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The Cambridge Handbook of Physics Formulas

The Cambridge Handbook of Physics Formulas is a quick-reference aid for students and pro-
fessionals in the physical sciences and engineering. It contains more than 2000 of the most
useful formulas and equations found in undergraduate physics courses, covering mathematics,
dynamics and mechanics, quantum physics, thermodynamics, solid state physics, electromag-
netism, optics, and astrophysics. An exhaustive index allows the required formulas to be
located swiftly and simply, and the unique tabular format crisply identifies all the variables
involved.

The Cambridge Handbook of Physics Formulas comprehensively covers the major topics
explored in undergraduate physics courses. It is designed to be a compact, portable, reference
book suitable for everyday work, problem solving, or exam revision. All students and
professionals in physics, applied mathematics, engineering, and other physical sciences will
want to have this essential reference book within easy reach.

Graham Woan is a lecturer in the Department of Physics and Astronomy at the University of
Glasgow. Prior to this he taught physics at the University of Cambridge where he also received
his degree in Natural Sciences, specialising in physics, and his PhD, in radio astronomy. His
research interests range widely with a special focus on low-frequency radio astronomy. His
publications span journals as diverse as Astronomy & Astrophysics, Geophysical Research
Letters, Advances in Space Science, the Journal of Navigation and Emergency Prehospital
Medicine. He is co-developer of the revolutionary CURSOR radio positioning system, which
uses existing broadcast transmitters to determine position, and he is the designer of the
Glasgow Millennium Sundial. '
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Preface

In A Brief History of Time, Stephen Hawking relates that he was warned against including
equations in the book because “each equation.. would halve the sales.” Despite this dire
prediction there is, for a scientific audience, some attraction in doing the exact opposite.

The reader should not be misled by this exercise. Although the equations and formulas
contained here underpin a good deal of physical science, they are useless unless the reader
~ understands them. Learning physics is not about remembering equations, it is about appreci-
ating the natural structures they express. Although its format should help make some topics
clearer, this book is not designed to teach new physics; there are many excellent textbooks
to help with that. It is intended to be useful rather than pedagogically complete, so that
students can use it for revision and for structuring their knowledge once they understand
the physics. More advanced users will benefit from having a compact, internally consistent,
source of equations that can quickly deliver the relationship they require in a format that
avoids the need to sift through pages of rubric.

Some difficult decisions have had to be made to achieve this. First, to be short the
book only includes ideas that can be expressed succinctly in equations, without resorting
to lengthy explanation. A small number of important topics are therefore absent. For
example, Liouville’s theorem can be algebraically succinct (¢ = 0) but is meaningless unless ¢
is thoroughly (and carefully) explained. Anyone who already understands what ¢ represents
will probably not need reminding that it equals zero. Second, empirical equations with
numerical coefficients have been largely omitted, as have topics significantly more advanced
than are found at undergraduate level. There are simply too many of these to be sensibly and
confidently edited into a short handbook. Third, physical data are largely absent, although
a periodic table, tables of physical constants, and data on the solar system are all included.
Just a sighting of the marvellous (but dimensionally misnamed) CRC Handbook of Chemistry
and Physics should be enough to convince the reader that a good science data book is thick.

Inevitably there is personal choice in what should or should not be included, and you
may feel that an equation that meets the above criteria is missing, If this is the case, I would
be delighted to hear from you so it can be considered for a subsequent edition. Contact
details are at the end of this preface. Likewise, if you spot an error or an inconsistency then
please let me know and I will post an erratum on the web page.
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How to use this book

The format is largely self-explanatory, but a few comments may be helpful. Although it is
very tempting to flick through the pages to find what you are looking for, the best starting
point is the index. I have tried to make this as extensive as possible, and many equations are
indexed more than once. Equations are listed both with their equation number (in square
brackets) and the page on which they can be found. The equations themselves are grouped
into self-contained and boxed “panels” on the pages. Each panel represents a separate topic,
and you will find descriptions of all the variables used at the right-hand side of the panel,
usually adjacent to the first equation in which they are used. You should therefore not need
to stray outside the panel to understand the notation. Both the panel as a whole and its
individual entries may have footnotes, shown below the panel. Be aware of these, as they
contain important additional information and conditions relevant to the topic.

Although the panels are self-contained they may use concepts defined elsewhere in the
handbook. Often these are cross-referenced, but again the index will help you to locate them
if necessary. Notations and definitions are uniform over subject areas unless stated otherwise.




Chapter 1 Units, constants, and conversions

1.1 Introduction

The determination of physical constants and the definition of the units with which they are
measured is a specialised and, to many, hidden branch of science.

A quantity with dimensions is one whose value must be expressed relative to one or
more standard units. In the spirit of the rest of the book, this section is based around
the International System of units (SI). This system uses seven base units (the number is
somewhat arbitrary), such as the kilogram and the second, and defines their magnitudes in
terms of physical laws or, in the case of the kilogram, an object called the “international
prototype of the kilogram” kept in Paris. For convenience there are also a number of derived
standards, such as the volt, which are defined as set combinations of the basic seven. Most of
the physical observables we regard as being in some sense fundamental, such as the charge
on an electron, are now known to better than 1 part per million (ppm). The least well known
is the Newtonian constant of gravitation (128 ppm) and the best the Rydberg constant
(0.0012 ppm). The dimensionless electron g-factor, representing the magnetic moment of an
electron measured in Bohr magnetons, has been determined to 1 part in 10

No matter which base units are used, physical quantities are expressed as the product of
a numerical value and a unit. These two components have more-or-less equal standing and
can be manipulated by following the usual rules of algebra. So, if 1- eV = 160.218 x 10721+ J
then 1- J = [1/(160.218 x 10~21)] - eV. A measurement of energy, U, with joule as the unit
has a numerical value of U/J. The same measurement with electron volt as the unit has a
numerical value of U/ eV = (U/J)-(J/eV) and so on.




Units, constants, and conversions

1.2 SI units

SI base units

physical quantity
length

mass

time

electric current

name

metre m
kilogram kg
second s

ampere A

symbol

thermodynamic temperature  kelvin K
amount of substance mole mol
luminous intensity candela cd-

SI derived units
physical quantity name symbol  equivalent units
electric capacitance farad F cv-!
electric charge coulomb C As
electric conductance siemens S Q!
electric potential difference  volt A% Ic!
electric resistance ohm Q VAl
energy, work, heat joule J Nm
force newton N mkgs2
frequency hertz Hz s!
illuminance lux Ix cdsrm™
inductance henry H VAls
luminous flux lumen Im cd sr
magnetic flux weber Wb Vs
magnetic flux density tesla T Vsm™?
plane angle radian rad mm~!
power, radiant flux watt w Js1
pressure, stress pascal Pa Nm™?
radiation absorbed dose gray Gy Tkg™t
radiation dose equivalent®  sievert Sv [Tkg™]
radioactive activity becquerel Bq st
solid angle steradian st m? m?
tefnperature” degree Celsius °C K

9To distinguish it from the gray, units of J kg~! should not be used for the sievert in practice.
bThe Celsius temperature, T, is defined from the temperature in kelvin, Tk, by Tc = Tx —273.15.




1.2 SI units

SI prefixes
factor prefix symbol | factor prefix symbol
10  yotta Y 100  yocto y
1021 zetta Z 10721 zepto z
10" exa E 107% atto a
105 peta P 107  femto f
102  tera T 1072 pico p
10° giga G 10° nano n
106 mega M 10  micro
10°  kilo k 107 milli m
10? hecto h 1072 centi ¢
10! deca® da 107! deci d
“Or deka.
Recognised non-SI units
physical quantity name symbol  SI value
time minute min 60s
hour h 3600s
day d 86400s
plane angle degree ° (n/180) rad
minute ! (/10 800) rad
second " (/648 000) rad
length angstrom A 10710m
~ fermi® fm 1075 m
micron® pm 1075 m
area barn b 1072 m?
volume litre I, L 103 m?
mass tonne®? t 10° kg
pressure bar bar 10°Nm™2
energy electron volt eV ~ 160218 x 1079J
mass unified atomic
mass unit u ~ 1.66054 x 10~ kg

2These are non-SI names for SI quantities.
bQr “metric ton.”




6 Units, constants, and conversions

1.3 Physical constants

The following values are in accordance with the 1986 CODATA Recommended Values for
the fundamental physical constants (Journal of Research of the National Bureau of Standards,
92, 85, 1987).

The digits in parentheses represent the 1-¢ uncertainty in the previous two quoted digits.
For example, G = (6.67259 + 0.00085) x 10! m*kg™"s~2. It is important to note that
the uncertainties for many of the listed quantities are correlated, so that the uncertainty in
any expression using them in combination cannot necessarily be computed from the data
presented. Suitable covariance matrices are tabulated in the above article.

Summary of physical constants

speed of light in vacuum? c . 299792458 x10¥ms™!
permeability of vacuum® Ho 4n x1077Hm™!
=12.566370614... x10~"Hm™

permittivity of vacuum €0 1/(uoc?) Fm™!

. =8.854187817... x10~2Fm™!
constant of gravitation® G 6.672 59(85) x10~ M m3 kgt 572
Planck constant h 6.626 075 5(40) x10~#7Js
h/(27) B 1.054 572 66(63) x107347Js
elementary charge e 1.602 177 33(49) x10~¥9 C
magnetic flux quantum, h/(2e) @ 2.06783461(61) %1075 Wb
electron volt eV 1.602 177 33(49) x10~1 ]
electron mass me 9.109 389 7(54) %10~ kg
proton mass mp 1.672623 1(10) %10~ kg
proton/electron mass ratio mp/me  1836.152701(37)
unified atomic mass unit u 1.660 5402(10) x10~%" kg
fine-structure constant, pce?®/(2h) o 7.297 353 08(33) x10~3

inverse 1/a 137.035989 5(61)

Rydberg constant, meco?/(2h) - Ry 1.0973731534(13) x10"m™*
Avogadro constant Na 6.022 136 7(36) %102 mol ™!
Faraday constant, Nae F 9.648 530 9(29) %x10* Cmol™*
molar gas constant R 8.314 510(70) Jmol*K!
Boltzmann constant, R/N k 1.380658(12) x1072 JTK!
S /Iglggzﬁgmn constant, p 5.67051(19) 108 Wm 2K~
Bohr magneton, efi/(2m,) B 9.2740154(31) x10~24 JT-1

4By definition, the speed of light is exact.
bAlso exact, by definition.

“The standard acceleration due to gravity, g, is defined as exactly 9.806 65 ms~2,




1.3 Physical constants

General constants

speed of light in vacuum c 2.997924 58 x10¥ms~?
permeability of vacuum Uo 4z x107"Hm™!
=12.566370614... x1077Hm™!
permittivity of vacuum €0 1/(poc?) Fm™!
=8.854 187 817... x10~2Fm~!
impedance of free space Zy Hoc Q
=376.730313462... Q
constant of gravitation G 6.672 59(85) x107 " m3 kgt s~2
Planck constant h 6.626 075 5(40) x10737s
in electron volts 4.1356692(12) x1075eVs
h/(2r) i 1.05457266(63)  x10-Js
in electron volts 6.582 122 0(20) x10716eVs
Planck mass, /fic/G mp| 2.176 71(14) x10-8 kg
Planck length, fi/(mpic) = \/EG/c3  Ip 1.616 05(10) x10~%m
Planck time, lpt/c = +/AG/c5 - 5,390 56(34) X104 g
elementary charge e 1.602 177 33(49) x10~C
magnetic flux quantum, k/(2e) @, 2.06783461(61) x 10~ Wb
Josephson frequency/voltage ratio  2e/h 4.835976 7(14) x10¥ HzV~!
Bohr magneton, efi/(2m,) U 9.2740154(31) x107241 1!
in electron volts 5.78838263(52) x10=3eV T!
in kelvins, up/k 06717099(57)  KT-!
nuclear magneton, ek/(2m;) UN 5050786 6(17) x10727 111
in electron volts 3.152451 66(28) x10~8eV T
in kelvins, ux/k 3.658246(31) x10~K T-1
Zeeman splitting constant up/(hc) 4.668 643 7(14) x10' m~! T-1
Atomic constants”
fine-structure constant, ygce®/(2h) o 7.29735308(33) %1073
inverse 1/ 137.035989 5(61)
Rydberg constant, myca®/(2h) R, 1.0973731534(13) x10"m™!
in hertz, Rooc 3.2898419499(39) x10'5 Hz
in joules, Rohe 2.179 874 1(13) 10718 ]
in electron volts, Rohc/e 1.360 569 81(40) x10' eV
Bohr radius?, o/(47R) ay  5.29177249(24) x10~1'm

“See also page 95.
bFixed nucleus.




Units, constants, and conversions

Electron constants

electron mass Me 9.1093897(54)  x107*kg
in electron volts 0.51099906(15) MeV
electron,/proton mass ratio me/m, S544617013(11)  x10~*
electron charge —e —1.60217733(49) x107¥C
electron specific charge —e/m, —1.75881962(53) x10"Ckg™
electron molar mass, Nam, M, 5.48579903(13) %107 kgmol ™!
Compton wavelength, i/(m.c) Ac 2.42631058(22) x107“Zm
classical electron radius, o®ay Te 2.81794092(38) x107%m
Thomson cross section, (87/3)r2 or 6.6524616(18)  x107% m?
electron magnetic moment He 9.2847701(31)  x107#J T~}
in Bohr magnetons, y/us © 1.001159652193(10)
in nuclear magnetons, ye/un 1838.282 000(37)
electron g-factor, 2u./up - ge 2.002 319 304 386(20)
Proton constants
proton mass mp 1.6726231(10)  x10 %" kg
in electron volts 938.27231(28) MeV
proton/electron mass ratio mp/me  1836.152701(37)
proton charge e 1.60217733(49) x107¥C
proton specific charge e/m,  9.5788309(29) x107 Ckg™!
proton molar mass, Namy M, 1.007276470(12)  x10~3 kgmol™
proton Compton wavelength, h/(mpc)  Zcp 1.32141002(12): x107¥m
proton magnetic moment p 1.41060761(47)  x10726JT"!
in Bohr magnetons, fip/ s 1.521032202(15) x1073
in nuclear magnetons, up/ N 2.792 847 386(63)
proton gyromagnetic ratio p 267522128(81)  x108s7' T
Neutron constants
neutron mass My 1.674 928 6(10) %1072 kg
in electron volts _ 939.565 63(28) MeV
neutron/electron mass ratio mn/m.  1838.683 662(40)
neutron /proton mass ratio my/my  1.001 378 404(9)
neutron molar mass, Namy M, 1.008 664 904(14) x10~>kgmol™*
neutron Compton wavelength, h/(mac)  Zcn 1.31959110(12) x107¥m
neutron magnetic moment Un 9.662 370 7(40) x10~27JT!
in Bohr magnetons Un/ps  1.04187563(25)  x1073
in nuclear magnetons un/un 1.91304275(45)




1.3 Physical constants

Muon constants

muon mass my, 1.8835327(11) x10"% kg
in electron volts 105.658 389(34) MeV

muon/electron mass ratio my/m.  206.768 262(30)
muon charge —e —1.60217733(49) x1079¥C
muon magnetic moment Uy 4.490451 4(15) x107%6JT*

in Bohr magnetons, p,,/up 4.84197097(71)  x1073

in nuclear magnetons, 4,/ 8.890 598 1(13)
muon g-factor - 2.002 331 846(17)

Bulk physical constants

Avogadro constant Na 6.0221367(36) x10% mol™*
atomic mass constant® ms  1.6605402(10) x10~2"kg

in electron volts 931.49432(28) MeV
Faraday constant F  9.6485309(29) x10*Cmol™*
molar gas constant R 8314510(70) Jmol K™
Boltzmann constant, R/Na k 1.380658(12)  x1072JK!

in electron volts 8.617385(73)  x10~5eVK™!
molar volume (ideal gas at stp)® V 2241410(19)  x107>m?mol™
Stefan—Boltzmann constant, n2k*/(60R°c?) ¢  5.67051(19) x10 8 Wm—2K™*
Wien’s displacement law constant® b=, T b  2.897756(24) x10°mK

2= mass of 2C/12. Alternative nomenclature for the unified atomic mass unit, u,
bStandard temperature and pressure (stp) are T = 273.15K (0°C) and P = 101325Pa (1 standard atmosphere).

¢See also page 121.

Mathematical constants

pi (1)

exponential constant (e)
Catalan’s constant

Euler’s constant® (y)
Feigenbaum’s constant (o)
Feigenbaum’s constant ()
Gibbs constant

golden mean

Madelung constant®

3.141 592 653 589 793 238 462 643 383 279 ...
2.718 281 828 459 045 235 360 287 471 352 ...
0.915 965 594 177 219 015 054 603 514 932 ...
0.577 215 664 901 532 860 606 512 090 082 ...
2.502 907 875 095 892 822 283 902 873 218 ...
4.669 201 609 102 990 671 853 203 820 466 ...
1.851 937 051 982 466 170 361 053 370 157 ...
1.618 033 988 749 894 848 204 586 834 370 ...
1.747 564 594 633 182 190 636 212 035 544 ...

“See also Equation (2.120).
bNaCl structure.




10 Units, constants, and conversions

1.4 Converting between units

The following table lists common (and not so common) measures of physical quantities.
The numerical values given are the SI equivalent of one unit measure of the non-SI unit.
Hence 1 astronomical unit equals 149.5979 x 10° m. Those entries identified with a “*” in
the second column represent exact conversions; so 1 abampere equals exactly 10.0 A. Note

that individual entries in this list are not recorded in the index.

There is a separate section on temperature conversions after this table.

unit name value in SI units
abampere 1007 A
abcoulomb 10.0* C
abfarad 1.0° “x10°F
abhenry 1.0° x10~°H
abmho 1.0* x10° S
abohm 1.0° x107°Q
abvolt 10.0° x107°V
acre 4046856 - x10°m?
amagat (at stp) 44614774 molm™
ampere hour 3.6 x10°C
Angstrom 100.0" *x1072m
apostilb 1.0° Im m~2
arcminute 290.888 2 x10~%rad
arcsecond 4848137  x10~®rad
are 100.0" m?
astronomical unit 1495979  x10°m
atmosphere (standard) 101.3250° x10°Pa
atomic mass unit 1.660 540 %10~ kg
bar 100.0° x10° Pa
barn 100.0* %1070 m?
baromil 750.1 x10~m
barrel (UK) 163.6592  x1073m?
barrel (US dry) 1156271 %1073 m?
barrel (US oil) 1589873  x10~3m3
barrel (US liquid) 1192405  x1073m?
baud 1.0* s71
bayre 100.0* x10~3 Pa
biot 10.0 A
bolt (US) 36.576 m
brewster 1.0° %1072 m? N~!
British thermal unit 1.055056  x10°7J
bushel (UK) ‘ 36.36872 x1073m3
bushel (US) 35.23907 x1073 m?
butt (UK) 477.3394 %1073 m3
cable (US) 219.456° m
calorie 4.1868" J
candle power (spherical) 47 Im
continued on next page ...



1.4 Converting between units

unit name ‘ value in SI units
carat (metric) 200.0° x10~%kg
cental 45359237 kg
centare 107 m?

centimetre of Hg (0°C) 1.333222  x10°Pa
centimetre of H,O (4°C) 98.060616 Pa

chain (engineers’) 3048 m
chain (US) 20.1168" m
Chu 1.899 101 x10°7
clusec 1.333224  x107°°W
cord 3.624556  m®
cubit : 457.2" %10~ m
cumec 1.0° m3s~!
~cup (US) 236.5882 %1076 m?
curie 37.0° x10° Bq
darcy , 9869233  x10 Y m?
day 86.4" x10%s
day (sidereal) 86.164 09 x10%s
debye 3.335641 x10730Cm
degree (angle) 17.45329 %1073 rad
denier 1111111 x10~kgm™!
digit 19.05* x10~3m
dioptre 1.0° m~!
Dobson unit 10.0* %x10~°m
dram (avoirdupois) 1771845  x103kg
dyne 10.0° x107¢N
dyne centimetres 100.0° %1077
electron volt 1602177  x1072'J
ell 1.143° m
em 4233333 x1073m
emu of capacitance L0 x10°F
emu of current : 10.0 A
emu of electric potential ~ 10.0* x107°V
emu of inductance 1.0° x10~°H
emu of resistance 1.0° x107°Q
EbtvSs unit 1.0° %10 ms~2m™!
esu of capacitance 1.112650 x10712F
esu of current 333.5641 x10712 A
esu of electric potential 299.7925 \Y
esu of inductance 898.7552  x10°H
esu of resistance 808.7552  x10°Q
erg 100.0" %1079
faraday 96.485 3 x10°C
fathom - 1.828804 m
fermi 1.0° x10~5 m
Finsen unit 10.0° %1076 Wm~2
firkin (UK) 4091481 %1073 m?
firkin (US) 34.068 71 %1073 m3

continued on next page ...
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Units, constants, and conversions

unit name

fluid ounce (UK)
fluid ounce (US)
foot

foot (US survey)
foot of water (4°C)
footcandle
footlambert
footpoundal
footpounds (force)
fresnel

funal

furlong

g (standard acceleration)
gal

gallon (UK)

gallon (US liquid)
gamma

gauss

gilbert

gill (UK)

gl (US)

gon

grade

grain

gram

gram-rad

gray

hand

hartree

hectare

hefner

hogshead
horsepower (boiler)
horsepower (electric)
horsepower (metric)
horsepower (UK)
hour

hour (sidereal)
hundredweight (UK. long)
hundredweight (US short)
inch

inch of mercury (0°C)
inch of water (4°C)
jansky

jar

kayser

value in SI units

2841308  x107%m’
2957353  x107%m?
304.8° %103 m
3048006 x10~3m
2988887 x10°Pa
10.76391 1x
3.426259 cdm2
4214011  x10737
1.355818 7

1.0 x10'2 Hz
1.0° x10° N
201.168° m
9.80665° ms2
10.0* %103 ms™2
4.54609* %1073 m?
3785412 x107°m3
1.0° x107° T
100.0* . x1078T
795.774 7 x 1073 A turn
1420654  x1075m3
1182941  x10~%m?
/200" rad
15.707 96 %1073 rad
64.79891°  x10~%kg
1.0° %103 kg
100.0° JTkg™!
1.0° Tkg™!
101.6* %x10~3m
4359748  x107187J
10.0° %103 m?
902 %1073 cd
2386697  x1073m?
9.809 50 x 103 W
746° W
735.4988 W
7456999 W

3.6 x10%s
3590170  x10°s
50.80235 kg
4535924 kg

25.4° x10~3m
3386389  x10°Pa
2490740  Pa

10.0* %1077 Wm—2Hz !
10/9" x10°F
100.0° m~!

continued on next page ...
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unit name value in SI units \
kilocalorie : 4.1868" %107
kilogram-force 9.806 65" N
kilowatt hour 3.6 x10%7
knot (international) 5144444  x10~3ms™!
lambert 10/=" x10° cd m™2
langley - 4184 x10° Tm™2
langmuir 1333224  x107®Pas
league (nautical, int.) 5.556" x10° m
league (nautical, UK) 5.559 552 %x10°m
league (statute) 4828032 x10°m
light year 9.460 73° %10 m
ligne 2.256* %1073 m
line 2.116 667 x10~3m
line (magnetic flux) - 10.0° x10~° Wb
link (engineers’) 304.8° x1073 m
link (US) 201.1680 x10~3m
litre - 1.0° %1073 m3
lumen (at 555 nm) 1.470 588 x1073 W
maxwell 10.0° x10~° Wb
mho ‘ 1.0° S
micron 10" x10~%m
mil (length) 25.4° x10~5m
mil (volume) 1.0° %x10~¢ m?
mile (international) 1.609344* x10°m
mile (nautical, int.) 1.852" x10° m
mile (nautical, UK) 1.853184* x10°m
mile per hour 447.04* x10~3ms™!
milliard 1.0 x10° m?
millibar 100.0°* Pa
millimetre of Hg (0°C) 133.3224 Pa
minim (UK) 59.19390 %1079 m?
minim (US) 61.61151  x10~°m?
minute (angle) 290.8882  x10~®rad
minute 60.0° 8
minute (sidereal) 59.83617 §
month (lunar) 2551444  x10%s
nit 1.0° cdm™2
noggin (UK) 1420654  x1075m?
oersted 1000/(4=)* Am™!
ounce (avoirdupois) 2834952  x1073kg
ounce (UK fluid) 2841307  x10%m3
ounce (US fluid) 29.57353  x107%m?
pace 762.0* x1073m
parsec 3085678  x10°m
peck (UK) 9.09218°  x10~3m?
peck (US) 8809768  x10~3m’
continued on next page ...
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unit name
pennyweight (troy)
perch '
phot

pica (printers’)
pint (UK)

pint (US dry)
pint (US liquid)
point (printers’)
poise

pole

poncelot

pottle

pound (avoirdupois)
poundal
pound-force
promaxwell

psi

puncheon (UK)
quad

quart (UK)

quart (US dry)
quart (US liquid)
quintal (metric)
rad

rayleigh

rem

REN

reyn

rhe

rod

rope (UK)
roentgen

rood (UK)
rutherford
rydberg

scruple

seam

second (angle)
second (sidereal)
shake

shed

slug

square degree
statampere
statcoulomb
statfarad
stathenry

value in SI units

1.555174
5.0292*
10.0*
4.217518
568.2612
550.6105
473.1765
351.459 8*
100.0*
5.0292*
980.665*
2273045
453.5924
138.2550
4.448222
1.0
6.894 757
317.9746

1.055 056
1.136522
1.101 221
946.3529
100.0*

10.0*
10/(47)
10.0%
1/4.000*
689.5
10.0*
5.029 2*
6.096*
258.0
1.011714
1.0*
2.179 874

1.295978
290.949 8
4.848137
997.269 6
100.0*

. 100.0*

14.59390
(7 /180)%*
333.564 1
333.564 1
1.112650
898.7552

continued on next page .. .

%1073 kg
m

x 103 1x
%1073 m
x10~% m?
%1079 m?
%x10~% m?
x10~%m
x1073 Pas
m

w

%1073 m?
x103 kg
x1073N
N

Wb

%103 Pa
%1073 m?
x10'8 1
x1073 m?
%x1073 m?
%1076 m?
kg

x1073 Gy

x10%s ' m=2 s~

%1073 Sv

Units, constants, and conversions

1




1.4 Converting between units

unit name value in SI units
statmho 1.112 650 x107128
statohm 898.7552 x10° Q
statvolt 299.7925 v
sthéne 1.0° x103N
stere 1.0° m3
stilb 1 10.0° %x10° cdm™2
stokes 100.0° %1076 m?s~1
stone 6.350293 kg
tablespoon (UK) 1420653  x107%m?
tablespoon (US) 14.786 76 %1076 m?
teaspoon (UK) 4735513 x107°m?
teaspoon (US) 4928922  x10~%m?
tex Lo %10~ kgm™!
therm (EEC) 105.506* x1067
therm (US) 105.4804°  x106J
thermie 4185407  x10°7
thou 25.4° x10~%m
tog 100.0° %103 W-lm2K
ton (UK long) 1016047  x10%kg
ton (US short) 907:1847 ke
tonne (metric ton) 1.0° x10° kg
ton (of TNT) 4.184° x10°J
torr 133.3224 Pa
townsend 1.0° %1072 V m?
troy ounce 3110348  x103kg
troy pound 373.2417  x1073kg
troy dram 3.887935  x10°kg
tun 954.6789 x10~3 m3
XU 100.209 x107¥ m
yard 914.4" %1073 m
year (calendar) 31.536" x10%s
year (sidereal) 31.55815  x10%s
year (tropical) 31.55693  x10%s
Temperature conversions
Tx temperature in
Fror{l degrees Tx = Te +273.15 1.1) kelvin .
Celsius Tc temperature in
°Celsius
From degrees Tr—32 Te temperature in
Fahrenhegit Tx = iz T 2315 () | °Fa'l:"5“h3it
From degrees TR Tr temperature in
Rankine Tx = 18 3 | = "Ra?:kinc
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1.5 Dimensions

The following table lists the dimensions of common physical quantities, together with their
conventional symbols and the SI units in which they are usually quoted. The dimensional
basis used is length (L), mass (M), time (T), electric current (1), temperature (®), and luminous
intensity (J).

physical quantity symbol  dimensions SI units
acceleration a LT2 ms™2
action S L2M T! Is
angular momentum LJ 1M1t m?kgs™!
angular speed w ST rads™!
area A,S L? m?
Avogadro constant Na- 1 mol ™!
bending moment Gy L2M T2 Nm
Bohr magneton UB L2 1 IT!
Boltzmann constant k kg L2MT20°! JK™I
bulk modulus K L' M T2 Pa
capacitance C L2MIT*? F
charge (electric) q TI C
charge density p L7371 Cm™3
conductance G [l V ey S GO
conductivity ¢ LS3M 17312 Sm!
couple G T L*MT? Nm
current I,i I A
current density I, j L2 Am™2
density p L3 M kgm
electric displacement D L2711 Cm™?
electric field strength E LMT 3! Vm!
electric polarisability o M~ T4 12 Cm?V-!
electric polarisation P L2TI Cm™
electric potential difference V L2M T3 11 \
energy ELU L*MT? J
energy density u L=t M T2 ITm™3
entropy s L2MT20! JK!
Faraday constant F TI Cmol™
force F LMT? N
frequency v, f T! Hz
gravitational constant G LM1iT2 m’ kg ' 572
Hall coefficient Ry L3111t m3? C!
Hamiltonian H LZM T2 J
heat capacity C LMT20t JK!
Hubble constant! H T! s
impedance zZ L2MT3172 Q
impulse I LMT! Ns
continued on next page ...

1The Hubble constant is almost universally quoted in units of km s~ Mpc™. There are
about 3.1 x 10! kilometres in a megaparsec.
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physical quantity
inductance
irradiance
illuminance
Lagrangian

length

luminous intensity
magnetic field strength
magnetic flux
magnetic flux density
magnetic dipole moment
magnetic vector potential
magnetisation

mass

mobility

molar gas constant
moment of inertia
momentum

number density
permeability
permittivity

Planck constant
power

Poynting vector
pressure

radiant intensity
resistance

Rydberg constant
shear modulus
specific heat capacity
speed

stress

surface tension
temperature

thermal conductivity
time

velocity

viscosity (dynamic)
viscosity (kinematic)
volume

wavevector

weight

work

Young modulus

Mo ="® I ~XE J gm;wemé“
<

Stefan—Boltzmann constant

symbol

b~ by by b
<o

=

=

S
!

e
=&

A T B

S| =
= =

<3

Mg

dimensions
LZM T2 12
M T3

L2 J

LZM T2

L

J

L=t

L2M T2 1
M T2 1
L2
LMT2!
L1

M

M1 T2
LMT2e!
LZM
LMT!

L—3

LMT2 2
L3 ML T4 2
L2MT!
LZMT3

M T3
L-IM T2
L2MT3
L2MT 32
Lwl

L~iM T2
L2T2 @1
LT!

MT3 e
Lt M T2
M T2

]
LMT3e!
T

LT!

LtM T
L27!

L3

|_—1

LMT2
LZM T2
LM T2

ST units
H

m?. V—I S—I
Jmol™ ' K-!

kgm s

Wm™IK




18 Units, constants, and conversions

1.6 Miscellaneous

-Greek alphabet

A o alpha N v nu

B B beta 2 ¢ xi

r v gamma | O o omicron
A o delta I = w© pi

E e ¢ epsilon | P p ¢ tho

A 4 zeta z e B~ sigma
H ] eta T = tau

® 6 § theta T v upsilon
1 1 iota ® ¢ ¢ ©ph

K «x kappa X chi

A i lambda | ¥ psi

M u mu Q w omega

Pi () to 1000 decimal places

3.1415026535 8979323846 2643383279 5028841971 6939937510 5820974944 5923078164 0628620899 8628034825 3421170679
8214808651 3282306647 0938446095 5058223172 5350408128 4811174502 8410270193 8521105559 6446229489 5493038196
4428810075 6659334461 2847564823 3786783165 2712019091 4564856692 3460348610 4543266482 1339360726 0249141273
7245870066 0631558817 4881520920 9628292540 9171536436 7892500360 0113305305 4882046652 1384146951 9415116094
3305727036 5759591953 0921861173 8193261179 3105118548 0744623799 6274956735 1885752724 8912279381 8301194912
0833673362 4406566430 8602139404 6395224737 1907021798 6094370277 0539217176 2931767523 8467481846 7669405132
0005681271 4526356082 7785771342 7577896091 7363717872 1468440901 2249534301 4654958537 1050792279 6892589235
4201995611 2129021960 8640344181 5981362977 4771309960 5187072113 4999999837 2978049951 0597317328 1609631859
5024459455 3469083026 4252230825 3344685035 2619311881 7101000313 7838752886 5875332083 8142061717 7669147303
5982534904 2875546873 1159562863 8823537875 9375195778 1857780532 1712268066 1300192787 6611195909 2164201989

e to 1000 decimal places

27182818284 5904523536 0287471352 6624977572 4709369995 9574966967 6277240766 3035354759 4571382178 5251664274
2746639193 2003059921 8174135066 2904357290 0334295260 5956307381 3232862794 3490763233 8298807531 9525101901
1573834187 9307021540 8914993488 4167509244 7614606680 8226480016 8477411853 7423454424 3710753907 7744992069
5517027618 3860626133 1384583000 7520449338 2656029760 6737113200 7093287091 2744374704 7230696977 2093101416
9283681902 5515108657 4637721112 5238978442 5056953696 7707854499 6996794686 4454905987 9316368892 3009879312
TT36178215 4249992295 7635148220 8260895193 6630331825 2886939849 6465105820 9392398294 8879332036 2509443117
3012381970 6841614039 7019837679 3206832823 7646480429 5311802328 7825098194 5581530175 6717361332 0698112509
9618188150 3041690351 5988885193 4580727386 6738589422 8792284998 9208680582 5749279610 4841984443 6346324496
2487560233 6248270419 7862320900 2160990235 3043699418 4914631409 3431738143 6405462531 5209618369 0888707016
7683964243 7814059271 4563549061 3031072085 1038375051 0115747704 1718986106 8739696552 1267154688 9570350354




Chapter 2 Mathematics

2.1 Notation

Mathematics is, of course, a vast subject, and so here we concentrate on those mathematical

methods and relationships that are most often applied in the physical sciences and engineering.
Although there is a high degree of consistency in accepted mathematical notation, there

is some variation. For example the spherical harmonics, Y;", can be written Yy, and there

is some freedom with their signs. In general, the conventions chosen here follow common

practice as closely as possible, whilst maintaining consistency with the rest of the handbook.
In particular:

scalars a general vectors a
unit vectors a scalar product ab
vector cross-product axbh gradient operator v
. . d
Laplacian operator v? derivative af etc.
partial derivatives —f etc. derivative of r with i
0x respect to ¢ -
.. d"f .
nth derivative closed loop integral dl
dxn L
closed surface integral ds matrix A or a;
: s
mean value (of x) (x) | binomial coefficient (’:)
factorial ! unit imaginary (i2=—1) i
exponential constant e modulus (of x) |x]
natural logarithm In { log to base 10 logyo
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Mathematics

2.2 Vectors and matrices

Vector algebra

nonorthogonal
basis {e,es,e3}°

Scalar product® a-b=|al|b|cos@ (2.1)
2 p 2
Vector product? axb=|a||b|sinbfi=|ax a, a (2.2)
by by b,
a-b=b-a (2.3)
Product rul axh=—bxa (2.4)
rocuel T a-(b+¢)=(a-b)+(a-c) (2:5)
ax(b+c)=(axb)+(axc) (2.6)
Lagrange’s . —(a-eMb-d)—(a- . '
e (axb)- (exd) = (a-c)(b-d)—(a-d)(b-c) 2.7)
a. ay a
. (axb)-c=bs b, -b; (2.8)
Scalar triple cx €y C:
product = (bxc)-a=(cxa) b (2.9)
=volume of parallelepiped (2.10)
Vector triple (axb)xc=(a-c)b—(b-c)a (2.11)
product ax(bxc)=(a-c)b—(a-b)c (2.12)
d = (bxc)/[(axb)-c] (2.13)
Reci 1 b = (cxa)/[(axb)-c] (2.14)
eciprocal vectors ¢ =(axb)/[(axb)-¢] (2.15)
(@-a)=(b)=(c-¢c)=1 (2.16)
Vector a with
respect to a= (e, ae, +(¢;- a)er + (s a)es (2.17)

4Also known as the “dot product” or the “inner product.”

b Also known as the “cross-product.” 7 is a unit vector making a right-handed set with 4 and b.

¢The prime (') denotes a reciprocal vector.
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Common three-dimensional coordinate systems

¢=rsinfcos¢ (2.18) p= 22D
x=pcos¢=rsinfcos 1
_ o r=(x*+y?+2%)"? (2.22)
y=psing=rsinfsing (2.19)
@ =arccos(z/r) (2.23)
z=rcosf (2.20)
¢ =arctan(y/x) (2.24)
coordinate system: rectangular spherical polar cylindrical polar
coordinates of P:  (x,y,2) (r,0,9) (p:¢,2)
volume element: dxdydz r’sinfdrdfd¢ pdpdzde
metric elements® (hy,hp,h3):  (1,1,1) (1,r,rsinf) (Lp,1)

°In an orthogonal coordinate system (parameterised by coordinates g1,g2,g3), the differential line

element df is obtained from (di)? =(hy dgy)* +(hy dga)?* + (s dgs)*.

Gradient |

o V=L Ty U @as) | st e
e =T Doy @)

ortogonal vy =02l B8 88 o [
coordinates 1041 h2092 13043 '
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Divergence _
Rectangular 04y 04y 04, A vector field
coordinates VA== +E+ 2z (229) | 4; ith component
of A
Cylindrical o La(pd,) | 1044 04, p  distance from
coordinates VA= o p p dp ' oz (2.30) the z axis
Spherical polar  v-4— 14(°4) 1 0(4gsin6) 1 044
coordinates rz  or rsinf 06 rsinf d¢
(2.31)
General VA= [6(Ahh)+a(Ahh)

A= | A A \A2nsng g; basis
orthogonal mhzhs 100, 5;12 By metric
coordinates Y elements

i (Ashlhz)] (2.32)
Curl
% _’}3 2 " unit vector
Rectangular ' A vector field
coordinates VxAd=\0/0x 0/0y 0/oz (2.33) 4 v; .
; ith component
A A, A, i
o plo & 2/p
Cylindrical distance f
coordinates Vxd=\3/0p 0/0¢ 0/0z (234) | ° tlllse iu:fdsrom
AP _DA¢ Az
_ #/(sin@) 0/(rsinf)  ¢/r
Spherical polar ‘
coordinates Vxd=| 0/or /a0 d/o¢ (2.35)
Ar rdy rA,sind
General g1l G @ahs g basis
orthogonal Vxd=-———3/0q 0/6q /945 (236) | 5 metric
coordinates hyhahs elements
hiA; thz h3As
Radial forms*®
A 4
V(l/r)=— 241
vr=_ 237) (M= (241)
1
Vor=3 (2.38) Ve(r/r)= (242)
2_ )
Vro=2r (2.39) V(1/r*) = _r_4j'_ (2.43)
V- (rr)=4r (2:40)
V-(r/r*)=4nd(r)  (2.44)

“Note that the curl of any purely radial function is zero. &(r) is the Dirac delta function.
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Laplacian (scalar)

Green’s second
theorem

f [f(Vg)—g(Vf)]- ds = f (fV2%g—gV2f) dV
S 14

(2.63)

Rectangular _, . &f &*f &%
coordinates ¥ J =gz T a_yz 527 (245) | f scalar field
Cylindrical 2p 1 2f &# f p distance
coordinates Vif= P 3[) + --2‘ w + (2.46) iﬂzgsthe
Spherical 1 sin d 1 &
olar f= _z_ r? _f + Zne 9 +52 o1
polar ar\' or r2sinf 69 150 r2sin? 9 6¢?
coordinates . (2.47)
1 8 [ hahs of 6 (hsh of
General Vif= [— ( +3 ) g basis
orthogonal hihahs 01 \ by dq1 6a:\ bz 92 By metric
coordinates i f‘l_h2 of (2.48) elements
a h3 aQ3 )
Differential operator identities
V(fg)=fVg+gVf (2.49)
V-(fA)=fV-A+A-Vf (2.50)
Vx(fA)=fVxA+(Vf)xA (2.51)
V(A-B)=Ax(VxB)+(A-V)B+ Bx(VxA)+(B-V)4 (2.52)
V-(AxB)=B-(Vxd)—A-(VxB) (2.53) fg scalar fields
Vx(AxB)=A(V-B)—B(V-A)+(B-V)A—(4A-V)B (2.54) | 4,B  vector fields
V-(V)=Vif=Af (2.55)
Vx(Vf)=0 (2.56)
V- (Vxd)=0 (2.57)
Vx(Vxd)=V(V-4)—V?4 (2.58)
Vector integral transformations
Gauss’s A vector field
(Divergence) /(V.A)dyzf A-ds (2.59) - dV  volume element
theorem v S, Sc  closed surface
V  volume enclosed
S surface
Stokes’s ds surface element
theorem ~£ (Vxd)- ds= fi“i -dl (2.60) | L  loop bounding S
d! line element
Greonts fiet jé (fVg)- ds= /;; V- (fVg)dV (2.61)
theorem 5 f.g scalar fields
= [yver@n-maiar ey
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Matrix algebra®
apg aiz "t dia
Matrix ay an " A m by n matrix
definition A= : oL (2.64) a;; matrix elements
aml m2 " Gmn
Matrix additon C=A+B if cj=a; +b;j (2.65)
C=AB if cj=aibj (2.66)
Matrix
AB)C=A(BC 2.67
multiplication (AB) (BO) (267)
A(B+C)=AB+AC (2.68)
Transpose 8;j=aj; : (2.69) %; transpose matrix
matrix? (AB..N)=N...BA (270) (sometimes 4, or ;)
= *  complex conjugate (of
Adjoint matrix AT=A ‘ (2.71) each component)
(definition 1)° (AB...N)  =NT...BAT (2.72) |t adjoint (or Hermitian
conjugate)

. - d Mt — H Hermitian (or
Hermitian matrix? H'=H (2.73) self-adjoint) matrix
examples: '

ajy a2 a3 by b bis
A= dzy dx ax B= b21 bzz b23
az a3 433 by by b3
ai Gz a3 ayn+by an+bin aiztbis
A=|ap an an A+B=|ay+by an+bn axntbxn
a;z a3 axn as;+b31 azm+bs as+bss

aiy by +apby +aisby  aubptapbn+tasbn anbitanbstas b33
AB= | as1 i1 +anby +anbs  @ubi+anbn+asbn anbi+anbstaxs bss
asi by +anby +anby  asbptanbntanbn  asbi+anbstas b33

Terms are implicitly summed over repeated suffices; hence aiby; equals ) agbyj-
bSee also Equation (2.85).

¢Qr “Hermitian conjugate matrix.” The term “adjoint” is used in quantum physics for the transpose conjugate of
a matrix and in linear algebra for the transpose matrix of its cofactors. These definitions are not compatible, but

both are widely used [cf. Equation (2.80)].
dfjermitian matrices must also be square (see next table).
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Square matrices®

. trA=ay (2.74) A square matrix
race _ aij matrix elements
tr(AB)=t(BA) (2.75) ax  implicitly =¥, aq
detA= €ijk..A1:02j03% - .- (276) tr trace
' ) - — (—I)H'IﬂﬂMil . -(2_77) det  determinant (or |A[)
Determinant e (2.78) M;;  minor of element a;;
1l . ’ Ci;  cofactor of the

det(AB cae N) = detAdetB ...detN (279) element aj

djoint trl 3 a adj adj_ﬂint (sometimes
E?iejﬁorﬁlt.‘iOIEaZ)r:X adjA=Cy=C; (2.80) written A)

~ transpose

_ C; adjA

1 ji

at=—L = - (2.81)

Inverse matrix g ) detA  detA 1 . .

(detA+£0) AA~ =1 (2.82) unit matrix
(AB...N)"'=N"1...B7!A™! (2.83)

Orthogonality it =0k (284) | 5 %  Kronecker delta (=1

condition ie, A=A"! ' (2.85) if i=j, =0 otherwise)
If A=A, A issymmetric (2.86)

Symmet i
yrometry If A=—A, A isantisymmetric  (2.87)

(2-88) u m:utary matrix

Unitary matrix ~ UT=U"" o :
i Hermitian conjugate

examples:
aj;  ap2  ais
bu b2
A=|ay apn ax B=
by bxn
asy dsx 433
trA=ay +ay+as trB=by1+b2

det A=ay; az; a3 — ay1 (23 a3 — 21 A12 @33 + A21 G13 a3 +a31 A12 a3 — A31 A13 G2
detB=by by —b12by

Q33 —axdsy  —appdss+aian Aai2dz3 —d13azz
Al 1

=m —ay1 a3 +axas; aj1az—apzaz  —ap gy t+apadsg

@1a3—andas —ajan+apay ajiaxn—agpay

g-i_ 1 bn —bn
detB \—by by )

“Terms are implicitly summed over repeated suffices; hence agby; equals o agby;.

be; jk.. is defined as the natural extension of Equation (2.444) to n-dimensions (see page 50). M; is the determinant
of the matrix A with the ith row and the jth column deleted. The cofactor Cj;=(—1)"/ M.

Or “adjugate matrix.” See the footnote to Equation (2.71) for a discussion of the term “adjoint.”
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Commutators
g:ﬁ‘;jﬁ‘;f“’f [A,B]=AB—BA=—[B,A] (2.89) | [, commutator
Adjoint [A,B]" =[B",AT] (290) | 1 adjoint
Distribution [A+B,C]=[A,C]+[B,C] (291)
Association [AB,C]=A[B,C]+[A,C]B (292)
Jacobi identity  [A,[B,Cl]=[B,[A,C]1-[C,[A,BI] (2.93)
Pauli matrices
0 1 0 —i _
G1= 1 0 G2= i 0 6; Pauli spin matrices
Pauli matrices { o . 1' 0 1 2x2 unit matrix
63= (o —1) 1= (0 1) (294) |1 #=-1
ﬁsﬁcommuta- 00+ 06;0; =24;1 (2.95) | 6; Kronecker delta
Cyclic 6:0;=i0} (2.96)
permutation (65 =1 (2.97)
Rotation matrices”
. 1 0 0 Ri(f) matrix for rotation
Rotati ) .
bt Ri(0)=|0 cosd sinf (2.98) about the ith axis
1 0 —sind cosé #  rotation angle
Rotation cosf 0 —sinf
R®)={ 0 1 0 (2.99)
bout 2
about 2 (sin(? 0 cosé
Rotation cosh sin® 0 o rotation about X3
aboat Rs(0) = (—sinﬂ cosd 0 (2.100) | f  rotation about ,
X3 .
0 0 1 ¥ rotation about x§
Euler angles R rotation matrix
cosycosfcosa—sinysina  cosycosfsina+sinycosa —Cosy sinf
R(aB,y)= | —sinycosfcosa—cosysina —sinycos fsina+cosy cose sinysinf8
sinff cosa sinfsing cosf
(2.101)

4Angles are in the right-handed sense for rotation of axes, or the left-handed sense for rotation of vectors. ie, a
vector v is given a right-handed rotation of § about the x3-axis using R3(—f)v—v’. Conventionally, X; =x, X3 =Y,
and x3=z.
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2.3 Series, summations, and progressions

Progressions and summations

Se=a+(a+d)+(a+2d)+- (2.102)
Arithmetic t[“(” ] (2103
progression = 5[2a+(n— 1)d] (2.104)
= g(a+1) (2.105)
Sy=a+ar+ar*+---4+ar*! (2.106)
Geometric _ (2.107)
progression 1—r )
Arithmeti
e (Ma= (a2t 43, (2.109)
Geometric , _ 1/n
mean ()= (x1%2%3... %) (2.110)
Harmonic mean 1 1 1\~
(X)h=n tet e (2.111)
X1 n
Relative mean . ,
magnitudes (X)a=(x)g=(x)n ifx;>0foralli (2.112)
' n
Z;__(n+1) (2.113)
i=1
n 2 n
i =+ 1)2n+1) (2.114)
i=1
n
> P=—(n+1) (2.115)
4
i=1
Summation -
formulas 2= S+ DGR +3n—1)  (2.116)
P
© .
(—1)*! 11 1
= 1 —_— —_——— = .
; : 5+3-3 n2 (2117)
(—1)i*1 1.1 1, =
Z 5oy lT3tsTgtesz @GUY
Z 1+1+1+ f.= (2.119)
2 16776 ‘
Euler’s 1 1 1
constant® y= lim (1+ sty —lnn) (2.120)

number of terms

sum of n successive
terms

first term
common difference
last term

common ratio

{)a arithmetic mean

()¢ geometric mean

(.}a harmonic mean

dummy integer

Euler’s constant

4y ~=0.577215664...
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Power series

1 i n(n—1 nn—1)(n—2
e (14 =ldnet (21 4 2 3);( L (2121)
Binomial a1 n!
G=\,)= 12
coefficient? (r) ri(n—r)! (2.122)
n
Binomial By — Ay 2123
theorem (a+b) ;(}J“ (2.123)

Taglor sries (04— (o) xfO() + 5 @A [y (2 124)
(about a)* 2! (n—1)! )
Taylor series _ ) (x-V)? (x-V)? 1oy
(3.D) fla+x)=F(@)+( V)flat Zy=flat 57 flat (2.125)
Maclaurin - (g4 Q) e FH1) Q) -

series f)=F0)+xf )+ 5 F7 0+ + oD oD 0)+ (2.126)

aIf 1 is a positive integer the series terminates and is valid for all x. Otherwise the (infinite) series is convergent for

x| <1.
bThe coefficient of X in the binomial series.

¢xf®)(q) is x times the nth derivative of the function f(x) with respect to x evaluated at a, taken as well behaved

around a. (x-V)"*f], is its extension to three dimensions.

Limits
x*—0 as n—oo if |x]<1 (for any fixed c) (2.127)
X"/n!—0 as n—oo (for any fixed x) (2.128)
(14x/n)*—e* as n—0 (2.129)
xlnx—0 as x—0 (2.130)
DX 1 a5 x—s0 (2.131)
If f(a)=g(@)=0 or o« then 1123,% - £ Ei;g (’Hbpital's rule)  (2.132)
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Series expansions

exp(x) 14x+ ; + 33 +-- (2.133) (forallx)
In(1+x) x—%2+%3—%4+--- (2.134) (—1<x<1)
m(i%) 2(x+x;+3‘;+x77+--- (2.135)  (xI<)
cos(x) 1—;—?+:—:—§+--- (2.136) (forallx)
sin(x) x~§—j+§!—~i‘f—:+--- (2.137)  (for all x)
tan(x) X+ x; + % + 137T)§ e (2.1?8) (Ix| <m/2)
sec(x) 1 + x; + ;—’i + 6717’(‘: S (2.139)  (ixI<m/2)
esc(x) )lc + g + % + % + (2.140) (xi<x)
cot(x) é—)—;—%— ;_4"; . (2.141)  (x<m)
arcsin(x)® x4 %%3 + %xg + ;—i’—g"—; (2.142) (<1

x_%3+%5_x77+... (i <1)
arctan(x)? g ch 31?_3%_*_... (2.143)  (x>1)

T 1 1 1

T3 538 5 o=t
cosh(x) 1+ fj += x T+ ’: 4 (2.144)  (for all x)
sinh(x) x+ 33, + ’5‘5' + T+ (2.145)  (for all )
tanh(x) —?+ 21"5 1—3711; oo (2.146) (xi<z/2)

“arocos(x) 7/2—arcsin(x). Note that arcsin(x)=sin""(x) etc.

barccot(x) =7 ,/2~ arctan(x).
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Inequalities
. la1| —|aa| < lay +az] <|as| +laal ; (2.147)
Triangle . .
inequality A (2.148)
i=1 i=1
if a;zay=az=...2a, (2.149)
Chebyshev and by >by=b3;=...2by (2.150)
inequality n n n
then n» ab;> (Zai) (Zbi) (2.151)
i=1 i=1 i=1
Cauchy " 2o n
2
| inequality (Z“ibi) Szaizb_iz_ (2.152)
i=1 =1 =l
Schwarz b 2 b , b )
inequality [ f f(x)g(x) dx} < / [f(x))" dx f [g(x)])" dx (2.153)

2.4 Complex variables

Complex numbers

Cartesian form  z=x-+1y (2.154)
Polar form z=re" =r(cosf +ising) (2.155)
(2 212
Zl=r=(x"+ 2.156)
Modulus® 2l ( V) (
|21 - 22| = 21| - |22 (2.157)
0=argz= arctani’—c (2.158)
Argument
Ten arg(zyz,)=argz +argz; (2.159)
zt=x—iy=re (2.160)
Complex *
=— 2.161
conjugate arg(f ) ) agz ( )
z-z =|z| (2.162)
Logarithm® Inz =lnr+i(0 +27n) (2.163)

]

argz

complex variable
i2=—1

real variables
amplitude (real)
phase (real)

modulus of z

argument of z

complex conjugate of
z=rel?

integer

20r “magnitude.”

The principal value of Inz is given by n=0 and —n<f<w.
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Complex analysis®

if f(z)=u(x,y)+iv(x,y) | z  complex variable
Cauchy— du ov i #=-1
Riem'flnn then x = @ (2.164) x,y real variables
equations? ou P f(z) function of z
& =—z (2.165) | uv real functions
Cauchy-
Goursat ‘% f(z)dz=0 (2.166)
theorem® c
1 ) ) L.
Cauchy fe=om § L2 4 (2.167) | 7R denivatve
integral 2ni f.z—2zy a, Laurent coefficients
' d n! f(z) a_y residue of f(z) at zg
formula f (n)(ZO) =5 i+l dz (2.168) Z  dummy variable
2ni J. (z—2zp)
feo]
[ aurent @)= a(z—z)" (2.169)
n=—o0
expansion® 1 £(2)
= — P ——————dz’ 2.170
where a 37 L Tzt dz (2.170)
Residue f f(z)dz=2mi}_enclosed residues (2.171)
theorem . )

?Closed contour integrals are taken in the counterclockwise sense, once.

bNecessary condition for f(z) to be analytic at a given point.

°If f(z) is analytic within and on a simple closed curve c. Sometimes called “Cauchy’s theorem.”

9If f(z) is analytic within and on a simple closed curve ¢, encircling z.

¢Of f(z), (analytic) in the annular region between concentric circles, ¢; and ¢z, centred on zg. ¢ is any closed curve
in this region encircling z(. ‘
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2.5 Trigonometric and hyperbolic formulas

Trigonometric relationships

sin(4 + B) =sinAcos B+ cosAsin B (2.172)
cos(A+B) =cosAcosB FsindsinB (2.173)
tan(4+B)= % (2.174)
cosAcosB= % [cos(A+ B)+cos(A— B)] (2.175)
| sindcosB= % [sin(4 + B)+sin(4— B)] (2.176)
sinAsinB = % [cos(A— B)— cos(4+ B)] (2.177)
costA+sin’A=1 (2.178)

sec’A—tan’A=1 (2.179)
cscA—cot?’A=1 (2.180)
sin24=2sinAcosA (2.181)
cos24 =cos’A—sin* A (2.182)
2tanA
el 21
tan24 T tan’d (2.183)
sin34=3sin4 —4sin’ 4 (2.184)
cos34=4cos’ A—3cosA (2.185)
sind - sinB=2sin 22 cosA;B (2.186)
sind —sinB=2cos > sinA;B (2.187)
cosA+-cosB =2cos‘i_§—€cosA;B (2.188)
‘ cosA—cosBz-—ZsinA;B sinA;B (2.189)
1

cos’A= 7(1+c0s24) (2.190)
sin’4 = %(1 —cos24) (2.191)
cos’A= %(BCOSA—t—cos 34) (2.192)
sin® 4= %(3 sind —sin34) (2.193)

-1

-2

(%] )
2]
ﬁwfi
csox

Lo
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Hyperbolic relationships®

sinh(x + y) = sinhxcoshy +coshxsinhy (2.194)
cosh(x+ y)=coshxcoshy +sinhxsinhy (2.195)
tanhx+tanhy
‘tanh(x ty)= 1+ tanhxtanhy (2.196)
1
coshxcoshy= 3 [cosh(x+y)+cosh(x—y)] (2.197)
1. .
sinhxcoshy= 3 [sinh(x+ y)+sinh(x—y)] (2.198)
sinhxsinhy= % [cosh(x+ y) —cosh(x—y)] (2.199)
cosh? x—sinh?x=1 (2.200)
sech’x+tanh®x =1 (2.201)
coth? x—csch?x=1 (2.202)
sinh2x=2sinhxcoshx (2.203)
cosh2x = cosh?x+sinh®x (2.204)
2tanhx
tanh2x=——— 2205
1+tanh®x (2:203)
sinh3x = 3sinhx +4sinh® x (2.206)
cosh3x=4cosh® x—3coshx (2.207)
sinhx +sinh y=2$inhx;y cosh =5~ (2.208)
sinhx —sinh y=2cosh¥sinhx;y (2.209)
coshx+coshy=2cosh x;—y coshx—g— (2.210)
coshx—coshy =2sinh X+ 7 sinh ™ @211)
2 1
cosh“x= 3 (cosh2x+1) (2.212)
sinh2x=%(cosh2x—1) (2.213)
1
cosh3x=1(3003hx+cosh3x) - (2.214)
sinh3x=%(sinh3x-—3sinhx) (2.215)

“These can be derived from trigonometric relationships by using the

substitutions cosxcoshx and sinx—isinhx.

4
G,
2 N
taphx
0
tanhx
-2 x
=

—4

-3 -2 -1 0 2 3

X
4
2
. cech cothx
0
Sl

=2
—4

-3 -2 -1 0 2 3

x
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Trigonometric and hyperbolic definitions
de Moivre’s theorem (cosx+isinx)" = e = cosnx +isinnx ' (2.216)
1 i —ix 1 X —X
cosx =3 (™ +e7™) (2217)  coshx=3 (e"+e7) (2.218)
sinx = ~ (¥ —e™™) (2.219) sinhx= % (e*—e™) (2.220)
fanx = —or (2221) tanhy= SEBX (2222)
cosx shx
cosix=coshx (2.223) coshix=cosx (2.224)
sinix=isinhx (2.225) sinhix=isinx (2.226)
cotx =(tanx)~} (2227) cothx=(tanhx)™" (2.228)
secx = (cosx) ! (2.229) sechx= (coshx)™ (2.230)
csex = (sinx) ™! (2.231)  cschx = (sinhx) ™ (2.232)
. . . 16
Inverse trigonometric functions®
&
. X %0.9_{_
arcsinx =arctan (lsz)—l/E (2.233) 1 e
(1—x2)V/2 69@"
arccosx=arctan T] (2.234) )
- 1 135 1
arccscx = arctan (x_ZT)‘/Z (2.235) x .
_ - 16
_ 2
arcsecx = arctan _(x —1) ] (2.236) % % s
1 1AL
arccotx =arctan (;) (2.237)
arccosx = g —arcsinx (2.238)

@Valid in the angle range 0<0 < /2. Note that arcsinx=sin""x etc.
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Inverse hyperbolic functions

arsinhx=sinh~'x=1In [x+(x2+ 1)1/2] (2.239)

arcoshx=cosh™ x=1In [x+ (x*—1)12
' (2.240)

artanhx=tanh™! x = é In G—f—;f) (2.241)

arcothx=coth x= E ln x+1 (2.242)
2 x—1

(1212
arsechx=sech™' x=In E +%

(2.243)

2\1/2
arcschx=csch ! x=In E + (1%1“

(2.244)

for all x

Ix|<1 -

x| >1

0<x<l1

x#0

2.6 Mensuration

Moiré fringes®

-1

Parallel pattern gy — | L _ 1 (2.245)
B d 1 d

Rotational d

pattern® M= lsin(6/2)| (2246)

dy Moiré fringe spacing

dz grating spacings

d  common grating
spacing

8  relative rotation angle
(181 <7/2)

“From overlapping linear gratings.
5From identical gratings, spacing d, with a relative rotation §.
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Plane triangles

. a b ¢
Sine fi la® = = 2.
ine formuia sind sinB sinC (2247)
a* =b*+c*—2bccosA (2.248)
Cosine b4 c?—a?
formulas cosA= b (2.249)
a=bcosC+ccosB (2.250)
Tangent A-B _a—-b _C
formula tan S Ry » c ti (2.251)
area = %.ab sinC (2.252)
a® sin BsinC :
= 2.253
Area 2 sind , (2253)
=[s(s—a)(s—b)(s—¢)] 1/2 (2.254)
where s= %(a +b+0) | (2.255)
@The diameter of the circumscribed circle equals a/sinA.
Spherical triangles®
sing sinb  sinc
Sine fi 1 = = 2.
fne lormua sind sinB sinC (2256)
Cosine cosa=cosbcosc+sinbsinccosA (2.257)
formulas cosA=—cosBcosC+sinBsinCcosa  (2.258)
Analogue sinacosB =cosbsinc—sinbcosccosA  (2.259)
formula '
Four-parts cosacosC =sinacotb—sinCcotB (2.260)
formula
Area® E=A+B+C—n (2.261)

2Qn a unit sphere.
bAlso called the “spherical excess.”
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Perimeter, area, and volume

Perimeter of circle P =2nr 2262) | © perimeter
r radius
Area of circle A=nr? (2263) | 4 area
Surface area of sphere® A=4nR? (2.264) | R sphere radius
Volume of sphere = V= %nR3 (2.265) | Vv volume
a  semi-major axis
P=4aE(n/2,e) (2.266) | b  semi-minor axis
: F el E  elliptic integral of the
Perimeter of ellipse o a +b? 172 2.267) second kind (p. 45)
) e  eccentricity
(=1-b%/d%)
Area of ellipse A=mnab (2.268)
. abc . .
Volume of ellipsoid® 14 =4ET (2.269) | ¢ third semi-axis
Surface area of
=2nr(h . i
cylinder A=2nr(h+r) (2.270) | ' height
Volume of cylinder V=nr*h : (2.271)
Area of circular cone? A=nrl (2.272) | 1 slant height
Z;::IIIIJIJZ of cone or V =Aph/3 (2.273) | 4, base area
Surface area of torus A=1*(ri+r2)(r—r1) (2.274) | T e mdi,us
ry  outer radius
- .
Volume of torus V= %(r% —r))(ra—r1) (2:275)
d’ -
?er;‘?h ;f spherical cap, 4 =2nRd (2.276) | 4 cap depth
. Q  solid angle
V
C; lugf ?}f Z.phencal V =nd* (R - g) (2.277) | z = distance from centre
P, dep o half-angle subtended
Solid angle of a circle Q=127 [1 — ;] (2.278) -7 l,-
from a point on its (Z2+r)12 . EaLE.
axis, z from centre =2n(l—cosa) (2.279) z

43phere defined by x> +y?+z2=R%.

®The approximation is exact when e=0 and e~0.91, giving a maximum error of 11% at e=1.
“Ellipsoid defined by x2/a?+y?/b*+22/c2=1.

4Curved surface only.
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Conic sections

y y y
_—t X x x
a |
< ] :
parabola ellipse hyperbola
T2 2 ) 2,2
: 2_ Xty > _Y _
equation y*=4ax = + o 1 2 1
parametric x=t2/(4a) X =acost x==acosht
form y=t y=Dbsint y =bsinht
foci (a,0) (£a>—b%0) (++/a*+b2,0)
s )
eccentricity e=1 o= @b =2 +b
a a
directrices x=—a x= ig X= iﬁ
e e
L |

Platonic solids®

solid volume surface area circumradius  inradius
(faces,edges,vertices)

3
tetrahedron a2 23 a/6 a+/6
(4,6,4) 12 4 12
cube 2 62 a3 a
(6,12,8) 2 2

3
octahedron a’\2 223 a4 4
(8,12,6) 3 V2 N

dodecahedron a(15+7/5) ) a o [s0+2255
(12,30,20) 2 3am N N B

icosahedron 5a3(34+/5) 5 a a \/§
(20,30,12) B 5a’\/3 V26+V9) g V3+y/3

a0f side a. Both regular and irregular polyhedra follow the Euler relation, faces —edges+ vertices =2.
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Curve measure

1/2 a start point
Length of plane b 2 b 4 point
g - 14 ﬂ (2.280) end poin
curve a dx y(x) plane curve
l length
Surface of b ay\? 172
revolution A=1n f y|1+ (a) dx (2.281) | 4 surface area
a
Volume of b
revolution V=n / y*dx (2.282) | v volume
a
Radius of dy s P radius of
curvature p=|1+ (a;) ( (2.283) curvature

Differential geometry®

Frenet’s formulas

A -
n=—xvt + Avh

3 =—Avh

rUnit tangent t= ﬁ = % (2.284)
Unit principal normal = I;:Z;[ (2.285)
Unit binormal b=%xh (2.286)
Curvature - IT:IZ | (2.287)
Radius of curvature p= % (2.288)
Torsi P+ (PxF)

orsion = P2 (2.289)
£ =xvh (2.290)

(2.291)

(2.292)

tangent
curve parameterised by »(t)

@)l

principal normal
binormal
curvature

radiﬁ_s of curvature

torsion

“For a continuous curve in three dimensions, traced by the position vector r(t).
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2.7 Differentiation

" Derivatives (general)

n power
index

u,v functions
of x

Power 4 (u")=m"! du (2.293)
dx
d dv du
Product a(uv) =ug +u—a (2.294)
. d ru 1du u dv
Quotient o (;) P e (2.295)
Function of a d d du
function® al/W=g Vg 2259
a n\ du [n\ dv d"u
L () S ()
Leibniz theorem  ° 07" dxr “\1/ dx dx (2297)
n @ d"‘ku+___+ n\ d"
k) axF G n)" e
dr /e
Differentiation P [ / f(x) dx} =f(q) (p constant) (2.298)
under the integral dq P . .
sign P [ f(x) dx] =—f(p) (g constant) (2.299)
?
: d [« dv du
General integral — = f(v)— — — 2.
w | [Cr0d]=rog-reg @
Logarithm %(logbmx]):(xlnb)’l (2.301)
. d . ax
Exponential -(—f(e )=ae (2.302)
X
dx dy !
o= (&}) (2.303)
. d’x d’y [d -
Inverse functions - (a) (2.304)
d3x d?y 2 dy &y | /dy
3’ [ (&) oo (= (2309

f(u) function of
u(x)

(i) binomial
coefficient
b log base

a constant

9The “chain rule.”
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Trigonometric derivatives®
‘—E—c(sinax) =acosax _ (2.306) %(cosax) =—asinax (2.307)
d d
a(tanax) =asec’ax (2.308) a(cscax) =—acscax-cotax (2.309)
d d 2
E;(secax) =asecax-tanax (2.310) i (cotax) =—acsc”ax (2.311)
d%(arcsinax) =a(l—a>»)71?  (2312) d%(arccosax)=—a(1 —asx?)V? (2313)
4 _ 2,2\ 4 AN TPV
dx(arctanax)—a(l +a*x?) (2.314) 1 (Brcescax) = i (@x*—1)"1 (2.315)
%(arcsecax) = ﬁ(azx2 —1)7Y2 (2316) %(arccotax_) =—a(a*x*+1)7} (2.317)
g is a constant.
Hyperbolic derivatives®
4 (sinhax) = acoshax (2.318) i(c:osha:rc) =gsinhax (2.319)
dx dx
d 2 d
- (tanhax) =asech”ax (2.320) o (cschax)=—acschax- cothax (2.321)
d d 2
a(sech ax)=—asechax-tanhax (2.322) E;(cothax) =—acsch ax (2.323)
E‘L—(arsmhax)=a(a2x2+1)—1/2 (2.324) ad;(aréoshax)za(azxz-l)_l/z (2.325)
i(a:rta::thax) =a(l—a*x?)! (2.326) —d-(arcschax) =—i(1;|-a2x2)‘1/ 2 (2.327)
dx ) dx |lax| .
i(arsechax) =—2 (1—a2)12 d
dx |ax| a(:sucoﬂmx)=a(1-—azx2)—1 (2.329)
(2.328)

%g is a constant.
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Partial derivatives

Total _of of of
differential =5 &5 ¢ (2330) | £ feor.2)
Reciprocity 9g| ox| | _ -1 (2331) | &g sxp)
0x|,0y|,08 |«
. af &éféx ofdy Of oz
Ch 1 ===+ 2.332
ain rie ou 0xdu + 0y 0u 0z Ou ( )
dx dx Ox
@ Q_U é_,; J  Jacobian
Jacobian = M — O_y U_y_ oy (2333) u o u(x,,z)
o(up,w) ou v Bw v oxp2)
L 0z 0z 0Oz w o w(x,p,z)
Ju v dow
Cha}nge of / f(x,y,z)dxdydz= / flu,o,w)J dudvdw E, :::E: :: gf:})
variable ’ v (2.334) mapped to by ¥
> _
. _ ,
Euler— if I /a F(x,y,y)dx J dyds
Lagrange . Gved end point
equation oF _ d /oF a,b fixed end points
then 6I=0 when —=- (2.335)
dy dx\dy
Stationary points®
‘f;é,?—:;;;;::\\;‘t\\\ \“Q".
saddle point maximum minimum quartic minimum
Stationary point if -g—‘;; = % =0 at (xg,)0)- (2-336)
Additionally?
- &f _, Pfef_ (N
for maximum ) <0, P <0, and a2 5y >\ 7% 3y) (2.337)
. o f 82 f P2f3f [ *f \*
for minimum 'a—xi > 0', EZ‘ > 0, and W a—y'i > ax ay (2.338)
for quartic ’f  &f
minimum Froi o aak (2.339)

20f a function f(x,y) at the point (xo,0).
bAll other stationary points are saddle points.
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Differential equations

Eplace V=0 (2.340)
. Pl af 2 V
Diffusion W =DV f (2.341)
Helmholtz V2f+oc2f=0 (2.342)
1 8*f '
2
Wave f= i (2.343)
d 2, dy _
Legendre o [{1 —X )a] +I(1+1)y=0 (2.344)
Associated d dy m? ‘
Legendre = [(1 X )dx] [I(H—I]— xz] y=0 (2.345)
2
Bessel ng_y + xﬂ + (2 —m)y=0 (2.346)
dx?
: d’y , dy
Hermit Rl AN, W’ 4 —
rmite o 2x i _]_205}; 0 (2347)
2,
Laguerre +(1 x) +ocy 0 (2.348)
Associated d2
Laguerre X2 Z+( +hk— x)— +ay=0 (2.349)
&y B
Chebyshev (1—x%)—= et +n’y=0 (2.350)
Euler (or dy
Cauchy) d et ix Y $by=f(x) (2.351)
- dy a
Bernoulli i +p(x)y =g(x)y (2.352)
. dzy

f fxye)

D diffusion
coefficient

o constant

¢ wave speed

I integer
m  integer
k  integer
n  integer

a,b constants

p.q functions of x

“Also known as the “conduction equation.”

heat capacity of the material.

For thermal conduction, f =T and D, the thermal diffusivity,
=x=1/ (pcp) where T is the temperature distribution, A the thermal conductivity, p the density, and c, the specific
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2.8 Integration

Standard forms*®

/udv=[uv]—[udu

n xn+1 15
/X dx=? (n%—l)

n

/lﬁax dx=x(lnax—1)

x2 1
/xlnaxdx=—2~ (lna —5)

1 1.
/H—b)c dx—gln(a+bx)

L g —1
f @ibx)2 " blatbx)

xﬂ

x"+a

f ! =ln
x(x"+a) an

X R P
/mdx—zlmx ial

1 (X
/m dx=arcsm(;)

X
/ Gz T=E e

(2.354)

(2.356)

(2.358)

(2.360)

(2.362)

(2.364)

(2.366)

(2.368)

(2.370)

(2.372)

(2.374)

fuvdx=u/udx—/(fudx)%dx (2.355)

/

ld;vc=111|x[
X

/xe‘”‘ dx=e* (E— lz)
a a

ax
]baxdx= b

/
/
/

£/(x)
5

dx=Inf(x)

—_— (b>0)

alnb

1

a+bx

L

x(a+ bx) T a x

1
LI dx
1

—dx=
Y—a?

2a

1 ( bx )
= —arctan| —
ab a

1 x—a

In|——
x+a

-1

X dx—
el e

/
/

1
(xz iaZ)l/z

1
x(x2—a?)i/2

dx=In|x+(*+a*)'?|

dx= %arcsec G)

(2.357)
(2359)
(2.3-61)
(2.363)
(2.365)
(2.367)
(2.369)
(2371)
(2.373)

(2.375)

%g and b are non-zero constants.
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Trigonometric and hyperbolic integrals

/ sinx dx=—cosx (2.376) f sinhx dx =coshx (2.377)

/ cosx dx=sinx (2.378) / coshxdx=sinhx (2.379)

] tanx dx=—In|cosx| (2.380) f tanhx dx =In(coshx) (2.381)
x x

/ csex dx=1n.tan5‘ (2.382) / cschxdx=]n‘tanh§| (2.383)

/ secxdx=In{secx+tanx] (2.384) / sechx dx =2arctan(e*) (2.385)

f cotx dx=In|sinx| (2.386) f cothx dx=In|sinhx| (2.387)

sinfm—n)x  sin(m-+n)x

Am—m)  mim) ™M) (2.388)

fsinmr sinnx dx =
cos(m—n)x _cos(m~+n)x
2(m—n) 2(m+n)

sinfm—mn)x  sin(m+n)x
2(m—n) 2(m—+n)

(m*#n)  (2389)

fsinmx -cosnx dx=—

(m? £ n?) (2.390)

fcosmx -cosnxdx=

Named integrals

X
Error function e:rf(x)=li/2 f exp(—t2) de (2.391)
T ]
Complementary error 2 =
functIijon 1y erfc(x):l—erf(x):m / exp(—t?) dt (2.392)
x
X 2 X 2 )
Clx)= / cos™de; S(x)= / sin - ¢ (2.393)
. 0 2 b 2
Fresnel integrals® L 12
C(x)+iS(x)= Jzﬂerf [”7(1—i)x] (2.394)
Lo * gt
Exponential integral Ei(x)= / ?dt (x>0) (2.395)
—0
oC
Gamma function I(x)= / le7tdr (x>0) (2.396)
0
' Fok= [ ! d@ (first kind 97
,K) = —_— t ki 23
Elliptic integrals (@) /0 (1—k2sin’ 9)1/2 (frst kind) (2397)
(trigonometric form) ¢
E(¢,k)= [ (1—k*sin?0)¥2d# (second kind) (2.398)
0

“See also page 167.
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Definite integrals

P a2 g 1m\2
[Oe dx—z(a) (a>0) (2.399)
/ 3= dx= - (a>0) (2.400)
0 2a
0 |
/x"e“”‘dx= e (@>0;n=0,12,.) (2.401)
0 a

2

/ * exp(2bx—ax?) dx = (g)” exp (%) (a>0) (2.402)

o 2 1:3-5-...-(n—1)2a)y ™ V/2(z/2)1/2  n>0 and even
x"e™ dx= 2.403
/0,___ e ax {2.4.6._"-(;~;—1)(2c;)*(""'1)/2 - n>1 and odd (2409)
1 Pl1 74 plq! int 0 2.404
/Ox( x) x—m (p.q integers > 0) (2.404)
/m ( Z)dx—/m in@?)dx=1(Z)" @>0) (2405)
A cos(ax = 5 sim(ax x—2 2 o
© sinx © gin’x T
| e [ e (2406)
fw L gx=—"_ (0<a<l) (2407) -
o (1+x)x* ~  sinax ’
2.9 Special functions and polynomials
Gamma function
Definition I(z)= / £le~dt [R(z)>0] (2.408)
0
m=C(n+1)=nl(n) (n=0,1,2,..) (2.409)
Relations r(/2)=n'"? (2.410)
2\ ozl T(z+1)
(w) S Wi—m)! Tw i DIG—w+1) (2411)
| 1 1
(z) ~e™?z7~ 0/ (2m)1/2 (1 t ot ) (2.412)
Stirling’s formulas 12z~ 288z
(for |z|,n>> 1) nl syt D e (2m)l/2 (2.413)
In(n!)~nlnn—n (2.414)
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Bessel functions

( 2 /4)1: Jy(x) B_essel function of the first
Lx)=(= 2.415 kind
Series v(x) ( ) Z kKIT(v+k+1) ( ) ¥,(x) Bessel function of the
expansion second kind
P Y, (x)= Ju(x )Cosl(nv) —J(x) (2.416) | T(v) Gamma function
sin(zv) ) v order (v=0)
Approximations 1R ]
L (x\Y 0.5
e (3) O<x<wv)
Jv(x)—{(i)f/'zcos(x_lvﬂ:_E) (x>>v) (2-417) 0 W
nx 2 4 0.5 Yy \W/
—I'(v =V —u.
AT a6 O<x< g | / "
' (2)sin(x—dva—5) (x>v) o L6 8 10
oy T e I, difted Bessel function of
Modified Bessel ~1v(X)=(=1)"J,(ix) (2419) | 0 B onetion ©
functions _ T+ T, (ix)+iY, (i 2.420) | Ku(x) modified Bessel function of
Ky(9) =31 [ @0)+i%y(@x)] - (2420) | K modifd Besse
Spherical Bessel ) N Jjv(x) spherical Bes'sel fu'ncyion
P M= (2 - ) T,y (x) (2.421) o e s kind il
Legendre polynomials®
d*p, dPi(x P; Legendre
Legegdre (1—x%) 3 ;gx) —2x c{( )+I(I+1)P1( )=0 r polynomials
equation (2.422) | ! order (I=0)
Rodrigues’ d 5
formula Pz(x) = 2—”—! @ (x —_— 1) (2.423)
Recurrence _ _ ‘
relation (I4+1D)Pr () =21+ 1)xPy(x)—1P_1(x)  (2.424)
1
Orthogonality / Pi(x)Pp(x)dx = T 15,, (2.425) | 6w Kronecker delta
-1
2 202
Explicit form  py(x)=2~" E( H" ( ) ( _l m) X (2.426) | (1) binomial coefficients
k  wavenumber
. exp(ikz) =exp(ikrcosf) (2.427) | z propagation axis
Expansion of ® z=rcosf
plane wave _ 2 il 242 ji  spherical Bessel
g( H_l)l J;(kr)Pg(cosﬁ) (2428) function of the first
kind (order [)
Py(x)=1 Py(x)=(3x*—1)/2 Py(x) =(35x* —30x* +3)/8
Pi(x)=x P3(x) =(5x° —3x),/2 Ps(x)=(63x> —70x> + 15x)/8

40f the first kind.
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Associated Legendre functions”

Associated d 5 dP(X) m? PI associated
Legendre dx [(1_x ) dx + |+ - 1—x2 Pi'(x)=0 : Legendre
equation ‘ (2.429) functions
dm
F PP x)=(1—x*)"*—Py(x), 0<m<I 2.430
LZZI;ldI‘C P == dxm 1) "= ( ) P;  Legendre
olynomials  P"(x) = (—1)" S pm(z) 2431 polynomials
xX)=(— X B
Py (x)=x(2m+1)P,(x) (2.432)
Recurrence  pmx) = (—1)"(2m—1)!1(1 —x*)"/2 (2433) | 1 sn=53-let
relations
[ (=ma DP )=+ )xP) — (1+m) Py ()
(2.434)
1
: l+m)' 2 . 5;[! Kronecker
Orthogonalit m(x) PR =(__ , )
2 y /;lP, (x)Pi(x)dx T—m) 21+15g (2.435) delta
PY(x)=1 PY(x)=x PLx)=—(1—x)?
PY(x)=(3x"—1)/2 P}(x)=-3x(1—x")"/? P}(x)=3(1—x7)

20f the first kind. P{*(x) can be defined with a (—1)" factor in Equation (2.430) as well as Equation (2.431).

Legendre polynomials - 3 associated Legendre functions
X - - —
Py
. - X 5
05 Li P4 s L
s ? 1 <
0 el
(7]
<
~05 0
—1 —1
-1 05 0 05 1 -1 0 1
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Spherical harmonics

. 1 1 8 0 1 &
Differential e sinB—) + —%%] Y +I(1+1)Y"=0 Y™ spherical
equation [Smg a9 ( o6 sin?6 6| (DY, ' harmonics
(2.436)
m A+1(1—m)1Y2 : PP associated
Definition® Y, (9=¢’)=(_1)m[ . ﬁ] P (cosf)e™® ! Legendre
. ’ (2.437) functions
, Y* complex
T T -
Orthogonalty [~ [ 1 (0,4)%77(0,6)5i00 0008 =i (2435).| 5, romne
. W ronecker
¢=0.76=0 delta
-] I
f60.0)=>_>" am¥"(6,9) (2.439)
Laplace series = m=—;,r . ! zzszg‘;‘;us
where ap, = / / Y™ (0,0)f(0,0)sin0 d0 do
=0.J6=0
(2.440)
Solution tO if VZIP (r’ 6’ ¢) = 05 then w conﬁnuous
Laplace w1 ' function
equation w(r.0,0)=>_ > Y™0,0) [amr +bimr Y] (2441) | ab  constants
=0 m=—I

1 3

Y30.0)=1/ Y{(6,4)=1/ 7 cosf

g Ay a5 cinpetid 06.6) =1/ ( 2cos?o—1
Y&(00,0)=F SjrsmGe Y, (6,¢)= 1 | 3008 7] 3

+1 - /15 . +ig +2 15 . 5, 42ig
Y;5(0,0)=F S—usmﬂcosﬂe Y;5(0,0)= T, S fe*

0 1 /7 2 +1 _1 /21 5 +ig
Y; (9,¢)=§ 4—n(500s 6 —3)cosh Y- (G,qb)_=+z Esm@(Scos 0—1)e~

Y526, ¢)= % \/ % sin” fcos fet?i? YE0,4)= ;% N % sin? etiid

“Defined for — <m <1, using the sign convention of the Condon-Shortley phase. Other sign conventions are
possible.
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Delta functions

Kronecker delta

5ij — {1 if 1=] (2442) 51-_,-
i,j,k,... indices (=1,2 or 3}

0 ifiskj
on=3 (2.443)

Kronecker delta

€13 =en;=e3n=1

Three- =€ =en=—1 (2.444)
dimensional all other €;3 =0
Levi-Civita e Levi-Civita symbol
Symbol €ijk€klm = 5i16jm - 6:}9’15_‘"‘. (2445) W (St’.‘: a]sgquge 25)
(permutation dijeije =0 (2446)
tensor)’ - - eym€jim =204 - o (2447
Eiji€ijc =0 (2.448) .
b 1 if a<0<b |
d(x)dx= 2.449
i ) {0 otherwise ( )
b
f fx)o ()-c_xO) dx={(xo) (2.450) &(x) Dirac delta function
Dirac delta a f b function of
function 8 (x—x0)f (x)=06(x—x0)f (x0) (2.451) (x)  smooth function of x
ab constants
d(—x)=06(x) (2.452)
d(ax)=|a|"'8(x) (a=0) (2.453)
S(x)xnr 2 (n3>1) (2.454)

2The general symbol €, is defined to be +1 for even permutations of the suffices, —1 for odd permutations, and
0 if a suffix is repeated. The sequence (1,2,3,...,n) is taken to be even. Swapping adjacent suffices an odd (or even)
number of times gives an odd (or even) permutation.

210 Roots of quadratic and cubic equations

Quadratic equations

. 2 _ 0 245 x variable
Equatlon ax +bx te 0 (ﬂ ?I: ) ( 5) a,b,c real constants
_ fhz _
= L 2 (2.456)
Solutions %CCI X1,%3 quadratic roots
- 2457
b++/b2—4ac ( )
Solution X1+x2=—b/a (2.458)

combinations X1 x2=c/a (2.459)




2.10 Roots of quadratic and cubic equations

Cubic equations

Equation ax® +bx* +ex+d=0 (as0) (2.460)
1/3¢ b2
p—-g (;—a—z) (2.461)
Intermediate 1 /2% 9be 27d
definitions 1=zl F 7t (2.462)
_(PV . (2)?
D_(3) +(2) (2.463)

X variable
a,b,c,d real constants

D discriminant

If D >0, also define:

If D <0, also define:

—q 1/3 _ —3/2
u= ( > +D" 2) (2464) | ¢ =arccos [—23 (';LI) (2.468)
— 1/3
v=(52-D"?) (2.465) N2
2 y=2(2) cos? (2.469)
yi=u+v (2.466) 3 3
—(u+v) | u—v, 1/2
y23=""5 + 1—2‘31/ (2.467) Ya3=—2 ('%) cos ¢—_3_HE (2.470)
1 real, 2 complex roots
(if D=0: 3 real roots, at least 2 equal) 3 distinct real roots
. b i
a _., o Xn cubic roots
Solutions Xn=yn "3 (2.471) n=12.3)
Solut Xy +Xx2+x3=—b/a (2.472)
olution ‘ =
combinations X1X3+X1X3+X2X3 =c/a (2.473)
X1Xax3=—d/a (2.474)

“yn are solutions to the reduced equation y* +py+q=0.
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2.11 Fourier series and transforms

Fourier series

o«
do nwx
=+ ,,cos +b sin —— 2.475
f( ) 2 g( L ) ( ) f(x) periodic
L funf:*tio’n,
Real form o _ f(x)cos—— dx (2.476) period 2L
an,b,  Fourier
coefficients
/ f(x)sm—— (2477)
1IntXx
Complex f(x)= H_Z_mcncxp( ) (2478) | compiex
form— —— T B 2 ' Fo‘:é!:il;t
—1NnnX o a1}
Cn=57 f_ LJ”(X)mip( T )dx (2.479)
t 2 “(2) 1¢ 2,32
57 [ f)Fdx==+=) (a;+b? (2.480)
Parseval's 2L J_p ) 4 2§( )
theorem , o I modulus
= lenl? (2.481)
n=—co
Fourier. transform?
oo
F(s)= f X)e™2 dx 2.482
Definition 1 © —°°f( : ( ) f)  function of x
* 27i F(sy  Fourier transform of f(x)
fx)= f F(s)e™ ds (2.483)
m . .
Fis)= [ f(x)e™™ dx (2.484)
Definition 2 1—°° -
fx)=75- /: coF (s)e™ ds (2.485)
1 @ A
Fls)=—= / feeax  (2.486)
Definition 3
fx)= F(s)e”‘s ds (2.487)
\/_

“All three (and more) definitions are used but definition 1 is probably the best.
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Fourier transform theorems®

imaginary, even
complex, even
complex, odd
complex, Hermitian

imaginary, even
complex, even
complex, odd

real, asymmetric
imaginary, asymmetric

1

complex, anti-Hermitian

Hermitian: f(x)=f"(—x)

anti-Hermitian: f(x)=—f"(—x)

o] .
Convolution  f(x)*g(x)= [ flug(x—u)du (2.488) | T& Eonee’ Tnetions
Convolution  f*g=g*f 2489 | i fe=F)
rules f*(g*h)=(f*g)*h (2.490) | g gx)=Gls)
Convolution . N = Fourier transform
Convolution  f(xg(x) =F(s)*G() (2491) | = Fouter
0 *  correlation
‘,f.‘“t°°°"ela FX)*f(x)= ] F*(u—x)f () du (2492) | 5 complex
lon — conjugate of f
Wiener—
Khintchine ' (x)*f(x)=|F(s)? (2.493)
theorem
Cross- . ©
o tion T 0*g9=[ £ (u—x)g(w) du (2494)
-
C lation h,j rteal functions
o h(x)* j(x) = H(s)J"(5) (2495) | H HG)=he)
theorem .
J o Js)=jx)
Parseval’s ® . «© .
relation® / fx)g (x)dx= / F(s)G™(s)ds (2.496)
—oC —0
Parseval’s o © o
e [P ax= [ F@Pas (2497)
dﬁg':) = 27isF(s) (2.498)
Derivatives d df(x de(x
L e g1 = L v g9 = B g
, - (2.499)
%Defining the Fourier transform as F(s)= [*_ f(x)e™*™* dx.
b Also called the “power theorem.”
¢Also called “Rayleigh’s theorem.”
Fourier symmetry relationships
f(x) = F(s) definitions
even = even real: f(x) = f(x)
odd = odd imaginary: f(x)=—f"(x)
real, even = real, even even: f(x)=f(—x)
real, odd = imaginary, odd odd: f(x)=—f(—x)
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Fourier transform pairs®
f(x) = F(s)= / f(x)e 2 dx (2.500)
—0
flax) = |_c1;|-F (s/a) (as£0, real) (2.501)
f(x—a) = € 5F(s) (areal) (2.502)
d f(x) = (2nis)"'F(s) (2.503)
dxn
sx) = 1 (2.504)
S(x—a) = e (2.505)
- = — I - _2a -
—alx] - T
e = s (a=>0) (2.506)
8inas
—alxl s .
xe = @ iy (a>0) (2.507)
e/ = g fze™dY (2.508)
. 1 a a
sinax = 5 [5( —2—ﬂ)—5(s+£)] (2.509)
1 a a
cosax = 3 [5 (s— 515) +6 (s'hﬂ)] (2.510)
ad 1 & n
| m;wé(x—ma) = En;wcs (s—a) 2.511)
0 x<0 . _ Ll . 1
Jf"(x)—{1 wsp Ustep’) = 50(8) =5~ (2.512)
fe=4t P50 ophar) = SBFE s idinedas (2.513)
Yo x>a P = Tas '
1—ﬂ> |x|<a 1
f(x)= a =% (“triangle”) = <——5(1—cos2nas)=asinc’as (2.514)
0 2n2as?
|x|>a

4Equation (2.500) defines the Fourier transform used for these pairs. Note that sincx=(sinnx)/(nx).
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2.12 Laplace transforms
Laplace transform theorems
© #{} Lapl
Definition® F(s)=2{f(0)) = / f(t)e= dt (2.515) | #U Leplace
0
F(s)-G(s)=.9?{ f f(t—2)g(z) dz} (2.516) | F&)  2{Fm)
Convolution? 0 Gis)  Z{g()}
=2{f()*g(t)} (2517) |+ convolution
1 pico )
fl)= i e F(s)ds (2.518)
Inverse® T Jy—ico 7 constant
= “residues (for t>0) (2.519)
d"f(t)
Transform of )
derivative 3’{ de” } SLUOr- Z Tdr o " integer >0
(2.520)
Derivative of d"F(s) "
transform w2 {(=0"f(0)} (2.521)
Substitution F(s—a)=2{e"f(1)} (2-522) a constant
e F(s) = Z{u(t—a)f (t—a)} (2.523) _
Translation ‘ W) unit step
where u(t)= {0 (2<0) (2.524) function

1 (>0)

°If |e™*0*f ()] is finite for sufficiently large ¢, the Laplace transform exists for s> so.

bAlso known as the “faltung {or folding) theorem.”

“Also known as the “Bromwich integral” y is chosen so that the singularities in F(s) are left of the integral line.
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Laplace transform pairs

fO)=F(s)=2{f(t)} = f f(t)e™" de (2.525)
0
5(t)=>1 (2.526)
1=>1/s (s>0) (2.527)
1
= (s>0,n>—1) (2.528)
S?I
K4
2 = /E (2.529)
12— g (2.530)
m —
= (s>0) , (2.531)
1 .
at
= (>a) (2.532)
_ —at ol ‘
(1—at)e™ = Grap (2.533)
—at
e — i (2.534)
. a
sinat == poap (s>0) (2.535)
cosat = pe e (s>0) (2.536)
sinhat—> Eaz (s>a) (2.537)
coshat::-s%a2 (s>a) (2.538)
—bt a -
e sinat = CThIT (2.539)
—bt s+b
e cosat=> Gibiia (2.540)
e “f(t)=>F(s+a) (2.541)
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2.13 Probability and statistics

Discrete statistics

Mean (x) = %_\Ex,. (2:542)
. Hl al |
Variance® var[?c] =~ ;(xi —{x))? (2.543)
Siﬁft?éi ox] = (var[x])'/? (2.544)
Skewness skew[x] = w _:11)\5 3 i ( X _0— {x) ) : (2.545)
i=1
Kurtosis kurt[x] ~ [%i (x—Tbc) )4l 3 (2.546)
i=1
Correlation e i (i ()01 = ) (2.547)
coefficient® \/ TN G (x))? \/ N = ()2

Xi

)

var[-]

xYy

¥

data series
series length
mean value

unbiased
variance

standard
deviation

data series to
correlate

correlation
coefficient

If (x} is derived from the data, {x;}, the relation is as shown. If {x) is known independently, then an unbiased
estimate is obtained by dividing the right-hand side by N rather than N—1.
b Also known as “Pearson’s r.”

Discrete probability distributions

distribution  pr(x)

mean variance  domain

Binomial Op(1—py™ np np(l—p)  (x=0,1,...,n) (2.548)

Geometric  (1—p)*~p 1/p  (1-=p)/p* (x=123..) (2.549)

Poisson Aexp(—A)/x! A A (x=1223,..) (2.550)

(}) binomial
coefficient
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Continuous probability distributions
distribution pr(x) mean variance domain
. 1 a+b (b—a)? :
Uniform b—a > P (a<x<b) (2.551)
Exponential  Aexp(—Aix) 1/4 1/42 (x=0) (2.552)
Normal/ 1 —(x—u) 2 _ 2553
Gaussian T [ 202 K ’ (Feo<x<c0) (2553)
) . e—x/2x{r/2)-—l
7 Ch]—sq?ar_?f m - | r o 2r o (x 2_0) _ FZ._5_54)
. x —x? 2 n
Rayleigh S exp (27!) o/a2 20 (1—1) (x=0) (2.555)
Cauchy/ a -
Lorentzian Y (none)  (nome) (—oo<x<o0) (2.556)

“With r degrees of freedom. I is the gamma function.

Multivariate normal distribution

_exp[~ 1 —n)C T (x—p)7]

Density function ~ Pr(¥)= ()2 [det(C)] /2

(2.557)
Mean F=(ﬂbﬂ2:-“:p’k) (2558)
Covariance C=ayj=(xx;) — {x:i}{x;) (2.559)
Correl'ation N (2.560)
coefficient 0i0j
Box-Muller x1=(—2lny;)"*cos2ny, (2.561)
transformation x;=(—2Iny;)"*sin2zy, (2.562)

Xj
Yi

probability density
number of dimensions
covariance matrix
variable (k dimensional)
vector of means
transpose

determinant

mean of ith variable

components of C

correlation coefficient

normally distributed deviates

deviates distributed
uniformly between 0 and 1
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Random walk

x displacement after N steps
(can be positive or negative)

1 x2 . .
One- r(x)= ex ( pr(x) probability density of x
dimensional Pl (2nNI2)1/2 Plann (2 pr(x)dx=1)
(2-563) N number of steps
1 step length (all equal)
rms —nir Xms  TOOt-mean-squared
displacement Xoms =N (2.564) displacement from start point
3 dial di fi

hree prr)=(=15) expl—ard)  (2565) | g

. . 12 pr(r) prgbabi%ity density of r
dimensional where a— ( 3 ) (2 4nr pr(r) dr=1)

2NI2 a (most probable distance)™!
. 8\ M2 hean distance fi tart
Mean distance (ry= (ﬁ) N1/2; (2.566) ry g:i?;: ance irom sta
rms distance Frms = N1/2] (2.567) | Tms . root-mean-squared distance
from start point
Bayesian inference
Conditional ' pr(x)  probability (density) of x
probability pr(x)= / pr(x[y")pr(y")dy’  (2.568) prix|y’) conditional probability of x
given y’

probability pr(x,y)=pr(x)pr(y[x) (2.569) | pr(x;y) joint probability of x and y
Bayes’ theorem®  pr(y|x)= % (2.570)

probability.

“In this expression, pr(y|x) is known as the posterior probability, pr(x|y) the likelihood, and pr(y) the prior
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2.14 Numerical methods

Straight-line fitting®

Data ({x:i}.{m}) n points (2.571)
Weights? {wi} (2.572)
Model y=mx+c (2.573)
Residuals di=y;—mx;—c (2.574)
: — 1
| Weighted = (%7)=—— (Z WiXi, 3 wfys)
centre 2w
(2.575)
Weighted _ e 2 25
moment b ZW’(X‘ %) (2.576)
I .
Gradient m=15 > _wi5—%y (2.577)
1 Ewid?

c=y—mxX (2.579)
Intercept 1 %2\ Swid?

var[c] ~ (fﬁ + 3) — (2.580)

“Least-squares fit of data to y=mx+-c. Errors on y-values only.
bIf the errors on y; are uncorrelated, then w; =1/ var[y].

Time series analysis?

Discrete Mz

convolution (r*s);= Z Sj—kTk (2.581)
k=—(M/2)+1

Bartlett i

(triangular) wi=1— ‘ J—N/2 ‘ (2.582)

window N/2

Welch . 2

(quadratic) wi=1— [i:%] (2.583)

window N/2

Hanning 1 2nj

window wi=3 [l—cos (T)] (2.584)

Hamming _ 2nj

window w;=0.54—0.46¢c0s (T (2.585)

T
Si

wj

w

response function
time series
response function duration

windowing function
length of time series

1
0.8
0.6
04
0.2

0

Welch Hamming

Bartlett

Hanning

0

02 04 06 08 1
JIN

“The time series runs from j=0...(N —1), and the windowing functions peak at j=N/2.
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Numerical integration

h =(xy—xo}/N

xN h : interv:
| [ 1 ax= 3o afi2fr4 it
Trapezoidal rule X0 fr fo=fix)
+2fn-1+fn) (2586) | v Sumber of
' subintervals
| [ 50 ax= 5o +ari 420 455 4
Simpson’s rule? xo .
+4fn-1+1n) (2.587)
“N must be even. Simpson’s rule is exact for quadratics and cubics.
Numerical differentiation®
d 1
a{ > o [ (5 2B+ 8 (x-+ ) —8f (x—h) -+ (x— 2h) (2.588)
~ o [ et )= Ge— ) (2:589)
d’f '
12 = Do [ e+ 21)+16f (x+B)— 301 (x)+ 161 (x— k) — f (x— 2h)] (2.590)
~ e+ )= 2f () + o) (2.591)
d3f ! 2h)—2 h)+2 h 2h 2.592
B3~ g U 4+20) =2 (x+ B)+ 2f (x— h) — f (x— 2h)] (2.592)

“Derivatives of f(x) at x. h is a small interval in x.
Relations containing “~" are O(h*); those containing “~" are O(h?).

Numerical solutions to f(x)=0

Xpn— Xp—1
Secant method Xyl =Xy~ ————F(xy 2.593
™ AT T fe o )
Newton-Raphson _ . f(xn)
method Aol = %a = Fl(xa) (2:594)

f  function of x
Xn  flxo)=0

o =df/dx
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Numerical solutions to ordinary differential equations”

if L =f(x,y) (2.595)

dx
Euler’s method  and h=Xpi1—Xn (2.596)
then  Yui1 =yn+hf (XnJn) +O(H) (2.597)

. dy
if o =Ty (2.598)
and  h=Xpp1—Xn (2.599)
Runge-Kutta ki =hf(xn,yn) (2.600)
method ky=hf(xn+h/2,yn+k1/2) (2.601)
(fourth-order) ks = hf (% + B/ 2,yn +K2/2) (2.602)
kg =hf(xn+h,yn+k3) (2.603)

ky ky ks k

then  Ypr1=yn+ Fl + —32- + 33 + g“ +O(K) (2.604)

2Qrdinary differential equations (ODEs) of the form %f; =f(x,y). Higher order equations should be
reduced to a set of coupled first-order equations and solved in parallel



Chapter 3 Dynamics and mechanics

3.1 Introduction

Unusually in physics, there is no pithy phrase that sums up the study of dynamics (the way
in which forces produce motion), kinematics (the motion of matter), mechanics (the study of
the forces and the motion they produce), and statics (the way forces combine to produce
equilibrium). We will take the phrase dynamics and mechanics to encompass all the above,
although it clearly does not!

To some extent this is because the equations governing the motion of matter include some
of our oldest insights into the physical world and are consequentially steeped in tradition.
One of the more delightful, or for some annoying, facets of this is the occasional use of
arcane vocabulary in the description of motion. The epitome must be what Goldstein! calls
“the jabberwockian sounding statement” the polhode rolls without slipping on the herpolhode
lying in the invariable plane, describing “Poinsot’s construction” — a method of visualising the
free motion of a spinning rigid body. Despite this, dynamics and mechanics, including fluid
mechanics, is arguably the most practically applicable of all the branches of physics.

Moreover, and in common with electromagnetism, the study of dynamics and mechanics
has spawned a good deal of mathematical apparatus that has found uses in other fields. Most
notably, the ideas behind the generalised dynamics of Lagrange and Hamilton lie behind

“much of quantum mechanics.

'H. Goldstein, Classical Mechanics, 2nd ed., 1980, Addison-Wesley.
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3.2 Frames of reference

Galilean transformations

, r,¥'  position in frames S
Time and r=r-+ut (3.1) and §'
position? t=t (32) | v velocity of §" in §
tt  timein S and §'
. — ud  velocity in frames §
Velocity u= u+v (3.3) g
p.p’  particle momentum
Momentum p=p +mv (34) in frames § and §'
m particle mass
Angular J=J +me'xv+oxp't (3.5) J,J'  angular momentum
momentum in frames S and §’
Kinetic , 1 4, T,T' kinetic energy in
energy T=T'+md v+ 7m (3.6) frames § and S’
9Frames coincide at t=0.
Lorentz (spacetime) transformations®
5 —1/2 y Lorentz factor
Lorentz factor y= ( 1— U_z) (37) | v velocity of §' in §
, c ¢ speed of light
Time and position
x=y(x' +ovt'); x =y(x—vf) (3.8) o
) , x,x  x-position in frames
y=y's y=y (3.9) S and §' (similarly
z=2z'; 7=z (3.10) for y and z)
v, v tt time in frames S and
— —_— - — —_—— ’
t—y(z’—}—czx), t’—y(t czx) (3.11) s
]fjoﬂi?;&ilb dX =(cdt,—dx,—dy,—dz) (3.12) X spacetime four-vector

transformations of electromagnetic quantities.
Covariant components, using the (1,—1,—1,—1) signature.

Velocity transformations®

“For frames § and $§’ coincident at t=0 in relative motion along x. See page 141 for the

Velocity
w4 ; Ux—D
e = 14+up/c?’ R ey (3.13)
u u
- ____J’___; =7 (314
" T e/ o= Y i=—uwicd) O
!
” Y ' Uz (3.15)

~yA+uo/d) e A= w0/ )

'
Uy, Uy

Lorentz factor
= [~ /P12

velocity of 8 in § -
speed of light
particle velocity

components in
frames S and §’

“For frames S and §’ coincident at =0 in relative motion along x.
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Momentum and energy transformations?

Lorentz facto
Momentum-and energy ! =[12(,, /6)2151/2
px=7(P+vE'/c);  Pe=y(px—vE/c?) (3.16) | v  velocity of S'in§
. d of light
—_ - - 3 18) Px:Px P :
P:=p:; P:=p: @3. momentum in § and v
E=y(E'+vp,); E'=y(E—vpy)  (3.19) §' (sim. for y and 7)
E,E" energyin S and §' — X
E2—p=E?—p* P =mict (3.20) | mo  (rest) mass
P total momentum in §
= P —7. — P momentum
Four-vector” P=(E/c,—px,—Py:—pz)  (321) Evoctor
9For frames S and S’ coincident at t=0 in relative motion along x.
bCovariant components, using the (1,—1,—1,—1) signature. *
Propagation of light*
’ frequency receivedin § | §
Doppl ' : c
eﬂ%léf e LIy v (1 + ¥ cos a) (3.22) | v/ frequency emitted in §' | |¥
v ¢ : . «. arrival angle in § o
vy  Lorentz factor
cos= 2080 Fv/e_ (323) | UG/ .
Aberration? 14(v/c)cost’ , v velocity of §' in § Sy ‘3;,
, _ cosf—v/c ¢ speed of light v
cosd'= 1—(/c)cosb (3:24) | g¢' emission angle of light <7 ¢
7 in § and §' % X
Relativistic sin@ P(9) angular distribution of
beaming® P(9)= 2y2[1— (v/c)cos 6]2 (3:25) photons in §

" @For frames S and S’ coincident at ¢t =0 in relative motion along x.
bLight travelling in the opposite sense has a propagation angle of =+ radians.
¢Angular distribution of photons from a source, isotropic and stationary in §'. fg‘ P(8)do=1.

Four-vectors®

Covariant and xo=x" x;=—x! i x; © covariant vector
contravariant e s (326) _ componcr}ts
components B 3 - x'  contravariant components

Scalar product X'y =x"yo+x'y1 +x7y2+xy3 (3.27)

i, %' four-vector components in

Lorentz transformations frames S and §’
=y +@/e)x"]; =y—@/xX']  328) |, Lorentz factor
A=yt @/ex); X =y —/ox?]  (329) | =W/

v velocity of S’ in §
¢ speed of light

XE=x? | X3 =x3 (3.30)

)

“For frames S and §', coincident at t=0 in relative motion along the (1) direction. Note that the (1,—1,—1,—1)
signature used here is common in special relativity, whereas (—1,1,1,1) is often used in connection with general
relativity (page 67).
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Rotating frames

A any vector

S stationary frame

§’  rotating frame

@ angular velocity
of 'in §

9,9’ accelerations in S

and 5’

velocity in §°

¥’ position in §’

B.’

; -
F,, coriolis force
m  particle mass

F/., centrifugal force
¥, perpendicular to
particle from
rotation axis
F; nongravitational

force
latitude

local vertical axis

A

z

y  northerly axis
x  easterly axis

Q¢ pendulum’s rate
of turn

Vector trans- d4 d4
formation [E] s = [E] . +eoxd (331)
Acceleration =1 +20xv’ +ox(wxr) (3.32)
Coriolis force tor = —2mexv’ (3.33)
Centrifugal F on =—mmx(oxr’) (3.34)
force =+mo’r| (3.35)
m% =F, + 2mwe(jsin A—z cos A)
Motion (3.36)
gﬁ;"e 0 y=F,—2mwexsini (3.37)
mz =F, —mg + 2mweXcos A (3.38)
'Foucault’s _ .
pendulum® Q= —w,sini (3.39)

w, Earth’s spin rate

%The sign is such as to make the rotation clockwise in the northern hemisphere.

3.3 Gravitation

Newtonian gravitation

my1s masses
Newton’s law of Foe Gmy msz (3.40) Fy force onmy (=—F2)
gravitation 1= ;-%2 12 ' rz  vector from my to my
. unit vector
G constant of gravitation
Newtonian field 9=-—V¢ (3.41) g  gravitational field strength
equations® Vip=—V g=4nGp (3.42) | ¢ gravitational potential
p  mass density
b r>a) r  vector from sphere centre
Fields from an  g()= (ﬁd’ “ (3.43) M mass of sphere
isolated _ J"F r<a) a  radius of sphere
uniform sphere, a?
mass M, r from _GM (r>a)
the centre d(r)= G N}‘ (3.44)
ﬁ(rz —3a%) (r<a)

2The gravitational force on a mass m is mg.
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General relativity”

Line element ds’ =gy, dx#dx” =—d7’ (3.45)
% = 2e®(gss +esp—gms)  (346)
Christoffel br= 38 8ok T EES 8 '
symbols and Py=0,=0¢/0x (3.47)
o AT o
Buy =By, —T*, By (3.49)
Ry =T" r'uﬁa —Is Fﬂ,ﬁ'y
+T%;,—T%;  (3.50)
Riemann tensor  Byup — Buspn =R’ 13 By (3.51)
Rugys =—Rupsy; Rgups=—Rapys  (3.52)
Reagys + Ruspy + Rayop =0 (3.53)
Dyp#
Geodesic Di 0 (3:54)
equation A*  dA*
q where ——=-2+ T* 4% (3.55)
Geodesic DXr
= B
deviation D2 R (g0 CFo7 (3.56)
Ricci tensor Ryp =R’ 5 =8 Rsusp =Ryga (3.57)
Einstein tensor  G¥ =R* ——% g”R (3.58)
Einstefin’s field o _g 7w (3.59)
equations ,
Perfect fluid T =(p+p)u*u’ +pg" (3.60)
-1
Schwarzschild d? =— (1 — Z_M) di+ (1 _ E’{) dr?
solution r r
(exterior) +r%(d6? +sin’0 d¢p?) (3.61)
Kerr solution (outside a spinning black hole)
a2l 2 -2
N L MR Y Y L
2 Q
21 2\2 _ 2A ein2 2
L) 92“ ASIO Gn20d gt + %—drz +02d9?  (3.62)

Rmﬁvﬁ

Rap

G

invariant interval
proper time interval
metric tensor
differential of x#
Christoffe] symbols
partial diff. w.r.t x*
covariant diff. w.r.t. x*
scalar

contravariant vector
covariant vector

Riemann tensor

tangent vector
(=dx*/d2)

affine parameter (e.g., ©
for material particles)

geodesic deviation

Riccl tensor

Einstein tensor

Ricei scalar (=g#" Ryy)
stress-energy tensor
pressure (in rest frame)
density (in rest frame)

fluid four-velocity

spherically symmetric
mass (see Section 9.5)

(r,6,¢) spherical polar coords.

t

A

92

time

angular momentum
(along z)

=J/M
=r2—2Mr+d?
=r2+a*cos?8

9General relativity conventionally uses “geometrized units” in which G=1 and ¢=1. Thus, 1kg="7425x 1072 m

etc. Contravariant indices are written as superscripts and covariant indices as subscripts. Note also that

(ds)? ete.

ds? means
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3.4 Particle motion

Dynamics definitions®

F  force
Newtonian force F=mi=p (363) | m mass of particle
r  particle position vector
Momentum p=mi (3.64) | p momentum
.. 1 T  kinetic energy
Kinetic ener = —my? )
£y T 2mv (3.65) v particle velocity
Angular momentum  J =rxp (3.66) | 7  angular momentum
Couple (or torque) G=rxF (3.67) | 6 couple
Centre of mass N Ry position vector of centre of mass
(ensemble of N Ry= M (3.68) | mi mass of ith particle
particles) 2 imy M r;  position vector of ith particle
%In the Newtonian limit, v < ¢, assuming m is constant.
Relativistic dynamics®
2\ =172 y  Lorentz factor
Lorentz factor y= ( 1— %) (3.69) | v particle velocity
¢ ¢ speed of light
Momentum p=ymov (3.70) P relat'msnc momentum
my particle (rest) mass
d .
Force ap (3.71) F f_orce on particle
dr t time
Rest energy E,=myc? (3.72) | E. particle rest energy
Kinetic energy T =moc*(y—1) (3.73) | T relativistic kinetic energy
Total E=ymyc? (3.74)
otal ener; E  total energy (=E; +T
= = (PP + mc) /2 (3.75) & (ZEAT)

“It is now common to regard mass as a Lorentz invariant property and to drop the term “rest mass.” The
symbol mp is used here to -avoid confusion with the idea of “relativistic mass” (=ymyg) used by some authors.

Constant acceleration

v=u-at
v? =1+ 2as
s=ut+éat2
s= u+ut

2

(3.76)
(3.77)

(3.78)

(3.79)

Q@ o - g g

initial velocity
final velocity

tme

distance travelled

acceleration
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Reduced mass (of two interacting bodies)

¥

A

[ T of
mass
Ly

. T

mims

u rteduced mass

=— 3.80
Reduced mass B my +ma B ( ) m; interacting masses
r = my r (3.81) ‘| r; position vectors from centre of
Distances from my +m mass
centre of mass . —m roor=ri—r
2= my +ms d (382) || distance between masses
Mon.lent of I =JLL|!'|2 (3.83) | I  moment of inertia
mertia
;c:ﬁei?iﬂar J = prxi . (3.84) | 7 angular momentum
: I L Lagrangian
Lagrangian L= 5'“ #I"=U(rD) (3.85) U potential energy of interaction
Ballistics®
. ] . vo initial velocity | P
v=ppcosak+(vp s1not—gt)y3 o | ° velocity at t %
Velocity (3.86) « elevation angle [ h .
= U% —2gy (3.87) | ¢ gravitational o x
acceleration ]
2 - .

. _ gx unit vector
Trajectory  y=xtana— W (388) | , e
Maximum ¥ ., h  maximum
height h= 2_g sin“ o (3.89) height
Horizontal 02

=04 I

range ) sin2u (3.90) range

?Ignoring the curvature and rotation of the Earth and frictional losses. g is assumed

constant.
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Rocketry
Vesc escape velocity
Escape 26M\ /2 391 G constant of gravitation
velocity® Uese = r (3-91) M mass of central body
r central body radius
. Ip specific impulse
u
.Spemﬁc I sp="=" (3-92] u effective exhaust velocity
impulse g . .
g acceleration due to gravity
R molar gas constant
Exhaust 2wRT. 112 v ratio of heat capacities
velocity (into = ':--2)—---0—] (393) | T: combustion temperature
a vacuum) =Dy @ effective molecular mass of
exhaust gas
y il
equation A=uln| — |=uln.# (3.94) | .}
(2=0) M; Mr  pdst-burn rocket mass
g M mass ratio
. N number of stages
Multistage N . .
rocket & Av= Zuilnﬁi (3.95) | 4  mass ratio for ith burn
i=1 u; exhaust velocity of ith burn
In a.COI}Stam t burn time
gravitational ~ Av=uln.# —gtcosf (3.96) )
é rocket zenith angle
field
s 2 Avg,  velocity increment, a to h
Avg,= GM 2rp 1 Avp,  velocity increment, b to b
“ ta Ta+Tp ¥a radius of inner orbit
Hohmann 3 > ; .

: (3.97) | »  radius of outer orbit
cotangential - . )
transfer? Ap (GM ) 1 . ( 2r, ) / @ transfer ellipse, h

=1 — -
T ta+7Tp
) (3.98) _/

9From the surface of a spherically symmetric, nonrotating body, mass M.

bTransfer between coplanar, circular orbits a and b, via ellipse h with a minimal expenditure of energy.
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.

Gravitationally bound orbital motion?

U(r) potential energy
. G constant of gravitation
M
Pof,enual energy Ulr)y=- GMm =—— (3.99) | M central mass
of interaction r .
m orbiting mass (< M)
o positive constant
o J2 ' o E  total energy (constant)
Total energy E=—— oy R 5 (3.100) | 7 total angular momentum
mr (constant}
Virial theorem = (U}/2=—(T) “(3.101) T  kinetic energy
(1/r potential) {U) = =2(T) (3.102) | () mean value
o
Orbital equation =1l+4ecos¢p, or (B.103) | 5 semi-latus-rectum
(Kepler’s 1st 2 r  distance of m from M
law) = M (3.104) | e eccentricity
1+ecosg
Rate of sweeping !
k dAa J . A area swept out by radius
;r:;]gliipler s & constant (3-'105) vector (total area = wab)
L. . _fo a  semi-major axis
Semimajoraxs 4= 1= = 3E| G191 b semteminor e
.. . 70 J
Semi-minor axis = = 3.107 2a
=7~ aniEn” 1 —
%!
1/2 172
2652\ " »\" 4 ol | 7
Eccentricity? e=\l+—7] =\1-32] ¢
M
(3.108)
 Semi-latus- 2 % *
cmm-latus-
rectum o= me  a a(l - ez) (3.109) . T T Fmin
Pericentre Tmin = —l"-_'foj— =a(l—e) (3.110) | rpin pericentre distance
r
Apocentre Fmax = ﬁ =a(l+e) (3.111) | rmax apocentre distance
(J/r) — (mae/J) :
Phase Cos ¢ = GmE 1+ m2a? 15172 (3.112) | ¢  orbital phase
Period (Kepler's  p m \'? a2 (M 12
=X [ —_ . .
3rd law) (2| E |3) e ( o ) P orbital period
' (3.113)

9For an inverse-square law of attraction between two isolated bodies in the nonrelativistic limit. If m is not « M,
then the equations are valid with the substitutions m — p = Mm/(M + m) and M — (M + m) and with r taken as the
body separation. The distance of mass m from the centre of mass is then ru/m (see earlier table on Reduced mass).
Other orbital dimensions scale similarly.

bNote that if the total energy, E,is < Othen e < I and the orbit is an ellipse (a circle if e = 0). If E = 0, thene = 1
and the orbit is a parabola. If E > 0 then ¢ > 1 and the orbit becomes a hyperbola (see Rutherford scattering on next
page).
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Rutherford scattering®

e
¥ -
trajectory
P for x<0
7
]
-
scattering | X
centre . J )
/ ) I x :
P -~ a a
Ve "' Tmin|(x<0) '
‘ trajectory ;__.: :
fora>0 p . (2>0)
o
Ulr)y=—- (3.114) .
Scattering potential r v poten tal N
energy <0 repulsive v particle separation
o ) (3.115) | = constant -
>0 attractive
‘ " I ’ ¥  scattering angle
Scattering angle tané- = 3Eb (3.116) | E total energy (>0)
E b  impact parameter
Tmin lo_cl_ (CSC L_ i) (3.117) | Tmin closest approach
Closest approach 2E 2 o a  hyperbola semi-axis
=alet+1) (3.118) | ¢ eccentricity
Semi-axis i 3.119
e 2E (3.119)
21,2 172
Eccentricity e= (4E 2b 1) =csct (3.120)
. o
. . 4E? 5 y? x,y position with respect to
Motion trajectoryb ?x - F =1 (3.121) | hyperbola centre
. 0'.'2 1/2
Scattering centre® x=4+ —= +b% (3.122)
—\4E2
gﬁ differential scattering
da 1dN (3.123) cross section
Rutherford dQ ndQ ’ n  beam flux density
scattering formula? a2 41 dN number of particles
= ( 4E) CsC ) (3.124) scattered into dQ
Q  solid angle

“Nonrelativistic treatment for an inverse-square force law and a fixed scattering centre. Similar scattering results
from either an attractive or repulsive force. See also Conic sections on page 38.

5The correct branch can be chosen by inspection.
¢Also the focal points of the hyperbola.

4y is the number of particles per second passing through unit area perpendicular to the beam.
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Inelastic collisions?®

R After collision

T,T

M s 1
|
|
Before collision |
. vy — vy =€(v1 — 1) (3.125)
Coefficient of . _1 i perfectly elastic (3.126)
restitution . .
e=0 if perfectly inelastic (3.127)
Loss of kinetic T-T" 3
energy® ——=1-¢ (3.128)
gomoem,  (tom, (3.129)
Final velocities :fl""lj;;? (T:;)?:j
vh=— 1 Ly (3.130)
my +mz my +mz

coefficient of restitution
pre-collision velocities
post-collision velocities

total KE in zero
momentum frame
before and after
collision

particle masses

2Along the line of centres, vy,v2 <ec.
5In zero momentum frame.

Oblique elastic collisions®

x

Before collision

I
I
| After collision
|

;o m sin26
Directions of tanf; = y —my 00520 (3.131)
motion 0,=0 (3.132)
. >n/2 if m<m
Relative o) _ - 133
separation angle 1+64=n/2 fm=m (3.133)
< TL’/2 if mp =>ny
2 2 _ 2 1/2
o = (m} +m3 —2mym; cos28) . (3.134)
Final velocities 5 my +my
ph=—1Y 050 - (3.135)
my+my

b

angle between
centre line and
incident velocity

final trajectories
sphere masses

incident velocity
of my
final velocities

aCollision between two perfectly elastic spheres: m; initially at rest, velocities <e.
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3.5 Rigid body dynamics

Moment of inertia tensor

Moment of _f.a S T .
inertia tensor? Ii" - / (T 3iJ —XiX; ) dm (3'136) 8;j Kronecker delta
. I moment of inertia
JO*+29)dm  —[xydm —[xzdm tensor
I= —fxy dm f(x2 +z2) dm —fyz dm dm mass element
_ _ 2 2 X; position vector of
[xzdm [yzdm  [(x*+y*)dm pos
(3.137)
I;j components of |
. I7; tensor with respect
Parallel axis iz Iiz mal:? ’ 2 G139 1 to oemtro of mass
Iy =17, +m(a; +a3) (3.139) | a,a position vector of
theorem . 5 centre of mass
Lij=1Lj+m(|a| i — aa;) (3.140) m  mass of body
Angular J=lo (3.141) J  angular momentum
momentum : o angular velocity
Rotational 1 1 I
Kinetic energy T= Phd J= EIijmiwj (3.142) | T Kkinetic energy

“I; are the moments of inertia of the body. I;; (i# j) are its products of inertia. The integrals are over the body

volume.

Principal axes

¥nom_ent of ’'=10 I, 0 (3.143) I; principal moments of
mmertia tensor 0 0 I3 inertia

J  angular momentum
Angular gu

: J =(Liw1,],w,1303) (3-144] w; components of @
momentum along principal axes
Rotational 1 o
Kinetic energy T= 5(11(1)12 —|—Iz(x)§ +I3(IJ-§) (3.145) | T kinetic energy
Moment of T = T(wy,ws,w3) (3.146)
inertia 8T ) I
ellipsoid® Ji= EP. (J is L ellipsoid surface)  (3.147) 3
Perpendicular L+l >I; generally (3.143) I el 2 [,
axis theorem 'T2)=I; flat lamina L to 3-axis o
lamina
Iy #1515 asymmetric top
Symmetries Ii=I,%#I; symmetric top (3.149)
' Ii=I=I; spherical top

“The ellipsoid is defined by the surface of constant T.
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Moments of inertia®

36

=" (3.150)
Thin rod, length I R D) :
. : 2,
Solid sphere, radius r Li=hh=I= M (3.152)
Spherical- shell, radius r L=l =I3=-mr? (3.153)
_m(a B
Solid cylinder, radius r, Li=h= 4 (r + 3) (3.154)
length [ 1,
Ig—imr (3.155)
I =m(b* +c?)/12 (3.156)
Solid cuboid, sides a,b,c ~ Lr=m(c*+a%)/12 (3.157)
Li=m(a®+b%)/12 (3.158)
N
Solid circular cone, base h=h fﬁm (r * 4 (3.159)
radius r, height h?
g L= 3 (3.160)
10
o _ L =ni(p>+c?)/5 (3.161)
:%1121 ellipsoid, semi-axes L=m(c®+d%)/5 (3.162)
” Iy =m(a*+b%)/5 (3.163)
L _ Iy =mb?/4 (3.164)
EIIlI?t1ca1 lamina, I, =ma? /4 (3.165)
semi-axes a,b 5 o
Izs=m(a®+b)/4 (3.166)
. . L=L=mr/4 (3.167)
Disk, radius r Li=mr?)2 (3.168)
Triangular plate L= (@b +c?) (3.169)

I3

k=(I/m)!/2,

®QOrigin of axes is at the centre of mass (h/4 above the base).
“Around an axis through the centre of mass and perpendicular to the plane of the plate.

aWith respect to principal axes for bodies of mass m and uniform density. The radius of gyration is defined as
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Centres of mass

“Assuming the bob is supported parallel to a principal rotation axis.

®1e., an arbitrary triaxial rigid body.

For very small oscillations (two eigenmodes).

Solid hemisphere, radius r d=3r/8 from sphere centre (3.170)
Hemispherical shell, radius r =r/2 from sphere centre (3.171)
2 sinf
ggctor of disk, radiusr, angle Sr—o— from disk centre (3.172)
. 3 9
2A9rc of circle, radius r, angle d—r% from circle centre (3.173)
ﬁeri‘;g“h? trangular lamina,  ;_ /3 pernendicular from base (3.174)
zolid cone or pyramid, height d=h/4 perpendicular from base (3.175)
) . 3 (2r—h)?
Spherical cap, height h, solid: d= i — from sphere centre (3.176)
sphere radius shell: d=r—h/2 from sphere centre (3.177)
Semi-elliptical lamina, _dh
| height A d= I from base (3.178):
“h is the perpendicular distance between the base and apex of the triangle.
Pendulums
P period N
Simple I 32 g gravitational acceleration [ ;_?O/\
N
dul P =2n[(1 +2 .. ) (3.179) | | length
penduium 16 6o maximum angular m |
displacement ‘
Conical 1/2 /
pendulum (1°°5“> (3180) | = cone halfangle A
m= 77
Torsional 1 1/2 Ip moment of inertia of bob
0 . L .
— 3.181) | C torsional rigidity of wire
pendulum® ( C ) ( ) (sec page 81) 1’ Iy
a distance of rotation axis
1 2.7 2 from centre of mass ;
Compound -@ ma*® +11cos*yq m mass of body Il I3
pendulumb 1/2 I; Pﬁnqipal moments of
+1I,cos? y2+13 cos? 'y;;)] (3.182) Inertia ) — 'k
y; angles between rotation
axis and principal axes ]
(];:qu$ ] 1/2 m
oubie P~2g l:——] (3.183) I
pendulum® 2£2)2 m
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Tops and gyroscopes

invariable
plane

moment
of inertia
ellipsoid

herpolhode

space
cone

support point

gyroscope

prolate symmetric top
Gr=I1t; +(I3—12)wa003 (3.184) | G; external couple (=0 for free
, . a oy . L rotation)
Euler’s equations?  Gy=Ids +(I; —I3)wsm; (3.185) I principal momeats of inertia
Gy=Ii+(L—I)ww, (3.186) e; angular velocity of rotation
I —1Is
. = 3.187
Free symmetric b I w3 ( )| @ bodylfrcquency
top® (Is<Iy=I;) J Q, space frequency
P s<f=h Q.= N (3.188) | J total angular momentum
1
Free asymmetric 2 (L —=L)I,—1I35) ,
Qp precession angular velocity
. Q.%I.i cosf0—QpJ3+mga=0 (3.190) | ¢  angle from vertical
Steady gyroscopic J3  angular momentum around
precession . ) Mga/Js (slow) (3.191) symmetry axis
P73/ cosB)  (fast) ' m  mass
gravitational acceleration
a . distance of centre of mass
GerSCOPiC J—Z > 41'.’ 3 192 ) from support point
stability 3 2 4lymgacosf (3.192) I moment of inertia about
) support point
Gyroscopic limit 2sT 3.193
Nutation rate Q,=J3/I] (3.194) | @, nutation angular velocity
Gyroscope Q. —mead : )
=—/(1—cos Q¢ 195
released from rest ~©  Js (1—cos(hyt) (3193) | ¢ time

“Components are with respect to the principal axes, rotating with the body.
bThe body frequency is the angular velocity (with respect to principal axes) of @ around the 3-axis. The space
frequency is the angular velocity of the 3-axis around J, ie, the angular velocity at which the body cone moves

around the space cone.

¢J close to 3-axis. If Q% <0, the body tumbles.
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3.6 Oscillating systems

Free oscillations

Differential dx _ dx

equation a2 +27’E +wix=0 (3.196)
Underdamped x=Ae" cos(wt+ ) (3.197)
solution (y <wp) where w= (wg — },2)1/2 (3.198)
Critically damped i

solution (y=wg) (41 +4a1) (3.199)
Overdamped x=e""(A1e? +A2e7") (3.200)
solution (y > awyp) where g =(y*—wd)!/? (3.201)
Logarithmic 4. Gn 2wy

decrement” A=ln Gni1 @ (3.202)
Quality factor 0= % [z% if 0>1] (3203)

an

Q

oscillating variable

time

damping factor (per unit
mass)

undamped angular frequency

amplitude constant
phase constant
angular eigenfrequency

amplitude constants

logarithmic decrement
nth displacement maximum

quality factor

9The decrement is usually the ratio of successive displacement maxima but is sometimes taken as the ratio of successive
displacement extrema, reducing A by a factor of 2. Logarithms are sometimes taken to base 10, introducing a further

factor of log;ge.

Forced oscillations

Differential  d2x dx or
equation g T2 T@ox="Foe™ (3.204)

x=Ae"9), where (3.205)
Steady-  A=Foll@j—f)’ +ya T2 (3206)
state ~ Fo/(2wo)
solution® - [(c0p — cwr)? +72]1/2 (y <o) (3.207)

2yws
= 3.20

tang w% — g ( 8)

Amplitude D) 5 2
— — 2 .
resonance? & PoT <Y (3.209)
Velocity ‘
= 21
resonance® VT 0 (3.210)
Quality 0=22 (3.211)
factor 2y
02— w2
Impedance Z =2y +ifw_0 (3.212)
£

o
Fo

@f

War

Cyr

oscillating variable

time

damping factor (per unit
mass)

undamped angular frequency

force amplitude (per unit
mass)

forcing angular frequency
amplitude

phase lag of response behind
driving force

amplitude resonant forcing
angular frequency

velocity resonant forcing
angular frequency

quality factor

impedance (per unit mass)

?Excluding the free oscillation terms.
bForcing frequency for maximum displacement.

‘Forcing frequency for maximum velocity. Note ¢ =x/2 at this frequency.
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3.7 Generalised dynamics

Lagrangian dynamics

£ §  action (5§ =0 for the motion)
Action S = f L(gq,q,t)dt (3.213) | ¢  generalised coordinates
ty ¢  generalised velocities
Euler-Lagrange d ( 5_1_, ) AL o (3214 f E:ugerang*xan
equation dt 54:’ 3qi m  mass
. v velocity
Lagrangian of L= i["mvz —U(r1) (3.215) r  position vector
particle in 2 U ial
external field =T-U (3.216) potential energy
T  kinetic energy
* my  (rest) mass
Relativistic 2 |y - Lorentz factor
Lagrangian of a L= Mo e(qb —A- v) (3__2]_7) +e positive charge
charged particle v ¢  electric potential
A magnetic vector potential
Generalised pi= 3_L (3.218) | pi  generalised momenta
momenta aq;
Hamiltonian dynamics _
‘ L  Lagrangian
Hamiltonian H= ZP;‘Q:‘ —L (3-21\9) pi  generalised momenta
i .| 4  generalised velocities
Hamilton’s . _OH _ 0H 3990) | £ Hamiltonian
equations 4= a_pl ’ pi= *B_qi (3.220) g; generalised coordinates
. . 1 v  particle speed
ia;:i;%?;a; H= §m2 +U(r,t) (3.221) :j posido.:l vector
=T+ U 3222 potential energy
external field + (3222) | et energy
Relativistic ™ i;f:?l o
I_i.amﬂl:omag H= (m%c“ +p— ed \262)1/2 +e¢ (3-223) +e positive charge
© :t'cl arge ¢  electric potential
particie ) A : vector potential
_ of g of dg _
[f.8]1= Z (aQr‘ ap; 5_}71 ﬁ_q: (3224) particle momentum
Poisson 5 2 £ time
brackets o8l =5, Dugl=—3e  (3225) | fie abitary functions
pi di [,-] Poisson bracket (also see
[Hgl=0 if % —o0, % —0 (3.226) Corm.lrzutators on page 26)
Hamilton—
Jacobi g_S +H (qi,g—s,t) =0 (3227) | §  action
equation t qi
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3.8 Elasticity

Elasticity definitions (simple)”

T stress
Stress t=F/A (3.228) | ¥ applied force
A cross-sectional
area
e  strain
Strain e=ol/l (3.229) | 81 change in length
1 length
Young modulus E=t/e=constant (3.230) | E Young modulus
(Hooke’s law)
S ¢  Poisson ratio
Poisson ratio® = —;;—m (3.231) | ow change in width
/l w  width

s)ﬁ

9These apply to a thin wire under longitudinal stress.
bSolids obeying Hooke’s law are restricted by thermodynamics to

—-1<e¢<1/2, but

none are known with ¢ <0, Non-Hookean materials can show ¢ >1/2.

Elasticity definitions (general)

force | i direction
St 1 or? ii= 3.232 if
ress fens = area L j direction ( )|
e
Strain tensor e =l aﬂ ou (3.233) | w
2 3x1 axk
X
Elastic modulus 7= Aijrien (3.234) | ap
Elastic energy? U= %Aiﬂdefjek; (3235 | U
Volume strain 4 Ev
. ! v = =€11+eén+es33 (3.236) | v
(dilatation) V v
(e — » Sr)+ L d 3.237)
Shear strain ex =(ex 36v0u)+ €0k (3. S
pure shear dilatation
Hydrostatic 1= —p; 3.238
compression T= TP (3.238) | »

stress tensor (tjy =1j)
strain tensor (ey =ejy)

displacement || to x;
coordinate system

elastic modulus

potential energy

volume strain
change in volume
volume

Kronecker delta

hydrostatic pressure

41y are normal stresses, 7;; (% j) are torsional stresses.
bAs usual, products are implicitly summed over repeated indices.
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Isotropic elastic solids

E
n= (3239) | i
Lame coefficients 21 +g‘)o- E
A= m (3.240) g
Longitudinal _ E(l—g) . . M
modulus? 1_—(1+0')(1—20') =1+2u (3.241)
1 . e
ei=x [t — (T + Tk )] (3.242) | o,
Diagonalised o e
equationsb T =M l:eﬁ 4~ m(eﬁ +ekk)] (3.243) t
t=2ue+ Altr(e) (3.244) | 1
. tr()
E 2 K
=== (3.245
K=31=2)=**+3# 3245 | ¢,
Bulk modulus 1 Lav
(compression —_— (3.246)
modulus) Kr Vaplr
—p=Ke, . (3.247) I}
E ey
Shear modulus = (3.248)
(rigidity modulus) (1+0) #
77 = ubp (3.249) | T
Osh
Young modulus E= ug—f;(K : (3.250)
. . 3K —2u
Poisson ratio g= m (3.251)

Lamé coefficients
Young modulus
Poisson ratio

longitudinal elastic
modulus

strain in i direction
stress in i direction
strain tensor

stress tensor

unit matrix

trace

bulk modulus

isothermal bulk
modulus

volume
pressure
temperature

volume strain
shear modulus
transverse stress

shear strain

“In an extended medium.
b Axes aligned along eigenvectors of the stress and strain tensors.

Torsion
Torsional rigidity G tms_tmg co.u?lic
(for a ¢ C torsional rigidity
homogeneous .G =C N ' (3:252) | 1 fﬂ‘_i length _
rod) ¢  twist angle in
' length {

Thin circular a  radius
c ];Il:]lder c= 21“13# ¢ (3.253) | ¢ wall thickness

Y 4 shear modulus
Thick circular — 1 4 ' 4 a) inner radius
cylinder C= E‘u m(a;—ai) (3.254) a; outer radius
Arbit 442yt A cross-sectional
thg lvﬁid tube C= £ (3.255) area

o ‘ p P perimeter
: 1 ectional

Long flat ribbon C= §‘”M3 (3.256) w :‘rd?istshsecnon




82 ' Dynamics and mechanics

Bending beams®

Gy bending moment
E s E  Young modulus
Bending Gy = E / & ds (3.257) | R, radius of curvature
momentl . El ds a?ea element
== (3.258) | ¢ distance to neutral
Re surface from ds (cross section)
I moment of area
) y  displacement from
Elg%lt bc:afnét w N horizontal : x
orizonta 2 i ‘
— . y=—{l—%)x (3.259) | W end-weight ]
x =0, weight 2E1 ( 3 ) 1 beam length Y
at x=I x  distance along beam W
d"" y w  beam weight per —_
Heavy beam EI@ = w(x) (3260) unit length free
n?EIl/I? (free ends) P critical . F
: critical compressio:
Et'ller strut F.={ 4n’EI /12 (fixed ends) ’ forc: mprsion Fy ¢
failure n?EI/(41%) (1 freeend) |1  strut length
(3.261) fixed

aThe radius of curvature is approximated by 1/R. =~ d?y/dx?,

Elastic wave velocities®

vy speed of transverse wave

ve=(u/ P)Uz . (3:262) | speed of longitudinal wave
In an infinite v=(M /p)1/2 (3.263) | #  shear modulus
isotropic solid? i 726\ 12 p  density

u_ ( = 2") (3.264) | Mi longitudinal modulus

A (= 5es)
In a fluid n=(K/p)"? (3.265) |.K  bulk modulus

v{i) speed of longitudinal

On a thin plate (wave travelling along x, plate thin in z) wave (displacement | 1)

x E 12 o speed of transverse wave
o) = [m} (3.266) | ™ (qisplacement |3)
. E  Young modulus
(¥ — 1/2
Ut} =(u/p) / (3.267) ¢  Poisson ratio
. EI‘2 1/2 k Wavenu.ml:)er (=2=/1)
Ut( '=k [W} (3.268) | , plate thickness (in z, t < 1)
n=(E/p)'/? (3.269)
Inda thin circular ve=(p/ p)l/ 2 (3.270) | vs torsional wave velocity -
ro 1/2 a  rod radius (€ 4)
ka (E

9Waves that produce “bending” are generally dispersive. Wave (phase) speeds are quoted throughout.
bFransverse waves are also known as shear waves, or S-waves. Longitudinal waves are also known as pressure
waves, or P-waves. :
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Waves in strings and springs®

n  speed of longitudinal wave
: b
Ina spring o= (?d/p[)l/_z (3.272) K Spl'fﬂg constant
) 1 spring length
pr mass per unit length®
Og a stretched o=(T /)2 (3273) | ™ spee_d of transverse wave
string T  tension
On a stretched ve=(c/pa)? (G214 | tension per 1Tmit width
sheet pa  mMass per unit area
“Wave amplitude assumed < wavelength.
®In the sense x =force/extension.
“Measured along the axis of the spring.
Propagation of elastic waves
Acoustic = force — = E (3.275) | Z impedance
e amce response velocity @ . F  stress force
P =(E'p)'/? ' (3.276) | u strain displacement
™ 1/2
Wave velocity/ if o= (E) (3.277) | E' elastic modulus
impedance : P p  density
relation then Z = ( E’ p)” 2 pv (3.278) | v  wave phase velocity
1,5, .
Mean energy U= EE"T‘ Uy (3.279) | #  cnergy density
. k  wavenumber
densﬂy 1 2.2 ®  angular frequen
(nondispersive = EPW Uy (3.280) st q_ <y
Waves) uy maximum displacement
P=%v (3.281) | p mean energy flux
U T Z1—Z
r=—=——= it M (3.282) | +  reflection coefficient
Normal U - T Z1+Z . . ‘
A 2 t transmission coefficient
coeflicients 27,
t= (3.283) | ©  stress
VAR YA
. . . 6 angle of incidence
, sinf; sinf; sind, 1
Snell’s law® - = L= : (3.284) | 6; "angle of reflection
vi Ur U . 6: angle of refraction

“For stress and strain amplitudes. Because these reflection and transmission coefficients are usually defined in terms

of displacement, u, rather than stress, there are differences between these coefficients and their equivalents defined

in electromagnetism [see Equation (7.179) and page 154].

® Angles defined from the normal to the interface. An incident plane pressure wave will generally excite both shear
and pressure waves in reflection and transmission. Use the velocity appropriate for the wave type.



84

Dynamics and mechanics

3.9 Fluid dynamics
Ideal fluids®

. 3 P density
Continuity” a—p +V-(pp)=0 (3285) | v fuid velocity field
t t time
r circulation
r= j{ o~ dl=constant (3286) | & 1oop clement
Kelvin circulation ds  element of surface
= / w-ds (3.287) bounded by loop
S 7] vorticity (=Vxv)
av vp Tessure
-a—t+(v-V)v=——+g (3.288) | P pressure
Euler’s equation® 3 p g9 sgf:gz;ﬁmnaj field
or E(va) =Vx[vx(Vxv)]  (3.289) | (,.y) advective operator
Bernoulli’s equation 1, ,
(incompressible flow) Pl + p+ pgz = constant (3.290) | = altitude
. ' 1 2 y p Y ratio of specific heat
Bernoulli’s equation 5Y + i, +gz=constant (3.291) capacities (cp/cv)
(compressible 1 TP e specific heat capacity
adiabatic ﬂow)d =—p?+ ¢, T+gz (3.292) at constant pressure
2 T temperature
Hydrostatics Vp=pg (3.293)
iabati daTr
P';dlaba ¢ lapse rate ar _ & (3.294)
(ideal gas) dz Cp
9No thermal conductivity or viscosity.
bTrue generally.
The second form of Euler’s equation applies to incompressible flow only.
dEquation (3.292) is true only for an ideal gas.
Potential flow*
v=V¢ (3.295) | »  veloci
. . ty
Velocity potential ‘ Vip=0 (3.296) | ¢  velocity potential
Vorticity condition o=Vxv=0 (3297) | @ vorticity
F  drag force on moving
sphere
Drag force on a,, 2 5., 1. . a  sphere radius
sphcrcb ] F= _5“” au= _EMdu (3:298) i sphere acceleration
“ p  fluid density
My displaced fluid mass

¢For incompressible fluids.

bThe effect of this drag force is to give the sphere an additional effective mass equal to half the mass of fluid

displaced.
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Viscous flow (incompressible)”

fluid stress tensor

Tij
dv: v p  hydrostatic pressure
Fluid stress Tjj =—pdij +1 (a—‘ + a—’l) (3.299) | n  shear viscosity
Xj X1 v;  velocity along i axis
é;j Kronecker delta
dv Vp -7 v fluid velocity field
. —+(@ Vr=—="—-=V 3.300 Y
Navier-Stokes ot Ve p P xotg ) ©  vorticity
cquationb Vp s . g  gravitational acceleration
=—? +;V v+g (3.301) o density
‘Iillszls?fyt 1 v= 77'/ P (3-302) v kinematic viscosity
e, V-Vv =0, +#0.
bNeglecting bulk (second) viscosity. :
Laminar viscous flow
v: flow velocity
z  direction of flow
Between 1 ap y  distance from
parallel plates v(y)= ﬂy th—y )a_z v (3303) plate
n  shear viscosity
p  pressure
1. o 20p i
()= —(g® —r*)— 3.304 r  distance from
Along a 1) 411( )az ( ) pipe axis
circular pipe® dV  na*ép a  pipe radius
=—=—— 3.305
Q dt 8y 0z ( ) | Vv volume
Circulating G. axial couple
between 41117(1%41% between cylinders
congcentric G; = B—a (w2 — 001 )7 per unit length
rotating ! (3.306) | @ angular velocity
cylindersb of ith cylinder
. 2 22 a) inner radius
AIong an Q = Si g_P [ 4 _a,4__ —iai ;1 )) a; outer radius
annular pipe n oz Ma2/81) 1| 9 volume discharge
(3.307) rate
dPoiseuille flow.
bCouette flow.
Drag®
On a sphere (Stokes’s law) F=é6nanv (3.308) | ' drasforce
a  radius
On a disk, broadside to flow ~ F=16any  (3309) | ¥ "9y
n shear viscosity
On a disk, edge on to flow F=32anv/3 (3.310)

2For Reynolds numbers < 1.
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Characteristic numbers

Re Reynolds number
. . density
UL  inertial force "
Elfnyi?:lfs Re=2""=— . P (3.311) | U characteristic velocity
" viscous force L characteristic scale-length
#  shear viscosity
Froude o U?  inertial force 331 | © Froude number
number? B L_g " gravitational force (3.312) g  gravitational acceleration
Strouhal S— Ut _ evolution scale (3313) S  Strouhal number
number? L physical scale ) 7 characteristic timescale
P  Prandtl number
Prandtl P ﬁ — momentum transport (3 3 14) cp Spcc]ﬁc heat capa_city at
number A heat transport : constant pressure
thermal conductivity
Mach U speed M  Mach numb
M=——_P%¢ (3.315) ach number
number ¢ sound speed ¢ sound speed
Rossby Ro= U inertial force (3316) Re Rossby number
number T QI Coriolis force ) Q  angular velocity

9Sometimes the square root of this expression. L is usually the fluid depth.
bSometimes the reciprocal of this expression.

Fluid waves

v, wave (phase) speed
1/2 1/2
Sound waves o= (E) = (Eﬂ) (3.317) K bulk modulus
p p dp p pressure
p  density
In an ideal gas y ratio of heat capacities
iy 1/2 1/2
(adiabatic op= ‘yRT _ E (3.318) R molar gas constant
i a T (absolute) temperature
conditions) K P
4 mean molecular mass
vg group speed of wave
w®=gktanhkh - (3.319) | = liquid depth
Gravity waves on 1 /gy\12 4 wavelength
a liquid surface? v d 2 (E) (h>14) (3.320) k  wavenumber
(g h)1 /2 (h< ) g gravitational acceleration
@ angular frequency
Capillary waves , ok3 _
(ripples)c W= 7 (3_321) ¢ surface tension
Capillary—gravity * ,  ok® -
waves (h> /) w =gk+ T (3.322)

“If the waves are isothermal rather than adiabatic then vp=(p/ )2,
b Amplitude < wavelength.
“In the limit k* 3 gp/o.
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Doppler effect”

Source at rest, | ) Y7y observed frequency
observer —=1——cos# (3.323) | * em.ltte(d :'eq;le“cyd
. v v vp wave (phase) spee
moving at u p P in fluid
0
Observer at v 1 (3.324) velocity
rest, source v [u] ’ 8 - angle between u
moving at u 1~ g cosd wavevector, k, and u
%For plane waves in a stationary fluid.
Wave speeds
vp phase speed
@ v frequency
Phase speed Up= - vA (3.325) | » -angular frequency (=2mv)
7 wavelength
k  wavenumber (=2n/4)
d
D= @w (3.326)
Group speed do vy group speed
Up—A—E + (3.327 '
P d) ( )
Shocks
v Oy wedge semi-angle
Mach wedge? sinfy = U_p (3.328) | v, wave (phase) speed
’ b v, body speed
4n b‘% Ak characteristic
Kelvin Ax = "g (3.329) wavelength
b .
wedge 6 =arcsin(1/3)=19°5 (3.330) | 8 evitational
r  shock radius
Sp.hencg.l £\ 15 E  energy release
adiabatic o (_,_> (3.331) | ¢ time
shock® Po po density of undisturbed
medium
) 1 upstream values
P2 _ Z_yMl b)) (3.332) | 2 downstream values
Rankine— 41 7+1 p . pressure
Hugoniot v P2 y+1 v velocity
== (3.333)
shock v p1 (y—1)+2/M3 T temperature
. d‘ -
relations T2 B [2,}; M% _ ('}’ _1)] [2+(,P _ 1)M%] 3 334 Il derfs:ty -
T = 117 V2 (3.334) | y  ratio of specific heats
! L M Mach number

2Approximating the wake generated by supersonic motion of a body in a nondispersive medium.

bFor gravity waves, e.g., in the wake of a boat. Note that the wedge semi-angle is independent of .
¢Sedov-Taylor relation.
48olutions for a steady, normal shock, in the frame moving with the shock front. If y=25/3 then v1 /v, <4.
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Surface tension

surface ener
oy =——— g (3333
Definition .
__surface tension (3336)
"~ length )
Laplace’s 1 1
formula® Ap=ay (R_1 + R_z) (3.337)
Capillary 20, \ /2
constant Ce= ( 20 ) (3.338)
Capillary rise _ 2ay,cosf
(circular tube) h= pga (3.339)
Contact angle cosf= J‘"‘Z‘—W (3.340)
Iv

Olv

Ap
R

Cc

Owy

Twl

surface tension surface
(liquid/vapour N
interface)

pressure difference 151/

over surface

principal radii of
curvature
capillary constant
liquid density
gravitational h
acceleration

rise height
contact angle
tube radius

wall /vapour surface Oy

tension

wall/liquid surface )
tension Owl Oly

9For a spherical bubble in a liquid Ap=2a},/R. For a soap bubble (two surfaces) Ap=4ay,/R.



Chapter 4 Quantum physics

4.1 Introduction

Quantum ideas occupy such a pivotal position in physics that different notations and algebras
appropriate to each field have been developed. In the spirit of this book, only those formulas
that are commonly present in undergraduate courses and that can be simply presented in
tabular form are included here. For example, much of the detail of atomic spectroscopy and of
specific perturbation analyses has been omitted, as have ideas from the somewhat specialised
field of quantum electrodynamics. Traditionally, quantum physics is understood through
standard “toy” problems, such as the potential step and the one-dimensional harmonic
oscillator, and these are reproduced here. Operators are distinguished from observables using
the “hat” notation, so that the momentum observable, py, has the operator p, =—ihd/dx.

For clarity, many relations that can be generalised to three dimensions in an obvious way
have been stated in their one-dimensional form, and wavefunctions are implicitly taken as
normalised functions of space and time unless otherwise stated. With the exception of the
last panel, all equations should be taken as nonrelativistic, so that “total energy™ is the sum
of potential and kinetic energies, excluding the rest mass energy.

4
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42 Quantum definitions

Quantum uncertainty relations

h @1 p,p  particle momentum
De Broglie relation 2 /| h Planck constant
p=hk @42 |*  Wem

A de Broglie wavelength

k de Broglie wavevector

v frequency

© angular frequency (=2nv}

o (Aa)=((a—(@)}") (44) | @b observables”
Dispersion _ (az) _ {a)2 4.5) ) expectation value
7] (Aa)* dispersion of a

General uncertainty 2rnia Lyera £102 a operator for observable a
relation (Aa)"(Ab)" = 4 {ifa,b]) (4.6) ] commutator (see page 26)
Momentum-—position i . .
uncertainty relation® ApAx>= 3 47 | x particle position
Energy-time h .
uncertainty relation AEAt> 2 (48) | ¢ tme
Number—phase 1 n number of photons
uncertainty relation AnAd > 2 (4.9) ¢ wave phase

“Dispersion in quantum physics corresponds to variance in statistics.
bAn observable is a directly measurable parameter of a system.
¢Also known as the “Heisenberg uncertainty relation.”

Wavefunctions
Probability _ 2 pr probability density
t)dx= L,)“dx 4.10
density prx, ) dx=lp(x0) ( ) p wavefunction
) A .0 P J.Jj probability density current
Jj(x)= Sim ( % - oaq; ) (4.11) | r (Planck constant)/(27)
Probability 5 x position coordinate
density j= o [‘P* ")V (r) —p(r)V IP’(")] (4.12) | p momentum operator
current® llm m particle mass
= —R(y" ) (413) | ® real part of
m t time
Continuity ., @ .
equation v-Jj ——a—t(w ) (4.14)
Schrodinger .. 0y o
equation Htp—lﬁa (4.15) | H Hamiltonian
Particle ﬁz
. p(x) V potential energy
tat _r -
:t:t:;?ary T V(xyp(x)=Eyp(x) (4.16) | £ (otal enerey

@For particles. In three dimensions, suitable units would be particles m~2s~L.
bTime-independent Schrodinger equation for a particle, in one dimension.
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Operators
Hermitian @  Hermitian conjugate
conjugate / (ap) pdx= / ¢ aypdx 417 operator
operator p,¢ normalisable functions
Position e (4.18) *  complex conjugate
operator x,y position coordinates
Momentum ~ RO n  arbitrary integer >1
= (4.19) -
operator ioxh px momentum coordinate
o 2 a2 T  kinetic energy
OKff;Z:nergy gt 0 - (420) | & (Planck constant)/(2r)
P 2m 0x m  particle mass
Hamiltonian N W & H  Hamiltonian
operator H= En; ﬁ +V(x) (4.21) V  potential energy
Angular =% 3y — PPx (4.22) | L. angular momentam along
momentum Ay 2 a2 A2 z axis (sim. x and y)
operators =Ly +Ly +L; (423) | L total angular momentum
- > _ P parity operator
Parity operator ~ Py(r)=v(—r) (4.24) ity
r position vector
Expectation value
N foon (a) expectation value of a
Expectation (@)= (a)= ] PaYdx (425) | & operator for a
value? — (T{ﬁl\P) (426) ¥ (spatial) wavefunction
x  (spatial} coordinate
Time d,.,.. 1,4 . od t  time
dependence dr (@)= % (.41 + <§> 427) | (Planck constant)/(2r)
noa = p, eigenfunctions of &
Relation to if ayp,=ayy, and ¥= chw” a, eigenvalues
cigenfunctions  then (a) =Z |eal2an (428) | »  dummy index
¢, probability amplitudes
d m  particle mass
Ehrenfest’s ma ry={p) (4.29) r  position vector
theorem d p  momentum
dt p)=—(VV) (4.30) V  potential energy

@Fquation (4.26) uses the Dirac “bra-ket” notation for integrals involving operators. The presence of vertical bars
distinguishes this use of angled brackets from that on the left-hand side of the equations. Note that {a) and (&) are

taken as equivalent.
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Dirac notation

n,m eigenvector indices
Ay = / Pt dx (4.31) | @m matrix element
Matrix element? yn basis states
= (nla|m) (4.32) | & operator
x  spatial coordinate
Bra vector bra state vector = (n] (433) | (| bra
Ket vector ket state vector = |m) 434) | ) ket
Scalar product  {(njm)= / P dx (4.35)
if W= cypn (4.36)
. n ¥  wavefunction
Expectation bability amplitudes
then (a) — ch;cmanm (4'37] Cn probability p
m n K

@The Dirac bracket, {n|a|m), can also be written (yn|@pm).

4.3 Wave mechanics

Potential step®

Vi(x)
incident particle Vo -
I
x
. V  particle potential energy
Potential
function vwm={0 =<0 (438) | %o stp beigh
Vo (x=0) fi (Planck constant)/(2x)
w2k =2mE (x<0) (4.39) k,q particle wavenumbers
Wavenumbers 29 m  particle mass
g =2m(E—Vo) (x>0) (4.40) E  total particle energy
Amplitude k . . )
reflection . (441) | 7 @mplitde reflection
coefficient k+q coefhcient
Amplitude 2% . itnde o
transmission t=—— (4.42) amplitice transmission
coefficient k+q coeficient
. hk 3
Probability = -n?(l —I (4.43) ji  particle flux in zone I
currents® . R jo  particle flux in zope I
=it 444) | T

20One-dimensional interaction with an incident particle of total energy E=KE+V. If E <V, then g is imaginary
and |r>=1. 1/|q| is then a measure of the tunnelling depth.
bParticle flux with the sign of increasing x.



4.3 Wave mechanics

Potential well“

LV (x)
incident particle 1 11

g™ 5

V  particle potential energy
Potential 0 (x| >a) Vo well depth
function Vix)= {_VO (x| <a) (4.43) B (Planclvc constant)/(2r)
2a  well width
722 = ImE (|x| > a) (4.46) k,q particle wavenumbers
Wavenumbers m  particle mass
h2q2 =2m(E+Vo) (x|<a) (4.47) E  total particle energy
itu . 9 .
iﬁ;il;w: © le_ma(qz "kz) sin2qa 448) | " amplitude reflection
R r= —i(a2 +1k2)si (4.48) coefficient
coefficient 2kgcos2ga—i(g? +k?)sin2ga
Amplitud ;
tranlzrlniSSfOD e 2kge~Hke (4.49) ¢ amplitude transmission
coefficient 2kgcos2qa—i(g® +k*)sin2ga " coefficient
. Bk s
Probability = E(l —Ir") (4.50) ji  particle flux in zone 1
currents? = @ 2 . 451) jm particle flux in zone m
m
Ramsauer n?hin? , 45 n  integer >0
effect* Ey=—Vo+ Imaz (4.52) E, Ramsauer energy
|k|/g  even parity
tanga= ) 4.53
Bound state ? {—q/fq odd parity )
’ g% — [k = 2mVo /2 (4.54)

4Qne-dimensional interaction with an incident particle of total energy E=KE+V >0.
bparticle flux in the sense of increasing x.

Incident energy for which 2ga=nr, |r|=0, and jf|=1.

4When E <0, k is purely imaginary. |k| and g are obtained by solving these implicit equations.
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Barrier tunnelling®

incident particle
Potential 0 (xl>a)

i = 4.55
function V(x) { Vo (Ixl<a) (4.55)
WZV:‘Tum]l)lt?r ﬁ2k2 =9mE (|x| > a) (4.56)
and tunnellin
constant 5= 2Zm(Vo—E) (x|<a) 4.57)
Ampli_tude o —ie2¥a(k2 4 12)sinh2xa
reflection = 2krcosh2xa—i(k2 —2)sinh 2xa
coefficient (4.58)
Amp]it}ldf: o
transmission t= 3 Ty (4.59)
coefficient 2kx cosh2xa—i(k? —x?)sinh2xa

a2

t*= R s (4.60)
Tunnpelling ( +21€ 2) sinh” 2xa +4k%x
probability 16k )

- (k2 —[—KZ)Z exp(—4xa) (ltl < 1]
(4.61)
. Bk 5

Probability J=2A=1r) (4.62)
currents? . Bk

Ju= ;Itlz (4.63)

V' particle potential energy
Vo well depth

h  (Planck constant)/(2z)
2a barrier width

k  incident wavenumber

k  tunnelling constant

m  particle mass

E  total energy (< Vp)

-~

amplitude reflection
coefficient

]

t  amplitude transmission
coefficient

|t|* tunnelling probability

Ji  particle flux in zone 1
Jm particle flux in zone 111

“By a particle of total energy E=KE+V, through a one-dimensional rectangular potential barrier height Vo> E.
bParticle flux in the sense of increasing x.

Particle in a rectangular box®

Eigen- 8§ \2  lmx mry . nnz | ¥
functions  ¥imn= dhe) S sinsin—— |
(4.64) | Lmn
Elmn
Energy P2 m N
lovels Fimn =831 (?*ﬁ*?) (4.65)
M
Density of 4n 31/ HE)
states p(E )dEZﬁ(ZM E)'?dE (4.66)

eigenfunctions
box dimensions
integers >1

energy
Planck
constant
particle mass
density of
states (per unit
volume)

&
N

“Spinless particle in a rectangular box bounded by the planes x=0, y=0, z=0, x=a, y=5, and
z=c. The potential is zero inside and infinite outside the box.
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Harmonic oscillator

B (Planck constant)/(2%)
m  mass
y, nth eigenfunction
x  displacement
n  integer >0
E ::fsgay E,= (n-l— %) fiew (4.68) | ® angular freql?.cncy
E, total energy in nth state

Schrodinger 2 0%y,
equation T om ox2

1
+ Emwlew,, =E,pn (4.67)

_ Hulx/a)exp[—x*/(24%)]

= 4.6
Eigen- " (1 20an 12172 (4.69) | |
functions 5\ 12 H, Hermite polynomials
where a= (—)
me
Hermite Ho(y)=1, Hi(y)=2y, Hs(y)=4y*—2 ; »
polynomials Hpi1(y)=2yH,(y)—2nH,_1(y) (4.70) y  dummy variable

2E is the zero-point energy of the oscillator.

4.4 Hydrogeﬁic atoms
Bohr model”

. ' r.  nth orbit radius
Qua::}t{satmn MT,Z,Q —nfi (4.71) Q  orbital angular speed
condition : n  principal quantum number
‘ =0
coli2 a ay Bohr radius

Bohr radius = 0—2 = ~529pm (472) | #  reduced mass (~m)

Timee 4nRy —e electronic charge

2 m Z  atomic number
Orbit radius Fn= —ag— (4.73) | h  Planck constant

Z p . o R/(2m)

‘ ,ue“ 72 p 72 E, total energy of nth orbit
Total energy En=—c—3> =—Rohc—— (4.74) | €0 permittivity of free space
SE%Jh n e 1 me  electron mass
Fine structure et &1 475) | @  fue structure constant
constant *= 2h 4dmeghc 137 (4.75) iy permeability of free space
2 B
Hartree energy  Ey= > ~4.36x 107187 (4.76) | Ex Hartree energy
meag :

Rydberg _ meco _ mee __En 477 Ry Rydberg constant
constant Reo= 2h  8hic 2he @77 | . speed of light
Rydberg’s 1 g1 1 Amn photon wavelength
formula® T R Ez . m GA78) | integer >n

aBecause the Bohr model is strictly a two-body problem, the equations use reduced mass, yu=meMayc/(Me-+Mauc) = Me,
where mgy is the nuclear mass, throughout. The orbit radius is therefore the electron—nucleus distance.
bWavelength of the spectral line corresponding to electron transitions between orbits m and n.
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Hydrogenlike atoms — Schrédinger solution®

Schrddinger equation
fiz 2 Ze? . MeMnuc
_2_pV W im— Eg&j‘hzm =E,Wum  with p= P (4.79)
Eigenfunctions
(n—1-11"? 2 /27204
=|— — e ™ Y6 4.80
‘}‘Ilfm(ra 91 ¢) [ zn(n +l)' :| (an) Ln—I l(x) ( 45] ( )
—[—=1 k
Mmedy 2 I (14n)!(=x)
wih a=22  x=2 and LELGI= D G pin_ - 10
B k=0
Total ener, E, = He s ‘22 4.81 B, total enerky
&y _ n= _geghznz (4.81) ep  permittivity of free space
r)= a [3?12 —1(l+1)] (4.82) h Planck constant
22 me,  mass of electron b
. 2 2 /] h/2n
(l;adlal . (r } [SH +1- 3l(l + 1)] (4'83) i reduced mass (=me)
pectation m mass of nucleus
values 1/r)=— (4.84) W, cigenfunctions
2 Ze  charge of nucleus
2\ __
{1/r)= 2+ 1)n3a2 (4.85) —e  electronic charge
n=123,... (4.86) | Lf associated Laguerre
Mowes =010 wwy || e
classical orbit radius, n=
quantum m=0,x£1,%2,...,. %l (4.88) : electron—nucleis s:;aration
numb_ers and An=+#0 (4.89) | ¥/ spherical harmonics
selection rules”  Aj— 11 (490) | a  Bobr radius = S
Am=0 or +1 (4.91)
2 a2 ,
—r/a - _ N —r/2a
Y= T oo =35 (272)°
a¥ oy a—a/z ~
‘leo 4(2 )1/2 e '/200059 T21+1 8 1/2 J-IZ‘JSHZIBC-’-'d’
—3/2 r 2 21/24-3/2 -~
__% 19l r —r/3a = = _"\NT —r/3a
Yo = 5157 (27 18a+2a2)e Piio= "o (6 a) Ze7/cos
a3 PNT a3 2
Y34 = 81 Ty (6—;) p rf3agingetie Wi = 81(6n )1/2 2° ¢35 (3cos? 8 —1)
¥ a—3/2 e —7/3a5infcosfeti ¥ a P r —e "/3sin? fet?i
2=ty 2= T

bFor dipole transitions between orbitals.

2For a single bound electron in a perfect nuclear Coulomb potential (nonrelativistic and spin-free)

“The sign and indexing definitions for this function vary. This form is appropriate to Equation (4. 80)
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Orbital angular dependence

E (:E;tal s=Y¥y = constant (4.92)
Px= 2_1—/12(}’11 — Y )occosgsind H (4.93)
p orbitals i 1 1 .
(I=1) py=37(Y{ +¥i ") ccsingsing (494)
p. =YL cccosd (4.95)
Ay = ﬁ( Y7 + Y, %) ocsin®fcos2¢ (4.96)
\ dyy = 2_1_/12 (Y5 —Y; Hocsinfeosfcos (4.97)
Eiz :r;)ltals d2 =YL o (3c0s2f—1) o (4.98)
dy, = # (Y4 + Y, ) ccsinfcosfsing (4.99)
dyy = 27—/‘2(}’22 — YY) ocsin®fsin2g  (4.100)

Y™ spherical
harmonics?

8,¢ spherical polar
coordinates

2See page 49 for the definition of spherical harmonics.
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45 Angular momentum

Orbital angular momentum

E=Pxﬁ (4.101) | L angular
. ﬁ, a momentum
=7 xa— —-ya—) (4.102) | p  linear momentum
Angular ;i 5 Y * r  position vector
momentum = (4.103) | 2 Cartesian
operators idg coordinates
& 2 a2 0 herical pol
(=1 +12+1, 4104) | " B
1 6 ¢(. 6% k  (Planck
2
=—h [mﬁ_e (Slﬂe MW] (4105) constant)/(2r)
Ly=LxEily ) (4.106) Ly ladder operators
Ladder _ potid t.2 4.107) | Y™ spherical
operators fe 10 96¢i 00 (4.107) | % harmonics
LY =R +1)—mm £ D]2Y 0 (4.108) | bm inteees
L2y =1+ )RPY™ (4.109)
Eigen- LY =mhY™  (jm|<I 4.110
functions and . . w: : (i = 2 m (4119
eigenvalues L [LiY™(0,¢)]=(m )AL Y, '(8,9) (4.111)
l-multiplicity = (21 +1) (4.112)
Angular momentum commutation relations”
angular momentum
Conservatic;n of angular [4.1,]=0 4.113) | ? mom.entm_n
momentum H Hamiltonian
Lfi ladder operators
. (L, Ly] =ik, 4.120
[L,.x] =ihy (4.114) N o (4.120)
(] =it 115 [L,. L] =ihL, (4.121)
Y= (4113) (£, L) =ikl (4.122)
[L;,z]=0 (4.116) PN ~
(£ ] =5 4117 [Li,L]=—hLy (4.123)
[I:”Ii "] B p; (4’118; L] =hL_ (4.124)
Py =1 ‘ [y, [] =25E, (4.125)
[L,,p:]=0 (4.119) o
[£2,14]=0 (4.126)
[£2,1,] = [[2, L] = [[2,1,]=0 4.127)

4The commutation of @ and b is defined as [a,b] = ab—ba (see page 26). Similar expressions hold for § and J.

bFor motion under a central force.
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Clebsch—Gordan coefficients®

+1 j,—m;lly,—my s, —ma)=(—1 =i mllm sh, +3/2
12x1/200 o (j,—m;l|ly,—my s, —mz) =(—1) {umyilmy ska,ma) 1512078 +12
[+1/2 +1/2[1][T 0 F+12] 1 321
+1/2-172|1/2 172 L x B[ ’”j +1-1/2[1/3 2/3
—1/2 +1/2[1/2 =1/2 e codficients 0 +1/2|2/3 =1/3
my ma | (Gumjllmy;l2,ma}
+2 X +5/2
3/2X1/ZT +1 2)(1/2 521 4372
[#3/2 +1/2] 12 1 [ +12[ 1 52352
+3/2—1/2|1/4 3/4 0 2 —1/2[1/5 4/5| 4172
+1/241/2|3/4-1/4[2 1 +1 +1/24/5 =1/5[5/2 372
+1/2-1/2]1/2 172 +1—1/2]2/5 3/5
42 —1/2 41/2{1/2 -1/2 152 0 +1/23/5=2/5
1x1[2] 4 3/2x1(572] 432
[Fre1]z2 1 [F32+1] 1 572 372
+1 0172 172 0 +372 0[2/5 3/5 +1/2
0 +1j1/2-1/22 1 0 +1/2+1{3/5-2/5[5/2 3/2 1/2
+1-1[1/6 1/2 1/3 13/2-1{1/10 2/5 1/2
0 0[2/3 0 —1/3 43 172 0|3/5 1/15 —1/3
43 L6172 13 3/2x3/2[3] +2 —1/2 +1]3/10 —8/15 1/6
2x1[3] 42 [+32 #3213 2
[F2+11]3 2 +3/2+1/2|1/2 1/2 +1
+2 011/3 2/3 +1 +1/2+3/2]1/2-1/2] 3 2 1
+1 41231733 2 1 +3/2—1/2]1/5 1/2 3/10} -
+2-1[1/15 173 3/5 +1/2+1/2|3/5 0 =2/5 0
+1 0|8/15 1/6 —3/10 0 —1/2+3/2{1/5-1/2 3/10] 3 2 1 0
0 +1l6/15-1/2 Y103 2 1 +3/2-3/21/20 174 9/20 1/4
+1-1[1/5 1/2 3/10 +1/2 —1/2/9/20. 1/4 —1/20 —1/4
0 o0l3s 0 =25 —1/2 +1/2[9/20 —1/4 -1/20 1/4
—14+1[1/5-1/2 3/10 —3/2 +3/2[1/20 —1/4 9/20 —1/4
+7/2
2x3/2[72] 4512
F2+32] 1 72 52
+4 +2 +1/2|3/7 4/1 +3/2
2x2[%] 43 1432047 3177 352 32
+242/14 3 T2 17217 16/35 2/5
+2+111/2 1/2 +2 +1+1/2/4/7 1/35 —2/5 +1/2
+14+21/2-1/2[ 4 3 2 0 +3/2[2/7-18/35 1/5[ 772 5/2 3/2 1]2
+2 0)3/14 172 277 +2-3/2[1/35 6/35 2/5 2/5
+1+1{4/7 0 —=3/7 +1 +1—1/2[12/35 5/14 0 —3/10
0 +2[3/14-1/2 2/7|| 4 3 2 1 0 +1/2|18/35 —3/35 —1/5 1/5
1211714 3/10 3/1 1/5 —1 43/2|4/35 —27/70 2/5 —1/10
+1 0|3/7 1/5 —1/14-3/10
0 +1|3/7 —1/5 —1/14 3/10 0
—142(1/14-3/10 3/7 -—=1/5| 4 3 2 1 [
+2-2[1/70 1/10 2/7 2/5 1/5
+1—1|8/35 2/5 1/14 —1/10-1/5
0 0l18/35 0 —2/7 0 1/5
—14+1|8/35 —2/5 1/14 1/10 —1/5
|=2+2{1/70 —1/10 2/7 =2/5 1/5

aQr “Wigner coefficients,” using the Condon-
over all coefficient digits, so that “—3/10” corresponds to —
listed here. The coefficients for m; <0 can be obtained from the symmetry relation {j,—m;lh,—mi;

(=)= {j,mj|l,my s l,my).

Shortley sign convention. Note that a square root is assumed
+/3/10. Also for clarity, only values of m; >0 are

b,—m) =
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Angular momentum addition®

r J=L+S (4128) | ;7 total anguler momentum
Jo=L.+5, (4.129) | LL orbital angular
A A A ——— m Ul
Total angular 7 2=12+82+2L-S (4.130) | 5.5 spin angular momentum
momentum 5, Wy =M (4.131) | w cigenfunctions
& . 5 m; magnetic quantum
T2im =70+ DI Pjm (4.132) number |m;| < J
j-multiplicity = (2/+1)(2s+1) (4.133) | J  (+s9)=) =|l—s]
Mutually (12,82,0%,J.,L S} (4134) | 0 st of murvally
cs::tr;mutmg { 12, S2.L,.S,, I} (4.135) commuting observables
Clebsch— \j,mj) = Z (j,mj|l,my3s,ms)|Lm) |5, 15) |} eigenstates
Gordan s (|} Clebsch-Gordan
coefficients® ek (4.136) coefficients

2Summing spin and orbital angular momenta as examples, eigenstates s,ms) and |L,my).

bOr “Wigner coefficients.” Assuming no L-S interaction.

Magnpetic moments

Bohr magneton  pp= eh (4.137)
2m,
Gyromagnetic orbital magnetic moment
i a y=— (4.138)
ratio orbital angular momentum
Electron Yo = __hﬂ (4.139)
gyr_omagnetic —e 4140
ratio = ome (4.140)
Ue,z = —gelBMs (4.141)
Spin magnetic h
moment of an =ige7’e§ (4.142)
electron”
_ .y 8eeh (4.143)
4me
pr=gsv/JJ + 1 (4.144)
. Wz = —gIHUBiy (4.145)
Landé gfactor” 7 +1)+S(S+1)—LL+Y)
& 200 +1) 146

Bohr magneton
electronic charge

% (Planck constant)/(2m)-

me electron mass

y  gyromagnetic ratio

ye electron gyromagpetic ratio

. z component of spin
magnetic moment

electron g-factor (=2.002)
spin quantum number (£1/2)

py  total magnetic moment

Wiz
my; magnetic quantum number

J,L,S total, orbital, and spin
quantum numbers

Landé g-factor

z component of p;

gs

]

4Qr “magnetogyric ratio.”

bThe electron g-factor equals exactly 2 in Dirac theory. The modification ge=2+4a/n+..., where o is the fine

structure constant, comes from quantum electrodynamics.

¢Relating the spin + orbital angular momenta of an electron to its total magnetic moment, assuming ge

=2.
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Quantum paramagnetism
1-
o8] Beofx) = L(x)
o(X)=%(x
’ 3'6— Ba4(x)
- 4 B1(x)
0.24 ﬁﬁlfz(x] =tanhx
L Il 0 1 ]
—10 -5 | _02 5 10
L —0.4
L —06
L —0.8
L -1
2741 2J+1)x 1 x
=——-coth| —— | —— 7 -
A1(x) 57 [ o } 57 coth 57 (4.147)
#y(x) Brillouin function
Brillouin J+1 J total angular momentum
function Brx)~{ 3J x (k<) (4.148) quantum number
£(x) >1) Z(x) Langevin function
=cothx—1/x (see page 144)
'@1/ 2(x) =tanhx (4'149,) 4 (M) mean magnetisation
! n number density of atoms
Mean B g Landé g-factor
magnetisation® (M)=npgJg; B, (Jg; %) (4.150) | u8 Bohr magneion
o B magnetic flux density
( ) ) k Boltzmann constant
M) for isolated ' usB T temperature
: M) =nugt £2 4.1 P
spins (J=1/2) J ( J1j2=ns a_mh( kT ) (4.151) (M); /> mean magnetisation for
J=1/2 (and gy =2)

?Of an epsemble of atoms in thermal equilibrium at temperature T, each with total angular momentum quantum

number J.
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4.6 Perturbation theory

Time-independent perturbation theory

R Hpy unperturbed Hamiltonian
Unperturbed Hypn=Enpy (4.152) | 4, eigenfunctions of Ho
states » nondegenerate E, eigenvalues of Hy
P
n  integer >0
Pertu‘rbed. H=H,+f (4.153) I:{ perturbed- Hamiltonian
Hamiltonian H’' perturbation (< Hy)
Ej = Ex+ (yi| B’
Perturbed e= Bt (el H v 5 Ej, perturbed eigenvalue (~Ex)
eigenvalues® Z |(wk]H |"”“)| (4.154) | (I} Dirac bracket
Perturbed ( | |1P ) ) ) )
eigen- V’k —p+ Z Pk n o+ (4.155) ¥} ?’ir;:gbed eigenfunction
functions® -
2To second order.
bTo first order.
Time-dependent perturbation theory
Unperturbed R Ho u_npzum?d Ha?ﬁ;;oman
stationary  Hoyn=Env (4.156) | br e MO 2
states E, eigenvalues of Hy
n integer >0
. . A perturbed Hamiltonian
perturbed - HO=Ho+H'() (4157) | () perturbation (<o) -
t time
W (t .
Schrodinger o+ 01¥(0)=in 20 (4158) | ¥ vavefunction
uation Wy initial state
! W(t=0)=yo (4.159) | 3 (Planck constant)/(2r)
Perturbed W)= _calthpnexp(—iEnt/h)  (4.160)
wave- n Cn probability amplitudes
function® where
s pt
— a oy - '
= | ol €)ipe) expB(E, ~Eo) Mz (4161)
5 Ty transition probability per
Fermi's b A unit time from state i to
golden rule Fip= ?[(wf]H'lw,-)Fp(Ef ) (4.162) state f
p(Es) density of final states

2To first order.
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4.7 High energy and nuclear physics

Nuclear decay

l N(f) number of nuclei
Nuclear decay N(t)=N(0)e™ (4.163) remaining after time ¢
faw i t time
In2 . A d tant
Half-life and Typ=— (4.164) ecay constan
Lif ‘1 T, » balflife

mean He <T> = 1/1 - (4'165) (T) mean lifetime
Successive decays 1 —2— 3 (species 3 stable)

Ni(t)=Ny (O)e—ht ~ (4.166) . . f

' i ies 1
¥l —Mt__ a—at 1 population of species
Nz(t)= NZ(O)C—J{gt + NI(O) 1(‘3 e )

(4.167) | N2 population of species 2

da— X . N3 population of species 3
Ayt — jhemt
_ _a—lat 1 2 A1 decay constant 1—2
N3()=N3(0)+ N2 (0)(1—e™) +N1(0) (1 + —A1 Az decay constant 2—3
N - (4.168)
v velocity of « particle
Geiger’s law® v =a(R—x) (4.169) | x distance from source
a  constant
P R range
Geiger-Nuttall 1057 =b-+clogR (4.170) | ¢ constants for cach
rule series o, f§, and y
4For « particles in air (empirical).
Nuclear binding energy
I a N number of neutrons
Liquid drop model 4 mass number (=N-+Z)
zZ2 (N—=Z) B semi-empirical binding energy
— _ 2/3 _ —
B=aA—aA de Al Ga A +0(4) Z  number of protons
(4171) | @, volume term (~15.8MeV)
+apd=* Z, N both even s Zurfum ;m;mc("’(lgg)gg)v)
o) s a; Coulomb term (~0.72Me
0(A)~ apA Z,N bf)th odd (4.172) 4 asymmetry term (~23.5MeV)
0 otherwise a, pairing term (~33.5MeV)

. . M(Z,A) atomic mass
Semi-empirical (7 4)_ 7 My + Nmo—B  (4.173) | My mass of hydrogen atom
mass formula

my neutron mass

2Coefficient values are empirical and approximate.
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Nuclear collisions

dQ ~\2E

T Tl
E=—g—————— (4174
Breit-Wigner BV =izt Egyyra )
formula® 2J+1
= 4.175
8= s+ 1)2%+1) (*.175)
Total width T=Tap+T. (4.176)
Resonance h
lifetime =t (“.177)
Born scattering do _|2p (*sinKr 24 2
— == V(r)r-dr
formula® aQ | /é Kr B \
(4.178)
Mott scattering formula®
do a2 aX 4%  Acos (£Intan’£)
dQﬁ(4E) [csc §+sec 2+ sin2§cos§
(4.179)
24—35in2
do (=) 43S0 g1 aeol)  (4180)

sin*y

&(E) cross-section for a+b—c¢
k  incoming wavenumber

g  spin factor

E  total energy (PE + KE)
Ep r1esonant energy '

I  width of resonant state R
partial width into a+b
I'; partial width into ¢

Tt resonance lifetime

total angular momentum
quantum number of R

spins of a and b

d¢  differential collision
cross-section

p  reduced mass

K =lkin—kou! (see footnote)

r radial distance

¥ (r) potential energy of interaction

h  (Planck constant)/2n

scattering potential energy

¥  scattering angle

v closing velocity

A =2 for spin-zero particles, =—1
for spin-half particles

2For the reaction a+b« R —¢ in the centre of mass frame.
bFor a central field. The Born approximation holds when the potential energy of scattering, ¥, is much less than
the total kinetic energy. K is the magnitude of the change in the particle’s wavevector due to scattering.

¢For identical particles undergoing Coulomb scattering in the centre of mass frame. Nonidentical particles obey the
Rutherford scattering formula (page 72). )

Relativistic wave equations”

Klein—Gordon ]
equation s 3 8%y v waw_efuncuon
(massive, spin (V2 —m)p = o (4.181) | m particle mass
zero particles) t tme
Weyl equations Y spinor wavefunction
. ) 12
(massless, spin 6}[1 =+ (o'x—d’- _l_gy@ +0_26_¢_) (4.182) | o, Pauli spin matrices
1/2 particles) ot ox dy 0z (see page 26)
- -2
Y _ i i=—1
Di ti (iy*ou—m)y =0 (4.183) y* Dirac matrices:
irac equation /5 6 8 B oo ey )
(massive, spin where du= Fri (4.184) 0 -1,
1/2 particles) 0,2 12 _ (2 f 32 1"'=( 0 T;)
@Y =1 @Y=" =0")=-1 (4185 —oi
1, nxn unit matrix

aWritten in natural units, with c=H=1.



Chapter 5 Thermodynamics

5.1 Introduction

The term thermodynamics is used here loosely and includes classical thermodynamics, statis-
tical thermodynamics, thermal physics, and radiation processes. Notation in these subjects
can be confusing and the conventions used here are those found in the majority of modern
treatments. In particular:

The internal energy of a system is defined in terms of the heat supplied to the system plus
the work done on the system, that is, dU=dQ+dW.

The lowercase symbol p is used for pressure. Probability density functions are denoted by
pr(x) and microstate probabilities by p;.

With the exception of specific intensity, quantities are taken as specific if they refer to unit
mass and are distinguished from the extensive equivalent by using lowercase. Hence specific
volume, v, equals ¥V /m, where V is the volume of gas and m its mass. Also, the specific heat
capacity of a gas at constant pressure is ¢, = C,/m, where C, is the heat capacity of mass m
of gas. Molar values take a subscript “m” (e.g., Vi for molar volume) and remain in upper
case.

The component held constant during a partial differentiation is shown after a vertical bar;

hence % r is the partial differential of volume with respect to pressure, holding temperature

constant.

The thermal properties of solids are dealt with more explicitly in the section on solid state
physics (page 123). Note that in solid state literature specific heat capacity is often taken to
mean heat capacity per unit volume.



106

Thermodynamics

5.2 Classical thermodynamics

Thermodynamic laws

Thermodynamic T  thermodynamic temperature
y . T oc lim(pV) (5.1) | ¥ volume of a fixed mass of gas
temperature p—0
p  gas pressure
Kelvin })151( V)T K kelvin unit
T/K=273167"——— (5.2) | tr temperature of the triple point
temperature scale Lim(pV )i of water
p—0
. dU change in internal energy
First law® dU=4d90+dw (5.3) | aw work done on system
dQ heat supplied to system
S  experimental entropy
d da
Entropy* dS= Orev = a9 (54) | T temperature
T T .
ey Teversible change

@A determined with a gas thermometer. The idea of

temperature is associated with the zeroth law of ther-

modynamics: If two systems are in thermal equilibrium with a third, they are also in thermal equilibrium with each

other.

BThe & notation represents a differential change in a quantity that is not a function of state of the system.
¢ Associated with the second law of thermodynamics: No process is possible with the sole effect of completely converting

heat into work (Kelvin statement).

Thermodynamic work®

Hydrostatic AW =—pdV (5.5)
pressure

Surface tension =~ dW=yd4 (5.6)
Electric field dW=E-dp (5.7)
Magnetic field dW=B-dm (5.8)
Electric current dW =A¢dg (59)

p  (hydrostatic) pressure
dV volume change
&W work done on the system

i
dA

E
dp

surface tension

change in area

electric field

induced electric dipole moment

B magnetic flux density
dm induced magnetic dipole moment
A¢ potential difference

dg charge moved

aThe sources of electric and magnetic fields are taken as being outside the thermodynamic system on

which they are working.



5.2 Classical thermodynamics 107

Cycle efficiencies (thermodynamic)®

n  efficiency
(5.10) | Ty higher temperature
T lower temperature

_ work extracted < Tv—Th
" heatinput ~— Ty

Heat engine

; heat extracted T
Refrigerator 5= work done < T

(5.11)

__ heat supplied Ty
" work done ~ Ta—Th

, n ion rati
work extracted v\ v compression ratio
= “heat noat =1— 7 (5.13) | y ratio of heat capacities
eat inpu A

(assumed constant)
2The equalities are for reversible cycles, such as Carnot cycles, operating between temperatures T and Tj.
bIdeakised reversible “petrol” (heat) engine.

Heat pump (5.12)

Otto cycle®

s

Heat capacities

Cy heat capacity, V' constant
heat
Constant dao ou oS g
Cy=—| = | =T— 514) | T temperature
volume TAaTlv Ty oT lv (514 per
¥V  volume
U  internal energy
.| § entropy
Constant C — ao | _0H | _T as (515) C, heat capacity, p constant
pressure PTATI, oTl, T aTlp ) p  pressure
H enthalpy
ou oV
. C —CV=(7 + )— 5.16
Difference in P avir aT lp (>.16) B, isobaric expansivity
heat capacities VT ﬁg kr isothermal compressibility
= 517
- (517)
Ratio of heat C kT y  ratio of heat capacities
... p=—t=— (5.18) L
capacities Cy ks ks adiabatic compressibility

Thermodynamic coefficients
18V " | B, isobaric expansivity

Isobaric

.. B===—= (5.19) | v volume

a P

expanswny ver 4 T  temperature
Isothermal | _ l 5_V (5.20 xr isothermal compressibility
compressibility KT="v7% P |;r -20) p  pressure '
Adiabatic 1oV S s
compressibility Ks=—7; ap s (5.21) | ks adiabatic compressibility
Isothermal bulk 1 _dp ,
modulus Kr= o= Vvl (5.22) | Ky isothermal bulk modulus
Adiabatic bulk 1 ép S
modulus Ks= P _Vﬁ s (5.23) | Ks adiabatic bulk modulus

2Also called “cubic expansivity” or “volume expansivity.” The linear expansivity is o, =f,/3.
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Expansion processes

T T2 4(p/T)
Joule "=%vlv= ¢y oT v (5-24)
expansion® 1 op
-z Tﬁ|v—p) (5.25)
oT|  T28(V/T)
JouleKelvin '~ @p lH ~C, T b (5.26)
expansion® 1/ 8V
S - 527
o (ol v) e

ooy

(®]
<

K
v
H
G

Joule coefficient
temperature

pressure

internal energy

heat capacity, ¥ constant

Joule—Kelvin coefficient
volume

enthalpy

heat capacity, p constant

aExpansion with no change in internal energy.
bExpansion with no change in enthalpy. Also known as a “Joule-Thomson expansion” or “throttling” process.

Thermodynamic potentials”

Internal energy dU=TdS —pdV +updN (5.28)
I H=U+pV (5.29)
ntha’py dH = TdS+Vdp+pdN (5.30)
Helmholtz free F=U-TS (5.31)
energy” dF =—SdT —pdV +udN (5.32)
G=U—TS+pV (5.33)
Gibbs free energy® =F+pV=H-TS (5.34)
dG=—SdT +Vdp+udN (5.35)
rand . ®=F—puN (5.36)
rand potent! d0=—SdT—pdV—Ndp  (537)
Gibbs—Dubem
—sd — = i
relation SdT+Vdp—Ndu=0 (5.38)
A=U—ToS +pV 5.39
Availability 0> TP (5:39)

dA=(T —To)dS—(p—po)dV (540)

U  internal energy

T  temperature

S  entropy

u  chemical potential

N number of particles

H  enthalpy

p  pressure

V  volume

F  Helmboltz free energy

G  Gibbs free energy

® grand potential

A availability

T, temperature of
surroundings

po  pressure of surroundings

2dN=0 for a closed system.

bSometimes called the “work function.”
¢Sometimes called the “thermodynamic potential.”
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Maxwell’s relations

2 U internal energy
Maxwell 1 B_T =_@ = 6—U (541) | T temperature
aVls asly asov
. ¥V volume
- 5 H  enthalpy
Maxwell 2 oT = QK (: B_Ii) (542) | S entropy
opls - S ip oposS p  pressure
‘ 2
Mazxwell 3 % , = g—i . (= 3%57) (5.43) | F  Helmholtz free energy
2
Maxwell 4 2_5 =+g_‘;‘T (: aia(;) (5.44) | G Gibbs free energy
P
Gibbs—Helmholtz equations
8(F/T F  Helmbholtz free energy
U= —T2 % (5.45) U internal energy
5 ( F/ V) v G Gibbs free energy
G= —V"T‘ (546) | H enthalpy
P (% /T) T T  temperature
H=-T* (547) | p  pressure
aT V  volume
Phase transitions :
L (latent) heat absorbed (1—2)
Heat absorbed L=T(8,—51) (548) | T temperature of phase change
§  entropy
dp _ Sz—Sl
Clausius—Clapeyron ~ dT Vo—V; (549) ; S;Tu::e
1 a
equation ) :ﬁ (5.50) | 1,2 phase states
2—VF1
Coexistence curve” p(T)ocexp (%) (5.51) | R molar gas constant
d —
Ehrenfest’s % = % (5.52) | g, isobaric expansivity
equation Iz C Ti c kT isothermal compressibility
= WH (5.53) | €, heat capacity (p constant)
p2 — Mpl
P number of phases in equilibrium
Gibbs’s phase rule P+F=C+2 (5.54) | F pumber of degrees of freedom
C  number of components

For a second-order phase transition.

?Phase boundary gradient for a first-order transition. Equation (5.50) is sometimes called the “Clapeyron equation.”
bFor V2 > Vi, e.g, if phase 1 is a liquid and phase 2 a vapour.
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5.3 Gas laws

Ideal gas
Joule’s law U=U(T) (5.55)
Boyle’s law pV|r =constant (5.56)
Equation of state
V =nRT 5.57
(Ideal gas law) pr=n (5:57)
pV7 =constant (5.58)
(1) —
Adiabatic TV~ =constant (5.59)
equations T7p"=") = constant (5.60)
1
AW=yT1(P2V2—P1V1) (5.61)
Internal energy U= zizli (5.62)
Reversible
isothermal AQ=nRTIn(V2/V1) (5.63)
expansion
Joule expansion®  AS=nRIn(V>/V1) (5.64)

U internal energy

T  temperature

p  pressure

vV  volume

n  number of moles
R molar gas constant

y  ratio of heat capacities
(Cp/Cv)
AW work done on system

AQ
1,2

heat supplied to system
initial and final states

AS change in entropy of the

system

aSince AQ =0 for a Joule expansion, AS is due entirely to irreversibility. Because entropy is a function of state it
has the same value as for the reversible isothermal expansion, where AS=AQ/T.

Virial expansion

temperature

pV =RT (1 + BZT(/T)
Virial expansion (5.65)
+ B3(T) e )
V2
Boyle By(T)=0 (5.66)

Now oS

W

Ty

pressure

volume

molar gas constant
temperature

virial coefficients

Boyle temperature
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Van der Waals gas

P  pressure
' a Vm molar volume
Equation of state (p'-l— —2) (Vm—b)=RT (5.67) | R molar gas constant
Va T temperature
a,b van der Waals’ constants
Tc=8a/(27Rb) (5.68) T, critical temperature
Critical point pe=a/(27b%) (569) | pe critical pressure
Vme=23b (5.70) | Vme critical molar volume
d : e =p/pe
ORf"":t‘:fc equation ( o+ %) GVie1)=8T,  (571) | Ve =Va/Vius
T Tl- = T/ Tc
Dieterici gas
p  pressure
RT v a Vm molar volume 5
Equation of state p= -€Xp ( ) (5.72) | R molar gas constant
[ V=P RTVn T temperature
@', Dieterici’s constants
T.=d /(4Rb) (5.73). | T critical temperature
... . ) 2 2 pc  critical pressure
Critical point pe=da/ (ilb e%) (5.74) Voo critical molar volume
Vine =2b (375) | e =271828...
. =p/pc
Reduced equation T, ( 2 ) =P
= €X — 5.76 Vi =Vm/Vic
of state ) A P V. T, (5.76) L =TT,
Van der Waals gas Dieterici gas
N " y 2
1.2} 16}
< 08y & 1f
06f 0.8
047 0.6
0.4
0 - 0 .
0 1 2 3 4 5 0 1 2 3 4 5
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5.4 Kinetic theory
Monatomic gas
p  pressure
1 n  number density =N/¥V
Pressure p= gnm(cz} (5.77) | m  particle mass
{¢?) mean squared particle
velocity
Equation of : ;ﬂume
state of an ideal pV=NkT (5.78) oltzmann constant
as N number of particles
& T temperature
3 N .
Internal energy U= EN kT= jm(c ) (5.79) | U internal energy
3
Cy==Nk (5.80)
- 2 _
= 5 Cy heat capacity, constant V
Heat capacities ~ C,=Cy+Nk= EN k (5.81) | C, heat capacity, constant p
C 5 y  ratio of heat capacities
y=—L=C 5.82
"=y =3 (5.82)
Entropy
Sackur— 3/2 S  entropy
EJTT: dr S=Nkln _ka; e5/2K (5.83) | B =(Planck copstant)/(27)
elrode 2nh N e =271828
equation)? )

3/2
aFor the uncondensed gas. The factor (%

Broglie wavelength, A7, approximately equals "61/3'

Maxwell-Boltzmann distribution®

is the quantum concentration of the particles, nq. Their thermal de

pr  probability density
. 32 —mc? m  particle mass
Particle speed = L) _ 2
distributign pr(c)de (2nkT P ( 2kT ) 4mc” de k  Boltzmann constant
( 5.84) T temperature
¢ particle speed
Particle energy 2EY? —E E'  particle kinetic
distribution pr(E)dE= A2KT) 2 exp (_T> dE  (585) energy (=mc?/2)
1/2
Mean speed {¢)= (ﬂ) (5.86) | (c) mean speed
m
3T\ 3\ /2 Crms 100t mean squared
rms speed Crms = (_n;_) = <?> (c) (5.87) speed
1/2
?gg:; probable t= (%) = (%) M2 (c) (5_33) ¢  most probable speed

aProbability density functions normalised so that f(;’o pr{x)dx=1.
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~ Transport properties

—

! mean free path

Mean free path® [= _t (5.89) molecular diameter
\/ind:’-n particle number density
Survival r probabili
=exp(—x/I) - 90) | PP v
equation® pr(x)=exp(—x/1) (590) x  linear distance
Flux through a 1 - J  molecular flux
plane® J= Zn<c) (591) {c) mean molecular speed
Self-diffusion ——DVn (592) J
(Fick’s law of 1 D  diffusion coefficient
diffusion) where D= —3;1 () (5.93)
H=—iVT (s.94) | heat flux per it ara
thermal conductivity
Thermal V2T = 1T (5.95) | T temperature
conductivity Da tl p  density e
where A= =pl{c)cy =Dpcy (5.96) | cv specific heat capacity, ¥
3 constant
. 1 . dynamic viscosity
Viscosity n=3 pl{c)=pD (5.97) displacement of sphere in
. x direction after time ¢
Brownian kTt k  Boltzmann constant
motion (of a (x*) = 3 (5.98) | ¢+ time interval
sphere) " Tna ] a  sphere radius
aM
¢ mass flow rate
Free molecular dM 4R13; 2m)\ /2 D1 D2 R, pipe radius
flow (Knudsen g ~ 3L \ k T2 Tl L  pipe length
ﬂOW)d 1 2 (5.99) m particle mass
p  pressure

aFor a perfect gas of hard, spherical particles with a Maxwell-Boltzmann speed distribution.
bprobability of travelling distance x without a collision.

¢Prom the side where the number density is n, assuming an iso

number.”

tropic velocity distribution. Also known as “collision

2Down a pipe from end 1 to end 2, assuming Rp <] (ie., at very low pressure).

Gas equipartition

e oe Ea= 34T (3100
Cy= % fNk= % fnR  (5.101)
e gbeat  cone(14]) 10
=g_§=1+% (5.103)

‘epu:!‘—isngj;q?v

energy per quadratic degree of
freedom

Boltzmann constant
temperature

heat capacity, V' constant
heat capacity, p constant
pumber of molecules

pumber of degrees of freedom
number of moles

molar gas constant

ratio of heat capacities

aSystem in thermal equilibrium at temperature T
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Macroscopic thermodynamic variables

F  Helmholtz free energy
Helmholtz free  p_ ;17 (5.114) k  Boltzmann constant
energy T temperature
Z  partition function
Grand potential ®=—kTInZE ‘ (5.115) (,I.) grand POte.nle .
E grand partition function
dlnZ U  internal energy
Internal ener U=F+TS=—- [ 5.116
& + B v R
oF 6(kTlnZ) 5 entropy
Entropy B —ﬁ V.N - oT V.N (5'117) N  number of particles
oF d(kTInZ)
Pressure =—— =" (5.1
u P 37 lrn 7 _ (5 118) p  pressure
Chemical JF dkTInZ) i .
potential =N |V,T ="7 N lvr (5.119) | #  chemical potential
Identical particles
Bose—Einstein distribution 12 Fermi-Dirac distribution
1.8 —
141 08 5 10
1.21
= 1S “306f
0.8} p=1
0.6 0.4¢
04 02f
0.2[
0 0204 0608 1 12 14 16 18 2 00 02 04 06 08 1 12 14 16 18 2
€} €j
s . fi  mean occupation number of
dntont =gt (5:120) | i sae
o B =1/(eT)
Fermi—Dirac 1 €;  energy quantum for ith state
.. fi=———— (5.121)
distribution® T eble—m 1 ’ i chemical potential
er  Fermi energy
. B/ 6n2n\ > h  (Planck constant)/(2r)
C
Fermi energy ep= 7 (—g ) (5.122) | , particle pumber density
m  particle mass
g  spin degeneracy (=25+1)
Bose I 7‘12 2/3 { Riemann zeta function
condensation = [WJ?__} (5.123) {(3/2)=2612
temperature mk [gC(3/2) T. Bose condensation
temperature

“For bosons. f; =0.
bFor fermions. 0< f; < 1.

°For noninteracting particles. At low temperatures, u= eg.
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Population densities®

Thermodynamics

Fimj mj - i — AlJ
Boltzmann Inj — M exp [M} (5.124)
. . hij gij kT
excitation 0
equation = Bmi oy (_ w"") 5.125
o P\ T (5.125)
—Xij
Z(T)= expl —= 5.126
Partition AT) ;gq P ( kT ) ( )
function n; gij —2ij :
¥ =2 (—kT ) (5.127)
Saha equation (general)
g W ~3/2 = Kij
=T ; = (2nmkT A=Ay .
Mij = Mg j+1Me 12 (2remekT) exp( T ) (5.128)
Saha equation (ion populations)
N § Zj(T) K —3/2 XIj
= — (2nmek T)™% 2L A
Nyt Me Zon(T) 2( amek T) exp(kT) (5.129)

Xij

number density of atoms in
excitation level i of ionisation
state j (j=0 if not ionised)
level degeneracy

excitation energy relative to
the ground state

photon transition frequency
Planck constant

Boltzmann constant
temperature

partition function for
ionisation state j

total number density in
ionisation state j

electron number density
electron mass

ionisation energy of atom in
ionisation state j

aAll equations apply only under conditions of local thermodynamic equilibrium (LTE). In atoms with no magnetic
splitting, the degeneracy of a level with total angular momentum quantum number J is g;;=2J+1.

5.6 ' Fluctuations and noise

Thermodynamic fluctuations®

Fluctuation pr(x) o exp[S(x)/k] (5.130)
probability o exp [—;:lj(qx) ] (5:131)
General 824(x)] !

variance var[x] =kT [ ax(g )} (5.132)
Temperature T kT?

fluctuations var[T) =kTﬁ v Cy (5.133)
Volume v

fluctuations ~ YArLV1=—kT ool T VkT (5.134)
Entropy T

fluctuations var[S] =k Ta_T |p =kC, (5.135)
Pressure ‘ _ op| _KskT

fluctuations var[p] = _kTa—V ’ sT v (5.136)
Density 2 2

fluctuations VA= var V1= 3xrkT (5.137)

pr probability density

x unconstrained variable

N entropy

A availability

var[] mean square deviation

k Boltzmann constant

T temperature

v volume

Cy  heat capacity, V' constant
P pressure

KT isothermal compressibility
Cy heat capacity, p constant
Ks adiabatic bulk modulus
n number density

4In part of a large system, whose mean temperature is fixed. Quantum effects are assumed negligible.
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Noise
exchangeable noise power
Be 1 k Boltzmann constant
Nvauist ' dw=kT-Be(e’*—1)""dv (5.138) | temperature
YQuist's noise =kTndv (5.139) | Ty noise temperature
theorem
~kT dv (hv <€kT) (5.140) | Be  =mv/(kT)
v frequency .
Planck constant
Johnson Urms IS noise voltage
(thermal) noise  rms = (4kTRAV)'/2 (5.141) | R resistance
voltage® Av  bandwidth
Shot noise Ims  rmSs noise current
. Trms = (2elpAv )1/2 (5.142) | —e electronic charge
(electrical)
Io mean current
Tx fap  noise figure (decibels)
Noise figure? fas=10logy, (1 + —) (5.143) | Ty  ambient temperature (usually
To © taken as 290 K)
] _ P G decibel gain of P, over P;
Relative power ~ G=10log, (1_3_) (5-144) Py, Py power levels

2Thermal voltage over an open-circuit resistance. .
bNoise figure can also be defined as f =1+ T/ Tg, when it is also called “noise factor.”
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5.7 Radiation processes

Radiometry” _
Q. radiant energy
Lo radiance (generally a
function of position
Radiant energy® Q.= / / / L.cos#dAdQdt J (5.145) and direction)
§  angle between dir. of
dQ and normal to d4
Q  solid angle
_ Q.
Radiant flux P, = ot W (5.146) | 4 a,ma
(“radiant power”) o tme
=[/Lec059dAdQ (5.147) | @ radiant flux
Radiant 2 _ W, radiant energy density
d;] 1?; encrey W, = 6% Jm™ (5.148) | dv differential volume of
S1i propagation medium
M, = %q:f Wm™ (5.149) _
Radiant exitance? M, radiant exitance
= / LecosdQ (5.150)
[0}
E.= ‘; A" Wm™2 (5.151)
Irradiance®
=]Lecosﬂd§2 (5.152)
0P
[i=—s Wsr! (5.153) o
Radiant intensity oQ IEB H;:fm:l?ete ;
=/Lec056dA (5.154) | fe  medintintensiy
1 2®, s 1
e = —— —esr (5.155)
Radiance 00189 gfdg
e
= 5.
cosf 04 (5-156)

aRadiometry is concerned with the treatment of light as energy.

bSometimes called “total energy.” Note that we assume opaque radiant surfaces, so that 0<0<mn/2.
¢The instantaneous amount of radiant energy contained in a unit volume of propagation medium.
dPower per unit area leaving a surface. For a perfectly diffusing surface, Me =nLe.

¢Power per unit area incident on a surface.
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Photometry®

Luminous energy

(“total light”) Qv=ffvacosﬂdAdet Ims (5.157)
®,= a—?—‘i lumen (Im) (5.158)
Luminous flux ot
=/ L,cosfdAdQ (5.159)
Luminous _ 00y -3
density? Wy= Fi% Imsm (5.160)
_ d®y -2 )
Luminous M,= ﬂ' Ix (lmm ) (5161)
- c
exitance - / Lycos8dQ (5.162)
0, 2 »
Illuminance Ev= A Imm (5.163)
I H s and
(“illumination”) - / LycosfdQ (5.164)
_ 0D,
Luminous h=%q < (5.165)
. e
Intensity - f Lycos d4 (5.166)
. 1 @
Luminance Ly=——2" c¢dm™ (5.167)
(“photometric cols 0 gfdg
brightness” ="
g ) os8 34 (5.168)
Luminous efficacy K= % = Ly = I—v JmW? (5.169)
@C LC IC
Luminous K(4)
. V(A)=—7—— 5.170
efficiency ‘ () Kmax ( )

luminous energy
Iuminance (generally a
function of position
and direction)

®  angle between dir. of

dQ and normal to d4

Q  solid angle

A area

t time

@, luminous flux
W, luminous density
¥V volume

luminous exitance

E; illuminance

I, luminous intensity

K luminous efficacy
radiance

radiant flux

I. radiant intensity

¥  Iuminous efficiency
A wavelength

Kmaxspectral maxinum of
K(4)

4Photometry is concerned with the treatment of light as seen by the human eye.
>The instantaneous amount of luminous energy contained in a unit volume of propagating medium.

“Luminous emitted flux per

unit area.

41 uminous incident flux per unit area. The derived SI unit is the lux (Ix). 1lx=1lmm=2

€The SI unit of luminous intensity is the candela (cd). led=1lmsr™1.
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Radiative transfer®

Flux density

F,= f I,(0,¢)cosfdQ Wm™2Hz !

medium

(through a

plane) ' (5.171)
Mean intensity®  J, = 4—17{ ] L(6,¢)dQ Wm™Hz ! (5172)

Spectral energy 1 3 1

density" U=~ 1,(6,90)dQ Jm°Hz (5.173)

Specific e

emission jo=— Wkg ' Hz lsr! (5.174)

coefficient P

Gas linear

absorption o — 1 ! (5.175)

coefficient by =NGy= 1, :

(o < 1)

Opacity’ =" kg'tm’ (5.176)
. Optical depth T, = / Kypds (5.177)

1dI,
——= v 5.178

Transfer p ds ol +Jy ( )
. tion® '

Squation or dr, =—u,], +€, (5.179)

ds
Kirchhoff’s law’  §,=2 =% (5.180)
Ky Oy
Emission from
a homogeneous I, =8,(1—e™™) (5.181)

Jo

€y

Oy

Oy
Iy

Ky

Ty

Sy

N ¥
flux density
specific intensity
(Wm—2Hz Lsr1)
mean intensity
spectral energy density
solid angle

angle between normal
and direction of Q
specific emission
coefficient

emission coefficient
(Wm—3Hz 'sr)

density

linear absorption
coefficient

particle number density
particle cross section
mean free path

opacity
optical depth, or

optical thickness
line element

source function

aThe definitions of these quantities vary in the literature. Those presented here are common in meteorology and
astrophysics. Note particularly that the ambiguous term specific is taken to mean “per unit frequency interval” in the
case of specific intensity and “per unit mass per unit frequency interval” in the case of specific emission coefficient.

bIn radio astronomy, flux density is usnally taken as § =4zJ,.

¢Assuming a refractive index of 1.
40r “mass absorption coefficient.”
¢Qr “Schwarzschild’s equation.”

fUnder conditions of local thermal equilibrium (LTE), the source function, S, equals the Planck function, B,(T)

[see Equation (5.182)].
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Blackbody radiation

1010t ' ‘ ' { o
f 10° OIUK -"-“ 10% o
2T va(T)=c/2n(T) wk [  F 6K
| 108K g 10°
q 107K p "
§ 1075} 10°K ; 1
> 3
& 100} 1o’ & 0%
= 100K P
8 1| WK g !
5 100K & .
Sl = 10—
51070 27K \ °
|'| ! 1 10—20 L h
105 108 10'° 102 10 10'6 10" 0% 10% 1074 10712 10710 10-% 10~ 107* 1072 1 102
frequency (v/Hz) wavelength (1/m)
23 [ hv - B, surface brightness per
B\,(T) = 2 exp (ﬁ) — 1:| (5.182) unit frequency
Planck 7 - dv (Wm—2Hz 1sr 1)
. Bi(T)=B,(T)— * 5.183) | B; surface brightness per
function® #(T) (2 ) & 1 ( ) tl‘n;t wgvclc?gthl)
2he he - m™om s
= 5 [eXP (m) - 1:l (5.184) | »  “Planck constant
_An 3y —1 ¢ speed of light
Spectral energy u(T)= c B,(T) Jm™Hz (5185) k  Boltzmann constant
density _A4n 3.1 T  temperature
ul(T) - TB’I(T) Jm™ m (5'186) u,; spectral energy density
Rayleigh—Jeans 2kT , 2k
law (hv < kT) B,(T)= ) (5.187)
Wien’s law 2hy? —hv
Wien’s
displacement G T— 51x10°mK for B, 5189 Jm  wavelength of
law ™77 )129%10*mK  for B; (>189) maximum brightness
o]
Stefan— M=m / B,(T)dv (5.190) | M exitance
Boltzmann 5 °5k . 4 'E;ef;z;lt?'?ltzmann
T n ~
law® =T T =6T* Wm™ (5.191) 567x 108 Wm—2K~4)
Energy density u(T)=gaT“ Im™3 (5.192) | u  energy density
M= T4= 1—A T4 5193 € mean enussmty
Greybody €0 ( )o ( ) & albedo

2With respect to the projected area of the surface. Surface brightness is also known simply as “brightness.” “Specific

intensity” is used for reception.

bSometimes “Stefan’s law.” Exitance is the total radiated energy from unit area of the body per unit time.



Chapter 6 Solid state physics

6.1 Introduction

This section covers a few selected topics in solid state physics. There is no attempt to do
more than scratch the surface of this vast field, although the basics of many undergraduate
texts on the subject are covered. In addition a period table of elements, together with some
of their physical properties, is displayed on the next two pages.

Periodic table (overleaf) Data for the periodic table of elements are taken from the 16th edition of Kaye and Laby
Tables of Physical and Chemical Constants (Longman, 1995) and from the 74th edition of the CRC Handbook of
Chemistry and Physics (CRC Press, 1993). Note that melting and boiling points have been converted to kelvin by
adding 273.15 to the Celsius values listed in Kaye and Laby. The standard atomic masses reflect the relative isotopic
abundances in samples found naturally on Earth, and the number of significant figures reflect the variations between
samples. Crystallographic data are based on the most common forms of the elements (the a-form, unless stated
otherwise) stable under standard conditions. Densities are for the solid state. For full details and footnotes for each
element, the reader is advised to consult the original texts.




124

Solid state physics

6.2 Periodic table

1A
Hydrogen name
1.00794
| 1 H tomi b / Jative atomic mass (1)
151 atomic number relative atomic mass (u
89 (§)37e Titanium | —
HEX 1632 lectron configuration 4788 | symbol
1380 2028} 2A € connig —~— P22 Ti+—— yin
Lithium Beryllium ™ [Caj3d?
6.941 9012182 ; 3y 14508 295{——___ Jattice constant, a (fn
3 L 4 Be density (kgm™) [ fEx 15871 ‘ (fm)
A He2s? A / 1943 3563 \c/a (angle in RHL,
533 35111846 229 crystal type ela:
BCC ® HEX 1568 /4 in ORC & MCL)
45365 1613|1560 2745 ) ) » .
Sodiam Magnesium melting point (K) boiling point (K)
22989768 24,3050
11 Na| 12 Mg
3 [NeJ3s! [NeJas?
966 42911738 321
BCC HEX 1624
3708 11531923 1363 3B 4B 5B 6B 7B 8 8
Potassium Calcium Scandium Titanium Vanadium Chromium | Manganese Iron Cobalt
39,0983 40.078 44955910 47.88 o 50.9415 51.9961 5493805 55.847 58.93320
19 K |20 Cal|21 Se|22 Ti|23 V 24 Cr | 25 Mn| 26 Fe | 27 Co
4 {Ar]dst fAr]4s? {Ca]3a! {Ca)3d? [Ca]3d3 {Ar]3d5 45! {CaJad’ {Ca]ad® [Ca]3d7
862 5321|1530 559(2992 331|4508 295/ 6090 302| 7194 388 {7473 891|7873 287(8800 (¢)251
BCC FCC HEX 1.592|HEX 1.587|BCC BCC FCC BCC HEX 1.623
3365 1033|1113 1757/1813 3103{1943 3563|2193 3673| 2180 2943 1523 2333|1813 3133|1768 3203
Rubidium Strontium Yttrium Zirconinm Niobium | Molybdenum | Technetiufil | Ruthenium | Rhodium
85.4678 87.62 88.905 85 91.224 | 9290638 95.94 979072 101.07 102,905 50
37 Rb!38 Sr |39 Y |4 Zr| 4 Nb| 42 Mo | 43 Te | 4 Ru| 45 Rh
5 [Kr]ss! K152 (sr]ad! is:]4d® [Krladss! Keaddss! (514> [Kj4d7 551 [Krjad®5s!
1533 571 (2583 608 | 4475 365(6507 3238578 330} 10222 315 (11496 274|12360, 270|12420 380
BCC FCC HEX 1.571|HEX 1593|BCC BCC HEX 1.604HEX 1.582|FCC
3124 963.1/1050 1653|1798 3613(2123 4673{2750 4973|2896 4913 12433 45332603 4423|2236 3973
Caesium Barium | Lanthapum | Hafnium Tantalum Tungsten Rhenium Osmium Iridium
13290543 137.327 138.9055 178.49 180.9479 183.84 186.207 190.23 192,22
55 Cs| 5 Ba|57 La|72 Hf|{73 Ta| 74 W |75 Re | 76 Os| 77 Ir
6 st pel6s” (Bajsd! RO rvjsd fybjset [vb)sa® fbjsd® rvlsd?
1900 61413594 50216174 377/13276 319|16670 330| 19254 316 (21023 276|22580 273|22550 384
BCC BCC HEX 323|HEX 1.581|BCC BCC HEX 1615|HEX 1.606,FCC
3016 9432|1001 21731193 3733|2503 4873[3293 5833| 3695 5823 13459 5873{3303 5273|2720 4703
Francium Radium Actinium
2230185 226.0254 227.0278
87 Fr | 8 Ra | 8 Ac
T ot [Ral7s? Rajsd!
5000 51510060 531
BCC FCC
300 923973 177311323 3473
Cerium | Praseodymium | Neodymium | Promethium | Samarium
140.115 140.907 65 144.24 144.9127 150.36
. 58 Ce! 59 Pr |60 Nd| 61 Pm| 62 Sm
Lanthanides (Bajarlsal {BaJ4s3 {Ba)4r {Baj4s> (BaJafS
6711 (y)516|6779 3677000 36617220 3657 536 363
FCC HEX 3.222|HEX 3.225|HEX 3.19|HEX 7.221
1073 3693(1204 3783|1289 3343|1415 3573|1443 2063
Thorium Protactinium | Uranium Neptunium | Plutonium
2320381 231.03588 238.0289 237.0482 244.0642
. 90 Th| 91 Pa | 92 U | 93 Np | %4 Pu
Actinides {Ral6d? Rals2edl | Ralsedls? | Rejspdealns? | [RajsyS7
11725 508 15370 392 |19050 285|20450 666 19814 618
FCC TET 0825 |ORC }j¥|ORC 93 [MCL 313
2023 5063| 1843 4273 (1408 4403{913 4173(913 3503

/!
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8A
Helium
4.002 602
2 He
BCC  body-centred cubic 12 i 256
CUB  simple cubic HEX 1631
DIA  diamond 3A 4A 5A 6A TA |35 4
IITI%; ;mcem;led cubic Boron Carbon Nitrogen Oxygen Fluorine Neon
exagonal 10.811 12,011 14.006 74 159994 | 189984032 | 201797
MCL - monoclinic 5 B|6 C|7 N|8 O|9 F |10 Ne
ORC  orthorhombic Del2s! Bej2? B2 B2t (Be]225 (Be2p6
RHL  rhombohedral 2466 1017|2266  357]1035 (8)405|1460 (y)683[1140  550(1442 446
TET tetragonal RHL 65°7 |DIA HEX 1631 |CUB MCL i |FCC
(t-pt)  triple point 2348 4273(4763 (t-pt)|63 77.35 [ 54.36 9}).19 53.55 kgs,os 2456 27.07
Aluminium Silicon Phosphorus |  Sulphar Chlorine Argon
26.981 539 28.0855 30,973 762 32.066 354527 39.948
13 Al |14 Si|15 P |16 S |17 Cl| 18 Ar
Mgi3p! Mgl3p? Mel3p? (Mg)3p* Mgl3s Mel3p5
2698 40512329 5431820 3312086 10462030 624|1656 532
FCC DIA ORC B |ORC 33 |ORC |3 |FCC
8 1B 2B 93347 2793|1683 3533|3173  550|388.47 717.82|172  239.1|83.81 87.30
Nickel Copper Zine | Gallum | Germanium | Arsenic Selenium Bromine Krypton
58.6934 63.546 65.39 69.723 72.61 74.921 59 78.96 79.904 83.80
28 Ni| 29 Cu| 30 Zn| 31 Ga| 32 Ge |33 As| 34 Se |35 Br| 3 Kr
[Ca13d® {A3310451 [Caj3dl® | Zal4pt zojap? {Za)dp? (Zalagt [Za)4p3 [Zn]apb
8907  352/8933  361|7135  266|5905  452(5323  566/5776  413[4808 (y)436|3120 6683000 581
FCC FCC HEX 1856|ORC 1%l |DIA RHL 54°7 |HEX 1.135|ORC }3% |FCC
1728 3263|1357.8 2833|69268 1183|3029 2473|1211 3103|883  (t-pt)|493 958 |265.90 332.0{115.8 1199
Palladium Silver Cadmium Indium Tin Antimony Tellurium Jodine Xenon
106.42 107.868 2 112.411 114.818 118.710 121.757 127.60 126.904 47 131.29
46 Pd| 47 Ag| 48 Cd |49 In |50 Sm| 51 Sh| 52 Te | S3 I | 54 Xe
[Kxj4d10 [PaJsst fra)ss? fcdjsp! cgsp? [cdss? fcd sy 1cdsp® [CdlspS
11995 389| 10500 409 |8647 29817290 325|7285 (B)583|6692 45116247 446 |4953 72713560 635
FCC FCC HEX 1886|TET. 1.521|TET 0.546{RHL 57°7 |HEX 133|ORC }3§ |FCC
1828 323311235 2433(5942 1043(429.75 2343|50508 2893[903.8 1860|723 1263 | 386.7 4571613 165.0
Platinum Gold Mercury Thallium Lead Bismuth Poloninm Astatine Radon
195.08 196.966 54 200.59 204.3833 207.2 208.98037 2089824 2099871 2220176
78 Pt |79 Au |8 Hg| 8 TI|8 Pbh|8 Bi| 8 Po |8 At | 8 Rn
elarsd®6st | peejast4salOest [¥b]5410 {Helep! [Hel6z? Hg6r MHgep* [Hgi6r® g 60
21450 392(19281 40813546 30011871 346|11343 495|9803 4759400 337 440
FCC FCC RHL 70°32' |HEX 1.598|FCC RHL 57°14'|CUB
2041 4093|1337.3 3123|23432 629.9|577 1743|600.7 2023 |544.59 1833|527 1233|573 623|202 211

Europium | Gadolinium Terbium | Dysprosium | Holmium Erbinm Thulium Ytterbium Lutetium

151.965 157.25 158.925 34 162.50 16493032 | 167.26 168.934 21 173.04 174.967
63 Eu| 64 Gd| 65 Tb | 66 Dy | 67 Ho| 68 Er | 69 Tm| 70 Yb| 71 Lu

(Balas7 (BaJ4s7sd! [Bajas? [Baj4f10 majes!t B4 12 [Bajas3 {Bajas14 [¥b]sa!

5248 458 | 7870 363 | 8267 3618531 3598797 358 (9044 3569325 354 | 6966 (B)549 (9842 351
BCC HEX 1591 |HEX 1.580(HEX 1.573|HEX 1570/HEX 1.570/ HEX 1.570|FCC HEX 1.583
1095 1873(1587 35331633 3493(1683 2833|1743 2973(1803 3133|1823 2223(1097 1473[1933 3663
Americium Curium Berkelium~ | Californium | Einsteiniumi | Ferminm | Mendelevium| Nobelium | Lawrencium

243.0614 247.0703 2470703 251.0796 | 2520816 | 2570951 258.0986 259.1009 | 260.1054
95 Am| 96 Cm/| 97 Bk | 98 Cf| 99 Es |100 Fm | 101 Md| 102 No | 103 Lr

Ra)s77 [Ra5776d! 752 [Ra)s79 [Ra]5710 Ra)s7!! (Ra]sf 12 [Ra]s713 [RaJ5f14 fRa57 14641
13670 34713300 35014790 342 339 :
HEX 324|HEX 324 |HEX 324|HEX 324{HEX
1449 2873|1618 1323 1173 1133 1803 1103 1103 1903

%
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6.3 Crystalline structure

Bravais lattices

Volume of V =(axb)-c : (6.1) a,b,c  primitive base vectors
primitive cell ) 14 volume of primitive cell
a" =2nbxc/[(axb) c] (6.2)
Reciprocal b‘ =2nexa/[(axb)-c] (6.3) o .
prmitive base ¢ =27axb/[(axb)d (64) | 45" resprocal primitive base
vectors
vectors*® aa=bb=cc=2n (6.5)
a-b’'=ac =0 (etc) (6.6L|
Lattice vector Ry =ua+vb+we (6.7) R l'attioe vector [uow]
w,v,w  integers
Reciprocal lattice G =ha' +kb" +1c” (6.8) | Guu  reciprocal lattice vector [rk1]
vector exp(iGhus - Ruvw) =1 69 |1i =1
Weiss zone hutko+Iw=0 6.10 e R
equationb U+ KU T W= (6.10) | (nkly  Miller indices of plane
Interplanar _ _2E_ dpil distance between (hkl)
spacing (general) A = Gkl (6.11) planes
e LB RLE (6.12)
(orthogonal basis) &y @ v c* J

TNote that this is 27 times the usual definition of a “reciprocal vector” (see page 20).
bCondition for lattice vector [uww] to be parallel to lattice plane (hkl) in an arbitrary Bravais lattice.
eMiller indices are defined so that Gy is the shortest reciprocal lattice vector normal to the (hki) planes.

Weber symbols

r U= %(Zu—v) (6.13)
. 1 U, V,T.W  Weber indices
?uzl::]fe::ng V= 5(25 —u) (6.14) u,0,W zone axis indices
1 [UVTW] Weber symbol
[UVTW] T=_§(u+v) (6.15) | [uww] zone axis symbol
W=w (6.16)
Converting u=(U-T) (6.17)
[UVTW] to v=(V-T) (6.18)
[uvw] w=W (6.19)
Zone law® RU+kV +iT+IW =0 (6.20) | (nkil) Miller-Bravais indices

aFor trigonal and hexagonal systems. j]
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Cubic lattices

lattice primitive (P) body-centred (I) face-centred (F)
lattice parameter a a a
volume of conventional cell a a : a
lattice points per cell 1 2 4
1st nearest neighbours® ' 6 8 12
1st n.n. distance a a/3/2 a/\2
2nd nearest neighbours 12 6 6
2nd n.n. distance a2 a a
packing fraction® /6 J3n/8 J2n/6
reciprocal lattice® ' P F I
a; =ax a=5(+z—%) ay=35(y+2)
primitive base vectors? ay=ayp ;=5%E+52—P) a=2%(Z+%)
a3 =az a=5E+y—2) a=35(+p)

2Q0r “coordination number.”

bFor close-packed spheres. The maximum possible packing fraction for spheres is +/2x /6.

“The lattice parameters for the reciprocal lattices of P, I, and F are 2n/a, 4n/a, and 4z /a respectively.
4% #, and £ are unit vectors.

Crystal systems®

system symmetry unit cellb- lattices®
triclinic none ;:;ii’ £90° P
monoclinic  one diad | [010] LT o 5o P, C
orthorhombic three orthogonal diads gi;iz; 90° PCLF
tetragonal one tetrad | [001] Zi;i;; 90° PI
trigonal? one triad | [111] ;Z Z:K 120° £90° PR
hexagonal one hexad | [001] Zi;i;;()o, »=120° P

cubic four triads | (111) Zz zz‘;: 50" P E I

“The symbol “#” impHes that equality is not required by the symmetry, but neither is it forbidden.

bThe cell axes are a, b, and ¢ with o, §, and y the angles between b :c, ¢ :a, and a:b respectively.

“The lattice types are primitive (P), body-centred (I), all face-centred (F), side-centred (C), and
rhombohedral primitive (R).

4A primitive hexagonal unit cell, with a trad | [001], is generally preferred over this rhombohedral unit cell
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Dislocations and cracks

1 unit vector || line of
dislocation

b,b Burgers vector®

U dislocation energy per
unit length

i shear modulus

R outer cutoff for r

ro innmer cutoff for r

L critical crack length

«  surface energy per unit
area

Young modulus

V'

b

Edge A

I-b= 6.
dislocation 0 (621)
Screw 1-b=b (6.22)
dislocation
Screw ” R

@
dislocation U= A7 re (6.23)
energy per Y
unit length? ub (6.24)
Critical crack 4oE
=—m— 6.

length® n(1—a2)p} (6:25)

¢  Poisson ratio

po applied widening stress

L

@The Burgers vector is a Bravais lattice vector characterising the total relative slip
were the dislocation to travel throughout the crystal.

bOr “tension.” The energy per unit length of an edge dislocation is als

0 ~pbs

¢For a crack cavity (long L L) within an isotropic medium. Under uniform stress po,
cracks > L will grow and smaller cracks will shrink.

Crystal diffraction

a,b,c
a(cosay —cosaa) = hi (6.26) | ap,B1.m
Lave b(cos B —cosfa) =k (627)
equations a2, 2,92
c(cosy; —cosys) =14 (6.28)
hk,l
A wavelength
Bragg's law*  2kin.G+|GI*=0 (629) | ki
G
; f(G)
‘gﬁfc form < G)= f Gy dir . (6.30) | r-
vl o(r)
n 5(G)
?:gjfre S(G)=3_f/(G)e i (6.31) | n
- j=1 d;
K
Scattered 2 2
intensity® I(K)oc N*|S(K)| | (6.32) ﬁK)
illuminated
. It
Debye— 1 I
Waller Ir=Iyexp [———(uz)lG}{l (6.33) motion
factor? 3 W)

lattice parameters

angles between lattice base
vectors and input wavevector

angles between lattice base
vectors and output wavevector

integers (Laue indices)

input wavevector
reciprocal lattice vector
atomic form factor
position vector

atomic electron density
structure factor

number of atoms in basis
position of jth atom within basis
change in wavevector

(= kuut" in)

scattered intensity-
number of lattice points

intensity at temperature T
intensity from a lattice with no

mean-squared thermal
displacement of atoms

a Alternatively, see Equation (8.32).

The Bragg condition makes K a reciprocal lattice vector, with |kin| =1kout!-
dEffect of thermal vibrations.

bThe summation is over the atoms in the basis, i.e., the atomic motif repeating with the Bravais lattice.
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6.4 Lattice dynamics

Phonon dispersion relations®

m m
A I
a
Aa/m)\ A<= - T - - —
)
T 7
a - a

monatomic chain

(/W

(2m/m1 )1/2 ~L
Q20t/m) > |

diatomic chain

2_,% . ofka ' :

(e —4m sin ( 7 ) (6.34)
Monatomic W an1/2 . sa
linear chain b=p=a (—) sinc (E (6.35)

1/2

vg Z—C: =a (%) cos (k_a) (6.36)
Diatomic , o 1 = 172
linear chain® @ = I’ o B mym sin“(ka) (6.37)
Identical 2t + 1(05% + 03 + 20 coska) /2
masses, m m 6.38
alternating (6.38)
spring )0 Ao +aw)/m ifk=0 (6:39)
constants ) 204 /m, 200/m ifk=nja

m;

%

phonon angular frequency
spring constant?
atomic mass

phase speed (sincx=
group speed

phonon wavelength

sin
)

wavenumber (=2z/1)
atomic separation
atomic masses (mz >m;)

reduced mass
[=mymy /(my +m3)]

alternating spring constants

m m

& e € e G G
oy~ o oy

a

“Along infinite linear atomic chains, considering simple harmonic nearest-neighbour interactions only. The shaded

region of the dispersion relation is outside the first Brillouin zone of the reciprocal lattice.

®In the sense a=restoring force/relative displacement.

“Note that the repeat distance for this chain is 2a, so that the first Brillouin zone extends to [kl <z /(

and acoustic branches are the + and — solutions respectively.

2a). The optic
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Debye theory

(E) mean energy in a mode at @
Mean energy 1 ho B (Planck constant)/(2r)
per phonon (E)=zho+ (6.40) | @ phonon angular frequency
mode?® 2 exp[ha)/ (ks -1 "'kg Boltzmann constant
T  temperature
_ 2 1/3 wp Debye (angular) frequency
Debye wp =vy(62"N/V) (6.41) vs  effective sound speed
frequency where — = _1_3 % (6.42) | @ longitudinal phase speed
vy Y Y v transverse phase speed
N number of atoms in crystal
2:[?)7:1'&1:11[6 fp =hop /ks (6.43) | v crystal volume
P fp Debye temperature
IVl g(w) density of states at @
Phonon glw)ydo= __2(1)_3 do (6.44) | Cv heat capacity, V' constant
density of 2m*o; U  thermal phonon energy
states (for 0<w<wp, g=0 otherwise) within crystal
D(x) Debye function
Debye heat T3 [0/T  xfex 3Nkg
capacity Cy= 9NkB-BTD /(; ———(ex —1p dx (6.45)
Dulong and Cr
~3N, T>0 6.4
Petit’s law ks (T >0p) (6.46)
Debye T3 1274 . T3
law ~—Nkage (T< fp) (6.47) 0 [ 7/, 2
9N [P ho?
T)y=—+ dw=3NkgTD(6 6.48
Internal o= [ s fimm1 o= e TP/ T (649
thermal .
b y
ener; —_—— L —
gy where D(x)= 3 [0 pp—| dy (6.49)

40y any simple harmonic oscillator in thermal equilibrium at temperature T.

bNeglecting zero-point energy.
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Lattice forces (simple)

¢(r) two-particle potential

(ionic crystals)

M dmegry

Van der Waals 3 cxlz:hw energy
i ion® dr)=—17 s (6.50) Y :
Interaction 4 (47eq)?rb r  particle separation
@p particle polarisability
A B
pr)=—Z%+3 (6.51) | »  (Planck constant)/(2)
Lennard—Jones oy 12 o\ 6 €y  permittivity of free space
6-12 potential =de {(;) - (;) } (6.52) | » angular frequ:tallcy of
(molecular 1/6 ) polarised orbi
g=(B/A)'°;, e=A"/(4B) A,B constants
crystals)
21/6 €,6 Lennard-Jones
Omin At r=—o (6.53) parameters
De Boer h A de Boer parameter
=—17 (6.54) | = Planck constant
parameter o(me)l/2 )
m  particle mass
Ug lattice Coulomb energy
Coulomb 5 per ion pair
interaction Uc=—u e (6.55) oy Madelung constant

—e electronic charge

ro  nearest neighbour
separation

“London’s formula for fluctuating dipole interactions, neglecting the propagation time between particles.

Lattice thermal expansion and conduction

~

Griineisen dlnw Y
parameter® T (6.56) ﬁ
74
Linear 1 dp yCy Kr
i A= | = (6.57) | p
expansivity 3Kr 0T lv 3KrV -
Cy
Thermal 1C y)
conductivity of Ji= 3 Vvvsl (6.58) | vs
a phonon gas !
Umklapp mean I
free path® Iyocexp(6,/T) (6.59) 0.

Griinejsen parameter
normal mode frequency
volume

linear expansivity
isothermal bulk modulus
pressure

temperature

lattice heat capacity, constant V' '
thermal conductivity
effective sound speed
phonon mean free path

umklapp mean free path
umklapp temperature (~ p /2)

“Strictly, the Griineisen parameter is the mean of y over all normal modes, weighted by the mode’s contribution to

Cy.

bQr “coefficient of thermal expansion,” for an isotropically expanding crystal.
“Mean free path determined solely by “umklapp processes” — the scattering of phonons outside the first Brillouin

Zone.
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6.5 Electrons in solids

Free electron transport properties

J  current density
Current density ~ J =-"ev4 (6.60) ’le :::tie:jt::;;?:ber density
vq mean electron drift velocity
Mean electron et ©  mean time between collisions (relaxation
drift veloci vg=——-UFE (6.61) time)
veloaty e me electronic mass
d.c. electrical _nét 662 E  applied electric field
conductivity 0= e 62) 6o d.c conductivity (J =cE)
a.c. electrical (@)= ap (6.63) @ ac. angular frequency
conductivity® 1—iwt ’ o(w) a.c. conductivity
y
1C Cy total electron heat capacity, V' constant
i=3 —VK () (6.64) | v volume
Thermal a2 (¢?) mean square electron speed
conductivit _r nkgtT ks Boltzmann constant
y (T < Tr)
3me 6,65 T temperature
(6. ) Tg Fermi temperature
Wiedemann— A L= kg (666 L  Lorenz constant (~2.45x 10 S WQK™)
Franz law? oT 3¢ 66) 7 thermal conductivity Jy
Ry Hall coefficient 1 IW
. 1 E E, Hall electric field
< —_———— — y R - ey
Hall coefficient Rey = ne JB; (6.67) J. applied current density Ry
B, magnetic flux density K / +
Hall voltage B.I Vg Hall voltage Va
(rectangular Vg =Ry—— (6.68) | I. applied current (=Jy x cross-sectional area)
strip) W w  strip thickness in z

For an electric field varying as €<%,
bHolds for an arbitrary band structure.

¢The charge on an electron is —e, where e is
coefficient is therefore a negative number when

the elementary charge (approximately +1.6 x 10~°C). The Hall
the dominant charge carriers are electrons.
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Fermi gas
lectron energy (>0)
V 2"1‘: 3,/ 2 E €l '
Electron density g(E)= 2 (?i_z) E/? (6.69) | g(E) density of states
of states? V. “sas” volume
g(Ep)= E n_V_ (6.70) | ™me electronic mass
2 Ep F (Planck constant)/(2x)
Fermi ¢ kr Fermi wavenumber
wavenumber kp = (3n°n)"/ (671) | »  number of electrons per unit
volume
Fermi velocity  vp=Fhkp/me (6.72) | v Fermi velocity
Fermi ener, Pk: .
(T=0) & Ep= _Zmi: = ﬂ(%ﬂzn)z/ 3 (6.73) | Er Fermi energy
Fermi . _Er Tr Fermi temperature
temperature Tr= kg (6.74) ks Boltzmann constant
2
T 2
t t =— 5
CE;;Z’;(;;bhea Cre 3 g(EF)kBT (6.75) Cve beat capacity per electron
21,2
(T < TF) — bia kB . (6:76) T  temperature
2Eg
et 3 .
;I‘I?;:‘glykzr;?;co) Uy= 3" VEp (6.77) | Up total kinetic energy
7 ;mp Pauli magnetic susceptibility
Pauli M=yypH (6.78) | H magnetic field strength
i 3n : M  magnetisation
t
paramagnetism = EF'FOF]%H (6.79) uo  permeability of free space
pp  Bobr magneton
Landau 1 xzr. Landau magnetic
diamagnetism XHL =73 XHP (6.80) susceptibility

“The density of states is often quoted per unit volume in real space (ie., g(E)/V here).
bEquation (6.75) holds for any density of states.

Thermoelectricity
7 ’ &  eléctrochemical field?
Thermopower? &==+8;VT (6.81) | J  current density
g ¢ electrical conductivity
St thermopower
Peltier effect H=IIJ—-iVT (6.82) | T temperature
H  beat flux per unit area
Kelvin relation  II=TSr " (6.83) | 11 Feltier coefficient
. A thermal conductivity

20r “absolute thermoelectric power.”
‘bThe electrochemical field is the gradient of (u/e)—¢, where u is the chemical potential, —e the electronic charge,
and ¢ the electrical potential. . N
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Band theory and semiconductors

¥ electron eigenstate
. Bl t
Bloch’s theorem  ¥(r+R)=cxp(ik- RY¥(r) (6.84) k och wavevector
R lattice vector
r position vector
v electron velocity (for wavevector
k)
Electron 1
vel ::it vy(k)= ﬁvkEb(k) (6,85] 3 (Planck constant)/2%
ocity b band index
Ey(k) energy band
Effective mass 52 [azEb(k)]fl (6.56) mi;  effective mass tensor
m . +
tensor Y k;ok; ki components of k
Scalar effective . g2 82 E,(k) (687) m scalar effective mass
mass? m = F7) : k =Ik|
u particle mobility
v4 mean drift velocity
- v eD E ied electric field
Mobility = |_d_| _eb (688) applie falec ¢ fie
\E| ks —e  electronic charge
D diffusion coefficient
T temperature
J current density
Net current :
densit J = (nepe +nypn)eE (6.89) | nen  electron, hole, number densities
¥ Uen  clectrom, hole, mobilities
. 3 k
Semiconductor — (kB T) (m*m* )3 /Ze—E; JksT) B Boltzmann constant
, effn Ani2P © b Eg band gap
equation (nh®) ¢ ,
(6.90) | Men electron, hole, effective masses
I current
eV Iy saturation current
I=Ip [exp (ﬁ) — 1] (6.91) | ¥ bias voltage (+ for forward)
B n intrinsic carrer concentration
D Dy A area of juncti
i 3 I___e ZA __e_+__ 6.92 a junction
p-n junction 0=em (LcN 2 LuNg (6.92) D.n electron, hole, diffusion
efficients
L= 12 93 e
e =(Dete) s (6.93) Len electron, hole, diffusion lengths
Ly= (Dh'fh) / (6-94) Ten  €lectron, hole, recombination
times
Naa  acceptor, donor, concentrations

@Valid for regions of k

-space in which E(k) can be taken as independent of the direction of k.



Chapter 7 Electromagnetism

7.1 Introduction

The electromagnetic force is central to nearly every physical process around us and is a major .
component of classical physics. In fact, the development of electromagnetic theory in the:
nineteenth century gave us much mathematical machinery that we now apply quite generally
in other fields, including potential theory, vector calculus, and the ideas of divergence and
curl.

It is therefore not surprising that this section deals with a large array of physical
quantities and their relationships. As usual, SI units are assumed throughout. In the past
clectromagnetism has suffered from the use of a variety of systems of units, including the
cgs system in both its electrostatic (esu) and electromagnetic (emu) forms. The fog has now
all but cleared, but some specialised areas of research still cling to these historical measures.
Readers are advised to consult the section on unit conversion if they come across such exotica
in the literature.

Equations cast in the rationalised units of SI can be readily converted to the once common
Gaussian (unrationalised) units by using the following symbol transformations:

Equation conversion: SI to Gaussian units

e 1/(4m) o> 4m/c? B—BJc
FEF> ATy E x> Anyy Hw—cH/(47)
A—Afc M—cM D D/(4r)

The quantities p, J, E, ¢, o, P, €, and y, are all unchanged.
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Electromagnetism

Electrostatics
: E electric field
Electrostatic E=-V¢ (7.1) | ¢ clectrostatic
potential etential
b a .

. ¢, potential ata
P?tenual ba o= / E-al== ./ E-dl ¢p potential at b
difference” a b ’

(7.2) dl  line element
Poisson’s Equation 2 p p  charge density
Vip=—— 73 e
(free space) ¢ €0 (73) | < ?;ﬂ;ﬁé‘y of

Point charge at ¥’

Field from a
charge distribution
(free space)

_ g
¢(r)= dneglr—r'| (7:4)

g(r—>')

E —_——
) Aneolr —1'?

(7.5)

pr)r=r) 4o (7.6)

E(r T

=

volume

@Between points a and b along a path L

Magnetostatics”

Magnetic scalar

B=—po¥ 7
potential oV $m (7.7)
ém in terms of the
solid angle of a _IQ
generating current bm= an (7.8)
loop
Biot-Savart law (the I [ dlx(r—r _
field from a line B(r)= %0; f _\P—(:_r’—ls—l (7.9)
current) e
Ampere’s law

B= 1

(differential form) VxB=pol (7.10)
Ampére’s law (integral ‘
fomli) (inteet f B-dl = polrot (7.11)

Om

Lior

point charge

volume element

position vector
of d’

magnetic scalar
potential
magnetic flux
density

Joop solid angle
current

line element in
the direction of
the current
position vector of
dl

current density
permeability of
free space

total current
through loop

B

aIn free space.
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Capacitance®
Of sphere, radius a C =4nepea (7.12)
Of circular disk, radius a C =8epera (7.13)
Of two spheres, radius a, in C =8nepe,aln? (7.14)
contact
Of circular solid cylinder, - 0.76
cadias g, longth | C =~ [8+4.1(1/a)""®]esera (7.15)
Of nearly spherical surface, C~3.139x 10~ 1e 512 (7.16)
area § :
Of cube, side a C~7283%x10 "ea (7.17)
Between concentric spheres, C =dnene ab(b—a)‘l (7.18)
radii a<b 0¢r :
Between coaxial cylinders, _ 2mege; )
cadii a<b = ntb/a) per unit length (7.19)

_ TegE; ]
Between parallel cylinders, ~arcosh(d/a) PO unit length . (720)
separation 2d, radii a . _T€oer
~dia) (d>a) (7.21)

Between parallel, coaxial o,
circular disks, separation d, €~ "™ | ¢ alin(167a/d)—1] (7.22)
radii a | d

2For conductors, in an embedding me_dium of relative permittivity er.

Inductance®
Of N-turn solenoid
(straight or toroidal), L=uyN?4/1 (7.23)
length [, area A (< 1?)
Of coaxial cylindrical Mo, b .
tubes, radii a, b (a<b) ,_‘L_ Elna per unit length (7.24)
Of parallel wires, radii g, o, 2d . '
sepal?ration 2d L~ - ln? per unit length, (2d > a) (7.25)
Of wire of radius a bent in L~ b (ln% - 2) (7.26)

a loop of radius b>a

4For currents confined to the surfaces of perfect conductors in free space.
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Electric fields®

q
Uniformly charged sphere, ro(r<a)
nif y charged sphere E(r)= dreodd (1.27)
radius a, charge g r (r>a)
4megr3 -
Uniformly charged disk, Ez)— 2 1
radius a, charge g (on axis, (z)= gnfoazz H - 2+ a2
z) (7.28)
Line charge, charge density A
A per unit length E(r)=5 3" (7.29)
Electric dipole, moment p __pcosb r
(spherical polar E= 2neor3 (7.30) 6
coordinates, 6 angle __ psinf 731 v p +
between p and r) = aneor? (7.31)
Charge sheet, surface =2 (7.32)
density ¢ 2eq
@For e;=1 in the surrounding medium.
Magnetic fields®
Uniform infinite solenoid, I insid ial
current I, n turns per unit B= Honl 10t .e (axial) (7.33)
length 0 outside
Uniform cylinder of polr/(2na®) r<a
: B(r)= 7.34
current I, radius a ) { wl/@2nr)  r>a (7.34)
Magnetic dipole, moment B, = m%ﬂ (7.35) '
m (# angle between m and r 0 6
r) By=1 (7.36) "
4nrd
Circular current loop of N uoNI a® :
turns, radius a, along axis, z B(z)==3 @+ 22 (7.37) o
The axis, z, of a straight ol 22 4y
solenoid, n turns per unit Baxis= -OT(cosoq —Cosos) (7.38) - z
length, current J soocooccmmoonceoosensss @
2For ur=1 in the surrounding medium.
Image charges
Real charge, +q, at a distance: image point image charge
b from a conducting plane —b —q
b from a conducting sphere, radius a a*/b —qa/b
b from a plane dielectric boundary:
seen from free space —b —qle,— 1)/ (e +1)
seen from the dielectric b +2q/(e:+1)
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7.3 Electromagnetic fields (general)

Field relationships

. J  current density
Conservation of _0p >
charge V-J= T (7.39) f ct:il;j.zge density
Magnetic vector )

. B=VxA 7.40
potenti al X ( ) A vector potential
Electric field from o4 ¢  electrical
potentials E= et vé (741) potential
Coulomb gauge V-A=0 (7.42)
condition
Lorenz gauge ) 16 .
condition V-A+ pr i 0 (7.43) | ¢ speed of light
1 82¢ 2 p dr’
- _— 44 (]

Potential field c? o2 Ve € (7:44) y
equations”® 1324 _,

. . d lement
Expression for ¢ _1 f pirt—r—r'i/e) ., de’ volume ¢
in terms of p® o(r,1) dreg r—r| de (7.46) ¥ Eofsmon vector of

‘ volume T
Expression for 4 Alr,t)= Ho f J(r't— [l’—l"'l/C) dr’ (747) | ®o permeability of
in terms of J¢ . 4 [r—#| free space
volume
“Assumes the Lorenz gauge.
Liénard—Wiechert potentials®
charge
Electrical potential of b= q (7.48) :;Ct?)lif nftri? charge
a moving point charge * 4meo(|r|—v-r/c) ' Sbomvation
particle velocity
Magnetic vector Logv q
potential of a moving A= —————— (7.49) <
. 4r(lr|—v-r/c) r

point charge .

%In free space. The right-hand sides of these equations are evaluated at retarded times, ie., at ¢ =t—|r'|/c, where r'
is the vector from the charge to the observation point at time ¢’
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Maxwell’s equations

Differential form: Integral form: '
1
v-E=2 (7.50) %E-ds:—/p dr (1.51)
€0 €0
closed surface volume
V-B=0 (7.52) B-ds=0 (7.53)
closed surface
oB Lq=_32
VxE=——" (7.54) }( E-dl=— (7.55)
loop
oE cdl= 22
VxB=poJ +weo-  (7.56) f B- dl=pol + poco / 5 ds (737)
loop surface
Equation (7.51) is “Gauss’s law” ds surface element
Equation (7.55) is “Faraday’s law” dz  volume element
E  electric field dl line element
B magnetic flux density ® linked magnetic flux (= [ B-ds)
J  current density I linked current (= [ J-ds)
p  charge density t time
Maxwell’s equations (using D and H)
Differential form: Integral form:
V‘ D= Pfree ‘ (7.58) fD' ds = fpfrcc d'r (7.59)
closed surface  volume
V-B=0 (7.60) B-ds=0 (7.61)
closed surface
oB Lq=_d2
VxE=—— (7.62) f E-dl=—74 (7.63)
loop
oD Cdl= D
VcH = J e + = (7.64) fH dl =Iee +f PP ds (7.65)
loop surface

D displacement field

Pree free charge density (in the sense of
P = Pinduced + Pliree)

B magnetic flux density

H magnetic field strength

Jizee free current density (in the sense of
J =Jinduced + Ttee)

E electric field

ds surface element

dr volume element

dl line element

® linked magnetic flux (= [ B- ds)
Ifree linked free current (= [ Jgree - d5)
t time
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Relativistic electrodynamics

, E,=E, N (7.66)
Lorentz §
transformation of ~ EL=7(E+vxB), (7.67)
electric and B|=B, (7.68)
magnetic fields B, =y(B—vxE/). (7.69)
Lore?tz o P =y(p—vJ;/c?) (7.70)
transtormation o Jj_ =J, (1.71)
current and charge :
densities Jy=y(J)—vp) (7.72)
Lorentz ¢'=v(¢—v4)) (7.73)
transformation of A =4 (7.74)
potential fields A,il =y(4)—vo /c?) (7.75)
I =(pc,J) (1.76)
A= (Q,A) (7.77)
Four-vector fields? cl e
2_(Lo
0= (c2 32 \% ) (7.78)
04 =t (7.79)

Ot~
S

electric field
magnetic flux density

measured in frame moving
at relative velocity v

Lorentz factor
=[—(/eyI7/?

parallel to v
perpendicular to v

current density
charge density

electric potential
magnetic vector potential

current density four-vector
potential four-vector

D’Alembertian operator

2Qther sign conventions are common here. See page 65 for a general definition of four-vectors.
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7.4 TFields associated with media

Polarisation
Definition of electric
= .80
dipole moment p=qa (780)
G_eneralised electric p= / ¥pdr (7.81)
dipole moment
volume
Electric dipole _prr
potential ()= 4meyr3 (7.82)
Dipole moment per
unit volume P=np (7.83)
(polarisation)®
Induced volume
. P =—p; .
charge density v Pind (7.84)
Induced surface
ma=P3 7.8
charge density Ting =P (7.85)
Deﬁm‘tmn of electric cE+P (7.86)
displacement
Definition of electric
P= .
susceptibility coxsE (7.87)
. . e=1+yxE (7.88)
Deﬁn}ujz)r} C;,f relative D=epe,E (7.89)
permittivity
=eE (7.90)
Atomic
. = 91
polarisability P=Eie (791)
Depolarising fields Ey=—1eP (7.92)
€0
Clausius-Mossotti ne  e—1
equation? 3e0 € +2 (7.93)

xq

1E

€r

E]oc
Eq
Na

end charges
charge separation
vector (from — to +)
dipole moment
charge density
volume element
vector to de’
dipole potential
vector from dipole
permittivity of free
space

polarisation

number of dipoles per
unit volume

volume charge density

surface charge density
unit normal to surface

electric displacement
electric field

electrical susceptibility
{may be a tensor)

relative permittivity
permittivity

polarisability

local electric field
depolarising field
depolarising factor
=1/3 (sphere)

=1 (thin slab L to P)
=0 (thin slab || to P)

=1/2 (long circular
cylinder, axis L to P)

@ Assuming dipoles are parallel. The equivalent of Equation (7.112) holds for a hot gas of electric dipoles.

bRelative permittivity as defined here is for a linear isotropic medium.

¢The polarisability of a conducting sphere radius a is a=4nega’. The definition p =wuegEyo is also used.
dWith the substitution 2 =e; [cf. Equation (7.195) with = 1] this is also known as the “Lorentz-Lorenz formula.”
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Magnetisation
dm  dipole moment
Definition of I loop current dm ds
magnetic dipole dm=1Ids (7.94) | 45 100p area (right-hand
moment sense with respect to out in
loop current)

. : m dipole moment
Generalised 1/, f 7 current densit
magnctic dipole  m=y [FxJdv  (195) | I comendensiy
moment voloms T volume ¢lemen

¥ vector to dr’
¢m  magnetic scalar

s 1 tential
Magnetic dipole pom-r po .

. ¢m(r)= 3 (7.96) | r vector from dipole
(scalar) potential : 4nr o permeability of free
space
Dipole moment per M magnetisation
unit volume M =nm (7.97) | n number of dipoles
(magnetisation)® per unijt volume
Induced volume _ Jina  volume current
current density Tina =VxM (7.98) density (ie, A m™?)
. Jina  surface current
L 1
Induced surflace i =M (7.99) del.?lSIty (ie, Am™)
current density § unit normal to
surface
Definition of B magnetic flux density
magnetic field B=po(H+M) (7.100) | B magnetic field
strength, H strength
M=yyH (7.101)
Definition of 1sB rg  magoetic
magnetic =47 (7_102) susceptibility. yp is
g a1t Ho also used (both may
susceptibility be tensors)
, 1= (7.103) °
Y 1+yn
B =y H (7.104)
Definition of relative ~ — FH (7.105) &  relative permeability
permeability? pr=1+xm (7.106) | ;' permeability
1
= 7.107
1—x8 ( )

2Assuming all the dipoles are parallel. See Equation (7.112) for a classical paramagnetic gas and
page 101 for the quantum generalisation.
bRelative permeability as defined here is for a linear isotropic medium.
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Paramagnetism and diamagnetism

m magnetic moment
()  mean squared orbital radius
Diamagneti 9 (of all electrons)
i etic e 2 -
m=— Z{r")B (7.108) Z atomic number
moment of an atom : e B magnetic flux density
me electron mass
—e  electronic charge
Intrinsic electron me— gt (7.109) J ;—"ta]d?ﬂg‘;laf m:’m;’;t“m _
: a - A . g andé g-factor (=2 for spin,
magnetic moment € =1 for orbital momentum)
1
] ) P(x)=cothx—— (7.110)
Langevin function X #(x) Langevin function
~x/3 (xs1) (7.111)
Classical gas B (M) appa.t‘cn:1 mafneﬁsaﬁ?ndi 1
paramagnetism (M) =nmq K (k_OT_) (7.112) my ﬂgﬁlc:ﬁ e of magnetic dipole
(71>h) n dipole number density
i T temperature
Curie’s law YH= %Q (7.113) | k Boltzmann constant
3kT yxr  magnetic susceptibility
2 -
. . bility of free space
Curie—Weiss law Mo Ho  permed
u 5 la XH 3K(T —To) (7.114) T,  Curie temperature
4See also page 100.
Boundary conditions for E, D, B, and H*
Parallel
component of the E; continuous (7.115) | | ﬁ;ﬂrl;;::nt parallel to
electric field
Perpendicular
. 1 component
component ofthe  p | continuous (7.116) perpendicular to
magnetic flux interface ;
density
D2 electrical displacements
in media 1 & 2 .
Electric 5 8 it normal to surf: @ |°
: 3-(D —D=¢ 7117 s u!JI normal to surface,
displacement? (D2—Dy) ( ) directed 12
G surface density of free @
charge
. Hj, magnetic field strengths
Magnetic field Sx(Hy— H1)=j ug) | . ® media 1 & 2 .
strength® s surface current per unit
width

@A¢ the plane surface between two uniform media.
bIf ¢ =0, then D, is continuous.
¢If j,=0 then H) is continuous.
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7.5 Force, torque, and energy

Electromagnetic force and torque

F, force on gy
Force between two dide g2  charges P
static charges: Fy= P12, (7.119) | rz  vector from 1 to 2 *——e
Coulomb’s law dreori, " unit vector oy, 2
€ permittivity of free
space
dly, line elements dy
Force between two ‘ I . I;;  currents flowing along
: dF =20 2 1L (dl xir)] dl; and db riz
current-carryin Anr?
olements ylng T dF, force on dly '
(7.120) o permeability of free d\]z\
space
Force on a dl  line element
Current-(?arrjﬂng dF — I dle (7_121) F force
element in a I current flowing along dl
magnetic field . B magnetic flux density
Force on a charge F =g(E+vxB) (‘7.122) E electric field
(Lorentz force) ) charge velocity
Force on an electric
. F=(p-V)E- 7.123 ic di
dipole® (p-V) ( )l electric d}pole moment
FF}rce l? 1 a magnetic F= (m- V)B (7-124) m magnetic dipole moment
dipole ‘ - ‘ e
Torque on an
.. G=pxE 7.125
electric dipole px ( : )| @ forque
Torque on 2 G =mxB (7.126)
magnetic dipole
Torque . | dip  line-element (of loop)
Cu:rqelljlt loono G= ILfl’x(dleB) (7.127) ’ POSiTjOﬂ vector of diy,
: p loop I current around 10015

4F simplifies to V(p- E) if p is intrinsic, V(pE/2) if p is induced by E and the medium is isotropic.
bF simplifies to V(m- B) if m is intrinsic, V(mB/2) if m is induced by B and the medium is isotropic.
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Electromagnetic energy

Electromagnetic field

EM field?

2

energy density (in free  u= %eoEz + %B— (7.128)

space) a

Energy density in 1 )

media u_E(D E+B-H) (7.129)

Energy flow (Poynting) N=ExH (7.130)

vector

Mean flux density at a 4,202

distance r from a short (N} = ﬂg_smTGS_ (7.131)

oscillating dipole 32neoc’r

Total mean power 4.2

from oscillating _2Pp 0/2 (7.132
6menc? )

dipole® T

Self-energy of a U =l f Mo(r)dt 7133

charge distribution o 21 ¢r)p(r) ( )
volume

Energy of an assembly =1 C:V.V: (7134

of capacitors® ) ;ZJ: gVivy (7134)

E'nergy of an assembly  ; _1 nas 7135

of inductors® ot EXI.ZXJ;LU dy (1139)

Intrinsic dipole in an R

electric field Usp=—r"E (7.136)

Intrinsic dipole in a Us.——m-B 713

magnetic field dip= 1" (7.137)

Hamiltonian of a pm—aAl 2

charged particleinan  H= —"'5?;1—— +q¢ (7.138)

Wt

zomosE e

R

Utot

energy density

electric field

magnetic flux density
permittivity of free space
permeability of free space
electric displacement
magnetic field strength
speed of light

energy flow rate per unit
area L to the flow direction

amplitude of dipole moment
vector from dipole
(>>wavelength)

angle between p and r
oscillation frequency

total mean radiated power

total energy

volume element

position vector of dt
electrical potential
charge density

potential of ith capacitor

mutual capacitance between
capacitors i and j

mutual inductance between
inductors i and j

energy of dipole
electric dipole moment

magnetic dipole moment

Hamiltonian

particle momentum
particle charge

particle mass

magnetic vector potential

a§ometimes called “Larmor’s formula.”

bC;, is the self-capacitance of the ith body. Note that Cij=Cj.

¢; is the self-inductance of the ith body. Note that Ly =Lj.
dNewtonian limit, ie., velocity <c.
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7.6 LCR circuits

LCR definitions

Current I %? (7.139)
Ohm’s law V=IR (7.140)
Ohm’s law (field J=cE (7.141)
form)

Resistivity p= % = % (7.142)
Capacitance C= % (7.143)
s
Self-inductance L= ? (7.145)
A
B o
oottt Lol=kVLL  (1148)
Lolsdmensie oo (1

~ AT AmSNN SR

(9]

-

e

O

Lz
I

current
charge

resistance

potential difference
over R

current through R
current density
electric field
conductivity
resistivity

area of face (I is
normal to face)
length

capacitance
potential difference

- across C

current through C
time
total linked flux

current through
inductor

potential difference
over L

total flux from loop 2
linked by loop 1

mutual inductance
current through loop 2
coupling coefficient
between Ly and L,
(=1)

linked flux 7

number of turns
around ¢

flux through area of
turns

A
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Resonant LCR circuits

series

@o
Phase ol 1/LC (series)
resonant 07 )1/LC—R?/L* (parallel) L
frequency® (7.150) | €
R
é 1 R "
uning o 0 ol ( ) 0
Quality stored energy
= 7.15
factor g=1m energy lost per cycle (7.152)

resonant
angular
frequency
inductance
capacitance
resistance
half-power
bandwidth
quality
factor

T H|e

R L C
parallel

2At which the impedance is purely real.

b Assuming the capacitor is purely reactive. If L and R are parallel, then 1/@=woL./R.

Energy in capacitors, inductors, and resistors

U stored energy
Energy stored in a 1, 1 107 C  capacitance
capacitor U_ECV _EQV_EE (7.153) 0 charge

V  potential difference

. L inductance

E t o?
mlzlelff‘?;s ored in an U= %L[Z = %(I)I = % A (7.154) @ linked magnetic flux

I current
Power dissipated in 5 -
a resistor® (Joule’s W =IV=I’R= v (7.155) W power dissipated
law) ‘ R R resistance

€0er 1 relaxation time
Relaxation time =— (7.156) | e, relative permittivity
: ¢ conductivity
2This is d.c., or instantaneous a.c., power.
Electrical impedance
Impedances in séries Z=) Z» (7.157)
: —1
Impedances in parallel Ziy= (Z 2;1) (7.158)
n

Impedance of capacitance Zc= —w—lc— (7.159)
Impedance of inductance Zy=iwL (7.160)
Impedance: £ Capacitance: C
Inductance: L Resistance: R=Re[Z]
Conductance: G=1/R Reactance: X =Im[Z]
Admittance: ¥ =1/Z Susceptance: §=1/X
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Kirchhoff’s laws

1,=0 7.161 I;  currents impinging
Current law gd:e i ( ) on node
V.=0 7.162) | Vi potential differences
Voltage law % i ( ) around loop
Transformers®
n turns ratio

I
&1
/v ‘\ Vi
e 12 Vs I
L % ./ z
I; NN R out

1 Zin

N number of primary turns
N, number of secondary turns
primary voltage

secondary voltage

primary current

secondary current

output impedance

input impedance

Z source impedance

Z, load impedance

Turns ratio n=Nz/N; (7.163)
Transformation of voltage and current = (7.164)
L=I/n (7.165)
Output impedance (seen by Z;) Z o =n*Z, (7.166) |
Input impedance (seen by Z;) Zy=2Z,/n (7.167)

“Ideal, with a coupling constant of 1 between loss-free windings.

Star—delta transformation

1 ’ L
1 ‘Delta’
Zis Zi3

3 2 Zn
Star _ ZyZy
impedances e m (7.168)
Delta 1 1 1
impedances Zyj=ZZ; (Z + Z_J + Z_k) (7.169)

i, j,k node indices (1,2, or 3)

Z;" impedance on node i

Z;; impedance connecting
nodes i and j
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7.7 Transmission

lines and waveguides

Transmission line relations

v V potential difference across
Loss-free 55— =— 66_1’ (7.170) line
transmission line 63} atV I current in line
equations = C— (7171 | L inductance per unit length
ox ot C capacitance per unit length
i 1 2v v
Wave equation fo_r o AT (7.172) +  distance along line
lossless transmission ]
. 1 81 &I t time
line === (7.173)
LC ax? ot?
Characteristic I
impedance of Zo=1/ = (7.174) | Zc characteristic impedance
lossless line C
.. R resistance per unit length
Characteristic RTioL of conductor
impedance of lossy =1/ +}w (7.175) | G conductance per unit
line G+inC length of insulator
@ angular frequency
Wave speed along a o1 vp phase speed
lossless line Y=l T T (7.176) vg group speed
Input impedance of  Z, = Z.coskl—iZsinkl (7.177) Z;, (complex) input impedance
a terminated lossless " ¢ Zcoskl —iZ;sinkl . Z: !c"mglex) terminating
R _ 72 . _ Impedance
line =Z:/Z. if1=4/4 (7.178) k wavenumber (=2n/4)
Reflection coefhicient Z._Z ] distance from termination
from a terminated r= Zt—Zg (7.179) | + (complex) voltage
line ttZe reflection coefficient
Line voltage _14r]
standing wave ratio VSWR=1_ 7 (7.180)
Transmission line impedances®
Z. characteristic impedance ()
. 11 n b - 60 . b a radius of inner conductor
Coaxial line Ze= 4m2e In a_ \/g; In a (7.181) b radius of outer conductor
e  permittivity (=eper)
1120, 1 u  permeability (= popr)
Open wire feeder Zo= —JLZL— In-~——In- (7.182) | r  radius of wires
e T \/a r ]  distance between wires (3>7)
. . ud - 377 d d  strip separation
Paired strip A ew  Jaw (T183) | strip width (> d)
. .. 377 h  height above earth pl
M t ~ . & plane
icrostrip line Z; \/e_r[(w OEs) (7.184) (<)

2For lossless lines.
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Waveguides*®
kg wavenumber in guide
@ angular frequency
Waveguide , o min? nPn? @ gude height
equa.tion kg=?_7_ b2 (7185) b gmde width
m,n  mode indices with respect to
a and b (integers)
¢ speed of light
Guide cutoff M2 ny2 Ve cutoff frequency
frequency Ve= (2a) + (%) (7186) | o 2my,
Phase velocity o — 4 (7.187) vp phase velocity
above cutoff P 1—(ve/v)? v frequency
Group velocit,
abovepc‘; o = mp=cy/1—(e/v)?  (1.188) | 5 group velocity
Zmv  wave impedance for
— /1 _ P - transverse magnetic modes
Wave \ Zmm=Zoy/1=(ve/) (7.189) Z1e  wave impedance for
impedances _ o 5 transverse electric modes
Zre=Zo/\/1—(v/ V) (7'190? Zy  impedance of free space
=+/t/€0)
Field solutions for TE,,, modes®
2 2
Bx’—‘lkg; aBz _iwcz aBZ
w: 0x x= ol By
y=lkgc2 0B; 5 _—iwc 2B (7.191)
v ajffzx nw ’ o Ox
B, =Bycos——cos— y E,=0
a b
Field solutions for TM,,, modes®
Ex_ikg;’ EiE _—i(!) aEz
g ox x = 0)3‘ 8 y
=ikgC JE; B _Eaﬁ (7.192)
Towg oy YT w? ax
E,=Esin _n%rf sin B;=0

“Equations are for lossless waveguides with rectangular cross sections and no dielectric.

bThe ratio of the electric field to the magnetic field strength in the xy plane.

“Both TE and TM modes propagate in the z direction with a further factor of expli(kgz —wt)] on all components.
By and Eg are the amplitudes of the z components of magnetic flux density and electric field respectively.
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7.8 Waves in and out of media

Waves in lossless media

P E  electric field
Electric field V2E = sz (7.193) | #  permeability (= pops)
t e permittivity (=eper)
. o’B B magnetic flux density
2 _— PRE—
Magnetic field V°B = e s (7194) | | e
Refractive index n=_/€lir (7.195)
1 ¢ v speed of light
Wave speed r=——=— (7.196) | n  refractive index
pe 1 ¢ speed of light
Impedance of free space Zy= K 37670 (7.197) | Zo i?fc? ance of free
€0
. _E e Z  wave impedance
Wave impedance Z= T =Z . (7.198) | o magnetic field strength
Radiation pressure”

Radiation N G  momentum density
momentum G=— (7.199) | N Poynting vector
density ¢ ¢ speed of light

pp normal pressure

: 1 u  incident radiation

Isotropic ), _ 214 R) (7.200) | -cnergy density
radiation 3

R (power) reflectance

coefficient

Specular pa=u(1+R)cos’6; (7.201) | p, tangential pressure
reflection pi=u(l—R)sinficos;  (7.202) | 6 angle of incidence

I, specific intensity
From an 1 +R y  frequency
extended / +(6,¢)cos 20 dQdy Q  solid angle
source’ (7.203) | 6 angle between dQ

and normal to plane

From a point L source luminosity
source,” Pu= La _';R) (7.204) (i.e., radiant power)
luminosity L Anr C r  distance from source

%0On an opaque surface.
5In spherical polar coordinates. See page 120 for the meaning of specific intensity.
¢Normal to the plane.
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Antennas
z
r
0
Spherical polar geometry: P ¥y
/ﬂ%\
x
7 r distance from
E, = ! (T] + 23]) cosf (7.205) dipole
Field from a short 2rneg \1’c 1 §  angle between r and
(1< A) electric _ 1 /B B, o r
dipole in free 0= 47eg 2 | ¢ + 3 sin¢ (7.206) [p] retarded dipole
space® " . moment
B,=X (@ + %]) sinf (7.207) [pl=p(t—r/c)
dr \r¢c r ¢ speed of light
Radiation 02 2mZy (1 I dipole length (< A)
resistance qf a = W =73 (I) (7208) | 4 angular frequency
short electric 5 A wavelength
dipole in free ~789 (1) ohm (7.209) Zy impedance of free
space ) space
Qa beam solid angle
P, normalised antenna
Beam solid angle  Q, = f P.(6,4)dQ (7.210) g“;’geg)l’;‘j“’m
o dQ differential solid
angle
z:;w ardpower ) %E (7211) | G antenna gain
Antenna effective A2 )
area Ae= Q—A (7.212) | 4. effective area
Power gain of a 3.,
short dipole G(0)= 5 sin 0 (7.213)
Beam efficiency  efficiency= g—:" | (7214) | M fggil’i lobe solid
A 1 Ta antenna
ntenna _ 1 ‘ . temperature
temperature’ Ta= Qa ﬁx Tb(6’¢)P?(9’¢) de (7215) Ty,  sky brightoess
temperature

“All field components propagate with a further phase factor equal to expi(kr —wt), where k=27 /.
The brightness temperature of a source of specific intensity I, is Ty =421, /(2kp).
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Reflection, refraction, and transmission”
parallel incidence perpendicular incidence E  electrc field
E; E, B magnetic flux density
E; i - E; 7 refractive index on
6; 6, 6, 6, incident side
B; ™ B; ™ ne  refractive index on
B; B, transmitted side
6; angle of incidence
|~ E. 1t | #, angle of reﬂect'lfm
0, 8, 9, angle of refraction
E;
Bt Bt
Law of reflection 6 =0; (7.216)
Snell’s law® nisin 6 =7, sinf; (7.217)
9y Brewster's angle of
> = . | incidence for
Brewster’s law tanfs =1¢/m (7.218) plane-polarised
reflection (r) =0)
Eresnel equations of reflection and refraction .
sin26; —sin26; sin(6; — 6;)
= 7.219 = 223
"1™ §in26; +sin26; (7219) L= in(6; + 6,) (7.223)
4cos6;sin b, 2cosf;sind
o= 7.220 = 7.2
= §in26; +sin26; (7.220) L= Sin(6; + 0) (7.224)
R,= r|2I (7.221) R =12 (7.225)
e cosb; 2 nycos;
| = 7.222 T, =2——f 7.226
I nicosd; I ( ) + nicost; L ( )
Coefficients for normal incidence®
(ni—n)’ M=
12 7.227 = (7.230
(i +me)? (7-227) i+ )
4nine 2n;
P L 7.228 =—— (7.231)
G417 (.228) P
R+T=1 (7.229) t—r=1 (7.232)
| electric field parallel to the plane of 1 electric field perpendicular to the
incidence plane of incidence
R (power) reflectance coefficient r  amplitude reflection coefficient
T (power) transmittance coefficient ¢t  amplitude transmission coefficient

@For the plane boundary between lossless dielectric media. All
whether it is parallel or perpendicular to the plane of incidence.

bThe incident wave suffers total internal reflection if L sing; > 1.
¢J e, 6;=0. Use the diagram labelled “perpendicular incidence” for correct phases.

cocthicients refer to the electric field component and
Perpendicular components are out of the paper.
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Propagation in conducting media“

Electrical ne?
conductivity 0=neeu=—1,
(B=0) e

o electrical conductivity
ne  electron number density
(7.233) | = electron relaxation time
p#  electron mobility

B magpetic flux density

Refractive index

electron mass

1/2 —e electronic charge
of an ohmic =(14i d 7.234 - 8
conductor? n ( + ) dnveg ( ) n  refractive index
€y permittivity of free space
. . v frequency
Skln_depth in an &= (uoomv) /2 (7235) | 5 skin depth
ohmic conductor -
o permeability of free space
“Assuming 4 relative permeability, ur, of 1.
bTaking the wave to have an e~i¢! time dependence.
Electron scattering processes®
. Rayleigh cross section
Raylei 7R
Scaﬁteril:g o — w*o? (7.236) @ radiation angular frequency
cross section? R 6megct i o particle polarisability
€y  permittivity of free space
8n e 2 .
Thomson oT=— ~ [7_237) or Thomson cross section
. 3 \dregmec electron (rest) mass
scattering : e . -
cross section® _ S_TETZ —6.652% 10~ 12 h re classical electron radius
3¢ : a 23J8\) ¢ speed of light
Inverse Pyt electron energy loss rate
4 o2 ur,g Tadiation energy density
t = 2z y
Scc(:l]tlsepri‘;ln d Pt 3 OTCUrad? (CZ) (7.239) y  Lorentz factor = [1—(1/c)?]~1/2
g electron speed
Compton , h
: A —A=—(1—cos6) (7.240) | 4,4 incident & scattered wavelengths
scattering® MeC
o A ) | vV incident & scattered frequencies
mMeC .
hy' = € (7.241) 6  photon scattering angle
- A e 4 1—cos@ +(::9/ £) ;ZT: electron Compton wavelength
$  cotp=(1+e)tan : (7242) | ¢ =hv/tmec?)
. oxx~ Klein—Nishina cross section
5 .
_mrg 2(e+1) 1 4 1
K]ein—Nis_hina OKN= T { |:1 — 2 111(28 + 1) + 5 + E - —_2(28—1— 1)2 (7.243)
Cross section ~or (e<1) (7.244)
(for a free ) 1 .
electron) ~ T" (11128+ 5) (e>1) (7.245)

“For Rutherford scattering see page 72.
bScattering by bound electrons.
¢Scattering from free electrons, e < 1.

4Electron energy loss rate due to photon scattering in the Thomson limit (yhv < mec2).

¢From an electron at rest.
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Cherenkov radiation

6§  cone semi-angle

. c .
Cherenkov sinf = <- (7.246) ¢ (vacuufn) -spced of light
cone angle Ho n(w) refractive index
v  particle velocity

We

g2 o 2 Py, total radiated power
Piyy=——1 l—-——|wdw 7.247) | — i
paaes P[]t 030 | e
powe 2 Ho pace p ¥

e«  angular frequency
we cutoff frequency

where n(w)_g for O<w <o,

4From a point charge, e, travelling at speed v through a medium of refractive index #(w).

7.9 Plasma physics

Warm plasmas

2 L Laﬁdau length
e .
= (7.248) | —¢ electronic charge

lléin?}? u dneoks Te ep  permittivity of free space

g ~1.67x107°T; m (7.249) | ks Boltzmann constant

T. electron temperature (K)
1/2
Electron Ape= (%E) (7.250) | 7pe clectron Debye length
Debve length ¢ Me elec_tron number density
ye ‘eng ~69(Te/ne)'/? m (7.251) (m~?)
R flective potential
Deb —212 ¢
o é(r)= aexp( /pe) (7.252) | ¢  point charge
screening’ dneor r  distance from ¢
f;gfer Npe= gnnek‘be (7.253) | Npe electron Debye number
T3 P Te electrt;n relaxation time
. o =344 % 10° =8 s 7254 7; ion relaxation time
l'lela.xatlon € nlnA ( ) T; ion temperature (K)
times (B =0) ; 32 m; 1/2 InA Coulomb logarithm
;=209 x 10" —— | — s (7.255) {typically 10 to 20)
nelnA \mp B magnetic flux density

Characteristic 2%k T:\ 2
electron = ( Me ) (7.256) ve electron thermal speed
thermal lectron
speed ~551x10°T ms™ (2s57) | ™ T

Effective (Yukawa) potentia! from a point charge ¢ immersed in a plasma.

bCollision times for electrons and singly ionised ioms with Maxwellian speed distributions, T; 1 S Te. The Spitzer
conductivity can be calculated from Equation (7.233).

¢Defined so that the Maxwellian velocity distribution o exp(—t?/v2). There are other definitions (see Maxwell-
Boltzmann distribution on page 112).
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Electromagnpetic propagation in cold plasmas®

2
@nvp)? = = =2 (7.258)
Plasma frequency €oMMe
vp>898n" Hz  (7259)
Plasma refractive I ‘ 21/2
=[1— :
index (B=0) ’1 [ (p/v) ] (7.260)
Plasma dispersion 2,2 2 2
k' =w*— 7.261
relation (B=0)  °© % (7.261)
Plasma phase
= (7.262
velocity (B=0) vp=cln ( )
Plasma group vg=cn \ (7.263)
velocity (B=0) Vv =C" (7.264)
_9B _ ‘
Cyclotron 2nve = o @c (7.265)
(Larmor, or gyro-)  yo, ~28x10°B Hz (7.266)
frequency vop~152x10°8 Hz  (7267)
= —o (7.268)
Larmor ¢ 4 -
(cyclotron, or rre="5.69x 1012 (TE') m (7.269)
gyro-) radius o (UL
rip=10.4x 10 (E) m  (7.270)
‘ Mixed propagation modes®
X(1—X)
2
=1— , 7.271
7 (1—X)—1Y2sin’65 %S (7.271)
where X = (wp/co)z, Y =wee/w,
and $%= i Y*sin*0p + Y2(1—X)?cos® 0z
; ,
. _ Hoe 2 .
Ap= e P / neB-dl  (7.272)
Faraday rotation® “———"line
263x10-1
=RA? (7.273)

Ug
vC
oc
VCe

VCp

s
Tie

AR

]

Ay
pl
dI

R

plasma frequency

plasma angular frequency
electron number density (m—7)
electron mass

electronic charge
permittivity of free space
refractive index

frequency

wavenumber (=2n/1)
angular frequency (=2x/v)
speed of light

phase velocity

group velocity

cyclotron frequency
cyclotron angular frequency
electron v¢

proton ve

particle charge

magnetic flux density (T)

particle mass (ym if relativistic)
Larmor radius ‘
electron ry,

proton r,

speed L to B (ms™1)

angle between wavefront
normal (k) and B

rotation angle
wavelength (=2n/k)

line element in direction of
wave propagation
rotation measure

“Le., plasmas in which electromagnetic force terms dominate over thermal pressure terms. Also taking g, =1.

®In a collisionless electron plasma. The ordinary and extraordinary modes are the + and — roots of S? when
g =m/2. When 6 =0, these roots are the right and left circularly polarised modes respectively, using the optical

convention for handedness.

“In a tenuous plasma, SI units throughout. Ay is taken positive if B is directed towards the observer.
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Magnetohydrodynamics®

1/2 172
Dy = (@) = (M) (7.274)

vs sound (wave) speed
ratio of heat capacities
hydrostatic pressure

¥
Sound speed P P i plasma mass densit
~ 1/ 2 —1 y
~166T/“ms (7‘275 ) kg Boltzmann constant
T temperature (K)
mp proton mass
Da = B (7.276) va  Alfvén speed
. A7 (aop)' 2 ' B ic flux density (T
Alfvén speed Hop magnetic flux density (T)
~218x% 1016Bne—1/2 ]Ils_l (7.277) po permeability of free space
ne electron number density
(m=3)
2 B plasma beta (ratio of
Plasma beta B= z'ugp = 4#011353 T = 21; (7.278) hydrostatic to magnetic
B B T0a pressure)
. . — lectromic charge
Direct electrical nZe’c © e -

. 0d= 553573 (7_27 9) oq direct conductivity
conductivity nge’+0°B ¢ conductivity (B=0)
Hall electrical B .
conductivity o= nTead (7.280) | ou Hall conductivity

‘ J  current density
Generalised % E  electric field
J =c4(E +vxB)+ouBx(E+vxB) (7.281
Ohm’s law od(E+vxB)+ouBx( xB) ( ) v plasma velocity field
B =B/B|

Resistive MHD equations (single-fluid model)®
éB

Bt =Vx(vxB)+ ﬂsz (7.282) uo permeability of free space
% o V=2t L (VuB}xB+VV Ul -
ot p - Hop RN
1 . v kinematic viscosity
+ gvV(V v)+g (7.283) | ¢  gravitational field strength
Shear Alfvénic ®  angular frequency (=2nv)
dispersion @ =kvs cosfp ' (7284) | &k wavevector (k=2=/4)
relation® fz angle between k and B
Magnetosonic
dispersion 0k (w2 +v3)— 0* =v2vik* cos’ Oy (7.285)
relation?

@For a warm, fully ionised, electrically neutral p*/e~ plasma, pur = 1. Relativistic and displacement current effects
are assumed to be negligible and all oscillations are taken as being well below all resonance frequencies.
bNeglecting bulk (second) viscosity.

“Nonresistive, inviscid flow.

dNonresistive, inviscid flow. The greater and lesser solutions for w? are the fast and slow magnetosonic waves
respectively.
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Synchrotron radiation

vy\2 .
Power radiated . P tot=2€TTCumagy2 (E) sin’ @

(7.286)

by a single 2
electron? :1.59><10‘14Bz'y2(g) sin20 W
(7.287)
/ 2
... averaged Py = garcumagyz (E) (7.288)
over pitch ¢ N2
angles ~1.06 x 10714 B2;? (E) W (7.289)
12,38
Single electron  P(y)= 3—4@91:@ [Ven) (7.290)
emission T€oCMe
spectrum® ~234x 107 BsinfF(v/vy) WHz™!
(7.291)
3,eB .
Characteristic Veh = 57 D sinf -(7-292)
frequency ~42x10%2Bsind Hz .  (7.293)
[=.o]
F(x)zx] Ks/3(y)dy (7.294)
Spectral x
function N 2.15x3 (x<1) (7.295)
T 125x 26 (x>>1) ‘

Piot total radiated power

or Thomson cross section

Umag MAagnetic energy
density =B?/(2u9)

v electron velocity (~c)

¥  Lorentz factor
=[1—(v/c)]7'/2

6  pitch angle (angle
between » and B)

B magnetic flux density

¢ speed of light

P(v) emission spectrum

v frequency

ven characteristic frequency

—e electronic charge

o free space permittivity

me  electronic (rest) mass

F  spectral function

KS’:3 modified Bessel fo. of
the 2nd kind, order 5/3

1

F(x)
0.5

9This expression also holds for cyclotron radiation (v <c).

bLe., total radiated power per unit frequency interval.
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Bremsstrahlung®
Single electron and ion
aw Z%  o? 1 wb wb
= — | K2 [ — | +Ki | — 296
do — 24megcimg y2vt [?2 0 ( 70 )+ ' (vv ) } (7259
Z%eb ‘
~ Ml b 7.297
24nt el cPmibiv? (b <7v) (7.297)
Thermal bremsstrahlung radiation (v < ¢; Maxwellian distribution)
dp —5172—1/2 —hv —aypo-1
——=6. i — 2
iV 6.8x 1071 Z* T~ *nineg(v, T )exp oT Wm—Hz (7.298)
0.28[In(4.4 x 10*6T3y=2Z~2)—0.76] (hv <kT Z10°kZ?)
where g(v,T)={ 0.55In(2.1 x 10107y~ 1) (hv €10°%kZ? Sk T) (7.299)
(2.1 x 1010 Ty~1)~1/2 (hv>kT)
dp —40 72 m1/2 -3
7 1.7x107%Z“T"*nne Wm (7.300)
@  angular frequency (=2mv) v electron velocity W energy radiated
Ze ionic charge K; modified Bessel functions of | T  electron temperature (K)
_e electronic charge order i (see page 47) m  ion number density (m~>)
vty of y  Lorentz factor ne electron number density
€0 permltuw'.cy of free space =1 _(U/C)Z]—I/Z (m—j)
¢ speed of light P power radiated k  Boltzmann constant
e elec_tr_omc mass ¥V  volume h  Planck constant
b collision para.met‘erc v frequency (Hz) ¢ Gaunt factor

a(lassical treatment. The ions are at rest, and all frequencies are above the plasma frequency. .
bThe spectrum is approximately flat at low frequencies and drops exponentially at frequencies Z yv/b.

¢Distance of closest approach.



Chapter 8 Optics

8.1 Introduction

Any attempt to unify the notations and terminology of optics is doomed to failure. This
is partly due to the long and illustrious history of the subject (a pedigree shared only with
mechanics), which has allowed a variety of approaches to develop, and partly due to the
disparate fields of physics to which its basic principles have been applied. Optical ideas
find their way into most wave-based branches of physics, from quantum mechanics to radio
propagation.

Nowhere is the lack of convention more apparent than in the study of polarisation, and so
a cautionary note follows. The conventions used here canibe taken largely from context, but
the reader should be aware that alternative sign and handedness conventions do exist and are
widely used. In particular we will take a circularly polarised wave as being right-handed if,
for an observer looking towards the source, the electric field vector in a plane perpendicular to
the line of sight rotates clockwise. This convention is often used in optics textbooks and has
the conceptual advantage that the electric field orientation describes a right-hand corkscrew
in space, with the direction of energy flow defining the screw direction. It is however opposite
to the system widely used in radio-engineering, where the handedness of a helical antenna
generating or receiving the wave defines the handedness and is also in the opposite sense to
the wave’s own angular momentum vector.
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8.2 Interference

Newton’s rings®

nth dark ring

T,% = nR/lg

nth bright ring 2

(8.1)

(n+ %) Riy (82)

r.  radius of nth ring

integér (=0)
lens radius of curvature

g  wavelength in external

n medium
4Viewed in reflection.
Dielectric layers®
m1 ] Ry 1 l
single layer #2[ | t“ T multilayer
13 l
1—-R n3
a  film thickness
Quarter-wave = Ao 83) | ™ thickness integer
condition T 4 ’ (m=0)
ny film refractive index
Ao - free-space wavelength
Mmy3—Hn; R power'reﬁectance
Single—layer ( nins+ 772) (m Odd) coeﬂiclf:nt -
reflectance’ (84) | m f:néry-mde refractive
m—ns (m even) e
n+n3 n3  exit-side refractive
index
Dependehce of max if (_l)m(ﬂl - ?12)(1?2 - n3) > 0 (8'5)
R on layer min if (—1)"(n —n2)(m2—n3) <0 (8.6)
thickness, m R=0 if no=(mn3)"? andmodd (8.7)
Ry multilayer reflectance
i 5 N number of layer pairs
M‘ﬂtﬂayerc _ {771 —n3(1a/ 1M )ZN:l (8.8) na refractive index of top
reflectance 1 +13(1a /1) . layer
1y refractive index of
bottom layer

%For normal incidence, assuming the quarter-wave condition. The media are also assumed lossless, with yr=1.
bSee page 154 for the definition of R.

¢For a stack of N layer pairs, giving an overall refractive index sequence #17a,1s/a--

Each layer in the stack meets the quarter-wave condition with m=1.

MafpNs (see right-hand diagram).
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Fabry-Perot etalon®

. ! it
19 6214: i
‘ X / . e3¢ n
/ incident rays n j
¢  incremental phase difference
b= 2ko h};{’ cost (8.9) ko free—-Spaa?Z t\;avcnumber (=2=n /)
I t l ) 2 i /2 h cawty w1
rﬁ(:-:emen a = 2%, ' |1— nsing (8.10) 6 f‘ringe inclination (usua.l_ly <1)
p 7 ’
difs b Y 6" internal angle of refraction
ifference . , itv refractive ind
=2nn for a maximum (8.11) | T c@vity refractive index
y 1 external refractive index
n  fringe order (integer)
Coefficient of Fe 4R (8.12) F  coefficient of finesse
finesse T (11— R)? : ’ R  interface power reflectance
T
‘ F= 5F1/2 (8.13) | # finesse
Finesse Ao lo free-space wavelength
= ﬂTh (8.14) [0} ' cavity quality factor
 Ip(1—R)?
I0)=————— (8.15)
T itted 1+R?—2Rcos¢ I transmitted intensity
inrtanspn te — Iy : (8.16) Iy  incident intensity
soslty 1+ Fsin¥($/2) A Ay fanction
=1IpA(0) (8.17)
Fri — s —1/2
- rlngej A¢=2arcsin(F / ) (8.18) A¢ phase difference at half intensity
intensity ~op-1/2 2.19 point
profile = (8.19)
1/2 '
Chromatic ’1—0 ~ R 7n =nF (8.20) e ‘
. 64 1—R 54 minimum resolvable wavelength
resolving STy difference-
power == T (o<1 (821)
Free spectral Ot =$§A (8.22) 8¢ wavelength free spectral range
range¢ Sve= 2_5@ (8.23) | dvr frequency free spectral range

“Neglecting any effects due to surface coatings on the etalon. See also Lasers on page 174.
bBetween adjacent rays. Highest order fringes are near the centre of the pattern.
At pear-normal incidence (§20), the orders of two spectral components separated by <&4¢ will not overlap.
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8.3 Fraunhofer diffraction

Gratings®
i diffraction grating
| coherent plane waves
sin®)
pattern at infinity

I(s) diffracted intensity
Young’s kDs I, peak intensity
double I(s)=1Ipcos® > (8.24) | 6  diffraction angle 0} D
slits® s =sind "

D slit separation

2 wavelength
N equally ) 2 N  pumber of slits l i
spaced I(s)=Io [M] (8.25) | ¥  wavenumber d = N
narrow slits Nsin(kds/2) (=2m/4) fe

d  slit spacing f
Infinite = ni n  diffraction order

. I(s)=Ip 0 (s — —) (8.26) | 6 Dirac delta
grating FZ_:OO d function
Normal A ni 9, angle of diffracted
incidence sinfy = d (8.27) maximum
Oblique . . na 6; angle of incident , 6;
incidence sinfy +sinb; = a4 (8.28) illumination %Iélﬂ
n
Reflection .. . n '
grating sinf, —sinf; = 7 (8.29) 6,0
Chromatic i 51 difiract ‘ ': ;‘i;"
i — raction pea

resolving 57 =Nn (8.30) width
power
Grating 08 n
dispersion @A dcosf (8.31)
?fagg’s 2asind, =ni (832) | @ atomic plane
aw® spacing \vl

aUnless stated otherwise, the illumination is normal to the grating.
bTwo narrow slits separated by D.
¢The condition is for Bragg reflection, with 6, =6;.
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Aperture diffraction

coherent plane-wave
illumination, normal
to the xy plane

* —iksx yp  diffracted wavefunction
General 1-D  ¥(5) /_ . flx)e™ dx (§33) | I diffracted intensity
aperture® 1(s) o™ (s) (8.34) 6 diﬂ'.ractjon angle
- s =sinf
f  aperture amplitude

General 2-D transmission function
aperture in —ik(sxx+8,¥) x,y distance across aperture
(x,y) plane W(Sx’sy) - //f(x,y)e dxdy (8:35) k  wavenumber (=2x/4)
(small angles) ® ' sx  deflection || xz plane

" sy deflection L xz plane

2.2
sin“(kas/2) _—
R I(s)=If————— (8.36) | fo  peak intensity
S;t%ad b (kas/2)? a  slit width (in %)
=Iysinc’(as/A) (8.37) | 4  wavelength

Sidelobe I, 21?1 . o
. . =2} — In th sidelobe inte:
intensity To (n) 2n+1) (n>0) (8.38) nth sidelobe mtensity
Rectangular o
aperture I(s4,5,) =Iosine? £ sinc? bsy (8.39) | @ @perture widihin x
(small angles) A A b aperture width in y
Circular 2Jy(kDs/2)1? Ji first-order Bessel function
aperture® I(s)=1o [W} (8.40) | p aperture diameter
First A )
minimum? 5= 1-225 (8.41) | +  wavelength
First subsid. A
maximum 5= 1'645 ' - (8.42)
Weak 1-D - . o Lz ¢(x) phase distribution
phase object f(x)=expli¢(x)] =1 +i¢(x) ®43) | o
Fraunhofer ( Ax)2 L distance _of aperture from
s L> (8.44) observation point
limit® A Ax aperture size

%The Fraunhofer integral.

bNote that sincx = (sinzx)/(nx).

“The central maximum is known as the “Airy disk.” .

dThe “Rayleigh resolution criterion” states that two point sources of equal intensity can just be resolved with
diffraction-limited optics if separated in angle by 1.224/D.

¢Plane-wave illumination.
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8.4 Fresnel diffraction
Kirchhoff’s diffraction formula“®

dA

|
Yol r P

|

(source at infinity)

Source at wp i_in/K(g)f d4d (8.45)
infinity A r
plane

where:
Obliquity 1
factor K(0)= 5(1 +cosd) (8.46)
(cardioid)
Source at iEy [ et " a "

=—— cos(s-#)—cos(s-p)] dS

Anite vp 7 Sor [cos(3-#) (3-p)]
distance® closed surface

(8.47)

complex amplitude at P
wavelength

wavenumber (=27 /4)
incident amplitude

obliquity angle

distance of dA from P (3> 4)

area element on incident
wavefront

obliquity factor

element of closed surface
unit vector

vector normal to dS
vector from P to dS
vector from source to dS
amplitude (see footnote)

ZAlso known as the “Fresnel_Kirchhoff formula.” Diffraction by an obstacle coincident with the integration surface

can be approximated by omitting that part of the surface from the integral.

bThe source amplitude at p is y(p) = Eoe™? /p. The integral is taken over a surface enclosing the point P.

Fresnel zones

source 21 22 observer
. flective distan
Effective aperture 1 1 1 #  cllectve distance
. —=—t— (8.48) | z source-aperture distance
distance” z £ Zz )
z;  aperture—observer distance
. half-period zone number
Half-period zone . "
ra;ll'{lg ¥y “(?I/LZ)I/ 2 (849) | »  wavelength
yn» nth balf-period zone radius
Axial zeros (circ ular R2 zm distance of mth zero from
aperture) m= 2 (8.50) aperture
p 2mA R aperture radius

4] e., the aperture-observer distance to be employed when the source is not at infinity.
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Cornu spiral

0.8

0.6

Edge diffraction

Cornu Spiral ast

0.4

5]
T

=
A

0.2

intensity
|CS(w)+ L(1+)|?

0 0’.2 0‘.4 0’.6 0.8 —4 _ -2 0 é ;
w
v g2
C(w)= —d .51
Fresnel (W) fo €05 (8:51) C  Fresnel cosine integral
integrals® ' W B ' S  Fresnel sine integral
S(w) = / sinﬁ dz (8.52)
0 2
Corm it OO SO 59 | 65 o s
CS(i'OO) — ii(l +i) (8.54) | vw length along spiral
- 1 wp complex amplitude at P
yp= % [CS(w)+ =(1+i)] - (8.55) | wo unobstructed amplitude
21/ 2 A wavelength

Edge diffraction )
z  distance of P from

7\ 12
where w=y (E) (8.56) aperture plane [see (8.48)]
¥y  position of edge

. ) _ Yo h
Diffraction Yp= 2172 [CS(w2)—CS(wy)] (8.57) ;‘;an?i;ves -
from a long 2 172 : _
slitb where w;=y; (E) (8.58)
- - Y2
. P
ve=2CS@)-CSeOlx  (859) | | || [l L
Diffraction [CS(w2)—CS(w1)] (8.60) o
from a 2 1/2 X;  positions of slit sides
= [ = yi  positions of slit
rectatnugular where v;=x; ( lz) . (8.61) top /bottom
aperture S\ 112

“See also page 45.
bglit long in x.
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8.5 Geometrical optics

Lenses and mirrors®

object f
%
mirror
sign convention
+ —_
r centred to right centred to left
u real object virtual object
v real image virtual image
converging lens/ diverging lens
f
concave mirror CONVEX MIirror
My erect image inverted image
L optical path length
Fermat’s principle® L= f ndl is stationary (8.63) | n  refractive index
dl ray path element
11 1 u  object distance
Gauss’s lens formula —+-=< (8.64) | v  image distance
w v f f  focal length
Newton’s lens x; =v—f
X1X2 = 8.65 !
formula 152 (8.65) x =u—f
Lensmaker’s 1 1 1 1 r; radii of curvature of
formula u v (n—1) (; - E) (8.66) lens surfaces
. 11 2 1 R -mi dius of
¢ __=_1 mirror radius o
Mirror formula - + S=TRTT (867) |\ curvature
. 1 —1 D  dioptre number (f in
Dioptre number D= ? m (8.68) metres)
. 4 _ i n  focal ratio
Focal ratio " d (8.69) d  lens or mirror diameter
Transverse linear My= R (8.70) | Mr trapsverse
magnification, magnification
Longi_tudirgal linear  py a2 ®71) | M longitudinal
magnification magnification

aFormulas assume “Gaussian optics,” i, all lenses are thin and all angles small. Light enters from the left.
bA stationary optical path length bas, to first order, a length identical to that of adjacent paths.

¢The mirror is concave if R <0, convex if R>0.
dQr “f-number,” written f/2 if n=2 etc.
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Prisms (dispersing)

) 222 . 0; angle of incidence
Transmission  Siné =(n°—sin“6;)"/*sina 8, angle of transmission
angle —sinf;cosa (8.72) | = apex angle

refractive index

Deviation 6="6;+0;—a (8.73) | 5 angle of deviation
Minimum N
deviation sinf; =sin 6, =mnsin 2 (8.74)
condition :
Refractive _sin[(6n, +a)/2] . »
index = sn(2) (8.75) | m minimum deviation
Angular _ ﬁ _ 2sin(x/2)" i}_ (8.76) D  dispersion
dispersion” T di cos[(Bm+a)/2] dA : 4 wavelength

2At minimum deviation.

Optical fibres

¢ cladding, 5. <ns¢ ~ fibre, #¢

0n maximum angle of incidence
. 1 exterior refractive index
Acceptance angle  sinfy, = — (52 —n?2)}/2 ) o
P & 6. o (n7 —11¢) (8.77) ne fibre refractive index
1. cladding refractive index
ical - '
Numeri N =mnqsinfy, (8.78) | N numerical aperture
aperture
Multimode At At temporal dispersion
amode SL_m ey (8.79) | L fibre length
dispersion L c¢\n ¢ speed of light

?Of a pulse with a given wavelength, caused by the range of incident angles up to fy. Sometimes called “intermodal
dispersion” or “modal dispersion.”
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8.6 Polarisation

Elliptical polarisation”

¥
E  electric field Eoy 4
inti iS5+ 3 k  wavevector
Elliptical E=(Eq,E 0 nilkz—ot) -
e = (Lox, Loy€ Je : : N X
polarisation (8.80) z  propagation axis &\ -
’ ot angular frequency x PRGN \
time < Eox
Eox x amplitude of E
Polarisation tan2x= 250" 0; cosd Eoy ¥ @thde of E
angle? Eg,. —Eg, & * relative phase of E,
(8.81) with respect to Ex
¢  polarisation angle
a—b e ellipticity
Ellipticity® e=—— (8.82) | a  semi-major axis
4 b  semi-minor axis
I(0) transmitted intensity
Malus's law?  I(8)=Ipcos*6 (8.83) | fo  incident intensity
§  polariser-analyser
angle

aSee the introduction (page 161) for a discussion of sign and handedness conventions.

bAngle between ellipse major axis and x axis. Sometimes the polarisation angle is
defined as 7/2—a.

°This is one of several definitions for ellipticity.

dTransmission through skewed polarisers for unpolarised incident light.

Jones vectors and matrices

Normalised E _ E  electric field
. a E= ( x) ; |El=1 (8.84) | Ex x component of E
electric field E, E, y component of E
1 1 /1
i) men() e
X 0 1 45
E:C?;I;I_e V2 E, right-hand circular
’ E. = _l_ 1. E= _E_ 1 E; left-hand circular
T ,\/2_ —i .\/i i/
E, transmitted vector
Jones matrix E.=AE; (8.85) | E; incident vector
A Jones matrix

Example matrices:
Linear polariser | x
Linear polariser at 45°

Right circular polariser

A/4 plate (fast || x)

1 0

00
1 11
201 1
l 1 i
28 =i 1

in /4 10
© (o i)

Linear polariser ||y
Linear polariser at —45°
Left circular polariser

1/4 plate (fast L x)

aKnown as the “normalised Jones vector.”
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Stokes parameters®

E, Y
r—-=-=-= o 3!
|
|
|
|
2b
E E itkz—oot) (8 86) k  wavevector
. x = Lox€ . ot angular frequency x time
Electric fields E, = Egeilke—ot+d) (887) | 5 relative phase of E, with
respect to Ex
. . b (see diagram)
b e’
Axial ratio tany=+r=4 - ‘- (8.88) axial rafio
I=(E2)+(E2) (8.89)
0- -2} oo | 2 s e
y
Stokes =pl cos2ycos2u © (891) | By, field amplitude in x direction
arameters U=2(EE,)cosd (8.92) | Eo, field amplitude in y direction
P =pl cos2ysin2a (8.93) | @ polarisation angle
V =2(E,E,)siné (8.94) | P desree of polarisation
() mean over time
=plsin2y (8.95)
Degree of (Q*+ U+ V)2
polarisation P= Fi <1 (8.96)
o/I U/ V/I o/ U/ V/I
left circular 0 0 -1 right circular 0 0 1
linear | x 1 0 0 linear || y -1 0 0
linear 45°tox O 1 0 linear —45°tox 0 -1 0
unpolarised 0 0 0

“Using the convention that right-handed circular polarisation corresponds to a clockwise rotation of the electric field
in a given plane when looking towards the source. The propagation direction in the diagram is out of the plane.
The parameters I, Q, U, and V are sometimes denoted sg, 51, $2, and s3, and other nomenclatures exist. There is
no generally accepted definition — often the parameters are scaled to be dimensionless, with so=1, or to represent
power flux through a plane | the beam, ie., I =((EZ) +(E§))/Zo etc., where Zj is the impedance of free space.
bThe axial ratio is positive for right-handed polarisation and negative for left-handed polarisation using our
definitions.
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8.7 Coherence (scalar theory)

Mutual
coherence Tia(z) = (¥ (2 (t+7) (8.97)
function
_ Yt +1)
Complex degree 2O =Ty, B2 O
of coherence I'2(7)
= 8.99
OO0 (559
Combined - [y =1y +I+2(1:12) R [y12(2)]
intensity® (8.100)
s 12
Fringe visibility  ¥(z)= 202 "1y o) (8.101)
Ii+1
if |yp(z)l s a _ Imax — I
constant: V= Imax + Imin (8.102)
if [y=I: V(@)=ly0) (8.103)
oYt +
Complex degree  ¥(7)= %ﬂ (8.104)
of temporal e
coherence® _ JI(@)e™" do (8.105)
JI(w)dw
Coherence time Al 1
and length A‘Cc = T ~ E (8106)
Complex degree 1DV = (8107
X 12 (g2 *)]
of spatial o kD
coherence® _J1®e2" a0 (8.108)
[1()ag
Intensity (L) . .2
correlation? )2 (1)2172 1+7°(D) (8.109)
Speckle 1
intensity pr(l)= Te‘” o (8.110)
distribution® )
Speckle size
(coherence Awe~— (8.111)
width) x

T;; mutual coherence function

7 temporal interval

¥; (complex) wave disturbance
at spatial point i

t time

() mean over time

yi; complex degree of coherence

complex conjugate

Iis: combined intensity

I; intensity of disturbance at
point i

R real part of

Ipax max. combined intensity
Imin min. combined intensity

y(t) degree of temporal coherence
I{w) specific intensity

@ radiation angular frequency
¢ speed of light

At; coherence time

Al. coherence length

Av  spectral bandwidth

y(D) degree of spatial coherence

D spatial separation of points 1
and 2

I(§) specific intensity of distant
extended source in direction §

dQ differential solid angle

%  unit vector in the direction of
dQ

k  wavenumber
pr probability density

Aw, characteristic speckle size
A wavelength

@  source angular size as seen
from the screen

From interfering the disturbances at points 1 and 2 with a relative delay .

50r “autocorrelation function.”
CBetween two points on a wavefront, separated by D. The integral is over the entire extended source.
dFor wave disturbances that have a Gaussian probability distribution in amplitude. This is “Gaussian light” such as

from a thermal source.
¢Also for Gaussian light.
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8.8 Line radiation

Spectral line broadening

_ I{w) normalised intensity?
Natural 2 1
brozllc;:ning“ I(a)} = 3 _g TCT) 3 (8.112) t  lifetime of excited state
(27)72 + (@ —e20) »  angular frequency (=2nv)
Natural 1 Aw half-width at half-power |
half-width Ao= 2z (8.113) wo centre frequency
'C ollision (;rr ‘Ec)_l Te  mean time between
, I(e)= 8.114 collisions
broadening 1) 32 (o —arp SO, e
d  effective atomic diameter
Collision and 1 y KT\ 2 m  gas particle mass
pressure A== — ( ﬂ) (8.115) k  Boltzmann constant
half-width® . pnd 16 T  temperature
¢ speed of light
1/2
Doppler  fgy— () " axp | @20
broadening 2kTwin kT o I(w)
(8.116) Ao
Doppler Aw _ (2kTIn2\"?
half-width 0o = ( Tz ) (8.117) o~

4The transition probability per unit time for the state is = 1/7. In the classical limit of a damped oscillator, the

e-folding time of the electric field is 27. Both the natural and collision profiles described here are Lorentzian.
5The intensity spectra are normalised so that [I(w)dw =1, assuming Aw/wo < 1.

“The pressure-broadening relation assumes an otherwise perfect gas of finite-sized atoms. More accurate expressions

are considerably more complicated.

Einstein coefficients®

Ry; transition rate, level i— j (m—3s™1)
Absorption Riz=BpIym (8.118) | By Einstein B coefficients
I,  specific intensity of radiation field
Az, Einstein A coefficient
Spontaneous n =
.. Roy=Ann 8.119 i i
emission 21 2112 ( ) n; numb-er dfx;mty of atoms in quantum
level i (m™)
Stimulated  p _p 1, - (8.120)
€mission
Ay 2w gy h  Planck constant
. == = (8.121)
Coefficient By, ¢ g v frequency
ratios B ‘ ¢ speed of light
28 8122) |, 4 ¢ ith lovel
Bpa 2 £ egeneracy of ith level

@Note that the coefficients can also be defined in terms of spectral energy density, u, =4nl, /c rather than I,. In this
case 42 = sl’iﬁ%. See also Population densities on page 116.

By c



174 Optics

Lasers®
Rl R2
-~ ¥
1""--.
— light out
—_ T2 -~

Cavity stability L ri2 radii of curvature of end-mirrors
condition 0< (1— 1"_1.) (1 - _) <1 @& 123) L distance between mirror centres
e s e v, mode frequency
Lot i
y m ¢ speed of light
27 L(R; Ry)M*
0= ﬁ(RIR—Z)I/Z (8.125) | @  quality factor
Cavity Q [1—(RiR2)'%] Rj» mirror (power) reflectances
~ L (8.126) A wavelength
AM1—RiRy)
Cavity line _Vn Ave cavity line width (FWHP)
Ave=—=1/(2 8.127
width ve /(@me) ( ) 7. cavity photon lifetime
. Av line width (FWHP)
Schawlow— Av _ 2mh(Av)? aNy P laser power
T?wnes line Ve P giNo—2u Ny gu1 degeneracy of upper/lower levels
width (8.128) | Ny number density of upper/lower
levels
Threshold @  gain per unit length of medium
; .. RiRzexp[2(a—p)L] >1 8.129
lasing condition 1Roexpl2( AL ( ) B loss per unit length of medium J

@ Also see the Fabry-Perot etalon on page 163. Note that “cavity” refers to the empty cavity, with no lasing medium
present.
5The mode spacing equals the cavity free spectral range.



Chapter 9 Astrophysics

9.1 Introduction

Many of the formulas associated with astronomy and astrophysics are either too specialised
for a general work such as this or are common to other fields and can therefore be found
elsewhere in this book. The following section includes many of the relationships that fall
into neither of these categories, including equations to convert between various astronomical
coordinate systems and some basic formulas associated with cosmology.

Exceptionally, this section also includes data on the Sun, Earth, Moon, and planets.
Observational astrophysics remains a largely inexact science, and parameters of these (and
other) bodies are often used as approximate base units in measurements. For example, the
masses of stars and galaxies are frequeéntly quoted as multiples of the mass of the Sun
(1M =1.989 x 10*°kg), extra-solar system planets in terms of the mass of Jupiter, and so
on. Astronomers seem to find it particularly difficult to drop arcane units and conventjons,
resulting in a profusion of measures and nomenclatures throughout the subject. However,
the convention of using suitable astronomical objects in this way is both useful and widely
accepted.
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9.2 Solar system data

Solar data
equatorial radius Roe = 6960x10°m = 109.1Rg
mass My = 19891x10¥kg = 332946 x10°Mg
polar moment of inertia I = 57x10%kgm? = 709x10%],
bolometric luminosity Lo = 3826x10%W
effective surface temperature T = 5770K
solar constant? 1.368 X 10°Wm™2
absolute magnitude My = +483; Myg = +475
apparent magnitude my = —26.74; My = —2682
aBolometric flux at a distance of 1 astronomical unit (AU).
Earth data
equatorial radius Re = 637814x10°m = 9.166x107°R,
flattening® f = 000335364 = 1/298.183
mass Ms = 59742x10%kg = 3.0035x107%Mg
polar moment of inertia I = 8037x107kgm? = 141x107°I,
orbital semi-major axis® 1AU = 1495979x10Mm = 2149Ry
mean orbital velocity 2979 x 10*ms™!
equatorial surface gravity g = 9.780327ms ™2 (includes rotation)
polar surface gravity g = 9.832186ms™? ‘
rotational angular velocity . = 7.292115x10 9 rads™
4 equals (Re — Rpolar)/ Re. The mean radius of the Earth is 6.3710x 105m.
bAbout the Sun.
Moon data :
equatorial radius R, = 17374x10°m = 0.27240Rg
mass M, = 7.3483x10%kg = 1230x1072Mg
mean orbital radius® an = 3.84400x10*m = 6027Rg
mean orbital velocity 1.03x10°ms™!
orbital period (sidereal) 27.32166d
equatorial surface gravity 1.62ms™2 = 0.166g,
aAbout the Earth.
Planetary data“
M/Mg R/Rg T(d) P(yr) a(AU) M mass
Mercury 0055274 0.38251 58.646 024085 038710 | R equatorial radius
Venus? 0.81500 094883 243018 0.615228 0.72335 | T rotational period
Earth 1 1 099727 100004 1.00000 | P orbital period
Mars 0.10745 053260 1.02596 1.88093 1.52371 | a mean distance
Jupiter 317.85 11.209 041354 11.8613 520253 | Me 5.9742x10%kg

Saturn 95.159 04491 044401 29.6282  9.57560 | Re  637814x10°m
Uranus®  14.500 40073 071833 84,7466 192934 | 1d  86400s
Neptune 17.204 38826 0.67125 166344 302459 | 1yr 3.15569x107s
Pluto® 0.00251 0.18736 63872 248348 39.5090 | 1AU 1495979x10''m

aUsing the osculating orbital elements for 1998. Note that P is the instantaneous orbital period, calculated from the
planet’s daily motion. The radii of gas giants are taken at 1 atmosphere pressure.
bRetrograde rotation.
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9.3 Coordinate transformations (astronomical)

Time in astronomy

| Julian day number® Jb
JD =D —32075+1461=(Y +4800+(M —14)/12)/4 ?
1367 %(M—2—(M—14)/12%12)/12 M
_3%((Y +4900+ (M —14)/12)/100)/4 9.1) | «
Modified . /
Julian day ~ MJD=JD—2400000.5 ©9.2) | yop
number
Day of W=(JD+1) mod7 ©93) | ¥
week
LCT
Local civil 1 T —UTC+TZC+DSC (9.4) | VI€
time TZC
DSC
Julian _ JD—2451545.0 T
centuries T= 36525 (®:3)
GMST =6"41™50°.54841 *
C?éeen“l’mh +8640184°812866T
siderea s 2
fime +0°.093104T
—0°.0000062 T3 (9.6)
Local 1 LST
sidereal LST=GMST+ 1% o7 | »
time

GMST Greenwich mean sidereal

Julian day number

day of month number
calendar year, e.g., 1963
calendar month number
integer multiply

integer divide

modified Julian day
number

day of week (0=Sunday,
1=Monday, ... )

local civil time
coordinated universal time
time zone correction
daylight saving correction

number of Julian centuries
since 1 Jan 000

time

local sidereal time

geographic longitude,
degrees east of Greenwich

@For the Julian day starting at noon on the calendar day in question. The routine is designed around FORTRAN
or C integer arithmetic and is valid for dates from the onset of the Gregorian calendar, 15 October 1582. For
Pascal, use ‘div’ in place of />, JD represents the number of days since Greenwich mean noon 1 Jan 4713 BC. For
reference, noon, 1 Jan 2000 = JD2451545 and was a Saturday (W =6).

Horizon coordinates®

Hour angle H=LST—a (9.8)

Equatorial sing=sindsin¢ + coséé ?0;;5 cosH 9.9)
to horizon  t3p4= —Coso s

an sindcos¢—singcosdcosH (9.10)

Horizon to S0 =8inasin¢+cosa<{0; cos4 (9.11)
equatorial ¢ = —Ccosasin

H sinacos ¢ —sin¢cosacosA (9.12)

LST local sidereal time

(local) hour angle
right ascension
declination

altitude

azimuth (E from N)
observer’s latitude

S = R ™R

2Conversions between horizon or alt-azimuth coordinates, (a,4), and celestial equatorial coordinates, (8,2). There
are a number of conventions for defining azimuth. For example, it is sometimes taken as the angle west from south
rather than east from north. The quadrants for 4 and H can be obtained from the signs of the numerators and

denominators in Equations (9.10) and (9.12) (see diagram).

*
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Ecliptic coordinates®

£=23°26'21"45—46"815T Jiptic cbliquity
Oblj t f & mean ecliptic obhiqui
the :gllilp{ic? —0".0006 T T  Julian centuries since
+07.00181 T3 - (9.13) 72000.0°

. . . o  right ascension
Equatorial to sinff = 51?16 COSE—CO80 s1-n£ sino (9.14) 5 declination
ecliptic tanj = SHECOse+1andsing (9.15) | # ecliptic longitude

cosa B ecliptic latitude

Ecliptic 10 sind =sin f cose+cos fsingsind (9.16)
equatorial fany= sinAcos z;—sian Bsing (9.17)

aConversions between ecliptic, (8,4), and celestial equatorial, (§,«), coordinates. j is positive above the ecliptic and 1
increases eastwards. The quadrants for 4 and « can be obtained from the signs of the numerators and denominators
in Equations (9.15) and (9.17) (see diagram).

ble., T =(JD—2451545)/36525. See Equation (9.5).

Galactic coordinates®

o= 192°15 (9.18) ag  right ascension of
Galactic 5g=27°24' (9.19) norr:h ga.lactic pole
frame o 3y declination of north

Ig=33 (9-20) galactic pole
Equa.torial Sinb=0085C085gcos(ﬁ—Mg)+ sind Sin5g (9.21) Ig ascending node of
to galactic  tan(—1,)= tand coség'— cos(o—og)sindg 9.22) ;ﬂla;t:; plane on

sin(o—otg)
. . . . &  declinati
Galactic to sind = cosbcosdgsin(l —Ig) +sinbsind, (9.23) . n:; ::i:sion
equatorial  tap(y— o) = cos(! - lg) i 9.24) | b ga.lacujc latitL‘lde
tanbcosdg — sindgsin(l —1Ig) ! galactic longitude

@Conversions between galactic, (b,I), and celestial equatorial, (5,), coordinates. The galactic frame is defined at
epoch B1950.0. The quadrants of [ and « can be obtained from the signs of the numerators and denominators in
Equations (9.22) and (9.24).

Precession of equinoxes”

o right ascension of date
right ascension at J2000.0

o
N number of years since
J2000.0

In r &  declination of date
S0 207.04 N 2
declination o+ ( 0".043cosco) (9.26) &g declination at J2000.0

“Right ascension in hours, minutes, and seconds; declination in degrees, arcminutes, and arcseconds. These equations
are valid for several hundred years each side of J2000.0.

Inright 01 (35.07541°336sinaetandg)N  (9.25)
ascension -
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Astronomical magnitudes

Apparent F

. my —mp=—2.5logy — 9.27
magnitude 1 B1o Fp (:27)
Distance m—M =5log;yD—35 (9.28)
modulus® =—5logyp—5 (9.29)
Luminosity— My =4.75-—2.5log,, Li (9.30)
magnitude ©
relation L ~3.04 x 10(28-0-4Msa1) (9.31)
Flux—
magnitude  Fpo1~2.559 x 10 E+04ma) (g 37)
relation
Bolometric =~ BC=mpo—my . (9.33)
correction = Myo— My (9.34)
Colour B—V =mp—my (9.35)
index? U—B=my—mg (9.36)
Colour E=(B—V)—(B=V) (9.37)
excess® R

Fpol

B~V

apparent magnitude of object i
energy flux from object i

absolute magnitude
distance modulus
distance to object (parsec)
annual parallax (arcsec)

bolometric absolute magnitude
luminosity (W)
solar luminosity (3.826 x 1026'W)

bolometric flux (Wm™2)
bolometric apparent magnitude

bolometric correction
V-band apparent magnitude
V-band absolute magnitude

observed B—V colour index
observed U —B colour index

B—7V colour excess
intrinsic B— ¥ colour index

“Neglecting extinction.
bUsing the UBV magnitude system. The bands are centred around 365nm (U), 440 nm (B), and 550 nm (V).
“The U —B colour excess is defined similarly. :

Photometric wavelengths

Ao mean wavelength
A wavelength
R system spectral response

F(%) flux density of solrce (in
terms of wavelength)
Aj  isophotal wavelength

Mean JIR()dA

wavelength 0= TR()da (9.38)
Isophotal [F(A)R(A) A

wavelength Fk)= TR(Z)da (9.39)
Effective _ JAF()R(2)dx

wavelength off = JTF()R()dA (540)

Aexr  effective wavelength
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Planetary bodies

Bode's law®* Day= fii’oﬁ (9.41)
1/3
. Z ( IOOM) (9.42)
Roche limit 9np
>246Ry (if densities equal) (9.43)
Synodic 1 1 1
period® s |P Ps (9:44)

Dau

=

W o mT X

&

planetary orbital radius (AU)
index: Mercury =-—o0, Venus
=0, Earth =1, Mars =2, Ceres
=3, Jupiter=4, ...

satellite orbital radius

central mass

satellite density

central body radius

synodic period
planetary orbital period
Earth’s orbital period

@Also known as the “Titius—Bode rule.” Note that the asteroid Ceres is counted as a planet in this scheme. The

relationship breaks down for Neptune and Pluto.
b0Of a planet.

Distance indicators

Hubble law ~ v=Hod (9.45)
Annual . _1
= 4
parallax Dee=p (9-46)
. &L
Cephﬂd log:m L jad 1.1510g10 Pd -+ 2.47 (9447)
variables® ©

My ~—276log,Ps—140  (9.48)

Tully—Fisher

relation’
(9.49)

o AGM (ds—d
Binstein rings %=~ ( T 1) (9.50)
Sunyaev— AT kT.o
Zel'dovich —=-2 / e dl (9.51)
effect T Me€

. for a AT _ 4RnekTeor
homogeneous ——=———"— (9.52)
sphere T MeC

Urot

cosmological recession velocity
Hubble parameter (present epoch)
(proper) distance

distance (parsec)

annual parallax (+p arcsec from
mean)

mean cepheid luminosity

Solar luminosity

pulsation period (days)

absolute visual magnitude
I-band absolute magnitude

observed maximum rotation
velocity (kms™!)

galactic inclination (90° when
edge-on)

ring angular radius

lens mass

distance from observer to source
distance from observer to lens
apparent CMBR temperature
path element through cloud
cloud radius

electron number density
Boltzmann constant

electron temperature
Thomson cross section
electron mass

speed of light

Period—luminosity relation for classical Cepheids. Uncertainty in My is £0.27 (Madore & Freedman, 1991,

Publications of the Astronomical Society of the Pacific, 103, 933).

bGalaxy rotation velocity-magnitude relation in the infrared I waveband, centred at 0.90pm. The coefficients
depend on waveband and galaxy type (see Giovanelli et al, 1997, The Astronomical Journal, 113, 1).
¢Scattering of the cosmic microwave background radiation (CMBR) by a cloud of electrons, seen as a temperature

decrement, AT, in the Rayleigh—Jeans limit (1> Imm).
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9.5 Stellar evolution

Evolutionary timescales

Free-fall I 1/2 ’gf free-::.lrittiTesca{:: ;
; = constant of gravitation
timescale? ff (326 % ) (9.53) DN i -

— tky Kelvin—Helmholtz timescale
Kelvin—Helmholtz <2~ Tg (954) | U; gravitational potential energy
timescale GM> M body’s mass

=~ (9.55) | Ro body’s initial radius
RoL L body’s luminosity

@For the gravitational collapse of a uniform sphere.

Star formation

Ay Jeans length
d 12 G constant of gravitation
Jeans length? o B 4 (9.56) Joud mase densit
Gp dp cloud mass density
p  pressure
s
Jeans mass M= gpl;? (9.57) | My (spherical) Jeans mass
Lg Eddington luminosity
. 4nGMmy,c
Eddington Lp=—"""2 (9.58) | 37 Ser mess
limiting T @
N 3 M my  proton mass
luminosity ~1.26%10 My W (959 |, speed of light
ot Thomson cross section
9Note that (dp/dp)"/? is the sound speed in the cloud.
bAssuming the opacity is mostly from Thomson scattering.
Stellar theory”
. dial distance
Conservation of  dM, rom
onservation o — =dapr? (9.60) | M, mass interior to
mass dr P
: p  mass density
Hydrostatic @ _—GpM, 9.61) P  pressure
equilibrium ~dr T2 ’ G constant of gravitation
dL, 9 L, luminosity interior to r
Energy release dr amprie (9.62) e  power generated per unit mass
.. T temperature
T —
Radiative d— = —3 M & (9_63] o  Stefan—Boltzmann constant
transport dr 160 T3 4mr? (x) mean opacity
Convective dT y—1Tdp . ..
transport T = T },_&; (9.64) | y ratio of heat capacities, ¢, /cy

“For stars in static equilibrium with adiabatic convection. Note that p is a function of r. x and e are functions of
temperature and composition.
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Stellar fusion processes” .

PP1 chain PP11 chain PP 111 chain
pr4pt = iH+e" +ve pt+pt—iH+e 4 pT+pt—=iH+e +ve
?H+p* —3He+y 2H4p*t —3He+y 2H+p" —3He+y

JHe+3He > 3He+2p" JHe+3He — jBe+7 He+3He— jBe+7y
TBe+e~—Li+v ZBe+p+—>§B+~,’
ILi+p* —23He $B—§Be+et +ve
$Be—23He

CNO cycle triple-a prooesé

2C4+pt—>5N+y ‘He+3He=5Be+y y photon
BN - BC+et+ve $Be+3He=13C" p" proton
. + i
IEC+P+ — léN-}-? I%C . 1%c+.}, e positron
1$N tpt— 50+y e~ electron
13 O— 1-5,N et v, ve electron neutrino
BN+p*—12C+3He
aAll species are taken as fully ionised.
Pulsars
Brakin @ oc —a" (9.65) | @ rotational angular velocity
ind & P P P  rotational period (=2n/w)
maex n=2—— . (9.66) | n  braking index
p2
T characteristic age
Characteristic 1 P L luminosity
age® T= n—1p (9.67) uo permeability of free space
¢ speed of light
Lo 2 m  pulsar magnetic dipole moment
Magnetic- = M|_sm_9_ (9.68) | R pulsar radius
: 6mc? B, magnetic flux density at
dipole . 9 Zp et
radiation 2nRSBZw*sin’6 magnetic pole
= '—W (9:69) | g angle between magnetic and
0 rotational axes
D DM dispersion measure
Dispersion D  path length to pulsar
measure DM = / medl (970) | 4 path element
0 ne electron number density
E — _;ez__DM (9.71) t  pulse arrival time
. . dv  4nlegmecy? ’ At difference in pulse arrival time
Dispersion”
&2 i 1 y;  observing frequencies
Ac= Sﬂzfomec (V—% - ;g) DM (972) m. electron mass J

aAssuming n== 1 and that the pulsar has already slowed significantly. Usually n is assumed to be 3 (magnetic dipole

radiation), giving T =P /(2P).

bThe pulse arrives first at the higher observing frequency.
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Compact objects and black holes

Rate of change of

Schwarzschild 2GM M

radius re= 2 ~ 3—M-G—) km (9.73)
Gravitational Voo 26M\?

redshift v, = ( T2 ) (9.74)
Gravitational _ 32 G* mimj(my +my)

wave radiation® 5 5 (9.75)

BT 5 ¢5 a’

p= —%(471-2)4/3 G mympP =3
5

orbital period 3 (my+my)t/3
(9.76)
Neutron star .
degenerac 2y2/3 2 3/3
pregssure ’ p= g s (i) = %u (5.77)
5 my \my 3
(nonrelativistic)
21/3 7 TN\ 4/3

Relativistic? BT e N, o

p 4 My 3" ®.78)
Chandrasekhar '
han Men=~1.46M, (9.79)
Maximum black s
hole angular Jn= GM (9.80)
momentum ¢
Black hole M3 66
evaporation time ¢~ M3 x10™ yr (981)
Black hole hc? Mg
temperature T= SRGME > 10 53 K (9.82)

Mcp Chandrasekhar mass

I

Te

T
k

Schwarzschild radius
constant of gravitation
mass of body

speed of light

solar mass

distance from mass centre
frequency at infinity
frequency at r

orbiting masses

mass separation
gravitational luminosity

orbital period
pressure
(Planck constant)/(27)

neutron mass
density

energy density

maximum angular
momentum

evaporation time

temperature
Boltzmann constant

“From two bodies, m; and m;, in circular orbits about their centre of mass. Note that the frequency of the radiation
is twice the orbital frequency. .

Bparticle velocities ~e.

“Upper limit to mass of a white dwarf.
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9.6 Cosmology

Cosmological parameters®

vy radial velocity
Hubble law v,=Hd (983) | H Hubble parameter
d proper distance
Hubble R R(f) cosmic scale parameter
parameter” HO)=% O84) 1, cosmic time
Deceleration go=— @ = % (9,85) q0 deceleration parameter
arameter’ Ry Q density parameter
p ke? =R3HZ(2g0—1) (9.86) | k curvature parameter
z redshift
. _ Aobs_/lem _ Ry Achs  observed wavelength
Redshift z= T~ Rite) -1 (9.87) r emitted wavelength
ten  epoch of emission

TVariables with the subscript 0 are taken at the present epoch.

bOften called the Hubble “constant.” At the present epoch, 405 Ho = 100kms—! Mpc™! = 100hkms™ Mpc™?, where
h is a dimensionless scaling parameter. The Hubble time is =1 [Ha.

¢Taking the cosmological constant, A, to be 0. If A0 then go =y J2—A/(3HE).

Observational cosmology

¢ d. luminosity distance:
dr(z)= —DI(2goz+1)"*—1 L v
o L(2) Aol {qoz+(g0—1)[(2902 +1) 1} H  Hubble parametes
Luminosity s
distance® (9-88) go deceleration parameter
~ 2 21— z  redshift
~ Hp l:l+ 2(1 qO)] (902 <) (9:89) ¢ speed of light
Flux density— L) F  spectral flux density
redshift F(v)= g where v =(1+z)v  (9.90) | v frequency
relation 4ndi (2) L(v) spectral luminosity®
Angular 0= w(l+z)? (9.91) 6  source angular size
diameter— di (2) B pin Minimum &
IEdSI:Jift o wHy (14 2]2 9.92 w  linear (proper) width of
relation® min =T +(22 /2) (9:92) source
1 [ dz
=7 9.93 - .
Look-back  ° Hp fo (1+2)(1 +240z) /> B93) | 1y 1o0k-back time (ight
time 2 1 travel time from an
= [{1=-—— : — object at redshift z)
36, [1 a +z)3/2“l if gg=1/2 (9.94)

aFor Friedmann models. dp_ is defined so that the apparent flux density from a point source varies as 2.
bDefined as the output power of the body per unit frequency interval.

¢g_. is the minimum angular size a source of proper width w can have at a redshift z in a Friedmann universe,
occurring when go=0.
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Standard cosmological models

ds interval
Robertson— ds* =c*de® —R¥(z) [1 o2 ¢ speed of light
Wallser t. cosmic time
metric? + r2( d62 + Sin2 0d ¢2):| (995) r,0,¢ comoving SPheriCa.l
polar coordinates

. 4 AR R(tf) cosmic scale parameter
Friedmann R= __;GR ( + 3%) + 3 (9.96) | k curvature parameter
equationsb 8 . AR2 G constant of gravitation

R= G R?—ke?+—— 997) | pressure

3 A cosmological constant

Critical density 3H}? p (mass) density

(9.98) | pori critical density

closure densit: Perit =
( y) 8 G Hy H at present epoch

<1 gvesk=-1

Density Po . Q density parameter
parameter® o= )O_Crlt =1 givesk=0 (9:99) PO p at present epoch
>1 gives k=41
R(t)=Ro(t/to}"? 00 | oot
t=2/(3H) (9.101) at present epoc
i h
Einstein—de to present epoc
Sitter model? H=Hy(1+2z)*? (9.102) | H Hubble parameter
Qo=1/2 (9.103) | = redshift
p = (6n'Gt2)_1- (9.104) qo deceleration parameter

“For a homogeneous, isotropic universe. r is scaled so that k=0,+1. Note that ds?> =(ds)? etc.

bA=0ina Fnedmann universe. Note that the cosmological constant is sometimes defined as equalling the value
used here divided by c2.

“The three regimes correspond to open, flat, or closed universes respectively.

i0y=1, p=0, and A=0.




Index!

A Airy
aberration (relativistic) [3.24], 65 disk [8.40], 165
absolute magnitude [9.29], 179 function [8.17], 163
absorption (Einstein coefficient) [8.118], 173 resolution criterion [8.41], 165
absorption coefficient (linear) [5.175], 120 Airy’s differential equation [2.353], 43
accelerated point charge albedo [5.193], 121
bremsstrahlung, 160 Alfven speed [7.277], 158
Liénard—Wiechert potentials, 139 Alfvén waves [7.284], 158
oscillating [7.132], 146 alt-azimuth coordinates, 177
synchrotron, 159 alternating tensor (e;) [2.444], 50
acceleration : altitude coordinate [9.9], 177
constant, 68 : Ampére’s law [7.10], 136
dimensions, 16 ampere (unit), 4
due to gravity (value on Earth), 176 analogue formula [2.259], 36
in a rotating frame -[3.32], 66 angle
acceptance angle (optical fibre) [8.77], aberration [3.24], 65
169 acceptance [8.77], 169
acoustic branch (phonon) [6.37], 129 beam solid [7.210], 153
acoustic impedance [3.276], 83 Brewster’s [7.218], 154
action (definition) [3.213], 79 Compton scattering [7.240], 155
action (dimensions), 16 : contact (surface tension) [3.340], 88
addition of velocities Euler [2.101], 26
Galilean [3.3], 64 Faraday rotation [7.273], 157
relativistic' [3.15], 64 hour (coordinate) [9.8], 177
adiabatic Kelvin wedge [3.330], 87
bulk modulus [5.23], 107 Mach wedge [3.328], 87
compressibility [5.21], 107 of deviation [8.73], 169
expansion (ideal gas) [5.58], 110 of polarisation [8.81], 170
lapse rate [3.2941], 84 of separation [3.133], 73
adjoint matrix : principal range (inverse trig.), 34
definition 1 [2.71], 24 refraction, 154
definition 2 [2.80], 25 rotation, 26
adjugate matrix [2.80], 25 Rutherford scattering [3.116], 72
admittance (definition), 148 spherical excess [2.261], 36
advective operator [3.289], 84 units, 4, 5 .

!Section headings are shown in boldface and panel labels in small caps. Equation numbers are contained within
square brackets. N
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angstrom (unit), 5
angular diameter—redshift relation [9.92],
184
Angular momentum, 98
angular momentum
conservation [4.113], 98
definition [3.66], 68
dimensions, 16
eigenvalues [4.109] [4.109], 98
ladder operators [4.108], 98
of rigid body [3.1411, 74
operators
and other operators [4.23], 91
definitions [4.105], 98
ANGULAR MOMENTUM ADDITION, 100
ANGULAR MOMENTUM COMMUTATION
RELATIONS, 98
angular speed (dimensions), 16
antenna
beam efficiency [7.214], 153
effective area [7.212], 153
power gain [7.211], 153
temperature [7.215], 153
ANTENNAS, 153
anticommutation [2.95], 26
anti-Hermitian symmetry, 53
antisymmetric matrix [2.87], 25
APERTURE DIFFRACTION, 165
aperture function [8.34], 165
apocentre (of an orbit) [3.111], 71
apparent magnitude [9.27], 179
Appleton-Hartree formula [7.2711],
157
arc length [2.280], 39
arccosx
from arctan [2.234], 34
series expansion [2.142], 29
arcoshx (definition) [2.240], 35
arccotx (from arctan) [2.237], 34
arcothx (definition) [2.242], 35
arccscx (from arctan) [2.235], 34
arcschx (definition) [2.244], 35
arcsecx (from arctan) [2.236], 34
arsechx (definition) [2.243], 35
arcsinx
from arctan [2.233], 34
series expansion [2.142], 29
arsinhx (definition) [2.239], 35
arctanx (series expansion) [2.143], 29
artanhx (definition) [2.241], 35

area
of circle [2.263], 37
of cone [2.272], 37
of cylinder [2.270], 37
of ellipse [2.268], 37
of plane triangle [2.255], 36
of sphere [2.264], 37
of spherical cap [2.276], 37
of torus [2.274], 37
area (dimensions), 16
argument (of a complex number) [2.158],
30
arithmetic mean [2.109], 27
arithmetic progression [2.105], 27
associated Laguerre equation [2.349], 43
associated Laguerre polynomials, 96
associated Legendre equation
and polynomial solutions [2.429], 48
differential equation [2.345], 43
ASSOCIATED LEGENDRE FUNCTIONS, 48
astronomical constants, 176
ASTRONOMICAL MAGNITUDES, 179
Astrophysics, 175-185
asymmetric top [3.189]1, 77
atomic
form factor [6.30], 128
mass unit, 6, 9
numbers of elements, 124
polarisability [7.91], 142
weights of elements, 124
ATOMIC CONSTANTS, 7
atto, 5
autocorrelation (Fourier) [2.492], 53
autocorrelation function [8.104], 172
availability
and fluctuation probability [5.131],
116 '
definition [5.40], 108
Avogadro constant, 6, 9
Avogadro constant (dimensions), 16
azimuth coordinate [9.10], 177

B

BaLvLIsTICS, 69

band index [6.85], 134

BAND THEORY AND SEMICONDUCTORS, 134

bandwidth
and coherence time [8.106], 172
and Johnson noise [5.1411, 117
Doppler [8.1171, 173
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natural [8.113], 173
of a diffraction grating [8.30],
164
of an LCR circuit [7.151], 148
of laser cavity [8.127], 174
Schawlow—Townes [8.128], 174
bar (unit), 5
barn (unit), 5
BARRIER TUNNELLING, 94
Bartlett window [2.582], 60
base vectors (crystallographic), 126
basis vectors [2.17], 20
Bayes’ theorem [2.5701, 59
BAYESIAN INFERENCE, 59
bee structure, 127

beam bowing under its own weight [3.260],

82
beam efficiency [7.214], 153
beam solid angle [7.210], 153
beam with end-weight [3.259], 82
beaming (relativistic) [3.25], 65
becquerel (unit), 4
BENDING BEAMS, 82
bending moment (dimensions), 16
bending moment [3.258], 82
bending waves [3.268], 82
Bernoulli’s differential equation [2.352],
43

Bernoulli’s equation

compressible flow [3.292], 84

incompressible flow [3.290], 84
Bessel equation [2.346], 43
BESSEL FUNCTIONS, 47
beta (in plasmas) [7.2781, 158
binomial

coefficient [2.122], 28

distribution [2.548], 57

series [2.121], 28

theorem [2.123], 28
binormal [2.286], 39
Biot—Savart law [7.9], 136
Biot—Fourier equation [5.95], 113
black hole

evaporation time [9.81], 183

Kerr solution [3.62], 67

maximum angular momentum [9.80],

183
Schwarzschild radius [9.73], 183
Schwarzschild solution [3.61], 67
temperature [9.82], 183

blackbody
energy density [5.192], 121
spectral energy density [5.186], 121
spectrum [5.184], 121
BLACKBODY RADIATION, 121
Bloch’s theorem [6.84], 134
Bode’s law [9.41], 180
body cone, 77
body frequency [3.187], 77
body-centred cubic structure, 127
Bohr
energy [4.74], 95
magneton (equation) [4.137], 100
magneton (value), 6, 7
quantisation [4.71], 95
radius (equation) [4.72], 95
radius (value), 7
Bohr magneton (dimensions), 16
BOHR MODEL, 95
boiling points of elements, 124
bolometric correction [9.34], 179
Boltzmann
constant, 6, 9
constant (dimensions), 16
distribution [5.111], 114
entropy [5.105], 114
excitation equation [5.125], 116
Born collision formula [4.178], 104
Bose condensation [5.123], 115
Bose—Einstein distribution [5.120], 115
boson statistics [5.120], 115
BOUNDARY CONDITIONS FOR E, D, B, AND
H, 144
box (particle in a) [4.64], 94
Box-Muller transformation [2.562], 58
Boyle temperature [5.66], 110
Boyle’s law [5.56], 110
bra vector [4.33], 92
bra-ket notation, 91, 92
Bragg’s reflection law (in crystals) [6.29],
128
Bragg’s reflection law (in optics) [8.32],
164
braking index (pulsar) [9.66], 182
BRAVAIS LATTICES, 126
Breit-Wigner formula [4.174], 104
BREMSSTRAHLUNG, 160
bremsstrahlung
single electron and.ion [7.297], 160
thermal [7.300], 160 '
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Index

Brewster’'s law [7.2181, 154
brightness (blackbody) [5.1841], 121
Brillouin function [4.147], 101
Bromwich integral [2.519], 55
Brownian motion [5.98], 113
bubbles [3.337], 88
bulk modulus
adiabatic [5.231, 107
general [3.245], 81
isothermal [5.22], 107
bulk modulus (dimensions), 16
BULK PHYSICAL CONSTANTS, 9
Burgers vector [6.21], 128

C

calculus of variations [2.335], 42
candela, 119 ‘
candela (unit), 4
canonical
ensemble [5.111], 114
entropy [5.106], 114
equations [3.220], 79
momenta [3.218], 79
cap, see spherical cap
CAPACITANCE, 137
capacitance
current through [7.144], 147
definition [7.143], 147
dimensions, 16
“energy [7.153], 148
energy of an assembly [7.134], 146
impedance [7.159], 148
mutual [7.134], 146
capacitance of
cube [7.171, 137
cylinder [7.15], 137
cylinders (adjacent) [7.21], 137
cylinders (coaxial) [7.19], 137
disk [7.13], 137
disks (coaxial) [7.22], 137
nearly spherical surface [7.16], 137
sphere [7.12], 137
spheres (adjacent) [7.14], 137
spheres (concentric) [7.18], 137
capacitor, see capacitance
capillary
constant [3.338], 88
contact angle [3.340], 88
rise [3.339], 88
waves [3.321], 86

capillary-gravity waves [3.322], 86
cardioid [8.46], 166 ‘
Carnot cycles, 107
Cartesian coordinates, 21
Catalan’s constant (value), 9
Cauchy
differential equation [2.351], 43
distribution [2.556], 58
inequality [2.152], 30
integral formula [2.168], 31
Cauchy-Goursat theorem [2.166], 31
Cauchy-Riemann conditions [2.165], 31
cavity modes (laser) [8.124], 174
Celsius (unit), 4
Celsius conversion [1.1], 15
centi, 5
centre of mass
circular arc [3.173]1, 76
cone [3.175], 76
definition [3.68], 68
disk sector [3.1721, 76
hemisphere [3.1701, 76
hemispherical shell [3.171], 76
pyramid [3.175], 76
semi-ellipse [3.178], 76
spherical cap [3.177], 76
triangular lamina [3.174], 76
CENTRES OF MASS, 76
centrifugal force [3.351, 66
centripetal acceleration [3.32], 66
cepheid variables [9.48], 180
Cerenkov, see Cherenkov
chain rule :
function of a function [2.296], 4
partial derivatives [2.332], 42 = .
Chandrasekhar mass [9.79], 183
change of variable [2.334], 42
CHARACTERISTIC NUMBERS, 86
charge
conservation [7.39], 139
dimensions, 16
elementary, 6, 7
force between two [7.119], 145
Hamiltonian [7.138], 146
to mass ratio of electron, 8
charge density
dimensions, 16
free [7.571, 140
induced [7.84], 142
Lorentz transformation, 141
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charge distribution
electric field from [7.6], 136
energy of [7.133], 146
charge-sheet (electric field) [7.32], 138
Chebyshev equation [2.350], 43
Chebyshev inequality [2.151], 30
chemical potential
definition [5.28], 108
from partition function [5.119], 115
Cherenkov cone angle [7.246], 156
CHERENKOV RADIATION, 156
xE (electric susceptibility) [7.87], 142
¥H, xB (magnetic susceptibility) [7.103],
143
chi-squared (y?) distribution [2.554], 58
Christoffel symbols [3.49], 67
circle
(arc of) centre of mass [3.173], 76
area [2.263], 37
perimeter [2.262], 37
circular aperture “
Fraunhofer diffraction [8.40], 165
Fresnel diffraction [8.50], 166
circular polarisation, 170
circulation [3.287], 84
civil time [9.4], 177
Clapeyron equation [5.50], 109
classical electron radius, 8
Classical thermodynamics, 106
Clausius-Mossotti equation [7.93], 142
Clausius—Clapeyron equation [5.49], 109
CLEBSCH—GORDAN COEFFICIENTS, 99
Clebsch-Gordan coefficients (spin-orbit)
) [4.136], 100
close-packed spheres, 127
closure density (of the universe) [9.98],
185 .
CNO cycle, 182
coaxial cable
capacitance [7.19], 137
inductance [7.24], 137
coaxial transmission line [7.181], 150
coefficient of
coupling [7.148], 147
finesse [8.12], 163
reflectance [7.227], 154
reflection [7.230], 154
restitution [3.127], 73
transmission [7.232], 154
transmittance [7.229], 154

coexistence curve [5.51], 109
coherence
length [8.106], 172
mutual [8.97], 172
temporal [8.105], 172
time [8.106], 172
width [8.111], 172
Coherence (scalar theory), 172
cold plasmas, 157
collision
broadening [8.114], 173
elastic, 73
inelastic, 73
number [5.91], 113
time (electron drift) [6.61], 132
colour excess [9.37], 179
colour index [9.36], 179
COMMON THREE-DIMENSIONAL COORDINATE
SYSTEMS, 21
commutator (in uncertainty relation)
[4.6]1, 90
COMMUTATORS, 26
COMPACT OBJECTS AND BLACK HOLES, 183
complementary error function [2.392], 45
COMPLEX ANALYSIS, 31
complex conjugate [2.160], 30
COMPLEX NUMBERS, 30 :
complex numbers
argument [2.158], 30
Cartesian form [2.154], 30
conjugate [2.160], 30
logarithm [2.163], 30
modulus [2.156], 30
polar form [2.155], 30
Complex variables, 30
compound pendulum [3.182], 76
compressibility
adiabatic [5.21], 107
isothermal [5.201, 107
compression modulus, see bulk modulus
compression ratio [5.13], 107
Compton '
scattering [7.240], 155
wavelength (value), 8
wavelength [7.240], 155
conditional probability [2.568], 59
conductance (definition), 148
conductance (dimensions), 16
conduction equation (and transport)
[5.96], 113
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conduction equation [2.341], 43
conductivity
and resistivity [7.142], 147
dimensions, 16
direct [7.279], 158
electrical, of a plasma [7.233], 155
free electron a.c. [6.63], 132
free electron d.c. [6.62], 132
Hall [7.280]1, 158
conductor refractive index [7.234], 155
cone
centre of mass [3.175], 76
moment of inertia [3.160], 75
surface area [2.272], 37
volume [2.2731, 37
configurational entropy [5.105], 114
CoONIC SECTIONS, 38
conical pendulum [3.1801, 76
conservation of
angular momentum [4.113], 98
charge [7.39], 139
mass [3.285], 84
CONSTANT ACCELERATION, 68
constant of gravitation, 7
contact angle (surface tension) [3.340],
88
continuity equation (quantum physics)
[4.14], 90
continuity in fluids [3.285], 84
CONTINUOUS PROBABILITY DISTRIBUTIONS,
58
contravariant components
in general relativity, 67
in special relativity [3.26], 65
convection (in a star) [9.64], 181
convergence and limits, 28
CONVERSION FACTORS, 10
Converting between units, 10
convolution
definition [2.488], 53
derivative [2.499], 53
discrete [2.581], 60
Laplace transform [2.517], 55
rules [2.490], 53
theorem [2.491], 53
coordinate systems, 21
coordinate transformations
astronomical, 177
Galilean, 64

relativistic, 64
rotating frames [3.31], 66
Coordinate transformations (astronomical),
177
coordinates (generalised ) [3.213], 79
coordination number (cubic lattices), 127
Coriolis force [3.33], 66
CORNU SPIRAL, 167
Cornu spiral and Fresnel integrals [8.54],
167
correlation coefficient
multinormal [2.5601, 58
Pearson’s r [2.547], 57
correlation intensity [8.109], 172
correlation theorem [2.495], 53
COSX
and Euler’s formula [2.217], 34
series expansion [2.1386], 29
COSEC, See CSC
cschx [2.232], 34
coshx
definition [2.218], 34
series expansion [2.144], 29
cosine formula
planar triangles [2.250], 36
spherical triangles [2.258], 36
cosmic scale factor [9.95], 185
cosmological constant [9.971, 185
COSMOLOGICAL PARAMETERS, 184
Cosmology, 184
cos~1x, see arccosx
cotx
definition [2.227], 34
series expansion [2.141], 29
cothx [2.228], 34
Couette flow [3.306], 85
coulomb (unit), 4
Coulomb gauge condition [7.42],
139
Coulomb logarithm [7.2541, 156
Coulomb’s law [7.119], 145
couple
definition [3.67], 68
dimensions, 16
electromagnetic, 145
for Couette flow [3.306], 85
on a current loop [7.127], 145
on a magnetic dipole [7.126], 145
on a rigid body, 77
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on an electric dipole [7.125], 145
twisting [3.252], 81
coupling coefficient [7.148], 147
covariance [2.559], 58
covariant components [3.26], 65
cracks (critical length) [6.25], 128
critical damping [3.199], 78
critical density (of the universe) [9.98], 185
critical frequency (synchrotron) [7.293],
159
critical point
Dieterici gas [5.75], 111
van der Waals gas [5.70], 111
cross-correlation [2.494], 53
cross-product [2.2], 20
cross section
absorption [5.175], 120
Breit-Wigner [4.174], 104
Mott scattering [4.180], 104
Rayleigh scattering [7.236], 155
Rutherford scattering [3.124], 72
Thomson scattering [7.238], 155
CRYSTAL DIFFRACTION, 128
CRYSTAL SYSTEMS, 127
Crystalline structure, 126
CSCX
definition [2.231], 34
series expansion [2.140], 29
cschx [2.232], 34
cube
electrical capacitance [7.17], 137
mensuration, 38
CUBIC EQUATIONS, 51
cubic expansivity [5.19], 107
CUBIC LATTICES, 127
cubic system (crystallographic), 127
Curie temperature [7.114], 144
Curie’s law [7.113], 144
Curie-Weiss law [7.114], 144
Curt, 22
curl
cylindrical coordinates [2.34], 22
general coordinates [2.36], 22
rectangular coordinates [2.33],
22
spherical coordinates [2.35], 22
current
dimensions, 16
electric [7.139], 147

law (Kirchhoff’s) [7.161], 149
magnetic flux density from [7.11],
136
probability density [4.13], 90
thermodynamic work [5.9], 106
transformation [7.165], 149
current density
dimensions, 16
four-vector [7.76], 141
free [7.631, 140
free electron [6.60], 132
hole [6.89], 134
Lorentz transformation, 141
magnetic flux density [7.10], 136
curvature
in differential geomtry [2.287], 39
parameter (cosmic) [9.95], 185
radius of
and curvature [2.288], 39
plane curve [2.283], 39
curve length (plane curve) [2.280], 39
CURVE MEASURE, 39
CYCLE EFFICIENCIES (THERMODYNAMIC),
107
cyclic permutation [2.971, 26
cyclotron frequency [7.265], 157
cylinder
area [2.270], 37
capacitance [7.15], 137
moment of inertia [3.155], 75
torsional rigidity [3.253], 81
volume [2.271], 37
cylinders (adjacent)
capacitance [7.21], 137
inductance [7.25], 137
cylinders (coaxial)
capacitance [7.19], 137
inductance [7.24], 137
cylindrical polar coordinates, 21

D

d orbitals [4.100], 97

D’Alembertian [7.781, 141

damped harmonic oscillator [3.196], 78
damping profile [8.112], 173

day (unit), 5

day of week [9.3], 177

daylight saving time [9.41], 177

de Boer parameter [6.54], 131
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de Broglie relation [4.2], 90
de Broglie wavelength (thermal) [5.83],
112
de Moivre’s theorem [2.215], 34
Debye
T3 law [6.47], 130
frequency [6.41], 130
function [6.49], 130
heat capacity [6.45], 130
length [7.251], 156
number [7.253], 156
screening [7.252], 156
temperature [6.43], 130
DEBYE THEORY, 130
Debye—Waller factor [6.33], 128
deca, 5
decay constant [4.163], 103
decay law [4.163], 103
deceleration parameter [9.86], 184
deci, 5
decibel [5.144], 117
declination coordinate [9.11], 177
decrement (oscillating systems) [3.202],
78
DEFINITE INTEGRALS, 46
degeneracy pressure [9.771, 183
degree (unit), 5
degree Celsius (unit), 4
degree kelvin [5.2], 106
degree of freedom (and equipartition),
113
degree of mutual coherence [8.99], 172
degree of polarisation [8.961, 171
"degree of temporal coherence, 172
deka, 5
del operator, 21
del-squared operator, 23
DELTA FUNCTIONS, 50
delta—star transformation, 149
densities of elements, 124
density (dimensions), 16
density of states
electron [6.70], 133
particle [4.66], 94
phonon [6.44], 130
density parameter [9.99], 185
depolarising factors [7.92], 142
DERIVATIVES (GENERAL), 40
determinant [2.79], 25
deviation (of a prism) [8.73], 169

diamagnetic moment (electron) [7.108],
144
diamagnetic susceptibility (Landau)
[6.80], 133
DIAMAGNETISM, 144
DIELECTRIC LAYERS, 162
DIETERICI GAS, 111
Dieterici gas law [5.72], 111
DIFFERENTIAL EQUATIONS, 43
differential equations (numerical solutions),
62
DIFFERENTIAL GEOMETRY, 39
DIFFERENTIAL OPERATOR IDENTITIES, 23
differential scattering cross section
[3.124], 72
Differentiation, 40
differentiation
hyperbolic functions, 41
numerical, 61
of a function of a function [2.296],
40 -
of a log [2.301], 40
of a power [2.293], 40
of a product [2.294], 40
of a quotient [2.295], 40
of exponential [2.302], 40
of integral [2.300], 40
of inverse functions [2.305], 40
trigonometric functions, 41
under integral sign [2.299], 40
diffraction from
1 slit [8.37], 165
2 slits [8.24], 164
N slits [8.25], 164 )
circular aperture [8.401, 165
crystals, 128
infinite grating [8.26], 164
rectangular aperture [8.391, 165
diffraction grating
finite [8.25], 164
general, 164
infinite [8.26], 164
diffusion coefficient (semiconductor)
[6.88], 134
diffusion equation
differential equation [2.341], 43
Fick’s first law [5.93], 113
diffusion length (semiconductor) [6.941],
134
diffusivity (magnetic) [7.282], 158
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dilatation (volume strain) [3.236], 80 dispersion
Dimensions, 16 diffraction grating [8.31], 164
diode (semiconductor) [6.92], 134 in a plasma [7.261], 157
dioptre number [8.68], 168 in fluid waves, 86
dipole in.guantum physics [4.5], 90
antenna power in waveguides [7.188], 151
flux [7.131], 146 intermodal (optical fibre) [8.79],
gain [7.213], 153 169
total [7.132], 146 measure [9.70], 182
electric field [7.31], 138 of a prism [8.76], 169
energy of phonon (alternating springs) [6.39],
electric [7.136], 146 129
magnetic [7.137], 146 phonon (diatomic chain) [6.37], 129
field from phonon (monatomic chain) [6.34],
magnetic [7.36], 138 129
moment (dimensions), 17 pulsar [9.72], 182
moment of displacement, D [7.86], 142
electric [7.80], 142 DISTANCE INDICATORS, 180
magnetic [7.94], 143 distance-redshift relation [9.89], 184
potential DIVERGENCE, 22
electric [7.82], 142 ' divergence
magnetic [7.95], 143° cylindrical coordinates [2.30], 22
radiation general coordinates [2.32], 22
field [7.2071, 153 rectangular coordinates [2.29], 22
magnetic [9.69], 182 spherical coordinates [2.31], 22
radiation resistance [7.209], 153 theorem [2.59], 23
dipole moment per unit volume dodecahedron, 38
electric [7.831, 142 Doppler
magnetic [7.97], 143 effect (nonrelativistic), 87
Dirac bracket, 92 effect (relativistic) [3.22], 65
Dirac delta function [2.449], 50 line broadening [8.116], 173
Dirac equation [4.183], 104 width [8.117], 173
Dirac matrices [4.185], 104 DoPPLER EFFECT, 87
DIRAC NOTATION, 92 dot product [2.1], 20
direct conductivity [7.279], 158 double factorial, 48
directrix (of conic section), 38 double pendulum [3.183], 76
disc, see disk Drag, 85
discrete convolution, 60 drag
DISCRETE PROBABILITY DISTRIBUTIONS, on a disk | to flow [3.310], 85
57 on a disk L to flow [3.309], 85
DDISCRETE STATISTICS, 57 on a sphere [3.308], 85
disk _ drift velocity (electron) [6.61], 132
Airy [8.40], 165 Dulong and Petit’s law [6.46], 130
capacitance [7.13], 137 Dynamics and Mechanics, 63-88
centre of mass of sector [3.172], 76 DyNAMICS DEFINITIONS, 68
coaxial capacitance [7.22], 137
drag in a fluid, 85 E
electric field [7.28], 138 e (exponential constant), 9
moment of inertia [3.168], 75 e To 1000 DECIMAL PLACES, 18

DISLOCATIONS AND CRACKS, 128 Earth (motion relative to) [3.38] , 66



196

Index

EARTH DATA, 176
eccentricity
of conic section, 38
of orbit [3.108], 71
of scattering hyperbola [3.120], 72
ECLIPTIC COORDINATES, 178
ecliptic latitude [9.14], 178
ecliptic longitude [9.15], 178
Eddington limit [9.59]1, 181
edge dislocation [6.21], 128
effective
area (antenna) [7.212], 153
distance (Fresnel diffraction) [8.48],
166
mass (in solids) [6.861, 134
wavelength [9.40], 179
efficiency
heat engine [5.10], 107
heat pump [5.12], 107
Otto cycle [5.13], 107
refrigerator [5.11], 107
Ehrenfest’s equations [5.53], 109
Ehrenfest’s theorem [4.30], 91
eigenfunctions (quantum) [4.28], 91
Einstein
A coefficient [8.119], 173:
B coefficients [8.118], 173
diffusion equation [5.98], 113
field equation [3.591, 67
lens (rings) [9.50], 180
tensor [3.58], 67
EINSTEIN COEFFICIENTS, 173
Einstein—de Sitter model [9.104], 185
elastic
collisions, 73
media (isotropic), 81
modulus (longitudinal) [3.241], 81
modulus [3.234], 80
potential energy [3.235], 80
elastic scattering, 72
ELASTIC WAVE VELOCITIES, 82
Elasticity, 80
ELASTICITY DEFINITIONS (GENERAL),
80
ELASTICITY DEFINITIONS (SIMPLE), 80
electric current [7.139], 147
electric dipole, see dipole
electric displacement (dimensions), 16
electric displacement, D [7.86], 142

electric field
around objects, 138
energy density [7.128], 146
static, 136
thermodynamic work [5.7], 106
wave equation [7.193], 152
electric field from
A and ¢ [7.41], 139
charge distribution [7.6], 136
charge sheet [7.32], 138
dipole [7.31], 138
disk [7.28], 138
line charge [7.29], 138
point charge [7.5], 136
sphere [7.27], 138
waveguide [7.190], 151
wire [7.29], 138
electric field strength (dimensions), 16
ELECTRIC FIELDS, 138
electric polarisability (dimensions), 16
electric polarisation (dimensions), 16
electric potential
from a charge density [7.46], 139
Lorentz transformation [7.75], 141
of a moving charge [7.48], 139
short dipole [7.82], 142
electric potential difference (dimensions),
16
electric susceptibility, yg [7.871, 142
electrical conductivity, see conductivity
ELECTRICAL IMPEDANCE, 148
electrical permittivity, €, ¢; [7.90], 142
electromagnet (magnetic flux density)
[7.38], 138
electromagnetic
boundary conditions, 144
constants, 7
fields, 139
wave speed [7.196], 152
waves in media, 152
electromagnetic coupling constant, see fine
structure constant
ELECTROMAGNETIC ENERGY, 146
Electromagnetic fields (general), 139
ELECTROMAGNETIC FORCE AND TORQUE,
145
ELECTROMAGNETIC PROPAGATION IN COLD
PLASMAS, 157
Electromagnetism, 135-160
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electron
charge, 6, 7
density of states [6.70], 133
diamagnetic moment [7.108], 144
drift velocity [6.61], 132
g-factor [4.143], 100
gyromagnetic ratio [4.140], 100
heat capacity [6.76], 133
intrinsic magnetic moment [7.109]1, 144
mass, 6
radius (equation) [7.238], 155
radius (value), 8
scattering cross section [7.238], 155
spin magnetic moment [4.143], 100
thermal velocity [7.257], 156
velocity in conductors [6.85], 134
ELECTRON CONSTANTS, 8
ELECTRON SCATTERING PROCESSES,
155
Electrons in solids, 132
electron volt (unit), 5
electron volt (value), 6
electrostatic potential [7.1], 136
ELECTROSTATICS, 136
elementary charge, 6, 7
elements (periodic table of), 124
ellipse, 38
(semi) centre of mass [3.178], 76
area [2.268], 37
moment of inertia [3.166], 75
perimeter [2.267], 37
semi-latus-rectum [3.109], 71
semi-major axis [3.106], 71
semi-minor axis [3.107], 71
ellipsoid
. moment of inertia of solid [3.163],
75
the moment of inertia [3.147], 74
volume [2.269], 37
elliptic integrals [2.398], 45
elliptical orbit [3.104], 71
ELLIPTICAL POLARISATION, 170
elliptical polarisation [8.80], 170
ellipticity [8.821, 170
E=mc? [3.72], 68
emission coefficient [5.174], 120
emission spectrum [7.291], 159
emissivity [5.193], 121
energy

density
blackbody [5.192], 121
dimensions, 16
elastic wave [3.281], 83
electromagnetic [7.128], 146
radiant [5.148], 118
spectral [5.173], 120
dimensions, 16
dissipated in resistor [7.155], 148
distribution (Maxwellian) [5.85], 112
elastic [3.235], 80
electromagnetic, 146
equipartition [5.100], 113
Fermi [5.122], 115
first law of thermodynamics [5.31],
106
Galilean transformation [3.6], 64
kinetic, see kinetic energy
Lorentz transformation [3.19], 65
loss after collision [3.128], 73
mass relation [3.20], 65
of capacitive assembly [7.134], 146
of capacitor [7.153], 148 .
of charge distribution [7.133], 146
of electric dipole [7.136], 146
of inductive assembly [7.135], 146
of inductor [7.154], 148
of magnetic dipole [7.137], 146
of orbit [3.100], 71
potential, see potential energy
relativistic rest [3.72], 68
rotational kinetic
rigid body [3.142], 74
w.r.t. principal axes [3.145], 74
thermodynamic work, 106
ENERGY IN CAPACITORS, INDUCTORS,

AND RESISTORS, 148
energy—time uncertainty relation [4.8], 90
ENSEMBLE PROBABILITIES, 114
enthalpy

definition [5.30], 108
Joule—Kelvin expansion [5.27], 108
entropy
~ Boltzmann formula [5.105], 114
change in Joule expansion [5.641],
110
experimental [5.4], 106
fluctuations [5.135], 116
from partition function [6.117], 115
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entropy (cont.)
Gibbs formula [5.106], 114
of a monatomic gas [5.83], 112
entropy (dimensions), 16
€, € (electrical permittivity) [7.90], 142
EQUATION CONVERSION: SI To GAUSSIAN
UNITS, 135
equation of state
Dieterici gas [5.72], 111
ideal gas [5.57], 110
monatomic gas [5.78], 112
van der Waals gas [5.67], 111
equipartition theorem [5.100], 113
error function [2.391], 45
errors, 60
escape velocity [3.91], 70
estimator
kurtosis [2.546], 57
mean [2.542], 57
skewness [2.545], 57
standard deviation [2.544], 57
variance [2.543], 57
Euler
angles [2.101], 26
constant
expression [2.120], 27
value, 9
differential equation [2.351], 43
formula [2.217], 34
relation, 38
strut [3.261], 82
Euler’s equation (fluids) [3.289], 84
Euler’s equations (rigid bodies) [3.186],
77
Euler's method (for ordinary differential
-equations) [2.597], 62
Euler-Lagrange equation
and Lagrangians [3.214], 79
calculus of variations [2.335], 42
even functions, 53
EVOLUTIONARY TIMESCALES, 181
exa, 5
exhaust velocity (of a rocket) [3.93], 70
exitance
blackbody [5.191], 121
luminous [5.162], 119
radiant [5.150], 118
exp(x) [2.133], 29
expansion coefficient [5.19], 107
EXPANSION PROCESSES, 108

expansivity [5.19], 107
EXPECTATION VALUE, 91
expectation value

Dirac notation [4.37], 92

from a wavefunction [4.25], 91
explosions [3.331], 87
exponential

distribution [2.552], 58

integral [2.395], 45

series expansion [2.133], 29
exponential constant (e), 9
extraordinary modes [7.271], 157
extrema [2.336], 42

F
f-number [8.69], 168
Fabry-Perot etalon
chromatic resolving power [8.21],
163
free spectral range [8.23], 163
fringe width [8.19], 163
transmitted intensity [8.17], 163
FaBRY-PEROT ETALON, 163
face-centred cubic structure, 127
factorial [2.410], 46
factorial (double), 48
Fahrenheit conversion [1.2], 15
faltung theorem [2.517], 55
farad (unit), 4
Faraday constant, 6, 9
Faraday constant (dimensions), 16
Faraday rotation [7.273], 157
Faraday’s law [7.55], 140
fee structure, 127
Feigenbaum’s constants, 9
femto, 5
Fermat’s principle [8.63], 168
Fermi
energy [6.73], 133
temperature [6.74], 133
velocity [6.72], 133
wavenumber [6.71], 133
fermi (unit), 5
Fermi energy [5.122], 115
FerMI Gas, 133
Fermi’s golden rule [4.162], 102
Fermi-Dirac distribution [5.121], 115
fermion statistics [5.121], 115
fibre optic
acceptance angle [8.77], 169
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dispersion [8.79], 169
nurnerical aperture [8.78], 169
Fick’s first law [5.92], 113
Fick’s second law [5.95], 113
field equations (gravitational) [3.42], 66
FIELD RELATIONSHIPS, 139
fields
depolarising [7.92], 142
electrochemical [6.81], 133
electromagnetic, 139
gravitational, 66
static £ and B, 136
velocity [3.285], 84
Fields associated with media, 142
film reflectance [8.4], 162
fine-structure constant
expression [4.75], 95
value, 6, 7 .
finesse (coefficient of) [8.12], 163
finesse (Fabry-Perot etalon) [8.14], 163
first law of thermodynamics [5.3], 106
fitting straight lines, 60
fluctuating dipole interaction [6.50], 131
fluctuation
of density [5.1371, 116
of entropy [5.135], 116
of pressure [5.136], 116
of temperature [5.133], 116
of volume [5.134], 116
probability (thermodynamic) [5.131],
116
variance (general) [5.132], 116
Fluctuations and noise, 116
Fluid dynamics, 84
fluid stress [3.299], 85
Fruip waves, 86
flux density [5.171], 120
flux density-redshift relation [9.90], 184
flux linked [7.149], 147
flux of molecules through a plane [5.91],
113
flux-magnitude relation [9.32], 179
focal length [8.64], 168
focus (of conic section), 38
force \
and acoustic impedance [3.276], 83
and stress [3.228], 80"
between two charges [7.119], 145
between two currents [7.120], 145
between two masses [3.40], 66

central [4.113], 98
centrifugal [3.35], 66
Coriolis [3.33], 66
critical compression [3.261], 82
definition [3.63], 68
dimensions, 16
electromagnetic, 145
Newtonian [3.63], 68
on
charge in a field [7.122], 145
current in a field [7.121], 145
electric dipole [7.123], 145
magnetic dipole [7.124], 145
sphere (potential flow) [3.298], 84
sphere (viscous drag) [3.308], 85
relativistic [3.71], 68
unit, 4
Force, torque, and energy, 145
ForCED oscILLATIONS, 78
form factor [6.30], 128
formula (the) [2.456], 50
Foucault’s pendulum [3.39], 66
four-parts formula [2.260], 36
four-scalar product [3.271, 65
four-vector
electromagnetic [7.79], 141
momentum [3.21], 65
spacetime [3.12], 64
Four-veCTORS, 65
Fourier series
complex form [2.479], 52
real form [2.477], 52
FOURIER SERIES, 52
Fourier series and transforms, 52
FOURIER SYMMETRY RELATIONSHIPS, 53
Fourier transform
cosine [2.510], 54
definition [2.483], 52
derivatives
and inverse [2.503], 54
general [2.499], 53
Gaussian [2.508], 54
Lorentzian [2.506], 54
shah function [2.511], 54
shift theorem [2.502], 54
similarity theorem [2.501], 54
sine [2.509], 54
step [2.511], 54
top hat [2.512], 54 :
triangle function [2.513], 54°
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FOURIER TRANSFORM, 52
FOURIER TRANSFORM PAIRS, 54
FOURIER TRANSFORM THEOREMS, 53
Fourier’s law [5.94], 113
Frames of reference, 64
Fraunhofer diffraction, 164
Fraunhofer integral [8.34], 165
Fraunhofer limit [8.44], 165
free charge density [7.57], 140
free current density [7.63]1, 140
FREE ELECTRON TRANSPORT PROPERTIES,
132
free energy [5.32], 108
free molecular flow [5.99], 113
FREE OSCILLATIONS, 78
free space impedance [7.197], 152
free spectral range
Fabry Perot etalon [8.23], 163
laser cavity [8.124], 174
free-fall timescale [9.53], 181
Frenet's formulas [2.292], 39
frequency (dimensions), 16
Fresnel diffraction
Cornu spiral [8.54], 167
edge [8.56], 167
long slit [8.58], 167
rectangular aperture [8.62], 167
Fresnel diffraction, 166 '
Fresnel Equations, 154
Fresnel half-period zones [8.49], 166
Fresnel integrals
and the Cornu spiral [8.52],
167
definition [2.393], 45
in diffraction [8.541], 167
FRESNEL ZONES, 166
Fresnel-Kirchhoff formula
plane waves [8.45], 166
spherical waves [8.47], 166
Friedmann equations [9.97], 185
fringe visibility [8.101], 172
fringes (Moiré), 35
Froude number [3.312], 86

G

g-factor
electron, 8
Landeé [4.146], 100
muon, 9

gain in decibels [5.144], 117

galactic
coordinates [9.201, 178
latitude [9.21], 178
longitude [9.22T, 178

GALACTIC COORDINATES, 178

Galilean transformation
of angular momentum [3.5], 64
of kinetic energy [3.6], 64
of momentum [3.4], 64
of time and position [3.2], 64
of velocity [3.3], 64

GALILEAN TRANSFORMATIONS, 64

GAMMA FUNCTION, 46

gamma function
and other integrals [2.396], 45
definition [2.408], 46

gas
adiabatic expansion [5.58], 110
adiabatic lapse rate [3.294], 84
constant, 6, 9, 86, 110
Dieterici, 111
Doppler broadened [8.116], 173
flow [3.292], 84
giant (astronomical data), 176
ideal equation of state [5.57], 110
ideal heat capacities, 113
ideal, or perfect, 110
internal energy (ideal) [5.62], 110
isothermal expansion [5.63], 110
linear absorption coefficient [5.175],

120

molecular flow [5.99], 113
monatomic, 112
paramagnetism [7.112], 144
pressure broadened [8.115], 173
speed of sound [3.318], 86
temperature scale [5.11, 106
Van der Waals, 111

(GAS BQUIPARTITION, 113

Gas laws, 110

gauge condition
Coulomb [7.42], 139
Lorenz [7.43], 139

Gaunt factor [7.299], 160

Gauss’s
law [7.51], 140
lens formula [8.64]1, 168
theorem [2.59], 23

Gaussian
electromagnetism, 135
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Fourier transform of [2.508], 54
" integral [2.399], 46
light [8.1101, 172
optics, 168
probability distribution
1-dimensional [2.553], 58
k-dimensional [2.557], 58
Geiger’s law [4.169], 103
Geiger—Nuttall rule [4.170], 103
GENERAL CONSTANTS, 7
GGENERAL RELATIVITY, 67
generalised coordinates [3.213], 79
Generalised dynamics, 79
generalised momentum [3.218], 79
geodesic deviation [3.56], 67
geodesic equation [3.54], 67
geometric
distribution [2.549], 57
mean [2.110], 27
progression [2.108], 27
Geometrical optics, 168
Gibbs
constant (value), 9
distribution [5.113], 114
entropy [5.106], 114
free energy [5.35], 108
Gibbs’s phase rule [5.54], 109
Gibbs-Duhem relation [5.38], 108
GieBS—HELMHOLTZ EQUATIONS, 109
giga, 5
golden mean (value), 9
golden rule (Fermi’s) [4.162], 102
GRADIENT, 21
gradient
cylindrical coordinates [2.26], 21
general coordinates [2.28], 21
rectangular coordinates [2.25], 21
spherical coordinates [2.27], 21
grand canonical ensemble [5.113], 114
grand partition function [5.112], 114
grand potential
definition [5.37], 108
from grand partition function
[5.115], 115
grating
dispersion [8.31], 164
formula [8.27], 164
resolving power [8.30], 164
GRATINGS, 164
Gravitation, 66

gravitation
field from a sphere [3.44], 66
general relativity, 67
Newton’s law [3.40], 66
Newtonian, 71
Newtonian field equations [3.42], 66
gravitational
collapse [9.53], 181
constant, 6, 7, 16
lens [9.50], 180
potential [3.42], 66
redshift [9.74], 183
wave radiation [9.75], 183
GRAVITATIONALLY BOUND ORBITAL
MOTION, 71
gravity
and motion on Earth [3.38], 66
waves (on a fluid surface) [3.320],
86
gray (unit), 4
GREEK ALPHABET, 18
Green’s first theorem [2.62], 23
Green’s second theorem [2.63], 23
Greenwich sidereal time [9.6], 177
greybody [5.193], 121
group speed (wave) [3.327], 87
Griineisen parameter [6.56], 131
gyro-frequency [7.2651, 157
gyro-radius [7.268], 157
gyromagnetic ratio
definition [4.138], 100
electron [4.140], 100
proton (value), 8
gyroscopes, 77
gyroscopic
limit [3.193]1, 77
nutation [3.1941, 77
precession [3.191], 77
stability [3.192], 77

H

H (magnetic field strength) [7.100], 143
half-life (nuclear decay) [4.164], 103
half-period zones (Fresnel) [8.49], 166
Hall
coefficient (dimensions), 16
conductivity [7.280], 158
effect and coefficient [6.67], 132
voltage [6.68], 132 5
Hamilton’s equations [3.220], 79
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