazr dr = > —
a a
2z si 222 —2
2 sinar dr = a?silax — (o7 3 )cosaa?
a a
T sin ax 1
T cos ardy = ——— — cos ax
a
5 x? 2 . 2z cos ax
€ cos ardr = | — — — | sinax + ———
a a a
ea(l)
e sin bxdr = ————— (a sin bx — b cos bx
a? 4+ b? ( )
ar
e cos br dr = pr (a cos bx + b sin bx)
1
sec axdr = — In |sec ax + tan ax|
a
1
csc axdr = — In |csc ax — cot ax|
a
1 .
cot axdr = — In [sin az|
a
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8
2 1
64. tan® arxdx = — tan ax — x
a
2 ].
65. sec” ardxr = — tan ax
a
2 1
66. csc” ardr = — — cot ax
a
2 1
67. cot” ardr = — — cot ax — x
a

Integrands involving inverse trigonometric functions
1
68. /arcsin axdr = x arcsin ax + — /1 — a222 [a%2? < 1]
a
1
69. /arccos arde = x arccos axr — — /1 — a222  [a%2? < 1]
a

1
70. /arctan ardr = x arctan ax — % In(1 + a?2?)
a

Integrands involving exponential and logarithmic functions

71. /e”dm = le‘”

a

72. /bawdleb b > 0,b# 1]
aln b

73 /xe‘“‘ dx = e (ax — 1)
: >

74. /ln ardr = x lnar —

1 1
75. / nxaa: dx = 5 (In azx)?

1
76. / dx = In |In az|
z In az

Integrands involving hyperbolic functions

1
77. /Sinh ardr = — cosh ax
a

sinh 2ax

Sinh2 ardx = T - g

78. /
. T 1 .
79. rsinh axdx = — cosh ar — — sinh ax
a a?
80. /

1
cosh ax dxr = — sinh ax
a
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inh 2
81. /cosh2 ardr = S 24 + z
4q 2

1
82. /xcosh ardr = z sinh axr — — cosh ax
a a
83 /e‘“” sinh bz dr = e i - ﬂ [a® # b?]
' 2 \a4+b a-0b
azx bx —bzx
84. /e‘” cosh bx dr = 67 (a€+ ; + ;_ b) [a® # b?]
1 1
85. /e‘“c sinh azdr = — €®** — ~gx
a 2
axr 1 2azx 1
86. e cosh axdr = — e + —x
4da 2
1
87. /tanh axdr = — In(cosh ax)
a
1
88. /tanh2 ardr = x — — tanh az
a
1
89. /coth axrdr = o In |sinh az|
90. /coth axr dx xr — — coth ax
2
91. /Sech ardr = — arctan e**
a
1
92. /sech2 ardx = p tanh azx
1
93. /cschax dr = — In ’tanh %’
a 2
1
94. /csch2 ardx = —— coth az
a

Integrands involving inverse hyperbolic functions

95. /arcsinh Y dw = z arcsinh & — (a? + 22)Y/?
a a

2 2172
:xln{x+(aa+x) ]—(a2+x2)1/2 [a > 0]
96. /arccosh L dz = z arccosh = — (2% — a?)1/?

a a

x4+ (3:2 _ a2)1/2
a

=zln } — (2% — a?)Y/? [arccosh% >0, 22 > az}

X X
= zarccosh~ + (22 — a?)1/2 {arccosh— < 0,22 > az}
a a
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2o [x + (22 — az)llz} + (22— a?)2
a

97. /arctanhgd:v = garctanh — + g In (a® — z?)

a a
x a+x a
= —1 1 2_ .2 2 2
2n(ax)+2n(a %) [z° < af]
2 2
98. /a: arcsinh 2 dg = x——ka— arcsinhf—fx/az—&—xz
a 2 4 a 4
22 d? x+(a2+x2) & T
= (2+4>1n —Z\/(Lz—‘rl‘z [CL>O]
a

X
22 —a? [arccosh = > 0, 22 > a2
a

2 2
(x - Z) arccosh — + %\/%2 —a? [arccosh < 0, 22 > a?]
a a

2
2 2 2 _ 2\1/2
I O ol Coent )l I
2 4 a 4
2_ .2 - 1
100. /x arctanhmdx<m a>arctanhl+ax
a 2 a 2
2_ 2
— 1
= (m 4a>ln[z+i]+2ax (2% < a?]
0.7 STANDARD SERIES
Power series
L Qxa) t=1Fa+25284+2%F - [lz| <1
2. (1+a) ?=1F22+322F4a3+52%F--- [z <1]
3. (1:|:x2)71:1:12932+x4:1::c6+:c8:F--~ [lz] < 1]
4. (1:|:x2)72:1:1:2x2—|—31:4:|:4:c6—|—5:c8:F--~ [|z| < 1]
-1 -1 -2
5. (1+2) :1+am+a(a2' )$2+0‘(O‘ 3)'(a )m3+~-~
(a—1)(a—2)---(a—n+1)

x", areal and |z| < 1.

SSeY
=1
+nz::1 n'

(the binomial series)
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These results may be extended by replacing = with +2* and making the appropriate modifica-
tion to the convergence condition || < 1. Thus, replacing  with +22/4 and setting @ = —1/2
in power series 5 gives

.’L'Z —1/2 1 2 3 4 5 6
(“u) IR T T T

for |2?/4] < 1, which is equivalent to |z| < 2.

Trigonometric series

. 2 2 2
6. smx:xngra*ﬁJr“' [|lz| < 0]
2 4 6
T T T
3 2 17 62
8. tanz =1+ o + 25— LTy L g9 [lz] < 7/2]

3 15 315 2835

Inverse trigonometric series

9 . +x3+1.3 s 135 7. (o] < 1, —7/2 < arcsing < /2]
. arcsinz =z 4 — x '+ [ -7 arcsina < 7
23 245 2.4.6.7 ’
10. arccosz = g —arcsinz [|z] < 1,0 < arccosz < 7]
2 2d 2
1. arctanz =2 — — + — — — 4 ... 1
arctans =z — — + — -+ [|lz| < 1]
T 1 1 1 1
e e > 1
2 x 328 bxd  TaT 2> 1]

T 1Jr 1 1 + 1 [ < 1]
2 x 3z bxd 727

Exponential series

2 3 4

” ¢z
12. e :1+J;+§+§+4!+~-~ [lz] < o0
2 3 4
—z _ 1 _ r_or.ro
13. e =1 :c+2! 3!—1-4! [lz] < o0

Logarithmic series

2 3 4 5

14. 1n(1+x):zf%+%f%+€fu- 1<z <1]
2 3 4

15. 1n(1—x)——<x+x2+$3+x4>+~~ 1<z <1]

1 3 5 7
16. 1n<1+x>:2(x+x+x+x +--~)=2 arctanh z  [|z] < 1]
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1_ 3 5 7
17. ln(1+i> :—2(x+2+335+337+~-~> = —2 arctanh z [|z| < 1]

Hyperbolic series

3 5 7

. x X X
xz 5174 276
3 2 17 62
20. tanhz =z — - 4+ —g5 — ~ LT 0% 49 . [lz] < /2]

3 15 315 2835

Inverse hyperbolic series

1 1. 1.3.
21. arcsinhz =2 — —a3 + 3 s 3.5

B 7.
2.3 945" " 2467° T [l <1]

1 1.3 1.3.5
22. arccosh x = + <ln(2x) 5922 3448 54666 > [z > 1]
3 5 7
23. arctanhxzx—k%—k%—k%—k--- [lz] < 1]

0.8 GEOMETRY
Triangle

Area A = 1ah = 1acsin 0.
2 2

For the equilateral triangle in which a = b = ¢,

V3 a3

A= ;
4 2

The centroid C' is located on the median RM (the line drawn from R to the midpoint M of
PQ) with MC = $RM.
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Parallelogram

Area A = ah = absina.

The centroid C is located at the point of intersection of the diagonals.

I
i

Trapezium A quadrilateral with two sides parallel, where h is the perpendicular distance
between the parallel sides.

AreaA:%(a—ﬁ—b)h.

The centroid C' is located on PQ), the line joining the midpoints of AB and C'D, with

_ﬁ(a—&-?b)
Q0= 3 (a+b)’
b —]
D P c
A\
/
e !
/ |
/
A 0 B
[ a |

Rhombus A parallelogram with all sides of equal length.

Area A = a?sin a.
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The centroid C is located at the point of intersection of the diagonals.

Cube

Area A = 64°.
Volume V = a8.

Diagonal d = aV/3.

The centroid C' is located at the midpoint of a diagonal.

-
\
\

l

l

[\

} \ a
I

|

\
d

\
cy
| I -4 X
/ \\ h
/ \

/ \ a
\
/

oo %

Rectangular parallelepiped

Area A =2 (ab+ ac+ be).
Volume V' = abe.

Diagonal d = /a2 + b2 + c2.
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The centroid C is located at the midpoint of a diagonal.

A
\

7/
BN

l
|
l \
|
|

Pyramid Rectangular base with sides of length a and b and four sides comprising pairs of
identical isosceles triangles.

Area of sides Ag = av/h2 + (b/2)2 + b\/h? + (a/2)2.
Area of base Ap = ab.
Total area A = Ag + As.

Volume V' = %abh.

The centroid C' is located on the axis of symmetry with OC = h/4.
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Rectangular (right) wedge Base is rectangular, ends are isosceles triangles of equal size,
and the remaining two sides are trapezia.

1 1
Area of sides Ag = 3 (a+c)V4h2 + b2 + §b\/4h2 +4(a—c)

Area of base Ap = ab.
Total area A = A + Ag.

Volume V = % (2a +¢).

The centroid C' is located on the axis of symmetry with

oC =

h (a+c)
2(2a+c)

Tetrahedron Formed by four equilateral triangles.

Surface area A = a?V/3.

3
Volume V' = ¢ 1\2/5.
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The centroid C is located on the line from the centroid O of the base triangle to the vertex,
with OC' = h/4.

Oblique prism with plane end faces If Ap is the area of a plane end face and h is the
perpendicular distance between the parallel end faces, then

Total area = Area of plane sides + 2Ap5.

Volume V = Agh.

The centroid C' is located at the midpoint of the line C1C> joining the centroid of the parallel
end faces.

Clircle
Area A = 7r?, Circumference L = 277,

where r is the radius of the circle. The centroid is located at the center of the circle.

Arc of circle

Length of arc AB : s = ra (« radians).
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The centroid C is located on the axis of symmetry with OC' = ra/s.

S
A o ¢ B
< I 2\

/ \\ | // \
[ \@é@/y \
! N |
\ |0 ]
\ | J
\ | /
AN | /
7
N -
Sector of circle
2
Area A = % = % (o radians) .

The centroid C' is located on the axis of symmetry with

Segment of circle
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The centroid C is located on the axis of symmetry with

a3

f«— a2 —>=1=— a2 —>]

Annulus

Area A =n(R*>—r?) [r<R].

The centroid C' is located at the center.

Right circular cylinder

Area of curved surface Ag = 27rh.

Area of plane ends Ap = 2772,
Total Area A = Ap + Ag.

Volume V = 7r?h.
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The centroid C is located on the axis of symmetry with OC' = h/2.

Right circular cylinder with an oblique plane face Here, hy is the greatest height of
a side of the cylinder, hy is the shortest height of a side of the cylinder, and r is the radius of
the cylinder.

Area of curved surface Ag = wr(hy + hy).

hl—hz)z

Area of plane end faces Ag = 7r? + 7 \/rz + ( 5

(h — ha)?

Total area A =7r |hy 4+ ho + 7+ (/12 + 5

N

wr

Volume V = 7 (h]_ + hz) .

The centroid C is located on the axis of symmetry with

(ha+ha) 1 (hy—h)®
4 16 (hl + hz) ’

ocC =
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Cylindrical wedge Here, r is radius of cylinder, h is height of wedge, 2a is base chord of
wedge, b is the greatest perpendicular distance from the base chord to the wall of the cylinder
measured perpendicular to the axis of the cylinder, and « is the angle subtended at the center
O of the normal cross-section by the base chord.

Area of curved surface Ag = # [(b - 7")% + a} .

Volume V = % [a (3r% —a®) +3r%(b— r)%} .

Right circular cone

Area of curved surface Ag = 7rs.

Area of plane end Ap = 712,

Total area A = Ag + Ag.

1
Volume V' = gm’zh.
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The centroid C is located on the axis of symmetry with OC' = h/4.

Frustrum of a right circular cone

s=1/h2+(ry —7“2)2.

Area of curved surface Ag = ws(r1 +r2).
Area of plane ends Ag = 7(rZ +13).

Total area A = A + Ag.

1
Volume V = gﬂh(rf + 7179 4 12).

The centroid C' is located on the axis of symmetry with

(r% + 2riro + 37%)
(rf + r1r2 +15)

h
OC_Z
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General cone If A is a area of the base and h is the perpendicular height, then Volume

V =3 Ah.

The centroid C' is located on the line joining the centroid O of the base to the vertex P
with

1
oC = ZOP'

Sphere
Area A = 47r? (r is radius of sphere).

4
Volume V = §7rr3.
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The centroid is located at the center.

Spherical sector Here, h is height of spherical segment cap, a is radius of plane face of
spherical segment cap, and r is radius of sphere. For the area of the spherical cap and conical

sides,
A =7mr(2h + a).
92 2
Volume V' = ﬂ-; h.

The centroid C is located on the axis of symmetry with OC = 3(2r — h).

f¢——2a

Spherical segment Here, h is height of spherical segment, a is radius of plane face of
spherical segment, r is radius of sphere, and a = \/h(2r — h).

Area of spherical surface Ag = 27rh.

Area of plane face Ap = ma®.

Total area A = Ag + Ag.

1 1
Volume V = gwhz(?)r —h) = 67rh(3a2 + h?).

2r — h)?
The centroid C' is located on the axis of symmetry with OC = i<(3rh))
r—
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Spherical segment with two parallel plane faces Here, a; and ay are the radii of the
plane faces and h is height of segment.

Area of spherical surface Ag = 2nrh.

Area of plane end faces Ag = m(a? + a3).

Total area A = Ag + Ag.

1
Volume V = gﬂh(Baf + 3a3 + h?).

When rotated about the x-axis the volume is

4

V, = —mab?.
37Ta
When rotated about the y-axis the volume is
4
V, = —ma®b
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YA

Y

-b

2 2
X + y_ =1
a2 T2
Torus Ring with circular cross-section:

Area A = 47°rR.

Volume V = 27%r2R.

(See Pappus’s theorem 1.15.6.1.5.)




Chapter 1 .

Numerical, Algebraic, and
Analytical Results for Series
and Calculus

\/

1.1 ALGEBRAIC RESULTS INVOLVING REAL AND COMPLEX NUMBERS
1.1.1 Complex Numbers

1.1.1.1 Basic Definitions

If a, b, ¢, d, ... are real numbers, the set C of complex numbers, in which individual complex
numbers are denoted by z,¢, w, ..., is the set of all ordered number pairs (a, b), (¢, d), ... that

obey the following rules defining the equality, sum, and product of complex numbers.
If 21 = (a,b) and z3 = (¢, d), then:

(Equality) 2z = 2o implies,a = ¢ and b = d,
(Sum) z1 + 2 implies, (a + ¢, b+ d),
(Product) z1z9 or z1 - zo implies, (ac — bd, ad + bc).
Because (a,0) + (b,0) = (a + b,0) and (a,0) - (b,0) = (ab,0) it is usual to set the complex
number (z,0) = = and to call it a purely real number, since it has the properties of a real

number. The complex number i = (0, 1) is called imaginary unit, and from the definition of
multiplication (0,1) - (0,1) = (=1, 0), so it follows that

i?=-1 or i=+v-L

If z = (z,y), the real part of z, denoted by Re{z}, is defined as Re{z} = z, while the
imaginary part of z, denoted by Im{z}, is defined as Im{z}=y. A number of the form

27
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(0,y) = (y,0) - (0,1) = yi is called a purely imaginary number. The zero complex number
z = (0,0) is also written z = 0. The complex conjugate z of a complex number z = (z,y) is
defined as

zZ= (1’7 _y)a
while its modulus (also called its absolute value) is the real number |z| defined as
el = (2 + 4272,

so that

12 = 2z.

The quotient of the two complex numbers z; and z5 is given by

21 2129 2129

Z mZy |zl

[2’2 7’5 O}

When working with complex numbers it is often more convenient to replace the ordered pair
notation z = (x,y) by the equivalent notation z = x + iy.

1.1.1.2 Properties of the Modulus and Complex Conjugate
1. If z = (z,y) then

z+zZ=2Re{z} =2z
z—z=2i Im{z} = 2iy

2. Jal = e
3. z2=(2)

4 i:(i) 2 0]
5. (") =(2)"

6. ‘Zl:;' 22 # 0]

1.1.2 Algebraic Inequalities Involving Real and Complex Numbers

1.1.2.1 The Triangle and a Related Inequality

If a, b are any two real numbers, then
la+b| < |a| + |b] (triangle inequality)
la =0 = la| — [bl],
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where |a|, the absolute value of a is defined as

la| = a, a>0
T l—a, a<O.

Analogously, if a, b are any two complex numbers, then
la +b| < la| + |9 (triangle inequality)

@ = b > [la] — [b]]

1.1.2.2 Lagrange’s ldentity

Let a1, as,...,a, and by, bs,...,b, be any two sets of real numbers; then
n 2 n n
<Z akbk> = (Z ai) <Z bi) - Z (akbj - ajbk)z.
k=1 k=1 k=1 1<k<j<n
1.1.2.3 Cauchy-Schwarz—Buniakowsky Inequality
Let ay,as,...,a, and by,bs,...,b, be any two arbitrary sets of real numbers; then
n 2 n n
(Do) = () (3)
k=1 k=1 k=1
The equality holds if, and only if, the sequences a1, as,...,a, and by, bs,...,b, are propor-
tional. Analogously, let aq,as,...,a, and by,bs,...,b, be any two arbitrary sets of complex
numbers; then
n 2 n n
S| < (Yiar) (Smr).
k=1 k=1 k=1
The equality holds if, and only if, the sequences a1, aso,...,a, and by, bs,...,b, are propor-
tional.
1.1.2.4 Minkowski’s Inequality
Let a1,aq,...,a, and by, bs, ..., b, be any two sets of nonnegative real numbers and let p > 1;
then
n 1/p n 1/p n 1/p
k=1 k=1 k=1
The equality holds if, and only if, the sequences a1, ao,...,a, and by,bs,...,b, are propor-

tional. Analogously, let ai,as,...,a, and by,bs,...,b, be any two arbitrary sets of complex
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numbers, and let the real number p be such that p > 1; then
n 1/p n 1/p n 1/p
(Z o+ b) < (z w) + (Z W) ~
k=1 k=1 k=1
1.1.2.5 Holder’s Inequality

Let a1,aq,...,a, and by,bs, ..., b, be any two sets of nonnegative real numbers, and let 1/p +
1/¢ =1, with p > 1; then

n /p s n 1/q n
(Z aﬁ) (Z b[]i) > Zakbk.
k=1 k=1

k=1
The equality holds if, and only if, the sequences a},ab, ..., aP and b,bd, ..., b% are propor-
tional. Analogously, let ai,as,...,a, and by,bs,...,b, be any two arbitrary sets of complex

numbers, and let the real number p, g be such that p > 1 and 1/p + 1/q = 1; then
n Up /s n 1/q n
() (Smr) = [Sun
k=1 k=1 k=1

1.1.2.6 Chebyshev’s Inequality
Let a1,as9,...,a, and by, ba,...,b, be two arbitrary sets of real numbers such that either
ay>ay> - >a, and by > by > -+ > by, or a; <ax < - <ay and by Kby < oo Kby

then
(otomt rm) (b 15,
n n n
k=1
The equality holds if, and only if, either a1 = ay =--- =a, or by =by =--- = b,.

1.1.2.7 Arithmetic—Geometric Inequality
Let a1,as,...,a, be any set of positive numbers with arithmetic mean

An: (CL1+CL2+ +an)
n

and geometric mean

Gn = (aray - an)"'™;

then A,, > G,, or, equivalently,

ar+az+ - +ap
n

1/n

> (araz -+ ay)

The equality holds only when a1y = as = --- = a,.
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1.1.2.8 Carleman’s Inequality
If a1, ao,...,a, is any set of positive numbers, then the geometric and arithmetic means satisfy
the inequality

i Gk < eAn
k=1

or, equivalently,
n

n

tas4-+
(a1a2~-~ak)1/k§e<a1 as an>7

k=1

where e is the best possible constant in this inequality.

The next inequality to be listed is of a somewhat different nature than that of the previous
ones in that it involves a function of the type known as convex. When interpreted geometrically,
a function f(z) that is convex on an interval I = [a, b] is one for which all points on the graph
of y = f(z) for a < x < b lie below the chord joining the points (a, f(a)) and (b, f(b)).

y

y=fx)
f(b)

(1= Wf(a) + Af(b)

flA=Na +Ab)
fla)

(I-MNa+Ab

Definition of convexity. A function f(z) defined on some interval I = [a,b] is said to be
convex on [ if, and only if|

Ml =1 a+af®)] <1 =21)f(a) +2f(b),

fora#band 0 < A < 1.
The function is said to be strictly convex on [ if the preceding inequality is strict, so that

[l =2 a+af®)] < (1 —=2)f(a) +21f(b).

1.1.2.9 Jensen’s Inequality
Let f(z) be convex on the interval I = [a,b], let z1,x2,...,2, be points in I, and take
A1, A2,..., A, to be nonnegative numbers such that

MAdat A, =1
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Then the point A1x1 + Asxo + -+ + Az, lies in I and
fazy +dozo + -+ Xpy) < A f(x1) + Ao f(22) + - + A f(2n).

If all the A;’s are strictly positive and f(z) is strictly convex on I, then the equality holds if,
and only if,

X1 =T = "= Tp.

1.2 FINITE SUMS

1.2.1 The Binomial Theorem for Positive Integral Exponents

1.2.1.1 Binomial Theorem and Binomial Coefficients

If a, b are real or complex numbers, the binomial theorem for positive integral exponents n is

n

(a+b)" = Z (Z) a*v" Tk [n=1,2,3,..],

k=0

with

n n n!

= = — = Lo <
and k! =1-2-3- --- - k and, by definition 0! = 1. The numbers (}') are called binomial
coefficients.
When expanded, the binomial theorem becomes
—1 —1 -2
(a + b)n =q" + nan—lb + n(n2' )an,—2b2 + n(n 3)'(” )an—3b3 4+
-1
4 Tl(?’lQ' )a2bn—2 T nab71—1 4 bn

An alternative form of the binomial theorem is

(a+b)" =a" <1+Z>n :a"i (Z) (Z)nk n=1,2,3 ...

k=0

If n is a positive integer, the binomial expansion of (a + b)™ contains n + 1 terms, and so
is a finite sum. However, if n is not a positive integer (it may be a positive or negative real
number) the binomial expansion becomes an infinite series (see 0.7.5). (For a connection with
probability see 1.6.1.1.4.)
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1.2.1.2 Short Table of Binomial Coefficients ()

k
n 0 1 2 3 4 5 6 7 8 9 10 11 12
1 1 1
2 1 2 1
31 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1
7 1 7T 21 3 35 21 7 1
8§ 1 8 28 56 70 56 28 8 1
9 1 9 3 84 126 126 84 36 9 1
10 1 10 45 120 210 252 210 120 45 10 1
11 1 11 55 165 330 462 462 330 165 55 11 1
121 12 66 220 495 792 924 792 495 220 66 12 1

Reference to the first four rows of the table shows that

Y=a+b

)2 = a? + 2ab 4 V?

)3 = a® + 3a%b 4 3ab® + b°

V= a* + 4a®b + 6a%V? + dab® + bt

The binomial coeflicients (Z) can be generated in a simple manner by means of the following
triangular array called Pascal’s triangle.

(n = 0) 1 = (a+b)°
/N 1

(n=1) 1 1 = (a+b)
(n=2) 1/>2/\1 = (a+b)?
(n=3) 1/\3 \3/\1 = (a+b)’
/NN NN\ )

(n=4) 1 4 6 4 1 = (a+b)
n=5 1 5 10 10 5 1 = (a+b)
n=6) 1 6 15 20 15 6 1 = (a+b)P®
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The entries in the nth row are the binomial coefficients (Z) (k=0,1,2,...,n). Each entry
inside the triangle is obtained by summing the entries to its immediate left and right in the
row above, as indicated by the arrows.

1.2.1.3 Relationships Between Binomial Coefficients

(n): n! nn—1)(n—-2) - (n—k+1)_n+1—k( n )

—_

kl(n — k)l Tl Tk

)+ (-2 ()=

k - E—1

N
=
o 3
Nl
I
JH
=

GRS = {1 A G RV R (R S R R O
L (2;) _ 27217‘1))2' <2nn— 1) _ 71(2(7:1')21)'
5 (—kn) _ (=n)(=n—1)(-n —k!Q) (k1) 1)k (n +Z _ 1)

1.2.1.4 Sums of Binomial Coefficients (n is an integer)

-0 @)oo
n>1,m=0,1,2,...,n—1]
§-)+()-r )

{from 1.2.1.4.1 withm = n — 1, because (Z: 1> = 1}
n—
)« (s

) () (7)o ()= (60)
L ()

(

(

N

bad

+

n
1

(

o3
_|_
_|_

0) () () ()=
()
)

N——— —

n n T) DR n = 7L—1 —_ —

5. 0) + (2 + 4+t (m 2 [m =n(evenn), m =n — 1 (oddn)]
n n n . n n—1 — =n —

6. 1) + (3) + (5 4ot (m) =2 [m =n(evenn), m =n — 1 (oddn)]
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[m = n (evenn), m = n — 1 (oddn)]
o (3)+ (5) 4 () e () =5 (e )
[m = n(evenn), m = n — 1 (odd n)]

10. (8>+<Z>+<g>+...
ONCRO
12. (;) + (Z) + ({6) bt (Z) _ % (2”_1 on/2 COS%)

@ () () (-
14. (’8)+2(’f)+3(’;)+ +(n+1)(”>:2 (n+2) [n>0]
15. (’1L>2<’2l>+3<§>~-+(1) n(Z)-O [n> 2]

16.

n 1/n 1/n 1 n ontl _q
18. — - -z -
8 (0>+2<1>+3(2>+ +n+1(n) |
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o () 6 0= )
5 (5056 g

1.2.2 Arithmetic, Geometric, and Arithmetic—Geometric Series
1.2.2.1 Arithmetic Series

n

|
—

(a+kd)=a+(a+d)+(a+2d)+---+[a+ (n—1)d]
0

>
Il

g[2a +(n—1d] = g(a +1) [l = the last term]

1.2.2.2 Geometric Series

n
Zark’l =a+ar+ar?+- - +ar"?
k=1

_a(lfT")
o 1—7

[r# 1]

1.2.2.3 Arithmetic—Geometric Series
1
(a+kd)r* =a+ (a+d)r+ (a+2d)r*> + -+ [a+ (n — D)d]r"!
' M ar =D+ =) =r]d}  [(d—ar+d
- -1y -1y

3
|

x>
Il

[r#1,n>1]

1.2.3 Sums of Powers of Integers
1.2.3.1

1. Zk:1+2+3+---+n:g(n+1)
k=1

" n
2. Zk2:12+22+32+~-~+n2:E(n+1)(2n+l)
k=1
2

n
3. Zkg=13+23+33+--~+n3:%(n+1)2
k=1

i n
4. Zk4:14+24+34+~-~+n4:%(n+1)(2n+1)(3n2+3n—1)
k=1
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- nitl  nd  1/q 1/q
5. k= — 4+ =) Ban? 4+ (1) Byn??
Z; q+1+2+2(1> on +4(3> n

1/q = 1/q 7
el Bend=° + = Band
+6<5> eN +8(7> sn + 5

where By =1/6, By = —1/30, Bg = 1/42, ..., are the Bernoulli numbers (see 1.3.1) and the
expansion terminates with the last term containing either n or n2.
These results are useful when summing finite series with terms involving linear combinations

of powers of integers. For example, using 1.2.3.1.1 and 1.2.3.1.2 leads to the result

n n

Z(3k—1)(k+2)=2(3k2+5k—2)ZBik2+5ik—2i1
k=1 k=1 k=1

k=1 k=1
n n
:3~g(n+1)(2n+1)+5-§(n+1)—2n

:n(n2 —|—4n—|—1).
1.2.3.2

1. zn:(km—l):(m—1)+(2m—1)—|—(3m—1)+-~—|—(nm—1)
:%mn(n—&—l)—n

2. Zn:(km—l)2:(m—1)2+(2m—1)2+(3m—1)2+---+(nm—1)2

_ é” [m2(n +1)(2n + 1) — 6m(n + 1) + 6]

3. zn:(km—l)?’:(m—1)3+(2m—1)3+(3m—1)3+---+(nm—1)3

_ in [m3n(n + 1)% — 2m2(n + 1)(2n + 1) + 6m(n + 1) — 4]

4. z”: (-1 km—-1)=(m—-1)—2m—-1)+Bm—1) — - + (=1)" " (nm — 1)

k=1 n
- % 2 - (2n + Lym] + (m; 2
5. Z (1) (Em—-1)2=m—-12—-2m—1)24+Bm —1)2 — - + (=1)"* Y (nm — 1)?
k=1
_ % [n(n+1)m? — (2n+ )m + 1] + u _Qm)
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6. n (=) km -1 =(m—1)2 = 2m —1)3 + B3m —1)> — - + (=1)""(nm — 1)°
k=1

=" 3 2 3 2
=5 [(4n® + 6n% — 1)m3 — 12n(n + 1)m

1, .
+6(2n+1)m —4] — g(md —6m +4)

n

3

7. (—DF 2k —1)2=12 - 32 + 52 — ... 4+ (=1)""1(2n — 1)?
k=1
B (_1)n+1 ) 1
= 5 (4n® —1) 5
8. (—D)F 12k —1)2 =13 - 3% + 5% — .. 4 (=1)"* 1 (2n — 1)3
k=1

= (=) n(4n? - 3)

9. (D" Bk—1)=2-5+8— -+ (=1)"*'(3n — 1)
k=1
_ (_1)n+1 1

3

10. (—D)F Bk —1)2=22 - 52+ 82— ... + (=1)""1(3n — 1)?
k=1

1 n+1
:7( ; (On?+3n—-2) -1

11. (—D)F 1B —1)2=23 - 53 +8 — ... 4+ (=1)""' (3n — 1)3
k=1
(71)n+1 13

= T(108n3 + 54n? — 72n — 13) — 5

1.2.4 Proof by Mathematical Induction

Many mathematical propositions that depend on an integer n that are true in general can be
proved by means of mathematical induction. Let P(n) be a proposition that depends on an
integer n that is believed to be true for all n > ng. To establish the validity of P(n) for n > ng
the following steps are involved.

1. Show, if possible, that P(n) is true for some n = ny.
2. Show, if possible, that when P(n) is true for n > ng, then P(n) implies P(n + 1).
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3. If steps 1 and 2 are found to be true, then by mathematical induction P(n) is true for all

n > ng.
4. If either of steps 1 or 2 are found to be false then the proposition P(n) is also false.
Examples
1. Prove by mathematical induction that entry 1.2.3.1 (1) is true. Let P(n) be the

proposition that

- 1
D k=1+2+43+-+n= g+ 1),
k=1
then clearly P(1) is true so we set ng = 1. If P(n) is true, adding (n + 1) to both sides of
the expression gives
1
1424+ n+(n+1)= 5n(n+1)+(n+1)
1
= S+ (n+2),
but this is simply P(n) with n replaced by n + 1 so that P(n) implies P(n + 1). As P(n)
is true for n =1 it follows that P(n) is true for n = 1,2,..., and so
- 1
Zk:1+2+3+~~+n: §n(n+1) foralln > 1.
k=1

2. Prove by mathematical induction that

dr 1
dx—n[sinax} = a"sin (ax+ 2n7r> forn=1,2,....

Taking the above result to be the proposition P(n) and setting n = 1 we find that

— [sinaz] = acos az,

dxr

showing that P(1) is true, so we set ng = 1.
Assuming P(k) to be true for k > 1, differentiation gives

i ﬁ{s- ] fi kg —|—1k
dr | doF 1n ax = I a”sm | ar 5 b4 s

dk+1

SO

1
. _ k1
W[sm az] = a”" cos <ax + 2kn).
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Replacing k by k + 1 in P(k) gives

dF 1
[sin az] = ¢! sin [ax +5 (k+1)m

1 1
= a**'gin [(ax + k;n) + 271}

dxk+1

2

1
= a** cos (ax + 2k:rr>,
showing that P(k) implies P(k + 1), so as P(k) is true for k =1 it follows that P(n) is
true forn =1,2,....

1.3 BERNOULLI AND EULER NUMBERS AND POLYNOMIALS

1.3.1 Bernoulli and Euler Numbers

1.3.1.1 Definitions and Tables of Bernoulli and Euler Numbers

The Bernoulli numbers, usually denoted by B,,, are rational numbers defined by the require-
ment that B, is the coefficient of the term ¢"/n! on the right-hand side of the generating
function

The B,, are determined by multiplying the above identity in ¢ by the Maclaurin series
representation of e! — 1, expanding the right-hand side, and then equating corresponding
coeflicients of powers of ¢ on either side of the identity. This yields the result

1 1 1 1
t = Byt + <31 + 2B0>t2 + <2BQ + 5B+ 630>t3

1 1 1 1
—B3+ -Bo+ By + —DBg |t* +---.
+<6 st Bt Bt o o>t+

Equating corresponding powers of ¢ leads to the system of equations

By=1 (coefficients of t)

1
B + §Bo =0 (coefficients of ¢2)
1 1 1 : 3
532 + 581 + EBO =0 (coefficients of ¢)
1 1 1 1 . .y
~B3+-By+-B1+—By=0 (coefficients of ¢*)

6 4 6 24
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Solving these equations recursively generates By, B1, Ba, B3, ..., in this order, where

1 1 1
Byp=1, Bi=-—=, By=-=, B3= By=——,....
o=1, 5B 5 Ba=g Bs 0, By 30’
Apart from By = %, all Bernoulli numbers with an odd index are zero, so Ba,_1 =
0,n=2,3,.... The Bernoulli numbers with an even index Bs,, follow by solving recursively

these equations:

n—1
2. By=1,; Z(Z)szzo, k=1,2,...,
k=0

which are equivalent to the system given above.
The Bernoulli number Bs,, is expressible in terms of Bernoulli numbers of lower index by

2n—2
1 1 2n(2n—1)---(2n — k + 2)
. By ———— 4+ - — B > 1.
3. B m+1 2 kz:; ! B2
Short list of Bernoulli numbers.
—691 —936 364091
By =1 Big = —— Boy= 2"
0 127 9730 2 2730
1 7 8553103
B =_= By, — ~ Bop — 2229709
1 2 14 6 26 6
1 —3617 —23749 461 029
Ba=5% Bis = =10 Bos = ——7
1 43867 8615841 276 005
By =—+ Big = ——— B3g = ——5—
30 798 14322
1 — 174611 7709321041217
Bg = — By = ————— Bay =
D) 20 330 32 510
1 854513 2577 687 858 367
Bs = —— Booy = Bayy= — ——
87730 2 138 34 6
5
0 66

4. BQH_l =0 [n:2,3,}
The Euler numbers F,,, all of which are integers, are defined as the coefficients of
t" /n! on the right-hand side of the generating function

2¢et ad tm
5. —  _N"E,-.
et +1 nZ:o "n!

As 2et/(et + 1) = 1/ cosht, it follows that 1/ cosht is the generating function for Euler
numbers. A procedure similar to the one described above for the determination of the
Bernoulli numbers leads to the Euler numbers. Each Euler number with an odd index is zero.
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Short list of FEuler numbers.

Ey=1 Eiy =2702765

Ey=-1 E14 = —199 360981

Ey=5 E16 =19391512145

E¢ = —61 Ei13 =—2404879675441

Eg =1385 Esy = 370371188237 525
Eip = —50521 Eoo = —69 348874393 137901

6. E2n71 =0 [n:1,27]

Alternative definitions of Bernoulli and Euler numbers are in use, in which the indexing
and choice of sign of the numbers differ from the conventions adopted here. Thus when
reference is made to other sources using Bernoulli and Euler numbers it is essential to
determine which definition is in use.

The most commonly used alternative definitions lead to the following sequences of
Bernoulli numbers B;; and Euler numbers E, where an asterisk has been added to
distinguish them from the numbers used throughout this book.

1
Bi=-  Ef=1
1 6 1
B*—1 E;=5
2_30 2 =
B*—1 E; =61

1
B} = — E; =1385
4 30 4
B*—i EX = 50521

The relationships between these corresponding systems of Bernoulli and Euler numbers
are as follows:

7. Bop=(-1)""Bf, By =(-1)"Ef, [n=12,..]
The generating function for the B} is

bt =, R
8. 2— 3 cot 3= ZO B;, 25)! with B = 1, while the generating function for the E is

e tQk’
9. sect= ZEgm with Ef = 1.
k=0 ’
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1.3.1.2 Series Representations for B,, and E,

(=)™ (2n)! 1 1 1

L Bam="—gmmt |1t tgm @t
(=)™ (2n)! 1 1 1

2. B2n:7[2n(22n—1_1) 1_227z+37n_@+"'

(_1)n 22n+2 (2n)! 1 1 1
3. Eop = p2ntl T 32041 + 52n+1  72n+1 o

1.3.1.3 Relationships Between B, and E,

(2n)! (2n)! (2n)!

1. Byp=— |l By 94— By g —to By g+ + B,
2 {(271—2)!2! 2t o et g, e e Tt o
Eo=1 [n=1,2,..]

2n (2n —1)! (2n —1)!
2. Bop = Eopg+ By
T 9an (220 1) [(271—2)!1! A T ETRC A
(2n —1)!
Eop_ +E
+(2n—6)!5' oan—6 1+ -+ Lo
1
B():lv B1:§7 E0:1 [7?,—1,2, ]

1.3.1.4 The Occurrence of Bernoulli Numbers in Series

Bernoulli numbers enter into many summations, and their use can often lead to the form of
the general term in a series expansion of a function that may be unobtainable by other means.
For example, in terms of the Bernoulli numbers B,,, the generating function in 1.3.1.1 becomes

t 1 2 4 18
—1— ~t+By— + By— + Bg— +--- .
et —1 gl T Bagy T Bagy Doy +
However,
to ottt
t—1 "2 2%y

so setting ¢t = 2z in the expansion gives

he—1+28,% 49,5 L oop, L
zrcothr =1+ 25‘1’ 41-1- Ga—I—...
=14+ 24" Boy,
£ (2k)!
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or
L ocothr= 243 BT (e <
. cothx = — x| < ml.
P R T
Replacing = by ¢z this becomes
p2k—1
[lz] < 7.

1 - ko2k
2. tr = — -1)"2°"B
cotz = — +;( ) 2 T

The following series for tan z is obtained by combining the previous result with the identity
tan « = cotx — 2cot 2z (see 2.4.1.5.7):

asd 2k—1
3tmm:§:pn“h%@%—93%%ﬂr[m<nmy
k=1 ’

1.3.1.5 Sums of Powers of Integers with Even or Odd Negative Exponents

1. i%:%Jr%JF%JF,“:%Q
k=1
> g;:é+;+;+...:$
5. ilf;(l)Mlm N
6-%%#“%:%_%+%_m:§
k=1
k=1
8igkwﬂ;:$_;+;_m:££
9. i(_ )k+1%:%_%+%_'.':%
0 S T

i
I
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11. §M=;+?}2+;+---=7§
Y S S S S SRR o
— (2]@*1)4 14~ 34 54 96
13 §(2ki1)6—116+;+516+ =%
. imimzé“L?}S“L;Ser:lél?ZZo
15. iw =(-)"*! ”2"5?;;;1)32” n=1,2,..]
16. i(—l)’““@kl_l)zl—;Jr;—m:Z
17. §(—1)k+1<2ki1)3=1—;+;—~-=§
18. i(_l)k+l(21ci1)5:1_5515+515_”'_155§6
19. i(_l)kﬂ(zkimzl_g}?JF;?_”:1§i7§;o
50, g(_l)mmz(_u"%@n [n=0,1,..]

1.3.1.6 Asymptotic Representations for B;,

n+l 2 (277,)'

1. By~ (—1 o~
0o

2n
2. Bap ~ (71)”“4(7111)1/2(%)

Bgn —47'[2
Bgn_'_g (271 + 1) (2n + 2)

4 Bs, e \? n \*"
' an+2 n -+ 1 n —